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1 Introduction

Recent studies of scattering amplitudes revealed a wealth of mathematical structures that
initiated a fruitful crosstalk between particle phenomenology, string theory, algebraic ge-
ometry and number theory. Iterated integrals such as multiple polylogarithms and mul-
tiple zeta values (MZVs) became a common theme of Feynman integrals and low-energy
expansions of string amplitudes. In a broad spectrum of physical settings, dramatic sim-
plifications and striking connections between seemingly unrelated theories have been found
on the basis of the Hopf-algebra structures of polylogarithms and MZVs.

Most prominently, amplitudes in a variety of theories were observed to exhibit universal
stability properties under the motivic Galois coaction of polylogarithms [1, 2]. These
observations support the coaction conjecture or coaction principle [3—6] which states that
certain classes of amplitude building blocks close under the motivic Galois coaction. So
far, the coaction principle was found to apply to disk integrals in open-string tree-level



amplitudes [7], periods in ¢* theory [5], the anomalous magnetic moment of the electron [6],
six-point amplitudes in AN/ = 4 super Yang-Mills theory [8], various families of Feynman
integrals [9-14] and related hypergeometric functions [15, 16].

The primary goal of this work is to extend the coaction principle in string tree-level
amplitudes to more general configuration-space integrals at genus zero where not all of the
punctures on the Riemann sphere are integrated over. This relates to the incarnation of the
coaction principle in generalized hypergeometric functions through the similarity of their
representations as Euler-type integrals amenable to the formalism of [17]. In the context
of both string scattering [18, 19] and hypergeometric integrals (see for instance [20, 21]
for earlier work on their connections), the underlying generalized disk integrals are dual
pairings of twisted homologies and cohomologies. For a given homology representative -y
and cohomology representative w in these spaces, the coaction of the dual pairing given by
the integral [ w is conjectured to take the form [11, 12]

A/Ww:anb/vwaé@/%w, (1.1)

where the {w,} and {v,} respectively generate the twisted (co-)homology group of dimen-
sion d. The coefficients ¢, are rational functions fixed by the choice of bases. In this
paper, we will present a natural construction of such bases in the case of the generalized
disk integrals associated to tree-level string scattering, with the nice property that the
coefficients ¢, form the identity matrix.

The master formula (1.1) can be viewed as a generating function of coaction identi-
ties for polylogarithms and MZVs. In the string-theory incarnation of these integrals, the
coaction acts order by order in the expansion with respect to the inverse string tension
o', or more precisely with respect to the dimensionless quantities 2a’k; - k; with light-
like momenta k;. For hypergeometric functions associated to dimensionally-regularized
Feynman integrals, however, the analogous expansion is with respect to the dimensional-
regularization parameter e. The formal analogy between o and € has already been noticed
by comparing differential equations of Feynman integrals and configuration-space integrals
of string amplitudes at genus zero [22, 23] and at genus one [24-26], as well as in the context
of twisted cohomology [27-33]. The discussion of this work only applies to the genus-zero
case while leaving important extensions to non-polylogarithmic integrals to the future.

The main results in this work are:
o To give explicit pairs of orthonormal bases {7,} and {ws} in (1.1) for generalized disk
integrals over any number of punctures, while leaving an arbitrary number of additional

punctures unintegrated.

o To describe systematic methods of generating the uniformly transcendental o/- or e-
expansions of the basis integrals f% wp in terms of multiple polylogarithms and MZVs.

e To organize the multiple polylogarithms and MZVs contributing to the d x d matrix



J,, wp into matrix products

d
/Wb(zl’z%--wzf): Z G(l)aqG(Zﬁ)csz(zf—l)@%"-G(z2)05710eG(Z1>0eb (1.2)

a €1,62,...,c¢=1

Each factor of G(z;) is by itself a matrix-valued series in o or €, with polylogarithms
at the same argument z; in its coefficients (such that G(1) is a series of MZVs similar
to those in open-string tree amplitudes [7]) and letters to be spelt out below.

o To refine the coaction formula (1.1) to the individual factors in (1.2),
AG(ZJ) = G(Z]) X adL (G(l)G(Zg)G(Zg_l) N G(Zj+1))G(Zj) (1.3)

where the operation adyp, will be defined below and the contributions from MZVs obey
the particularly simple special case AG(1) = G(1) ® G(1).

e To explore the analytic continuation between configurations changing the order of un-
integrated punctures on the real axis. Such deformations can be compactly described
by braid matrices acting on a vector of disk integrals and are relevant to the study of
monodromies and discontinuities of polylogarithmic Feynman integrals [9, 34-37].

Another place in physics where identical integrals appear is in the context of conformal
field theories in the Coulomb gas formalism [38, 39]. On the one hand, their conformal
blocks are integrals of the type f% wp, where a subset of punctures is fixed while the re-
maining ones are integrated. On the other hand, the full correlation functions are given
by sphere integrals, schematically [»(m.p) Wqwp. The integration domain C (n:p) is the config-
uration space of p punctures on a sphere with n—p points removed.

We point out an interesting phenomenon in which correlation functions of (p,p’) min-
imal models in the p — oo limit (with p’ fixed and finite) behave as either the o/ — 0
or o/ — oo limit of string amplitudes, depending on whether charges of conformal pri-
mary operators decay or grow in this limit. For (p,2) models specifically, we find examples
of correlation functions exhibiting the uniform-transcendentality principle in the large-p
expansion, familiar from the o/-expansion of superstring amplitudes and e-expansion of
Feynman integrals.

The punctured sphere also naturally appears in the context of gauge-theory scattering.
In particular, in the multi-Regge limit of planar A/ = 4 super Yang-Mills theory, it arises
as a kinematic configuration space where the punctures are associated to the momenta of
external scattering states. Motivated by this observation, amplitudes for arbitrary number
of loops and legs are given in terms of single-valued multiple polylogarithms [40-42]. Similar
functional dependence can be seen in the high-energy limit of dijet scattering for generic
gauge theories [43, 44].

At this stage one may take inspiration from string theory, where the case of sphere
integrals with three unintegrated punctures form the backbone of closed-string tree-level
amplitudes. These sphere integrals are related to the disk integrals of open strings in two
complementary ways:



+ By the Kawai-Lewellen-Tye (KLT) relations [45], the sphere integrals [;(m.n-s3) Wqwp boil
down to bilinears in disk integrals f% Wq fw wp weighted by trigonometric functions of
o/ built from inverse intersection numbers [18].

o At the level of the MZVs in their o/-expansion, closed-string integrals [o(n.n—3) Wawp are
single-valued images [3, 46] of disk integrals [7, 47-51] [. wj, of open strings with suitably
chosen integration contours 7.

Another key achievement of this work is to generalize both the KLT relations and the
single-valued map between disk and sphere integrals to C(P) with p < n—3, i.e. more than
three unintegrated punctures. In these cases, the coefficients in the o/-expansions augment
single-valued MZVs by single-valued polylogarithms in one variable [52] (p = n—4) or
multiple variables [41, 53] (p < n—5). An independent approach to the generalized KLT
kernel at p = n—4 relating the momentum-kernel formalism [54] to the single-valued map
can be found in [50].

For any number of integrated punctures p and unintegrated ones n—p, we will spell out
the explicit form of the KLT-relations between C(™P)-integrals and products of generalized
disk integrals and their complex conjugates. For a convenient choice of bases for the twisted
integration cycles of the disk integrals, we present an efficient recursion for the generalized
“KLT kernel” that determines the coefficients in their bilinears. The generalized KLT
kernel is again the inverse of an intersection matrix with trigonometric functions in its
entries which we derive from adjacency properties of Stasheff polytopes [55]. Our results
furnish an explicit realization of several of the general mathematical concepts relating
double copy, single-valued integration and string amplitudes [51, 56]. Many all-multiplicity
statements in this work are left as conjectures, and we hope that the ideas of the references
set the stage to find rigorous proofs.

This work is organized as follows: the basic definitions of the configuration-space inte-
grals under investigation and the explicit form of their orthonormal bases of cycles {~,} and
forms {w,} are given in section 2. We then discuss the structure of and practical tools for
the a/-expansions of [, wj in section 3 and introduce their polylogarithmic building blocks
G(z;) in (1.2). In section 4, the coaction (1.1) of the integrals is translated into that of the
generating series G(z;) of polylogarithms, and we derive the operation ady, in (1.3) in detail.
Section 5 is dedicated to the analytic continuation of f,ya wp in the unintegrated punctures.

In section 6, complex integrals [y, Wawp are discussed from the perspectives of the
single-valued map, intersection numbers and compact recursions for a KLT kernel. Finally,
the implications for correlation functions of minimal models in the Coulomb-gas formalism
can be found in section 7. Further details and examples of o/-expansions and analytic
continuations are relegated to two appendices.

2 Orthonormal bases of forms and cycles

In this section we introduce orthonormal bases of differential forms and integration cycles.
In order to do so, we start with reviewing the relevant notation and explaining why such



bases are needed in the first place. We discuss the well-established case of a single inte-
gration variable to set the stage for our general formula and verify orthonormality using
intersection theory.

Let us consider a genus-zero Riemann surface, CP! = C U {co}. The arena in which
the integrals of our interest are defined is the configuration space of p points on a sphere
with n—p punctures:

c™P) = Conf,(CP' — {n—p points}). (2.1)

In other words, out of the total n punctures, p are dynamical and are allowed to be
moved /integrated, while n—p are frozen in their positions. This space has p complex
dimensions. We assume 1 < p < n—3 and denote the inhomogeneous coordinates of each
puncture by z; for i = 1,2,...,n. As the integrals of our interest are conformally invariant,
we will work in the SL(2, C)-frame with

(21, 2n—1,2n) = (0,1, 00) . (2.2)

We will use the convention in which 29, 23,..., 2,11 are the integrated punctures. In these
coordinates we can write explicitly

C(n,p) = {(22, 23y e ny Zp+1) eCr ’ Zi F 21, Zid1, Zid2, - -+, 2n—1 forall i =23, ... ,p—i—l},
(2.3)
since we fixed one puncture to infinity. We next introduce the generalized Koba-Nielsen
factor
KN(n,P) — H |Zli’s1¢ H |Zij|8ij
2<i<p+1 1<j<n—1
p+1 p+1 p+1l n-—2
= II Izl ) [ IT lzel izl | { TT TT J2wml™ | (2.4)
2<i<j =2 k=2 m=p-+2

where differences between positions of punctures are denoted by
Zij = Zi—Zj (2.5)

and s;; are real variables that might take different meanings depending on the physical
application. In the context of string perturbation theory at genus zero, for instance, we
can take them to be the dimensionless Mandelstam invariants

Sij = 20/]9@' : k]‘ (26)

for light-like momenta k; and inverse string tension /. The naming comes from the fact
that in the case p = n—3, where all but three punctures are integrated, (2.4) reduces to
the Koba-Nielsen factor in the integrand of string tree-level amplitudes. Note that our
definition (2.4) omits the z;; for pairs of unintegrated punctures, i, j = 1,p+2,p+3,...,n,
since they could be universally pulled out of all the integrals at fixed n,p. We also assume
that s;; are generic real numbers or formal variables.



2.1 Main ingredient: disk integrals

We are interested in the matrices of contour integrals F ég’p ), defined by

F(Z7p) _ <’Y(Sn’p)‘wl(;n7p)> _ /( KN(™P) wén,P) 7 (2.7)

a ~ n,p)

where vén’p ) and wén’p ) denote integration cycles and holomorphic p-forms corresponding to
bases of twisted homology and cohomology groups, respectively, for the twist 1-form given
by dlog KN™P). Through m(ln’p ) and wén’p ), the integrals Fég’p ) depend on punctures or
cross-ratios zp42, ..., 2p—2 and the Mandelstam invariants (2.6). The integrals in (2.7) are
of the form exhibited in the coaction formula (1.1), where in the integrand we have now
explicitly separated the twist factor KN("’p), and the remaining single-valued form is now
denoted by w,()n’p ),

The indices a,b in (2.7) run from 1 to the dimensions d™P) of the associated twisted

(co-)homologies [19, 57]*

—3)!
gmw) — (=3 2.8
which, up to a sign, are the Euler characteristics of the configuration spaces C("?).

The twisted cycles %(Ln,p ) can be taken to be regions of the real section of C("P) whose

boundaries are contained in the union of hyperplanes {z;; = 0} appearing in the Koba-
Nielsen factor KN("P) The unintegrated punctures 21, 2p+2, 2p+3, - - ., Zn—1 can be assigned
a fixed order on the real axis. We will always take

0221<Zp+2<2p+3<--'<Zn_2<zn_1:1, (2.9)

except for the discussions of analytic continuations in section 5.
Twisted cohomologies give a geometric description of the equivalence classes of inte-

grands wén’p ), up to total derivative terms:

w(gn,p) ~ wén’p)+(d+dlogKN(n’p)A)§ (2.10)

for any (p—1)-form £. Both sides of (2.10) integrate to the same result, since boundary
terms as z; — z; are suppressed by the Koba-Nielsen factor, and can hence be treated as
being equivalent. The representatives of the twisted cohomology classes are holomorphic
p-forms with poles only at z; = z;. We will often strip the overall differential, so that the
differential forms in (2.7) are written as

() _ o) TT

n?p n’p

wy"” =" [T daw, (2.11)
k=2

More generally, the Poincaré polynomial of C™) is given by P("‘p)(t) = Z;i_p_l(l + kt), which

follows from a simple extension of the arguments given in [58]. The dimension of the only non-trivial p-th

twisted cohomology is equal to (—1)PPP)(—1) = <7§fgf)p!)!, which is smaller than that of the ordinary
(untwisted) p-th cohomology, %8? P(™P)(0) = (75:1;3: 5> which in turn is even smaller than the total number

(n—1)!
(n—=1-p)!*

of possible real cycles (chambers in the real slice of C(™?)) [59] given by P(™P)(1) =



where the functions <pl()n’p ) are Laurent polynomials in the variables z;;. Let us see how the

equivalence relations (2.10) translate to these functions. The simplest case would be to
consider any closed form & (d¢ = 0), which can be written generally as

p+1 A p+1 A
§=Y & [da  with 96 =0 Vi=23,... p+l. (2.12)
=2 k=2
ki

Here we introduced the short-hand notation 9; = 9/0z;. Together with (2.10), it implies

that any <p,()n’p ) can be shifted by terms of the form

n—1
N Sis A~
(8; log KN(WP)) € = 73 & (2.13)
j=1 ~1J
i

for any ¢. Throughout this work the symbol = will denote equality up to such equivalence
relations (relations with d§ # 0 will not be needed in our applications).
We would like to choose bases of cycles %S””’ ) and cocycles wén’p ), for 1 < a,b < dmp),

to yield orthonormal field-theory limits

lim F™P) — 5., . (2.14)

a’—0 ab
If the condition (2.14) is satisfied, a coaction formula of the following form is claimed [16, 60]:

d(n.p)
AFGP = 37 o) @ FEP (2.15)

c=1

consistent with the coaction of terms in the o’-expansion. At p = n—3, this specializes
to the results of [7, 61] on the o/-expansion of open-string tree-level amplitudes. As a
practical advantage of orthonormal field-theory limits (2.14), they minimize the number of
terms in the coaction: one can identify (2.15) as a special case of the master formula (1.1)
with ¢gp = 04 and therefore d(™P) in place of the (d(”’p))2 summands that would arise for

generic bases of wén’p ) and wl()n’p ), Moreover, the (factorially growing) numbers of terms
in the expressions below for wén’p ) are tailored to remove kinematic poles from the entire

o/-expansion of Fég’p ) and to simplify the expressions at each order. With this motivation

in mind, we now propose a pair of bases at general n and p satisfying the condition (2.14).

2.2 One integrated puncture

As a warm-up, consider first the case of p = 1 with a single integration variable, zo, and

we have d™1) = n—3. The integrals F é:’l) are then closely related? to Lauricella functions

F7=4 for which a coaction was given in [15, 16]. By the ordering (2.9) of the unintegrated

2The difference is the absence of gamma-function prefactors in this work. The coaction for gamma
functions can easily be incorporated as desired according to the treatment in [16].



punctures on the real line, it is thus natural to choose the following basis of integration
contours for zs, which are simply the intervals bounded by consecutive finite punctures,

(n,1)

7 ={0< 22 < z3}, fy,(fﬁ? ={zn_2 < 29 < 1}, (2.16)
73”’1) ={za+1 < 22 < zg42} for 2<a<n—4.
Now we would like to identify a set of forms wl()n’l) = d22g0l(,n’1) that are Laurent polynomials

in the variables z9; and satisfy the duality condition (2.14) with this set of contours. The

functions cpl()n’l) can be chosen to have only simple poles, as follows.

n—2
(n,1) 521 (n,1) 521 524
=2 by =2y 2.17
Y1 71 Pn—3 201 = 22 ( )

b+1

221 T3 %2

From the pole structure of these wén’l), it is now easy to see that they are dual to the set of

contours in (2.16). Contributions to the o/ — 0 limit of the integral F (2,1)

w  arise only when

the poles coincide with the endpoints of integration. The logarithmic divergence at such
an endpoint, say z;, is regulated by the Koba-Nielsen factor, resulting in a contribution
of sgil, cancelling the numerators in the differential forms. Thus the contributions from
the poles are either absent or cancel pairwise except when a = b. Adding a Koba-Nielsen
derivative to (2.17) yields an alternative set of cohomology representatives,

n—1
n,1) ~ 552 n,1) ~ Sn—1,2
j=3 %52 Zn—1,2
n—1 S
gol()n’l) = 252 for 2<b<n—4,
Jj=b+2 52

which we will sometimes find more convenient in specific calculations below.

2.3 The general case

For the general case (n,p) of (2.7), we select the basis of twisted cycles to correspond to
regions labeled by distinct real orderings of the p integrated variables z;,, z;,, . . . , 2;, among
the (n—p) unintegrated variables in their fixed order (2.9). We write

’Yg}p) = (17 Ala i17 A27 i25 A3a sy Apa ipv Ap+17 ’I’l—17 n) ) (219)
where A = (A1, Az, ..., Api1) represents a partition of the ordered list of unintegrated
variables z,12,...,2,—2 into possibly empty parts A;. Each sequence ..., Ay, g, Agt1, ...
in (2.19) with Ay = (ag1,ak2, ..., ake, ) translates into the range Zage, < Zi, < Zagyr, for the

associated integration variable z;, (with z;, , < z;, and z;, < z;, 41 In case of A = ) and
Agy1 = 0, respectively). Thus there are (”;3) values of A and p! values of 7 = (i, iz, .. ., ip)



corresponding to permutations of (2,3,...,p+1). These cycles correspond to the bounded
chambers of the hyperplane arrangement defined by {z;; = 0}.

The dual cocycle satisfying the condition of orthonormal field-theory limits (2.14),
which can be understood as a recursive application of the case with p = 1 to successive

integration variables, reads

9. S ) iz j S i 2 j 81’ 7j
D VD DR SD DI R .

7 J1E{1,A1} T Gae{1,A1,i1, A} T2 ip€{L AL i1, Az, TIPIp

i Ap_1hip_1,Ap}

As in the p = 1 case, it is clear that the divergences contributed from endpoint singularities
of the integral result in the orthonormality required for the condition (2.14). Similar
to (2.18), one can attain alternative cohomology representatives of (2.20) by adding Koba-
Nielsen derivatives. The following p+1 choices without double poles follow from adding

derivatives in z;,_,,...,2;, with k =0,1,...,p:
(P(n,p) ~ 2 : Si1,51 Z Sia,jo } : Sik,jk
A7 T 2 Zioio Zij
, el A} T Gae{1,A1,i1,42} 712072 i €{LAL i1 Ay, ThTR

A 1481, AR}

x 3 D D = (2.21)

Ih1 €Ak 2 ik 20 Ay 30 JRFDRE Jp€{Aps1,n—1} “IPP
..A,Ap,ip,Ap+1,n—1}

In case of double-integrals p = 2, the twisted cycles (2.19) and the dual functions (2.20)
become
(n72) - (17A17i17A277;27A37n_17n)

V(A1,A2,A3),(i1,i2)

(n,2) Z Si1,1 Z Sig,jo (2 22)
24 . Z. . .

1e{l,A1} I Goe{1,Aqi1,Ag} 71202

P(A1,A2,43),(i1,i2)

~ Z Si1 Z Sja,iz
‘ P P
J1€{1,A1} "It joe{Agn—1} TI22

~ Sjin Sjz,i2

)

le{A27i27A37n_l} Zjl,il ]QE{AJ,TL—l} Zj27i2
where the last two lines contain the alternative representatives (2.21) with & =0, 1.

2.4 Verification via intersection numbers

More systematically, we can verify orthonormality (2.14) with the above cocycles using
intersection numbers. The o/ — 0 limit of F é:’p ) is computed by intersection numbers of
twisted cocycles,

lim FTP) . = 1 KN(P) P) — () 0p)|, (o 2.23
o0 ATBT T @ e “gj ~ Wiplwgs)s (2:23)
since the forms constructed from the gogf’]f) in (2.20) are logarithmic. Here the yl(;%p ) form

a basis of dual cocycles that correspond to 'yg%p ) from (2.19), in the sense that each y%n%p )



has logarithmic singularities with unit residues along the boundaries of 'y("’,p ). In the

A7
terminology of [62], the V%l;p ) are the canonical forms associated to the positive geometries
described by ,yj(;%p ), and indeed any region bounded by hyperplanes is a positive geometry
for which a canonical form exists. We can write out the latter as

n7p
7%,7) = {2, <z <oy} X {2, <zip <oyt X xHm,, <z, <Zeyts (2.24)
such that
p+1 zc.l zc'z Zes
(3 7 ip
/(n,p) Hdzk :/ dzil/ dziQ.../ dzip, (2.25)
Tii \k=2 2y, Zb,, 2b;

i.e. for each integrated puncture z;,, the indices b;, and c;, label the variables adjacent to
it in the ordering (2.19).® This gives a natural cocycle counterpart:

(n’p) — "(nzp)
vz =07 1] da (2.26)
k=2
.(np) 1 1 1 1 1 1
A Zi1,biy Zi1,ciy Zi2,biy Zig,ciy Zip,biy Zip,Cip .
(n,p) (n,p)

Since both bases v iy and w Gy are logarithmic, the evaluation of intersection numbers
K

N2

can be carried out on the support of critical points of KN(-P) [63] given by solutions of the

equations:
n—1

Ok log KNP — Z
j=1 %k
i#k
For generic values of the kinematic variables, the equations (2.27) have exactly d(™P)
solutions [19, 57]. Let us denote the a-th solution by (zéa),zéa),...,z;i)l) with a =
1,2,...,d™P). The right-hand side of (2.23) can then be computed as

S0, fork=2,3,... p+l. (2.27)

drm) P g ()

(Tb,p) (nzp) . _1\»P A77’ B7]
(VA”; |wB‘J > - ( 1) Z:l det J(n’p) L @ ) (228)
a= k=2,
where Jé?’p ) is a Hessian matrix with entries
Ski
) for k#I,
Kl
TGP = g log KNP = § ol (2.29)
-2 for k=1,
j=1 “kj
J#k

3Note that in case of adjacent integration variables z2, z3 bounded by 2z, < z2 < 23 < 2z, only one of
22, z3 appears among the integration limits zs,, z.,, i.e.

