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ABSTRACT: We discuss the notion of generalised U-duality as a solution generating tech-
nique in supergravity. We demonstrate a method to take solutions of type IIA supergravity
on a 3-sphere, with NSNS flux, to new solutions of 11-dimensional supergravity, using ex-
ceptional geometry techniques. These new solutions are characterised by an underlying
3-algebra structure, and generalise features of solutions obtained by non-abelian T-duality,
which involve an underlying ordinary Lie algebra. We focus on an example where we start
with the pp-F1-NS5 solution in type ITA supergravity. We discuss the properties of our
resulting new solution, including the possibility of viewing it globally as a U-fold, and
its M2 and M) brane charges. In the extremal case, the new solution admits an AdSs
limit, which falls into a recently constructed class of M-theory AdS3 backgrounds — this
provides a global completion of our solution with a well-defined holographic dual, similar
to the global completions of non-abelian T-dual solutions. Our full solution is a 6-vector
deformation of this AdSg limit. We also explicitly solve the Killing spinor equation in the
AdS3 limit, finding a %—BPS solution.
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1 Introduction

This paper illustrates a method to take solutions of type ITA supergravity on a three-sphere,
with NSNS flux, to new solutions of 11-dimensional supergravity on a four-dimensional
space with particular properties. Principal amongst these properties is that the geometry
of this space is secretly controlled by an underlying algebraic structure incorporating the
structure constants of a three-algebra symmetry. This structure generalises that found in



solutions generated by non-abelian T-duality, which produces geometries controlled by an
underlying Lie algebra symmetry. We focus on an example where we start with the F1-
NS5 near horizon solution of type IIA supergravity, and construct a new 11-dimensional
solution involving M2-M5-M5’ charges.

The context for our work is the question of how to formulate and use generalised
dualities in M-theory. The classic formulation of a string or M-theory duality is in terms
of an equivalence between theory 1 on space X7 and theory 2 on space Xs. Conventional
(abelian) T-duality corresponds to the case when theory 1 is type ITA string theory, theory
2 is type 1IB string theory, and X; and Xy are circles of inverse radius. U-duality can be
stated as an equivalence between M-theory on dual d-dimensional tori, or type II theory
on (d — 1)-dimensional tori.

In supergravity, these dualities can be rephrased as expressing the fact that a dimen-
sional reduction or consistent truncation of supergravity 1 on X; gives the same lower-
dimensional theory as a reduction of supergravity 2 on Xo. This allows duality to be used
as a solution generating technique, where solutions of supergravity 1 of the form M x X3
can be mapped to solutions of supergravity 2 of the form M x Xs, by reducing and uplifting.

Generalised T- and U-duality extend this notion of duality to special classes of dual
spaces X7 and Xa, which are not tori. At a minimum, this is a solution generating method:
given a supergravity solution meeting particular conditions, a generalised duality will pro-
duce a second supergravity solution related in a particular manner to the first. Whether
this extends to a genuine duality of the full (quantum) string or M-theory is far from guar-
anteed, even in T-duality examples where worldsheet methods can be used to formulate
aspects of the duality. However, these techniques have proven their value in supergrav-
ity alone as a source of new solutions with applications to holography, integrability and
other areas (see [1] for a review and further references). It is perhaps also worth remem-
bering that what is now known as U-duality first appeared — almost accidentally — in
supergravity [2], long before the idea of M-theory was developed [3, 4].

The most well-appreciated generalisation of T- or U-duality is non-abelian T-duality
(NATD) [5]. This has a worldsheet derivation, at least for the transformation of the NSNS
sector fields. The basic structure of this duality is that it takes a space with non-abelian
isometries, for example a group manifold, to a space with fewer isometries. The dual
solution is characterised by an underlying algebraic structure controlled by ‘dual’ structure
constants fo%, # 0 inherited from the Lie algebra of the original non-abelian symmetry.

Unlike abelian T-duality, the worldsheet path integral derivation of the dual back-
ground does not lead to global information, in particular about the range or periodicity of
the dual coordinates [6]. It is however possible to find various arguments to globally ‘com-
plete’ the supergravity solution. For instance, combined with the correct transformations
for the RR sector [7], non-abelian T-duality has been extensively applied to generate AdS
solutions with interesting CFT duals. A common approach for NATD solutions with an
AdS factor is to find a holographic completion by embedding the NATD solution into a
supergravity solution with a well-defined holographic interpretation, usually in terms of a
quiver field theory stemming from an underlying Hanany-Witten brane configuration [8].
Alternatively, as pointed out in [9, 10], non-abelian T-dual solutions could be viewed glob-
ally as T-folds.



Both abelian and non-abelian T-duality are special cases of Poisson-Lie T-duality [11,
12]. This applies to d-dimensional backgrounds which may in general lack isometries,
but which geometrically encode data associated to a 2d-dimensional Lie algebra called
the Drinfeld double. This can be made manifest by adopting a generalised geometric (or
double field theory) description [13, 14]. For backgrounds admitting Poisson-Lie T-duality
there exists a generalised parallelisation [15, 16] providing a consistent truncation to a lower
dimensional gauged supergravity. In general, two inequivalent higher-dimensional solutions
admitting consistent truncations to the same lower dimensional theory can be viewed as
dual in the sense we are considering. (Indeed, NATD was expressed in terms of consistent
truncations [17] some years prior to its doubled geometry formulation [13, 14, 18, 19]).

The generalised geometry approach opens the door to the study of new variants of
U-duality, by using the exceptional generalised geometry (or exceptional field theory) de-
scription of 11-dimensional supergravity. This led to the proposals for Poisson-Lie U-duality
and an associated ‘exceptional Drinfeld algebra’ (EDA) introduced in [20, 21] and further
studied from a variety of angles in [22-28].

Whereas the Drinfeld double naturally encodes a pair of ordinary Lie subalgebras, the
content of the EDA is more exotic. The EDA itself is generically a Leibniz rather than a
Lie algebra. For M-theory backgrounds, the structure constants of the EDA are assembled
from those of a Lie algebra f,,¢ and a ‘dual’ 3-algebra with structure constants fe¢, (as
well as other n-algebra structure constants if the dimension of the algebra is large enough).

In our previous paper [23], cases where f“bcd % 0 but fup¢ = 0 were studied. These
should underlie backgrounds (termed ‘three-algebra geometries’ in [23]) analogous to those
which are generated by non-abelian T-duality. A particularly simple example is the Eu-
clidean 3-algebra in four-dimensions, f%¢; ~ ¢, The EDA in this case is the Lie algebra
CSO(4,0,1), and the generalised geometry construction gives a consistent truncation to
seven-dimensional CSO(4,0,1) gauged supergravity. An alternative consistent truncation
in this case is provided by type ITA on S? with NSNS flux [29]. This gives a solution gener-
ating mechanism, whereby type ITA solutions of this form can be consistently truncated to
solutions of the seven-dimensional CSO(4,0, 1) gauged supergravity, and then uplifted to
new solutions of 11-dimensional supergravity using the generalised geometric formulation
of [20, 21, 23].

In this paper, we apply this logic to produce a new 11-dimensional solution start-
ing with a non-extremal pp-F1-NS5 solution of type ITA, after taking the five-brane near
horizon limit. Our new 11-dimensional solution has the following properties:

o Just as for non-abelian T-duality, the global properties of the new solution are a priori
unknown. It can be described using a non-geometric generalised frame involving a
trivector linear in the new four-dimensional dual coordinates, and so one possible
global interpretation is as a U-fold. (See section 4.1.)

o The new solution can be viewed as carrying M2 and M5 brane charges. (See sec-
tion 4.2.)



o In the extremal case, it admits a limit in which it becomes AdS3 x S x T* foliated
over an interval. This solution fits into the general class of M-theory AdSs solutions
derived in [30]. These solutions are directly inspired by solutions generated by non-
abelian T-duality, and provide a global completion of our solution (in this AdS limit),
with a known holographic dual and brane interpretation. This is exactly analogous
to NATD solutions. (See section 4.3.)

e The full extremal solution can be viewed as a deformation of the AdSs limit generated
by a six-vector deformation parameter valued in Egg). This deformation is inherited
from an SO(2,2) T-duality-valued bivector deformation of the extremal F1-NS5 near
horizon solution, which describes the interpolation from the AdS3 near horizon region
to an asymptotic linear dilaton spacetime. In that case, the deformation has been
identified as being dual to (a variant of) the 7T deformation of the dual CFT [31].
This identifies the task of understanding a corresponding field theory deformation
dual to our full solution as an interesting open question. (See section 4.4.)

e The AdS limit of our solution admits a %—BPS solution of the 11-dimensional Killing
spinor equation. (See section 4.5.)

o Finally, our solution can be used to generate new type IIA solutions by dimensional
reduction (and hence other type II solutions by standard dualities). (See section 4.6.)

In section 2, we review the notions of generalised T- and U-duality that we are exploring
in this paper. We then specialise to our example involving the Euclidean 3-algebra and in
section 3 explain the derivation of our new solution. We then analyse this solution (in the
extremal limit) in section 4, explaining the points listed above. Finally we conclude with
some discussion in section 5. Appendix A lists some technical ingredients used in the main
part of the paper, and appendix B discusses in more detail the charges of our new solution.

2 Generalised T- and U-duality

2.1 Duality and generalised geometry

We study notions of generalised duality which can be cleanly expressed using techniques
from generalised geometry and double/exceptional field theory. Here we give a brief de-
scription of the necessary methods. For the d-dimensional ‘internal space’ X1 we work with
the generalised tangent bundle TX; & AP T*X,. Sections of this are known as generalised
vectors and consist of a pair V' = (v,w) of a vector v and p-form w. We only need the cases
p = 1, corresponding to O(d,d) generalised geometry relevant for discussing generalised
T-duality in type II supergravity, and p = 2, allowing us to describe the SL(5) exceptional
generalised geometry relevant for discussion of 11-dimensional supergravity when X is
four-dimensional. In both these cases, there is a common formula for the generalised Lie
derivative of generalised vectors:

LyV' = (L', Lyw — tydw) . (2.1)



This captures the local symmetries of X1, namely diffeomorphisms and gauge transforma-
tions of a (p + 1)-form. The geometry in the guise of the metric and this (p + 1)-form
is encoded in a generalised metric, denoted M ;5. This can be factorised in terms of a
generalised vielbein, My = Ey2AapENE. If we are just interested in describing the
geometry of X7 then we may take Aap = d4p, but in particular solutions on M x Xj
then A4p may depend on the coordinates of M and describe scalar fields in the lower
dimensional theory on M obtained by reducing on X;. The inverse generalised vielbein
gives a generalised frame F 4, providing a basis for generalised vectors. This frame will
generate an algebra under generalised Lie derivatives:

Lp,Ep=—-Fag“Ec. (2.2)

If Fag© are constant, then E4 provides a generalised parallelisation, which allows for a
consistent truncation to a lower-dimensional supergravity.

A second (dual) consistent truncation then corresponds to the existence of an alterna-
tive generalised parallelisation built using a frame E4 describing the generalised geometry
on Xs. This frame should obey the same algebra (2.2) (possibly up to some change of basis
corresponding to a constant O(d,d) or E; rotation on the indices A). This allows one to
translate the problem of finding inequivalent dual consistent truncations to the problem of
finding algebras admitting multiple solutions to the differential equations encoded in (2.2).
As we will review below, in known variants of generalised or Poisson-Lie T- and U-duality,
this can be done algorithmically within certain classes of algebras.

