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ABSTRACT: We investigate the subleading-power corrections to the exclusive B — D/ly,
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amplitudes up to the twist-six accuracy, by taking into account the subleading terms in
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the available leading-power results for the semileptonic B — D form factors at the next-to-
leading-logarithmic level and combining our improved LCSR predictions with the recent
lattice determinations, we then carry out a comprehensive phenomenological analysis
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(|Vp| = (40.975:8 th B exp) x 1073) using the BaBar (Belle) experimental data, and
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1 Introduction

The precision study of the semileptonic B — D{v, decays is evidently indispensable for
determining the CKM matrix element |V;| from exclusive processes [1], hence providing
a valuable probe of the delicate quark-flavour mixing mechanism in the Standard Model
(SM) and beyond. Such heavy-to-heavy B-meson decays further offer the unique window
into the strong interaction dynamics of the heavy-hadron system from the first-principles
QCD theory. The disagreement on the determinations of |V| from inclusive and exclusive
channels as well as the renowned anomaly [2] in R(D) = B(B — Drv,;)/B(B — D/{vy)
have triggered numerous studies on new-physics interpretations and explanations, both
model-independently and in concrete new-physics scenarios, see e.g. [3—11]. In [12] it was



pointed out that it is rather difficult to accommodate the |V| discrepancy by new physics,
making SM improvements even more important and hence calling for further dedicated
investigations on the SM predictions of B — D form factors with higher accuracy. While
the B — D form factors have been considered at the zero-recoil limit in the framework
of heavy quark effective theory (HQET) for some time (see, e.g., [13] for a pedagogical
review, [14-16] for recent studies, and [17] for a comprehensive report), and calculated with
Lattice QCD [18-20], it has only become possible in recent years to extend the theoretical
studies beyond the zero-recoil kinematics. In particular, it has been demonstrated that the
light-cone sum rule (LCSR) approach is particularly helpful in predicting the form factors
at the large-recoil limit, where a systematic power-counting scheme can be established,
taking the light-cone distribution amplitudes (LCDAs) as the nonperturbative ingredients.
This machinery can be formulated both in the context of QCD as well as in soft-collinear
effective theory (SCET), as pioneered in the work of [21-24] and [25, 26|, respectively. To
be more specific about the power-counting scheme, which plays a key role in our analysis,

we adopt m; ~ (’)(, /AQCDmb) which is motivated by the mass hierarchy in the Standard

Model. This scheme was adopted in refs. [27, 28] to analyze the inclusive semileptonic
B — X lvy decay, in contrast to the commonly used scheme m. ~ O(my) in the study of

heavy decays (see, for instance [29, 30]). The power counting of m. ~ (9(, /AQCDmb) then

validates the identification of the on-shell bottom-, charm-, and light-quark field respectively
as hard, hard-collinear and soft modes in QCD following the convention established in [31].

Taking advantage of the parton-hadron duality and the light-cone operator product
expansion (OPE), the LCSR approach has yielded fruitful theoretical predictions for the
exclusive B — D transition form factors with an energetic charmed meson. Furnished by
the explicit power-counting scheme introduced above, QCD factorization for the leading-
power contribution to the corresponding vacuum-to- B-meson correlation function with
an interpolating current for the D-meson has been established at tree level [32] and at
one loop [33], respectively. The subleading power corrections from the three-particle B-
meson LCDAs were further calculated at O(a?) [32, 33] based upon the then-available
parametrization of the three-body light-ray matrix element [34, 35] and subsequently
revisited in [36] at the twist-four accuracy by employing the general decomposition of the
non-local HQET matrix element [37]. The updated version of the higher-twist LCDAs
given in [37] were further adopted in [36, 38, 39] for phenomenological studies where the
two-particle contributions were found to dominate over their three-particle counterparts as
previously observed in the context of B — 7, K form factors [40].

It is also worth mentioning that alternative approaches to the LCSR have been at-
tempted in recent decades. For example, in refs. [41-44], the B — D/, form factors were
computed from QCD sum rules via the vacuum-to- D-meson correlation function interpolated
by a B-meson state where the nonperturbative strong interaction dynamics are encapsulated
in the D-meson LCDAs instead. The main issue of such considerations lies in the yet poor
constraints on the LCDAs of the D meson. Another QCD-motivated framework relies
on the transverse-moment-dependent (TMD) factorization to evaluate the B — D form
factors [45, 46] in which case a systematic power-counting mj > m. > Aqcp was proposed.



This route has been further explored in refs. [47, 48] and a wealth of perturbative matching co-
efficient functions has been obtained [49-52] supplementing this endeavor. The TMD factor-
ization for hard exclusive processes is yet to be fully understood as it requires a definite power-
counting scheme for the intrinsic transverse momentum [53] as well as a proper construction
of the Wilson-line for the TMD wave functions which is necessary to circumvent the rapidity
and pinch singularities in the infrared subtraction procedure [54]. As an active on-going
field of research, we are looking forward to seeing all these matters settled in the near future.

The main goal of the present work is to establish a systematic evaluation of the next-
to-leading-power (NLP) corrections of the B — D process at the tree-level employing up to
twist-six B-meson LCDAs as the nonperturbative inputs. From a phenomenological point of
view, this allows us to quantify the size of such corrections which is of paramount importance
given the potential BSM signal the B — D/, process may carry. Besides, a better estimate
of the subleading power corrections is essential in providing evidence for a clear hierarchy
of power expansion, which is crucial for any theory prediction to be trustworthy. From
the theory side, it is also an interesting subject as it represents a nontrivial example for
exploring the factorization properties of B-meson decays at subleading power, which has
drawn much attention in recent years, and has been explicitly shown to hold at tree level for
certain decay channels, see e.g. [55, 56]. Besides the more theoretically motivated insights,
it is also of phenomenological importance to achieve better determinations of |V;| and
R(D) by bridging the gap between recent lattice results at the low hadronic recoil and our
advanced LCSR computations at large recoil. Improved unitarity bounds [57-59] provide
another handle to lower uncertainties in our predictions for |Vg| and R(D).

The present article is organized as follows. In section 2, we establish the relevant
definitions, kinematics and notations and present the ay corrections to the leading-power
contribution. Section 3 is then devoted to the derivation of the various contributions
at subleading power. Section 4 is reserved for numerical studies where we extract the
Boyd-Grinstein-Lebed (BGL) parameters using our theoretical predictions complemented by
lattice data [18-20], which is currently still restricted to the small-recoil region, in order to
survey the entire kinematic range of the decay process. In this section, we also provide our
prediction for the decay rates of B — D{vy from which we are able to extract |V| by fitting
to the BaBar and Belle data. The celebrated ratio R(D) predicted in this work can be found
in (4.19). Finally in section 5, we discuss the implications of our results as well as potential
avenues for future investigations. Most of the technical details are collected in the appendices.

2 Leading-power contributions

2.1 General framework

The B — D decay amplitude is parametrized by two form factors ng and f]% p through
Lorentz decomposition of the B — D matrix element as follows

2 2

m2 —m 2 2
2py + (1 - Bq2D> qu] + fap(d?)

mp —Mp
2 QM7
q

(2.1)

(D(p) |évubl B(pp)) = fp(a°)




where p and pp respectively denote the momenta of the D meson and the B meson
and ¢ = pg — p = mpv — p is the momentum transfer between the two meson states.
It is convenient to consider the decay process in the rest frame of the B meson fixing
v* = (1,0,0,0). The B — D transition is induced by the flavor changing current cv,b
which effectively converts the bottom quark into the charm one in accordance with the
weak interaction. The main objective of this work is to offer theoretical predictions for
fap(g?) and fEp(g?).

The LCSR approach to the study of the B — D decay takes advantage of vacuum-to-
B-meson correlation function

I, (n-p,n-p)= i/d433 70 |T {g(a)ysc(x) , €(0),.0(0)} B(pp)) (2.2)

with the constituents of the D-meson state acting as an interpolating operator. This
correlation function will constitute the main object of study in section 3. In the above
formula ¢ (¢) denotes the light (charm) quark field and we have introduced two light-like
vectors n and 7 satisfying! 7?2 = n? = 0 and n - n = 2. Together, they span the two-
dimensional plane where the B — D decay takes place, allowing to decompose any vectors
of this process in terms of these two light-like vectors. In order to facilitate the power
expansion, we adopt the following power counting scheme in the kinematic region of large
hardonic recoil

2 2 2
_ mp+mp—q
mp

\ﬁ-p|~(9()\2mb), n-p ~O(my), me~ O(Amy), (2.3)

where A\ ~ O(w /Aqcp/ mb). The hadronic representation of the correlation function (2.2) is

n-p
mp

ifpmp {
mh/n-p—n-p)

mp n-p
n-p—mp [mB
0o dw’

T TR P P ) Rt () (24)

i) = 57 Fho(a®) + (") 7,

fap(@®) - f%D(QQ)] ”u}

where wy is the threshold parameter for which we will explain in detail later. The D-meson
decay constant fp is defined as

(0]qrtysc| D(p)) =in-p fp. (2.5)

The general rationale of the LCSR approach is that in certain Euclidean kinematic regions
(Ip?] ~ O(A\*m3)), the integral in (2.2) is dominated by light-like separations where the
light-cone expansion can be properly constructed. In this perspective, the partons account
for the fundamental degrees of freedom subject to the QCD perturbative corrections forming

!To fix the normalization, we explicitly take n, = (1,0,0,1) and 7, = (1,0,0,—1), which means
v, = (ng +ny)/2 in the B-meson rest frame.



the foundation for our calculations. The partonic-level results of the correlation function
can be parameterized as

_ f B(1)mp _ _ _

Hzar(n "p,n-p) = ZW [Hﬁ(n -p, 1 p) iy + 1l (n - p,n-p) ”u} : (2.6)
To extract the form factors fED(QQ) and f9,(¢%), we make extensively use of dispersion

relation and express the partonic level representation of the correlation function as

o0 dw’ 1
I, 7(n-p,n- :/ — —ImyI,5(n-p,w). 2.7
na(npnep)= | o0 A na(n - p,w’) (2.7)
The LCSR procedure matches two distinct descriptions of the correlator — the QCD
representation IIP*" derived with the perturbative factorization approach, and the physical
one Hﬁad obtained with the hadronic dispersion relation. In practice, certain duality
assumptions have to be drawn to make the matching possible. The general interpretation
of the quark-hadron duality is that above a certain (continuum) threshold ws the hadronic,
in our current case corresponding to the hadronic states with the same quantum number of
the D meson, spectral density of physical observables coincides with that of the QCD one
averaged by a weight function when the space-like p? is large

o] / Ny o0 / 1

/ L e _if M)mB/ Elw T (0 o).
—n-p—10 n-p we W—n-p—i0 7 ’

(2.8)

After the continuum subtraction, the resulting expression from the matching then in
principle enables one to make theory predictions in the large-recoil region of the physical
process. In reality, however, caution has to be taken in assessing the LCSR results as
systematic uncertainties from the parton-hadron duality must be under control. The final
trick of this technique is to introduce the Borel transform for the purpose of suppressing
the contributions from the continuum states. Then the form factors can be written as

2
__mp NPt 2y (0 (2
fpexp n.pr] {mB fep(a°), fBD(4 )}
f, Ws / ]_ . —
= T8(1) dw'’ exp [_w} — {Imw/ (Hn(n p,w) £ wﬂn(n - D, w’))} , (2.9)
n-p Jo WMl T mp
where the “+” and “—” signs contribute to f#, and f%,, separately. wys and w, denote,

respectively, the Borel and threshold parameter with mass dimension one, constituting the
two inputs in the framework of LCSR.

