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ABSTRACT: We derive the first law of black hole mechanics in the context of the Heterotic
Superstring effective action to first order in o’ using Wald’s formalism. We carefully take
into account all the symmetries of the theory and, as a result, we obtain a manifestly gauge-
and Lorentz-invariant entropy formula in which all the terms can be computed explicitly.
An entropy formula with these properties allows unambiguous calculations of macroscopic
black-hole entropies to first order in o’ that can be reliably used in a comparison with the
microscopic ones. Such a formula was still lacking in the literature.

In the proof we use momentum maps to define covariant variations and Lie derivatives
and restricted generalized zeroth laws which state the closedness of certain differential forms
on the bifurcation sphere and imply the constancy of the associated potentials on it.

We study the relation between our entropy formula and other formulae that have been
used in the literature.
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1 Introduction

The interpretation of the black-hole entropy in terms of the degeneracy of string microstates
is, beyond any doubt, one of the main achievements of String Theory [1]. This interpreta-
tion relies, on the one hand, on the correct identification of the black-hole charges in terms
of branes whose presence affects the quantization of the string. On the other, it depends
on a correct calculation of the macroscopic entropy. In simple cases, at leading order in
o/, the identification of the field fluxes with the brane sources that would produce them
is straightforward and, also, the macroscopic entropy is given by the Bekenstein-Hawking
formula S = Ay /(4GN), where Ay is the area of the horizon. In more complicated cases,
the couplings can make the identification of the brane sources through the charges more
complicated [2] and, beyond leading order in «/, the presence of terms of higher order in
the curvature and, in the Heterotic Superstring case, of complicated Yang-Mills (YM) and
Lorentz Chern-Simons terms [3] can also make the calculation of the macroscopic entropy
very difficult. This is the problem we will deal with in this paper.



The standard method to calculate the black-hole entropy in theories of higher order
in the curvature is to use Wald’s formalism [4, 5], usually applying directly the Iyer-Wald
prescription [6]. As we have recently discussed in refs. [7-9] (see also references therein),
the Iyer-Wald prescription was derived assuming that all the fields of the theory behave
as tensors under diffeomorphisms which, as matter of fact, is only true for the metric and
uncharged scalars. All the fields of the Standard Model, except for the metric, have some
kind of gauge freedom and do not transform as tensors under diffeomorphisms. Even the
gravitational field, if it is described by a Vielbein instead of by a metric, has a gauge
freedom, as it transforms under local Lorentz transformations. In theories with fermions,
Vielbeins are necessary to work with the spinorial fields in curved space time.

This problem was first noticed and solved by Jacobson and Mohd in ref. [10] for the
Einstein-Hilbert action written in terms of the Vielbein. The solution consists in going back
to the basic formalism of [4, 5] and dealing carefully with the gauge (local Lorentz) symme-
try. In practice, this means taking into account the gauge transformations induced by the
diffeomorphisms on the Vielbein. This can be done, for instance, by defining a Lorentz-
covariant Lie derivative (Lie-Lorentz derivative) which can be decomposed into a standard
Lie derivative and a local Lorentz transformation and which, apart from being covariant un-
der Local lorentz transformations, vanishes identically when the diffeomorphism is an isom-
etry of the metric (see refs. [11, 12]! which build on earlier work by Lichnerowicz, Kosmann
and others [14-20]). The Lie-Lorentz derivative has recently been used to extend the proof
of the first law of black mechanics to supergravity, including the spinorial fields, in ref. [21].

A more mathematically rigorous (and complicated) treatment based on the theory of
principal bundles, that also applies to Yang-Mills fields, was given by Prabhu in ref. [22].2
Apart from the mathematical complexity, this approach cannot be used to handle higher-
rank form fields such as the Kalb-Ramond (KR) field. For this reason, in ref. [8] we
proposed a simpler alternative, based on the construction of covariant Lie derivatives of all
the fields with gauge freedom (a Maxwell field in the case of ref. [8]). This construction
is based on the introduction of momentum maps [12, 24] which play a crucial role in this
paper and which we will define later. The Lie-Lorentz derivative can also be seen as based
on the definition of a Lorentz momentum map.?

In ref. [27] we have shown how to use momentum maps to construct covariant Lie
derivatives in the Heterotic Superstring Effective action compactified in a torus at zeroth
order in /. The KR field of that theory contains Abelian Chern-Simons terms* which
induce Nicolai-Townsend transformations of the 2-form [28]. These terms modify the def-
initions of the conserved charges which ultimately appear in the first law of black hole
mechanics along the lines of the classical refs. [29-32].

In this paper we use the same technique quite extensively to deal with the variety of
fields and couplings that occur in the Heterotic Superstring effective action at first order
in o/ and prove the first law of black hole mechanics, identifying the entropy. As we are

See also ref. [13] for a more mathematically rigorous point of view.

2See also ref. [23] for a different point of view on this problem.

3In refs. [25, 26], momentum maps emerge as “improved gauge transformations”.
4Only the Kaluza-Klein and winding vector fields appear there at zeroth order in .



going to see, the entropy formula obtained is manifestly gauge-invariant and contains only
terms which are known and can be computed explicitly. This is the first entropy formula
proposed for this theory that satisfies all these properties. It allows us to compute reliably
the entropy of black hole solutions to first order in o/ and compare the result with the
entropy computed through microstate counting. As we will show in the last section, it
gives the same results as the non-gauge-invariant formulae used in refs. [7, 9, 33] in certain

basis.?

This confirms the values of the entropies obtained in those references, and shows
why, in spite of the manifest deficiencies of the entropy formulae used, we obtained the
correct result.

A very interesting aspect of the momentum maps is that they are related to the zeroth
law of black hole mechanics and its generalizations.® In the simplest case, the momentum
map associated to a Maxwell field can be interpreted as the electrostatic potential.” The
generalized zeroth law states that it is constant over the black hole horizon [36]. The
horizon’s surface gravity, which is the subject of the zeroth law, is also related to the
Lorentz momentum map. For higher-rank fields, Copsey and Horowitz [37] and, afterwards,
Compere [38] proved a restricted form of the generalized zeroth law (restricted because it
refers only to the bifurcation sphere) which follows from the closedness of certain differential
forms on it. In ref. [27] we proved that these closed forms are related to the momentum
maps and we will call these statements restricted generalized zeroth laws. Here we will
extend the results of ref. [27] to YM and KR fields and to the more complicated couplings
of the Heterotic Superstring effective action at first order in o’.%

The restricted generalized zeroth laws play a crucial role in the proof of the first law
and in the identification of the entropy and they are intimately related to the definitions
of conserved charges. In Wald’s formalism, the entropy is identified only after the terms
~ ®0Q have been identified in the first law. As in ref. [27], this identification requires the
addition and subtraction of several terms as demanded by the definitions of the charges Q
and the potentials ® on account of the restricted generalized zeroth laws. However, in this
case, some of the terms added and subtracted will be shown to contribute to the entropy.

This paper is organized as follows: in section 2 we introduce the effective action of
the Heterotic Superstring to first order in o’ and find how it changes under an arbitrary
variation of the fields, which allows us to determine the equations of motion. In section 3
we study how the fields change under gauge and general coordinate transformations. We
construct variations of the fields that vanish when the parameters of the transformations
generate a symmetry of the field configuration and we find the integrals that give the

"These results differ slightly from the results obtained in refs. [34, 35] using the Iyer-Wald prescription
in the higher-dimensional action before dimensional reduction. As pointed out in ref. [2], the dependence
on the Riemann tensor changes after dimensional reduction and the formulae in refs. [7, 9, 33] have been
found using the dimensionally-reduced action. The formula that we give here does not suffer from any of
these problems. See the discussion in section 7.

This was first noticed by Prabhu, albeit in a completely different language [22].

"The Maxwell momentum map is defined in a gauge invariant form, and so is the electrostatic potential.
This is in contrast wit the standard definitions of the electrostatic potential used in the literature.

8Some of these couplings have been discussed before in the literature, specially in ref. [39] (see also
references therein). See the discussion in section 7.



associated conserved charges. The conserved charge associated to the invariance under dif-
feomorphisms is the Wald-Noether charge. As we have discussed, the correct identification
of the conserved charges is essential to obtain for the correct identification of the entropy
in the first law. In section 4 we discuss the restricted generalized zeroth laws of this theory,
which also play an essential role in the proof of the first law. In section 5 we prove the first
law using the results obtained in the previous sections, which leads us to identify the Wald
entropy formula in section 6. Section 7 contains a discussion of our results, comparing
them with the existing literature.