Zc z3 Ze Ze
/ dzodzz = / dzs/ dzo = / dZQ/ dzs.
zp<z2<2z3<Zzc Zb Zb Zb 22

Hence, the choice of zp,, z¢; is in general not unique, but each parametrization of simplices such as z; <

22 < z3 < z. lead to the same expression for the forms uf;;f) in (2.26) related by partial fraction.
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for k, 1 =2,3,...,p+1. We stress that this formula can be only used for logarithmic forms,
as otherwise it is valid only asymptotically in the o/ — oo limit [31, 63]. We checked
numerically for all values of (n,p) up to and including (10,7) that this formula gives rise
to the identity matrix, i.e.,

AN S
vii Wgi ) =0un 57 (2:30)

which confirms (2.14). The largest checks required summing over d1%7) = 5040 critical
points for each entry of the 5040 x 5040 matrix <1/£10’7)\w£10’7)>. This high-multiplicity
computation was made possible by following [64] to interpret log KN(P) as a log-likelihood
function in algebraic statistics and extremizing it according to (2.27) using the Julia

package HomotopyContinuation.jl [65].

2.5 String amplitudes from many integrated punctures

For the maximum number p = n—3 of integrations, the integrals in (2.7) agree with the
basis of disk integrals in open-superstring amplitudes obtained in [66] (with permutations
Pa, pp acting on 2,3, ..., n—2,i.e. a,b=1,2,...,(n=3)!),

n—2 n—1
n,n—3 Sii n,n—3
A= [ (H dzﬂ') IT el o
Ta j=2 1<i<y
én7n—3) = {0<zpa(2)<zpa(3)< ce <Zpa(n—2)<1} , Pa € Sn—3 (2.31)
PP _ S1n(2) <Slpb(3> +8pb<2),pb<3>>
“op(2),1 \#o6(3),1 “pu(3),p(2)
X(Slp(m++8ﬂ<3m<w> o€ Ss.
Fpp(n—2),1 “pp(n—2),pp(n—3)

As pointed out in [67], this representation of the integrand for open superstrings can be
readily exported to ambitwistor string theories, and the equations (2.27) are known in this
case as the scattering equations [68]. The conjectural patterns among the MZVs in the
o/-expansion [7] to be reviewed below imply the coaction formula (2.15) [61].

In the case of p = n—4 integrations, the integrals (2.7) are relabellings of the auxiliary
functions 7 studied in [23] to extract open-string o/-expansions from the Drinfeld asso-
ciator (also see [61, 69, 70]) and in [50] to identify closed-string integrals as single-valued
correlation functions.

3 Structure of the o’-expansion

This section is dedicated to the o’-expansion of the integrals F é:’p ) in (2.7) which is used
to test the coaction property (2.15) order by order in o/. We will focus on the situation
where the unintegrated punctures are ordered on the real axis according to

0=z < Zpr2 < Zp3 < ... < Zp—2 < Zp—1 = 1 (3.1)

and discuss the analytic continuation to different regions in section 5. As will be de-

)

tailed below, the coefficients in the Taylor expansion of Fcfg’p with respect to the s;;
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are Q-linear combinations of MZVs and multiple polylogarithms in 2,42, ..., 2z,—2, defined
respectively by

o0
oz = kTR R (3:2)
0<k1<ko<...<kr
z  dt
G(a1,a2,...,ay;2) :/ G(ag,...,ay;t), (3.3)
0o t—ay

where n; € N, n, > 2 and aj,z € C, and the recursive definition of polylogarithms
starts with G(0;z) = 1. MZVs and polylogarithms are assigned (transcendental) weight
ni +n2+...+n, and w, respectively, and r in (3.2) is referred to as the depth of an MZV.
The endpoint divergences of G(...,0; z) are shuffle-regularized with the assignment

1
G(0,0,...,0;2) = —'(log 2)". (3.4)
— —— n!

For instance, shuffle regularization can be used to reduce depth-one polylogarithms
G(0,...,0,1,0,...,0; z) to linear combinations of

G(1;2) =log(1-2), G(0,0,...,0,1;2) = —Liy(2), p=>2 (3.5)
1
[

multiplying powers of log z. The appearance of MZVs in the o/-expansion of F ég’p ) will be

traced back to the case p = n—3 relevant to string amplitudes: the polynomial structure of
F ég’n_:)’) in the s;; at any multiplicity n can be generated from the Drinfeld associator [23,
70] or Berends-Giele recursions [71] (also see [20, 21, 72, 73] for relations to hypergeometric
functions at n < 7 points). The polylogarithms in turn are determined by the KZ equations

of the Fég’p) which take the schematic form [19, 57, 69]

d(n.p) (e(n:p)) (6(":p) ) n—2 (e(ﬁ,P))
9. ) _ g1 Jbe 4 anel be + gm_Jbe Fnp) 3.6
7% ab Cz:; zj1 Zjn-1 m:ng.z Zjm ac ( )

mj
where j = p+2,p+3,...,n—2and 9; = %. The entries of the ") x d(™P) braid matrices
J

(™:0) are linear in si; which will allow us to solve (3.6) perturbatively in /. The linear

€
ai)pearance of @’ on the right-hand side of (3.6) is analogous to the e-form of the differential
equation for dimensionally regulated Feynman integrals [22, 24].

Given the ordering (3.1) of the unintegrated punctures, it will be convenient to
solve (3.6) with the following choice of fibration bases for the polylogarithms in the o'-
expansion: the labels in a factor of G(ai,az,...,ay;z;) with p+2 < j < n—2 are taken
from a; € {0,1,2j41,...,2p—2}. For example, in the case of (n,p) = (6,1), the inte-
gral Fég’l) will feature products of MZVs, G(ar€{0,1};24) and G(ar€{0,1,24};23). As
previewed in (1.2), these polylogarithms turn out to enter the o/-expansions through cer-

tain matrix-valued generating series that will be specified below, denoted by Gg%711)}<24),
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(6,1)

G{071,24}(23)7 and more generally G(”’p)

{0,1,2j41,2j42,-s2n—2}
is a factorized form of the o’-expansion,

(zj). The main result of this section

FOP) (210, 2p43, ..., 2nog) = POPMOPIGED) (2, 0)GE), | (2no3) ... (3.7)
(n,p) (n,p)
X G{O,Il),zp+4,...,zn_2}(Zp+3)G{O,Il),zp+3,zp+4,...,zn_g}(ZPJFQ) ’

where P(™P) M(™P) are constant series involving MZVs. We suppress the indices a, b of
F ég’p ) and the d™?) x d™P) matrices on the right-hand side, with matrix-multiplication
between neighboring factors P(?) M(P) and G"»).

3.1 MZVs in string amplitudes and general genus-zero integrals

The n-point integrals (2.31) seen in string amplitudes with p = n—3 integrated punctures
solely involve MZVs in their o/-expansion [69, 74] without any polylogarithms at argument
z # 1. The factorized form (3.7) of the o/-expansion then reduces to [7]

Fn=3) — ppp) | P = p(nn=3) M = pn=3) (3.8)
where P and M(™ comprise different types of MZVs and decompose as follows [7],
(n) _ (n) | r2p) | 3pn) | ~4p©) 10
PP =14 CGQPy " +GP 7 +GFP 7 + P —I—(’)(SZJ), (3.9)
n n 1 n n n
MO = 1 G + M + SEMEP M + M

n n 1 n n
+ GG MMM + 54375[Mé M)+ O(sY) (3.10)

The entries of the (n—3)! x (n—3)! matrices 15,”) = qun,n—?)) and Mis,") = Mfun’n_g) are
degree-w polynomials in the s;; with rational coefficients, and the leading term 1 stands
for the (n—3)! x (n—3)! unit matrix, reflecting the orthonormal field-theory limits of (2.31).

The decomposition (3.8)—(3.10) determines the coefficients of arbitrary MZVs in terms of

matrix products of those of the primitives, i.e. CngMQ(ZZrl and C§P2(Z). For example, we find

Fon=9)|  _ pm ) punes) (M MM (3.11)

G2C3

- 1
(3,5 )

We are employing the conjectural Q-bases of [75] for MZVs, see e.g. [76, 77| for a general
account of the relations and various other aspects of MZVs. The non-intuitive prefactor
% in the coefficient of (35 can be understood by passing to the f-alphabet description of
MZVs [78] (or strictly speaking, of motivic MZVs [2, 79]): based on a non-canonical iso-
morphism ¢, (motivic) MZVs can be mapped to a comodule with commuting generator f,
and non-commuting generators fs, fs, fr,... such that?

#(C2) = fa,  P(Corr1) = farv1,  @((35) = —5fsfs, etc. (3.12)

4We will informally omit the superscript of motivic MZVs Cny.om,. in (3.12) and below. Examples of

@(Cn1,na,...,n.) at higher weight can be found in [7, 78], but the conventions in the references differ from ours
by a swap A® B — B® A and therefore by a reversal for, +1foro+1 - - - fok.+1 — fok,+1 - - foko+1fok,+1. The
conventions for ordering the entries of the coaction in this work follow for instance those of [2, 11, 12, 80].
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The isomorphism ¢ is constructed such that the product of MZVs is mapped to a shuffle
of the non-commutative for41, and the coaction of (motivic) MZVs translates into decon-

catenation,
¢(CalB) = ¢(Ca) W o(CB) (3.13)
AFS fory1fokost - fokrsr = D 2 forri1 fokat1 - - - fory41 @ fory a4t - - for1 - (3.14)
=0

In this setup, the all-order structure of the matrices in (3.8) was proposed to be [7]

P =146 Py (3.15)
k=1

[e.e] [ee]
MW =973 3 forri okt f2kr+1M2(Zl)+1M2(ZQ)+1 e Mz(ZT)H (3.16)
=0 k1,ka,....kr=1
which by (3.14) implies the coaction formula (2.15) at p = n—3 [61].
As a necessary condition for (2.15) to carry over to general p < n—3, the same state-
ments are claimed to carry over to the MZV-dependent parts P(P) and M™P) of (3.7).
We propose that

PP — 14 ¢t S fEPP) (3.17)
k=1

o0 o0
MO =3 N ot forer - fornt MSPR M) MG (3.18)
=0 ki k2, kp=1

where the entries of the d™?) x d("P) matrices Pu(]””’ ) and ngjn’p ) are again degree-w poly-
nomials in the s;; with rational coefficients. Note that (3.17)—(3.18) is equivalent to

APMP) =P @1 AMMP) = M) @ M(™P) (3.19)

In the following, we will spell out examples of the Pl(un’p ), M&n’p ) at p # n—3 and describe
methods to compute them in general cases. Explicit results for the P&n), qujn) atn < 7are
available for download on the website [81], and code for generating all-multiplicity results
can be obtained from [82].

Note that the image of MZVs of depth r > 2 under the ¢-map in (3.18) depends on a
choice of reference basis. We follow the conventions of [7, 78] to assign vanishing coefficients
of fy, to the ¢-image of those higher-depth MZVs at weight w in the (conjectural) Q-bases
of [75] (say (3.5,(3.7,(335,...). Still, the form of (3.15) to (3.18) does not depend on these
choices, only the s;;-dependence in the entries of P&n’p ) and ngjn’p ) depends on the reference
bases for MZVs at weight w.

3.2 Warm-up example (n,p) = (5,1)
In order to illustrate the origin of (3.7) and exemplify the explicit form of the series

Ggg’f)..‘}(zj), we shall now give a detailed derivation of the o'-expansion of F 52’1). The

two-dimensional bases of cocycles (2.17) and cycles (2.19) are

’yf”l) ={0< 22 < 23}, 755’1) = {23 < z9 < 1}, (3.20)
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as well as

(5,1) _ 521 ., 532 , S42 (5,1) _ S21 | 523 ., 542
PR 1Y e B C DN S - (3.21)
221 232 %42 21 %23 %42

We have discarded Koba-Nielsen derivatives ;KN = (32 + 228 + %)KN(E”U in passing
between different representations of <pl()5’1) in the twisted cohomology. The same integration-

by-parts identities allow us to determine the 2 x 2 braid matrices®

(5,1) _ [ S12+823 —S12 (5,1) _ 0 0 3.22
631 < O O > ) 634 <_824 824+523 I ( N )

in the KZ equation (3.6)

B pB) _ ZQ: { (e5" e N (6§i’1))bc} F(5.1) (3.23)
b c=1 Z31 Z34 “o '

One can solve (3.23) through the generating series of polylogarithms G(ax € {0,1}; 23)

Gon(z) =1+ 3 Glanz)BGL + 3 Glazanz)ERLEGY +0(s))

a1,z3 a1,23°7G2,23
a1€{0,1} a1,a2€{0,1}
(o ¢]
=Y Y Glan...,a2,a1;23)EQDESYD [ EGY (3.24)

r—=0 1,42,
...,ar€{0,1}

with the transpose of the braid matrices (3.22)

(5,1) (5,1) ¢ S12+s23 0 (5,1) (5,1)\¢ 0 —so4
Bozy = = By = = 3.25
0,23 (e31) ( —s1 0) ) 1,23 (es4 ) (0 N ( )

which may multiply arbitrary zs-independent matrices from the right. In order to tailor

5,1)
b

these constant matrices to the target integrals F ( , we determine their asymptotics® as

al
z3 = 0and z3 — 1,

F(1+512)F(1+823)

F(571) O — 5 51245823 26

1 (23 = 0) = 0y lzs] T(1+510-+523) (3.26)
I'(1 I'(1

FQ(E’l)(Zg — 1) = bpo|l—zg[*28 "2 (1452301 +524) : (3.27)

['(14s23+524)

Finally, it remains to expand the FQ(E 1) associated with the integration domain zo€(z3,1)

around z3 — 0 in order to expand the entire 2 x 2 matrix of F(I?’l)

w . in terms of polylogarithms

with the same basepoint. In presence of the pole 22_11 of ¢1, the o/-expansion of FQ(f Y does
not commute with the limit z3 — 0. Hence, as detailed in appendix A.1l, we instead infer

5Note that the soft limit so3 — 0 of 6%51,1) = e((f”l) and eéi’l) = ef”l) followed by relabelling s24 — s23

reproduces the four-point instances of the arguments of the 2 x 2 Drinfeld associator in [23]. See [70] for a
discussion of this method in the framework of twisted de Rham theory. The z3-derivatives of F a(z’l) have
been simplified using partial fractions and integration by parts in order to attain the form on the right-hand
side of (3.23) and to identify the expressions (3.22) for the braid matrices.

SWhile (3.26) follows from the rescaling z2 = xz3 of the integration variable with a € (0,1), one needs
an additional change of variables zo — 1—z5 in the derivation of (3.27).
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the o/-expansion via monodromy relations [83, 84] involving cycles where the o/-expansions
commute with the limit z3 — 0 and obtain

T(14512)(14525) .
P(5:1)M(5,1) _ T(1+s12+s23)
o 512 {F(1+824)F(1+512+523) . F(1+523)F(1—512—523)} I'(14-s12+523)(14524)
s12+523 T'(1+s12+s23+524) T'(1—s12) T'(1+s12+s23+524)
(3.28)

Note that the factor of (s19+s23) 7! in the (2, 1)-entry is cancelled by the difference of Euler
beta functions, and we obtain a regular Taylor expansion around o’ = 0,

S12 {F(1+524)I‘(1+312+523) _ F(1+523)F(1—512—523)}
512823

3.29
I'(1+s12+s23+524) I'(1-s12) (3.29)

= —(o512(523+524) + (3512(55, 523524+ 512524 —S12523) + O(S?j) )

which is consistent with the z3 — 1 limit (3.27). Taking (3.28) as a formal initial value
)

with the series (3.24) in polylogarithms

23 — 0, the o/-expansion of F ég’l at generic z3 € (0,1) is obtained by right-multiplication

FOD (24) = P(571)M(5»1)G§50”11)}(z3) (3.30)

with matrix multiplication between the three factors. The individual PQ(,‘Z’U, M2(15c)—il-)l may be
obtained from (3.28) by extracting the coefficients of (¥, (o141 in the Taylor expansion of

['(14512)'(14523)
I'(14s12+523)

F&D (519, 893) =

=exp (i %(-Uk [3]f2+8§3—(812+823)k]> , (3.31)

k=2

i.e. they are determined by the single four-point integral (d(*!) = 1). In (3.28) and later
expressions for initial values of F(™P) we already incorporate a central conjecture on the
structure of the o/-expansion by writing the left-hand side as a matrix product of P®:1)
and M®D . Like this, the appearance of (2 is claimed to follow the expansions in (3.17)
and (3.18) which we have verified order by order in . It would be interesting to find an
all-order argument based on the right-hand side of (3.28).

Given that MZVs are recovered from polylogarithms at unit argument via

Cnima,me = (—1)"G(0,0,...,0,1,0,...,0,1,...,0,...,0,1;1), (3.32)
— ——— N———
ny—1 np—1—1 ni—1

one can check that (3.30) is consistent with both (3.26) and (3.27), validating our procedure
to determine the formal initial value of z3 = 0 from monodromy relations. The coaction
properties of (3.30) extending our conjecture (3.19) for AP("P) AM(P) are discussed in

1<2

the later section 4, and the explicit form of the o’=*-orders can be found in appendix A.2.

3.3 Warm-up example (n,p) = (6,1)
We shall now illustrate the selection of fibration bases for polylogarithms in two variables

. ) i : : (6,1)
by analyzing and solving the differential equations of F,;

o - The bases of master contours

WV ={0<m<zmt, WV={m<n<ul, WV={u<n<1} (333
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and dual cocycles (see (2.17))

6,1 S21 532 542 552
oyt s s
221 232 242 252
6,1 521 523 542 552
SO 52 58 S S (3.34)
221 223 242 252
6,1 S21 523 524 552
it = g g e
221 223 224 252

give rise to the following 3 x 3 braid matrices

61 $12+523 —s12 0 . 894 812 —S12
eél ) = 0 0 01, 6511 ) = 824 S12 —S12
0 0 O 0O 0 O
0 0 O 0 0 0
6,1 6,1
e§5 ) = —S825 S25 523 | 6515 A O 0 (3.35)
—895 825 523 0 —s95 S24+5925
0 0 0
egi N = —8924 S24+823 —S23
0 0 0

in the KZ equations (3.6)

3 (6,1) (6,1) (6,1)

83F£’1) _ Z { (31 be i (€35 be i (e34 )bC}Fég,l) (3.36)
—1 231 235 234
3 (6,1) (6,1) (6,1)

64F$’1) _ Z { (ea1” Db 1 (€45 Jbe 4 (€34 )bc}FéS’l)- (3.37)
—1 241 245 243

A convenient strategy is to focus on the differential equation (3.36) in z3 and to solve it in
terms of polylogarithms G(a; € {0, 1, z4}; 23),

G{0,1,Z4} 23) Z Z G(ar,.--,a2,a1;23)E§?;2E§§;2...ngv;;. (3.38)
r=0 1,02+
e€{0,1 Z4}

The formal initial value with respect to z3 = 0 multiplying G~({0 1)Z }(23) from the left is
still a function of z4 which obeys the differential equation (3.37). The latter at z3 = 0 is
solved by

G61
Gy, 1)} (24) Z Z G(ar,...,az,a1; 24)E(S? iiEég 2 E((f:’ézl (3.39)
p— a1,a9,.
aTE{O 1}

with a left-multiplicative factor that does not depend on z3 or z4. Hence, the dependence

of Fé?’l) on z3,z4 stems from Gf{o 11)}( )Gf{% 11)z }(23) multiplying a formal 23, z4—0 limit
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from the right, and the combinations of braid matrices in (3.38) and (3.39) are

524 0 0
E(()?éi) = (e ey = | s12 siztsaztsn 0 (3.40)
—812 —S$12—823 0
00 0 s12+s23 00
EOD = (V) = (00 —sp |, ESD =) =] —si2 00
00 s24+s25 0 00
0 —s9q4 O 0 —s25 —s25
ECD = (i) = [ 0sp3ts20 0 |, B = (2) = 0 525 55
0 —so3 O 0 s23 s23

The initial values are determined by the asymptotics

F(1+512)F(1+523)
FOY — 0, 24) = 0p.1]24]
1b ( 3 4) b’1| 4’ F(1+512+523)
F(1+823)F(1+324)
O (25, 24 = 23) = Gy 0|32 |[1—25]°% 3.41
o (20,20 = 28) = Dol L=zl (341)
['(14-594)(14525)
FD (25, 24 — 1) = bp.3]1—25]"3
3b ( 35 <4 ) b’3| 3’ F(1+524+525)

and one can again use monodromy relations as explained in appendix A.1 to also infer the
z3 — 0 asymptotics of FQ(I?’D and Fég’l) (contours different from (3.33) are necessary in
intermediate steps whose limits z3 — 0 commute with their o/-expansions). One arrives at

the formal limit

I(1+s12)(1+s23)
’Z4|S24 ( F)(ls«iierszg)% 0 0
(5,1 “ ~
Fg(es > 0,20) = | 22 g6y gD pOY | (3.42)
s12 B> H(51) (5.0)
S12+S23 21 22 ab
where the hat notation on the right-hand side stands for changes of arguments,
~(5,1 5,1 S12—+S12+8
Egt = F5 () S (3.43)
and the (a,b) = (2,1) entry of (3.42) involves
ey _ _ sin(msi) ’z4|524r(1+512)r(1+323)
Sin(ﬂ'(812+823)) P(1+812+823)
ra F(1—s19—
Stz Dse) D1 =s15=593) (3.44)
s12+523 I'(1-s12)

By importing the formal z4 — 0 limit of F 55,1) from (3.28) with the above replacement
rules for the s;;, we arrive at

D(1+s12)I(1+s23) 0 0
Piseton) )0 (14524)
(66,1 — (6 Ho1atsos)Ii14s
P M = K21 F(l-i{?912-&2-?923+824§4 0 (3'45)
K(G’l) R-(G,l) I'(1+s12+523+524) " (1+525)
31 32 T'(1+s12+s23+s24+525)
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with (cf. (A.16))

Ké?,l) __ s12 {F(1+324)I‘(1+312+323) 7 F(1+823)F(1—512—523)} (3.46)
S$12+823 F(1+812—|—823—|—824) F(l—slg) ’

K?Efls,l) _ 512 {F(1+525)F(1+512+523+524) _ F(1+824)F(1—512—523—524)}
s12+523+524 | ['(14-s12+523+524+525) ['(1—s12—523) '

I%éfj’” __ S12+593 {F(1+825)P(1+812+823+824) B F(1+824)F(1—S12—823—824)}
s12+s23+s24 | T'(14s124523+524+525) ['(1-s12—523) ’

i.e. the 3 x 3 matrices PQ(,?’l), Mézi)l are again determined by the four-point integral (3.31).

The factor of |z4|%2* in (3.42) has been replaced by 1 in the formal z4 — 0 limit since all
the regularized polylogarithms in

o0
242 =14 ) s5,G(0,0,...,0; 24) (3.47)

w=1 W

are later on generated by (3.39). The denominators (512—1—523)*1 and (812+823+SQ4)*1 on
the right-hand side of (3.46) are cancelled by the differences of Euler beta functions as
n (3.29) such that all entries of the matrices P;g’l),Mégﬂ determined from (3.45) are
indeed polynomials in s;;.

(6,1)

By the above arguments, the o/-expansion of F,,;’" exhibits a matrix multiplicative
structure

6,1 6,1
FOD (25, 24) = P(G’l)M(6’1)Ggo 1)}(24)@{0 1)24}(23) (3.48)

similar to (3.30), where the building blocks are given by (3.38), (3.39), (3.45) and (3.46).
This representation realizes the integration of the KZ form Q1) in dF©:1) = Q6.1 p(6.1)
along the path (0,0) — (0,24) — (23,24), and the alternative choice of path (0,0) —
(23,0) — (23, 24) is discussed in section 5.