2.2 Non-abelian T-duality

The prototypical example of a generalised duality is non-abelian T-duality [5]. This applies
to spacetimes with non-abelian isometries. A simple example is to consider a spacetime
with an S3 factor (equipped with the round metric), regarded as the group manifold SU(2).
Starting with the worldsheet sigma model, we can gauge the (left) action of the group on
itself and (assuming no other fields are turned on) arrive at the following dual background:
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The new dual coordinates z¢, i = 1,2, 3 originally appear in the dualisation procedure as
Lagrange multipliers imposing the flatness of the gauge field gauging the non-abelian isom-
etry. Unlike in abelian T-duality, path integral arguments do not constrain the periodicity
or range of these coordinates [6]: we will discuss two different methods to specify the global
completion of NATD solutions below.

Underlying this duality is a pair of generalised frames for the O(d, d) generalised ge-
ometry. (We describe this now with reference to the specific SU(2) example, with d = 3,
but the essential features apply to d-dimensional group manifolds and their duals.) The
first describes the consistent truncation on the S 22 SU(2) group manifold. It makes use
of the following geometric data: the left-invariant forms /¢ and dual vectors v, obeying

1
dl® = 5 Foel® NI, Ly, vy = —fapve, (2.4)



where for SU(2) the algebra index is three-dimensional, a = 1,2,3, and the structure
constants are fu,¢ = €,°. The generalised frame E4 = {E,, E*} gives a basis for sections
of T(S?) @ T*(S%) with

E, = (vq4,0), E*=1(0,1%). (2.5)

Under generalised Lie derivatives, we have the algebra (2.2) with
FABC—>{Fabc:fabcaFabczanabc:Fabc:0}- (2.6)

The second generalised frame describes the dual consistent truncation on the NATD ge-
ometry (2.3). This is not a group manifold, but it can be described in terms of an under-
lying Poisson-Lie group structure associated to the group U(1)? (or R3) with a non-trivial
Poisson-Lie bivector, 7%. The latter here obeys dr® = —f, ¢ where [* are trivial
left-invariant one-forms, [%; = 6¢ (with dual vectors 9,° = 6’) and f, are dual struc-
ture constants. For the NATD of SU(2), these also describe the su(2) Lie algebra with
f“bc = ¢%_.. We can therefore take a bivector linear in the coordinates 7% = —e®_2¢. The
generalised frame Ey = {Ea, Ea} gives a basis for sections of the extended tangent bundle
of the dual geometry, with

E, = (04,0), E*= (7%%,1%). (2.7)
Under generalised Lie derivatives, we have the algebra (2.2) with
FABC_>{Fabc:OyFabc:fabmFabc:FabC:O}- (28)

The use of the generalised frame (2.7) allows for a non-geometric interpretation of the global
properties of the NATD geometry. As pointed out in [9, 10], if we take the coordinates !
to be periodic, then under 2’ ~ z* + constant the bivector 7 shifts by a constant. Such
a bivector shift can be viewed as a non-geometric O(3,3) transformation. If we patch the
dual solution by such a transformation, it must be regarded as a T-fold.

It is however more common to construct global completions of NATD solutions by
leveraging information about brane charges and — for cases where there is an AdS factor in
the full spacetime — holographic duals. To illustrate how this works, consider the example
of the IIB D1-D5 near horizon solution, for which the spacetime is AdS5xT%xS3, supported
by RR flux. The NATD dual geometry is a solution of massive ITA supergravity, with:

3

2
1 :i Q2 ds§2 ) B = %@2\/0182 5 6_2¢ =1 + Q2 5 (29)

ds? = ds2AdS3 + ds% +do? +

along with dual RR fields [7]. Here we have adopted spherical coordinates ' — (o, 0, ¢).
The issue of the non-compactness of dual coordinates is then concentrated in determining
the range of p. This can be done by embedding the NATD solution into a global completion
with a well-defined holographic dual and brane interpretation. For the NATD of AdSs x S°
obtained in [7] this method was demonstrated in [8], and has since been applied to many
examples. For the solution (2.9), the requisite completion is provided by the construction



and analysis [32-35] of a general class of massive ITA AdS3 x S solutions with 3d A" = (0,4)
supersymmetry and an SU(2) structure. The NSNS fields take the form:

2 _ U 2 hghy h4 hahg | o
= Vhahg (dSAdS3 * 4hghy —l—u’2 82 V et V' u de”, (2.10)

1
B=- + 2n7r> Volge ,

< uu!
5 \ 72" Thahy + w2

This solution exhibits the following general features found in global completions of NATD
AdS solutions: the coordinate o takes values in a finite interval which is further divided
into subintervals g € |9y, 0n+1]. The functions determining the solution (u, hy and hg) are
linear in p. They may however only be piecewise linear, and their slopes can jump from
subinterval to subinterval. The 2-form B is modified by a large gauge transformation as
one crosses each subinterval. There is a (flat space) dual brane configuration, with some
branes wrapping the p direction and others orthogonal and located at the endpoints of the
subintervals. This dual brane configuration allows for the identification of a dual quiver
field theory. The NATD solution (2.9) can be regarded as giving the more general solution
in the first subinterval, with ¢ € [0, p1], and u ~ hy ~ hg ~ o.

Restricting to the case of vanishing Romans mass, the solutions of [32-35] give ordinary
ITA solutions which can be uplifted to M-theory [30], giving a class of 11-dimensional AdSs
solutions which we will re-encounter later.

2.3 Poisson-Lie T- and Poisson-Lie U-duality

Poisson-Lie T-duality. Non-abelian T-duality can be viewed as a special case of
Poisson-Lie T-duality [11, 12], which applies to spacetimes which may lack isometries. They
instead admit an underlying Poisson-Lie group structure, involving a group G equipped
not only with left-invariant forms and vectors, but with a Poisson-Lie bivector. Altogether
these data obey:

1 )
dl* = 3 FocllPALE, Lyvp = —fapve, dr®™ = —fo1¢ —21°f gloxtld (2.11)

involving simultaneously structure constants for both a Lie algebra g and a ‘dual’ Lie alge-
bra g. The corresponding spacetime geometry is very efficiently described by a generalised
frame with: [13, 14]

Ea = (v4,0), E®=(7"04,1"), Fap® = {Fu’ = fur’, F? = [, Fope = F* = 0}.

(2.12)
The case of a standard non-abelian group manifold then has fq.,¢ # 0, f%, = 0, while
the NATD has the reverse. The full doubled Lie algebra (with structure constants F45®)
here is known as the Drinfeld algebra. Introducing generators T4 = {T,,T7°} obeying
(T4, Tg] = Fa®, we have

[Tm Tb] = fabcTc ) [Tav Tb] = fbcaTc - fachc ’ [T:aj Tb] = fabcTc (213)

The algebra is further equipped with an invariant bilinear form defined by n(7g, Tb) = 52,
and otherwise zero. The subalgebras g = {T,} and § = {7} are maximally isotropic with



respect to this bilinear form, and duality at the level of the algebra involves changing one
maximally isotropic subalgebra for another. This is upgraded to a duality at the level of
geometry by constructing a dual generalised frame now built using the left-invariant forms
and vectors of G = exp § (hence the frame generates the new maximally isotropic subalge-
bra as its vector part), together with the corresponding Poisson-Lie bivector encoding the
structure constants for g.

Poisson-Lie U-duality. A proposal was made in [20, 21] for the algebra and generalised
frames which should describe a notion of Poisson-Lie U-duality. Let us concentrate on the
case of d = 4, for which the U-duality group is SL(5). The proposal is to consider the
natural generalisation of the Poisson-Lie group to the case where the bivector is replaced
by a trivector. We then specify left-invariant forms and vectors and this trivector to obey!

1 ~
dl® = 5 FollPAIC, Ly vy = —fapSve,  dm®® = fobeyid 4 3, glogbedje (2.14)

where now a,b = 1,...,4. This introduces dual structure constants f“bcd which can be
viewed as defining an antisymmetric three-bracket, associated to a 3-algebra rather than
an ordinary Lie algebra.

These can be used to construct a generalised frame for SL(5) generalised geometry.
A generalised vector in this case is a pair of a vector and a two-form, and lies in the
ten-dimensional (antisymmetric) representation of SL(5). We pick a generalised frame
Ea = (E,, E™), where E% = —E" given by

E, = (v4,0), E® = (7%, 1%A1). (2.15)

Computing the algebra of generalised Lie derivatives (2.2) one finds an algebra dubbed the
exceptional Drinfeld algebra (EDA). In terms of generators T4 = (14, T“b), this algebra is

[Tm Tb] = fabcTc ) [Tab’ TCd] = Qfab[cejjd}e s

- - - - - - 2.16
[Ta; TbC] — 2fad[bTC]d . fbcdaTd 7 [Tbc, Ta] — Bf[de [béj Tde + fbcdaTd . ( )

Note that these brackets are generically not antisymmetric: the EDA is generically an
example of Leibniz rather than a Lie algebra. Closure of the algebra imposes the Jacobi
condition for the Lie algebra with structure constants f,;¢, a cocycle condition involving
both fu¢ and f%¢,. and the fundamental identity for three-algebras involving just fob¢,.
A notion of isotropic subalgebra exists, using now not a bilinear form but a bilinear map
7 : 10 ®sym 10 — 5. The subalgebra g = {1,,} is isotropic with respect to this definition.
However, unlike in the case of the Drinfeld double, we are not guaranteed the existence of
a second, dual maximal isotropic subalgebra. Note as well that the ‘symmetry’ between f
and f is now broken, and there are now more dual generators 7% than physical ones T},.
One could nonetheless proceed to interrogate the notion of non-abelian U-duality, by
starting with solutions defined by fu,¢ # 0, f%¢; = 0, and dualising these, as for instance

'For simplicity, these formulae assume that f,.° = 0 and that an additional scalar present in the
generalised frame is constant, as is the case for the example we will study. See appendix A.4 for more
general formulae.



in [26]. However, an alternative goal is to inverse the usual order, and instead look at
solutions with fu,¢ = 0, f®¢; # 0.

2.4 Dual three-algebras and beyond Poisson-Lie U-duality

The logic of focusing on solutions with f,;¢ = 0, fo, # 0 is that they should be in
some sense similar to the solutions generated by NATD. Our goal is therefore to construct
examples of such solutions, verify whether they are actually ‘dual’ to known solutions, and
verify to what extent this really resembles NATD. Furthermore, such solutions will encode
three-algebra structure constants and so are perhaps intrinsically interesting as examples
of a relationship between geometry and a non-standard algebraic structure.

In [23], examples of this kind were studied, and a first look at the corresponding ‘3-
algebra geometries’ was taken, but without constructing full supergravity solutions. A
particularly interesting example is to take:

fabe g oc eabey . (2.17)

This is the unique Euclidean 3-algebra. It can be viewed as the direct generalisation of
the NATD of SU(2), for which we had f%, = ¢®®.. The conditions (2.14) can be solved by
taking [%; = 07, v,' = 0 and a linear trivector, 7% o €2 24 introducing coordinates z?,
i=1,...,4. The EDA (2.16) in this case turns out to be the Lie algebra CSO(4,0,1).
However, it turned out that it is not possible to find valid dual isotropic subalgebras
within this EDA [23]. This precludes using the Poisson-Lie U-duality framework of [20, 21]
to construct a dual configuration. As noted in [23], this suggests simply that this framework
may just be more restrictive than the T-duality case. In particular, we could relax the
condition that the dual isotropic be a subalgebra. For example, we could allow ourselves to
consider alternative bases (for the same overall algebra) but for which the selected physical

generators T, obey
1 .
[Taa Tb] = 5 abchCd . (218)

This would be the starting point for defining a “quasi’-EDA.?