2 The HST effective action at first order in o’

The Heterotic Superstring effective action can be described at first order in o as follows [3]:*
we start by defining the zeroth-order KR field strength H(® and its components H () pvp As

1
HO =¢B = gHWpdac“ Adzt N dxP (2.1)

where B = %Buudx“ A dz* is the KR 2-form potential. Then, if w® = wuabda:“ is the

Levi-Civita spin connection,!® we define the zeroth-order torsionful spin connections!!
(0) L0
Q(i) o = Wab £ §zbzaH , (2.2)

and their corresponding zeroth-order curvature 2-forms and Chern-Simons 3-forms

(0) ab __ (0) ab (0) a (0) cb
R = dQ)" — e A7, (2.3a)
0 _ p0)a ©s , 150 a ©0) b 0)
w(i)—R(i)b/\Q(i)a—l—BQ(i)b/\Q(i)c/\Q(i)a. (2.3b)

Next, we define the gauge field strength 2-form and the Chern-Simons 3-forms for the
YM field A4 = A4, dz# by

1
FA =dA? + 3 fecAB A AC (2.4)
1
wM = Fyn At - G fapc A N AB A AC (2.5)
where we have lowered the adjoint group indices A, B,C,... in the structure constants

far® and gauge fields using the Killing metric.
Then, we can define the first-order KR field strength 3-form as

/
HY = g0 4 & (wYM + wé(i))) . (2.6)

9We use the conventions of ref. [12], reviewed for the zeroth-order case in ref. [27]. In particular, the
b p b
relation with the fields in ref. [3] can be found in ref. [40].
107f ¢* = e*,dx* are the Vielbein, the spin connection is defined to satisfy the Cartan structure equation
De® = de® — w A e’ = 0.
HWe denote by 2, A the inner product of eq = €,y (ea“ebM = %) with the differential form A. If A is
a p-form with components A, .....,,, 2aA is the (p — 1) form with components e,” Avpy -, -



Its Bianchi identity takes the well-known form

O[/

1 = A 0) a 0) b
aHY == (FA nFA+ RO ARY) a) . (2.7)
Having made these definitions and adding the dilaton field ¢, we can write the Heterotic
Superstring effective action to first-order in o’ as
(d)2
SWe?, B, A%, ¢] = 95’7@ / e 2¢ [(—1)4—1 * (€ A e?) A Ry — 4dp A *dp
167Gy

/
+%H<1) AxHD + (_1)d% (FaAxFA 4 RO, A *R(O))ba)} (2:8)

(_
= /L(l).

Although this action is defined in 10 dimensions, we have left the dimension arbitrary
(d) because that allows us to use the results in other dimensions after trivial dimensional
reduction on a torus. In this action, G4 is the d-dimensional Newton constant and ggd)
is the d-dimensional string coupling constant, identified with the vacuum expectation value

of the exponential of the d-dimensional dilaton field ggd) =< ¢e? >. In solutions such as

black holes that asymptote to a vacuum solution at infinity e? — e?> =< ? >= ggd).
This is a very complex action. Due to this complexity and to the lemma proven in
ref. [3] which we will explain later, it is convenient to perform a general variation of the
action in two steps: first, we only vary the action with respect to the explicit occurrences
of the fields, where we define “explicit occurrences” as those which do not take place in the

(0)

torsionful spin connection Q(i). Then, we vary the action with respect to the occurrences

of the fields via Qg(i)) using the chain rule. All the occurrences of the dilaton and YM fields
are explicit, but those of the Vielbein and KR field are not, because they (and only they)

are present in Qg(i)).

Thus, setting ggd) 2(167TG§\C,D)*1 = 1 for the time being in order to simplify the formulae,

we find that under a general variation of the “explicit” occurrences of the fields, the action
transforms as follows:

5expS(1) = / {E(l) A de® + E(l) AOB + E((i)l)(;d) + ES)(SAA

exp a exp B (29)
1
+dOL) (¢, 590)} ,
where ¢ stands for all the fields of the theory,
Eg{)pa = e 20 % (e“ A e?) A Reg — 2D(1pde2?) A #(e° A €9)geq
+ (=1)4e72% (14dgp % dp + dp A 1q * d)
_1)d
+ L2 (1O A x4 1O p oy HO)
O[/
+ Ze_%’ (zaFA AxFA — Fy /\Za*FA
+2aRE(i))bc A *Ré(i))cb — REO_))bC A g * RE(l))Cb) (2.10a)



Bl p=—d(e 2 «HY), (2.10b)

exp B =

Eg(f)l) —8d (e—2¢ « d¢) — 2L | (2.10c)
u o —2¢ d,—2¢ 0 o’ )

By —-2 [D (7% % Fa) + (~1)% 2« HO Ny} - TBeps A Aa, (210d)

and

O (0, 0p) = —e72 % (% A €”) A dwap + 21ade™2? % (e A €¥) A Sy — 8e2? % dgpd

exp

/ 2.11
+e 2, HWASB + %e—% (*FA - % x* HO A AA> NSAL. (211)

An alternative form of the YM equations that arises in the calculations is
/ /
E) = —%D (7% Fa— e HONAY) + (—1)d*10‘ze*2¢ *HOANdA,.  (2.12)
Observe that neither the YM equations of motion transform covariantly nor is @833
invariant under YM gauge transformations. For the YM equations this is not a big problem
since the troublesome term is proportional to the KR equation of motion, but there is no
obvious fix for the pre-symplectic potential. Nevertheless, we will see that, in the end, we
will get gauge-invariant charges and, in particular a gauge-invariant Wald-Noether charge.
An important property of the HST effective action is that the YM fields and the
torsionful spin connection occur on exactly the same footing [41]. The variation of the
action with respect to the torsionful spin connection takes exactly the same form as the
YM equation, the only difference being the group indices and their contractions. Thus,

550 = [ (B, nber + B, 5 108 + B 66 + B 1544 4+ BO?, 5 o)

expa ex ) b
’ P 7 (213

+d0"(p,5¢) } |

where the variation with respect to the torsionful spin connection is given by

/
ny _ @ —2 (0)
E()a_—z{D(_)<e *xR

(_)ba) + (_1)de—2¢ *H(O) A Rg(i))ba} - ﬁ/E(l) A Q(O) b ’

or

/
E(l)ba _ _gDH (672¢*R(2) b _ 20 * HO A QO ba> + (_1)d712 « HO A g0
2 =) 4
and the pre-symplectic (d — 1)-form is given by

/
O (i0,3¢) = O (0, 60) + Fe > <*RE(1))% - % « HU A 95‘1))%) Ao, (2.16)
with @g,lgp(ap, dp) given in eq. (2.11).
The parallelism between the YM and torsionful spin connection terms also leads to

the same problems of non-covariance of EM?, and non-invariance of the additional term
in @),



An important difference between the equations of motion of these two connections
is that, according to the lemma proven in ref. [3], EM e, is proportional to o and to
a combination of the zeroth-order equations Ego),Eg) and Eg)). This means that field

configurations that solve the equations Eg()pa =0, ES()p =0, Ef;) =0 and ES) =0 are
solutions of the complete first-order equations, to that order in /. This crucial property
effectively reduces the degree of the differential equations to 2, avoiding the problems that

arise with dynamical equations that involve derivatives of the fields of higher order.

3 Variations of the fields

It is convenient to start by describing the gauge transformations of the fields and the
associated Noether identities to be able to compute the associated conserved charges. Af-
terwards, we will discuss the transformations of the fields under diffeomorphisms and the
associated Wald-Noether charge.

3.1 Gauge transformations

The fields occurring in the effective action eq. (2.8) transform under 3 kinds of gauge

transformations:
1. KR gauge transformations with 1-form parameter A, §5, which only act on B.

2. YM gauge transformations with parameter x*, dy, which act on the YM fields and

on B as Nicolai-Townsend transformations.

3. Local Lorentz transformations with parameter 0%, §,, which act on the Vielbein and
induce transformations of spin connections and curvature and which also act on B
as Nicolai-Townsend transformations.

The transformation rules are

bpet = o%el (3.1a)

5, AY = Dy = dx? + frct ABXC, (3.1b)
/ /

5B = (65 + 0y + 6,)B = dA — %XAdAA - %aabdgg?)ba . (3.1c)

The induced local Lorentz transformations of the connections are

Spw = Do = do® — 2l oIt (3.2a)

509?1))(11; _ DE})Jab — do® — QQE?)) [a\cgc\b} ’ (3.2b)

and the transformations of the curvatures are

6 FA = —xP fpcFC (3.3a)
6, R = 205l9l RV (3.3b)
0o R = 20lel R (3-3¢)



Finally, for the sake of completeness and their later use, we quote the gauge transfor-
mations of the Chern-Simons 3-forms

™M = O4/d (xada™) (3.4a)
5r”) = + % (57,000 | (3.1b)
and the Ricci identities
DDXA = — fpcXPFC =6, F*, (3.5a)
D\ DY 0 = 2R [l ot = 5, RV b (3.5b)

The exact invariance of the action SV in eq. (2.8) under the above gauge transforma-
tions leads, in a rather trivial way, to the following Noether identities [40]

dE) =0, (3.6a)

DE\ + (—1)d—1ij${LB NdAy =0, (3.6b)

DO BV + (—1)d1ZEg§;B n ), =0, (3.6¢)

BDl A el 4 Z/E&LB A dQ©O® 1 (—1) 1D EM b = 0. (3.6d)

Eq. (3.6¢) is just a particular case of eq. (3.6b) with adjoint Lorentz indices. Further-
more, the last two identities imply the symmetry of the Einstein equation, which in the
language f differential forms and Vielbeins, is expressed in the form

EQ A =0. (3.7)

3.2 (Gauge charges

For the sake of simplicity, we are going to start by the charge associated to the §, trans-
formations, that we are going to call Kalb-Ramond charge.