3.4 General result

The structural results (3.30) and (3.48) on the o’-expansion of F®:1) and F(®1) can be
readily generalized to higher multiplicity: the KZ equations (3.6) can be solved by the
matrix product (3.7), where the z;-dependent building blocks

oo

Gt G =Y Y Glap ez EGDEGD B
"0 0ttty aa )
(3.49)
involve the following combinations of braid matrices
B = (W) VE#£L,  ESP = () Z ()i (3.50)

i=p+2

The choice of fibration basis is adapted to the arrangement (3.1) of the unintegrated punc-
tures zp42,...,2p—2 on the real line and amounts to integrating the KZ form Qp) in
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dF(p) = Qp) F(p) along the path

(0,0,...,0) = (0,...,0, 2n—3) = (0,...,0, 2n_3, Zn_2) — - .. (3.51)

— .. (0, Zp+43y .- ,ang) — (zp+2, Zp435 - ang) .

The series (3.49) in polylogarithms act by right-multiplication on the z;-independent ma-
trices P("P) M(™P) in (3.7) that are claimed to carry the MZVs according to (3.18). As
exemplified by (3.28), (3.46) and (A.18) for p = 1 and appendix A .4 for (n,p) = (6,2), the
entries of P(™P) M(™P) are expected to be expressible in terms of the disk integrals F’ (k+3,k)
in string amplitudes with & < p. Their compositions can be determined via monodromy
relations from the initial values zp42, ..., 2z,—2 — 0 in a basis of contours where these limits

for the punctures commute with o/-expansions.

4 Coaction properties of F"") and their building blocks

The goal of this section is to investigate the coaction formula (2.15) of the F é:’p ) at the
level of their factorized o’-expansion (3.7). We will identify conjectural coaction properties
of the building blocks G{g%), () in (3.49) which imply (2.15) and mix dif-
ferent braid matrices and the matrices MQ(ZE accompanying the MZVs. The subsequent
expressions for AG("P) are generating functions for coactions of polylogarithms: each con-
tribution is already cast into a fibration basis, and they drastically simplify order-by-order

tests of (2.15).

4.1 Coaction of multiple polylogarithms

The structures to be described in this section originate from the coproduct in the Hopf
algebra of multiple polylogarithms taken modulo their branch cuts, or equivalently modulo
im (1, 2],

Al(ag; a1, ..., an; Gpt1) (4.1)
k
= Z I(ag; @iy, - - - @5 Any1) @ Hf(aip;aipﬂw--7az‘p+1—1;ai,,+1),
0:i0<i1<---<ik<ik+1:n+1 p=0

where the iterated integrals I are defined as

anti

o t—an

I(ao;al,...,an;anﬂ):/ I(apg;ay,...,an—1;t), (4.2)
a,

and are thus related to the multiple polylogarithms defined in (3.3) by a shift of base point,
I(0;a1,...,an;an41) = G(an, ..., a15an41) - (4.3)

It is thus possible to convert any integral I with general arguments into combinations of
the integrals G (see [80] for examples), but the coproduct is more neatly expressed in terms
of the former, as seen in (4.1).
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The coproduct can be lifted to a coaction [78, 80] that reincorporates im with the
additional definition
Alim) =it ® 1, (4.4)

which implies
AlGn) = ®1, for n even, (4.5)

for even zeta values, in addition to the straightforward operation on odd zeta values,

AlGn) =6G1+1® ¢, for n odd. (4.6)

Strictly speaking, the coaction is only defined for motivic MZVs (3}, , and we informally
omit their superscripts in (4.5), (4.6) and similar equations below. Moreover, the second
entries of the coaction feature de Rham periods associated with the respective motivic
MZVs. See for instance [85] for their distinction which is implicit in our notation. The
absence of 1®(, in (4.5) can be understood from the vanishing of the de Rham version of (.

As a consequence of (4.1) and (4.3), the coaction always includes a particularly simple
collection of terms

w
AG(u1,ug, ..., Uy 2) = Z G(Ujt1, Ujg2, - U 2) @ G(ur,u2, ..., uj;2) + - (4.7)
j=0
that arise from deconcatenations of the labels @ = (u1,ug, ..., uy). The terms in the ellipsis

in turn still involve polylogarithms of the form G(...;z) in the first entry, but the second
entry carries at least one unit of transcendental weight via polylogarithms G(...;u;) that
do not depend on z and may reduce to MZVs. In other words, the deconcatenation terms
in (4.7) make all terms contributing to AG(u;z) explicit that take the form G(...;2) ®
G(...;z) with the same original argument z in both entries. This property is perhaps most
easily understood from the representation of the terms of the coproduct (4.1) as polygons
inscribed in a semicircle [2, 80].

For generating series of the form in (3.49), the deconcatenation terms in (4.7) translate
into matrix products: we shall illustrate this in the one-variable case with an abstract
version of (3.24)

Goa(2) = Y. G(i@2)Ey By, ... By, (4.8)

ue{0,1}%
where Ejy, F1 are unspecified matrices without any relations prescribed among their prod-
ucts. Here and below, @ = (uy, . . ., u2,u1) denotes the reversal of @ = (u1,us, . . ., uy), and
we write @ € {0, 1, z,...}* when all words (uy,ug, ..., u,) of arbitrary length w = 0,1,2, ...

in the alphabet u; € {0,1,z,...} are summed over. With row and column indices a,b, ...
for Ey and E; as well as Einstein summation for repeated indices, we have

AGyo,13(2)ab = G101} (2)ac @ Gyo,13(2)eb (4.9)
+ > G@e Y. 6 (et Fr)W(iHR)acGoo13 (2)en
2e{0,1}% ke(2N+1) %

where the MZVs arising from the terms in the ellipsis of (4.7) have been translated into the
f-alphabet (the second entry of the coaction does not admit any f2). The objects W(6|E)
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are products of Ey, Fy with rational coefficients whose composition is determined by (4.1).
Finally, the right-multiplicative generating series Gy 11(2)e in the second entry of (4.9)
ensures the property that the z-derivatives operate in the second entry [80],

AD.Go1y(2) = (id ® 8)AG (g 13 (2) - (4.10)

The fact that each term in the ellipsis of (4.7) carries at least one unit of weight in polylog-
arithms independent on z translates into W (u|0) = 0 in (4.9), i.e. each term in the second
line involves MZVs with at least one letter fy,.

As a simple example of non-vanishing W (@|k)qc in (4.9), we rewrite

AG(0,0,1,1;2) =1® G(0,0,1,1;2) + G(1;2) ® G(0,0,1;2) + G(1,1; 2) ® G(0,0; 2)

+G(0,1,1;2) ® G(0; 2) + G(0,0,1,1;2) ® 1 + G(1;2) ® (3 (4.11)
and similar weight-four coactions in generating-function form. Since 1®(3 is always accom-
panied by G(1;2) ® 1 rather than G(0;z) ® 1 in any AG(uy,ug, us, ug; z) with u; € {0,1},
we have W(0|3) = 0 and

W(1|3) = —FEyEyE1F1 + 2EyF1EyEy — 2B EgE1Ey + E1E1EyEy
+ EoEVEVEy — 3EV\EgEVEy + 3B\ BV EyEy — EVEVELE (4.12)
= [[[Eo, E1], Eol, Er| + [[[Eo, E1l, B, EA].

In the remainder of this section, we specialize the abstract Ey, Fq to the braid matrices of

various F("P) as for instance in (3.25) and find relations involving commutators of matrices
(n,p)

and M, ™.

4.2 Coaction of F("™P) with p = n—4

In this section, we explore the consequences of the coaction property at p = n—4, i.e. for
functions in factorized form (3.7) that depend on one puncture z = z,_9

n.n— n,n—4 n,n—4 n,n—4
F( , 4)(Z)ad :Pz(zb )MZ(JC )Ggo,l} )(Z)cah (4.13)

see (3.17) and (3.18) for the structure of P("=% and M("~4) . We will find recursive
relations among the coefficients W (@|k) of the coaction in the second line of (4.9), and
their solution can be resummed in terms of repeated adjoint actions in the generating
functions in (4.13).

The conjectural coaction property for the full disk integrals is

AF = ()00 = FO (2) 3 @ F=D (2, (4.14)
and we start by investigating the regularized z — 0 limit that sets G%’f}_ 4)(z) — 1 and
relates the contributions involving MZVs via

n,n—4 n,n—4 n,n—4 n,n—4 n,n—4
A (PG ) = PO M) o MY (4.15)

This z — 0 limit of (4.14) is implied by the assumptions (3.19) on P(»"?=% and M(»n—4)

which in turn follow from the expansion (3.17) and (3.18) in terms of matrices Pé,n’n%),
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Mé," "4 of fixed polynomial degree w in s;;. In order for (4.14) to hold at nonzero z, the

series M™% and ng n} 4)( ) need to be interrelated through the coaction,

A GG () = M VE e MG VB e (416
With the property AME" = M(n n=4) ®M£Z =) assumed in (3.19) and the ansatz (4.9)
for the coaction of GF{E 1;} 4)( ), the desired property (4.16) implies

Gloty " o M"Y = G (e 0 M"Y (117)
= Y Gi2)® MSZ’”"‘) w0 e Ses - Fro )W (@|)pe
@€{0,1}% Ee(2N+1) %

upon left- and right-multiplication with the inverses of M(""~4) and Gyo,13(2). The shuffle
symbol in the second entry acts on the combinations of f; that are explicit in the second
line of (4.17) and those in the expansion of M(»"~% . The row- and column indices a, b, . ..
are spelt out since the order of matrix multiplication does not always line up with the
sequence of entries in the coaction as for instance for the term Gf{g 7;} 4)( Joe ® MSZ =4 on
the left-hand side.

By isolating the coefficients of various G(u; z) ® fi, fi, - -- fr, in (4.17), one obtains a
recursion that relates W (u|ky, ks, ..., k¢) associated with different numbers ¢ of letters fy.
With the shorthand notation

BE(@) = E(n=Y L plrnd) gt (4.18)
for the matrix product accompanying G(uy,us,...,uy;2) in (4.8) and suppressing the

(n,n—4)

superscripts of M, , the coefficient equations at £ = 0,1, 2 read

E(t0)apLpe — E(W)pcLap = W (1]0)qc
E(t0) ab (Mg, Joe — E(@)pe(Mp, )ab = W (tlk1)ac + (M )abW (€] 0)pe (4.19)
E (@) ab(Mgy My Jbe — E(@)pe(Mry My )ab = W (1dlk1, k2)ac + (M, )apW (@] k2)be ,
+ (M)W (k1 )pe + (M, Miy) oW (40]0) b

It is easy to see from (4.17) that the generalization to coefficients of G(4; 2) ® fi, fiy - - - fx,
at arbitrary ¢ is captured by the deshuffle > Aug—k On the right-hand side. The latter
instructs to sum over all pairs p = (p1,p2,...,p;) and ¢ = (q1, ¢, - - .,q;) of ordered sets
such that a given k = (k1, ks, ..., ky) with £ = i+j occurs in their shuffle product:

[E(@) , My, My, ... My,], = > (My, My, ... M)y W (@|Q)e - (4.20)
PLIG —k

The recursion for the W(ul|ky, ko,...,k¢) in (4.19) and (4.20) can be straightforwardly

solved in terms of nested matrix commutators such as

W(@l0) =0,
W(mkl?k?) = [[E(ﬁ)7Mk1]’Mk2] )
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and more generally
W (ki ko, ... ko) =[[..[[E(W), My,], My,], ..., My, ,], My,] . (4.22)

For words @ of length one, (4.21) relates the commutators [Ey, Mag+1] and [Ey, Maog41] to
products of braid matrices. One can for instance find

[Eo,Mg] =0, [EO,M5] =0
[Ev, M3] = [[[Eo, Erl, Eo, E1] + [[[Eo, En], E1], EA

[E1, Ms] = [[[[[Eo, E1], Eo], Eol, Eol, E1] + g[[[[[EO,El],EO]v Eo), E1], E1] (4.23)
+ 2 [[[1Eo, Bl Eol, Bu), Eol, Bi] + S {[[[Bo, 1], Bu), Eol, i, By
+ g[[[[[EovEl],Elel]anL Er] + [[[[[Eo, Erl, Er], E1l, Er, B4,

based on W(0|3) = W(0|5) = 0, and W (1]3) in (4.12) (with a similar expression for
W(1|5)). Up to the outermost bracket with Fj, the right-hand sides of (4.23) match the
coefficients of (3 and (5 in the Drinfeld associator ®(Ey, F1) (when reducing the MZVs
to the standard conjectural Q-bases), see (5.6) below. Multiples of these expressions also
feature as the nested brackets that define the elements Dy, and Dy, in the stable derivation
algebra [86, 87].7

Given that each W (@|k) in (4.22) involves the matrix product E(#) in (4.18), the
sum over Y gero1yx G(U; 2)W (@|k) in (4.9) is expressible in terms of the generating series
Gyo,13(2) in (4.8): the coaction property (4.16) along with the ansatz (4.9) are equivalent to

AGYH ()= G§33€§<z>®6§3;§’>}<z>+k > [CEH ). M @s™ ()G (2)
1€2N+1

2 [CEHE. M) MG @67 (i fi) BT )
k1,k2€2N+1

+ 3 GED ), MIP], MEP], MIP) @67 (fuo fro Fr) G2 (2)+-.
k1,ko,k3€2N+1

= 3 (LGN ), MIP, MEP) M M @6 (fry - S5, GG (2)

Fe(2N+1)x
(4.24)

with terms involving four or more fy in the ellipsis in the third line. In fact, this derivation
of (4.24) not only applies to p = n—4 but also to general values of p: one imposes the
coaction properties of F(™P) to hold for the matrix product (3.7) at generic z = z,_o and

"For any element f (z,y) in a free Lie algebra with generators z,y, the derivation Dy is defined by
proposition 2 of [86]. The cases of f(z,y) relevant to (4.23) are [87]
f3 = 7[[373 y]7 CE} - [[CL’, y]ay]
fs = —2[[[[$, y]a CL‘}, {E], 1‘} - 3[[“5”7 y}? x]a m}a y}
- [[[[Lt, y], ?J], 12], y] - 3[“['737 y}v y}v y]7 x]

[
2

[z, y], =], yl, =]
([, v], vl yl, 9]

[l
[l

with © — Ey and y — FE1 which are not to be confused with the f-alphabet description of MZVs.
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vanishing z,_3, Zn—4, ..., 2p+2. Note that the pattern of fi, and M}, in (4.24) amounts to
translating the matrix products in the expansion (3.18) of M™P) to the adjoint represen-
tation: by introducing the formal operation

X ®adr, (¢ (fry frg - - - o) Miy M, ... My, )Y (4.25)
- H e [[Xv Mkl] ’Mkz] ). 'aMkr—J 7Mkr} ® ¢_1(fk1fk2 s fkr)Y

that converts matrix products to nested commutators in the appropriate order and acts
linearly ady,(P + Q) = adp,(P) + adp,(Q), one can compactly rewrite (4.24) as

AGR (2) = G (2) @ adr, (M) G (2) . (4.26)
We emphasize that (4.24) is still conjectural and can be thought of as an economic refor-
mulation of the coaction conjecture (2.15) for F(™P): we have started to decompose the
coaction relation involving all the contributions G(...;2zp—2),...,G(...; 2p42) and MZVs to
the o/-expansion of F("P) into simpler coaction formulae for the building blocks in (3.7). In
the next section, this decomposition will be extended to polylogarithms in several variables.

We have tested (4.24) and (4.26) order by order in the o/-expansion, namely up to and
including o/1! for (n,p) = (5,1) and o’ for (n,p) = (6,2). The relevant braid matrices
and M§k+i can be found in (3.25) and (3.28) for (n,p) = (5,1) as well as appendix A.4
for (n,p) = (6,2). Note in particular that the o/=%-orders at (n,p) = (6,2) are sensitive
to the commutator structure of [[Gf[g:}g(z),Mé?’p)],M( ’p)] ® fry [, along with (35; see
appendix A.4.3 for details. These checks go beyond the reach of (n,p) = (5,1) since

(> MEPY) = 0 and therefore [[G{) (=), ME™V), MEPY] = (GG (2), M), V).

4.3 The general case

In preparation for the multivariable generalization of the expression (4.26) for AGF{O’II))}( ),

we briefly repeat the analysis of the previous section in the two-variable case p = n—>5 with
z=2p—3and y = 2,_9,

FO (2, )0 = PG M VG0 (1)edGlg ) (2)e (4.27)

(n,n
{0,1,y}
function for coactions (4.7) of polylogarithms G(u;z) with labels u; in the three-letter

and study the coaction of G )( )de- We will arrive at a compact form of the generating
alphabet {0,1,y}. Again, the general coaction formula (4.1) leads to the simple class of
terms from deconcatenation of @ that are explicit in (4.7), and we will elaborate on the
additional terms in the ellipsis with some G(...;u;), u; € {0,1,y} in their second entry.
In terms of generating functions

Gioyy(2) = Z G(i@';2)Euyy 2Fuy .z - - Buy - (4.28)
ue{0,1,y}*
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with unspecified matrices Ey ., E1 ., E, ., it remains to determine the W (|k|nt) comprising
products of matrices with rational coefficients in

AG{O,I,y} (Z)ab = G{071’y}(2)ac & G{0,1,y}<z)Cb -+ Z G('lj, Z) (429)
ue{0,1,y}*
® > 0 S Sr) Y. GOy W(Elk)acGo,1 ) (2)e
ke(2N+1)% me{0,1}%

From coactions at weight two with G(...;y) in their second entry such as
AG(Ly;2) =1®G(1,y;2) + G(y;2) @ G(L;2) + G(Ly;2) © 1 (4.30)
—G(1;2) ® G(0;9) + G(1;2) @ G(Ly) — G(y; 2) © G(13y)
one can for instance read off
W (0|0]0) = W(0|0]1) =0
W (y[0[0) = [Eo,z, Ey,:] (4.31)
W(110]0) = =W (L0[]1) = W(yl0|1) = [E1 .z, By ]

The matrix products W (i|k|m) in the coaction can again be determined by imposing (4.27)
and furthermore assuming that AP("=5) = P("7=5) @1 and that (4.16) holds for M(™"~5)
and G% T} %) In this setting, the ansatz (4.29) for the coaction of interest has to satisfy

Gy (2o © ML 5>@<"’”*5><y>cd—G<"’"*5>< Jea @M VGET VW) (432)

{0,1,y} {0,1} {01y} {0,1}
. n,n—>s n,n 5 - 7] =
= 3 G@z) oMYy >G§071} WY 6 (fry oo+ Sy )G y)W (@] K| ca
ae{0,1,y}> Fe(2N+1) X
me{0,1} X
By isolating the coefficients of G(@;2) ® fx, ... fr,G(ma,...,mj;y), we obtain a recursion

for W (ii|k|m) in the total number of letters in k and 1. With the shorthand notation

E.(@0) = Eyy.~ ... Euy2Fu, (4.33)

and an expansion of GE{S 711} 5) (y) in terms of G(M;y)Em,y - EmyyEm, y, the simplest

examples are

[E-(), ae = W
[E:(), M, Joe = W
[E=(4), By ylac = W

[E.. (@), My, My Jae = W

(@|010) ac
(@lk1|0)ac + (Mpy )apW (1]0]0)pc
(@l0[m1)ac + (Emyy)aW (@]0]0) e
() k1, k2|0)ac + (M, )ap W (1] k2|0)pe
+ (M) apW (@K1 0)pe + (Mg, Miy ) apW (4]010) e (4.34)
[E.(Q), EpmyEmylac = W(@|0|mi,m2)ac + (Emy y)apW (@]0]m2)pe
(Emz,y)abw(mmml)bc + (Emz,yEmhy)abW(mmmbc
[E=(@), Mg, By Jac = W (@]k1|m1)ac + (Emy y)aoW (@]k1]0)be
+ (M) )apW (@] 0[m1 )pe + (M, Eny ) apW (]010) e

ac

ac

+

— 96 —



The general formula can again be written in terms of deshuffles similar to (4.20). Note that
the extraction of these identities from (4.32) hinges on the fact that all polylogarithms are
already in a fibration basis.

Similar to (4.21) and (4.22), the solution to the recursion furnished by (4.34) and
higher-weight generalizations features nested commutators, starting with

(UW)W)) 0, W(mklv kQM) = [[Ez(ﬁ)7 Mk1]? Mkz]
W (il k10) = [E-(d), M,], W (@]0|my, ma) = [[E:(@), Emy y), Emyy] — (4.35)
W (@|0jmy) = [E=(d), Em, 4], W (dlky|my) = [[E=(d), My, ], By )

and more generally (note the reversal of the commutators of the E,,, ;)

W(ﬁ|k:1,k‘2,...,k:g|m1,m2,...,mj) (436)
= H . [[ .- [[Ez(ﬁ)v Mkl]’ Mk2]7 s 7Mk/£]’ Emjﬂ]? <. 7Em2yy]7 Emlay] .
As in the transition from (4.21) to (4.24), we recover the generating series Gyg1,}(2) by
summing the combinations of E. (@) (defined in (4.33) and coming from W (i|k|m)) and
G(i; z) over @ € {0,1,y}*. In the context of the F("P) with y = 2, o and z = z,_3, this
yields

AG (n,p) ( ) G(”J’) ( )®G(n71’) ( )

{0,1,y} {0,1,y} {0,1,y}

+ Y [BHT, ), Mg @ 67 (f)GT, (2)
k1€2N+1

+ Y [GHY (), B @ Gima; y)Glh, (2)
m1€{0,1}

+ 3 [IGEY () M), M) @ 67 (fi )G (2)
k1,k2€2N+1

+ Y [GER, (=), B, EGn © Glma, ma )Gt (2)
m1,m2€{0,1}

+ Y [[GEY, (), MU, EG @ ¢7 (fi) Glma )G, (2) + -
e

= 3 (L[ GRR (), M), M M B B B

mgs,y m2,y mi,Y
Iﬁe{Oyl}X
ke(2N+1)X
& ¢_1(fk1fk2 s sz)G(mla ma,...,m;y )Ggoi)y}( ) (437)

The sum over 71 and k in the last line can be conveniently absorbed into a generalization
of the notation (4.25) to

X @ady, (¢~ (i fra - fro) Miy My - My, G(ma,ma, - m539) By - By By ) Y

= [[ [l I M ML My By By ] By (4.38)
® ¢ (far fas - - fr)G(ma,ma, ... omyy)Y
namely
AGED () = G () ady, (MODGED (1)) 6P (2). (4.39)

_97 —



We have explicitly verified this to be the case order by order in the o’-expansion, namely
up to and including o/ for both (n,p) = (6,1) and (n,p) = (7,1).

The strategy of this section to obtain a conjectural coaction formula for the series G(™?)
of polylogarithms in the F("?) can be inductively extended to any number of unintegrated
punctures. With the obvious generalization of (4.38) to several species of braid matrices
EE,QE} in (3.50) and polylogarithms in the fibration bases specified below, our conjecture
for the coaction properties of the constituents of (3.7) is

AG!) (z5) = Giw () (4.40)

{0,1,2j41,2j42,-12n—2} {0,1,2541,2j42,-,2n—2}

@ adp, (MOPGHH) (50 2)GHE. (ens) -

(n.p) , (n.p) )
e {0717Zj+27zj+37~~-7zn—2}(Z]+1) G{0717Zj+17Zj+27""z7l—2}(Zj) ’

These coaction formulae at j = 3,4,...,n—2 and (3.19) are necessary and sufficient condi-
tions for the factorized o/-expansion (3.7) to obey the coaction formula (2.15) of the F(P),
In an order-by-order check of the coaction properties of the o/-expansion, the individual
cases of (4.40) are considerably simpler to verify than dealing with the complete expres-
sions for F(™P) at once. The simplest examples of (4.40) with j = n—2 and j = n—3 can
be found in (4.26) and (4.39), respectively. We have performed the order-by-order checks
for the cases with (n,p) = (5,1),(6,2),(6,1) and (7,1) to the orders of /1, a/1% /¢ and
6

a’®, respectively.