Equivalently, we may forget about specific algebraic interpretations. The EDA con-
struction allows us to construct a generalised frame realising a consistent truncation from
11-dimensional SUGRA to 7-dimensional CSO(4,0,1) gauged SUGRA. This consistent
truncation is on a non-trivial background geometry, resulting from the generalised frame
with the trivector. However, it is already known that this gauged SUGRA can be obtained
using a consistent truncation of type ITA on an S with NSNS flux [29]. Viewing this as
M-theory on S* x I, we have constant four-form flux, in line with the commutation re-
lation (2.18).%> Hence, we can alternatively find ‘generalised U-dual’ solutions by starting
with solutions of type ITA supergravity to which this consistent truncation can be applied,

2In the case of T-duality, it is possible to relax the condition that the Drinfeld double has two isotropic
subalgebras, allowing to describe models with H-flux, such as those studied in the context of certain inte-
grable deformations in [36].

3This algebra would be explicitly realised by generalised geometric constructions of this consistent trun-
cation [16, 37] — see [23] for a comparison with the generalised frames of [37] in particular.



reducing these to 7 dimensions, and then uplifting them using our EDA generalised frame
for this gauging. We will now adopt this procedure and show what it leads to for a simple
brane intersecting solution.

3 11-dimensional solution from exceptional Drinfeld algebra uplift

3.1 Type ITA pp-F1-NS5 and reduction to 7 dimensions

We begin our solution generating procedure by taking as our original solution the non-
extremal pp-F1-NS5 solution of type ITA supergravity. After taking the five-brane decou-
pling limit (as reviewed in appendix A.1) to go to the near horizon limit of the five-branes,
this solution becomes:

2
-~ _ 1 72 sinh 2 _,dr?
dsg =fi 1 <_fn 'wae? + f, <dz + 20fnr2ndt> ) + R*W 1T—2 + R2ds§3 + ds?r4 ,
. 1 _ T
H(3) = 7"8 sinh 20[1 @dt Adz Adr + 2R2VOISS s (& 2o — ﬁfl ; (31)
where W =1—- 3% R2 N5l2 and
2’h2 2 sinh? 2N12 1 2N, 1% 1
f1:1+w, fnzl—i—w, sinh2a; = ! 2 sinh 2a,, = 53—2.
r T v Riv rg
(3.2)

Here Nj is the number of F1s, N5 the number of NS5s, IV,, the number of units of pp-wave
momentum, and the four-dimensional transverse space is taken to be a torus of volume
(27ls )t

We will be particularly interested in the extremal limit. Turning off the pp-wave
contribution (NV,, = 0) the solution in this limit is

ds? = fH(—dt? +d2%) + R2 dr + R*dsis + dsia

2 _ r2
3f1dt/\dz/\dr+2RV0183 €2¢:ﬁf1,

(3.3)
Hy =

with fi =14 = TQ, r? = N112/v. This exhibits an interpolation from the near horizon region
of the 2Fl to an asymptotic linear dilaton background. The former corresponds to taking
fi= :—5 and the solution has the form

2

dr?
dsg:ﬁ( dt? + dz? )4—1’%2 +R2dssd+d3T4a
) 2 (3.4)
H(3) == T%dt Adz Adr + 2R2VOlS3 , 6_250 — Rilg ,

with the metric being AdSs x T* x S3. Asymptotically, setting fi = 1 and defining a
coordinate U by r = ReY/% the solution approaches the pure NS5 near horizon solution:

dsy = —dt* + d2* + dU? + R?ds3s + dsha, H =2R*Volgs, e 2 =&U/F - (35)
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with a flat metric and a linear dilaton. We will discuss later how this interpolating be-
haviour is inherited by our new 11-dimensional solution.

Owing to the presence of the S factor with accompanying NSNS flux, the back-
ground (3.1) can be reduced to a solution of seven-dimensional CSO(4,0, 1) gauged max-
imal supergravity using the ansatz of [29]. The necessary part of the truncation ansatz
that we need is summarised in appendix A.2. Applying this to the solution (3.1) gives the
seven-dimensional metric, scalars My, and @, and a three-form field strength F(3):

2
_ _ 1 r2sinh2ay, _,dr?
ds?=(r/R)"/5 f}/° (fl ! (fn "Wt £, (dz+20fnr2dt> )+R2W 1ﬂ+d32T4),

Mp="0ap, <I>:f1_4/5(7“/R)_8/5, F(g):rgsinh2a1 %dt/\dz/\dr. (3.6)
i

All other fields in the ansatz are vanishing. We next identify the data of (3.6) with the ap-
propriate SL(5) covariant fields of the CSO(4,0, 1) gauged supergravity. Take A = (a,5) to
be a five-dimensional fundamental SL(5) index, and let A denote a ten-dimensional index
for the antisymmetric representation. The SL(5) covariant fields are: the SL(5)-invariant
metric ds2, a scalar matrix M 45 parametrising the coset SL(5)/SO(5), and gauge fields
in SL(5) representations. The latter include a one-form A,*, in the 10-dimensional repre-
sentation and a two-form B, 4 in the five-dimensional representation, with corresponding
field strengths F,,4 and H,,,4. The fields (3.6) provide a non-trivial scalar matrix and
three-form field strength:

@7%(5(1(, 0

> , Hea= (0, F(g)) . (3.7)

3.2 1l-dimensional uplift via exceptional field theory

Having mapped our solution to seven-dimensional gauged supergravity, we now uplift it to
a different higher-dimensional solution using a distinct consistent truncation corresponding
to the exceptional Drinfeld algebra realisation of the CSO(4, 0, 1) algebra [23]. This makes
use of the SL(5) covariant reformulation of supergravity provided by SL(5) exceptional
field theory (ExFT). To describe this uplift, let y* denote seven-dimensional coordinates
describing the solution (3.6). We introduce an SL(5)-valued generalised frame field denoted
by EM 4(x) in the ten-dimensional representation or by EM 4(z) in the five-dimensional
representation, as well as a scalar function A(z). These depend on a set of four-dimensional
coordinates x*, i = 1,...,4, which will describe the internal space of the new eleven-
dimensional solution. The new eleven-dimensional solution has a simple SL(5) covariant
construction: we define the ExFT external metric, generalised metric and field strengths by

g (Y, 1) = A () g, (y) Mumn (y,2) = EAp(2) BB pr(2) Magp(y)

N N 3.8
Foy(y,z) = A@) EM 4(2)Foy (), Hiym(y, z) = A (@) EA (@) Hz)aly) - 35

It is in fact the combination EM, = AEM, that must be used to construct the
generalised frame (2.15) obeying the generalised parallelisation condition (2.2). To realise
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‘generalised U-dual’

11-dim SUGRA
/\ M2-M5-M5’ 3-algebra geometry
type ITA SUGRA
pp-F1-NS5 near horizon

\ uplift via EDA generalised frame
ITA on S? truncation

CSO(4,0,1) gSUGRA
Figure 1. The relationship between our solutions.

the CSO(4,0,1) algebra we take trivial left-invariant forms and vectors, 1%; = §¢, v,* = 0%,

and a trivector linear in the coordinates x*. The choice 7¢ = %e“bc

4% reproduces the
CSO(4,0,1) algebra and the scalar potential arising from the truncation of type IIA on
an S® of radius R (see appendix A.4). Note here we can use ¢ to identify curved and flat
indices here, for convenience. In terms of the five-dimensional representation of SL(5),

this gives a generalised frame:

EAy = (_‘ngn (1)> A=1. (3.9)
R

Using (3.9) and (3.8) applied to the background arising from the pp-F1-NS5 solution, we
obtain a generalised metric and three-form of the form

1
P74 0mn + @ixmxn ~dLa T = -
—(I)%x}j £” m) v Hem = (_R (3)7F(3)> , (3.10)

while the seven-dimensional ExFT external metric is unchanged. It is then a straightfor-

MMN:<

ward matter to convert this to a standard description in terms of the eleven-dimensional
metric and four-form field strength using the known ExFT dictionary (see for instance the
review [38]), summarised in appendix A.3.

3.3 Resulting solution

Using equation (A.15) for the parametrisation of the generalised metric allows one to obtain
the new internal four-dimensional metric and three-form, with the latter given by

l
eijkle

gy = —— M
Y r2fi + Tpa™

(3.11)
As there is no ExFT one-form present, the Kaluza-Klein vector Aﬂi vanishes, and us-
ing (A.12) one obtains the full 11-dimensional metric

(%)

§os o TiT5
2 2 2/3/ 2 13(” 7‘2f) i1
W(dSME‘ +dsT4) + R (r°f1) / T71d$ de]

dsy = (r2fy + apa?)l/3 l
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where

2
1 73 sinh 2a, dt) R%dr? (3.13)

dsip, = fi ' | [ Wdt + £, <dz 3 2 grial
The three-form (3.11) and the new four-dimensional part of the metric in equation (3.12)
closely resemble the two-form and metric appearing in the NATD of S® (2.3), but now in
one dimension higher (this is easiest to see by setting r2f; = 1).

To complete the solution, we use (A.16) to extract the remaining components of the
four-form field strength (via a dualisation, as H .5 directly gives components of the seven-
form field strength). This gives a total four-form field strength:

T‘O sinh 2cq rz; 7“0 sinh 20

F(4)_W Rdt/\dz/\dr/\d zt — 7 Vol o1
Rie;dat Adad A dak .
4 (; R ) ((4r2f1 + 22,29)da! — 4210, (r? fl)dr) .
The dual seven-form field strength is*
T 2sinh 20 %kzx 1 j
*Fly = r2f1+xpa:1’ 72 3'd IAndz? Ada® A'Volpa
rH 2sinh2a; 1 j
T’f1(7“2f+$ ) 4'ewkldt/\dz/\d7"/\dx Adz? Adz® Adat (3.16)
+ 2 (902 4, 4 ) dEAdz Adr A Vo +ﬂxz B, (r2f1)dt Adz Adz? AVol

Note that (xF] (4 ))l]k’y Yt = —i—CkaF L gt We have d x F(4) = +%F(4) A F(4)

4 Analysis of the extremal 11-dimensional solution

We now restrict to the extremal limit and set the pp-wave contribution to zero, making
the replacements W — 1, fi — 1+ :—z, r3 sinh 2o — 217, ay, — 0. We can also simplify the
form of our solution by appropriately rescaling the coordinates as well as the metric and
three-form so as to effectively set the constants 71 and R equal to 1.°

4We define the Hodge dual of a p-form F via
1 v v
(*F)Nl»-'HD—p = Ij V |g‘6#1~“.“LD—pV1-“Vpg g ppme-upp s (3.15)

where €,,...., denotes the Levi-Civita symbol €o1...p—1 = +1. This obeys x*x F' = (71)(71)”(D_p)F.