3.2.1 Kalb-Ramond charge

Let us consider the transformation of the action eq. (2.8) under the gauge transformations
§x. Taking into account that this symmetry only acts on B,'? egs. (2.13) and (2.16) we get

A5 = / [BY) y AdA+d[e « HV pdA]} . (3.8)

exp

Integrating by parts the first term and using the Noether identity eq. (3.6a)

580 = /d{(—ndEgjpB AA+e 2 HD A dA} = /dJ A]. (3.9)

12YWe consider the variation of the torsionful spin connection to be zero under this transformation.



Since 6,SM) = 0, the integrand must vanish, which means that J [A] must be locally
exact. Indeed,

J[A] = dQ[A], with Q[A]=AA (e % HD) . (3.10)

Integrating the (d — 2)-form Q[A] over (d — 2)-dimensional compact surfaces Sg_o for As
that leave the KR field B invariant we get conserved charges associated to those As. These
As are simply closed 1-forms.'> The Hodge decomposition theorem allows us to write
each of them as the sum of an exact and a harmonic form that we denote by A, and Ay,
respectively. On-shell, the exact form A, = dX will not contribute to the integral and the
charge will be given by

Q(A) = Ap A (e‘2¢ *H> : (3.11)

Sa—2

Now we can use duality between homology and cohomology: if Cy, is the (d — 3)-cycle
dual to Ay, we arrive at the charges

(d)2

Q(Ay) = _987@/ e 2% H (3.12)
167Gy /Cu,,

where we have recovered the factor of ggd) 2(1676’%))*1 and added a conventional sign.

3.2.2 Yang-Mills charge

Now, let us consider the charges associated to the YM gauge transformations d,. Again,
from egs. (2.13) and (2.16), taking into account that this symmetry acts on the YM fields
A but also on the KR 2-form B, we have

5,80 = / {E&LB NS B+EY) A6,A%

' (3.13)
+d {e% * HY A6, B+ %e*% (*FA - % *HY A A A) A 5XAA} } :

The parameters y** that we will use are those that preserve the field configuration,
leaving A4 and B invariant. The YM fields are left invariant by covariantly constant y“s,
i.e. s that we will denote by xk* satisfying

Drt =0. (3.14)
We can call these parameters vertical Killing vector fields from he principal bundle point of

view, with the standard Killing vectors of the base manifold playing the rdle of horizontal
Killing vector fields.

3Here we follow refs. [37, 38]. This discussion is identical to the discussion we made for the zeroth-order
case in ref. [27].



The integrability condition of the vertical Killing vector equation is, according to
eq. (3.5a),

6. FA = —fpckBFC =0, (3.15)

so they also leave the field strengths invariant, as expected.

The vertical Killing vector fields x%s will not leave B invariant, though, but we can
rewrite the transformation in the form

O/

/ /
6.B = —ZKAdAA = —%F&AFA +d (ZMAA> . (3.16)

Now we observe that, due to the YM Bianchi identity DF4 = 0, k4 F4 is a closed 2-form
and, locally, there is a 1-form W, such that

AU, = —ksFA, (3.17)

and which we will call vertical YM momentum map.'*

Then, we define the parameter of a compensating A transformation

/ Oé/

(0
Ay =50y~ ZXAAA’ (3.18)

where U, is a 1-form such that, when x4 = k4 (i.e. when it is a vertical Killing vector field),

it satisfies eq. (3.17). Combining the original J, transformation with the compensating dx,
transformation we find a new 6, B that vanishes for covariantly constant xAs:

o o
S B=-5 (A0, +xaF?) - TDxanAt. (3.19)
The vanishing of §, B for covariantly constant x“s is gauge invariant because
0yr0y ~ Dx. (3.20)

Substituting the transformation eq. (3.19) and the standard gauge transformation of
the YM fields into eq. (3.13) we get

/ / /
5,80 = / { Y ADA +EL) 5 A [—d (O;\IJX + ZXAAA> - (ZXAdAA}

/ / /
+d {62¢ « HD A {—d (‘;‘xpx n aXAAA) — % adAd (3.21)

4 4
a/ 1 A
+5672¢ (*FA ~ 3 x HD A AA) A Dx }} .

1 Compare this equation with the equation satisfied by the standard (horizontal) YM momentum map
eq. (3.43).

~10 -



Integrating by parts the first terms and combining the different terms in an appropriate
way we can rewrite the variation in the form

o
5XS(1) = / {(_1)dXA (DES) (_1)d—1ZE${LB A dAA>
/

o o A 0
B (2% + Txad ) NED,

/
+d{(—UdIXA(ES)+(—1ﬂjfz2¢*H“DAdAA)

o o A 0
_ <2\le + g xad ) NED) 5

(3.22)

o o
+e 2 xHD A |—d (2\I/X + 4XAAA)

! 1
+%e‘2¢ <*FA -3 *x HD /\AA> /\DXA}} .

The terms in the first and second lines vanish identically because of the Noether identities
egs. (3.6b) and (3.6a), respectively, and we arrive at

/
<&S“):i/d{(—Dd%xA(ES)+(—1ﬂjff2¢*HﬂnAdAA>

o o 0
- (2‘1’x + 4XAAA) NEG) 5

/ /
—d ((;\Ifx + ZXAAA> A (725 HIO) (3.23)

! 1
+%e*2¢ (*FA -5 *x HD /\AA) /\DXA}
;/mm.

The same arguments we made in the previous case lead to the existence of a (d—2)-form
Q[x] such that J[x] = dQ[x]. The (d — 2)-form is given by

Q] = —(—1)d02/ {e72 5 (=X Fa) + (D) 0 A (e HO) (3.24)

For Abelian vector fields the ks are constant and ¥,, = k4 A* (up to a total derivative)
and we recover immediately the Q[x] found in ref. [27]. On the other hand, when we change
U, by a total derivative, Q[x] is invariant on-shell up to a total derivative which will not
contribute to the charge which is now given by the integral

(d)2 /
_ 9 _1d [ -2 _1\d —2¢ (0)
Qlk] = / 1 *dU, + (=), A * H , 3.25
= oG il )5 {e (1) A (e )b (329)

where we have made use of the definition of the vertical momentum map V¥, in eq. (3.17).

- 11 -



3.2.3 Lorentz charge

Let us now consider local Lorentz transformations. As we have stressed repeatedly we can
treat the local Lorentz transformations and the torsionful spin connection in parallel to the
YM gauge transformations and the gauge fields. The only difference is the presence of one
additional term in the Lorentz case: the Einstein-Hilbert case. If we follow the same steps
as in the YM case we arrive to

/
Qo] = (—1) e 2% (e Ne") gy — (—1)d% {e72% (=0 RO, ) 4 (= 1) T, A (e 205 H )
(3.26)
where II, is a 1-form that becomes a vertical Lorentz momentum map when the Lorentz
parameter 0%, = k%, a Lorentz parameter that generates a symmetry of the field configura-
tion, i.e. a vertical Killing vector. This happens when the Vielbein and the spin connection
are left invariant

k% =0, (3.27a)
Dr% =0. (3.27D)

These two conditions imply the invariance of the torsion %zbzaH (0) Hence, they also implies

the invariance of the torsionful spin connection QE‘?)%,

D%, =0. (3.28)
These conditions can be used to modify the transformation of the KR field so that it
is also left invariant, as we did in the YM case. We just quote the final form:

/

-« a p@b ) Y0 a 0) b
6B =~ (dlls + k4 RO)"0)) = 7DD 0% A, (3.29)

where the vertical Lorentz momentum map Il is such that, when %, = k%

T, = 5 R\, (3.30)

The conserved charge is the integral of the (d — 2)-form eq. (3.26) for vertical Killing
vector fields k%, satisfying egs. (3.27) and (3.27b). The first condition annihilates the first
term, corresponding to the Einstein-Hilbert term in the action but the rest of the terms
survive in this case and we get the non-vanishing Lorentz charge

(d)2

_ 95 a2 Y 26 77(0)
Q[K]_mm%) Sd_z{( 1)'3 [e wdIL, + (1) H,d\(e * H )}} (3.31)

In the proof of the first law we will find the integral of (d — 2)-form eq. (3.26) for a
Lorentz parameter that satisfies eq. (3.27b) only. This integral give, precisely, the entropy.
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3.3 The transformations under diffeomorphisms

Now we turn our attention to the diffeomorphisms. Our treatment is similar to the treat-
ment of the ¢, gauge transformations, although the use of compensating gauge transforma-
tions admits a more general justification in terms of the gauge covariance of the modified
transformations (covariant Lie derivatives). Since we have discussed these modifications
at length in refs. [8, 27] we will only discuss the aspects not covered there: torsionful spin
connections, non-Abelian gauge fields and the more complicated transformations of the
KR 2-form.