5 Analytic continuation

In this section we study the analytic continuation of the functions Fég’p )(zp+2, ey Zn—2)
while keeping the orthonormal bases of forms and cycles fixed. Previously, we have defined
this family of functions with a specific branch choice in mind: the branch consistent with

0=z < Zpr2 < Zp43 < ... < Zp—2 < Zp—1 = 1 (5.1)

when all the punctures sit on the real line.® This branch choice is implicit in our selection
of cycles, vén’p ); the regularized initial values for these functions, P(2)M™P); and explicit
in the order of path-ordered integration from these initial values — schematically shown
in (3.51) — which induces a fibration basis on the multiple polylogarithms appearing in
the o/-expansion of F(”’p)(szrg, ey Zn—2)-

The key nontrivial example to keep in mind for this section is F (6’1)(zp+2,zn_2) =
F©:1) (23, 24), where we have assumed 0 < z3 < z4 < 1 as discussed in section 3.3. The
analytic continuation of this function into the branch {zy < z3} has to be seen not as a
permutation of z3 and z4 but rather as a braiding of these punctures. Fortunately, the
theory of the KZ equations provides a representation of the braid group acting on certain
solutions to these equations [88]. In what follows and in appendix B, we spell out how
this representation furnishes a group action on the solution space in which our functions

F(”’p)(zp+2, ey Zn—2) live.

8This is the usual branch choice for the polylogarithms appearing in F(n’p)(Zerg, ey Zn—2).
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5.1 Warm-up example: monodromies of F(®1)(z3)

A monodromy is, of course, an example of analytic continuation. Because all the
F(”’p)(zp+2, ..., 2Zn—2) are themselves defined to be holomorphic functions, the solutions
of our KZ equations have certain prescribed monodromies.”

In the case of FOD(z3) = PGHMG® I)Gf’ 1)}( 3), the monodromy is determined solely

from the generating series of polylogarithms Ggo 1)} (z3) in (3.24). For example, the mon-

odromies for z3 going anticlockwise around 0 and 1 are given by

Mo Z3G.({o 1)}(23) = exp (2mE(5 1)) Ggg 11)}(23) (5.2)
MG ) = 0 (B, BV e (2miE5) 0 (5. 5 638 ),
where the exponentials generalize the weight-one identities
Mo ., G(0; z3) = G(0; z3) + 271, M 2, G(1; 23) = G(1; 23) + 2mi . (5.3)
Throughout this section, we shall use the shorthand
B = (o) (5.4)

for transposed braid matrices, not to be confused with the special combinations El(sz ) or

E,E?f;) in (3.40) with z-variables appearing in the subscript. In the second line of (5.2), the
expression

o (EY, BGY) = G5 (5s=1) (5.5)

is a special case of the Drinfeld associator whose expansion in terms of MZVs and arbitrary
non-commutative indeterminates Ey, F is given by [89]

®(Ey, E1) = Z > Glay,...,a2,a1;1)Eq Eq, ... Eq,

— ay,ag,.
GTG{O 1}

=1+ C2[E07 Ei] — G[Eo+En, [Eo, EA]l + ..., (5.6)

in lines with (3.24). Its inverse can be written in two different ways:

o0
O(Eo, E1) ' =Y (-1)" > Glay,az,...,ap;1)Eq E, ... Eq,
r=0 ardion
= ®(E, Ey). (5.7)

Thus, the monodromy of F(®:Y(23) is given by [74]

MO,zgp(s’l)M( )Gﬁ’) 11)}< 3) = GBI (G exp (27TZE(5 1)) Gﬁ) 11)}< 3), (5.8)

9One can build solutions to the KZ equations with no monodromy, by using certain non-holomorphic
initial values, see the discussion of sphere integrals and single-valued polylogarithms in section 6 and for
instance [41, 46].
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Figure 1. The elementary braid operation o34 braids puncture z; counterclockwise around zs.

with a similar expression for MLZBIP’(E”UM(E”I)G‘({%}I)}(23)- Also for F™P)(z19,..., 2, 2) at
more general n, p, the monodromies are clearly determined by the generating series of poly-
logarithms, i.e. the G(™P) in (3.49). The monodromies of generating functions of multiple
polylogarithms, as studied in this work, have already been spelled out in detail in [74]. From
now on we will focus on the analytic continuation of the functions F("7p)(zp+2, ey Zn—2)

from z; < z;41 to branches with z;;1 < z;, which are not monodromies.

5.2 Warm-up example: analytic continuation of F(6:1) (23, zy)

We shall now study the analytic continuation of F("’p)(zp+2, oy 2Zp—2) from 0 < z,49 <
Zp43 < ... < zp—2 < 1 to different arrangements of the unintegrated punctures z; with
j = p+2,...,n—2 in the unit interval. These analytic continuations are implemented via

braid-group generators o; ;41 involving unintegrated punctures zj,z;;1 which have not
been SLs-fixed to (0,1, 00). More details on braid groups and examples involving (0,1, 00)
can be found in appendix B.

The formula for the monodromy of F(>1)(z3) in (5.8) suggests that to understand the
analytic continuation of F(61 (23, 24) into {24 < 23}, we need to focus on the analytic
continuation of its generating series of polylogarithms, G%%:ll)}(z4)G%%’711)’Z4}(Z3). There is
only one element of the braid group we will consider, which is o3 4, which braids punctures
z3 and z4 around each other, with z4 going around z3 counterclockwise. This choice of

orientation of the braiding is depicted in figure 1 and determines the phase in

log(23—21) = log (€™ (24—23)) = log(z4—23) + i (5.9)
or equivalently in

G(z3;24) = G(24; 23) + G(0; 24) — G(0; z3) + i . (5.10)

Similarly, our choice of 034 fixes the prescription to perform a change of fibration basis
from arbitrary G(a; € {0,1,24};23) to G(a; € {0,1, 23}; z4). One can view (5.10) as the
braiding analogue of the weight-one monodromies (5.3). In the same way as the latter have
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a compact uplift to generating functions in (5.2), the generalizations of (5.10) to higher
weight are most conveniently given at the level of the generating function Gg%’ll)zél}(%),
see (5.20) below. More precisely, we will study the o3 4 action on the combination

g(6,1)(23724) = GE[% 11)}( )Ggi((;) 11)Z4}(Z3) (511)

entering the o/-expansion of F(61)(z3, 24) = POGDMGDGOD) (23, 24) in (3.48). As discussed
in section 3.3, the matrix product GV (23, z4) is a solution of the KZ equations (3.36)
and (3.37) obtained from integrating the form Q1 in dF©6D = QOGDEED along the
path (0,0) — (0,24) — (23,24). The braid-group generator o34 maps (5.11) to another
solution G6:1)(zy, z3) of the same KZ equation where the form Q1) is now integrated
along the alternative path

(0,0) — (23,0) — (23, 24) (5.12)
adapted to the branch choice after braiding, i.e.

D=z <zmy<zz3<z3=1. (5.13)
By the arguments in section 3.3, the solution (& (24, z3) due to (5.12) is composed of

GO (24, 23) = G} (28) G 1y (24) (5.14)

where the form of @F{%’ll)} (z3) and GF{O 1) }(z4) follows from the way we perform the path-

ordered integration, namely

Gl (28) Z > Glay,...,a9,a0;2) EQDESY) . ESY, (5.15)
r= 0“16‘1{201}
e}

Gl =3 > Glar..,az,00;20) BGY EGY . ESY),. (5.16)

The E&?’Q matrices are also determined by the integration order in (5.12),

$12+813 —s24 0

~ (6,1 6,1 6,1
E((),z’g) = ( i +e §4 )) —s12 S23+s24 0 |, (5.17)
0 —S923 0

o4 ot 0 —s95 —S25 o ot So4  Soq O
E%,Z’;g) - (6&5’ )) =10 s25 825 ) E(()7Z74) = (64(11’ )) = si2 s12 0|,

0 s23 s23 —512 —812 0

. 0 —s24 0 00 0

- 6,1 = (6,1 6,1
Bon = (65’4 )) = | O s2sFs21 0 f Ei,m) - ( o )) =100 —s2

0 —so3 O 0 0 s24+525

See (3.40) for the analogous braid matrices in (G}EO 1)}(2 )(GE%’?M}(,Zg) that arise from the

earlier choice of integration path (0,0) — (0, z4) — (23, 24).
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Since GO (23, z4) and G612y, 23) solve the same KZ equations, they must be related
by a left-multiplicative constant series X6

GOD (24, 23) = 034GV (23, 24) = XOV (53,4) GOV (23, 24) . (5.18)

Comparison of (5.11) and (5.14) with the phase of (5.10) in changing fibration basis com-
pletely determines the series X6 to be

KO0 (03.) = & (B, BOY) exp (1mBSY) 0 (HED, BEY) . (519

The composition of Drinfeld associators (5.6) with the exponential of a braid matrix re-
sembles the structure of the M ., monodromy (5.2). However, the phase of exp(mEéi’l))
in the braiding relation
~ (6,1 ~ (6,1 6.1) (6,1 (6,1 6,1) (6,1 6,1 6,1
GEOJ)} (23)(@?[071),23}('24) = (Ez(ll )7Eig4 )) €xp (”TE?(A )) o (E§4 )7E§1 )) Ggloyl)}(zn(ggo’l%%}(zii)
(5.20)

is half of the phase in the monodromies (5.2). We have used PolyLogTools [90] to perform
the changes of fibration basis to verify (5.20) order by order in the EZ(]6 1) or Mandelstam
invariants.

Note that the signs of the im-terms in (5.9) and (5.10) as well as the phases in the
generating-function identities (5.19) and (5.20) are reversed when changing the orienta-
tion of the braiding o034. The analogous signs of im in the fibration-basis formulas re-
turned by computer packages are controlled by the sign of imaginary part of z3 in case
of HyperInt [91] and by the sign of arg(zs) — arg(z4) in case of PolyLogTools [90],
respectively. '’

Going back to our original question about analytic continuation, we can now pinpoint
the behavior of our solution F6:1) (23, z4) = PODMOED GO (25, 24) in passing from 23 < 24
to 24 < 23 for real 23, z4. Instead of analytically continuing each polylogarithm in the /-
expansion of F (6’1)(23, z4), we have performed this analytic continuation at the level of the
generating function. With the constant matrix X1 (g34) in (5.19) and the composition
of the polylogarithmic series G(61)(zy, z3) in (5.14), we have

-1
FO (23, 24) = POIMOED [X(GJ)(U&D} GO (24, 23), (5.21)
in terms of functions naturally defined on the branch (5.12), or equivalently
03’4F(6’1)(23, Z4) = P(G’l)M(ﬁ’l)g(G’l) (24, 23) . (5.22)

While (5.21) is simply a rewriting of F(O1(z3,2) = POGOMGEDGOD (25 7). the im-
age (5.22) under the braid group furnishes the analytic continuation of F(®1 (23, z4) into
the branch with 0 < 24 < 23 < 1. Further examples of analytic continuations to one of
23,24 being < 0 or > 1 follow the lines of the (n,p) = (5,1) example in appendix B.2.

Tn particular, (5.20) is consistent with the numerics of PolyLogTools if arg(z3) > arg(z4).
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5.3 Initial values of F(6:1) and their coaction

As a side effect of (5.21), it determines a formal initial value for F(6:1) adapted to path-
ordered integration in the order shown in (5.12). On top of the Q-linear combinations
of MZVs seen in the o/-expansion (3.17), (3.18) of the initial values PODMGD | the o-
expansion of the initial value in (5.21) involves powers of im. Hence, we reorganize

]P;(6,1)M(6,1) |:X(6’1) (0_3,4):| -1 _ P(G’l)M(&l) (523)

with an expansion of P(&:1) M(61) in terms of alternative 3 x 3 matrices ]515,6’1), Y 5,6’1) whose

entries are still degree-w polynomials in s;; with rational coefficients:

PO = 1 1+ in P + B 4 in PO + PO 1+ in 3PV + GBSV + 0(sT)

=1+ (ims PR + SRRV (5.24)
k=1

00 00

r(6,1) _ —1 r(6,1) 17(6,1) r(6,1)

M( ) — Cb Z Z f2k1+1f2k’2+1 cee f2kr+1M2k1+1M2k2+1 cee M2kr+1 .
r=0 k1,ks,....kr=1

The qu,ﬁ’l)—matrices associated with odd w do not have any counterparts in the expansion
of P(6:1). Moreover, the ]32(5,1) and Mézi)l resulting from (5.23) differ from the PQ(,?’I) and
Mz(gi)l determined by (3.45) and (3.46) as exemplified in appendix B.4.

Still, the coefficients of the MZVs and their products with 7 in (5.23) are expected to
be compatible with the coaction principle in the sense that

~(6,1) (6,1 = (6,1) (6,1 ~ (6,1
A@GVMGY) = BRUMEY @ MY, (5.25)

which we have tested up to and including the order of o’®. At the level of the MZVs that
solely arise from words in for11, the coaction (5.25) is again equivalent to an expansion

y 5 5 1., - } 5
MO = 1 + MY + AR + §C§M§6’1)M§6’1) + Gy

+ GG MV N + %Cs,s) [ NP + 0(s) (5.26)
as in (3.10), where the commutator [Méﬁ’l), ~3(6’1)] vanishes just like [M5(6’1), Méﬁ’l)] = 0.
In other words, (35 drops out from M) in the same way as it does from MY In fact,
we have checked that all irreducible MZVs of depth > 2 at weight < 11 already cancel from
the individual Drinfeld associators in (5.19).

Moreover, already the matrix-multiplicative structure on the right-hand side of (5.23)
is not manifest on its left-hand side. Hence, the fact that the coefficients of iw (s, in(5 and
im(2C3 in (5.23) are given by matrix products ]51(6’1)]\2556’1),151(6’1)M5(6’1) and ]53(6’1)]\2:;6’1),
respectively, can be viewed as non-trivial checks of the coaction principle.

5.4 Analytic continuation of F(™P)

The examples in section 5.2 have set the stage to describe the analytic continuation of
F(”’p)(zp+2, Zp+3, -5 2n—2). The simplest analytic continuation of these functions was de-
scribed in (5.18) and (5.19) as a group action of certain generators o34. The group in
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question is By, the braid group of N strands, acting on the N = n—p unintegrated'! punc-
tures. The braid group By can be defined as the non-commutative group with generators
0; := 041, where 1 <i < N—1, that satisfy the relations [92]

00 = 005 for li—j] > 2, (5.27)

030410 = 034107041 for 1<¢<N-2.

For convenience, we will label the generators according to the punctures, i.e. 0; ;11 denotes
the generator that interchanges punctures z; and z;41 via braiding, with z;,1 going around
z; counterclockwise.

We will now describe the group action of a generator of the braid group o;,41 on
F("’p)(sz, Zp+3, -+, 2n—2). This corresponds to performing a change of branch from the
branch consistent with

O0=21 <zpy2<2py3 < - <2 <21 < - < Zp2 < 2Zp—1 =1 (5.28)
when all the punctures lie on the real line, into a branch consistent with
0=2 < Zpt2 < Zp3 < - < 21 <2 < - < z2p—2 < Zp-1 =1. (5.29)

Now, the analytic continuation of F(P) = P(p)p(np g(”’p)(sz, ey Ziy Ziddy e e Zn—2)
with G(P)(...) comprising all the factors of G("P) in (3.7) is given by a matrix acting on
the generating series of polylogarithms,'?

Ji7i+1F(n’p) = P(n,p)M(mp)Xm,p) (Ji’i+1)g(n’p) (Zp+2, ey Ry Bl e e ey Zn_Q) (530)

= P(n,p)M(n,p)G(n,p) (Zp+2, sy i1y Riy e e ey Zn_Q) y

where X("P)(g; ;41) is given as follows in terms of transposed braid matrices (5.4)

X(n’p) (Ui,i+1) Eﬁf1 Z E](?fb Ez(yzlf% exp (”‘—Ez( zf%)
Jj=p+2
< P Ez(zf%;E :p) Z E(nup . (531)
_p+2

The (n,p) = (6,1) cases of these expressions for ;1 F™P) and X™P) (¢;;.1) can be
found in (5.22) and (5.19), respectively. Before the analytic continuation in (5.30), one can
translate the rewriting F(P) = POPIMOP) [X(P)(g; ;1 1)]71G™P) into a modified initial
value

Prp)yp(2p) — prp)pp(np) [X(nﬁp)(aiyiﬂ)]—l (5.32)

"Doing a complete turn around SL(2, C)-fixed punctures performs a monodromy as for instance in (5.2).
These operations can also be described as part of a braid group. See appendix B for more details.

12While this is a known formula in the literature, it is not usually written down explicitly. An explicit
version of it can be found in Proposition 5.1 of [93] for the genus 1 case, which apparently has the same
formula.
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as done in section 5.3 at (n,p) = (6,1). We expect P(*?)M(P) to inherit the coaction
properties of F("P) ie. to generalize (5.25) to arbitrary n and p. Accordingly, the o/-
expansion of M(™P) will share the structure of the leading-order terms in (5.26), and the
o/-expansion of P("?) will involve odd powers of 47 as in (5.24).

The image G(”’p)(sz, <oy Zigl, Ziy- .-, Zn—2) under ;41 describes the path-ordered
integration of the KZ form Q#) in dF"») = Q) F(P)  with an initial value equal to

the identity, and along the path where z; is moved to nonzero values before z;1,

(0,0,...,0) — (O,...,O,ang) — (0,...,0,Zn,3,zn,2)

— .. (0,...,0,0,%_,_2,...,Zn_g)

— (0, e ,0, Zis O, Zi42y e e ey Zn,Q) (533)
— (O, ... ,0, iy Zid1y Bid2y - vy Zn_2>

— (0, e ,0, Zi—1,%05 Zit1s Bit25 - o ang)

— ... (Zp+2,2p+1, .. .Zn_g) .

Both the matrices that enter the definition of gN(n’p)(Zp+2, ey Zitly Ziy .-+ Zn—2) and the fi-
bration basis of its component polylogarithms respect this integration order above. Equiv-
alently, we can define Q(”’p)(zp+2, ey Zit1, Zis - -+ Zn—2) tO be given by

g(mp) (Zp+2? sy Bl By e ,Zn_g) = g(mp) (Zp+2, sy By Rl e e Zn—Q)‘u—)i-I—l ) (534)

where ¢ <+ i+1 instructs to interchange z; with z;41 and E; ; with E; 1 ; everywhere, but
without modifying the Mandelstam variables in their entries. In the case of (n,p) = (6,1),
this procedure converts the series (5.11) to (5.14) and the braid matrices in (3.40) to those
in (5.17).

We have explicitly verified the (n,p) = (7,1) cases of (5.30) and (5.31) for 34 and o4 5
up to and including o/®. For these explicit checks, changes of fibration bases were performed
via PolyLogTools [90], with the sign of im as in the last term of (5.10) and the analogous
identity with (z3,z4) — (24, 25) to take the orientation of the braiding into account.

In conclusion, the key achievement in this section is to spell out the action of the
elementary braid o; ;41 involving neighboring punctures on F(p) - Since the braid group
of N strands, By, is generated by these o;;11, the results of this section determine the
analytic continuation due to arbitrary braiding of the punctures. Further examples of
analytic continuation can be found in appendix B.

6 Sphere integrals

This section is dedicated to sphere integrals over the forms wf{"p ) of section 2 and their

)

of the vertex-operator insertions integrated out, the sphere integrals in this section can

complex conjugates. When interpreting the F é;’p as open-string integrals with a subset

be viewed are their closed-string counterparts. Moreover, they are directly applicable to

computations of correlation functions in two-dimensional conformal field theories as will
be further elaborated on in section 7.
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We will express the o’-expansion of the sphere integrals in this section both as single-

valued maps of the Fé;}’p )

and as Kawai-Lewellen-Tye (KLT) formulae involving products of
open-string integrals and their complex conjugates. We will propose two prescriptions for
computing the entries of the KLT matrix and its inverse. The latter will be given in terms of
combinatorial rules describing adjacency properties of Stasheff polytopes associated to each
integration cycle, while the former will be an explicit expression in terms of polynomials

of trigonometric functions.

6.1 General formulae

The sphere integrals of interest in this section take the form

p+1 I
/ o | TT @2 | (KNP P o), (6.1)
P \ k=2

where d?z = %dz AdZ and a,b=1,2,...,d"™P) independently run over the bases of forms
wa(bnvp) — @C(L"’p) H?I% dz; specified in section 2.3. For p = n—3, we recover the sphere inte-

grals of closed-string amplitudes which are known to be single-valued maps of open-string

integrals Fég’nf?’) if d)l(ln’p ) are replaced by suitably chosen Parke-Taylor forms [7, 47-51, 56]:

o 1 e 3] (i
svFy Y = / ( d2zk> [KN(on=3) |2 plmn=3) gnn=3) =6 9)
7Tn C(n,n73) 2
with
Thn=3) -1 n737n7
Tﬁé ) 3) — ( ) ZL 1 (63)

pa(zl,2 223 .--2Zn—3n—2 an2,n71)

The 24"~ are SL(2, C)-fixed antiholomorphic Parke-Taylor factors, furnish the Betti-de
Rham duals [56, 94, 95] to disk orderings of the F ég’nfg) and are indexed by permutations
Pa € Sp—3 of the labels {2,3,...,n—2} in lexicographic ordering.

One of the goals of this section is to extend (6.2) to generic p, i.e., to spell out the
forms zzﬁ”’p ) that generalize (6.3) to the Betti-de Rham dual of the cycles 'y((l"’p ) with an
arbitrary number of integrated and unintegrated punctures. For each collection of adjacent

integrated punctures z;,, 2i,,. .., 2, located between unintegrated ones z,, 2., the forms
ﬁén’p) pick up a factor as on the right-hand side of (6.3), i.e.,
s
{m < ziy <ziy, <...<zj <z} < S : (6.4)
Zb,i1 Zi1,in Zig,i3 -+ + Zig_1,ik Fig,C

After combining the contributions from all integrated and unintegrated punctures, one

obtains the basis of i given in (2.26) which reduces to (6.3) in the special case of

p = n—3. This will be further illustrated through the examples at various (n,p) in the
next subsections.
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Given the d(™P)-clement basis of forms uén’p ) defined in this way, we claim that a basis

of sphere integrals (6.1) can be computed from the single-valued map acting on the MZVs

and polylogarithms in the o/-expansion of F ég’p ).13
1 p+1 - -
sy Fé;m) _ = /C( ) H dzzk ‘KN(n’p)F l;((lnvp) @énvp) _ <Vc(ln7p)’wbn7p)> _ (6.5)
P\ k=2

The single-valued map is compatible with the product of MZVs and polylogarithms and
can be evaluated separately for each factor in the o’-expansion of F ég’p ) in (3.7).