®To be precise: this involves setting (¢,z,y') = R(f,2,4") and (r,z%) = (7, &), such that ds3; =
R2/3r‘11/3cie?1, Fu = Rr%ﬁ@). We then work with (ieil and 5(4), in which no dimensionful constants
appear (and drop tildes). This scaling of the metric and gauge field is a symmetry of the equations of
motion (the trombone). We can also introduce this scaling directly into the ExFT frame by introducing a
constant parameter « as in appendix A.4.
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4.1 Solution as a U-fold

Having made these simplifications, we henceforth study the following solution of 11-
dimensional supergravity:

d 2
dsty = (21 4+ 2a®) P02 ) 3£ (=de + %) + =+ dsha)
Lilj i1,
7“2f1) dz'da’
(4r2 f1 + 2429) 1
(r2f1 + zpaP)? 4l

G2y )2 1) (64

2rx; i
Fuyy = (r2f1)2dt ANdz Adr Adz' —2Volpa +

l 2
. 1 , .
MWEijkldr Adz' Adz? A dxk . (41)
D .

ez-jkldxi Adz? A da® A dat

with f1 =1+ T%

If we take the z* coordinates to be periodic, this should be identified as a U-fold. This
is analogous to the interpretation of NATD solutions as T-folds suggested in [9, 10]. For
our solution, this U-fold interpretation follows from the form of the EDA frame, which
features a trivector depending linearly on the coordinates x*!. The patching for z* ~ 2'+
constant amounts therefore to a shift of this trivector, which is a non-trivial non-geometric
U-duality transformation. From (3.9) we have

3 . o 50
EA (2! + Rn') = EANUN \, UNM:< m ) (4.2)

—Nyy 1

If n;, = (L-jnj are integers the matrix defines an SL(5;Z) U-duality transformation. We
can describe its action on the four-dimensional internal geometry with metric ¢;; and
three-form Cjji using the generalised metric Mz, which is a symmetric unit determi-
nant five-by-five matrix, parametrised by the metric and three-form as in (A.15). Under
U € SL(5), this transforms as My — UP U2y Mpg. In the present case, we fac-
torise Man(y,7) = EAm () Map(y)EBn(z), where as above y denotes 7-dimensional
coordinates. This manifestly shows that the generalised metric and hence four-dimensional
metric and three-form together transform under the U-duality transformation, or mon-
odromy, in (4.2), for periodic .

Associated to this U-fold interpretation is the fact that one can interpret the three-
algebra structure constants as (non-geometric) M-theory Q-flux [39]. This is here defined
by Qade ~ aaﬂ.bcd ~ f:dew

We will not further pursue this U-fold interpretation, but now focus on ordinary geo-
metric properties of the solution (4.1).

4.2 Solution in spherical coordinates and brane charges

We can rewrite the solution (4.1) by changing to spherical coordinates, letting ! = pu!
with piul 0;; = 1. This is what is usually done for solutions obtained via non-abelian T-
duality. The possible non-compactness of the solution will now be determined by the range
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of p. In these coordinates, the metric and field strength of (4.1) have the form

2
dsty = (r2f+ ) B0 )1/3<f1( df? + dz )+d—+dsT4+ df>

+ (TQfl + p2)_2/3(7“2f1)1/3p2d$§3 ’

2rp (4.3)
Fy = dt Adz Adr Adp — 2Vol
(4) 2 f1)? Adz Adr Adp Volra

(4% f1 +2p%) 2 o (r* f1)

——————5p dp A Volgs — P AT 40 A Volgs .
(2 fi 4 p)? TR+ ) ¥

The dual field strength is
4 2,03

*Fly) = Volss A Volpa — swdt Adz Adr Adp A Volgs

T2f1 Tfl(r2fl +p ) (4_4)

+ 2r(2r2f1 + p*)dt Adz A dr A Volpa + ;—par(r2f1)dt Adz Adp A Volpa .
1

We can discuss the possible M2 and M5 brane charges carried by this solution. These will
be given by integrals®

qm2 = /JPagey qms = /F(4) ) (4'5)

where the Page charge density for M2 branes is Jpage = *F(4) — %C(g) A F(4). Let us consider
the latter. Let Cgphere and Ciorus denote the restriction of the three-form to the sphere and
torus respectively. We have

C’torus A dCSphere + Csphere A dctorus = d(ctorus A Csphere) + 2Csphere A dCtorus . (46)

An explicit choice of potential is:
ph

p
0(3)_ —dt AdzAdp— 20()4‘@

bt

where dcg) = Volpa. For this potential, the second term in (4.6) cancels with the con-

tribution from xF(4) such that Jpage = —d (0(3) Py o f +p2 VolS3) and therefore is a total
derivative. Hence the M2 charge vanishes up to large gauge transformations. In particular
we can consider a large gauge transformation given by

0(3) — 0(3) + 47TjV0183 (48)
such that Tz [ Cgy — Tz [ C(z) + 27, with j € Z. Using (4.6) this means
JPage — 8mjVolgs A Volpa , (4.9)

which generates a non-trivial M2 charge.

5Tt is possible to make this more exact and to in particular require quantised charges: we defer this
discussion to appendix B.
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Next we consider the possible M5 brane charge. We firstly have a non-trivial M5 charge
given by integrating F(y) against the torus. The M2 charge generated by the above large
gauge transformation will be proportional to this M5 charge.

A further M5 charge, denoted M5’, could be obtained by integrating F{4) over a four-
cycle involving r, p and the sphere directions. Following closely the analysis of NATD
solutions in [40], we look for a path in the (r,p) directions such that the three-sphere
shrinks to zero size at beginning and end of the path, giving a closed four-cycle. This
happens at p = 0; suppose it also happens for some value of r = rs. Then a possible
integration is to integrate from p = 0 to p = p at fixed r = 7, and then integrate at fixed

> we would then have

p from 7 to r = rs. Letting C(p,r) = ﬁ

p=p
Fu| +/ F(4)‘ _277 (C(5,7) — C(0,7) + C(p,7s) — C(p, 7))
p=0 (410)

o N 272t
=2r*(C(p,rs) — C(0,7)) = W

This is independent of 7. The issue is now whether one can find a closed four-cycle with
the above properties. This issue is linked to the question of finding a global completion of
the solution (4.3). Indeed, for the full metric (4.3) there is no way to close the cycle to
give a non-zero value for the above integration. This is a signal that one needs additional
ingredients, such as will be discussed in the next subsection at least for the AdS limit.
For the solution with f; = 1, that we would obtain by starting with the pure NS5 near
horizon solution (3.5), extra ingredients are not needed. Our new 11-dimensional solution

in this case has the form:

dr? dp?
dst, = (2 + p?) /323 (—dt2 +d2? + o dsha+ T’;) + (1 4 p7) s

ot
F(4) = d< D) T 2V0183> . (4.11)
A valid choice for the above four-cycle is to take rs = 0 for which
Qs = 2777 . (4.12)

Restoring dimensionful constants and requiring this to give a quantised brane charge pro-
vides one possible way to determine the range of p, fixing it to lie in the finite interval

p€[0,p].
4.3 AdS limit and holographic completion
The AdS limit amounts to setting 72 f; = 1 in the solution (4.3):

dsty = (14 p*)'/? <d82Ad83 +dp” + dsgfz;) (1+ p2)_2/3p2ds§3 ,

(4 + 2p?) (4.13)

_ 3
Fy) = 2pVolags; A dp — 2Volpa + m p°dp A Volgs .
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In terms of the original F1-NS5 solution (3.3), this corresponds to going to the near horizon
region also of the F1.

The solution (4.13) fits into a general class of M-theory AdSs solutions constructed
in [30]. These solutions are of the form AdS3 x $3/Z;, x CYs foliated over an interval. They
are closely related to the AdS3 x S? solutions (2.10) in massive ITA which provide a way to
complete the NATD of AdS3 x T* x S3. Restricting this class of solutions to ordinary ITA
(by setting hg constant) allows for an uplift to M-theory. The resulting solutions presented
in [30] read as follows:

u B4 \/ ]Al4h8 h2
dS%l =A (\/ﬁdszAdS;g -+ H FBdS%YQ + ° dQ2> + Kgdsgﬁ/h y
418

N 1/3
hy'? (hahs+ u®) /

A= 176 : (4.14)

h4 ul/3
F, ul 1 D,ha Vol “ 1
(4) =—d 2];}4 +2Qh8 A Vo AdS3 — Qh4 Vo CYs +2h8 d —Q+ m AVo S3/Zk s
where the quotiented 3-sphere is written as an S' Hopf fibration over an S?
2 Li/dy ? 2

The functions u and hy are again linear functions of g, but hg is given by hg = k an integer.
To match this to our solution (4.13), we relate our radial spherical coordinate p to the
coordinate ¢ appearing in (4.14) via:

P’ =20. (4.16)

This allows us to write (4.13) as

d 2

dsty = (1 +20)'° (ds}idss +oo ds%) + (1 +20) 72/ 20ds% |
¢ (4.17)

8(1+ o)

F(4) = 2V01Ad83 VAN dQ — 2V01T4 + m

odo A Volgs .

It is straightforward to confirm that the solution (4.17) is included in the class of solu-
tions (4.14) for:”

k=1, wu(o)=ha(o) =20, (4.18)

giving A = (14 20)"/3/(20)"/?, and taking the CY, to correspond to T* specifically (we
could equally well have considered our solution on either T* or K3 from the beginning).

"To match precisely, we need to take into account some freedom to change signs of components of our
four-form field strength, e.g. the overall sign C(3y — —C{(3) is a matter of convention/orientation, we may
also flip the sign of a torus coordinate, or change the sign of the electric B-field components of the original
F1-NS5 solution.
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The general class of solutions (4.14) then has the necessary properties needed to
provide a global completion and holographic dual of the AdS limit of our solution. As
specified in [30], one considers the following set-up. The coordinate p takes values in a
finite interval ¢ € [0, 27 (P + 1)], which is divided into subintervals ¢ € [27j, 27(j + 1)] for
j=0,...P. The function w is linear in p, while hy is piecewise linear, with its slope jump-
ing from subinterval to subinterval. It further is taken to obey h4(0) = hy(27(P +1)) =0,
which has the effect of ‘ending’ the space at the endpoints of the interval (and allows for
the computation of M5’ brane charge by integrating the four-form flux on the full p interval
and S3). The 3-form C(3) is modified by a large gauge transformation (of the form (4.8))
as one crosses the endpoints of each subinterval. There is a (flat space) underlying brane
configuration, involving M5 branes wrapping the (¢,z,r) and S3 directions, M5’ branes
wrapping the (¢,z) and torus directions, and positioned at ¢ = 2mj, and M2 branes
wrapping the (t,z,0) directions stretched between these M5 branes. This dual brane
configuration allows for the identification of a dual quiver field theory, described in [30].
Our solution (4.13) can be regarded as giving the more general solution only in the first
subinterval, with ¢ € [0,27]. This is exactly analogous to the situation with NATD
solutions, and shows that our solution based on dual three-algebra rather than Lie algebra
structure constants admits a similar holographic interpretation.