2.2 Leading-power contribution at tree level

The leading power contribution at tree level to the correlation function (2.2) can be obtained
in the p? < 0 region by evaluating the Feynman diagram in figure 1. Following the power
counting scheme (2.3) and applying the definition of the B-meson LCDAs given in (A.la),



Figure 1. Two-particle contribution to the correlation function IT,(n - p,n - p) at tree level.

one obtains the leading-power (LP) contribution at tree level to the correlation function,?

ree — . ip-x _ —
W5 (nep i p) =i [ dae?(0]g()irsc(@e0) o Bu)

s — & d)_ W,
:—sz(,u)mBnu/O dwn'p_Bcf_/:)) —

e dwl d)é(w, - wC’ IU’)

2.10
we n-p—w+i0’ (2.10)

= —ifp(u) mp .
where w. = m?/n - p, and we have applied the heavy quark equation of motion (EOM)
$h, = h, and performed the Fourier transform according to (A.3a) in the intermediate step.
The scale-dependent B-meson decay constant fp(p) in HQET can be further expressed in
terms of its QCD counterpart fp via a perturbatively calculable matching coefficient

fe(p) = f [1 - O‘S(“)CF<31nW”’ — 2> + O(ai)] : (2.11)
47 n

Here we have dropped the subleading power terms in the hard-collinear charm-quark
propagator, whose factorization properties will be explored at length with the aid of
the HQET equations of motion in section 3.2. The third equality in (2.10) presents the
spectral representation of the correlation function II,. Taking the massless limit m. — 0,
the obtained tree-level factorization formula (2.10) reduces to the B — 7 case [60] as
expected. We mention in passing that the achieved LP contribution to the vacuum-to-
B-meson correlation function under discussion is governed by the subleading-twist LCDA
¢5(w), thus obstructing the extraction of the fundamental shape parameters Ap and &, as
defined in (D.12). It proves more convenient to access such non-perturbative quantities by
investigating the non-hadronic B-meson decay processes [55, 61-67].

2.3 Leading-power contribution at O(a)

As it was already demonstrated in ref. [33], the (partial) next-to-leading-logarithmic (NLL)
corrections of the leading power are in general numerically more prominent compared to the
contributions of the three-particle LCDAs. Therefore, in order to make a sensible prediction

2 After integrating out hard/hard-collinear degrees of freedom the matrix element is written solely in
terms of the soft (non-perturbative) dynamics in HQET. At the LP approximation this amounts to replacing
b — h, and B(pB) — B,.



for the B — D form factors with an inclusion of the subleading power contributions, it
is necessary to take into account the NLL corrections of the leading power as well. The
factorization formula for the correlation function (2.2) at the one-loop level in «y, with the
hard function and the jet function encoding separately contributions of the hard scale and
the hard-collinear scale, can be obtained with the help of the method of regions [68, 69],
see ref. [33] for the detail.

The NLL resummation improved LCSR prediction for the leading-power contribution
to the form factors was derived in [33] which we quote here,

2
mp

n-pwm

n-p ,LP 0,LP
{ ED (‘12) » JBD (qg)}
mp

fp exp

/

= U ) Falins) [ ! exp |- (PP ), PP} (212)

where w; denotes the effective continuum threshold in the D-meson channel, and

FEP = Cpalnp, ) @ (', 1) + Ur(n - p, pny s ) C— (1 p, ) @05 (', 1)

n-p—m e e
+ LB O p ) O (W ) + O py ) ()] (213)

mp

The simplified ®¢; and @4 are collected in (B.1)~(B.4). The hard-matching coefficient
functions Cy z(n - p, ) and Cyx,(n - p,p) can be found in (B.11). Ui(n - p, up,, 1) and
Usa(fthy, ) are the evolution factor for C_ z(n-p, 1) and FB (1), respectively which effectively
resum large logarithms of the form In(u/pup, ) and In(u/pp,) allowing the matching calcula-
tion to be carried out at the hard scales pp, and pp,, significantly above the factorization
scale 1 so that the perturbative calculation is under good control. The explicit form of
these functions corresponding to the NLL resummation can be found in ref. [61]. The large
logarithms In(s1/po) in the LCDAs ¢%(w, 1) with o of O(Aqep) are also resummed to the
leading-logarithmic accuracy (D.15).

The LP form factors at the tree level, which correspond to the contribution of the
effective heavy-to-light current J(A% in SCET [70], preserve the large-recoil symmetry
relation f%,,(¢?) = n-p/mpfEp(¢*). The symmetry is broken by both the power corrections
in Aqcp/mp and the perturbative corrections in a; [71]. The breaking of the symmetry
relation by O(as) effects can be seen directly from (2.12) noticing the last line of (2.13)
is proportional to as. The culprit responsible for the symmetry breaking comes from
integrating out the hard and hard-collinear fluctuations. We will show in the following
section that the NLP contributions can also break the large-recoil symmetry. It is also
worth noting that the power-enhanced contribution (of @(\?)), which is proportional to the
charm-quark mass mc, is only present in @iffﬁ(w' , ) and therefore preserves the large-recoil
symmetry relation. Here we draw an analogy to the SCET analysis of B — V form
factors [72] to understand the power enhancement of @‘iﬂ:ﬁ(w’ , ). Upon the replacement of
mg — Mme, with my(m.) maintaining the power counting of O(A\?m;)(O(Amy)), the form
factor receives the power enhancement O(\3) — O(A?).



3 Subleading-power contribution at tree level

The main motivation of this paper is to systematically investigate the subleading power
corrections to the B — D form factors at the tree level. These corrections can be organized
into three classes according to their origins.

e Subleading-power corrections generated by higher-twist LCDAs including both two-
particle and three-particle contributions.

e An expansion of the charm quark propagator in figure 1 in which case the leading-twist
B-meson LCDA contributes with a power suppression Aqcp/(n - p) ~ O(A\?).

o Heavy quark expansion which takes into account the Aqcp/mp corrections in the
HQET framework.

3.1 Higher-twist contribution

Generally speaking, the higher-twist B-meson LCDAs can give rise to the higher-power contri-
butions as already observed in, e.g. [33, 55], which can be evaluated presumably by applying
the perturbative factorization technique for the correlation function II,, defined in (2.2).
One source for such contributions comes from the interactions between the hard-collinear
charm quark and the soft gluon(s) emitted from the B-meson state. To properly motivate
this particular type of contribution, it is necessary to consider the scenario where the
massive c-quark propagates in the vicinity of the light-cone with a soft-gluon background,
which acquires an expansion in terms of the strong coupling [73, 74] (see also [75, 76] for an

alternative but symmetric form)

Wj(o) _ /(g::;élm{éij + gs /Oldu M”j:‘z; _ Q(kzai”mg) GZu(ux)(Ta)z'j} +...
(3.1)

with o’ = %[w“,v”], G, the gluon field strength tensor, and T denotes the generators
in the fundamental representation. It is clear that the second term in the curly bracket
generates the subleading-power corrections involving the three-particle B-meson LCDAs
(i.e. LCDA with particle content as antiquark-gluon-quark). Substituting this term into the
correlation function (2.2) and evaluating the resulting matrix element using (A.1b) leads to
the three-particle higher-twist (3PHT) contribution

r 00 1 du
IBPHT () 0 55 Y — _ifs(w)mp / did /
m (TL p,n p) n-p 0 W g 0 (ﬁ~p—w—u§—wc)2

2m

“ du(0.8) | 7,

> { [(1 — 2u) s (w, €) + V5 (w, &) + n-p

m

+ =101 8) + 1 (Fa )~ pa( ) [} 32

C
n-p
where we have neglected terms that generate power corrections beyond the subleading order.
We would like to note that the linear m, term is of O(\3) suppressed compared to the LP



contribution of the correlation function with m. ~ O(Am;). We will keep this term because
we also want to explore the NLP corrections to the linear m. terms which will be more
relevant with the power counting m. ~ O(my) [29, 30].

In addition, the first term in the curly bracket of (3.1) also generates subleading power
contributions from the higher-twist two-particle LCDAs, e.g., gﬁ(w) in (A.la), after being
sandwiched between the B-meson state and the vacuum. In the partonic language, such
contributions are attributed to the nonvanishing transverse momenta of the light quark
travelling in close proximity to, but not exactly on the light-cone. We therefore obtain the
subleading-power corrections to the correlator due to the higher-twist two-particle LCDAs

P = [ 2 [t oy ) 0B

_ ’LfB N mB/ / d'k / 4, Ji(p—k—wv)-x a?
=/ dw 2 d*ze 2 m?

x Tt [1 er ¥ (2gE(w) - % lgh(w) - gg(w)D%mf)(% n mcm} N (’)(;&)}

= ifp(p) ms /OOO dw g5(w) 9, [

n-pn, +mcnu}
(p — wv)? —mg

z'fB(,u) mp /OO dw g5 (w) [ B B We M }
=4 “p—w — 3w, -2 , .
“np Jo (Rp—w—uw) (n-p—w—3we) 1y - ny (3.3)
where we have used #/(v-x) = + - -- with the ellipses representing terms that generate

power contributions beyond the subleading order and are therefore ignored together with
O(x*) contributions at the third equal sign. Note that this expression is in agreement
with (3.12) in ref. [40] after taking the limit of m. — 0, serving as a consistency check.

Summing up (3.2) and (3.3) therefore yields the tree-level higher-twist (HT) contribution
to the correlator at the subleading power

n-p w3 n-p w3
v [ [ S (Fww9+ 709 )i,

+ (T:?(u,w,f) + ni_cp %”(u,w,f)) nu} } , (3.4)

HET(n-p,n-p):—ZfB(“)mB/ dw{T2 (w)n“+ me 7w ny
0

where
Wo="N"pP—wW—We, wy3=n-p—w—uf —w, (3.5)

with w; modulating the contribution of the i-particle LCDA and

n ~— c ~n 8 CA_
5 (w) =455 @) [1-22), ()= -2,
T?(”?"‘)ag) :155(("}75)_1;[)5(0‘}75)—1_4%%2(&]’@ 3 T{?(u7w7£) = _2ﬂ¢4(w7£) y
73" (w,€) =2¢6(w,£), 73 (u,w,8) =78 (u,w,£),  (3.6)



where 4 = 1 —u. Taking the massless limit w, — 0 reproduces (3.17) of [40] as expected. The
explicit definitions of the higher-twist LCDAs are collected in (A.4)-(A.7), and (A.la). The
object g5 (w) defined in (D.2) corresponds to the “Wandzura-Wilczek” (WW) component
of the two-particle twist-5 LCDA g5 (w). Namely, g5 (w) is entirely determined by the
lower-twist LCDAs as shown in (D.3).