For example, single-valued MZVs relevant for sv PP) = 1 and svM™P) have been
introduced in [3, 46]: their simplest cases include!*

SV Cak+1 = 2Qok+1 sv G =0, sv (35 = —10¢3(5, (6.6)

and the f-alphabet admits the closed formula (with iy, ..., i, € 2N+1)
T
SVfQNfilfiz - fi, =0np Z fij o Jigfi W fij+1fij+2 o Jip (6.7)
§=0

The expansion coefficients of sv G%ﬁ(zn_g) are single-valued polylogarithms in one vari-
able [52] that include

svG(0;2) = sv log z = log |2|?, (6.8)

svG(1;2) = sv log(1—2) = log [1—2|?,

as well as
svG(0,1;z) = —sv Lig(2)
=G(0,1;2) + G(0; 2)G(1; 2) + G(1,05 2)
= —Lig(2) + Lia(2) + log(1—2) log | 2|* (6.9)
svG(1,0;2) =svG(0;2)svG(1; 2) —svG(0,1; 2)
svG(a,a;z) = %SV G(a;2)?,
and

svG(0,0,1,1;2) = G(0,0,1,1;2) + G(0,0,1; 2)G(1; z) + G(0,0; 2)G(1,1; 2) (6.10)
+G(0;2)G(,1,0;2) + G(1, 1,0, 0; 2) + 2G:G(1; 2)

13The notation (7|w) with an antiholomorphic form ¥ will always refer to (6.5) as opposed to the right-
hand side of (2.23), which takes two holomorphic forms instead.
HStrictly speaking, the single-valued map is only well-defined in the setting of motivic MZVs. We will

informally drop the superscript of (3, n,...n, in (6.6) and use the same notation sv for the single-valued

map of motivic MZVs and their images in the f-alphabet in (6.7).

5The conventions of this work differ from those of [3, 46] by A® B — B ® A and therefore by a reversal
Sforr+1forot1 - -« forr+1 = foknt1 - - forot+1fok+1. Accordingly, (6.7) features a reversal in the first part
fij -+ fi fi, of the deconcatenated word f;, fi, ... fi, on the right-hand side and not in the second part

fijo1fijpn -+ fi. as seen in the references.
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Single-valued polylogarithms in multiple variables that enter the remaining sv G'(Tf’p) can
be found in [41, 53].

It should be possible to derive (6.5) from the inductive techniques of [49, section 3.3].
However, this is not a fully rigorous proof since the use of the single-valued map relies on
transcendentality conjectures on MZVs. The techniques of Brown and Dupont [51, 56] in
turn should allow for a proof without any such assumptions.

6.2 First look at KLT formulae

An second goal of this section is to write the sphere integrals (6.5) as bilinears in the
open-string integrals F a(g’p ) and their complex conjugates, following the Kawai-Lewellen-
Tye (KLT) formula for the case p = n—3 [45] and its generalization to p = n—4 [50]. Since
the integrand of (6.5) is already holomorphically factorized, it can be easily written down
as a double sum over pairs of all (n—1)!/(n—p—1)! real cycles in C(*P) including those
outside of the d(™P) basis. To be precise, introducing

(n,p) _
Jap" = /Vm,p)

a

p+1
[T dzi | KNOW) (), (6.11)
k=2

we have
(n—1)!
() _ (LY S~ imbes 000 )
» iTh, B s
svEGY = (=) > et gt FRP. (6.12)
c,d=1
Both of ¢,d run over the % cycles 72”4’ ) that impose the ordering (2.9) of the un-
integrated punctures 21, zp42, ..., 2,—1 but allow the integrated ones 29, 23, ..., 2,41 to be

in (—00,0) or (1,+00) besides the standard interval (0, 1) of the d™P)-clement basis. The
only subtlety in (6.12) comes from the fact that each integral on the right-hand side comes
with a specific phase of the Koba-Nielsen factor prescribed in (2.4). This is corrected by
the explicit phase factor e, where

{ it (07 () —p () (7 () —p7 () <0,

Beq = 09 with 09 =
¢ Z ed ed 0 otherwise.

1<i<j<n—1

(6.13)

Here p_ !(i) denotes the position of the label i in p.. In other words, ¢.4 is the sum of all
Mandelstam invariants s;; for which 7 and j appear in reversed order in p. than in p, (recall
that we always fix z, = 00). Thus the phase can be computed easily using the graphical
rules illustrated in figure 2. For p = n—3 this formula was given in [45, 96], where the sum
in (6.12) is over [(n—1)!/2]? terms.

For practical purposes it is beneficial to eliminate redundant terms from (6.12) to
involve only a sum over the minimal d(™P) basis. To this end we construct dual cycles

ﬁc(bn’p ) such that
p+1

(n7 ) . n, ’*(nv )
Lyt = / ) (gdzk) KN(p) p,mP (6.14)
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m= 13 4 2 5 k joi koj i
pa=1 2 3 4 5 i ik i k
(a) (b)

Figure 2. (a) Example graphical computation of the phase ¢q, = $23 + S24, where the two
Mandelstam invariants contribute because of the crossing of lines associated to labels (2,3) and
(2,4). The final label, here n = 5, is always held fixed. (b) Ilustration of the independence of
the phase (in this case s;; + sjr + six) on the way of drawing straight lines, as long as they only
intersect pairwise.

reduce to dgp in the o — 0 limit. One can always expand the I, (”’p ) in a basis of jc(gl P ),
Wh1ch are the integrals from (6.11) but with a shifted basis of cycles *y(n’p ) (defined below
n (6.19)) instead of ’y((l 2

d(n:p)
Z Sar(palpe) T4, (6.15)

for example by the use of monodromy relations. We will describe two distinct prescriptions
for deriving the coefficients S,/ (pa|pc), which we will refer to as the generalized KLT ker-
nel.'® As is known from the p = n—3, the inverse of the matrix Su/(pa|p.) are intersection
numbers of cycles vén’p ) [18, 98, 99]. In fact, this is a general feature of complex integrals
(see [100] and [101, section 6]), which allows us to extend this prescription to all other val-
ues of p. Intersection numbers are given by combinatorial rules describing how the cycles
’yén’p ) intersect one another in the moduli space. Based on this computation and direct
manipulations using monodromy relations, we propose an explicit recursive expression for
the KLT matrix Sy (pa|pc) and verify its correctness up to n = 8 with any p.

Putting everything together, the resulting expression is the second major claim of this

section:
d(n:p)
sv P = Z LGP EGY (6.16)
d(n,p)i
= = 3 " Sw pelpa) .
c,d=1

which is the generalization of the KLT formula to arbitrary (n,p).

0ur terminology is not to be confused with the generalized KLT kernel in [97]. This reference gener-
alizes the field-theory version of the KLT kernel at p = n—3 to a (n—2)! x (n—2)! matrix (instead of the
conventional (n—3)! x (n—3)! format) and generates its entries from a Lie-bracket based on the S-map. Our
generalization of the KLT kernel concerns the cases with p # n—3, and it would be interesting to also derive
the recursion relations (6.62) for its entries from the S-bracket of [97]. We would like to thank Carlos Mafra
for discussions on this point.
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flip
—

Figure 3. Example of an admissible flip by a chord ¢ between n-gons labelled by
(1,2,...,k, k+1,k+2,...,n) and (k,...,2,1,k+1,k+2,...,n). Edges corresponding to uninte-
grated punctures are indicated in red. Flipped side of the n-gon contains only one red edge,
which makes the flip admissible.

6.3 Intersection numbers of Stasheff polytopes

In this subsection we describe combinatorial rules for computing the intersection numbers
of twisted cycles
HGP = (1m0 |y™P) (6.17)

in terms of adjacency properties of Stasheff polytopes (or associahedra) [55] tiling the real
slice of the configuration space ReC™P). In fact, it will prove rewarding to construct the
d™P) x d("P) matrix

A = () (6.18)

a

with an alternative basis of cycles :y,gn’p ) in the second entry, where some of the punctures

Ji are integrated over subsets of (—o0,0),

?(ﬁnf)

B — pBg»J: (Bl,ﬂ,Bg,jl,...,Bp,j£,3p+1,n—2,n—1,n). (619)

In this setup, the KLT matrix in (6.16) is given by
Sa(Palpy) = (H™P)) L (6.20)
For a given (n,p), the cycles vén’p ) are in bijection to n-gons with edges labelled
according to the given ordering p, of labels {1,2,...,n}. We will consider all possible
permutations p, where the unintegrated (fixed) labels (1,p+2,p+3,...,n) always appear
in this specific order. By an extension of the combinatorics describing the moduli space
Mo, [74, 102], adjacency properties on Re C("P) can be described by drawing tessellations
of decorated n-gons. A flip move corresponds to drawing a single chord ¢ and reflecting one
side of the chord as illustrated in figure 3. A given chord is admissible only if the result of
the flip leaves the fixed labels (1,p+2,p+3,...,n) in the same order. In other words, the
side of the n-gon we flip has to have exactly 0 or 1 edges corresponding to fixed punctures.

(In particular, for p = n—3 all chords are admissible.) To every chord ¢ we associate the

Mandelstam variable )

se=a' [ > ki, (6.21)

S
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where Fy is the set of edges being flipped (2 < |F,| < n—2). In the example of ﬁgure 3 we
have s. = s12._ 1. If a chord is admissible, it labels an element of the boundary'” of ’y(n’p )
and the whole boundary structure is governed by how these chords fit into tessellations. The
cycles 'y((ln’p ) are combinatorially isomorphic to Stasheff polytopes and their direct products.
6.3.1 Self-intersection numbers

(n,p)

A given tessellation T, associated to 7, is admissible if it includes only admissible
chords {cs}y—12.. |1, € Tu, where |T,| € {0,1,...,p} is the number of chords used, and
one imposes that these chords do not cross. Following [104, 105] we find the following
formula for self-intersection numbers:

) = i > T 27”5%7 : (6.22)

Ta co€T,

where the sum goes over all admissible tessellations (for |T| = 0 the set of chords is empty
and the term contributing to the sum is 1) and we introduce the following shorthand

tij. = XM 1, (6.23)

The geometric understanding of this formula is that a given tessellation Ty, with |T,| chords
labels the codimension-|T},| boundary of 'yémp ). For example, the terms with maximum
number of chords, max |T;|, label its vertices, and those with a single chord label its facets.
Tessellations describe the combinatorics of how these elements of the boundary fit together.

For example, at p = 1:

1 ) _ sin(m(s12+523))

1
=2 )= .
<V123 n|7123 n> Z( + + Sin(ﬂ'812) Sil’l(?TSQg)

6.24
t12  tog ( )

Here and below, to make the connection with n-gons easier to follow, we label the cycles

’yc(ln’p ) directly by their permutation p, and underline the integrated (unfixed) labels. For

p = 2 the answer depends on the number of fixed punctures separating the two unfixed ones:

1 1 1 1 1
(V5 550 ) = —4( I+ —4+ —+—+—+— (6.25)
tig  to3  t3a ti23  ta3a
1 1 1 1 1 )
t1ot3a  ti2t123  tosti23  logloga  t34l234
(n,2) (n,2) 1 1 1 1 1
(112435 nh/l2435 m) =414+ —4+—4+—+ —+ — (6.26)
t1o  foa  t3q4  t35  tozs
1 1 1 1 1 )
t1ot3q4  ti2fss  tostzs  foafoss  t3atoss
and
(n,2) _ 1 1 1 1
(Mo k3ker1- n|7124536 n) =4 (1 + . + t24) (1 + . + - (6.27)

"More precisely, here and in the following, whenever we talk about boundaries of cycles, we mean

871'*1((7((1"’1))) ), the boundary of the closure of the interior of ~{™P) after the resolution of exceptional
divisors of the configuration space C("?) by a blowup map = ! (see [103]).
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2 5 L 5
1 6 3 6
(a) (0)
Figure 4. (a) Example of the tessellation Ty, by admissible chords ¢, ¢ for 7(2’32256 and 7§?7224)56'

We have s., = s12 and s, = $123. (b) The set of chords can be determined, following [98, 106],
by embedding the second n-gon (blue) inside the first one by connecting midpoints of its edges in
the order py. Provided this can be done without self-overlaps, the chords are determined by places
where the second n-gon folds over (admissibility criteria need to be checked separately).

for k > 5. Factorization of the final example reflects the fact that the corresponding cham-
ber is combinatorially a square (a product of two one-dimensional Stasheff polytopes),
while the first two were two-dimensional Stasheff polytopes, combinatorially pentagons.

6.3.2 Generic intersection numbers

A more interesting case is the intersection number of distinct cycles, which geometrically
describes the boundary of their intersection in the moduli space. If two n-gons cannot be
transformed into one another with a series of admissible flips, their intersection number
is zero. Otherwise, associated to ’y,(ln’p ) and ’yén’p ), there exists a unique set of chords T
that flips one into another in the minimal number of steps, as illustrated in figure 4. The
resulting n-gon is tessellated into a number of smaller polygons P,;,. For each P, we can
define the set of admissible tessellations Tp,, that have chords only within P, (admissibility
is determined with respect to the original n-gon). The formula for the intersection number

becomes

(n.0) [ (P)y (1 yw(palpp)+1 1 max|Tp, | 1
<’7a |7b > ( 1) H Sin(ﬂscl) H(2Z) b Z H ezﬂ-isce _17

c€Tqp Py Tp,, ce€Tp,,
(6.28)
where w(py|pp) is the relative winding number of the two permutations as defined in [98,
appendix A]. The proof of this formula is analogous to those in [18, 104]. The definition
collapses to (6.22) when a = b because T} is the empty set and Py, is simply the original

n-gon, so Tp,, = Ty, and max |Tp,, | = p.

(6,2) 2)

For example, let us compute the intersection number of 233456 and 75(15’2456, which we

already know is non-zero from figure 4. We found two chords (Teﬁning T,p, which dissects
the original 6-gon into three polygons we will call {P;, Py, Ps} > P, below. For each
polygon we find that there is exactly one admissible tessellation, see figure 5. In this case

the winding number is w(123456|312456) = 2. This leaves us with the final answer:

(_1)2+1

( 72) |
sin(msy2) sin(rs123)

6 6,2)
<71§456

7512456) =

x1x1x1. (6.29)
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1 \

Figure 5. Example polygon decomposition needed for the computation of the intersection number
in (6.29). Out of the three polygons, P; and P, are triangles and hence admit only one admissible

tessellation. The last one, Ps, has three possible tessellation, but the last two are not admissible as
they separate two red edges on either side of the additional chord.

)

As another example, we can consider the intersection of 753533456 and 7:%(15’23256, which only
differs from (6.29) by the fact that the label 4 is now integrated.iHence7 all the computations
are identical, except for the fact that the final two tessellations in Tp, of figure 5 are now
admissible. We therefore find

( (6,3) 63) \ _ (1)1

( ) 1 1 )
= X1x1x2 {14+ —+—
V123456312456 Sin(s12) sin(7s123) Z( + +

tys s

_ sin((s45+556)) (6.30)

- sin(msy2) sin(ws123) sin(msys5) sin(mwssg)

Another way of stating this result is that the intersection of the two cycles is a one-
dimensional Stasheff polytope, while in (6.29) it was a zero-dimensional one (a point).
We will provide more examples in the following subsections. Alternative prescriptions

AP )y

for computing intersection numbers ( were given in [107, 108]. The advantage

of our approach is that it provides combinatorial insight in terms of tessellations of n-gons
(or equivalently planar trees).

6.4 Casep=1

Let us start with an instructive case of p = 1, which will inspire the choice of bases of cycles
for the p > 1 cases as well. Recall that d(™!) = n—3 and the canonical basis of cycles we
use is

’y%n’l):{z2€R|Z1<22<23<--‘<Zn}, (6.31)

L(l”’l) ={meR|z1 < <zgp1 <22 < 2g42< <2z} for 2<a<n-3,
or in the notation introduced above

1 1 1
’YL(zn’l) = (75534)...71; 7}?;4)..,717 R 7%24..).n72,2,n71,n)a : (6.32)

6.4.1 Symmetric bases

Let us compute the intersection matrix H (Z’l)

a
to ’y(nj;,)c, only two chords ¢, ¢s,, are admissible: precisely those corresponding to the

in (6.17) explicitly. For the n-gon associated

Mandelstam invariants sjz, so. Hence, we conclude that elements in the basis (6.32) which
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are more than one element apart have no common chords and thereby zero intersection
number.

It remains to consider the other two cases. For the self-intersection number, we al-
ready computed the answer in (6.24), which after relabeling and expressing in terms of
trigonometric functions gives

sin(7(sjo+521))
sin(7s;2) sin(msay,)

Two adjacent cycles ’y(n];,l i1 and ”y(nj k% g1, share asingle chord cs,, , which decomposes

n,1 n,1
<'Y(]gl)c| (]gl)<> =

= cot(ms;2) + cot(msa) . (6.33)

the n-gon into a triangle P; and an (n—1)-gon P,. Both of these have only one admissible
empty tessellation, which is given by the polytope itself, Tp, = P;. Together with the fact
that the relative winding number of the two permutations is 2, we have

(n,1) 1

(V. j2k gt |7 sz kal,) = ~sin(rsar) = — csc(msar) (6.34)

(n,1)

and the same result for (y K2k, |fy ]2k Kl _) by hermitian symmetry of the intersection

product. Organizing these results into an (n— 3) X (n—3) symmetric tridiagonal matrix we

obtain
cot(ms12)+ cot(msa3z) —csc(msa3) 0
— CSC(TS23 cot(msa3 )+ cot(msay —csc(msoy
D) (ms22) (ws23)-+ cot (msa) (ms24) 635

0 —csc(msaq) cot(msaa)+cot(msas) -

We find that these matrices have the inverse with entries (recall that s; = 0):

. min(a,b)+1 . n—
(HWD)-1 = sin(m S ) sin(r T 2 52) (6.36)
ab sin(m Y17 821) ' )

6.4.2 Alternative bases
rr(n.p)

In spite of the appeal of a symmetric basis choice for the entries of H,,™, we found a more

convenient choice of bases that simplifies the entries of the KLT matrix. Let us denote the
corresponding intersection matrix by

= (n,1 ~(n,1
iyt = (ymoEey (6.37)
where the right basis is now taken to be
1 1 1
iy = (7571134) > M3 e Y5 e 3,2,n—2,n— 1n) : (6.38)

We simply “shifted” the position of 2 by one slot to the left compared to (6.32) which
effectively moves the diagonals of the intersection matrix and leads to the new form

—csc(ms12) cot(msia)+ cot(msas) — csc(msag)
. — csc(msa3) cot(msaz)+ cot(msaq) -+ -
(7’1«,1) —
H - 0 — csc(msaq) (6.39)
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This fact is crucial in simplifying the computation of the inverse, which can easily be seen
to take the upper-triangular form

sin(mwsy2) sin(m(s12+823)) sin(w(s12+823+524)) - -
0 Sin(7r323) Sin(ﬂ(823+324)>

RN
(H0) ™ = 0 0 sin(msaq) e (6.40)

or more explicitly

b+1
(A=l = —sin (w > szi) : (6.41)
i=a+1—08q1

The entries vanish for b < a and are polynomial in terms of the sines, i.e. do not have
any analogue of the denominator in (6.36). This choice of bases will inform the choices for
general (n,p).

The matrix entries in (6.41) can be used to compute [3&”’1) cycles in terms of the basis
&(S”’l) needed in the definition of the integrals IC(LZ’I) given in (6.14). Using (6.15) and (6.20)
we have, for instance,

5§4’1) = —sin(7r512)’y§§12 ; (6.42)
as well as
5,1 . 5,1
Gl _ SIH(W812)7§134)57
o = — Sin(ﬂ(512+523))7§1)§14)5 - Sin(m23)'7g§4)5 ’ (6.43)
and
6,1 . 6,1
sy = —SID(W312)’>’£134)56>
6,1 , 6,1 i 6.1
ﬁé )= - SIH(W(312+323))'Yé134)56 - SIH(W523)’Y£234)56 ) (6.44)
ﬁ?(,ﬁ’l) = - sin(ﬂ(812+823+824))7;31256 - Sin(ﬂ(823+824))7$314)56 - Sin(m?4)7§g’214)56 :

6.4.3 Overcomplete form of KLT relations

Before looking at p = 2 examples, let us see how the same results could have been obtained
from the overcomplete (but extremely simple) form of the KLT relations from (6.12). We

i

can write them with an (n—1) x (n—1) kernel matrix ® with entries ®q, = 2™ given

by (6.13). More explicitly, we have

. . . n—1
1 eims12 eim(siatsa3) ... 0T Zi:l 52
. . . -1
eZ7T812 1 e7,7T.323 . 6’L7T Z?:S 894
i . . ) n—1 .
b — 3 eim(si2ts23)  imsas 1 o emima s2i | (6.45)
. n—1 . n—1 . n—1
6171' Zi:l 824 67/71' Zi::’) 824 61/71' Zi:4 824 . 1
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where the columns and rows are labelled by all cycles in R\ {22 = z;},

)1 1 1 t
I'= (Vgllsz;)...m ’Y$34)...nv R 7%4..).71—1,2,71) . (6.46)

In order to reduce this to the (n—3) x (n—3) form, one makes use of the fact that only n—3
cycles in (6.46) are linearly dependent. They satisfy a pair of monodromy relations [83,

84, 109]:
. n—1
1 ITS12 im(s12+s23) ... mzi: S92 0
c o C c =), (6.47)
1 e~ ims12 67171'(512+323) e*lﬂ'zizl 8924 0
where s22 = 0 and the first (second) row comes from considering a contour right above
(below) the real zs-axis and deforming it to a point in the upper-half (lower-half) plane,

also see appendix A.1. Let us invert these relations to construct projectors onto the two
bases (6.32), (6.38) we considered in this subsection. We can write (I',I',—1)P = I' with

. n—1 -1 . . . n—2
1 eZﬂ-Zizl S92i elims12 6177(512+523) . e”TZizl 52i
P - — n—1 n—2
1 e”im Zi:l 824 e~ ims12 e—m(312+823) . Zi:l $2i

1 sin(m Z;‘:}l S9;) sin(m Z?;f S9;) ++-  sin(mwsap—1)
sin(msap,) sin(msi2)  sin(m(s12+s23)) -+ sin(mw Y1 59;)
which expresses the first and last elements of I' in terms of the basis 'y((zn’l). Similarly,

eliminating the second-last and last elements we have a projector onto the %(Ln’l) basis:

_ _ -1 _
5 einf:f s2i  im S sa 1 eimsiz gim(si2ts2s) ... einZf:f 82 6.40
- e*iﬂzzzlz 82i oI Z;:ll 824 1 e—ims12 p—im(si2ts23) L., oW Z:Zf 52i ( ) )
_ 1 —sin(m 72, s2i) —sin(m Yy s2i) - —sin(m(syn2+52.0-1))
sin(mwsgp—1) \ sin(w Z?;f S9;)  sin(mw Z?:}? S9i) e sin(msg n—2)

With these computations in place, we can simply apply the projectors to the relevant
columns and rows of the overcomplete KLT matrix to obtain:

Py ' P 1,3 ' Py
1, 3|1, 3] = (H(n’l))il ) Pl Q1,3 = (ﬁ(ml))il ) (650)
PQ PQ PQ P2

reproducing the results from (6.36) and (6.41).

6.5 Casep=2

Recall that for p = 2 the basis 'yén’z) consists of all cycles where z1 < z4 < 25 < -+ < z, =

oo are fixed in this order and z9, z3 are placed between z; = 0 and z,_1 = 1, for the total
of d™?) = (n—3)(n—4) elements in the basis.