In this section k will always be a (horizontal) Killing vector which generates a symmetry
of the complete field configuration.

3.3.1 Lie-Lorentz derivatives

The transformations of the Vielbeins, the Levi-Civita spin connection and its curvature 2-
form have been discussed in refs. [8, 27], but it is convenient to adapt some of the formulae
to the torsionful spin connection. They are generically given in terms of the Lie-Lorentz
(or Lorentz-covariant Lie derivative refs. [11, 12, 14-17]) by é¢ = —LL¢. Therefore, we will
continue this discussion in terms of the latter.

The parameter of the compensating local Lorentz transformation that appears in the

Lie-Lorentz derivative of Qg(i))ab is still given by

0% = 1™ — vieghl | (3.32)

(0) ab

but it is useful to rewrite it using €2 in the covariant derivatives. Due to the complete

antisymmetry of the torsion, it takes the simple form

o™ = 10" = D) lng!). (3.33)
Observe that the presence of fully antisymmetric torsion does not modify the Killing
equation'®

2D o&n) = 0. (3.34)

Notice that egs. (3.33) and (3.34) are completely independent of H(®) even if we have
(0)

formally rewritten them in terms of the torsionful spin connection Q(i).

The Lie-Lorentz derivative of the torsion i, H ©) follows the general formula while
that of the Levi-Civita connection w® is given by

Lew™ = £ew™ — Do, (3.35)
and, therefore, it is easy to see that

0) ab 0) ab 0 a
ngg_)) - ,egszg_)) —D((_))Jé b, (3.36)

and it is equally easy to see that it can be rewritten in the form

ab ab a
L@\ = 1RO + D) Py, (3.37)

15The presence of generic torsion does modify the Killing equation.
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with
ab — 1(0) [asb
Py =D e (3.38)

The identity

v p(0)  ab (0) ab 0 [a (ob b 3 v\ Lap bo
&R, P+ DY) P = DY) (vlgu+vugl)—§v[u| (e H),) et (3.39)

(0) ab

proves that (55(25(1))‘16 = —}LgQ( ) vanishes when £# = k*, because, in that case,

- szEE))“” - DEO_))P(_)kab . (3.40)
Because P(,)k“b satisfies this equation, we will call it the horizontal Lorentz momentum
map associated to the torsionful spin connection.

k, then, generates a diffeomorphism that leaves the metric invariant and the KR 3-form
field strength.

Again, P(_)gab is a Lorentz tensor and 5§Q§(i))ab = —LgQE(l))ab is a Lorentz tensor,

although Qg(i))ab is a connection. When it vanishes, it vanishes in all Lorentz frames.

3.3.2 Lie-Yang-Mills derivatives

Since the spin connection is just the connection of the Lorentz group, this case is very
similar to the previous one, the main difference being that the YM fields are fundamental
fields while the spin connection is a composite field. Apart from this, in many (but not all,
because of the absence of a YM analogue of the Vielbein) instances we may just apply the
same formulae with the sole change of the adjoint group indices, as we are going to see.
In order to find the gauge-covariant Lie derivative of YM fields it is convenient to
consider the Lie-Lorentz derivative of the curvature tensor first. In this case, since we do
not know the form of the parameter of the compensating gauge transformation, we can
simply consider the standard Lie derivative of the gauge field strength 2-form defined in
eq. (2.4):
LeFA = (1ed + dig) FA = Do FA — fpetie APFC (3.41)

where we have used the Bianchi identity DF4 = 0.
When & = k this expression should vanish up to an infinitesimal gauge transformation
with some parameter that we denote by x*. Then,

D’LkFA = fBCA (Zk;AB + )ZkB) FC = fBCAPkBFC , (3.42)

which, upon use of the Ricci identity eq. (3.5a), can be solved by a P, that we call the
(horizontal) Yang-Mills momentum map satisfying the equation

—yF4=DPA. (3.43)

Eq. (3.40) is nothing but a particular case of this equation for which the momentum
map is explicitly known. This happens because we know how to express the gauge field in
terms of a more fundamental field (the Vielbein). In general, the general form of Pp4 is
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not known but is determined up to a covariantly-constant gauge parameter. We will use a
PSA which is undetermined except for the fact that it reduces to P, satisfying eq. (3.43)
for Killing vectors.

Now, we can use as a definition of the Lie-Yang-Mills derivative of F4 the following
expression which is guaranteed to vanish when £ = k on account of eq. (3.42):

LeFA = Dy P4 — fpe* PP FC = £, FA — 6, FA, (3.44)
where the gauge compensating parameter X&A is given by the (now usual) expression
xet = 1AM — PA. (3.45)
The Lie-Yang-Mills derivative of the gauge field is then
LeA? = £.A% — Dy = 1. FA + DPA, (3.46)

and, by construction, it vanishes automatically when ¢ is a Killing vector field k* and P4
is the momentum map satisfying eq. (3.43).

3.3.3 The Kalb-Ramond field

The parameters of the compensating YM and local Lorentz transformations of the KR
field are the same transformations XgA and Jéab that we perform on other fields with
YM and Lorentz indices, given by eqgs. (3.45) and (3.32). Thus, if we want to construct
a transformation of this field under diffeomorphisms that annihilates it when & = k by
combining its standard Lie derivative with gauge transformations, the only gauge parameter
we can still play with is the 1-form A because the rest are already completely determined.

We have

5§B = — £§B —+ (5/\5 —+ 6X§ + 5U§)B
o Lo (3.47)
ZU& bdQEJ) a -

Again, it is convenient to start by considering the transformation of the 3-form field

/
= — LeB+dAe — O‘ngAdAA -

strength H®) defined in eq. (2.6) under diffeomorphisms, because it is gauge invariant:

5§H(1) - _ £§H(1)
= —1edH" — di 'V (3.48)

/
_ ) _ @ A (0) (0) b
where we have used the Bianchi identity eq. (2.7).
When & = k we can use egs. (3.40) and (3.43), integrate by parts, and use the Bianchi
identities for the curvatures, getting:

/
S HW = — dyp HOD 4 % (DPean FA+ Dy Py AR )
(3.49)

_ 1 o A a p0)b
——d[ZkH()—2<PkAF +P(—)k bR(_) a)] .
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By assumption, the above expression must vanish identically. Therefore, locally, there must
exist a gauge-invariant 1-form, the horizontal Kalb-Ramond momentum map Py, satisfying

O/
—HO ¢ 5 (Pk AFA 4+ P kabRE‘?)ba) — dP,. (3.50)

Then, if we apply the rule of thumb that the parameter of the compensating gauge trans-
formation is the inner product of the vector that generates the diffeomorphisms with the
“connection” (here B) minus the momentum map (here some 1-form P that in this case
satisfies eq. (3.50) when £ = k)

Ag = ZfB - P£ 5 (351)

we arrive at the following candidate for é¢B:

/
0B =— £¢B +dA¢ — O‘Z (xeadA? + 0¢%d0")')

/
=— Z£H(1) — % (AA N ZgFA + Qg(l))ab A\ ZgRE(l))ba> (3.52)

/
_ ﬁ A a (0)b
AP+ 7 (PeadA™ + Py ehad)a) -
Let us see if, with this definition, §;z B = 0. Using egs. (3.50), (3.43) and (3.40) we get,
instead of zero, a total derivative

/
opB = — azd (Pk AN+ P(—)kabQE[i))ba) ; (3.53)

which we can simple absorb in redefinition of A¢ in eq. (3.51):

’
Ag = ZgB — Pg + O[Zd (PgAAA + P(,)éabQE(i))ba) . (3.54)

With this new parameter,

o A o a 0)b
5§B = —£§B + dAg — ZXgAdA — ZO'g bdQE,)) a

a/
S [ng(l) -5 (PeaFt+ POyehROYs) + dpg}
/

- A (0)
+ 7 (AA noeA* + )

(3.55)
a 0)b

s N3 )a)
= —LgB s

that vanishes identically when £ = k by virtue of the definition of the KR momentum map
eq. (3.50) and of d¢ A4 = 559@)% =0.