3.2 Charm-quark expansion

The correlation function II,(n - p, - p) receives corrections from the charm quark propagator
expansion (CE). The tree-level CE contribution to the correlation function is derived from

(p— k) +me

m%|<m%(_)27ﬂ+m#

I,(n-p,n-p) /d4 2(0)[By),  (3.7)

with the expansion of the charm-quark propagator

-8B tm 14 1 { by, ki pﬁ} 1{1+n-kﬁ-p}

p—k)2—m2 n-p2 n-pn-p ) n-pin-p n-pn-pj’
LP NLP me NLP

(3.8)

where n-p=n-p—n-k — w. Note that although the second term in the last brackets is
of O(A\3) suppressed compared to the LP term with m, ~ O(Amy), we will keep this term
as explained above. The NLP of this type reads,

d*k n-k

CE - _ 4 ik-x
HH,NLP(n'pan'p)_/d :U/ (27r)46 n-pn-p (39)

x (0[q(x) [‘ﬁ%”u"'(%ﬁu"‘ﬁnu) n;:%% Zi(

)Avmxmw07
where we have applied the heavy quark EOM 9h, = h, in the second step.

We now proceed to relate the matrix elements in (3.9) to the B-meson LCDAs in a
factorized form. For the first term in the square bracket, we write n-k =2v-k —n - k.
While n - k is readily equal to w after integrating over k* and evaluating the yielding matrix
element using the definition of the two-particle higher-twist LCDAs given in eq. (A.la), the
2v - k part demands more effort. We thus detail the derivation of the 2v - k contribution in
the following, we have,

d4k 2 2v-k(0
I, Xip(n - p,7-p) = / d' / é
1, - _
— 21/ d’k /d4 aac<9’Q(x thv(0)|Bv>
p(n-p—n-k—we)

(n-p
:g/d%(/fek[Aqunm<m@n

(3.10)

(2m)? n-p

)

fmw®WM%WM%%GWWM%WWMM&>
n-p—n-k—we
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where '), = (17, + fin,)7s, 02 = 0/0x,, and G7? = GIPT*. Notice that the gauge link
[x,0] is restored in the second equality after integration-by-parts to ensure gauge invariance.
We have also applied the HQET EOM v - Dh,, = 0, and the operator level relation with
arbitrary Dirac structure I' [34, 37, 77]

97q(x)[z, 0]hy(0) = 8°[q(x)[2, 0]hy(0)] — q(x)T [z, 0] D" hy (0)

+1 / duuq(z)z, uzr|gs o G°P(ux)[uz, 0]T'h, (0) . (3.11)
0

Here 07 is the total translation operator, namely, for an arbitrary operator O(x1,xg, ..., y)
with n spacetime arguments,

O (x1,x9,...,x )—ai(?(x1+§,x2+(,.. In—l-C)’ e (3.12)
p

The matrix element identity in HQET
iv - 9(0|G()Thy (0)| By) = A0]g(x)Thy (0)| By) , (3.13)

due to the translational covariance, is implemented subsequently, with the effective mass
A=mp— pde + (’)(AQCD/mb) allowing us to make the replacement iv - & — A [13] to
finally reach eq (3.10).

It is evident that the three-particle LCDAs are non-negligible in the charm-quark-
propagator expansion at the subleading order of the power correction. After some algebra
and with the help of egs. (A.1b) and (A.la), one obtains,

cE1) _ 2ifp(p)mp [ Agh(w) | [= Lo ahy(w,§)
H;,L,NLP = M/O dW{ T +A dé/o dUT nu (314)
Appw) = . [t ags(w,§) ]
cfz +/0 d§/0 du w% ]nu} .

The rest of the contributions in (3.9) are calculable in the same fashion allowing us to

write down the total subleading power correction to the correlator at the tree level due to
charm-quark propagation as follows,

IS e (0 p, 7 - p)
.N 00 _ + we _2‘/_\ = ' U “3 15
Bl | dw“%(w)@ ol [T | duu%(w,g)jg]w
e . 2A- c 1-POp
_%¢B(w)+ o ~ (@%(w) - n”?p” p(ff(W)>

+2/0°°dg/olfj§ (¢4<w, €) + 1 (w, €) —

where w3 =w3 —2n-p=—-"n-p —w — ué — we.
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3.3 Heavy-quark expansion

We proceed to take into account the subleading term in the HQET representation of the
bottom-quark field in order to reach our goal of accuracy [55]. At the tree level, it is
straightforward to express the heavy-to-light QCD current in the following form

_ _ 1
qVub = qyuhe + —bq*yuleth 4o (3.16)

2m
where )| hy = [ID — (v - D)§lh, = Dh, due to the HQET EOM. The ellipses denote
O(1/m?) terms which are beyond the scope of our current study. The second term in the
expansion also appears in the effective heavy-to-light current JA2) in SCET [78], which
gives rise to O(\?) suppressed correction compared to the leading J (A0) current.

Focusing on the subleading-power correction to the correlator, we write,

(0 pip) = 5o [ dloe? Ol (@0 Pl B.)

—1 4 . Me N _
| e Olatiyi (pnﬁ : m) DPhy|B,), (3.17)
w9 w9

:2mbn-p 27)

where one only keeps the leading term from the expansion of the charm quark propagator.
Employing egs. (3.11), (3.13) and the EOMs together with integration-by-parts to move
derivatives to the desired position, and then projecting out the resulting matrix elements to
the appropriate LCDAs following eqs. (A.1b) and (A.la), one finds the contribution of the
heavy-quark expansion to the correlator at the subleading power takes the following form,

[HQE ifp(p) mp n, — me ”u} /Ooodw{ [ZA w¢3( )4 A— w¢>3( )1

1, Nep(np,nep) =

2my n-p

+2/ dé/ o7 [0+t 5)]} (3.18)

3.4 LCSR for the form factors

Following the procedure described above, we present the LCSR for the form factors at the
subleading order of power corrections

@ = Y @+ e, =0 (3.19)
C=HT,CE

From the correlation functions of the higher-twist LCDAs (3.4), the charm-quark-propagator
expansion (3.15) and the heavy-quark expansion (3.18) contributions, the corresponding
B — D form factors can be extracted employing (2.9)

fég(f):MeXp[ " ch( ) R >}, C=HT,CE

fp (n-p)ttt n-pwyr (—1)fmp
s ¢ 2 .
B = P e [nng] Filaw( )~ {5 (). (3:20)
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by taking ¢ = {+,0} — {+1,0} in the mathematical expressions. The explicit expressions
for Fg’ﬁQE will become clear later. Here we have made the power-counting of 1/(n - p)*

and 1/[my(n - p)*] manifest and included the exponential factor e™b/("P«m) from the Borel
transform with wj; commonly known as the Borel mass.

The task for us now is to find F&(q?), F&(q?) ,fﬁQE(q2), and fﬁQE(qQ). Applying the
dispersion relation to eq. (3.4) yields,

~ 7,2
7(’7-:;7'7 )7

n mC ~n ~n ~n
Fiir(’) = Foa(r5?) + 25 [ Paa(73) + Faal(737) + Faa (717 (3.21)

Fiin(?) = Foo(157%) + Fas(15?) + Fao(15?) + Fas(r5”)

where F; (T N’k) with NV = n,n denotes the i-particle LCDA contribution generated by
the tree level partonic corrections of the form 7 (w)/(w + ---)*. The ellipses indicate
terms that depend on the nature of the LCDAs, (see (3.4)). Notice that we employ the
bold-font letters for the “modified DA” in the LCSR formulas with T specifically reserved
for contributions generated by the charm quark mass m..

The explicit expressions for the functional F; ;(¢) are collected in egs. (C.1)-(C.5),

7] ~N’.7

N
whereas 7, 7,7, are as follows,

)

Ty (W) = 4G5 (W), T3 (u,w, &) = 2 da(w, ), 5 (u,w,€) =[5 — P5](w, ),

7273(0‘}) = ch./g\B_(w)7 ng(u w 6) = —4uw, wS(w7§)7 T3n2(u7w7§) = _2¢6(w 5)7

7 w) =10 w),  Te(ww,§) =75 (u,w,8), 730 (u,w,€) = 75 (u,w, ).
(3.22)

Taking the massless quark limit w. = m2/n - p — 0 reproduces the corresponding B — 7
contribution given in eq. (3.17) of [40] as expected.

Similarly from (3.15), we obtain the subleading power corrections due to charm quark
propagator expansion,

Fée(d®) = 2 )+ Fz2(ny?) + Faz(my?),
Fe(@®) = For(nyh) + Fao(ni?)
+ [fm(nz )+ Foa(iiy?) + Foo(@y®) + Fos(ms™)] (3.23)

following the convention for the super and subscripts of the bold-font letters established

before, and,
(W) = (W +we) (w—2A) p(w), OE (2/\ w) ph(w),
~"1(w) (—n-p+w—2A)¢pw), ~"2(00) 5 (w),
52 (u,w, €) = =215 (w, §) 5 (u,w, ) = —4u(w—|—u§+wc)1/15(w £,
”’2<u,w,5>—2[w4+u¢4]<w,§>, ~”2< €)= —days(w,6),
M3 (u,w,€) = 03 (u,w, &) . (3.24)

~13 -



The subleading power corrections from the heavy-quark expansion can be obtained
along the same line from eq. (3.18) which takes the form,

Fiiae(d®) = Far(C3h) + Fs2(¢57), Fiiqe(d®) = -

m,

c n 2
nop Friqe(a°) , (3.25)

where the explicit expressions for the functionals F;;(¢) can be found in appendix C, and

¢ (w) = % [(2]\ — W) ¢Hw) + (A —w) ¢§(w)] ;¢ (u,w,€) = [pa + 9] (w,€) . (3.26)

Before we proceed to the numerical study, let us have a look at the power counting of the
various quantities, adopting the asymptotic behaviours of the LCDAs. We identify another
small parameter \sc = Wy/Aqcep With Wy = ws —we ~ O(AAqep) < Aqep entering F; .
This introduces a non-homogeneous scaling of the form factors after LCSR. While we are
interested here in the scaling behaviour of the NLP form factors in the parameter Ags., we
note that, following ref. [55],% we will not perform the expansion with respect to As. in our
subsequent numerical study, but keep the full expressions there. It is useful to apply the
following scaling property of F; (¢)

fQ,k(¢) ~ O <w§c—k (ESC)) ) k = ]-a 25 37
f3,k(¢) ~ 0O (wgc_k gb()\scawsmAQCD)) ) k=23, (327)

where we have employed wys ~ ws > Wec, and the r.h.s. displays the dominant behaviour
only. Then one obtains directly

OAA) Faa(iyh),
0NN Faa(ry?),
O(N2X2) Foo(r5?), Fas(r5?), Faa(ny?), Fas(ni?),
O(NAL) Fa2(r57), Faa(r5?), Foa(75%), Faany™),
Faa2(5%), Fan(Chh), Fsa(Ch?),
O(NAL) Foa(ny"), Faa(ny?), (3.28)
and for the form factors
T~ O, FE T~ 0L, fETY ~ OMAL). (3.29)

The difference in the power counting compared to [40] can be attributed to the asymptotic
behaviour of g5 (w), which we updated in the present work according to constraints from
the equations of motion.