4.4 Full solution as a six-vector deformation of AdS limit

We now return to the full solution (4.3), in order to explain how it can be viewed as
a particular interpolation away from, or deformation of, its AdSs3 limit. To show this,
it is helpful (though not strictly necessary) to introduce a dimensionless parameter A by
rescaling the AdS coordinates as

Es ATV s X2 e ATY2p (4.19)

The parameter A now serves as a book-keeping device for describing the deformation of
the AdS limit, which corresponds to A = 0. The function f; is now f; =1+ ﬁ and hence
the A — 0 limit picks out the near horizon region where one drops the constant term.
Evidently for A = 0 the rescaling (4.19) is singular, but nonetheless the metric and field
strength are well-defined. Explicitly, one has:

ds?, = (1 + p? + M2)Y3(1 4+ ar?) 723 (r2(—dt2 +dz?) + dp2>

d 2
+ (14 o2+ MR)YB( + Ar2)B <TQ + ds2f4>
T
2 2\—2/3 2\1/3 212 (4.20)
+ (14 P2+ 2272301+ D)3 dsgs

2rp p*
F(4) = mdt A dZ A d?” AN dp — 2V01T4 + d <1—|—A7‘2—|—p2V0183> .
This indeed reduces to the AdS limit (4.13) for A = 0. For A # 0 one has the full solution
(in which we can always undo the rescaling by setting A = 1).
The solution (4.20) with finite A can be expressed as an Egg)-valued deformation of

the A = 0 limit. This involves an action of Eg(g) on the ¢, z, p and S? directions. This Eg6)
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transformation should be viewed as a solution generating transformation rather than a U-
duality. It may at first seem highly mysterious that the group Egs) should appear rather
than the SL(5) we used to generate the solution: this can be explained by tracing the origin
of this deformation back to an SO(2,2) T-duality transformation acting just on the (¢, 2)
directions of the original F1-NS5 solution. Our full solution therefore inherits non-trivial
structure associated to the action of ‘duality’ transformations in 244 = 6 directions, which
singles out Eg(g). We will explain this further below.

An Eg) transformation non-trivially mixes the metric with the three-form and six-
form potentials, which can be explicitly introduced as:

Coo = —"P Gy ndend +p74\/1

R Y A D VE R (4.21)
r2p3 1 1 '

Crey = — At Adz Adp A Volgs .

(6) 2 <1+)\r2+1+)\r2+p2) = A AP A VOIg

The remaining components of C(3) and C(g), which have components along the torus, are
electromagnetically dual to those written here. The relevant component of the dual field
strength leading to the six-form potential is

2p3rdt Adz Adr Adp A Volgs

(T4+XM2)(1 + A2 + p?) (422)

*F(4) D)

As d*F(4) — %F(4) A\ F(4) = 0 we then define C(G) by dC(G) = *F(4) — %0(3) A F(4) The
gauge choice for C(g) has been chosen so that it is finite for A — 0.
To describe the action of Egg), we make a (6 +5)-dimensional split of the coordinates.

Let 21 = (t,z,p,0%), where §% denote the coordinates on the unit sphere, and let
ot = (r,y', ..., y*) with the y* corresponding to the torus coordinates. We decompose the
metric as

ds? = gyda'dal + |¢|_1/3gwdx“dm”, (4.23)

such that the metric g, is an Eg(g) invariant given by

2
gudatdz” = r4/3 2 (d?; + dsgf4> . (4.24)
r
In particular, it is independent of A.
The metric ¢;; transforms alongside the three-form components Cjj and the six-form
component Cijkimn = Céjjkimn. The E6(6) covariant object containing these fields is a 27 x
27 generalised metric. This can be written as [41, 42]

¢ 0 0
Mun(6,.C(3),.C6)) =Un" M LUN",  Mun=|¢]"3| 0 26147 0 . (4.25)
0 0 (detep) Loy
51 —Ciy +03C+ 3,645 Cige 1, Ciegheges
Un™=| 0 240 —delikakeks Oy . (4.26)
0 0 ;]
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Here the 27-dimensional Eg ) fundamental index decomposes as VM = (Vi Viu, V1) where
Vi = =V and VMW, = VIWW; 4+ %V};IW“/ + ViW: There are thus two six-dimensional
vector indices: the second one can be viewed as coming from a dualisation of five-form
indices Vi = %eijl“'jf’Vh,,JyS

It is straightforward to evaluate the generalised metric for the six-dimensional metric
and form-fields obtained from (4.20). Some general formulae applicable to situations where
the six-dimensional metric and form-fields admit a (3+3)-dimensional decomposition are
recorded in appendix A.5. One finds that the generalised metric depends linearly on A, and
furthermore that the A dependence can be factorised via an FEgg)-valued transformation in-
volving a six-vector parameter. Generally, we can introduce an Eg(g)-valued matrix describ-

ing deformations involving a trivector QU and a six-vector QUKMM = QlikMn "gych that [42]

5 0 0
Un? = —Qi'] 201 0. (4.27)
530 + %fikl...k59‘jklk29k3k4k5 *%Eijj’klkgk;;leIng 5

Again using the formulae in appendix A.5, it can be straightforwardly checked that the
generalised metric describing the background (4.20) admits a factorisation

Mun(A) = Uy VD) Mg (h = 0)Un"(N) (4.28)

where Uy, ()) has the form of (4.27) with
A

- 2p3,/det gg3

where \/det gq3 denotes the volume element on the unit three-sphere. Hence the factori-
sation (4.28) demonstrates that the full solution (4.20) is a six-vector deformation of the

Qk=0, Q= (4.29)

A = 0 background corresponding to the AdS limit.

The fact that the deformation parameter is non-constant can be understood by
viewing this form of the deformation as involving a change of coordinates as well as
a constant Fge) transformation. This change of coordinates is just that which defines
Cartesian coordinates z* in place of the ‘spherical’ coordinates (p,6%). In terms of the
Cartesian coordinates one has simply:

Qt=iikl — _%eijkl ) (4.30)

It is still non-trivial that this is a solution generating transformation, as the full solution
depends on the 2’ coordinates, and so we are not in a situation with isometries to which we
would automatically be entitled to apply U-duality transformations. The six-vector defor-
mation however commutes with the EDA generalised frame containing the trivector Q%% ~
€¥ly,. Prior to applying the EDA generalised frame, what we have is an 11-dimensional
configuration (that is not a solution) which already admits the six-vector factorisation.

8Here both €°'23%° = ¢g1a345 = +1 are Levi-Civita symbols defined without relative minus signs for
convenience.
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This follows directly from the properties of the original F1-NS5 extremal solution. Us-
ing the same coordinate redefinition that introduces the parameter X\, the F1-NS5 extremal

solution (3.3) can be written as’

2 r?

ds® =
% T + A2

2 r?

Bp=-—"
T4 tz ].+)\’I"27

d 2
(—dt2+dz2)+r%+ds§3+ds e = 1+ X2, (4.31)

The A\ dependence now corresponds to an SO(2,2) T-duality deformation acting on the
(t,z) directions. This is seen by passing to the appropriate SO(2,2) covariant description
via a generalised metric

g—Bg™'B Bg™! 0 Z 01 -10
— e Z = =
Haun () ( —g'B ¢! ) (Z (r2+>\)77> ’ <1 0) 7 ( 0 1) ’

factorising as

Harv (V) = U™ () Hier (A = 0)UNH (). UMNz(_lﬁ ‘1)) g 2(_01 é) (433)

The deformation matrix 3 has an interpretation as a bivector 3%. (This can alternatively
be seen as a TsT transformation.) In addition, the SO(2,2) invariant generalised dilaton
is e72¢/[det(g)[ = r? and is independent of \.

When we apply the reduction ansatz for type ITA on S® to the F1-NS5 background,
the field strength component Hy,, = 0,B;, becomes the A = 5 component of the SL(5)
covariant field strength H(3)4. On uplifting to an eleven-dimensional solution (using the
coordinates '), this leads to the identification Fiorijii ~ Hyzr€ijr giving a non-trivial
dual seven-form field strength. Hence the B-field component B;, induces the component
Ctziji of the eleven-dimensional dual six-form. Accordingly, the bivector deformation Btz
becomes the six-vector deformation QF*%* = gt2¢iikl The smallest U-duality group capable
of describing such a deformation is Fg ), and this provides the exact explanation for why
E¢(6) appears.

The structure of the F1-NS5 solution appearing here is associated to some intriguing
physics. The solution can be viewed as interpolating from an AdS3 geometry to a linear
dilaton spacetime, holographically dual to Little String Theory [44, 45]. This interpolation,
realised above via the bivector deformation, has been argued to correspond to a single-trace
TT deformation of the dual CFT5 [31], and has a worldsheet interpretation as a marginal
current-current coupling. We might therefore expect that our full solution captures again a
deformation related to 7T of the CFTs dual to the AdS3 limit of our solution (these are the
quiver field theories described in [30]). Making this precise would be interesting future work.

A final comment here is that deformations of the form (4.27) generically lead to terms
quadratic in the six-vector deformation unless the upper left block of the generalised metric
vanishes, Mj; = 0. This block is of the form M;j ~ (¢+C’(23)—|—(C(6)+C(23))2)ij and so involves
terms quadratic Cg) as well as both quadratic and quartic in C(3). Rather remarkably the
gauge choice made above for the three- and six-form is such that here M;; = 0.

9This rewriting is inspired by [31, 43].
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4.5 Supersymmetry

In this section we discuss the supersymmetry of the AdS3 limit (4.13) of our solution. The

Killing spinor equation in our conventions!’

Sctb = 2Dy + (D7, = 8L, e por = 0. (4.34)
We will proceed to solve this explicitly, finding a %—BPS solution (4.61). We denote the
AdS coordinates by (t,z,7), the torus coordinates by 4%, i = 1,...,4 and the (standard)
three-sphere coordinates by (x,0, ). Unless otherwise indicated, in the below equations
the indices on the gamma matrices should be assumed to be flat.
We first assume that e is independent of the torus coordinates y°. Then the p = 3
components of (4.34) provide an algebraic condition on e:

j 1
p(L+p*)7'T, — %(1 +p?) 712 (2prmﬂ — 4TV 44 (1 + p2> (1 +p2)1/2rp><9¢)] e=0.

2
(4.35)
The AdS components of (4.34) give differential equations

1
Dy e + EFmXE =0, (4.36)
where

X= (—(1+p2)_1prp+i(1+p2)_1/2 (—2prmp—ryl~~y4+2 (1+;p2> (1+p2)—1/2rpx9%0)> .

(4.37)
In (4.36) m denote curved AdS indices. The spin connection components are Dye = Ore
and Dye = Oy€ — %Fare’ with @ labelling the t and z directions, and I'; = r—1T,., Ty = T,
where I', and I', are the gamma matrices with flat indices. The form of the r-dependence
of the M = r equation implies that the r-dependence of € has to be of the form r?, with
a matrix [ to be determined later, leading to a further algebraic condition on e. Indeed,
letting explicitly € = rP¢, where € depends on t, z and the other spacetime coordinates, we
get an equation

<ﬂ + éer) e=0. (4.38)

It follows that Dye = —T'3 I Be. For the (t,z) components we get
1 :—br Bl :
O =T4r | =8+ 5)¢€ = 04 =1 Plyrr 5(1 —2pB)¢. (4.39)

We have an r-independent expression on the left hand side, and so by our assumptions the
right hand side of has to be r-independent as well, thus, differentiating the right hand side
with respect to r we end up requiring the following expression to vanish:

PP (Far - B, Fm’]) (1- 2/3)7'56 =0, (4.40)

1OWe follow [46] so that {T'a,T's} = 21 with 14 having mostly minus signature.
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which can be achieved if

(Far - [/87 Fa’/‘]) (1 - 2&) =0. (441)

If 8 commutes with I',, then the only solution is 8 = %I . Alternatively, if 8 anticommutes
with 'y, then we can extract I'y, from the equation again leading to

(282 -1) =0, (4.42)

which tells us 23 should square to a unit matrix. This condition and that of anticommuting
with I'y,. and I',, is compatible with multiple choices for 3, for instance 28 = +I'y,, 28 =
+il'y, 28 = £I't.y, ..y, However, not all options will lead to a non-trivial solution for €,
and some of them have fewer supersymmetries than others, as we will see shortly.