Motivated by the simplicity of the results for p = 1, we will also introduce a second
basis ’7&”’2) where 29, z3 are placed between z, = —oo and z,_2 (or z; for p = n—3). To
make the notation a bit more clear and recognize a pattern, let us compute the KLT kernel

for the examples n = 5, 6.
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6.5.1 Example (n,p) = (5,2)

The two bases are given by

5,2 5,2 ~(5,2 5,2 5,2
7&5’2) = (’Y£§4)57 ’Y£Q4)5>aa ’715 ) = (’7£14)57 7&14)5)11‘ (6.51)
Computing the intersection matrix according to the above combinatorial rules we find
A6  cse(msas) — csc(msas) cot(msi2) + cot(msas) (652)
cot(ms13) + cot(msaz) — csc(msa3) ’ ‘

(5,2)
b

where the tilde refers to the asymmetric basis choice H N (5.2

= {Ya )|f~yl§5’2)> analogous
to (6.37). Inverting the matrix we obtain the well-known result for the local KLT matrix

(ﬁ(5,2))—1 _ ‘ SiIl(ﬂ'Sl?) sin(wslg) sin(?slg) Sin(7:F(512+823)) 7 (6.53)
sin(msy2) sin(m(s13+s23))  sin(mwsie) sin(mwsy3)
in agreement with momentum-kernel techniques [54]. With this result the basis cycles B£5’2)
in (6.14) and (6.16) read as follows,
B = sin(ms1o) (Sin(mls)vgﬂg) + sin(7r(313+323))'y£’1225> ,
555’2) = sin(ms13) (sin(ﬂ(812+823))’y£’1225 + sin(wslz)vééﬁs) . (6.54)
6.5.2 Example (n,p) = (6,2)

In this case the two bases are given by

62) _ (.(62 6,2 6,2 6,2 6,2 6,2
’Yc(z ) = (71@4)567 75243)567 /75@4)567 7%;42)5& 7}427?3567 %4372)56)@7 (6.55)
(6,2 6,2 6,2 6,2 6,2 6,2 6,2
715 ) = ('757314)567 7£1§4)567 7§§4)56’ 7§31256’ 75124)56’ 75@4)56)5 ' (6.56)

Among the intersection numbers H 52’2) = <’y§6’2)|7yl§6’2)> in the asymmetric basis choice, we

already computed one example in the entry H. gz) in (6.29). Due to space limitations we do
not present the full intersection matrix here. Its 6 x 6 inverse, however, takes a relatively
compact form:

sin(ms12) sin(ms13) sin(mwsy2)sin(msi4,3) sin(mwsi3)sin(msi32)

0 sin(msy2) sin(mssa) 0
N 0 0 0
(HEH =] . . . . . (6.57)
sin(ms2) sin(msi2,3) sin(msq2) sin(mwsiga,3) sin(mwsi2) sin(msy3)

0 0 0
0 0 0

sin(msig) sin(ms134,2) sin(msi4,2)sin(mwsia,z) sin(msia,3) sin(mwsi34,2)

0 sin(msgq) sin(msia2)  sin(msgq) sin(mwsiza2)

0 sin(msgq) sin(msza)  sin(mssq) sin(mwsza 2)

sin(msy3) sin(msi4,2) sin(msia,2) sin(mwsigq,3) sin(mwsig ) sin(msia,3)
sin(msyg) sin(msa4)  sin(msgq) sin(msioaz) sin(msaa) sin(msia,3)

0 sin(msgq) sin(msoa3)  sin(msaq)sin(mwssq)
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where we use the notation s;,4,... ; = Si;j+Si,;+---. In terms of the ,6’516’2) cycles from (6.14),
this translates to

6,2

5% ) = sin(7s12) (51n(7r313 72314)56 + sin(ms1z, 3)72(‘3214)56) )
(6,2) _ 2) (6,2) (6,2)

By " = sin(ms12) (sin(ms14,3) 7231456 + SIH(W534)7213456 + sin(ms1a4, 5)7321456 )
6,2 6,2

5:(5 )= = sin(ms13) (Sln(ﬂ313 2 72314)56 + Sm(W312)’V:('>214)56) ) (6.58)
6,2) 6,2

64(1 = sin(msy3) (5111(775134 9 72314)56 + sin(7ms14, 2)v§214)56 + 81n(77524)’y§12256) ,
6,2

Bé ) = = sin(7s14,2) (SID(WSM 3)'7§314)56 + Sln(ﬂs34)7£134)56 + sin(ms124, 3)7§214256>

+ sin(ms34) (sin(ms31) 11546 + $(751243) 515456 + SN (T5243) V{3556 ) -

6,2 . . 6,2 . 6,2 . 6,2
((3 ) = sin(7s34) (SIH(W8134,2)7£1§4?56 + Sm(WS34,2)7§E4)56 + SIH(W824)7§Q4?56)

. . 6,2 . 6,2 . 6,2
+sin(msi4,3) (Sm(7r $134,2) V531156 + SN (T514,2) Vi 156 + Sm(ﬂszzx)vél’ng%) :

This example already illustrates the general rule: for each integrated puncture i € {2,3}
we have a sine factor in the generalized KLT kernel S,/ in (6.20). The arguments of the
(6,2)

sine functions are given by the overlap between labels to the left of ¢ in =4 ™ which are

(6,2)

also to the right of 7 in 4, ". We make this observation more concrete in the following.

6.6 Recursion for general (n,p)

The goal of this subsection is to find the explicit form of the cycles 3(™P) in (6.14) which
need to be field-theory orthonormal with respect to the forms v("P) that are the Betti-de
Rham duals of the integration cycles

Vfgip) — PA;: (17A17/L'71)A2)i727"'7Apai7p7 Ap-‘rlvn_l’n) (659)

in order to avoid inconsistency in the o/ — 0 limit of (6.16).

As in section 2.3, we gather the unintegrated punctures different from (21, zp,—1, 2n) =
(0,1,00) in a vector A of words Ay, Ay, ... each of which gathers (possibly zero) adjacent
unintegrated punctures. The i1,7,...,7, in turn are a permutation of the p integrated
punctures z9,23,..., Zp41.

The examples of the 8(™P) in the earlier subsections have orthonormal intersection
numbers with the 7("?) in (6.59) in the sense that

(’YAZ 1. ’p)> 055077 (6.60)
At general n and p, the (") with this property are conjecturally given by

(””’ Z Su(1,4,7|B,j,n-2) ag‘;f’) , (6.61)

where we employ the alternative basis (6.19) of d™P) cycles fy(ﬁ ?) instead of (6.59), in
order to obtain a local expression for the generalized KLT kernel Sur. Since the final
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two labels are always the same, we suppress them in (6.61) and below for clarity, i.e.,
S (X]Y) =Sy (X,n—1,n|Y,n—1,n). The latter is claimed to obey the following recursion
in the number of integrated punctures 7y,

Sar(1, A1,in, Ag, ..o, Apyip, Apia| X0y, Y) (6.62)
= — sin(27ro/k,-p‘ ZZGYQ(IJM,i1,.‘.,ip71,Ap) kg) Sa/(l, Al,ﬁ, AQ, ceey ip_l, Ap, Ap+1’X, Y) .

This step may only be applied to remove the rightmost integrated puncture ¢, in the first
entry, and the recursion terminates with

Ser(1, A |B,n=2) =81 4) (G2 (6.63)

when there are no more integrated punctures left. This has been verified up to and including
n = 8 for any value of p < n—4 by checking that S, is indeed the inverse of H(™P) obtained
with combinatorial rules of the previous subsections.!® More generally, the recursion (6.62)
can be rewritten as

SO/(]D,Q'7 Q|X, Z, Y) = — Sin(27ra/ki : kpmy) Sa/(P, Q|X, Y) y (664)

where () has no integrated punctures, i.e., the momenta in the sine functions are determined
by the punctures that appear on opposite sides of i in the two entries of Sy/(:|-). The
structure of the recursion (6.64) resonates with the momentum-kernel formalism [54] and
its generalization to the KLT formulae for p = n—4 [50].

With the expansion (6.61), the desired orthonormality property (6.60) takes the form

A
’

(with collective indices a, b, ¢ taking the role of A, i)

d(m:p)

(8 P18) = 32 DI (St o = San- (6.65)
c=1
In order to deduce the desired orthonormality of Bén’p ) and V,En’p ) in the o/ — 0 limit, we
insert complete sets of cycles vén’p ) and cocycles wC(l"’p ),
(n.p) = -1 (0P|, ()
li (n,p) |, WPy — (1:0) |5 () (F(np)) =1 (0P|, (7P
Tim (55" |p") = lim ;lwa ™) ( Jea (wq vy )
d(m.p)
= Z 6acécd6db = 6aba (666)
c,d=1

where F C(g’p ) = <w§n’p ) hfén’p )> = <'y£n’p )\wc(ln’p )> as in (2.7). The final two Kronecker deltas in

passing to the last line stem from the fact that the w((i"’p ) are engineered to be field-theory

8 Throughout this subsection we have assumed that p # n—3: otherwise, the basis (6.19) of 5™ would
be of the form (...,1,n—1,n) rather than (...,n—2,n—1,n) when maintaining the recursion for S,s. Since
local representations of the KLT formula for p = n—3 are well explored in the literature [54, 110], there is
no loss of generality in demanding p < n—3 here.
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orthonormal to both vén’p ) and uén’p ). The first Kronecker delta arises from the conjectural

orthonormality (6.65).'9 It would be interesting to find a rigorous all-multiplicity proof
that (6.61) together with the recursion (6.62) indeed leads to orthonormal intersection

numbers.

7 Implications for minimal models

In this section we give an interpretation of our results in terms of correlation functions in
two-dimensional conformal field theories (CFTs). We will focus on the family of theories
known as the minimal models whose spectrum can been completely classified and solved
in terms of irreducible representations of the Virasoro algebra.?’ We start with a lightning
review of these models, where we focus only on the parts necessary to make connections with
the rest of this paper. For more comprehensive expositions we refer the reader to [111-113].

7.1 Lightning review of the Coulomb gas formalism

Our starting point is the action of a free boson ¢(x) coupled linearly to the scalar curvature
R of the genus-zero surface:

i

1
Soar = [, v (50.:60°0 + = QuyoR). (71)

Here the strength of the coupling is given by the background charge Q) ,, which makes
the U(1) symmetry anomalous. Since the action is complex, it does not automatically give
rise to a unitary theory. In fact, families of unitary models written in this way are heavily
constrained and can be classified by a pair of co-prime integers (p,p’), in terms of which

~

p—p
Qpyp = 713}3/ . (7.2)

The central charge is ¢, = 1 — Gng,, and we take p > p’ by convention. These are the

minimal models. For example (p,p’) = (4, 3) gives the critical Ising model with Q43 = ﬁ

and c43 = %, while (p,p’) = (5,2) is the Yang-Lee edge singularity with Q52 = \/% and
€52 = —%-

Conformal primary operators Oy,  in the (p,p’) minimal model are classified by two
integers (7, s) such that

1<r<yp—1, 1<s<p-1. (7.3)

Charges ¢, ) and conformal dimensions A, ;) of these operators are given by

p(1—r) —p'(1—s) (rp—sp’)? — (p—p)?
rs) — y h rs) — . 7.4
q( ) ) 2 /pp/ ( ) ) 4pp/ ( )

9Tn general, intersection numbers satisfy (y|¥) = (§]7), but in our normalizations they are purely real,
which is why the equality (6.65) also implies <ﬁ§"’p)|fy£"’p)) = dac.

20Gaying that minimal models are solved by no means implies that their correlation functions have been
computed, or are easy to compute, in general.
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Notice that operators O, and OQM,_Q share the same conformal dimension and they are
indistinguishable at the level of correlation functions. In other words, we can identify
operators with (r,s) and (p’—r,p—s). For instance, in the case of the critical Ising model
with (p,p’) = (4,3) we have the following Kac table:

r=1 00—]1 07320' O@:E (75)
1 2
r=210 1 =¢|0_ 1 =001 =1
V3 1V3 2v3

Here 1, o, and ¢ are the usual identity, spin, and energy operators of conformal weight 0,
% and %, respectively.

We will be interested in computing the correlation function of N such operators. For
readability we will simply label the j-th vertex operator Oy (v;) = €iV24;6(z5) by its
charge g;:

<OQ1 (xl)oth (:U?) T OQN (xN)>P,P' : (7'6)

Such a computation might not seem approachable, because we deal with a strongly-
interacting system. However, one can simplify this problem conceptually using the Coulomb
gas formalism [38, 39], which is the idea that correlation functions in interacting theories
with background charge can be equivalently represented as those in a free theory with inser-
tions of p charged operators integrated over the whole surface. As a result, the correlation
functions (7.6) can be represented as

P+l p+1
/C]Pﬂ H d? Zi Oy (z1 OQ2 (z2) -+ Oy (zn) H Oq. (%)) free (7.7)
1=2

up to a constant. The additional operators are called screening charges, and their charges
can only take two values, ¢ and ¢_, given by

= =\, (78)

such that ¢ +q- = Qp . We will denote the number of screening charges O, by p+, such
that p4 + p— = p. These numbers can be determined by imposing the neutrality condition
(Ward identity), i.e. requiring that the sum of charges equals to the background charge,

N
> i +prar +p-q- = Qpy - (7.9)
=1

As a heuristic, for sufficiently generic (p,p’), reading off the coefficients of the irrational
numbers +/p/p’ and /p’/p translates to the following condition for the integers (r;,s;)
labeling every operator:

1 (& 1
_2<Zln_N+2>, _ 2(25, N+2>. (7.10)
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For instance, the four-point correlation function of O = O operators requires py = 3

q(2,1)
and p_ = 1 and hence can be written as
5
(O(21)O(2)O(23)O(4))pyr = /(u»1>4 [T d22 (O(21)O(22)O(3) O (x) (7.11)
i=2

Ol]+ (22)0q+ (23)Oq+ (24)0(1_ (ZS)>free

since in this case the neutrality condition reads

4q2,1) + 39+ + - = Qpy - (7.12)

However, this representation is not unique. For example, since we can dually represent one
of O as O = (’)Qp y—d1) WE find a simpler representation

(O(21)O(22)O(w3)O(xa))ppr = | 22 (O(21)O(22) O(23)O(2:4) Oy, (22) ) free ,  (7.13)

given that
3q2,1) + (Qppr — d21)) + 4+ = Qpy - (7.14)

We will return to this example in section 7.5 once we establish the connection to the results
of this paper. (Note that when we use the dual description 0, (ra,s4) =(p' —2,p—1) are
p, p’-dependent and we can no longer use (7.10), which would otherwise predict py > 1.
The neutrality condition (7.9) always holds.)

Of course, the free-theory correlator inside of the integrand of (7.7) can be written
down explicitly, giving us the explicit formula

p+1 _
(Og, (21)Og, (w2) - - - Ogy (xN»p,p/ = / H d2zi 6W+Wa (7.15)
(CPY? iy
where
N N p+1 p+1
W =23 ggjlog(zi—z;) +2) Y ¢iQjlog(ri—z) +2 Y QiQjlog(zi—z;) (7.16)
1<i<j i=1j=2 2<i<j

is (the holomorphic part of) the potential for interacting charges on a genus-zero surface.
Here the screening charges @); with j = 2,3,...,p+1 are given by ¢4 or g_ as determined
by the rules explained above.

At this stage, one sees that the computation of correlation functions in minimal models
involves complex integrals that are structurally identical to those considered in section 6.
This relationship is rather well-known [107, 112] and was previously exploited in the case
p = n—4 in the context of the single-valued map in string perturbation theory [50, 114].
We follow with a summary of implications of our results for such correlation functions.

7.2 Translation of notation

Correlation functions in the Coulomb gas formalism involve a total of N+p punctures, out
of which p are integrated. In the notation of this paper it means

n = N+p, (7.17)
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together with

(21, Zp425 Zp43s - - - » 2n) = (21, T2, 23, ..., TN) (7.18)
and gauge fixing (z1,zn-1,2n) = (0,1,00). Moreover, the Mandelstam invariants are
identified according to

sij = 24;qj, Sitig..im = 2 Z Gi; Giy, » (7.19)
1<j<k<m

where

(617 q% 637 E) 6p+17 QP+27 6p+37 ceey Qn) = (qla QQv Q37 B Qerla 42,43, - - - 7qN) . (720)
In terms of the Koba-Nielsen factor defined in (2.4) we have

‘xN‘4QN(QN_Qp,p’) N—1

i P oy 09 (0, ()0 2) - Oyl (721
1<i<y
1 p+1
1 T[ a2z [KNOHP02

4 N+p,
P Jc(N+p,p) i—9

The right-hand side is in the class of integrals given in (6.5) as ([[2%y dz;| [T"", dz;). Here
Cc(N+Pp) ig the configuration space of p points on an N-punctured sphere, as defined in (2.3).
We have inserted the factors of |x;—x;| 799 on the left-hand side of (7.21) to compensate
for the analogous terms with opposite exponents in the correlator of O;, and the inverse
factors of P ensure that the right-hand side can be lined up with the sphere integrals (6.5).
Moreover, one needs to compensate with the correct power of |zx|? before fixing the last
operator to xxy — oo. Notice that correlation functions of different operators, even in
distinct (p, p’) models, might have the same functional form once written in terms of formal
variables §;, as will be illustrated below.

7.3 Minimal bases for minimal models

Since correlation functions in CFTs have to be single-valued in the positions of operators
xi, we can always analytically continue them to the configurations in which all operators
are aligned along a circle in CP!, i.e., z; € R in our chart (with zx = 00). From now on we
consider only such configurations. This restriction is consequential only in the intermediate
steps of the computation, but of course does not affect the correlation functions, which can
be freely continued away from such configurations once computed.

Following section 6.1 we can decompose any N-point correlator as a quadratic sum
over (N4+p—1)!/(N—1)! contour integrals:

(N+p—1)!
N (N—1)! irdus p+1 w
(On(@)On(e2) - Onlaxy = (5] X e | [ TLdsie
a,b= a 1=

p+1

- W
X / wonm 1L dZi€™ |, (7:22)
b i=2
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where the sums runs over all ways of distributing screening charges among the vertex
operators Og,. It splits into holomorphic and anti-holomorphic integrals, which we will
loosely call conformal blocks (in particular, they are not Virasoro conformal blocks). They
are multi-valued in z;’s. The phase of the potentials W is defined such that each block
is real and the overall phase is stripped away as e, It is defined in (6.13), which
is essentially a product of factors €274 for every time the charge §; crosses d; when
transforming the c-th ordering to the d-th one, as in figure 2.

As emphasized in the previous section, individual conformal blocks are redundant and
one can reduce them to a minimal basis. The size of the basis is a topological invariant of
the configuration space C(N+P:») (the absolute value of its Euler characteristic) and equal to

C (N4p-3)! (3 (ritsi) — 1)!

()| = ST = R (7.23)

where in the second equality we used (7.10), which is valid for generic (p,p’). Here we

also assumed that one of the operators is fixed at infinity. The physical interpretation is
that the stronger the background charge Q) ,, the more screening charges are necessary to
neutralize it, which leads to more ways of sprinkling them among the operators. It might
sometimes occur that the combinations s;; = 2¢;g; or their sums s;,;,. i, are integers.

N+PP) are no longer ramified (the

In those situations we say that the singularities of C(
corresponding hyperplane arrangement is resonant), and the size of the basis might drop.
In this paper we introduced natural bases for both integration cycles and differential

forms. The cycles are given by disk integration domains

,y%Nij,p) introduced in (2.19), (7.24)
as well as their duals

B%lep’p) introduced in (6.61). (7.25)
For the cocycles we have the Parke-Taylor-like basis

y@zj PP introduced in (2.26), (7.26)
and their duals

wg\lzfp’p) introduced in (2.20). (7.27)

For example, in the bases of cycles, the KLT-like formula (7.22) simplifies to

(N+p—3)!

(N=3)! p+1 p+1 -
<Oq1 (1’1)0,12 (332) T OQN (mN)>P,P/ = Zl /W(Ner,p) 1:[2 dz; e /ﬂ(Ner,p) ]:[2 dzi e ’

(7.28)
which can be written in terms of the KLT matrix S,/ (pa|pp) given in section 6.6 or in terms
of intersection numbers of cycles according to the prescription in section 6.3.

In order to be able to refer to (7.22) and (7.28) as true “double-copy” formulae, one
would like to give a physical interpretation to individual conformal blocks, so that one
set of observables is double-copied to another. Ome possible interpretation could be as
correlations functions of a boundary CFT in the Coulomb gas formalism, perhaps along
the lines of [115-117]. We leave this idea for future explorations.
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The advantage of using these bases is that they produce uniformly transcendental
functions. The original correlation functions can be always transformed into the minimal
bases via integration-by-parts identities or with intersection numbers of twisted cocycles:

(N+p-—3)!
(N—3)!

N 9.
(O (1) Oy (2) -+ O (an))ppr = > (PP dai) o™ P T2 d i)
a,b=1

p+1 _
x / [ 2z VW o(+pw) piNHP2) - (7.29)
Cc(N+p,p) o

However, note that one cannot use the formula (2.28) since not all forms involved are

logarithmic. Still, one can use recursion relations for intersection numbers as defined in [19,

FWN+pp)
ab p

to proportionality constants given in (7.21). Applying this reduction together with the

section 3].2! In this way correlation functions can be expressed in terms of sv

KLT formula (7.28) expresses individual conformal blocks in terms of the contour integrals
Fc(é\1+p,p) and Ic(aN+p’p), see (6.14) and (6.15) for the latter.

7.4 Transcendentality properties and the p — oo limit

The bases of sphere and disk integrals which can be used to express correlation functions as
discussed above have particularly simple transcendentality properties in their o/-expansion.
However, under the identifications (7.19) of Mandelstam variables and charges, these tran-
scendentality properties only apply to a formal low-charge expansion around ¢; = 0. We
stress that in the applications to minimal models, the §; are always fixed real numbers,
as given in (7.4), and hence the expansion in §; generically can be understood only in a
formal sense.

However, there are situations where one might assign a physical meaning to the low-
charge limit. Let us consider the (p,2) minimal models (with p odd). Vertex operators are
labeled by (1,s;) with 1 < s; < p—1 and hence their allowed charges are

o S; — 1
q(1,s;) — \/% .
In this situation the background and screening charges are given by
Ga=Dm w = b2 =\ (7.31)

Hence, if we can avoid using the screening charge ¢y, all the charge pairings ¢;¢; would

(7.30)

scale as 1/p, and the correlation function in the limit p — oo would be on the same footing
as string-theory amplitudes in the low-energy approximation, o’ — 0. This can certainly
be done. Let us consider an N-pt function of operators O
via its dual O

401,sp) and represent the N-th one

A1,p—s;)" 1.e.,

<Of1(1,sl) (331) OQ(LSQ) (xQ) T OQ(LSNA) (:UN—l) OCI(l,sN) (-TN)>p,2 (7-32)

- <Oq(l,sl) (xl) Ol](1,32) (1'2) T Oq(l,sNil) (xN_l) Oq(l,p—sN) (:UN)>p72 .

2IThe intersection numbers accessible from the infinite families of integration-by-parts identities in [118—
120] only apply to the N = 3 instances of (7.29). Still, the combinatorial techniques of these references
should have an echo at N > 4.
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We use the second representation in the Coulomb gas formalism. Here the neutrality
condition is satisfied if

1 N-1
p+:0, p_:2<zsi—SN—N+2>, (733)
=1

and if p_ is an integer. This leads to a potential W proportional to 1/p:

1/ N1
W = p( Z (si—1)(s;—1)log(x;—z;) (7.34)

1<i<j
N-1p-+1 p—+1

—42 Z i—1)log(x;—z; —1—162 log(z —zj)>
=1 j=2 2<4i<y

provided that we fix xx = co. The large-p limit of (p, 2) models coupled to Liouville theory
has been recently conjectured to be describing Jackiw-Teitelboim gravity [121], which adds
further physical motivation for studying such correlation functions.