4 Numerical study

4.1 Input parameters

We collect the input parameters for our numerical study in table 1 along with the references
from where the numbers are quoted. The central values and ranges of all parameters used

3For a detailed discussion, see text below eq. (4.9) in ref. [55].
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Parameters values ref. | Parameters values ref.
mp- 5.27933 GeV [1] mpo 1.86483 GeV [1]
Mg 5.32470 GeV [1] | mpeo 2.00685 GeV  [1]
my(mp) 41937092 Gev  [89] | me(me) 1.288(20) GeV  [90]
/B (190.0 £ 1.3) MeV  [80] | fp 212.0(7) MeV  [80]
U [m/2, 2 my) [hy [mp/2, 2my)

= [he 1.5(5) GeV 140 1.0 GeV

M? (4.5+1.0)GeV2  [33] | s 6.0(5) GeV? [33]
A5 0.35(15) GeV [55] {0.7,6.0}

(AZ/7%) 0.5(1) [55] | {G1,02} {0.0,72%/6} [55]
(20% 4+ A%)  0.25(15) GeV? [55] {-0.7,-6.0}

Table 1. Parameters used for the numerical analysis. ; and o5 are the first two (modified) inverse
logarithmic moments of the leading twist DA with explicit definitions given in (D.12). Ag and Ay
parameterize the matrix element of the local antiquark-gluon-quark operator (D.8). The quark
masses are in the MS-scheme evaluated at the scale of their MS masses.

in the study are also explicitly given therein. mp«— (mp=o) is the mass of the first excited
state of the B(D)-meson. The heavy quark masses m; and m,. are given in the MS-scheme
at the scale of their respective (MS) masses. The scale dependence of the strong coupling
as(p) as well as the heavy quark masses my(u) and m.(u) is evaluated numerically with
the help of RunDec [79], with the former performed at the four-loop order with five-flavor
Aqcp corresponding to ag(myz) = 0.1181. The B-meson decay constant fp is taken from
the Ny = 2+ 1+ 1 Lattice-QCD simulation [80] which takes into account results from
the HPQCD Collaboration [81, 82], the ETM Collaboration [83] and the FNAL/MILC
Collaboration [84] (see [85-88] for more discussions about the QED corrections to the
determination of the decay constant). The two hard scales pp, and pp, introduced in
the matching procedure of the hard coefficient function and the B-meson decay constant,
respectively, are varied independently. The effects of their variations, independent or
not, turn out to be minuscule. The factorization scale pu is taken to be the same as the
hard-collinear scale in the range of 1.5 + 0.5 GeV.

The numerical values of the hadronic parameters A, 01,2, Ag, g are customarily given
at the reference scale g = 1 GeV. They are then evolved to the common factorization
scale p as all other scale-dependent quantities that enter in the final predictions for the
form factors. In order to make numerical predictions for the B — D form factors, it
is necessary to have explicit expressions for all the relevant B-meson LCDAs. On the
one hand, the nonperturbative determination of the B-meson LCDA from the method
of QCD sum rules [91] becomes more sensitive to the parton-hadron duality ansatz and
can be validated only for the light-cone separation between the light quark field and the

4In practice, however, the evolution of Ap as well as 71 2 are achieved by evolving the leading-twist DA
gbf (w) whilst the evolution Ag and Ap are neglected numerically.
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HQET b-quark field of order 1 — 3 GeV~!. On the other hand, the experimental and lattice
constraints on the LCDAs are still far from adequate even in the most innocent case of
Ap. We therefore resort to constructing the LCDAs via modeling, the details of which are
collected in appendix D of this work. It is, however, necessary to highlight several guidelines
available through perturbative calculations that the LCDA models must follow. First and
foremost, the models must satisfy the EOMs which relate LCDAs of different twists by
differential equations [37]. For our current accuracy, it is sufficient to take the EOMs at
the tree level. Second, the LCDAs should resemble their asymptotics at sufficiently large
scales dictated by their RGEs. We point out that the second constraint is not as serious
as the first one in the sense that it is not entirely clear what counts as “sufficiently large”
scales. This in principle gives rise to a reasonable amount of model variations allowed at
the reference scale g as suggested with tantalizing evidence from the study of v*y — 7
transition [92-96].

We should mention that the key hadronic input Ag(uo) has been also determined from
an updated QCD sum rule analysis [97] invoking further non-local quark condensates in
analogy to ref. [91] and the yielding prediction Ap(uo) = 383 + 153MeV is compatible with
the adopted value shown in table 1. Moreover, this fundamental quantity was also recently
extracted by matching the NLO computation of twist-one and twist-two contributions to
B, — vy from the light-cone sum rule method [98] and an alternative SCET analysis [55]
including the subleading power correction estimated with the dispersion technique. The
obtained result Ag(uo) = 360 £ 110MeV [98] is again in excellent agreement with what we
have employed in our numerical analysis, but with somewhat smaller theory uncertainty
than the corresponding number quoted in table 1. Additional determinations of the inverse
moment Ap have been also pursued [31, 33, 40, 72] by matching two distinct versions of the
light-cone QCD sum rules. Taking advantage of the estimated intervals of Ap with reduced
uncertainties will indeed be beneficial for pinning down the theory predictions for the partial
decay rates of B — D/{yy as well as for the celebrated CKM matrix element |V,;|. However,
such update is not expected to bring about the notable impact on the extracted result of
the gold-plated ratio R(D) due to the substantial cancellation of the very non-perturbative
uncertainty. Since we aim at performing the conservative evaluation of the semileptonic
B — D/, decay observables, we prefer to take the valus of Ag(u) with larger uncertainty
as specified in table 1 (see also [99]), also keeping in mind that the robust determination of
this essential parameter is not available at present.

The central values and ranges of the LCSR parameters M? and sq are obtained following
the standard procedure outlined in [31] which yields

M? =n-pwy = (4.5 +£1.0)GeV?, s0=n-pws = (6.0+0.5)GeV?, (4.1)
in agreement with the choice in refs. [32, 100].

4.2 Numerical results from LCSR

By making use of the numerical inputs listed in table 1 and the LCDA models in appendix D,
we are able to produce theory predictions for the B — D form factors in the large-recoil
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Figure 2. Form factor ng (¢> = 0) dependence on the Borel parameters M? and s.

limit. In this subsection, we adopt the simple-exponential model corresponding to taking
{61,52} = {0.0,72/6} as our default choice for the leading-twist LCDAs, which is sufficient
for our subsequent analysis. The explicit expressions for the higher-twist LCDAs, which are
necessary for the evaluation of the higher-power corrections, are then generated accordingly
from the general ansatz presented in appendix D. The uncertainty induced by varying the
values of {71, 2} will be included for estimating the total uncertainties of the form factors.

As it was elucidated earlier, the application of LCSR requires the introduction of
two (auxiliary) parameters M? and sy commonly known as the Borel mass and threshold,
respectively. Ideally, the final predictions of the physical observables should be independent
of the actual values of these parameters, at least within a reasonable interval. In practice,
however, this is normally not the case. Yet, from varying these parameters in a certain
range, one is able to get a handle on the reliability of the LCSR formalism itself. This
is exactly what we would like to demonstrate in figure 2 where it is clear that the effects
of the Borel mass and the threshold parameter on the prediction of B — D form factor
f#p(0) are rather small, validating the application of LCSR near ¢* = 0.

The dependence of the form factor J‘“]JgrD(q2 = 0) on the factorization scale p provides us
with another error estimate for our theory predictions. Since, as we will see below (figure 4),
the subleading-power contributions are significantly smaller compared to their leading-power
counterpart, it is sufficient for us to look into the scale dependence of the leading-power
contribution only as illustrated in figure 3. Here we can readily observe that the scale depen-
dence of the leading power contribution becomes almost invisible after taking into account
the NLL resummation improvement. This is in agreement with the recent study of the
two-loop evolution of the leading-twist B-meson LCDA [101, 102] where it was demonstrated
that the two-loop effects are minuscule for a variety of B-meson LCDA models.®

Numerically, we find roughly a 20% decrease in the leading-power contribution to
f£p(0) at p = 1.5GeV with the inclusion of a; correction to the perturbative matching
coefficients, namely, from LL to NLO. With the (partial) NLL resummation improvement,

STechnically speaking, the leading-power contribution to the B — D form factors is induced by the twist-
3 LCDA ¢4, whose two-loop evolution is still unknown. However, it is expected that the Wandzura-Wilczek
contribution is dominating and hence ¢ can be well approximated by its twist-2 part.
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Figure 3. Factorization scale u dependence of the form factor f,(¢?> = 0) at leading power
approximation. An explanation for the nomenclature is in order: “LL”, “NLO”, and “NLL”
correspond to CY @ @1, C1 @, and C3 ® @1, respectively, where C]’: is the i-loop matching coeflicient
including up to j-loop anomalous dimension (scale dependence) whereas ®; denotes the twist-3
LCDA with i-loop evolution improvement. The symbol ® stands for a general convolution integral.

the leading-power contribution then increase by ~ 3% from the NLO result at the same
factorization scale. While at a small scale p = 1.0 GeV, the NLL resummation effects
can generate a ~ 15% enhancement to the NLO form factor. From this observation we
conclude that the NLL resummation completely stabilizes the u-dependence of the form
factor f3,,(0), see figure 3. The same holds true for f9,,(0).

We now proceed to investigate the numerical predictions for each contributing factors
of f4,(¢?) shown in figure 4. As it was already pointed out in [32], the light-cone OPE
for the correlation function (2.2) is justifiable only at the vicinity of maximal recoil where
the power counting n - p > m. > Aqcp and m. ~ O(y/n - pAqep) is valid. Furthermore,
the power-counting analysis implies that the QCD factorization is fully applicable to the
correlation function (2.2) in the entire space-like region of ¢?. Therefore, we conclude that
the LCSR predictions for the B — D form factors are trustworthy in a modest range of
¢? for which we take ¢> € [—3,2] GeV? [100] where the lower bound is set to match the
sum rule parameters M? and sg adopted in table 1, albeit we have the freedom to go much
deeper into the space-like region. The upper bound, which is in principle only subject to
constraints much higher than 2 GeV? due to issues of parameterization (see subsection 4.3
for detailed discussions), is somewhat arbitrary. Such a choice is based on our intention of
preserving the small uncertainties of the lattice results which is the determining factor for
the uncertainties in our final predictions of the form factors as well as the ratio R(D). In
other words, we choose to take the upper bound of ¢? close to the large-recoil limit so that
the relatively large uncertainties of the LCSR predictions are still competitive compared to
the high precision lattice calculation which still struggles to go beyond the zero-recoil limit,
hence having the two approaches complementing each other.