The behavior of this variation under gauge transformations is far from obvious. A
direct calculation gives

/

Ssaugelc B = O‘Z (dxa A deA” + oy A 6e02(0a) (3.56)
with 55AA = —IL,gAA with the Lie-Yang-Mills covariant derivative given by eq. (3.46) and
with 5598))“1) = —LgQEO_))ab, with the Lie-Lorentz derivative given by eq. (3.37). There-

fore, although the J¢B defined above is not gauge-invariant, ;B vanishes in a gauge-
invariant way.
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3.4 The Wald-Noether charge

Now we consider the variation of the action S(!) given in eq. (2.8) under the transformations
d¢ = —Lg¢ for all the fields, where L¢ is the gauge-covariant derivative, which for the Vielbein
is given by [§]

]Lgea =DEY + Pgabeb , (3.57)
for the torsionful spin connection in eq. (3.37), for the YM fields in eq. (3.46) and for the

KR field in eq. (3.55).
From eq. (2.13)

555(1) / {Eg{%}a (szea + Pgabeb) + Eé)l)qub
1 0)a a
+ E(A) A (ZEFA + DP&A) + E(l)ba N (ZgREJ) b+ 'D(_)P(_)g b)

1 o 0
+EY oA [Z§H<1) + 7 (A4anagF? + 0

a )b
exp B A ZfR a)

) (=)

o A a 10(0)b (0)b
,Z(PgAdA +P(_)5 bdQ( ) a ) +d{ ng<P§AA +P( )€ bQ( ) a )
—d@(l)(% 6590)} 3

(3.58)
where ®W (¢, 6¢0) is given by

oW (y, 5e0) = e 225 (e Ne?) A (16 Rap+D P ap) — 20ade™ 2 x (e Ae®) A (Drgey+ Pepee”)
+8e 2 xdgnede

_ 0)a
—e 2¢*H(1) {’LSH(I)—G— (AA/\ZfFA—FQE )) b/\lgRE )) )

o A o 16(0)b
— T (PeadA?+P)¢"a?),) +d

A a (0)b
Pg—z (PgAA -l-P(,)g bQ(_) a)} }
! 1
— %e*%’ (*FA— §*H(°) ANA A) A (Z§FA+DP5A) :
o a5 pOb 1 0,00 b (0)a o
-5 (*R(_) a5 *HO N, A(1eROV v+ D Pe) - (3.59)
Integrating by parts and using the Noether identities egs. (3.6a), (3.6b), (3.6¢), (3.7)
and the Noether identity associated to the invariance under diffeomorphisms

(—1)DEY, e +EL) s ne HO+Eed

expa exp

AQ0P

4 exp B (—) @

+(E§P+E() AAA)AZ§FA+<E<> @ g0 )

4 exp B

) /\ZgR(O)ab =0,

we can see that the volume term in the variation of the action eq. (3.58) reduces to another
total derivative

550 = [ 40 (p,de) (3.61)
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with

O (p,dep) = OW (i, 5¢)
+ (~1)BY, e + (1) EL p AP

expa e

/
b (B0 B, 0y 2 362

O/ 0 0)b a
+(—1)¢ (E(l)ba + ZngiaB A QE—)) a> Pyes -

The usual reasoning leads us to the off-shell identity
dIMg =0, (3.63)

where

IV = 0N (¢, dep) + 2L, (3.64)

and to the local existence of a (d — 2)-form QM [¢] such that JM[¢] = dQM[¢].
A straightforward calculation leads to the fully gauge-invariant Wald-Noether charge

QUE] = (~1)% % (& A e?) [ Py — 2tade™06)

+ (1)d‘102/ [Peac™ A4+ POy (e % RO )] (3.65)
— Pf A (6_2¢ * H(l)) s

which is one of the main results of this paper.

4 Restricted generalized zeroth laws

One of the main ingredients in Wald’s approach to the first law of black hole mechanics
is the zeroth law stating that  is constant over the horizon [36]. Originally, this law was
proved using the Einstein equations and the dominant energy condition (see, for instance,
ref. [42]) but a completely geometrical proof was presented in ref. [43].

In presence of an electromagnetic field one also needs to use the generalized zeroth
law that guarantees that the electrostatic potential is also constant over the whole horizon.
There is no purely geometrical proof of this law, though, and the standard proof also makes
use of the Einstein equations and of the dominant energy condition. In ref. [27] we have
explained how this proof can be extended to a theory containing an arbitrary number of
Abelian vector fields and the KR field coupled to them via Chern-Simons terms. Essentially
one gets a sum of non-negative terms containing the contribution of each field, and each
of them has to vanish. Extending this proof to the non-Abelian case is possible, as long
as we restrict ourselves to a gauge group with definite positive Killing metric because one
gets sums of non-negative terms. However, the Rg(i)f term of our theory is of YM type,
but with non-definite Killing metric because of the non-compactness of the Lorentz group
and the proof cannot be extended to this case in a straightforward manner.

It is, however, possible to prove the first law in bifurcate horizons if one can proof gen-
eralized zeroth laws for the matter fields restricted to the bifurcation sphere BH where the
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Killing vector associated to the event horizon, k, vanishes identically. These restricted gen-
eralized zeroth laws state the closedness of certain differential forms on BH. The definitions
of the potentials as certain constants follow from them as we are going to explain.

Assuming all the fields are regular over the horizon, it is clear that the inner products
of their field strengths with & must vanish on BH:

wdo 20, (4.1a)
wH 20, (4.1b)
wkA 2, (4.1c)
wR\% Bty (4.1d)

Eq. (4.1a) is actually true over the whole spacetime, by assumption. From eq. (4.1c)
and the definition of the YM momentum map P4 we find that

ppt

0, (4.2)
which tells us that the horizontal YM momentum map P? is, at the same time, a vertical
Killing vector field on BH. This is what is needed in order to have an associated conserved
charge there (see the discussion in section 3.2.2).

Analogously, from eq. (4.1d) and the definition of the momentum map P_),%, eq. (3.40)
we get

p Py 2o, (4.3)

which tells us that the horizontal Lorentz momentum map P* is, also, a vertical Killing
vector field on BH.

Observe that the last two equations have as a consequence the existence of the gauge-
invariant 1-forms ¥p_and IIp, defined by

dllp, 2 P(—)kabRE(i))ba ) (4.4a)

dvp, 2 p AP (4.4b)
The closedness of the right-hand sides of these equations on BH, which guarantee the local
existence of Wp, and IIp, there are the restricted generalized zeroth laws for the YM and
torsionful spin connection fields.

Finally, from eq. (4.1b) and the definition of the KR momentum map eq. (3.50) plus
the above two equations that define ¥p, and IIp, we get

/

« BH
d Pk—E(\I/pk—I—HPk) =0, (45)

which is the restricted generalized zeroth law of the KR field.
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5 The first law

Following Wald [5], we start by defining the pre-symplectic (d — 1)-form [4]

WM (g, 81,020) = 510 (10, 6200) — 5201 (i9,6190) , (5.1)
and the symplectic form relative to the Cauchy surface %
QW (p, 610, 02¢) = /Zw(”(so,éméw) : (5.2)

When ¢ is a solution of the equations of motion E, = 0, d1¢p = dyp is an arbitrary
variation of the fields and d2¢p = 0¢¢ is their variation under diffeomorphisms [6]

WM (p,00,8¢0) = 630 + die @)’ = 6dQMV[¢] + dre®)’, (5.3)

where, in our case, the Noether-Wald (d—2)-form charge Q) is given by eq. (3.65) and @' is
given in eq. (3.62). Since, on-shell, 0 = @)’ we have that, if dp satisfies the linearized
equations of motion, dQM = d6QW). Furthermore, if the parameter ¢ = k generates a
transformation that leaves the field configuration invariant, dz¢ = 0,'¢ linearity implies
that w® (@, dp, dpp) = 0, and

d (6QWK +u0W’) = 0. (5.4)

Integrating this expression over a hypersurface > with boundary 4% and using Stokes’
theorem we arrive at

/52 (5QU[K +10") =0. (5.5)

We consider field configurations that describe asymptotically flat, stationary, black-
hole spacetimes with bifurcate horizons H and the Killing vector k is the one whose Killing
horizon is the black hole’s event horizon. k, then, will be given by a linear combination
with constant coefficients (2" of the timelike Killing vector associated to stationarity, t#0,,
and the [3(d — 1)] generators of inequivalent rotations in d spacetime dimensions ¢,

=t Qg (5.6)

The constant coefficients 2" are the angular velocities of the horizon.