The individual conformal blocks, once expressed in terms of F(Nﬂo P)

, satisfy all
the monodromy properties described in previous section as well as the coaction formula
from (2.15). In addition, once expressed in this basis, the correlation function can be

expressed as a single-valued map of a single conformal block:

4 N—1 il -
lim lon ™ ) H |z —x ;| 4909 H d?z; VAW o A(N+p,p) A(N+pp)
INTFOO P S ’ ! C(N-Hop)
1<i<y
N-1 p+1
=sv [ Jim |an PO @or) T faryay 72000 / - Hdz W Nt | (7.35)
1<i<j ;

We will return to this relationship in an example computation for (p,2) minimal models in
the p — oo limit below.

7.5 Example four-point correlators

In order to illustrate the above formulae on concrete examples we will consider the four-
point functions

)
| 719192 1| ~19293( O (0) Ogy () Oy (1) Oy (24))
(7.36)
where to avoid clutter we expressed it in terms of the cross-ratio x. In the intermediate
steps we will restrict to = € (0,1). Let us consider two cases encountered before for four-
point functions of (2,1) and (1, 2) operators, which both involve a single screening charge,
p = 1. In the case (7.13), we have a single screening charge ¢4 and

/ / 3 _2 /
M: a=@p=g=q21)=- 132/13 s u=CQpy—qr1) = ;\/p—;a g+ = :j, (7.37)
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On the other hand, we can consider a special case of (7.32) with p’ = 2 and

NV 4 - _ _ 3p'—-2p _ Y
(I): g=@p=@p=qu2= Ty =@y dny = v T\ (7.38)

as well as a single screening charge g_. This example of course can be considered also
for p’ # 2. We can compute these different correlation functions using the same formulae
provided that we treat qi1, g2, g3, and g+ as abstract variables and plug in their values only
at the end.

Explicitly, G(z, %) is given by the integral

1
waazf/ A2z |2 409 | — pfda2t | — ] |hasas (7.39)
™ Jev(o,en)

which we can easily express in terms of the following contour integrals obtained by placing
the screening charge between the external operators in all possible ways:

0
/ dz (_Z)QQUIi (:c _ Z)QKI2Qi(1 _ Z)Q%Qi

) /Idz ZANEE (g — )220k (] — 5)?930%

Fa(x) | 0

oy N : (7.40)
Iy —

oo
/ dz ZQQNI:!: (z _ x)2112<1j: (z _ 1)2!13qi
1

where the phase of W is chosen such that each F, is real and agrees with the convention with
absolute values for the Koba-Nielsen factor in (2.4). The overcomplete KLT relation (7.22)
then reads:

Fi(z) ¢ 1 e2miaias  2milaitan)as 2wi(a1+aztas)as ?(x)
. Fol(z) e2mia1a: 1 e2mia24+ e2milaz+az)a+ Folz)
g(iL',:E) =3 Fs(x) e2mia1+az)ax e2mia2a+ 1 e2miasaL F3(x)
Fa(z) e2milaitaztaz)ar 2mi(az+az)ar  G27igzax 1 Fa(x)
(7.41)

It is however beneficial to express it in terms of a minimal basis, which according to (7.23)
is |x(C®D)| = 2.22 To minimize the number of computations let us pick F» and F; for
both holomorphic and antiholomorphic blocks. It leads to a simplification because the two
contours do not intersect and hence the intersection matrix is diagonal (another natural
choice would be F; and F3), cf. (6.35). We therefore immediately get

_ sin(2mqy sin(2mgs sin(2mqs sin(27(q1+q2+4q3
Ge7) - B T) 5 0 e ) 5

22The case (7.37) with p’ = 3 is special because it leads to integrands which are not branched at infinity,
given that e"l(r.anP'=3 — [2(z — x)(z — 1)]7?/® = 27" as z — oo. Because of this fact the size of the
basis decreases to 1. It is the same problem as sitting on a factorization channel s25 = 0 in string theory
amplitudes, or considering Feynman integrals in integer dimensions, see [27, section 4]. In those situations
one needs to correct KLT relations using the framework of relative twisted cohomologies [122]. While in
this subsection we ignore this problem to retain generality, we will return to it in sections 7.5.1 and 7.5.2.
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Computation of the relevant conformal blocks explicitly gives

Fo(z) = 212040200 B(142¢144, 142¢20+ ) 2 F1 (—2q30, 142¢10+; 24+2(q1+q2) g )

Fir) = — 2002 BE2A0+0>+63)0+, 2302)
1+ 2(q1+q2+43)g+

X 9 F1(—2¢2q+, —1-2(q1+q2+4¢3)q+; —2(q1+q2)q+; ),

(7.43)

where B(a,b) = FF(ZEFES) is the Euler beta function. This result is in agreement with [38,
39, 50, 107].

Next we analyze the p — oo behavior of these correlation functions for p’ fixed and
finite. This limit can be qualitatively different, depending on whether charges become small,
such as in the case (7.38) where ¢;q— — 0, or large, as is the case in the example (7.37)
where ¢;q+ — oo (recall that ¢4 does not enter the expressions directly). While the first case
is fairly easy to analyze and leads to interesting connections with transcendentality, the
second is more subtle due to the presence of Stokes phenomena similar to those appearing
in the o/ — oo limit of the Veneziano amplitude [31]. We consider examples of these limits
below. Before doing so, we give an explicit example where correlation functions can be
expressed in terms of elementary functions. In order not to confuse the two cases (7.37)
and (7.38), we will label the correlation function and conformal blocks evaluated on the
two sets of charges with superscripts I and II, respectively.

7.5.1 Critical Ising model

Let us consider the example of the critical Ising model with (p,p’) = (4,3). Of course, the
Coulomb gas formalism is a hugely wasteful way of computing correlators in this case, since
they can be obtained straightforwardly in the free-fermion formulation in a closed form,
see for instance [112, chapter 12]. Instead, we use it as a chance to briefly demonstrate
how these simple answers arise from the KLT formula (7.42).

We start with the four-point function of energy operators with (r,s) = (2,1). Using
the values of charges from case I in (7.37) one can see that F} does not contribute since
its prefactor in (7.42) is proportional to

sin(2m (g1 +q2+43)q+)| (7 47y = — sin(3mp/p’)|,_y = 0. (7.44)

It is consistent with the size of the basis dropping to 1 in the case (7.37) with p’ = 3,
although the fact that the limit p’ — 3 of (7.42) was smooth is an accident coming from
our choice of bases. As a result we only need

Fy(x) = a' PP BL—p/p, 1=p/p') 2 FL(1=p /¥, 0/0'5 2=20/9'; 2)] o4
L(—3)* (@® -z +1)

= . 7.45
p(_%) (1— ac)5/3x5/3 ( )
Plugging back into (7.36) we find
, a1 2
xlgnoo(5(0)5($)€(1)5($4)>Ismg Tl lz a1 L, (7.46)
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where ¢; = —@F(—%)‘l /T(—%)2. Restoring the original coordinates one finds

m(l )
.%'Z'—(I}j

where Pf(---) denotes the Pfaffian of the antisymmetric matrix with entries labelled by
1,7 = 1,2,3,4. This is the correct result.
Let us move on to the four-point function of spin operators with (r,s) = (1,2). Using

, (7.47)

(e(z1)e(w2)e(x3)e(24))1sing = €1

the values of charges from case II in (7.38) we obtain
Fil(x) = "2 P B /o, 1=p' /) 2F1 (0 /0, 10 /03 2=20' /3 0)] (45

2 1i+vi-w

= , 7.48
V2r x(1—x) (7.48)
as well as
11 _ IJ/ ! ! / / . ! en
’F4 ($) - p— 3]3/ B(?)p /pv —Pp /p) 2F1(p /pv 3p /p_la 2p /p> x)‘(p,p’):(473)
L) y1+ve—y1-va 719

T V2 V2l -a)

Putting everything together according to (7.42) (with coefficients % in front of the two
factors) and restoring all the coordinates x;, one finds agreement with the free-fermion
computation
2 o
((o(z1)o(w2)o(@3)o(x0)ising)” = e D [ lai —ayli/? (7.50)

e;=E1 1<i<j<4

Zi e;=0
with co = —T'(3)%/16 in the domain z € (0, 1).

7.5.2 Large-p limit for (2,1) four-point correlators

We now consider the p — oo limit of the four-point functions of (2, 1) operators with charges
given in case I in (7.37) and p’ > 3 finite and fixed. Here the situation is qualitatively
different to that from the previous subsection because charges blow up. As a consequence,
conformal blocks localize on the critical points of the potential W. (One cannot easily
apply saddle-point analysis directly to the correlator because it is not written in terms of
a holomorphic integrand.) There is a large number of critical points located on different
sheets of the Riemann surface of 2.22 On the first sheet we have

q q q 322 —2(14x)z +
0:W (2.) = 2¢4 <1+ 2 f1> -_r _( ) —
Ze  Zx— T Zx (7.37) P ze(ze —x) (26 — 1)

=0. (7.51)

Z3Gince in this case we have
eWlasn = [2(z — 2)(z — 1))/
with a finite p’ co-prime to p, the number of sheets is p’®. This is because the corresponding Riemann surface
of z is p’-branched around the three points 0, z, 1 (monodromies around infinity are not independent). Each
sheet can be labelled by a point in a Z":’/ lattice counting how many times z winded around each of the
branch points. This situation is different to string theory, where s;; are generic non-rational variables and
hence the numbers of sheets and critical points are infinite.
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Explicitly, it gives two solutions which we denote by zF,

zf:1(1+xi\/x2—x+1). (7.52)
3

It is clear that the positions of these critical points depend on the cross-ratio x. This is
the source of the Stokes phenomenon: the large-p asymptotics depends on the value of z.

Here we focus on the case = € (0,1), for which there is exactly one critical point
z; € (0,z) and exactly one 2" € (x,1). This is not an accident. By the arguments of [123],
as long as all ¢;¢; have the same sign and z;’s are ordered, the problem of computing critical
points is equivalent to that of finding stable configurations of mutually-repelling charges on
a line. There are exactly (N+p—3)!/(N—3)! such configurations corresponding to a single
critical point in each bounded chamber of the configuration space C(N*2:»),

While there might be a large number of critical points (with two per sheet), they
all give same-magnitude contributions to the large-p asymptotics and only differ in the
complex phase. These phases typically resum to trigonometric functions. We can exploit
the KLT formula with a judicious choice of bases to drastically simplify the computation.
In the example at hand, the contours (0, z) and (z, 1) are already paths of steepest descent
(also known as Lefschetz thimbles) for the potential W at x € (0,1) and critical points z;
and z, respectively. Hence, using Fi and F; as bases, we can compute the asymptotic
behavior with only two saddle points from the first sheet, one for each conformal block.
For p’ > 3, using the intersection numbers computed from (6.36) and plugging in (7.37),
we have

sin(mp/p’)?

00,7y = i pn s (fg(m)f;,(x) ) (7.53)

+2cos(mp/p) (|F}(a) + 7)) ) )

Note that there are no poles or zeros due to the sine factors because p and p’ are co-prime
and p’ > 3. The case p’ = 3 is simpler for the same reason as in the case of the energy
correlator (7.47) in the critical Ising model. Namely, even in the basis Fi, Fi the coefficient
of F} is zero, as in (7.44), and hence we have a simplified result,

B sin(mp/3)?

sin(27p/3) o), (7.54)

1 _

g (x7$)|p/:3 =
which means it only receives contributions from the single critical point z, . The physical
reason for this simplification is that four (2,1) operators can only exchange an identity
operator when p’ = 3.

At any rate, the asymptotics of the blocks F} and ]—"% can now be easily computed.
The Hessian evaluated at the two critical points is

1 1 1
Je=PW(E) =2 <( e T E e T E ) (7.55)

PG (- 2)

— 60 —



and is positive for z € (0,1). Therefore

Jim Fi(@) = e (@ = 20— )]0 (7.56)
lim Fl(z) = ——[s (o — 2)(1 — 27)] P (7.57)

p—o0 \/27TJ+

They together give the asymptotics of (7.53) and (7.54) in the case x € (0,1). The
correlator is exponentially suppressed as p — oc.

7.5.3 Large-p limit for (1,2) four-point correlators

Let us consider the p — oo limit of the four-point functions of (1,2) operators with charges
given in case IT in (7.38). While the case p’ = 2 is of most interest, we can study arbitrary
fixed p’ > 2 as long as it remains finite (it is understood that p is always co-prime with p’).
Direct expansion of the result in (7.42) gives

p' 2 2
5 (1+ 2+ 1-2P2) (7.58)

7rp’2
+ )2 (\x!2 log ]m\Q + \1—x|2 log \1—1‘]2 —2(1+ \m|2 + |1—x]2)) + (’)(l/p3) .

gH(xvf) -

One can immediately see that assigning transcendentality weights 7 (p) = 1 and 7 (p’) =
T (x) = 0, the result is not uniformly transcendental. This fact can be fixed with a corrected
basis of conformal blocks.

To this end, we first recall the differential forms from section 2, which serve as building
blocks for the minimal basis. Specializing the Mandelstam variables s12, s23, s24 at (n,p) =
(5,1) according to (7.38) we have:

/ /
w§5’1) = —%dlog z, wé‘r”l) = %dlog(l—z), (7.59)
(5,1) < (5.1) FT
=dl =dl 7.60
" 08 vy 08 (7.60)
In order to project G'(x,Z) onto the basis of svF 52’1) we only need to compute four inter-

section numbers of the above forms with dz, giving

(B5.1) 4., PT G P —2)

Wz = B s = 2L, (761
5.1) p'(1+7) 5.1) p'(T —2)

w dz) = ————%, w = 7.62

Steps needed to reproduce these results were spelled out in [27, section 4B] in a very similar
case. Using the basis expansion formula (7.29) we therefore find

/!
GM(z,7) = ?)(pﬂ—m;p’ﬁ (—(1+3:) (az stl(ir”l) + (1—x) stl(g’l))

+(z-2) (a: SVFQ(iE”l) + (1—xz) SVFQ(S’D) > . (7.63)
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For completeness let us also give an expression for the basis of conformal blocks in terms
of F&.
ab

2
Fiate) = S0 EGY = s (e 4 1m0 FEY) - (6)
b=1

for a = 1,2. (G can be expressed in terms of Fi and Fi! using the same formula as
in (7.53) with p <> p’.) One can compute their 1/p-expansion using the formulae explained
in section 3.2 with
§ =812 =823 =524 =—P'/p, 23=1x. (7.65)
More precisely, with the o’-expansion of F. é?’l) in (3.30) (also see appendix A.2 for the
orders of a/<?), the kinematic point (7.65) gives rise to the following leading orders of their
single-valued images
sv D =1 425G (0; 2) + 452G™(0, 05 2) + s2G™¥(0, 1; ) + 8s3G=Y(0, 0, 0; 2)
+253G5V(0,0,1; ) + 253G™Y(0,1,0; 2) + 25°G™V (0,1, 1; ) 4+ 453C3 + O(s%)
sV Fl(g)’l) = —sG¥(1;x) — 252°GV(1,0; ) — 252GV (1, 1;2) — 45°G™(1,0,0; x)
— 3G (1,0,1; ) — 4s3GV(1,1,0;2) — 453GV (1,1, 1; ) + O(s%), (7.66)
sv ESY = —sGY(0; ) — 252GV (0,0 2) — 252GV(0, 15 ) — 453G™Y(0, 0, 0; 7)
—453G(0,0,1; ) — s°G®Y(0,1,0; ) — 45°G®Y(0,1, 1; ) + 453G 4+ O(s1)
sV F2(25’1) =14 2sG%(1;2) + s2°G*V(1,0; z) + 4s°G™ (1, 1; z) + 25°G®¥(1, 0, 0; )
+253GV(1,0, 1;2) + 253GV (1,1,0; ) + 853GV (1,1, 1;2) 4+ 1253¢3 + O(s) .
To the weights shown, the single-valued polylogarithms G*V(d; z) = sv G(a@; z) from Brown’s
construction [52] with @ € {0, 1}* are given by

G (ar;2) = Glar;2) + Glar;2),
G*(ay,a9; ) = G(ai,az; ) + G(ar; v)G(az; x) + G(az,a1; ),
G* (a1, az2,a3;x) = G(ay, a2, as; ) + G(a1, az; x)G(as; x) (7.67)
+ G(a1;2)G(as, az; ) + Glaz, a2, a1; @)

where the explicit expressions for single-valued polylogarithms are given in equations (6.8)
and (6.9), also see (6.10) for a weight-four example involving a zeta value. Upon insertion

into the correlation function (7.63) with s = —%/, we arrive at the following large-charge
expansion
|| N mpp’ 2 2
G (z,7) = _3(13313/)2{1 + [z]" + [1-=]
3]3/ 2 ~sv 2 ~sv
Y |z|“G™(0;x) + |[1—z|*G®*V(1; z) (7.68)
3pl2

+ 2 {znyGSV(o,o;x)+x(x—1)GSV(0,1;x)

+Z(x—1)G(1,0;2) + 2[1—22G*¥ (1, 1; :c)} + (9(;3) } .
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The decomposition (7.63) into uniformly transcendental sphere integrals F 52’1) exemplifies
a key observation of this section: in a suitable normalization, certain four-point corre-
lation functions in minimal models furnish another family of physical quantities besides
amplitudes [22-24, 26, 124-127] and form factors [128, 129] that feature uniform transcen-
dentality. The natural normalization for (7.63) is to peel off the prefactor —ﬁ, and
uniform transcendentality then interlocks the transcendental weight of the polylogarithms
and MZVs in (7.68) with the order in 1/p in the large-charge expansion. It would be inter-
esting to investigate if more general four- and n-point correlation functions exhibit similar

transcendentality properties.

8 Summary and outlook

In this work we have investigated configuration-space integrals over punctured Riemann
spheres with an arbitrary number of integrated and unintegrated punctures z;. Similar to
the Koba-Nielsen factor in string tree-level amplitudes, the integrands feature products of
|2;—2;|*7, whose non-integer exponents lead to twisted homologies and cohomologies. The
exponents s;; may be either identified with dimensionless Mandelstam invariants 2a/k; - k;
containing the inverse string tension o/, or with multiples of the dimensional-regularization
parameter of Feynman integrals in spacetime dimensions € N—2e.

In this setting, we have given explicit bases of twisted cycles *y((ln’p ) and cocycles w,()n’p ),
such that the coaction of the period matrix (’y,(l”’p )]wén’p )) lines up with the master for-
mula (1.1) with coefficients taken from the identity matrix. The coaction applies to the
MZVs and multiple polylogarithms in the Taylor expansion of the period-matrix entries
with respect to s;;, and we have advanced their structural understanding by

« introducing a systematic method for obtaining an explicit form of the s;;-expansions,

¢ decomposing <fy§””’ ) \wén’p )> into a matrix product which organizes MZVs and polyloga-

rithms at different arguments into separate factors,

e pinpointing refined coaction formulae for the individual factors, i.e. for generating series
of polylogarithms in different numbers of variables,

o spelling out the analytic continuations between different orderings of the unintegrated
punctures on the real axis.

t(ln’p )|w£n’p )) over paths in the configuration space C(™"?) are related to

The integrals (7,

complex integrals of w&”’p )wén’p ) over all of C(P). Specifically, these complex C(™P)-integrals

are expressed both as single-valued versions or as complex bilinears in WS””’ )|wén’p )>. In
this way, we generalize the KLT formula and the single-valued map between open- and
closed-string tree amplitudes beyond p = n—3, i.e. to more general integrals with an
arbitrary number of unintegrated punctures. Moreover, our results for the complex C(™P)-
integrals yield a new perspective on double-copy structures of correlation functions in
minimal models, generalizing earlier p = n—4 results on KLT relations, the single-valued

map and the momentum-kernel formalism [38, 39, 50].
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The discussion in this work calls for a generalization from the Riemann sphere to
higher-genus surfaces and elliptic flavors of MZVs and multiple polylogarithms. Following
the string-theory nomenclature, the associated twisted homologies are governed by the
loop-level monodromy relations [130-133] between integration cycles some but not all of
which are realized in open-string scattering. On the cohomology side, candidate bases for
integration-by-parts inequivalent forms of open-string integrals were proposed in [25, 26]
and [134, 135] for one and two unintegrated punctures, respectively. Their complex integrals
over punctured tori have been applied to yield differential equations and iterated-integral
representations of non-holomorphic modular forms [136, 137] and single-valued elliptic
polylogarithms [138-140].

It would be interesting to validate the conjectural bases of genus-one cohomologies by
a rigorous treatment in the framework of twisted de Rham theory. Based on the elliptic
symbol calculus [141], it remains to translate the KZB-type differential equations in the
references into coaction formulae, as for instance initiated in section 7.2 of [26] and sec-
tion 4.5 of [135]. It would furthermore be rewarding to identify echoes of the braid matrices
at genus zero [19] in the differential operators of these KZB equations, and to find their
general form for an arbitrary number of unintegrated punctures.

Relatedly, the interplay of the KLT double copy and the single-valued map at genus
zero raises a variety of questions at genus one and beyond including the following ones: is
there a KLT-type reformulation for the different approaches to single-valued elliptic MZVs
in [142-144] involving complex bilinears of open-string quantities? What is the single-
valued map of elliptic multiple polylogarithms in one or several variables, and how do these
structures arise in string amplitudes or Feynman integrals? What is the loop-level echo
of the connection between minimal-model correlators, closed-string Koba-Nielsen integrals
and their conformal-block decomposition at genus zero?

Finally, it would be rewarding to draw inspiration from string amplitudes beyond genus
one and Feynman integrals beyond elliptic polylogarithms to classify iterated integrals
on more general surfaces and to explore their differential and algebraic structures. In
particular, there is a variety of further interesting testing grounds for and applications of
the coaction principle in field-theory and string amplitudes — both within and outside the
current reach of genus-one integrals.
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A Further details on the a’-expansion

This appendix complements the discussion of section 3 on the o/-expansion of the integrals
F(n7p) .

ab

A.1 Monodromy relations for F (1)

In this appendix, we infer the formal initial value at z3 = 0 for the five-point integrals F2(2’1)

with cycles and cocycles in (3.20) and (3.21) from monodromy relations [83, 84]. On the

integration contour 755’1) = 7%214)5 = {z3 < 23 < 1} for 22 under consideration, the limit
23 — 0 does not commute with the o/-expansion. Hence, the goal of this appendix is to infer
the latter from integrals over %5,1) = 78514)5 ={0 < 22 < 23} and %322)5 = {1 < 23 < o0}

where these processes do commute.
Following the techniques in [83, 84, 109], we apply Cauchy’s theorem to exploit the
vanishing of the integrals

0= j{(—z2)812(23—z2)823(1—22)824(,0((15’1) (A.l)
C
— 5,1), ,(5,1 +i 51) (5,1
= [ o KNODGED e ”512/(571)KN( Jw®
V21345 V12345
+ eiiﬂ'(312+523) /(5!1) KN(S,l)ws’),l) +6iiﬂ(812+823+sz4) /(5,1) N(5’1)w((l5’1) )

V13245 V13425

The meromorphic but multivalued integrand in the first line is tailored to match the Koba-
Nielsen factor KN = |25]912 | 23— 25528 |1—25[*24 up to phase factors composed of eFimsik,
These phases arise from relating (—x)® = e*¥™|x|® for negative 2 and are therefore piecewise

constant on the components of the contour C = 7(5{}5125 + 753’3125 + 753’2125 + 7%32112)5 depicted in

figure 6. The sign of the phases depends on the choice of branches, so we can view (A.1)
as comprising two monodromy relations. Their difference

(5,1)
V13425

0= Sin(ﬂ'slg)Fl(jl) + sin (7r(812+823))F2(2’1) + sin (7 (s12+523+524)) / KN(E”Uw((f’l)
(A.2)

involves the entries F1(2’1) and Fz(g’l) by the identifications of the contours in (3.20). For

the third integral with z3-independent integration limits in 'yg;llz)g, = {1 < 29 < 0}, we can
commute the z3 — 0 limit with its o/-expansion and import (3.31) for the combination of

gamma functions in

oo
lim / KNG (1) :/ dzg |29[*1271523 |1 — 25|24 (812, W) (A.3)
753235 1 221 221 a
(812, S12+523)a I'(1—s12—523—524)'(1+524)

512+823+524 ['(1—s12—s23)
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Figure 6. The closed contour C relevant to the monodromy relations (A.1) at (n,p) = (5,1) consists

of subsets 75%25, 7%3’3125, 7%2’214)5, 752’214)5 of the real line drawn in red while the dashed semicircle

simply indicates that z; — doo are identified on the Riemann sphere and does not contribute to
the integral (A.1).