On the one hand, it is immediately evident from figure 4 that the resummation-improved
leading-power contribution is dominant across the kinematic region ¢ € [—3,2] GeV2. This
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Figure 4. A comparison of different contributors to f,,(¢?) at different ¢2. The leading power
contribution is clearly dominant across the full range of ¢? depicted in the figure. The explicit
formulas for each contribution {HT, HC, HQE, 3P, LP} are given in egs. (3.3), (3.15), (3.18), (3.2),
and (2.12), respectively. Similar hierarchies are also observed for f%,,(¢?).

is reassuring as the foundation of any sensible theory predictions requires a hierarchy of clear
power separation. On the other hand, all the subleading-power contributions generated by
the two-particle LCDAs are of the same order with an opposite sign to the leading-power
contribution (black curve). Whereas the three-particle contribution is significantly smaller
(~ 10%) compared to its two-particle counterpart which can be attributed to its higher
Fock-state nature. This strongly suggests that from a phenomenological point of view, a
complete two-loop matching coefficient function for the leading-power contribution is far
more desirable than going beyond the tree-level for the subleading part.

4.3 BGL fitting with strong unitarity bound

As our LCSR predictions are effective only at the large-recoil limit, we have to rely on
additional information in order to properly access the entire kinematic region of ¢?. The
Boyd-Grinstein-Lebed (BGL) parameterization [103-105] provides such a framework that
enables us to reliably extend our results beyond the large-recoil limit. Our basic strategy is
to determine the free parameters in the BGL parameterization using our LCSR predictions
in combination with recent lattice estimates valid in the zero-recoil-limit [18, 19]. The fitted
BGL parameterization for the B — D form factors are then used to make predictions for
the entire region of ¢ of our interest.

It has not escaped our attention that alternative approaches to the numerical analysis
of the B — D form factors are available, most noticeably the Caprini-Lellouch-Neubert
(CLN) [106] and the Bourrely-Caprini-Lellouch (BCL) [107] parameterization. While the
former exploits the symmetries in HQET to further constrain the unitarity bounds, the
latter was proposed to cure the unphysical behaviors of a finite order truncation of the BGL
parameterization in the kinematic region of |¢?| 2, (mp + mp)?. On the one hand, as the
quality of the lattice data has become significantly more precise in recent years, higher order
corrections in Agcp/me to the CLN parameterization have to be included, which raises the
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possibility of it being inadequate in incorporating the precision achieved in modern lattice
calculations [57]. Therefore, we will not consider the CLN parameterization in this work.
On the other hand, the BCL parameterization employs a more complicated form making it
less feasible to apply to the strong unitarity bounds. Thus, in order to impose the strong
unitarity bounds to our phenomenological studies without sacrificing the high precision
results from lattice calculations, we will adopt the BGL parameterization hereafter for our
numerical analysis with the premise of keeping |¢?| well below the threshold.

The starting point of the BGL parameterization is to map the entire complex plane of
¢® onto a unit disk as follows,

Vit Vi =T 2\ — (2 T e
- 3 3 Z(q ) = Z(q 7t*) - 5 ) (42)
\/t+ —q +\/t+ —t(] \/t+ —q +\/t+ —t_

with t4 = (mg) + mg))2. Here we have tacitly included all possible B and D resonance

Z(q2> tO)

states with (). t_ corresponds to the physical kinematic upper bound of ¢? in the B — D
decays. The form factors develop cuts at ¢, after analytic continuation of ¢? to the entire
complex plane. ty < ty is a free parameter determining which point in the complex plane
of ¢? is mapped onto the origin of the complex z-plane. It is easy to convince oneself that
|2(¢?,t0)] < 1 and |z(¢?,t_)| <1 for arbitrary ¢> € C. In the following we will only consider
the case tg = t_ with losing generality.

The two B — D decay form factors are then parametrized as follows

+z:;maz" O,z:éOo Z"
fEp(2) P+<z)¢+(z>nz:%) n? fep(2) Po(z)qﬁo(z)r;b" ) (4.3)

where Py(z) and ¢¢(z) are called Blaschke factors and outer functions, respectively. Assuming
that B — D constitutes the only decay channel, namely neglecting all the excited hadronic
states in the decay process, the coefficients a,, and b,, in eq. (4.3) are then subject to the
weak unitarity bound

o0 o0
> an <1, > b <1, (4.4)
n=0 n=0

This follows from dispersion relations, analyticity of the form factors, the crossing symmetry,
as well as the quark-hadron duality. For further discussion of the unitarity bounds see [58, 59].
The outer functions, which depend on how the helicity amplitudes enter the form factors,
are given by

(1+2)2/1—=2

0(2) = ko (1=2*)vI-2 ko~10.11 [57]  (4.5)

[(1+7r)(1—2)+2r(1+2)*
with » = mp/mp. ky and ko are calculable perturbatively at regions far away from the
threshold, normally chosen at ¢ = 0. The Blaschke factors in eq. (4.3) take the form,

3 -z 2 zZ—Z
Pi(z)= [] +— = Pz) = [ s (4.6)

) )
Pzt 1—z2zp, Po=1 1—zzp,
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17 state | Mass (GeV) | ref. 0" state | Mass (GeV) | ref.
B.(1381) | 6.332 [108] B.(23Py) | 6.712 [109]
B.(2381) | 6.925 [108, 110] | B.(33Py) | 7.105 [109]
B.(33Dy) | 7.007 [111]

B.(3351) | 7.280 [111]

Table 2. Relevant scalar (07) and vector (17) B, masses. Note that the B.(335;) state is above
the threshold and therefore does not enter the Blaschke factor for our process.

where zp is defined as

i -mi - VT
\/t+—mp+m

with mp denoting the mass of the P-th B, resonance below the threshold for BD pair

production with the appropriate quantum number assignment of 1~ for P, (z) and 0% for
Py(z). The role of the Blaschke factors is to remove any poles below the threshold from the
form factors rendering the form factors to be analytic for all g2 below the threshold. The
masses of all resonance states entering the Blaschke factors are collected in table 2.

The strong unitarity bound [104] requires multiple decay channels with the correct
quantum numbers to be considered. This also includes channels with higher multiplicity.
The inclusion of additional channels reflects the physical picture more realistically, i.e.,
the intermediate process of the B — D decay should be thought of as a superposition of
the two-particle BD-state with a collection of additional resonances including B., which
can pair-produce the BD state, as well as a continuum of states such as BDzw, and etc.
The amplitudes of these extra channels then give rise to additional form factors via the
dispersion relation based on their spin and parity as in the ground state case. For each
form factor in consideration, one adopts the same parametrization as (4.3). As an example
relevant for our current study, we write,

(i) 1 n (i) _
FY) = ———— > amz", Fy 5 mez (4.7)
PO ()¢l (2) 4 P <

where FJ(ri) denotes the vector form factor in general whereas Fo(i) corresponds to the scalar
form factor. Index i labels the helicity of the form factor. Applying the same procedures
that produce eq. (4.4) to each form factor then allows to write a series of bounds,

h; oo hj o~
Sy <1, Sy <1 (4.5)

=0 n=0 7j=0n=0

where 7, j counts all the helicity states that enter the vector and scalar transition form
factors, respectively. The different form factors can further be related using heavy-quark
symmetry with the possibility of incorporating the effect of heavy quark masses order
by order [57]. For our purpose, we take into account in total 7 vector and 3 scalar form
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q? [GeV?] -3.0 —-2.0 ~1.0 0.0 1.0 2.0
o 0.479(191)  0.502(199) 0.526(208) 0.552(216) 0.581(226) 0.611(235)
20 0.525(210) 0.534(212) 0.543(214) 0.552(216) 0.562(218) 0.572(220)

Table 3. LCSR predictions of the B — D form factors obtained in this work used in the BGL fit.

factors describing the B®) D®) states® [104, 112]. These form factors are generated by B,
resources below the physical threshold for BD pair production and therefore indispensable
in constraining the BGL parameterization for the B — D factor. In comparison to the
ground state B — D decay, we have 6 (2) additional vector (scalar) form factors. The
strong unitarity bound therefore becomes,

7 oo 3 oo
Y>> ap, <1, YN v, <1, (4.9)

i=0n=0 Jj=0n=0

Following ref. [57], we truncate the infinite series at order O(z). Adopting the relevant
numerical values listed in table 2, we find,

34.95a3 + 33.25apa1 + 16.74a2 < 1, 3.76b3 + 2.53bgby + 2.070% <1, (4.10)

where relations between different form factors (labeled by i, j for vector and scalar one
in (4.9) respectively) due to heavy-quark symmetry including 1/my corrections have been
applied, leaving only four free parameters {ag, a1, bo, b1 }.

We are now ready to extract the four parameters from the LCSR predictions of the
B — D form factors. Employing the BGL parameterization to f3,(2) and f%,(z) with
O(z) approximation, we have,

aop + a1z 0 bo + b1z
=) fep(z) = —————. (4.11)

Py (2)¢1(2) BT Ry(2)do()

Applying eqgs. (4.5) and (4.6) to the boundary condition f£,,(z =0) = f%,(z = 0) provides
an exact relation among the four parameters,

ng(Z)

by = 4.797ag + 0.311a; — 0.065b; . (4.12)

Finally, we are able to fix the three parameters {ag, a1, b1 } by fitting eq. (4.11) to the LCSR
predictions for the form factors in combination with the data obtained from the lattice
QCD calculations [18, 19]. This allows us to access a much wider range of ¢2. The relevant
data points used for the fitting are given in tables 3 and 4. In table 3, we provide our LCSR
predictions for the form factors in the range of ¢* € [~3.0,2.0] GeV? with error estimates.
The relevant formulas can be found in egs. (2.12) and (3.20). In table 4, we collect the
lattice QCD results for the form factors from two collaborations adopted in our BGL fit.
The combined data from both tables are then fed into egs. (4.11) to extract the parameters
{ao,a1,b1} using (4.12) under the constraint of (4.10).

SHere both B and D can be labeled with or without *, hence giving four different combinations in total.
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FNAL/MILC [18] HPQCD [19]

¢ [Gev? | 851 10.08 11.66 9.30 10.48 11.46
fhip | 1.005(12)  1.094(10) 1.199(10) | 1.038(39) 1.105(42) 1.167(45)
%0 0.825(9)  0.861(8)  0.903(7) | 0.840(37) 0.870(39) 0.897(40)

Table 4. Lattice QCD predictions of the form factors used in the BGL fit.

correlation matrix
value ag aq by
ap | 0.0155(1) 1 0.170 0.276
ap | —0.041(3) 1 0.937
by | —0.206(15) 1

Table 5. Values of BGL parameters extracted from fitting the BGL parameterization against LCSR
and lattice QCD predictions. Correlations between the three parameters are also provided.

The final numerical results are listed in table 5 together with the correlation matrix. It
is fair to say that the three parameters are highly correlated, in particular the correlation
between aq,b; is close to 100% indicating that the data is highly restrictive, which can
also be concluded from the small uncertainties of the parameters. The values of {ag,a1,b1}
are obtained using y2-fitting with x?/d.o.f = 68.32/(24 — 3) = 3.25. Apparently, the two
unitariry bounds displayed in (4.10) are not saturated in practice. One should not be
surprised by this observation, since we have not taken into account all the contributing
exclusive channels (for instance By — Dg*), Be. — ne, Be = J/, Ay — Ag*)) in the
construction of the strong unitarity bounds (4.9) and moreover we have truncated the
infinite series appearing in (4.9) at order O(z) in an attempt to derive the very constraints
presented in (4.10).