Now let’s assemble and make sense of the algebraic conditions on e. We can
rewrite (4.38) as

1
20,3+ gp(1+ p?)7T, (4.43)

—~ é(1 +p%) 712 (4 (1 + ;;P) (14 p?)~1/20exbe — opur-vs 4prtzrp>} e=0

Subtracting % (4.35) from (4.43) we get:
|20, 8 + (1 + p?) 72 (pD17e 4 T e = 0 (4.44)

This (for suitable 3) will provide a coordinate-dependent projector condition on €, similar to
that appearing in non-abelian T-dual solutions [7]. We can also deduce a second projector
condition. Let’s first split the I'"X¢ and T',. parts of (4.43) as

1
3 (20,8 + i(1 + p?) 72 (pDtre 4 Tt ) [ € (4.45)
2
+3 (20,8 + p(1 + p?) 7T, — DX — (14 p?) 7108 — (1 4 p?) 12T e = 0

the first line of which is exactly (4.44) thus vanishes. We can write the second line as
(20,8 — iDPX0% - T (1 4 )1 (oD% 4 D002 ) — (1 4 p) 12TV 9] e = 0 (4.46)

then using the fact that the product of all gamma matrices is (in our conventions) —i, we
can rewrite ['*?7PX0¢ — jT¥1-¥4 and use (4.44) again to obtain

(21,8 — DX 1 i(1 4 p?) 712 (0% — Tv- 94 ) [e = 0 (4.47)

and then again rewriting T¥1-¥1 = I'**"TPX0¢  and T'** = —T%*"T7, we finally extract a
common factor

(1+i(1 4 p?)~1/20%0) 21,8 — DX e = 0 (4.48)

multiplying this by (1 —i(1+ ,02)_1/ 2Ft”> and extracting the non-negative resulting p? we
arrive at the second projector condition on e:

[2FT5 - iI‘pXW]e =0. (4.49)
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As we want our solution to be as supersymmetric as possible, we want to choose a § that
will cancel some of the algebraic conditions on e. Looking at (4.49) and keeping in mind
that TtV = i TPX%  we immediately see that the choice 23 = I'*#¥1-¥4 will turn this
condition into a trivial one! Thus, we can conclude the choice 23 = I'**¥1-%1 corresponds to
a most supersymmetric solution; other choices would impose (4.49) and lead to a solution
with fewer supersymmetries.

Now let us look at the full AdS part of the solution that corresponds to 23 = I't#¥1--v4
and then come back to the remaining equations. We will write our solution in the form

€ = EAdSEPEGBEQ (4.50)

with €y is a constant spinor and the other factors are matrices depending on the AdS, p
and sphere coordinates respectively.
The differential equation (4.39) on é becomes

D4 = %Far(l —2B3)é (4.51)

with the solution
- 1 _ 1 _
€ = exp [2xafar(1 - 25)]5 = (1 + ixaf‘ar(l - 2ﬂ)> € (4.52)

where in the second equality we take into account our previous assumption that [ anti-
commutes with Iy and (23)%2 = I so that we can make an expansion of the exponent to
the linear term. Here € = €,eq3€g. Hence the full factor epqs is

Zyp... 1
Aqs = T%Ft Y1---Y4 (1 + 5xar(w(l _ Ptzy1...y4)> . (453)

Expanding the r exponent, this can be seen to match the form of the AdS solutions obtained
in [47].

Now we consider the remaining differential equations on €. We start with the case
corresponding to the p coordinate:

; 1
Ope — é(l + p?) 7D, [TV Vs 4 2pT TP 4 4 (1 + 2p2> (1+p?) TP e =0 (4.54)

Using the projector conditions (4.44) and (4.49) (the latter of course now an identity given
the form of ), as well as gamma matrix identities, we can simplify this to

1
Ope — 1+ p?) e+ T,,B(1 + p*) e =0. (4.55)

and now the solution for €, will depend on how €xqs permutes with 3. For our choice of
B, all the matrices in epqs commute with I'.,3, and we can simply move eaqs to the left
of each term in the equation. We then end up with a differential equation for €, with the
following solution:

1 _
e, = (1+ pH)Y 2 exp 5 tan ™! pTrys yap (4.56)
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We move on to the sphere components of the Killing spinor equation. We let eqs =
ex(x)ea(0)es(p). The x equation becomes after similar simplifications using the projector
conditions 1
@ﬁ+§ﬂ+p%4ﬂnwh+pnmwhmk:0, (4.57)
or .
Oy € + 5 exp[Tizry, . yaptan ' pll e =0. (4.58)

Permuting I',, in the second term in this equation with €, we change the sign in the
exponent of €, from equation (4.56), which combined with the exponential of this equation
gives the same ¢, finally in the second term on the left. Thus, after extracting €, from the
both terms of the equation to the left, we have the simple equation

1 1
Oy + §FPX€X =0= ¢, =exp {— 2prX} . (4.59)
The same technique can be applied to obtain €y and €, parts of the solution, which end up
being
1 1
€g = exp | — §Fx69 , €p=¢€xp| — 51—‘9@0‘/7 . (4.60)
The full solution we have obtained can therefore be written as
1
€= (14 p?)t/1%P (1 + ixafar(l — Qﬁ)) exp [— BT, tan ™! p] €Q€o , (4.61)

with 8 = %thyl"'y‘*, € = €y€p€,. In addition we have the projector condition (4.44), which
we can rewrite as

(1 + \/1:—7p2 (thr — pr1-~-y4P)> e=0. (462)

This can be shown to reduce to a single projector condition on the constant spinor eg.
To show this, we apply the projector condition in its original form (4.44) to (4.61) and
proceed as follows. We first permute the exponential in €, with I'.5 from (4.44). After
then factoring out a common €, we can use the identities sintan™'p = p(1 + p2)*1/2,
costan—! p = (14 p?)~ /2 to rewrite (4.44) applied to (4.61) as

(14 p2) " [(1+ PPrrys.p) 2008 + 6 (o177 4 TV5) |y egege = 0. (4.63)

Then permuting with €, the terms linear in p give different signs in the exponent containing
I'y, leading to 2 equations:

(26,8 4 il ¥)eg =0, (T'p+ i P)eg = 0. (4.64)
However these are actually equivalent and give the single condition:
(1+iT%)eg = 0. (4.65)

Therefore we have 1 condition on €, reducing the degrees of freedom by %, so this is a
%—BPS solution. This is the same amount of supersymetry as the original F1-NS5 solution
in its AdSs limit. Away from this limit we expect our full solution (4.3) is %—BPS. It is
worth noting that the solutions of [30] are generically %—BPS, suggesting that our solution
allows for an enhancement, likely due to the special case k = 1. We note that a similar

explicit Killig spinor solution was found in [48].
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4.6 IIA reductions

Finally, let us record the expressions for different solutions of type ITA supergravity which
can be obtained by reducing the solution (4.3) in different ways. All these solutions could
further be T-dualised in multiple ways to give solutions of type IIB supergravity.

Reduction on T? direction. Reducing on one of the T* directions we obtain

2
ds?o=<T2f1+p2>1/2(r2f1>1/2(;(dt2+dz )+C“”+d€c+ds )
1
+(7“2f1+p2)_1/2(7”2f1)1/2p2d8§3,
H(3):_2V01T37 €—2W:(r2f1+p2)—1/2( 2f1)—1/2’ F(2):O,

2 2f +9 4ar 2f
Fuy= (7"2:‘5) dtAdzAdrAdp+ (( 2f1+ ﬁ; ) 7( 2f1(ip21))2

This still has an AdS3 near horizon limit, and the full solution is a six-vector deformation

(4.66)

p*dpAVolgs — dr AVolgs.

of this. The six-vector is now associated to the NSNS six-form.
Reduction on Hopf fibre. Writing the metric on the three-sphere as
1
dsg = ; (@ +0)?+dsde) . dy= Vol (4.67)

and reducing on the Hopf fibre direction parametrised by 1 we obtain

fi 2 f1

+ (P2 f1 + pH) N )2 <2> dssz ,
1 (472 2p? 1 p*0n(r?
8Wp3dp A Volgz — fwdr A Volgz , (4.68)

S0+ )

=R AR (5)
2rp
(r2f1)?
This still has an AdS3 near horizon limit, and the full solution is a five-vector deformation

of this, with the five-vector associated to the RR five-form. As the M-theory AdSsz x S3
solutions of [30] were obtained by uplifting the AdS3 x S? IIA solutions constructed in [32—

2
m%—waﬂ”p< (—at )+ S+ P ag )
H) =

Flgy=Volg2, Fyy = 5,zdt AdzAdrAdp—2Volpa.

35] on a Hopf fibre, the solution (4.68) can be interpreted using the latter.

Reduction on AdS direction. Reducing on the z direction we obtain

1 d d
ds%l = (,,,Qfl + p2)1/27“ (_fldtQ + L + Lf 4 ds,zr4> + (7’2]01 + pQ)_l/ZTpstgg :
2rp - —12.f
H(3) = (r2fl) dt A Adr A dp, e 2¢ (7"2f1 4 p2) 1/271, F(Q) = 0, (469)
(4r*fr +2p%) 4 PO (r* f1)
F(4) = —2V01T4 + W dp A V0183 — Wdr VAN VOlSS .
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This now has an AdSs near horizon limit, and the full solution is a five-vector deformation
of this. The five-vector is associated to the RR five-form.

5 Discussion

In this paper we first discussed the idea of generalised T- and U-dualities, viewed as a
solution generating technique in supergravity. We reviewed how these generalised dualities
can be linked to special classes of algebras, which are efficiently geometrically encoded using
generalised parallelisations in generalised geometry. Building on our previous paper [23], we
focused on an example in 11-dimensional supergravity characterised by non-vanishing dual
3-algebra structure constants in the underlying exceptional Drinfeld algebra introduced to
control Poisson-Lie U-duality in [20, 21].

To produce a new supergravity solution, we had to step slightly outside the confines of
the EDA set-up. We used the fact that our EDA generalised frame incorporating the Eu-
clidean 3-algebra solution provided a consistent truncation to CSO(4, 0, 1) maximal gauged
supergravity in 7 dimensions. We were able to use this pragmatically to produce dual pairs
of solutions by starting with the known truncation of type ITA on S3 leading to the same
gauged supergravity, reducing solutions of the latter form, and then uplifting with our EDA
frame. Algebraically, this alternative starting point can be viewed as relaxing the require-
ment that one has to pick an isotropic set of dual generators forming a subalgebra. It would
be interesting to complete this observation by formulating a more precise understanding
of which families of generalised frames produce the EDA with the subalgebra requirement
relaxed (the systematic approach of [49] would likely be useful here). This would allow our
construction to be viewed in terms of a slightly enlarged notion of Poisson-Lie U-duality
than that initially suggested in [20, 21].