The hypersurface ¥ to be the space bounded by infinity and the bifurcation sphere
BH on which k = 0, so §% has two disconnected pieces: a (d — 2)-sphere at infinity, S92,
and the bifurcation sphere BH. Then, taking into account that £k = 0 on BH, we obtain
the relation

5[ QW = /S . (5QUE] + 00 ) (5.7)

BH
As explained in refs. [6, 38], the right-hand side can be identified with M — Q™§.J,,,
where M is the total mass of the black-hole spacetime and .J,, are the independent compo-

nents of the angular momentum.!”

Notice that our goal in section 3.3 was, precisely, to construct variations of the fields 0¢ with that
property.

"When the spacetime has compact dimensions, the d-dimensional mass M is a combination of the lower-
dimensional mass and Kaluza-Klein charges. The details depend on the compactification and will be studied
elsewhere.
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Using the explicit form of QM[k], eq. (3.65), noticing that —2i,de= 2%k, B2 () and
restoring the overall factor ggd) Q(IGWG%))*I, we find

(d)2

5[ Qip =2 5/ (—1)%2% (% A €¥) Pyap
BH 167G Jsn
i )Y p e, (e« R)A)
167TGS$) BH 2 ) (58)
ggd) ? i1 —2¢ A
+ B [ () R F
167Gy~ /BH 2

(d)2
gs —2¢ 1
167G /e

The right-hand side of this identity is expected to be of the form T'9.S + ®JQ for some
charges Q and potentials . However, when we compare the third and fourth integrals in
the right-hand side with the definitions of the YM and KR charges egs. (3.25) and (3.12)
we see that some terms are missing in the integrand of the first and that, in the second,
there is no closed or harmonic form in the integrand, since the horizontal KR momentum
map is not necessarily closed on BH. We found a similar problem in ref. [27] and the
solution is essentially the same: add and subtract the same term in different integrals in
order to complete the integrand of the definition of YM charge and in order to construct a
1-form which is closed in BH.

The 1-form which is closed on BH and which contains P, follows from the restricted
generalized zeroth law of the KR field, eq. (4.5). We must add a term —%I\I’pk to the
fourth integral and subtract the same term to the third, which now contains all the terms
associated to the YM charge because of the restricted generalized zeroth law eq. (4.2).
However, eq. (4.5) also tells us to add another term —%/Hpk to the fourth integral and
we can only compensate by subtracting it to the second. This completes the closed 1-
form in the fourth integral and completes the integrand of the Lorentz charge according to
eq. (3.31) and thanks to the restricted generalized zeroth law eq. (4.3).

The result of these additions and subtractions is

(@2
5[ QW = % (d)a/ (—1)% 2% % (% A €?) Py
BH 116Gy Jin

(@2

Js a-1¢ —2¢ d —2¢ (0)
+ -9 -1 — le *xdllp, + (=1)TIp, A (e * H
167G WV | ot (DA )]

(d)2 /
+- 5 (—1)“% |72 % dBp + (~1)"Wp A (720 % HO)|

167G\ Jon

(d)2 /
s « _
- m - {Pk -5+ Hpk):| A xHD) (5.9)
N
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where ¥ p, and IIp, satisfy eqs. (4.4b) and (4.4a), respectively, whose integrability is guar-
anteed by the fact that the YM and Lorentz momentum maps are covariantly constant on
BH (the restricted generalized zeroth laws).

Now, let us assume that the particular field configuration under consideration admits

a set of covariantly constant YM parameters on BH that we label with an index I, x4

A BH
4 B

DA o, = pAR elkd, (5.10)

where the constants ® will be interpreted as the potentials associated to the YM charges
Q; computed with the parameter x4 eq. (3.25)

_ _Gs d—1 o —2¢ d —2¢ (0)
Qr = Qlkr] = —— (=D —le *d¥Ur+ (1)U A (e * H , (5.11)
167TGS\C;) BH 2 [ ( )}

where
AU = —kpAFA. (5.12)

As a result, the third line in eq. (5.9) becomes ®/§Q;.
Now, following refs. [37, 38|, as a consequence of the KR restricted generalized zeroth
law eq. (4.5), we can write (Hodge decomposition)

/

Pe— 5 (Up +11p) Z de + @'y, (5.13)

where e is some function, the Aj; are the harmonic 1-forms of the bifurcation sphere and
the ®' are constants that can be interpreted as the potentials associated to the KR charges

Q; = Q(Ap) eq. (3.12)
(d)2

o — / e 2% H (5.14)
167G\ Jou,,
where C}, , is the (d — 3)-cycle dual to the harmonic 1-form Ay ; in BH.

As a result, the fourth line in eq. (5.9) becomes ®'5Q;, and we are left with the first
two, which are linear in the Lorentz momentum map P, which, on BH, is given by kn®,
where n? is the binormal to the horizon. The terms in those two lines must, therefore, be
interpreted as those giving rise to the term 795 in the first law

M =T8S + 16Qr + 16Q; + Q"6J,, . (5.15)

6 Wald entropy

It follows from the results of the previous section that the entropy is given by

gs - a o 0 a o/
S =(-1)2 @ / e 2 { [*(e Aeb) + 5 *Rg_)) " ngp + (—1)d5Hn A *H(O)} , (6.1)
8Gy /BH

where we have defined the 1-form II,, (vertical Lorentz momentum map associated to the
binormal) on the bifurcation sphere

art,, 3 R "y, (6.2)
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This is the main result of this paper, which we will discuss in the next section. It is
worth stressing that the term that involves II,,, and which has been shown to give an impor-
tant contribution to the entropy of well-known black-hole solutions refs. [7, 9, 33-35] occurs
in the entropy formula just to cancel an equivalent term that we had to add to get the
correct definition of the KR charge and the associated potential. Without a detailed knowl-
edge of the conserved charges, the restricted generalized zeroth laws and the potentials
associated, the presence of that term in the entropy formula could not have been guessed.

7 Discussion

In this paper we have derived an entropy formula for the black-hole solutions of the Het-
erotic Superstring effective action to first order in o’ using Wald’s formalism [4, 5] taking
carefully into account all the symmetries of the theory. As a result, our entropy formula
eq. (6.1) is manifestly gauge invariant. In particular, it is manifestly invariant under local
Lorentz transformations.

It is interesting to compare this result with the one that would follow from the direct
(and naive) application of the Iyer-Wald prescription [6]. The first two terms in eq. (6.1)
can be obtained from eq. (2.8) by varying the Einstein-Hilbert term and the R%i) term
with respect to the Riemann curvature tensor, but the third term cannot be obtained in
that way from the H? term. As stressed in refs. [7, 9, 33], the variation of this term with
respect to the Riemann tensor gives a term of the form

o _ 0) a
T (QEJ) bnab) A<HO (7.1)

which is not Lorentz-covariant. The coefficient of this term differs from the last term in
eq. (6.1) if we associate II,, to Qg(i))“bnab, which is the right thing to do as we are going
to show. But this coefficient changes after dimensional reduction, as observed in ref. [2].
The explicit calculation in ref. [33] shows that the right coefficient is the one that arises
after dimensional reduction,'® but, certainly, there are ambiguities in the way in which the
Chern-Simons terms are defined in lower dimensions.

It is interesting to observe that because Dngp BH 0,

dit, 0 d (0 Pngy) + 0% A QP Png, (72)

For the non-extremal Reissner-Nordstrom black hole of ref. [44], whose o’ corrections
were computed in ref. [33], the second term vanishes identically in the tangent space basis
used (see appendix C). This shows that, in that basis, our entropy formula and the entropy
formula obtained via the Iyer-Wald prescription (after dimensional reduction) give the same
result. Of course, our formula is valid in any basis.

Our entropy formula seems to differ from the entropy formula obtained in ref. [45], but
a detailed comparison is not possible since that formula contains undetermined parameters

8The entropy calculated in this way satisfies the first law or, equivalently, the thermodynamic relation
oS 1

oM~ T
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that guarantee its invariance under Lorentz transformations. In ref. [45] it was argued
that those undetermined parameters do not contribute to the entropy in certain cases but,
without an explicit expression, it is difficult to understand why or when this may happen.
Furthermore, as we have shown, the identification of the entropy formula can only be made
after the first law of black hole mechanics has been proven, and this requires a careful
identification of the conserved charges of the theory: some terms (the one involving II,,)
occur in the entropy formula only because they are needed to compensate other terms that
have to appear in the correct definition of the KR charge. This analysis was simply not
carried out in ref. [45].

Our entropy formula (the contribution due to the presence of Lorentz- or gravitational
Chern-Simons terms in H™M) also differs from the one found in ref. [39]. Observe that
eq. (40) in ref. [39], similar to the terms contained in the formulae derived in refs. [7, 9] and
to eq. (7.1) is not covariant. Thus, it may only give the right result in certain basis, if at
all.'? The problems in the derivation of ref. [39] are having overlooked the KR conserved
charge and the determination of the gauge parameters that generate symmetries of the
complete field configuration.