The effectiveness of the BGL fitting is demonstrated in figure 5 where the large error-
bars of the LCSR predictions in the interval ¢* € [—3, 2] GeV? are due to the large model
uncertainties. The combined data, however, allows to generate predictions for the form
factors across a large range of ¢> € [—3,12] GeV? with relatively small errors.

4.4 Semileptonic decay rate and extraction of |V |

One of the major uncertainties for our theory predictions comes from the first inverse
moment Ap(1GeV) of the leading-twist LCDA, for which we have adopted the value
obtained from double-radiative B-decay B — vy [56] with Ap(1GeV) = (0.35 £ 0.15) GeV.
This value is comparable to the previous study based on B-meson leptonic radiative decay
B — ~lyy [55, 113].

We are now ready to extract the value of R(D) and the CKM matrix element |V,3|, both
of which play an utmost important role in probing the BSM physics. The former provides a
handle on testing the assumption of lepton universality in the Standard Model, while the
latter gives us hints on physics inaccessible directly to our current particle colliders.

~93 -



0.0t 1 1 1 3 0.0

Cl1 1 1
12 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

(I,)
o
w
o
©ofF

Figure 5. BGL fitted results of the form factors as functions of ¢? (left) and z (right). The red
(blue) points with error bars represent the FNAL/MILC (HPQCD) data whereas the magenta and
green points are LCSR results from this work for ng(qz) and f%,(g?), respectively. The magenta
(green) curves correspond to f1(¢%) (f95(¢%)) obtained by fitting the combined data of LCSR and
lattice predictions. The shaded regions are error bands due to uncertainties of the three parameters
in table 5.

The differential decay rate of B — D/, in the rest frame of the B-meson can be
computed as

= 2

A(B D) iy G Vol (| m?)’ o
dq2 247T3m23 D

2
<1+;nqé> m [pp|* ‘fED(f)’Z
== (mp—mb)? \f%D(f)]Q] . (413)

where [pp| = /A (m%,m%,¢2)/(2mp) with A(a,b,c) = a® + b* + ¢* — 2ab — 2ac — 2bc is the

magnitude of the three-momentum of the D-meson and the effective coefficient

P (mz) ~ 1.0066 (4.14)
s mp

arises from the electroweak correction to the semileptonic b — cfvy process [114] at one loop.

It remains important to mention that the dedicated investigation of the low-energy QED
correction to the electroweak penguin B — K¢/~ has been carried out comprehensively
in [115] (including also interesting discussions on the electromagnetic correction to the
semileptonic B — D/{v; decay) by employing the effective mesonic Lagrangian, which
surpasses the previous study [116] on the same topic in various aspects (see appendix A.2
of ref. [115] for more details). In particular, the logarithmically enhanced QED corrections
proportional to a/(47) log(m?/m2) to the inclusive B — X ¢~ decay distributions have
been addressed intensively in [117-120] in anticipation of the precision measurements at
the Belle II experiment.” Monte Carlo studies on the actual size of the QED logarithms
due to angular and energetic cuts were carried out in [119, 120], revealing that the cuts
tame the logarithms in the electronic case toward the size of that of the muons. While a

"See appendix A.1.1 of ref. [115] for the further comparison with the exclusive B — K¢1£~ decay.
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Figure 6. The differential decay rates for B — Duwv,, (red curve) and B — Dtv, (blue curve) with
error bands obtained from this work. The black points with error bars are the experimental data for
B — Dpuv, from the Belle collaboration [130].

complete Monte Carlo study along the lines of [119, 120] is beyond the scope of the present
paper, we believe that due to the universality of the collinear bremsstrahlung effect this
type of QED corrections to R(D) will be small.

Moreover, the general analysis presented in [115] tends to indicate that the structure-
independent QED correction to B — D/fv, is not expected to generate exceedingly large
impact in practice. Furthermore, the short-distance electromagnetic effects in the exclusive
B-meson decays have been explored with the QCD x QED factorization technique (or
equivalently the soft-collinear effective theory framework) for Bq — ptu~ [86, 87], for the
charmless hadronic two-body B-meson decays [121] (see section 6 of this article on the
conceptual difference when compared with the earlier study of the soft photon effect [122]),
and for the two-body hadronic and semileptonic B-meson decays with heavy-light final
states [123], demanding actually the introduction of light-cone hadronic distribution ampli-
tudes with qualitatively new features [124] in comparison with the conventional quantities
in QCD-only. Additionally, the lattice QCD method has been developed to incorporate the
electromagnetic effects in the exclusive semileptonic decays [85, 125, 126] and in the leptonic
decay processes [127-129]. A complete analysis of the QED correction to the semileptonic
B — D/, decay is apparently an important task of its own (see a variety of open issues
discussed in [86, 87, 115]) from both the theoretical and phenomenological aspects and
goes well beyond the scope of our work mainly focusing on the intricate strong interaction
dynamics encoded in the exclusive B — D decay form factors.

In figure 6, we show that our prediction for the differential decay rate of B — Duv,, is
in good agreement with the Belle results [130]. In addition, we also provide predictions for
the differential decay rate of B — D7v,.
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[t1,t2] AT, (t1,t2) (10712) GeV [t1,t2] AT, (t1,t2) (10712) GeV

(GeV?) | this work  Belle [130] (GeV?) this work  Belle [130]
[0.00,0.98] | 0.944+0.03  1.01+0.05 [5.71,6.90] | 0.57+0.01  0.53%+0.03
[0.98,2.16] | 1.0840.03  1.0640.06 [6.90,8.08] | 0.42+0.01  0.41+0.03
[2.16,3.34] | 0.96+0.03  0.99+0.05 [8.08,9.26] | 0.284+0.00  0.27+0.02
[3.34,4.53] | 0.844+0.02  0.85+0.05 [9.26,10.45] | 0.14+0.00 0.14+0.01
[4.53,5.71] | 0.704+0.02  0.704+0.04 | [10.45,11.63] | 0.03£0.00  0.02+0.01

Table 6. Theory predictions for B — Duwv,, in different bins compared against the Belle data.

The binned (normalized) partial decay rate of B — D{vy reads,

t2 dI'(B — Dtyy) 1
ATy(t1,t2) = d¢? .
Z( 1 2) ” q dq2 H/cb|2

(4.15)

In table 6, we collect our predictions for the partial decay rate AT, at different intervals of
(t1,t2) and compare them with the Belle results [130]. We also predict the total normalized
decay rate of B — Duv, in the entire kinematic region of ¢* € [mi7 (mp —mp)?] =

[0.01,11.63] GeV? to be,
AT, (0.01GeV?,11.63GeV?) = (5.97 £ 0.16) x 102 GeV . (4.16)

By fitting our theoretical predictions of AI',(t1,%2) to the BarBar and Belle data, we
are able to extract the value of |V,

(402+88],, *14l,,) x 107%,  [BaBar 2010 [131]
Vel = +0.6]  +1.0 -3 ’ (4.17)
(40.9408],, F10l.,) X 107%,  [Belle 2016 [130]

where “th” and “exp” denote the theoretical and experimental uncertainties, respectively.
Now we consider ratios of differential decay widths integrated over different ¢? intervals,

AT, (ty,1
AR(t1, 1) = (t1,%)

S NAORAL (4.18)

In table 7, we collect the partial decay rates of B — D7v, and the ratio AR in different
intervals of ¢2. Our predictions for AR are in good agreement with the previous one [132].

Summing up the total branching ratio of B — D7v; and B — Dpuv,, in the entire kine-
matic region relevant for each channel, namely ¢* € [m2, (mp — mp)?] = [3.16,11.63] GeV>
for B — D7v, and ¢ € [mz, (mp —mp)? = [0.01,11.63] GeV? for B — Duv,,, we find
the Standard Model prediction for the ratio R(D) which has become the gold standard for
testing lepton universality and hence probing the BSM physics,

_ B(B— Drv;) AT (mZ,(mp —mp)?)
M) = BB Duv) ~ AL, (m —mo)?)

= 0.302 £ 0.003, (4.19)
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[t1,t2] AT, (t1,t2) (10712) GeV AR(t1,t2)

(GeV?) this work this work [132]
[4.00,4.53] 0.072+£0.002 0.199£0.000 0.19940.001
[4.53,5.07] 0.1124-0.003 0.33040.001  0.330-0.001
[5.07,5.60] 0.13940.003 0.45540.001  0.455+0.001
[5.60,6.13] 0.1584-0.003 0.57140.001  0.571-+0.002
[6.13,6.67] 0.1724-0.004 0.68040.002 0.680-+0.002
[6.67,7.20] 0.17340.003 0.78640.002 0.786+0.003
[7.20,7.73] 0.17040.003 0.89240.003 0.892+0.003
[7.73,8.27] 0.16540.003 1.006+£0.004 1.0064-0.004
8.27,8.80] 0.15040.003 1.13540.004 1.13540.005
[8.80,9.33] 0.13440.002 1.293+0.006  1.2944-0.006
[9.33,9.86] 0.116+0.002 1.5084+0.007 1.513+0.007
[9.86,10.40] 0.096+0.001 1.851+0.010 1.860+£0.010

[10.40,11.63] 0.1164-0.002 3.15040.022 —

Table 7. Theory predictions for the partial decay rates of B — D7, and for the binned distributions
of AR(t1,t2). Our predictions are comparable to [132] albeit with slightly larger error bars in general
due to large uncertainties from LCDAs.

where the branching ratio B is the decay rate normalized to the total B-meson decay
width, which is of course unimportant for computing R(D). Our prediction for R(D)
is in reasonable agreement with the experimental value 0.340(27)(13) [2, 133-137], the
lattice average 0.2934(53) [80], as well as the extracted interval 0.298(6) [138] from the
model-independent global analysis of exclusive hadronic b — cfvy processes within theory
uncertainties. In spite of the slightly smaller central values, the resulting predictions of
|Vey| and R(D) obtained in [38, 39] are compatible with our results. In table 8 we give
an overview of how our numbers compare to those of other recent studies following the
techniques of LCSR, lattice QCD, and HQET.

5 Summary

In this work, we have presented a comprehensive study on the subleading power corrections
to the B — D decay with the B-meson LCDAs providing the nonperturbative information
of the hadronic state. The calculation relies on the LCSR technique to gain access to the
B — D form factors in the large-recoil region by employing the power-counting scheme
n-p~ O(my), |n-pl ~ONmy), and m. ~ O(Am;). The corrections that we consider
are generated by the higher-twist B-meson LCDAs including both two- and three-particle
contributions, by the NLP terms in expanding the charm-quark propagator, and by the
subleading terms in the HQET representation of the bottom-quark field. The applied
techniques that we used to derive the higher-power corrections comprise, amongst others,
the systematic inclusion of higher-twist HQET LCDAs as dictated by power-counting, the
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LCSR*® Lattice HQET? This work
41.3(1.4) [15], 40.6712 [15] | 39.36(68) [80] 402408 T b
[Veo| x 10% | 39.2+33 [33], 41.4(4.0) [33] | 38.40(0.7) [139] | 39.3(1.0) [14]
40.3(0.8) [38] 43.0(2.7) [140] 40.970:2] . 10 Bere
0.30570:922 [33] 0.299(11) [18]
R(D) 0.296(6) [36] 0.300(8) [19] | 0.299(3) [14] 0.302(3)
0.297(3) [38] 0.301(6) [141]

“Here we quote the LCSR predictions including the lattice inputs.
bLattice and QCD sum rule inputs are used in combination with HQET constraints.