The example described in this paper can be viewed as a proof-of-concept for the idea
that it is possible to generate new supergravity solutions by formulating generalised no-
tions of U-duality. It would be beneficial to develop a more systematic approach. For
instance, it is very clear which spacetimes admit non-abelian T-duals: those with non-
abelian isometries. It is not clear what spacetimes admit generalised U-duals characterised
by non-vanishing dual 3-algebra structure constants. It is also not clear what role, if any,
is played by an actual 3-algebra symmetry in such spacetimes.

Generalising to higher dimensions will also lead to higher-rank polyvectors and n-
algebra symmetries. It would appear that solutions characterised by an ansatz involving
polyvectors linear in the coordinates have notable properties. They describe not only the
plethora of known NATD solutions, but also solutions such as the one constructed in this
paper, which as we saw shared many features with solutions generated by NATD, including
the general properties of its holographic completion. Classifying and understanding the
types of solutions of this form, and the possible dual solutions they may arise from, would
not only help establish generalised U-duality as a useful technique on a par with non-abelian
T-duality but help elucidate the general structure.

Here it would also be important to develop an understanding of which properties
(supersymmetry, brane charges) of such solutions are induced by the initial solution. For
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non-abelian T-duality, for example, one can precisely discuss which supersymmetries are
preserved in terms of whether the action of the initial non-abelian isometries preserve the
Killing spinor [7, 17, 50]. Generically one finds a reduced amount of supersymmetry in the
dual solution as a result. In our example, in the AdS limit, we found our new solution
had as many supersymmetries as the original near horizon F1-NS5 solution. It would be
useful to understand from a general viewpoint why this was the case. This might be best
formulated using exceptional field theory as a master formalism.

It would be possible to generate further examples by focusing on specific solutions of the
gauged supergravities that appear in these polyvector constructions. For the CSO(4,0,1)
supergravity, numerous solutions were found in [51-53], all of which can be used to generate
dual solutions by uplifting to type ITA on S® and to 11-dimensional supergravity via our
EDA generalised frame.

Turning now to the specific example studied in this paper, this exhibits numerous
interesting features linked to deformations and holographic duality. We argued that a
holographic completion of the AdSs limit of our solution can be obtained from the class
of solutions obtained in [30], which have well-defined quiver field theory duals. We showed
that our full solution can be viewed as a six-vector deformation away from this AdSs limit.
This deformation was inherited from the interpolation of the original F1-NS5 solution
from its AdSs limit (in the near horizon region of the F1s) to the asymptotic linear dilaton
spacetime associated to the pure NS5 near horizon limit. This interpolation has been argued
to correspond to a ‘single-trace’ variant of the 7T deformation in the CFTy dual of the AdSs3
limit [31] (the CFT dual (to the long string sector) of string theory on AdSs is a symmetric
product MM /Sy, and the TT deformation of [31] deforms the block CFT M — M7).

The immediate question is whether there is an analogous interpretation applicable to
our six-vector deformation of our AdS3 limit in terms of a deformation of the CFT duals
of [30]. This is not to necessarily suggest that this deformation will again be describable
as a TT deformation, but it may have similar properties. In general, we would expect
generalised U-duality, as for non-abelian T-duality, to produce backgrounds with different
CFT duals. However, we can at least say that our solution generating technique preserved
the fact that there is a deformation, encoded geometrically, and suggest that this may turn
out to have a relationship to T'T.

A further comment is that in the F1-NS5 case, the endpoint of the deformation can
be viewed as a vacuum of the Little String Theory [44, 45] dual to the asymptotic linear
dilaton spacetime: for our solution, the latter spacetime maps to the 11-dimensional solu-
tion (4.11) (not an AdS geometry) which may accordingly itself have a similar holographic
interpretation in terms of a dual M5 brane theory.
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It may be therefore be interesting to study the deformation of the general class of
geometries (4.14) of [30]. If we define

\/ hahs N h?
r2(—dt? + dz?) + u(w),%mxmﬁnémgm,

gabdx“dxb =A (

u
\/ hahsg
dr?  |h
G pdztdz’ = A ( Au TLQ + h‘*ds%YQ) : (5.1)
\/ huuhs 8

and make the naturally analogous gauge choice

2 uy i

r
C1=Cpyp= 589 <2il4 + 2Qh8> ;. Co = Cypy = 2hs <—Q + ZW) VIs3 /2y, >

r2  4hZu2h’2 1
Gy D MRHE o Lo, 5.2
5 T2 h(ahghy + w2) VIS T 2 (5:2)

then we can immediately read off a deformed background from the expressions in ap-
pendix A.5. This requires choosing a deformation parameter which produces a new solu-
tion: this is not guaranteed. Note that generically the Eg) generalised metric block M
is non-zero for the metric and potentials picked here. This means that the deformed metric
will depend quadratically on A instead of just linearly. This is not necessarily a problem,
however it is possible that situations with vanishing Mj; are special.

Other deformations of the AdSs limit of the F1-NS5 solution correspond to single-
trace JT/JT deformations of the dual CFTs, see for instance [54, 55]. These again have a
straightforward worldsheet interpretation as TsT i.e. O(d, d) transformations, and modify
the bulk geometry. Focusing on deformations which preserve the ansatz for type IIA on
S3, it would be possible to map the corresponding backgrounds to new 11-dimensional
geometries using our methodology, and to examine how the deformations are inherited by
the new solution, as trivector deformations for example.

It may also be productive to explore these deformations algebraically in the context of
the EDA proposal. For instance, embedding our SL(5)-valued trivector into Eg(6) and com-
bining with the six-vector deformation discussed in section 4.4, could be viewed through the
lens of the Fg) EDA [24]. This may connect to related work on polyvector deformations,
including in the context of the EDA construction, such as [56].
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A Ingredients

A.1 Five-brane near horizon limit of pp-F1-NS5
Initial solution. We adapt the notation of [46, 57]. The non-extremal pp-F1-NS5 solu-

tion is

173 sinh 2av,,

2
ds? = ! (— [ twat? + f, (dz dt) ) + fs(Wldr? +17dsgs) + dsi

2 fnr?
1 72 sinh 2« 5,1 72sinh 2« _ _ _
Btz:_ﬁoflir?l’ Btzl‘..4:—gg 2§0f577”25’ € 2<p:95 2f1f517 (A'l)
where
r2 r2 r2 r2
14 — 14 L =142 w=1--2
In * r2’ h + r2’ fs + r2’ r2’ (A.2)

r? =r2sinh®ay, 72 =rdsinh®as, r2=rgsinh’a,,

and in terms of the numbers N1, N5, N, of strings, five-branes and pp-waves, as well as the
(dimensionless) volume parameter v of the T4, we have
2N1l2 . 2N5ls 2Nals g2

sinh 2a; = , sinh2a5 = , sinh2a, = R 5 .

(A.3)

The extremal limit sends ryg — 0 and a1, a5, oy, — 00 such that r% sinh 2a1, T(Q) sinh 25 and

72 sinh 2a,, are constant and given by (A.3). Then sinh a? R 5 ! sinh 20, and so
Nilig? Ny}
r = Lsds , rE=Nsl2, = 2595 (A.4)
v R2v

NS5 near horizon limit. To obtain a solution we can apply our reduction and uplift
procedure to, we need to go to the NS5 near horizon limit. This limit can be taken by
sending the string coupling to zero such that

gs — 0, 0 fived. (A.5)

lsgs

This is the Little String Theory (LST) limit [44, 45].In this limit, o; and «, are fixed, but

2N5l? N5l2
sinh 2a5 &~ S 5 00= f5— 5 . (A.6)
If we define u = ﬁ, uy = l:%, then the three-charge background then becomes in the

limit

1 u3sinh2ay,

2
du 2
2 2 dt) )+N5l2W '+ N5l2dsds +dsi,

d8§=ff1( FAWAR + £, (d 4=

2sinh 2 1
Hy— — 202, ( > Adt Adz +2N512Vol(S?), (A.7)
2 f1u2

e =Ny
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with ) ) ) )
ug sinh” a ug sinh”
f1:1+0u721, fnzl‘}'%a W=1--. (A.8)
Redefining u = 7'/l5, ug = r{/ls and immediately dropping the primes we obtain the
background in the form (3.2). In effect this is just the original three-charge background

with the “1 4+ ” dropped from f5 and g, set to 1.

A.2 CSO(4,0,1) from IIA on S3

This gauging is known to result from a warped reduction of IIA SUGRA on S? [29, 58].
For the pp-F1-NS5 solution, we only need to make use of the NSNS sector reduction
ansatz. Here we need to introduce u®, a = 1,...,4 as constrained coordinates on the S?,
Sapit®1® = 1, a unit determinant symmetric matrix!' M, with inverse M, and define

UZQMabec,uauc—AMaa, A:Mablua,ub' (A9)
Then the ansatz is
1
ds?=®2ds?+ S ATIM'DuDpb,  e* = A1,
Y
~ 1

Hy=F3)— 5 Carazazas g_lA_lF("Ql)“z ADp® Mt b (A.10)

S asusasand A (U Dy A D Dt + 3Dy A Dy A DM My i),
where Du® = du® + gA(l)“b,ub, DM = dM*® + 2gA(1)(a‘cMc|b) and F(Q)“b = dA(l)ab +
gAM* N A(l)Cb. However these Kaluza-Klein gauge potentials will play no role in the
cases we consider. Although we only write here the ansatz in the NSNS sector, we do
need to make use of the full ansatz of [29] to identify the SL(5) covariant multiplets that
result. For instance, the ansatz for the RR four-form field strength introduces a further
four three-forms. These combine with the single three-form ﬁ(g) in (A.10) to form the
five-dimensional representation of SL(5). Similarly the scalars Mgy, and ® are joined by
four additional scalar fields from the RR sector in order to obtain the full scalar coset
SL(5)/SO(5). With the RR contribution set to zero, the SL(5) covariant scalar matrix
M a5, and accompanying scalar potential V', are given by:

/1My 0

MAB:( 0o @

1
) L V=580 P@M G M g — (M5)) . (A1)

A.3 Exceptional field theory dictionary

Exceptional field theory (see the review [38]) describes 11-dimensional supergravity back-
grounds after splitting into a d-dimensional internal part, with coordinates z*, and (11 —d)-
dimensional external part, with coordinates X*. Fixing the 11-dimensional Lorentz sym-
metry we write the metric as

ds?, = ¢~ Tig,,dX"dX" + ¢y Dz Dz’ | Dz’ = da’ + A, 'dX" (A.12)

"'Note that what we call Mg, is denoted M;Bl in [29].
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where ¢ = det ¢;;. The three-form and its four-form field strength are decomposed as

follows:
Ciy = C) + Cy Da’ + 50(1)1-ij Dz’ + gcijka Dz’ D2 | (A.13)
.1 . . 1 ) )
Flay =Fuy +FuDa'’ + §F(2)UD$1D$] + ?F(l)ijkDaleaijmk
1 ) .
+ IF,-j,dpw)ggﬂDgc’“Dgcl : (A.14)

where the (p) subscript denotes an n-dimensional p-form and all wedge products are im-
plicit.