Finally, it is interesting to note that the entropy formula looks like the charge asso-
ciated to the Lorentz transformations generated by the binormal to the horizon. These

(0)

transformations preserve the connections w and §2;, on the bifurcation sphere, but they
do not preserve the Vielbein, as we assumed in section 3.2.3 (eq. (3.27)), which produces
an additional term associated to the Einstein-Hilbert term.

The main use of the entropy formula that we have found is to put in solid ground
the calculations of the macroscopic entropies of o/-corrected black holes, an ineluctable
condition for a fair comparison with the microscopic ones. More o'-corrected solutions will
be available to this end [47]. As mentioned in the introduction, another necessary ingredient
for this comparison is the correct identification of the relation between the charges of the
black hole and the branes in the string background. These results and those of our previous
work [27] single out a very precise definition of the conserved charges, which turn out to be
of Page type, conserved and gauge-invariant under the assumptions made. This fact should

shed light on this problem and we intend to pursue this line of research in future work.

Acknowledgments

TO would like to thank G. Barnich, P. Cano, P. Meessen, P.F. Ramirez, A. Ruipérez and
C. Shahbazi for many useful conversations and their long-term collaboration in this research
topic. DP would also like to thank G. Barnich for many useful conversations. This work
has been supported in part by the MCIU, AEI, FEDER (UE) grant PGC2018-095205-B-
100 and by the Spanish Research Agency (Agencia Estatal de Investigacién) through the
grant IFT Centro de ExcelenciThe work of ZE has also received funding from “La Caixa”
Foundation (ID 100010434), under the agreement LCF /BQ/DI18/11660042a Severo Ochoa
SEV-2016-0597. TO wishes to thank M.M. Fernandez for her permanent support.

9The non-covariance of Tachikawa’s entropy formula was observed in ref. [46], where an alternative
method was devised to deal with this problem. Nevertheless, the formula obtained in ref. [46] reduces to
Tachikawa’s in BH, apparently losing the covariance, while ours does not.

— 24 —



Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1]

2]

(6]

N

H
o =2 R A

(@)

EN|

A. Strominger and C. Vafa, Microscopic origin of the Bekenstein-Hawking entropy, Phys.
Lett. B 379 (1996) 99 [hep-th/9601029] [INSPIRE].

F. Faedo and P.F. Ramirez, Ezact charges from heterotic black holes, JHEP 10 (2019) 033
[arXiv:1906.12287] [INSPIRE].

E.A. Bergshoeff and M. de Roo, The Quartic Effective Action of the Heterotic String and
Supersymmetry, Nucl. Phys. B 328 (1989) 439 [INSPIRE].

J. Lee and R.M. Wald, Local symmetries and constraints, J. Math. Phys. 31 (1990) 725
[INSPIRE].

R.M. Wald, Black hole entropy is the Noether charge, Phys. Rev. D 48 (1993) R3427
[gr-qc/9307038] [INSPIRE].

V. Iyer and R.M. Wald, Some properties of Noether charge and a proposal for dynamical
black hole entropy, Phys. Rev. D 50 (1994) 846 [gr-qc/9403028] [INSPIRE].

Z. Elgood and T. Ortin, T duality and Wald entropy formula in the Heterotic Superstring
effective action at first-order in o, JHEP 10 (2020) 097 [arXiv:2005.11272] [INSPIRE].

Z. Elgood, P. Meessen and T. Ortin, The first law of black hole mechanics in the
FEinstein-Mazwell theory revisited, JHEP 09 (2020) 026 [arXiv:2006.02792] [INSPIRE].

T. Ortin, O(n,n) invariance and Wald entropy formula in the Heterotic Superstring effective
action at first order in o/, JHEP 01 (2021) 187 [arXiv:2005.14618] [INSPIRE].

T. Jacobson and A. Mohd, Black hole entropy and Lorentz-diffeomorphism Noether charge,
Phys. Rev. D 92 (2015) 124010 [arXiv:1507.01054] [INSPIRE].

T. Ortin, A Note on Lie-Lorentz derivatives, Class. Quant. Grav. 19 (2002) L1143
[hep-th/0206159] [INSPIRE].

T. Ortin, Gravity and Strings, Cambridge Monographs on Mathematical Physics, Cambridge
University Press, 2nd edition (2015) [DOI] [INSPIRE].

L. Fatibene and M. Francaviglia, General theory of Lie derivatives for Lorentz tensors,
Commun. Math 19 (2011) 11 [arXiv:0904.0258].

A. Lichnerowicz, Spineurs harmoniques, C. R. Acad. Sci. Paris 257 (1963) 7.
Y. Kosmann, Dérivées de Lie des spineurs, C. R. Acad. Sci. Paris Sér. A 262 (1966) A289.
Y. Kosmann, Dérivées de Lie des spineurs, Annali Mat. Pura Appl. (IV) 91 (1972) 317.

D.J. Hurley and M.A. Vandyck, On the concepts of Lie and covariant derivatives of spinors.
Part 1, J. Phys. A 27 (1994) 4569 [INSPIRE].

M.A.J. Vandyck, On the problem of space-time symmetries in the theory of supergravity,
Gen. Rel. Grav. 20 (1988) 261 [INSPIRE].

M.A. Vandyck, On the problem of space-time symmetries in the theory of supergravity. 2:
N = 2 supergravity and spinorial lie derivatives, Gen. Rel. Grav. 20 (1988) 905 [INSPIRE].

— 95—


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0370-2693(96)00345-0
https://doi.org/10.1016/0370-2693(96)00345-0
https://arxiv.org/abs/hep-th/9601029
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB379%2C99%22
https://doi.org/10.1007/JHEP10(2019)033
https://arxiv.org/abs/1906.12287
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.12287
https://doi.org/10.1016/0550-3213(89)90336-2
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB328%2C439%22
https://doi.org/10.1063/1.528801
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C31%2C725%22
https://doi.org/10.1103/PhysRevD.48.R3427
https://arxiv.org/abs/gr-qc/9307038
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD48%2CR3427%22
https://doi.org/10.1103/PhysRevD.50.846
https://arxiv.org/abs/gr-qc/9403028
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD50%2C846%22
https://doi.org/10.1007/JHEP10(2020)097
https://arxiv.org/abs/2005.11272
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.11272
https://doi.org/10.1007/JHEP09(2020)026
https://arxiv.org/abs/2006.02792
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.02792
https://doi.org/10.1007/JHEP01(2021)187
https://arxiv.org/abs/2005.14618
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.14618
https://doi.org/10.1103/PhysRevD.92.124010
https://arxiv.org/abs/1507.01054
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1507.01054
https://doi.org/10.1088/0264-9381/19/15/101
https://arxiv.org/abs/hep-th/0206159
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C19%2CL143%22
https://doi.org/10.1017/CBO9781139019750
https://inspirehep.net/search?p=find+doi%20%2210.1017%2FCBO9781139019750%22
https://arxiv.org/abs/0904.0258
https://doi.org/10.1088/0305-4470/27/13/030
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA27%2C4569%22
https://doi.org/10.1007/BF00759185
https://inspirehep.net/search?p=find+J%20%22Gen.Rel.Grav.%2C20%2C261%22
https://doi.org/10.1007/BF00760090
https://inspirehep.net/search?p=find+J%20%22Gen.Rel.Grav.%2C20%2C905%22

[20] J.M. Figueroa-O’Farrill, On the supersymmetries of Anti-de Sitter vacua, Class. Quant.
Grav. 16 (1999) 2043 [hep-th/9902066] [INSPIRE].

[21] P.B. Aneesh, S. Chakraborty, S.J. Hoque and A. Virmani, First law of black hole mechanics
with fermions, Class. Quant. Grav. 37 (2020) 205014 [arXiv:2004.10215] [INSPIRE].

[22] K. Prabhu, The First Law of Black Hole Mechanics for Fields with Internal Gauge Freedom,
Class. Quant. Grav. 34 (2017) 035011 [arXiv:1511.00388] [iNSPIRE].

[23] K. Hajian and M.M. Sheikh-Jabbari, Solution Phase Space and Conserved Charges: A
General Formulation for Charges Associated with Exact Symmetries, Phys. Rev. D 93 (2016)
044074 [arXiv:1512.05584] [INSPIRE].

[24] T.A. Bandos and T. Ortin, On the dualization of scalars into (d — 2)-forms in supergravity.
Momentum maps, R-symmetry and gauged supergravity, JHEP 08 (2016) 135
[arXiv:1605.05559] [INSPIRE].