Table 8. Recent determinations of |V | and R(D) from different techniques.

classical EOM relations between the non-local operators, the diagrammatic factoriztion
approach as well as the dispersion relations. These aspects, together with a non-negligible
amount of bookkeeping, render our calculation non-trivial.

We then proceeded to explore the phenomenological implications of the LCSR by
constructing models for the B-meson LCDAs up to the twist-six level. These models,
inspired by previous studies [55] with extensions to LCDAs beyond twist four, are consistent
with all known constraints by construction. The leading-power contribution was evaluated
at the (partial) NLL level where it was demonstrated that the factorization scale dependence
is negligible. This is consistent with the previous study of the two-loop B-meson LCDA
evolution. We found that the subleading power corrections are minuscule compared to their
leading-power counterparts in the kinematic region where LCSR is applicable. Numerically,
they account for approximately ~ 20% in total to the theory prediction of the form factors.
This is encouraging as it indicates the presence of a well-established power hierarchy. The
LCSR predictions at the large hadronic recoil are then complemented by the lattice data,
which is valid at the other end of the kinematic spectrum, allowing us to fix the coefficients
in BGL parametrization under the strong unitarity bound with small uncertainties. In this
way, we are able to evaluate the B — D form factors in the entire kinematic region of ¢2.

Subsequently, the form factors are used to predict the decay rate of B — Dfvy, from
which we have extracted the CKM matrix element |Vg| in eq. (4.17) from two experimental
data sets, as well as the ratio R(D) = 0.302 + 0.003, crucial for testing lepton universality.
In addition, we also provide theory predictions for the physical observables AT';(¢1,t2) and
ATR(t1,t2) in ¢ bins.

Let us conclude by mentioning a couple of further directions to be addressed in future
work. First, the perturbative corrections can be extended to two loops at the leading-
power approximation and to one loop for the next-to-leading power contribution. Second,
since the two-loop evolution kernel for the leading-twist LCDA ¢E(w,,u) has become
available recently [101], this allows for a complete next-to-leading-logarithmic resummation
to be accomplished for certain decays (e.g., B — vyfvy) with the resulting two-loop RGE
subsequently solved in the Mellin [102] and Laplace space [142]. For future perspectives of
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the B — D decays in this regard, it is desirable to refine the Wandzura-Wilczek part, which
is the dominating component of the two-particle twist-3 LCDA ¢ 5(w, i), to the NLL level.
Finally, an interesting future study will be to reformulate the subleading-power corrections
in the SCET framework. While this task is technically challenging it certainly deserves a
dedicated further investigation.
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A Conventions

Following the convention established in [143], the B-meson LCDAs are defined in terms of
the renormalized non-local operators composed of an effective heavy quark field h,(0) and
light degrees of freedom with a light-like separation, sandwiched between the vacuum and
the B-meson state |B,) in the HQET framework [37]

(0] () T [, 0] 7y (0) | By)

g {ore) 0+

ST [P i [(@F — @) +22(Gf; - G)] }<v TS (A1a)

v -

<O| (j(zlﬁ) [Zlﬁ, Z2ﬁ] gsG,ul/(ZQﬁ) r [ZZﬁa 0] hv(o) ’Bv>

1~
= §fB(M)mB Tr{%FPJr

(Vv — v Y) [Ya — Uy ] —iow Py — (Ruvy, — nyv,) X a
+ (ﬁpﬁ/l/ - ﬁuﬁ)/u) [W + YA} - ieuuaﬁﬁavg’%)z/l + Z‘GuuaﬁﬁaﬂyB’YS?A

— (v — AU )W + (R — Ay, )it Z} }(zl, 21 ), (A.1b)
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where v5 = iy'y142y3, Py = %(1 + ¢), T represents an arbitrary Dirac structure, the
totally antisymmetric Levi-Civita tensor follows €g123 = 1, fp(u) denotes the B-meson
decay constant in HQET, and

[zn,0] = Pexp [z’g /Oldu n“A“(uzn)} (A.2)

is the Wilson line connecting the fundamental fields that ensures gauge invariance. Such
factors are always implied if not shown explicitly. We have expanded the two-particle matrix
element to O(z?) to match our current accuracy where the two-particle LCDAs &, &5,
GE and G5 are of the twist counting two, three, four and five, respectively. The physical
interpretation of such an expansion in the partonic picture is that the light quark carries
nonvanishing transverse momenta along the light-cone. The momentum space distributions
are defined naturally as

V(e = [ dwe = g, (A.30)

U4(21,22) = /0 dwl/o dwy e 171wz Ya(wi,ws), (A.3b)

and similarly for the other two- and three-particle LCDAs. We adopt the convention to use
upper (lower) case letters for coordinate (momentum) space distributions.
The eight invariant three-particle functions from Lorentz structure decomposition can be
expanded in terms of LCDAs with definite collinear twist. One finds one LCDA of twist three
D3 =Ty — Uy, (A.4)
three twist-four LCDAs
Oy =g+ Ty, Uy =Ty + Xy, Uy = Uy - Xa, (A.5)

three twist-five LCDAs

&)5:\IJA+\I’V7L2YA*2?A+2W,
Us =Wy + X4 —2Yy,
\115 = —\va—XA—FQY/A, (A.6)

and one twist-six LCDA [37]
B =Wy — Uy +2Y4 +2W +2Y, —4Z. (A.7)
It has been demonstrated that the one-loop RGEs for the three-particle LCDAs up to twist

four are completely integrable in the large N, limit [37, 144] thanks to their relations to
certain spin chain models [145].
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B NLO correction to the leading-power contribution

The “effective” DAs, which incorporate the contribution of the one-loop jet function, take
the form [33]

(W' ) = asCr 0(w —we) {7‘0 {(1—7”0) In (1 - 1) — 1| 5w —we)
' 47 Te
o) 2
+/ dw{ © (P e —r6>+ Le
0 (w+we)? W —w—w, W+ we
1—7rc
2 oo )+ L ! — =) 6 } (B.1)
& (1) = 2 g ) dm {1 [(lr ) In (11> 1] gt —we) (B.2)
+,7 s A c Y c T B c

_|_/OOO o (w—i—lwc)? (P w’—j—wc * (1+°:;3> rc(l—rc)—i—rc) qﬁjg(w)

—/oo dw (W' —w—w.) Wowwe qﬁ}(w)}

0 (W—-w)? w
0o 2 +
—l—r/o dw [r?—9(w+wc—w’)—9(w'—w—wc) (w/oicw)2 ¢B£w)},
(W) = =0 —we) B(w' —we), (B.3)
D (1) = 05— w0 ) + 22 {¢; w8~ V) (B

+ |:ddw/¢B (w’_wc)] Q(Lul_wc) p(Q) (w/) +¢B(O) ,0(3) (wl)

> o | o (.0 4 o () L PO we) (d N
+ [T [p% ) o () - (5= o5 b,

w w

where P stands for the principal value and

pM (W) = —In? e +1In(1 —r.) 2lnlﬂ+4ln(1—l>—(1—rc)2
n-pw n-p(w —we) Te
2

— (1427 —12) lnrc—i—QLig(l—rc)—rc—%, (B.5)
)¢, N _ U2
P (W) =2w, |3 1n +4|, (B.6)

n-ple
3¢, 1\ _ o I
P (W) =2we0(we — ') |3 1n +4
n-pwe
+20( — we) 0(w) [In(1 = 7o) — (1 —r,)] (B.7)
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2
P (w,w') = 0(w — w,) P; —21In s +41n(1—rc)—( d )
’ W —w— we n-pw W+ we
+4{9(w—|—wc—w’) In We (W —w—we) In W —w }
w—w— w, W+ we. — W W —w— w, w—w— w,
40(w~+ we — W' w 40w —w—w
+P (w—;’ )lnw—i—wc—w’ (w—w’ C>ln(l—rc)
C
w Te , w4 we —w
— -1 0 —w— _ B.8
#(rem 1) O - w0) (w,_w)z}, (B8)
w—-—w—-w 2
p(5)<w,wl) :29(w/—wc) {H(WI—W_CUc) 2 1n w/_wc = 1nnp(l:)/—w)
g w —w — we W —w—w, !
—m e 2= 41

—260(w + we — w') Liy (/w/—w) } , (B.9)

w —w— we

PO (w,w") =20(w + we — ') (W — we) (we — ') In (B.10)
with r. = we/w'.

The (renormalized) hard coefficient functions Cy 5 (n-p, 1) and Cy ,(n-p, 1) to one-loop
accuracy were derived in ref. [33] taking the form,

P _asCp [ 1 r
Cinn-pu)=Cyn=1, C_p= i L_1<1—|—1_rlnr)],

1 2— 2
C'_ﬁ(wp,u):l—% 212 £ 451 £ — 2L, (1—>—ln2r+ Clnr+ 45 ,
’ 47 n-p myp r r—1 12

(B.11)

where r = n - p/my,.
The evolution of hard coefficient functions C (, ) and C_ ,, are irrelevant at the one-

loop matching and therefore are not considered. The RGEs governing the scale dependence
of C_ 5 and the HQET decay constant read [33],

d
dlnuof’ﬁ(n 2 N) = _Fcusp(as) In an + 7(as) C,ﬁ(’I’L D, /’L) s
d - L
dn fB(r) =7(es) fB(1) (B.12)

where the anomalous dimensions of the hard function

o = 5 (22)7 0, o = > (22)7 50 (B.13)

n=0 n=0

~32 -



to the two-loop order are as follows [61]

1585  5m2 125 72
0) _ _ - _ _
¥ 5CF, =Cp [ 18 6 +34C( )—l—nl ( 57 + >‘| ,
12 14 72
70 =30, ) = Cp [ 67 + 97T 2 ] (B.14)

with n; being the number of light flavors and ((n) being the Riemann zeta function. The
cusp anomalous dimension

[e's) s n+1 0
FCUSP = T;) (47_‘_) FcuSp (B15)
to the three-loop order reads,
268 40
% =4Cp, I =Cp [ 3 — 4r? — 9nl} , (B.16)
53672 44rt 1276 8072 208 16
r® = {1470 — = 24
Leusp { 5 5 95 T B)] = g7mi

The RGEs can then be solved analytically with the solution

C_i(n-p,p) =Ur(n-p,pny, 1) C—i(n-p, pny ),
Fe(1) = Us(png, 1) F(pny) (B.17)

with the explicit expressions of the evolution factors U; and Us given in [63].