The fields carrying purely internal indices enter a generalised metric parametrising
a coset Fgyg) /Hg, while those carrying external indices (asides from the external metric,
guv) are treated as components of (11 — d)-dimensional forms in a tensor hierarchy. For
instance, one has .A“M ~ (A#i, Cij,--.). Here one has to eventually include components
of the dual six-form (and putative dualisations of the metric). In this way, each p-form
gives a representation of Fg(g).

For d = 4, we have Ey4) = SL(5). Let M = 1,...,5 denote a fundamental index of
SL(5). The generalised metric is represented by a five-by-five unit determinant symmetric
matrix:

—3 s b3, CF
Ma =t | 7100 o ¢ 21@’“0,6 s (A.15)
—¢" 29y C" 92 + ¢ 29 C7C
where C? = %eijklcjkl, Cijk = —eijlel. The relevant part of the SL(5) tensor hier-
archy consists of gauge fields ANMN = —A“N M B, CWPM, with field strengths

.7:WMN s HuvpM, ijJM. These field strengths can be identified with components of the
eleven-dimensional four-form and its seven-form dual as follows:

. . 1
‘/T_.w/l5 = F/,Ll/z ) Fpl/w = Eewkl(Fyukl - CklmFuum) )

1 ..
Huupi = *F,uupi ) HuupE} = Zewkl(fF;u/pijkl + 4Fuupicjkl) ) (Alﬁ)

5 .
j,uupa = _F,praa Juypol = ?E (+F,uup0jkl - Cjk:lF/,u/pcr) .

The bare three-forms appear here as these field strengths transform covariantly under
generalised diffeomorphisms. The minus signs are fixed such that the Bianchi identities
of ExFT in the conventions used reproduce those of 11-dimensional supergravity, with
dﬁ7 — %le /\F4 =0.

A.4 Exceptional Drinfeld algebra frame

Generalised frames. A generalised frame in the SL(5) ExFT can be represented in
the 10- or 5-dimensional representations. However we can only take the generalised Lie
derivative with respect to generalised frames FE 45 in the former. The algebra of generalised
frames is

LpEMe = ~FacP’EMp, (A.17)
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or

EMN c EF EM/\/

1 F
LE 45 D= —iFAB,CD er, Fagep™ = 4FAB[C[€51)]] - (A.18)

The gauging Fa5c? can be decomposed in terms of irreducible representations of SL(5)

1 1
~TABOE — 55[7?478]6 : (A.19)

1
Fapc® = Zasc” + 55[?438]6 ~ %

Here 7453 € 10 is the so-called trombone gauging, Siz € 15 and ZapcP € 40 obeys
Zase® = Ziape)®s Zasct = 0.

Exceptional Drinfeld algebra frame. For the exceptional Drinfeld algebra introduced
in [20, 21] one has

(A.20)

N———
B>
Il
Q
e
e

in terms of data (a,1%,v, 7, = 3,ebcda7r @) describing a particular group manifold with

abc

left-invariant frames [%; and a trivector 7%°¢, obeying certain compatibility and differential

conditions, in particular

1
dl* = *.fbcalb A lc, Lvavb = _fabc'vcy L'Ua Ina= 2L, = (Ta5 o faf ) (A21)

1
dr abc __ fabcdld+3fed[a bc] dle + gﬂ'abcgdld- (A22)

W —
W =

These imply that the components of the gaugings are

2
Ss5 =0, Zab05 =0, Zab55 = gﬂzb» Zabcd = _T[abég} )
) (A.23)

4 2
Sas = =3 Tas = gfabba Zabs© = —far® — gdfafb}dd

while S, and 7, are defined via the “dual” structure constant with three upper antisym-
metric indices

. 1
fabe, — Ze“bce(sde + 274.) - (A.24)

In terms of generators T 43 obeying [T 45, Tcp] = %F AB,C']_)S}— Ter the algebra can be written
in a compact form reminiscent of the Drinfeld double algebra if we let T, = T5, T =
%e“deTcd. The brackets are:

[Taa Tb] = fabCTCa [Tab TCd] fzzb[c Td]e (A'25)

[ij:vbc] 2 fad ch]d fbcd 32 Tbc [Tbc’ Ta] _ 3f[de [b(s;]] Tde + fbcdaTd +£d5L[IbTCd] )

CSO(4,0,1) frame and scalar potential. This frame has o = 1, v, = §% and 7%¢ =
ge®dxy [23] (where we use d% to identify the curved and flat indices on z and &, to
raise/lower). This results in fabe, = geabe, or equivalently Sup = 4¢dap, with the other

structure constants components all vanishing.
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When S5 # 0 is the only non-vanishing SL(5) gauging, the scalar potential resulting
from ExFT is in our conventions

_ 1

V=
32

(2MAB S5 MEP S 4 — (MBS 45)?) (A.26)

For the CSO(4, 0, 1) case with the scalar matrix as in (A.11) and the gauging S 45 resulting
from the EDA frame, this exactly matches the scalar potential of (A.11).

A.5 Eg6) generalised metric for a 343 split and six-vector deformation

Components. Write the six-dimensional index as i = (a,«), where both a and « are
three-dimensional. Consider the case where

0
¢ij = <ng h ﬁ) ) C’ijk — (Cleabca 0260457) y  €abcaBy = €abc€aBy s (A27)
o

and Cj, . is = Cse€i,..is- Let t denote the number of timelike directions of the metric ¢j, and
let g = det(gap), h = det(hag). The components of the Ege) generalised metric defined
by (4.25) can then be computed block-by-block to be

1 1 2
Mgy = !Cb\l/ggab <1 + — (hC'l2 + <CG + 0102) )) ,
gh 2
1/3 1 2 1 2
Mag =9 "hag | 1+ 7 905 + (Co = 5C1C2 , Mo =0, (A.28)
1
AA$C=—4—1YW|QBQMJ“(hcl+c&(ay+2Cﬂb)>,

1

Maﬁry —0= Mabc — My = Mﬁaa’ (A.29)
W%zFWWQ%@@HéQ%» szeww”%m@héa@)
Maa = Moz =0, (A.30)
M = —(=1)¢| 2P geae’™®Cy, M5 = (—1)!|¢]V3ho 5P Oy

MEG = Mo 5 = M — MB, =0 (A.31)
Mag = (=110 g, Mgz = (=1)"18]'*hag, Maa =0, (A.32)

Six-vector deformation. Using (4.27), one sees that the six-vector deformation has the
relatively simple effect of

M = Mg+QMy,  M7s = MIHAMT ) My — Mg+QMg+Mp)+Q2 My (A.33)
leaving other blocks invariant. Then given a configuration with

dst) = gapda®da® + hapdz®da’ + Gy datda” (A.34)

~ 34—



and gauge field components C7 and Cs and Cj as above, the effect of a six-vector defor-
mation is to produce the following metric and gauge fields:

ds?, = (14 01)3(1 + ) 23 gdzda’ + (1 + 01)"2/3(1 + 03) /3 hysdz®da’
+ (14631 + 0)Y3G,, datda” (A.35)

~ 1 1
— -0 _ I
Cl 1 +®2 <Cl (gCQ Cl (CG 20102))) y

1
= Olh il
Oy 110, (Cg—l- ( C1+ Oy (CG+ 201C2)>> s
S c+100 +0Q h+h02+(0+ CC
6 21+@1 6 9 192 g 1 6 1 2
L1 (eo-tewoyralons 02+< —fcc (A.36)
21+ 0, 6 5 102 g gLy 6 1 2

where )
1 1
0, = 20 (cﬁ + 20102) Lo <gh +hC? 4 (06 + 20102> ) ,
(A.37)

1 1 2
Oy = 20Q) (Oﬁ — 20102) + 0? (gh —1—9022 + (06 — 20102> ) .

B Charge quantisation

In this appendix we consider the requirement of brane charge quantisation for our new
solution. We therefore reinstate the dimensionful constants r; and R inherited from the
original F1-NS5 solution. We also note that we can include a constant « (assumed dimen-
sionless) in the EDA frame corresponding to the trombone rescaling of the 11-dimensional
solution. Including this, the extremal solution in spherical coordinates would be:

R*dp?  R?dr?
dsty = o*3(r f+ p*) PRTVE( 1y )1/3(f1( dt* +d2?) + eri’ +— +ds?r4>

+a2/3(r2f1 +p ) 2/3R2/3( 2f )1/3 2d553>

2r? r?
Fly =« (Zf)QRdt/\dz/\dr/\dp aR3V01T4
R(4r? f1 + 2p?) 2 Rp* 2
——————55—p°dp A Volgs — a——550, dr A Volgs . B.1
(r2f 22 S TG (rfa)dr A Volg: (B.1)
The dual field strength is
«F 2 21 O AVol a2 2 pPdtAdzAdr AdpAVolgs  (B.2)
=—«a 14— zZAdr : .
@ P2fitpr RS OT T’fl(TQflJrP )’ P
o 21
+a? (20 f1 + p*)dt Adz Adr A Vol + o 8r(r2f1)dt/\dz/\dp/\VolT4.
R* R4f1
The number of membranes and fivebranes will be determined by
1 1
Nypo = ———= aces Nus = —== | F B.
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As discussed in section 4.2, Jp,ge vanishes up to large gauge transformations of the form

C’( 3) — C(3)+47le Volgs, j € Z, which shift Jp,ge — Jpage+47l']lp R3 Volss AVolra. Hence

l6
N = Npdmj = e (B.4)

Now consider the M5 branes. Integrating the flux through the torus we have
l6

a
ol = —47TN1éﬁ .

1 2r3

NM5:—W R3(7T)

(B.5)

4
Notice that Ny = j\N](WT5)].
Next integrating the flux through the four-cycle in (r, p, S3) directions as described in
section 4.2 gives, if r; =0

Nuss = (B.6)

1
(2 )313
where p corresponds to the limit of the p integration (starting at p = 0). Then charge

quantisation requires

[)QZN% N e N. (B.7)

aR’

The above results work remarkably well with the matching to the AdS solutions of [30].
Restoring the Planck length appropriately in the solution (4.14) such that p has units of
length and o is dimensionless, and carefully working through the identification with the
AdS limit 72 f; = r? of (B.1), the matching condition (4.16) and (4.18) become
9 2l3 B 27’19 s 2rilyp

= Ral U= “LR ha=a—p;

p (B.8)

In [30] we have a sequence of intervals p € [27j,27(j + 1)]. Viewing our solution as lying

in the first interval, o € [0,27] we have p? = % giving one unit of charge. Meanwhile the
relationship between the M2 and M5 charges matches that following from equations (3.6)
o (3.8) of [30].

Finally we can try to fix the relationship between the 11-dimensional Planck length and
the 10-dimensional string length appearing in the original solutions in type IIA on S%. A
crude way to do this is to reduce the Newton’s constant prefactor of 11- and 10-dimensional
supergravity to the 7-dimensional theory, via

1 o2l ,04 212 R3 B a2ND?
—~_[a 3dQ:—/R3dQ:> il _ BN B.9
2 %1/ PPES =502, ST emEy T Cn B T BT o (B-9)

which implies
NM5 = 2N5CK3N1 . (BlO)

—1/3_ as the field strength component giving rise

It seems most natural to take o = (2N5)
to this flux comes directly from the three-form flux due to the F1 in the original brane

solution.
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