[25] E. Frodden and D. Hidalgo, Surface Charges for Gravity and Electromagnetism in the First
Order Formalism, Class. Quant. Grav. 35 (2018) 035002 [arXiv:1703.10120] InSPIRE].

[26] E. Frodden and D. Hidalgo, Surface Charges Toolkit for Gravity, Int. J. Mod. Phys. D 29
(2020) 2050040 [arXiv:1911.07264] [INSPIRE].

[27] Z. Elgood, D. Mitsios, T. Ortin and D. Pereniguez, The first law of heterotic stringy black
hole mechanics at zeroth order in o, arXiv:2012.13323 [INSPIRE].

[28] H. Nicolai and P.K. Townsend, N = 3 Supersymmetry Multiplets with Vanishing Trace
Anomaly: Building Blocks of the N > 3 Supergravities, Phys. Lett. B 98 (1981) 257
[INSPIRE].

[29] T. Regge and C. Teitelboim, Role of Surface Integrals in the Hamiltonian Formulation of
General Relativity, Annals Phys. 88 (1974) 286 [INSPIRE].

[30] L.F. Abbott and S. Deser, Stability of Gravity with a Cosmological Constant, Nucl. Phys. B
195 (1982) 76 [INSPIRE].

[31] G. Barnich and F. Brandt, Covariant theory of asymptotic symmetries, conservation laws
and central charges, Nucl. Phys. B 633 (2002) 3 [hep-th/0111246] [INSPIRE].

[32] G. Barnich, Boundary charges in gauge theories: Using Stokes theorem in the bulk, Class.
Quant. Grav. 20 (2003) 3685 [hep-th/0301039] [INSPIRE].

[33] P.A. Cano, S. Chimento, R. Linares, T. Ortin and P.F. Ramirez, o’ corrections of
Reissner-Nordstrom black holes, JHEP 02 (2020) 031 [arXiv:1910.14324] [INSPIRE].

[34] P.A. Cano, P. Meessen, T. Ortin and P.F. Ramirez, o’-corrected black holes in String Theory,
JHEP 05 (2018) 110 [arXiv:1803.01919] [INSPIRE].

[35] P.A. Cano, S. Chimento, P. Meessen, T. Ortin, P.F. Ramirez and A. Ruipérez, Beyond the
near-horizon limit: Stringy corrections to Heterotic Black Holes, JHEP 02 (2019) 192
[arXiv:1808.03651] INSPIRE].

[36] J.M. Bardeen, B. Carter and S.W. Hawking, The Four laws of black hole mechanics,
Commun. Math. Phys. 31 (1973) 161 [INSPIRE].

[37] K. Copsey and G.T. Horowitz, The Role of dipole charges in black hole thermodynamics,
Phys. Rev. D 73 (2006) 024015 [hep-th/0505278] [INSPIRE].

[38] G. Compere, Note on the First Law with p-form potentials, Phys. Rev. D 75 (2007) 124020
[hep-th/0703004] [iNSPIRE].

— 96 —


https://doi.org/10.1088/0264-9381/16/6/330
https://doi.org/10.1088/0264-9381/16/6/330
https://arxiv.org/abs/hep-th/9902066
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C16%2C2043%22
https://doi.org/10.1088/1361-6382/aba5ab
https://arxiv.org/abs/2004.10215
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2004.10215
https://doi.org/10.1088/1361-6382/aa536b
https://arxiv.org/abs/1511.00388
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1511.00388
https://doi.org/10.1103/PhysRevD.93.044074
https://doi.org/10.1103/PhysRevD.93.044074
https://arxiv.org/abs/1512.05584
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1512.05584
https://doi.org/10.1007/JHEP08(2016)135
https://arxiv.org/abs/1605.05559
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1605.05559
https://doi.org/10.1088/1361-6382/aa9ba5
https://arxiv.org/abs/1703.10120
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1703.10120
https://doi.org/10.1142/S0218271820500406
https://doi.org/10.1142/S0218271820500406
https://arxiv.org/abs/1911.07264
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1911.07264
https://arxiv.org/abs/2012.13323
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.13323
https://doi.org/10.1016/0370-2693(81)90009-5
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB98%2C257%22
https://doi.org/10.1016/0003-4916(74)90404-7
https://inspirehep.net/search?p=find+J%20%22Annals%20Phys.%2C88%2C286%22
https://doi.org/10.1016/0550-3213(82)90049-9
https://doi.org/10.1016/0550-3213(82)90049-9
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB195%2C76%22
https://doi.org/10.1016/S0550-3213(02)00251-1
https://arxiv.org/abs/hep-th/0111246
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB633%2C3%22
https://doi.org/10.1088/0264-9381/20/16/310
https://doi.org/10.1088/0264-9381/20/16/310
https://arxiv.org/abs/hep-th/0301039
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C20%2C3685%22
https://doi.org/10.1007/JHEP02(2020)031
https://arxiv.org/abs/1910.14324
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.14324
https://doi.org/10.1007/JHEP05(2018)110
https://arxiv.org/abs/1803.01919
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1803.01919
https://doi.org/10.1007/JHEP02(2019)192
https://arxiv.org/abs/1808.03651
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1808.03651
https://doi.org/10.1007/BF01645742
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C31%2C161%22
https://doi.org/10.1103/PhysRevD.73.024015
https://arxiv.org/abs/hep-th/0505278
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD73%2C024015%22
https://doi.org/10.1103/PhysRevD.75.124020
https://arxiv.org/abs/hep-th/0703004
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD75%2C124020%22

[39] Y. Tachikawa, Black hole entropy in the presence of Chern-Simons terms, Class. Quant.
Grav. 24 (2007) 737 [hep-th/0611141] INSPIRE].

[40] A. Fontanella and T. Ortin, On the supersymmetric solutions of the Heterotic Superstring
effective action, JHEP 06 (2020) 106 [arXiv:1910.08496] [INSPIRE].

[41] E. Bergshoeff and M. de Roo, Supersymmetric Chern-Simons Terms in Ten-dimensions,
Phys. Lett. B 218 (1989) 210 [INSPIRE].

[42] R.M. Wald, General Relativity, The University of Chigago Press (1992) [DOI] [iNSPIRE].

[43] 1. Racz and R.M. Wald, Global extensions of space-times describing asymptotic final states of
black holes, Class. Quant. Grav. 13 (1996) 539 [gr-qc/9507055] [INSPIRE].

[44] R.R. Khuri and T. Ortin, A Nonsupersymmetric dyonic extreme Reissner-Nordstrom black
hole, Phys. Lett. B 373 (1996) 56 [hep-th/9512178] InSPIRE].

[45] J.D. Edelstein, K. Sfetsos, J.A. Sierra-Garcia and A. Vilar Lépez, T-duality equivalences
beyond string theory, JHEP 05 (2019) 082 [arXiv:1903.05554] [INSPIRE].

[46] T. Azeyanagi, R. Loganayagam, G.S. Ng and M.J. Rodriguez, Covariant Noether Charge for
Higher Dimensional Chern-Simons Terms, JHEP 05 (2015) 041 [arXiv:1407.6364]
[INSPIRE].

[47] P.A. Cano, T. Ortin, P.F. Ramirez, A. Ruipérez and M. Zatti, o'-corrected, extremal, 5- and
4-dimensional black holes, work in progress.

— 97 -


https://doi.org/10.1088/0264-9381/24/3/014
https://doi.org/10.1088/0264-9381/24/3/014
https://arxiv.org/abs/hep-th/0611141
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C24%2C737%22
https://doi.org/10.1007/JHEP06(2020)106
https://arxiv.org/abs/1910.08496
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.08496
https://doi.org/10.1016/0370-2693(89)91420-2
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB218%2C210%22
https://doi.org/10.7208/chicago/9780226870373.001.0001
http://inspirehep.net/record/209356
https://doi.org/10.1088/0264-9381/13/3/017
https://arxiv.org/abs/gr-qc/9507055
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C13%2C539%22
https://doi.org/10.1016/0370-2693(96)00139-6
https://arxiv.org/abs/hep-th/9512178
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB373%2C56%22
https://doi.org/10.1007/JHEP05(2019)082
https://arxiv.org/abs/1903.05554
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.05554
https://doi.org/10.1007/JHEP05(2015)041
https://arxiv.org/abs/1407.6364
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1407.6364

	Introduction
	The HST effective action at first order in alpha'
	Variations of the fields
	Gauge transformations
	Gauge charges
	Kalb-Ramond charge
	Yang-Mills charge
	Lorentz charge

	The transformations under diffeomorphisms
	Lie-Lorentz derivatives
	Lie-Yang-Mills derivatives
	The Kalb-Ramond field

	The Wald-Noether charge

	Restricted generalized zeroth laws
	The first law
	Wald entropy
	Discussion