C Next-to-leading power corrections

The B-meson LCDAs contribute to the LCSR for the B — D form factors as shown in
eq. (3.19), via the following functionals

Fo1(¢) = _e_WC/WM/ T dwewlom d(w), (C.1)
0
e_wc/w]vl Ws—We
Faald) = e g(u, —we) + o dwero), (€2
WpM 0
Faalg) = et [T Lo ()
0 Ws—We—W 5 5
—we/war Ws—We , r_
48 / dw’/ dw/ & o fons (“" “’,w,g> : (C.3)
wr o Jo 0 w-w & I3
Fao@) = =5 ¢l | o, —w0) + —— dlus —wo)
, 2 de s c s s c
1 e~We/WM  pws—we
—~ dw e~/wn , C.4
s ) e o) (C.4)
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o =heeton [ [ (L L)t

- [ f GOw -+ [ df Ml — e = £,

1 e_wc/wlﬂ Ws—We W’ oo dg ’ w/ — W
S dw'/ dw/ — eTW/wm ( , W, ) ) C.5
2 WJQW /0 0 w-w § ¢ § ¢ (€9

where ¢ represents a general LCDA with an appropriate particle content entering the
functional F; ;. Here ¢ and j respectively indicate the number of particles composing ¢ and
the power in the denominator of the coefficient function accompanying ¢, which together
contribute to II, (see eq. (C.6)).

It is easy to show that taking w. — 0 reproduces the corresponding expressions in
ref. [40]. The underlined term can potentially produce power-suppressed contribution
depending on the specific LCDA from which ¢(u,w, &) is constructed. More specifically,
the power counting is determined by the asymptotic behavior of the three-particle LCDA
at the small momenta region w, £ ~ 0 dictated by the conformal spins of the fundamental
fields building up the LCDA [37].

More generally, one obtains for the two-particle case,

wWs—We—w
y==8—_xc—=x

fz,k((ﬁg) = /0‘*’8 — Imw// dw ¢2(w) (Cﬁ)

w—-n-pmw (W —w — we + i€)k

0! ws 1 dk—1 1
= d 7:[ w/ N
(k—l)!/o w’—ﬁ~p/ w@(w)ﬂ - [dwk—lw’—w—wc—i-ze
O' Ws dk 1
:(k—l)!/o w—np/ e g )l( D gt 0 —w—we)

1’f’f1 (1—1)! ws—we —1)F o (w

- p) W+ we—7n-p)k

where Im,, f(z) = Imf(z + 70), and we have used integration-by-parts repeatedly in the last
step and applied ws > w.. The three-particle dispersion relation can be written in a similar
fashion,

f3,k(¢3)5/0% —Imw// dwdg/ du u) p3(w,§)

w—n-pmw (W —w—u&—w.+ie)k

[dk L rws d! 5w —w—uﬁ—wc)]
k-1

0 w'—n-p
k*l l+1 I— 1 | dk -1 wsc _
Z LI [ [ ¢3w£>f<°"“ <)
=1 w —n- p dwc Wse—W 5 g

where wse = ws — we, and f(u) is an arbitrary function regular in u integration.
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D Modeling the B-meson LCDAs

The LCDAs are, however, not independent as they are constrained by the EOMs. At
tree-level in coordinate space, the following identities hold [34, 37],

1
[2%4—1}@]}(@ = @E(z)—l—?zz/ udu P3(z,uz), (D.1a)
0
27+ d 1 . e+ Lo 2 (1
22°G(2) = — z£—§+zzA @B(z)—§¢3(z)—z /udu\IJ4(z,uz), (D.1b)
0
o d 1 . 1. 1, L (L
22°Gp(2) = — z%—§+zz/\ <I>B(z)—§<I>B(z)—z /udu\If5(z,uz), (D.1c)
0

O5(2) = <zjz +1+ 2izA> DF(2) + 227 /Oldu [u@;;(z,uz) + \P4(z,uz)}, (D.1d)

For later convenience, we introduce @B which plays a similar role as the WW-term in ¢

~ 1 sl
Gg(2) = Gz(2) — 5/ duuVs(z,uz), (D.2)
0
satisfying the following condition,
2z2é—(z)——{z8—1+z‘z]x] q>—(z)—3q>+(z) (D.3)
By 0z 2 B 2 BV '

Further, neglecting systematically contributions of twist-four four-particle operators of the
type §GGh, and qqgh, leads to the following identity due to Lorentz-invariance,

d d ~
2d72121<194(21, 2’2) = <d22Z2 =+ 1) |:\I/4(Zl, 2’2) + \114(2’1, 2’2)} . (D.4)

The B-meson LCDAs at the reference scale py (commonly taken to be 1 GeV) can be
systematically constructed [55] in such a way that both the constraints in egs. (D.1), (D.4),
and the normalization conditions of the LCDAs [37, 143] are satisfied.

¢p(w) = wF(w; —1), ¢p" " (w) = F(w;0),
B5(w) = S N OV — N) [~ Flw; —2) + 4w (ws —1) — 2F(w:0)]
¢3(W1,W2) = %N()\ZE — )\%{) w1 w% IF(wl + wa; —2) R
Fhw) = i [m (@ — RN F(w; 0) + (3w — 24) F(w: 1) + 3F(w; 2)

1
— GV O% — )W Fwi0)|

gp(w) = i {(3w —20) F(w; 1) + 3F(w; 2)
—l—é/\/()\%—)\%{)w [w (A — w) Flw; —1) — (2]\— ;’w) IF‘(w;O)]},

1
¢4(W1,W2) = 5./\[()\2]5 + )\%{) w% F(wl + wa; —1) ,
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Ya(wr,we) = N AL wi wa F(wy + wa; —1), Pa(wi,wa) = N A3 wi wo Fwy + wa; —1),
b5(wi,w2) =N (AF + AF) w1 Flwr +wo;0), ¥s(wr,wa) = —N AL wa F(wi + wo; 0),
Ps(wi,w2) = =N A4 wy F(wr + wo30),
d6(wi,w2) =N (A% — N3 Fwy 4+ wo; 1), (D.5)
where
18(B+1) 1 . 3a
S - A=2?
N 3ala+1)wd’ 2 340
. _  n—1 F(ﬁ) —w/wo
Flwsn)=wy U — 0,2 —n— o,w/wp) e , (D.6)

I(a)

with U(a, b, z) being the hypergeometric U function. Here we have exploited the relationship
between the first moment of the leading-twist LCDA and A

/Oo dwwdh(w) = gl_\. (D.7)
0

We follow the procedure of fixing the model parameters by a set of {Ap(po),1(10), Alro)}
at the reference scale g = 1 GeV. The Agp and Ay are defined by the matrix element of
local quark-gluon-quark operator,

(013(0)95Gu ()T (0)| B(0)) = ¢ F(pmp s T 25T Py (D.8)
— éfg(u)mg ()\%{ — AQE) Tr [75FP+(UM7,, - v,/yu)} .

The matrix element can be evaluated using QCD sum rules yielding,

A2 =0.11 + 0.06 GeV?, A2 = 0.18 + 0.07 GeV?, [143] (D.9)
A2 = 0.03 £ 0.02 GeV?, A2 =0.06 £ 0.03 GeV?, [146) (D.10)
A% =0.01 +0.01 GeV?, A% = 0.15 4 0.05 GeV?, [147] (D.11)

where the last estimate, which has some overlap with the previous ones, has not been fully
incorporated into our current study.

In principle, the model is expected to be valid only at the small momenta region
w,wi,ws ~ 0 due to the development of a large momentum tail from the evolution of
LCDAs. For inverse (logarithmic) moments, this does not pose as a major issue as the
tail contribution is suppressed and the inverse (logarithmic) moments are sensitive only to
the small momentum behavior of DA adequately captured by the model. It is, however,
certainly not the case for A. We, therefore, emphasize that A is only taken as an input
parameter not determined from the LCDA models but fixed by physical values. This is a
consequence of the insufficient knowledge regarding the large momentum behaviors of the
LCDAs at the moment. Then the leading-twist LCDA is evolved to the factorization scale
with no reference to the value of A any more. In other words, the model satisfies eq. (D.7)
only at g =1 GeV.
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It is convenient to define the (logarithmic) inverse moments of the leading-twist B-meson
LCDA as follows,

1 ®dw |
_/0 Ugf)B(wnu’)?

AB(1)
Gull) _ [y e AR
A5 (1) _/0 o ——— opw.n), (D.12)

which are relatable to the parameters of the model (D.5) via

As(k) = G 0.
1(n) = $(8 = 1) = (o~ 1)+ In 5=
7T2
Ga(p) = G1(w) + ¥/ (a = 1) =/ (B-1) + = (D.13)

with vg and ¥ (x) being the Euler-Mascheroni constant and the digamma function, respec-
tively. The scale dependence of these moments at one-loop level read

Ag(po) as(po) Cr . [ 1 ]
VL S LA D) N ,
Ag () 4m o o 1(ko)
as(po) Cr

51(1) = 71 (110) + 410 L [53(10) — F2(wo)| (D.14)
Ho

47
The evolution of the second logarithmic moment &9 is not considered in predicting the form
factors due to its dependence on the higher > 3 logarithmic moment and the expected
small effect.

Another major advantage of introducing the general ansatz in (D.5) is that the LL
resummation (evolution) for the twist-2 and 3 two-particle DAs can be accomplished
analytically. Explicitly, we find [55],

1 T
OB, ) = Ualps o) st o) 9(650,2,1),
1 T
¢BWW(W, /‘) = U¢(/.L, IUO) m Efé; g(w; 07 17 1) 3
5 T
D5 (w, 1) = —é U(§)3(M’ o) N (A% — A%) ;;23 Eg {g(w; 0,3,3)

+(B-a) [ £ 0wi0.2.2) - 52 Gwi12,2) - il 3, 3)} } . (D.15)

(0)
cusp

where p = Infavs () /s(po)], the twist-3 two-particle LCDA ¢p(w, ) = ¢V (w, p) +
0

¢35 (w, 1) is a linear combination of the (twist-2) WW term and the genuine twist-3 term,
and

_ W 1,8+
g(w; lvmvn) = G%% (WO ‘pfn—i,a,p-&-n) ) (D'16)
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denotes the MeijerG function. The evolution factor Ug(u, p10) and U(f’ (1, o) reads explicitly
at one-loop order [37, 144] 8

T ( Ar { 1}
Us (1, =expyq — Inr—1+ -
6 (14: o) p{ 13 (o) .
(0) (0)
51 9 (F((;lll)sp /31> 9 F;ESP Inr  Tt2
— —In“r+ - = [r—l—lnr]) e VE ) 70 r20 |
2060 T, Bo ( )
U1, o) = U, o) (D.17)
o) » O o) s 1o )
7 NS NG

where r = as (1) /s (o), Fgl)sp are the cusp anomalous dimensions at various orders (B.16),
and

0 0
WO = 20y, 9 = 2N, . (D.18)
Both evolution factors satisfy the boundary condition at the reference scale ug

Us(po, po) =1, U§ (1o, o) = 1. (D.19)
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