By inserting (A.3) into the z3 — 0 limit of (A.2) and exploiting that

. F(1—|—812)F(1+523) . T
dmy P = W0 ra sy 0 ™) = saarassy (A-4)
3 3 (571)
we can solve for the z3 — 0 limit of F,,"’:
. Y soad .
th Fz(g’l) _ _sin '(7['(312 S23 324)) . /5 1KN(5’1)W¢(15’1) _ sin(7msi2) ‘m Ffi””
3—0 sin (7r(812+823)) 23—0 753;12)5 sin (7r(812+823)) 23—0

( 512 1) F(1+812+823)F(1+824) _ 512(1, O)a F(1—812—823)F(1+823)
8124—8237 a F(1+512+323+324) S12+S823 F(l—slg)
(A.5)

This completes the derivation of the second line of (3.28).
The same type of arguments applies to the initial values of F ;Z’l) with n > 6. At
n = 6, for instance, the monodromy relation

0= Sin(ﬂslg)Fl(S’l) + sin (7T(812+823))F2(2’1) + sin (7T(812+823+824))F35a6’1)
+ sin (7T(812+823+824+825)) /(6 0 KN(le)w((lel) (A.G)
V134526

involving one contour 7%}115)26 = {1 < z2 < oo} outside the basis (3.33) can be used to infer

the z3 — 0 limit of FQ(S’D which does not commute with o/-expansion. The z3 — 0 limit

of the integrals 7}2415)26 can be identified with the kinematic limits of F 52’1) seen in (3.43)

and (3.42). In this way, we arrive at the initial values (3.45) and (3.46) as well as their
n-point generalizations to be given in appendix A.3.
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A.2 o/-expansion of F®&:1)

The method of section 3.2 to obtain the o/-expansion of F(>1) via (3.30) gives rise to the
leading orders
Fl(ir)’l) =14 512G(0; 23) 4 523G(0; 23) + (s12+523)2G(0, 0; 23)
+ 512524G(0,1; 23) — 512523C2 + O(ng)
Fl(g’l) = —504G(1; 23) — 593504G(1,1; 23) — 53,G(1,1; 23)
— (s12+523)524G(1,0; 23) + O(s5;)
EY = —515G(0525) — 53,G(0,05 25) = 512523G(0,0; 25) — 512823G(0, 15 25)
— 512824G(0,1; 23) — 512823(2 — 512824C2 + O(ng)
FSY =14 (s234504)G(1; 28) + (s234524)°G(1, 15 23)
+ 512524G(1,0; 23) — (s12+523)524C2 + O(S§j) .

(A7)

A.3 The explicit form of P(™1) and M(™1)
The derivation of the z3 — 0 asymptotics of Féf’l) and Fég’l) in (3.28) and (3.42) from

monodromy relations generalizes to

2z YT 00 00 0
s2f0Y 1) p6D) p61) A6
(7,1) | Siatss 11 12 13
Fop™ (o = Ozazs) = 00000 pe) p6n) i (A8)
81221-(,%2%) 21 22 23
£ A(6,1) (6,1) (6,1)
e B ERY R
and more generally
_ 4,
(I )EY 0 0 o
ity A(n—1,1) A(n—1,1 A(n—1,1
81§121_~1_S23( _ I){(n,l) Fl(? ) ng ) o 1(77;_4 )
1 ~A(n—1,1 ~ _ ~ _ ~ _
Fé;)hb7 )(23 — 07247 B Zn—?) = % FQ(IL L1) FQ(S L) . 2(77;7%471) )
s12 BN ~(n—1,1) A(n—1,1 ~(n—1,1
e FT(LTi4,1 : F7§714,2 b F7§714,n34
(A.9)
where the (a,b) = (2, 1) entries involve
KT — sin(7s12) 524, |525 (4,1) A.10
Sin(7r(812+823))|24’ |Z5’ ( )
= [ 5] s12 I(1+s23)T(1—s12—523)
512+823 ['(1-s12)
K(”vl) _ Sin(ﬂ-SlQ) 7ﬁ2 ’Zk|s2k F(4,1) (All)
sin(m(s124s23)) \
_ nl:f|2k|s2’“ s12. I(1+s23)l'(1—s12—523)
pule 5121523 [(1—s12)
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The hat notation instructs to change the arguments of F(Zfl’l) to (cf. (3.43))

al
812 —> S12+S23,  S25 > S25+1, 2k — Zk+l (A.12)

for j =3,4,...,n—2 and k = 3,4,...,n—3. The four-point integral (d*!) = 1) yields the
standard Euler beta function (3.31). The formal z; — 0 limits (3.28), (3.46) and their
generalizations involve the following differences of beta functions,

FOD (5194803, 524) — 4D (593, —s12—523)
$12+523
= —(s23+524)C2 + [(s12+S23+8524) 24 — S12823] (3 + 0(8%)
F&D (51945934524, 595) — FAY (804, —s19—523—524)
512+523+524
= —(s24+525)C2 + (S12+523+524+525) 5253 (A.13)
— (s12+523)524(3 + 0(8%)
F&D (5194 593+ 524+ 595, 526) — FY (825, —s19—523—524—525)
512+8523+524+525
= —(525+526)C2 + (S12+523+824+525+526)526(3
— (s12+s23+524)525C3 + O(s;) ,

Ws(s12, S23, S24) =

Wa(s12, 823, S24, S25) =

Ws(s12, 523, ..., 526) =

and more generally

FAD (5194 23;3 59, 59.j41) — F D (595, —s19— Z{:g, $2;)

Wj(su’ 5285+ 82’j+1) - S12+823+ ... +S25
(A.14)
This notation yields the compact representations:
. 5.1 F(4’1) (312; 323) 0
zlglglo P )(23) - ( s19 W3 F(471)(512+823, 824)> ’ (A15)
F(4’1)(812, 823) 0 0
Jlim FOD (25, 2) = s12 W FUD (5154523, 504) 0 ;
o s12 Wy (s12+8023) Wi FUD (s104523+504, 525)
(A.16)
lim  FTY (23,2, 25) = (A.17)
23,24,25—0
F(4’1)(812, 823) 0 0 0
sie Wy FD (5104503, 504) 0 0
s12 Wy (s12+523) Wy FD (510480934524, 525) 0
s12 W5 (s12+s523) W5 (s12+523+504) W5 FU) (5194803524505, 526)

These expressions follow from the initial values (A.8) and generalize as follows to higher
multiplicity:

0 :b>a
limO Fig’l) —{ FD (812 + S0 s0.m, 32,b+2) tb=a (A.18)
Zp—r
(512 + b 52,m> Wai1 cb<a
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A.4 The explicit form of P(6:2) and M(6:2)

We shall finally give the key steps towards the o’-expansion of the integrals F 55’2) over the

basis forms

~ (6,2 512 ( 813 523 ~ (6,2 S12 ( 813 523 543
() (e )
212 \ %13 223 212 \ 213 223 243

S S S S S
of? = (12 + 42) (13 + 2B 43) )

. k=1,2,3 (A.19)
212 242 213 223 243

‘2<—>3

according to (2.22), with 2 <+ 3 referring to the subscripts of both z;; and s;;. Again, the
basis of integration contours

W02 — {0 < 29 < 23 < 24}, W ={0 <z <z <2< 1)
Véﬁ’Z) ={mu<z<z<l}, 752’2) = 7523)1 93 k=1,2,3 (A.20)
contains four cases 7(6’2) at 7 = 3,4,5,6 where the o/-expansion does not commute with

J
the z4 — 0 limit. Similar to the strategy for the (n,p) = (5,1) case in appendix A.1, we

use monodromy relations to relate these problematic contours to auxiliary ones

a§672) ={(22,23) ER* | 0< 2z < zg and 1 < 23 < 00}
agj’?) ={(22,23) ER?* | 1 < 23 < 23 < o0} (A.21)
(6,2) _ (6,2) (6,2) _ (6,2)
U T ‘2H3’ Y% =% ‘293
depicted in figure 7. These a§-6’2) are engineered to have commutative limits z4 — 0 and
o — 0 and will therefore serve as a crucial tool to assemble the initial values P62 and
M(6:2) in (3.7).
We will make use of the monodromy relations
6,2) a§6’2) sin (71' (813+823+834+835)) + 7%6’2) sin (7T (813+823)) + ’}/56’2) sin (7‘&'813)
'73 - . )
sin (7T (8134-8234-834))
7(672) _ - sin (7s12) sin (7s34) 756’2) + sin (7s13) sin (7 (s12+813+S23+534)) 756’2)
> sin (7 (s13+523+534)) sin (7 (s12-+513+523+524+534))
sin (7T812) sin (7T (813+$23+$34+835)) Odg6’2) (A 22)
sin (7 (s13+823+834)) sin (7 (s12+524)) '
sin (7 (s13+S23+S34+$35)) sin (7s25) a{8?
sin (7 (s12+513+523+524+534)) sin (7 (512+524))
sin (7 (s124523+524+525)) sin (7 (s124+513+523+524+534+535)) aé6’2)
sin (ﬂ' (812+813+523+824+834)) sin (71' (812+824))
and two similar relations for 71(1672) and 7&6’2) that are obtained from relabelling the Man-
delstam invariants via 2 <+ 3 and exchanging 7(6’2) - 756’2) as well as a§6’2) af’z) and

ozéﬁ’Q) “~ aé6’2) on the right-hand sides of (A.22).
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Re(z3) o

262
5
o’ 8 (6,2)
Qg
1
X
X X
X
24
(6,2)
71 % a51672)
6,2
o
4 1 Re(22)

)

Figure 7. We will determine the initial conditions for Fé§’2 from the depicted six-dimensional basis

of contours %6’2),756’2), a§6’2), aflw), aéﬁ’m,aé&z). For these contours, the z4 — 0 limit commutes
with the o/-expansion which is not the case for the contours marked with x such as 756’2) with

j=3,4,5,6 in (A.20).

(6,2)

A.4.1 z4 — 0 limits on the o; contours

The integrals Fo(f’g) = <a§6’2)|w£6’2)) with ¢ = 3,4,5,6 can be shown to have the z4 — 0

limits

lim F(ng) _ S13+523+534 F(1+812)F(1+Sg4) F(1—813—823—834—835)F(1+535)
240 a8b s13+s23+s34+s35  I'(1+s12+524) I'(1—-513—523—534)
x ( S1sF8 15 1,0, 0, o) (A.23)
513+823+834  S13+S23+S34 b
lim P62 _ s1o+s23+s2a  T'(1+s513)T(1+534) I'(1—512—523—524—525)'(14525)
20 b s12+s23+524+525  I'(1+513+534) I'(1—s12—523—524)
( 2 s g 0) (A.24)
$12+823+824  S12+523+524 b

as well as

lim F(G’Q) = <U11F(5’2) + u12F(5’2) u21Fo(z§:§,)1 + U22p(572)

240 @56:0 a5,6,1 as,6,2? as,6,2?
512 ~(5,2) 513 ~(5,2) ~(5,2) ~(5,2)
7F045 6,1 7Foc5 6,27 Fa5 6,17 Fa5 6,2 . (A25)
S12+824 7 S13+S834 ; : b

The gamma functions in (A.24) stem from the unique component of F@D iy (3.31), and
the coefficients u;; in (A.25) are given by

s12(s123+524) —812834
| (s12+s24)(s123+s24+534) (s13+534)(5123+524+534)
Uij = — 513524 513(s123+534) ) (A.26)

(s12+524)(s123+524+534) (S13+534)(5123+524+534) ij
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Furthermore, the integration contours of the F: 52 o0 the right-hand side of (A.25) can

@s5,6,%
(5,2)
2

be reduced to a basis of 7,3"’ via monodromy relations

£(5,2) sin(m(s13+534)) sin(m(s123+524+534+535)) i’Q) — sin(msss) sin(ﬂ(812+sz4))ﬁ’l(i’2)

alt
2
N sin(m(s13+823+834+535)) sin(m(s123+824+525+834+535))
(
1

as,t

~(5,2)_ SIn(7(s12+524)) sin(m(s123+524+525+534)) i-’2> — sin(7sgs) sin(7r(313+334))}7“2(i’2>

Fogi Sin(m (5121 525+ 521 525)) SI( (51231 524+ 525+ 531+ 553)) (A-27)
Finally, the hat denotes the following replacement of the arguments of F(%:2),
Fé,‘f’”(slz, 513,523, 524, 534) = Fé?’z)(812+824, 5134534, 523, 525, 535) 5 (A.28)
which can be traced back to the z4 — 0 behavior of the Koba-Nielsen factor
lim KN(62) = | |512524| 55| 5135834 | 5 |928|] — 55 |925| 1 — 23] 35 . (A.29)

z24—0
A.4.2 Assembling the initial value
By combining the monodromy relations (A.22) with the z4 — 0 limits of F O(f’bZ) (24), we

arrive at the following initial values of F 52’2) (z4) in the basis of (A.20):

PO2DM6:2) — i F6:2) — (A.30)
24—0
F®2 2 0 0 0 0
F&2 g2 0 0 0 0
Hﬁm H1(§72> F<4’1)(312:324)F(4’1>(835,S13+S23+834) 0 0 0
HQ(?’Q) H§§’2> 0 F(4’1)(813,834)F(4’1)(825,812+823+824) 0 0
R Ky S Y Ll
I8P ag? ey ST K35® el

The entries H {?’2) are given by

6,2 5131823
Hl(l’ - mF(M)(Su,824)F(4’1)(3357313+323+334) (A.31)
_ sin(m(s13+s23))  (2) sin(msi3) (5,2)
sin(m(sy3+s23+s34)) sin(m(s13+s23+531) 2
6,2 513
Hyp? = mF(4’l)(8u,824)F(4’1)(8357313+523+334) (A.32)
sin(m(si3+s23))  (5.2) sin(msi3) F5:2)
- - 12— = 22 s
sin(7(s13+$23+534)) sin(7(s13+$23+534))

while the entries Hé?’z) can be obtained from H ﬁ?,?) by relabeling 2 <+ 3 at the level of the
Mandelstam variables throughout and are thus given by

s
HQ(?Q) = ﬁf’j@’l)(slg, 834)F(4’1) (825, 812+823+824) (A.33)
sin(m(s12+$23)) (5,2) sin(7s12) 52

- 21 T 11
sin(m(s12+523+524)) sin(7(s12+s23+524))
S19+5S
HQ(g’2) = %F“’l)(slg, 834)F(4’1) (825, 812+823+824) (A.34)
sin(m(s12+523))  (52) sin(ms1) p(2)
- = 2 T 12 -
sin(m(s12+523+524)) sin(m(s12+523+524))
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The entries Jl(?’Q) are given by

Jl((la,z) _ U11F1(f’2) n qul(g,?) (A.35)
_ sin(msi2) s13+523
sin(m(s12+824)) S13+523+534

2 4 sin(msys) Sin(ﬂ(8123+834))F2(f72)}

F& (519, 504) F4Y) (535, 5134523+534)

[— sin(mwsy2) 5111(7r534)F11

3+523+534)) sin(m(s123+524+534))

sin(m(s1
TSP = up BT 4 upn B3 (A.36)
sin(7ms12) S13 1) )
N F* Jacs
Sin(ﬂ'(512+524)) 513+823+534 (5127 524) (835, 513+523+534)

[— sin(7msi2) sin(7T534)F1(§’2) + sin(7sy3) sin(m (5123+534))F2( )}

Sin(ﬂ'(813+823+834)) Sin(ﬂ(5123+824—|—834))

)

where the u;; are defined in (A.26). The entries JQ(?’ ) can again be obtained from Jl(6 2
by relabeling 2 < 3:
6,2 6,2 (5,2 £(5,2

J2(1 ) = sz )’(293) = u12F2(2 )+ u11F2(1 ) (A.37)

sin(ms13) 512
 sin(m(s13+534)) S12+523+524
2) + sin(ms12) sin(m(s123+524)) F} ( ’ )}

sin(m(s12+523+524)) sin(m(s123+524+534))

(26:3) ~ un 5% + up P (A.38)
sin(ms13) S12+523
 sin(m(s13+534)) S12+523+524

FAD (513, 530) F4Y (595, s10-+523+524)

[— sin(7s13) sin(7r324)F2(f

6,2 6,2
59 = 547

FAD (513, 530) F4Y (595, s10-+523+524)

[— sin(ms13) sin(7T524)F2(3’2) + sin(7s12) sin(m (5123+324))F1( )}

sin(m(s12+523+524)) sin(m(s123+524+534))

Lastly, the entries KZ(ZG 2 related by 2 <+ 3 are given by

£ sin(msi2)
(62) _ s12813 JaCey JaCey
Ky S12t50  sin(r(s1atsan)) (512, 524) (835, 513+823+534)
313}?'2(25’2) sin(wslg)

Ky = FUD (515, 830) F4 Y (505, s10+503+824) . (A.39)

s13+s31  sin(m(s13+534))

With the known o/-expansions of the four- and five-point integrals F(*1) and Fé?z) in open-
string tree amplitudes, one can expand (A.30) to any desired order. While the expansion
of F41) is given by (3.31), all-order results for F(®2) can for instance be obtained from the
methods in [21, 23, 73], and certain orders are available for download from the website [81].

A.4.3 Further comments

1

Several entries of the initial value (A.30) feature spurious poles such as (sj2+s24)”" and

(5123+824+534) ! within the individual terms of (A.35). It is a strong consistency check of
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both the assembly of the initial value and the o’-expansion of the Fég 2) that each order of
lim,, 0 F©62) in o/ conspires to polynomials in s;;. The coefficient of (2, for instance, has
the following entries in the first, third and fifth line,

6,2
(PQ( ))m = (—812823—812824—812834—813834—823834,813824,0,07070) ;
a

(6,2)
(Py )3 = ( S12523—513534—523534— 513535 — 523535, —S13(S23+534+535),

— 512524513535 —523535—534535, 0, 0, 0) ; (A.40)
a

6.2
(Pg( ))5(1 = ( — 512(823+524+525+534+535), 513(523+524+525+534+535),
— s12(823+524+525+535), 13525,

— 5125237523524 512525524525 512535513535 5234535, 825(513+$34)) )
a

while the remaining entries can be reconstructed from relabelling 2 <+ 3. The explicit form
of the matrices 5,6’2), Ml(v6’2) up to and including w = 9 and the braid matrices in (A.42)
below can be found in the supplementary material attached to this paper.

In contrast to the initial values (A.18) of the F é:’l) which boil down to Riemann zeta
values (i, the F é:’p ) with p > 2 involve irreducible MZVs at depth > 2 starting with (3 5.
The MZVs in the o/-expansion of F(>2) known from string amplitudes [7, 145] propagate
to the initial value of F(62) as spelt out above. We have verified up to and including o'®
that the initial values (A.30) obey the coaction principle (3.19), e.g. that the coefficient
of (35 in P6:DM62) is given by %[Méw), Mé6’2)]. Moreover, the o/-expansion at finite z4
(cf. (4.13)),

FE(z)) = POAMEIGE? (2, (A.41)

{01}
involves the series in polylogarithms Gf{%’?}(z@ in (3.49) that depends on the transposes

ESY = (65161’2))t and B\%Y = (eé(g’m)t of the braid matrices

0,24 1,24
$123+824+534 0 —S813—S823  —S12  —S12 S12
0 8123+824+834  —813  —S12—S23 S13 —S13
6(672) _ 0 0 S12+824 0 —s12 0
41 0 0 0 S13+834 0 —si3 ’
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
651%’2) _ | —S35 0 5354534 0 0 0 (A.42)
0 —s95 0 S95+S94 0 0
—S35 835 —S23—S25  —S835  S235+S24+S34 0
S5 —Sg5  —S25  —823—S35 0 5935+524+534
We have checked that the combination M(6’2)Ggg’2l)} (z4) obeys the formulation (4.26) of the

10

coaction principle up to and including o/*. Moreover, since the Fég,z) are the simplest
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instance where MZVs beyond depth one and polylogarithms coexist in the o/-expansion,we
highlight the following crosschecks at the a/®-order: the coefficients of G(1;z4) ® (3¢5
(6,2)

and G(1;24) ® (355 in AGE%’Zl)}(zLL) are indeed given by [[(eys )t,Méﬁ’Q)], 356’2)] and

%[[M:,EG’Q), Mé6’2)], (64(16572))’5], respectively, in agreement with (4.24).

Finally, the FG®:2) in five-point string amplitudes exhibit a first dropout among the
MZVs at weight 18, which is due to the vanishing of [[M:,ES’Z), é5’2)], [ 355’2), M7(5’2)]] [7,61].
By their assembly from (n,p) = (4,1), (5,2) integrals in (A.30), the F(%2) must share this
dropout, and we have cross-checked its consistency with the coaction principle by verifying
1452 a55D), (M M) = o,

Note that the soft limit so4, s34 — 0 of efg’m, 65165’2) in (A.42) reproduces the five-point
instances of the arguments of the 6 x 6 Drinfeld associator to assemble the a/-expansion of

FG:2) 23, 70].

B Braid group, monodromies and analytic continuation

B.1 Obtaining X(™P)(g) for any g € S,

In section 5 we have determined the analytic continuation of the F(™P)-integrals from
zi < zZi+1 to ziy1 < z; for unintegrated punctures ¢ = p+2,...,n—2. The group action
of such braid operations o; ;41 of neighboring punctures was explicitly given by matrices
X(04,i4+1) in (5.31). In this appendix we will discuss the composition of group operations
X(g192) for g1, g2 € Bx to reduce more general analytic continuations to the X(o; 1), and
mainly refer to [92] for facts about the braid group. This will also be relevant to show that
X is indeed compatible with the group structure and that we can recover monodromies by
doing the same braiding operation twice.

It is convenient to remember that there exists a canonical projection,
proj: Bx — Sx (B.1)

given by forgetting the details of how the punctures braid around each other.?* Let us call
gP' € Sy the image of an element g € By under this projection. Then, we can rewrite the
content of (5.30) as follows:

Gg») (‘ﬁ,?ﬂ (2p+2-- - 7Zn—2)) = X" 0311)G"P) (2pra, .5 2n2) (B.2)

where the permutation Uf; 41 acts on the indices of the punctures z;. In (B.2) we can
describe the braiding due to the element o, 'i1+1 by changing the sign in the exponential in
X(P)(g;41). For g € By,_p, we can generalize (B.2) to

g(n,p) (gpr (Zp+27 SERE) Zn—Q)) = X(n,p) (g)g(mp) (zp+27 s ,Zn_g) ; (BS)

240ne can also conveniently perform this map by replacing the generators of the braid group, o; 11 by
transpositions (4,i+1) € Sx.
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where we can define X("») (g) recursively for the following formula for composing two group

elements, g1, g2 € Bn_p:25

GUP (" 95") (zpr2s -y zn2)) = G (T (05" (zpras -, 2nm2))) (B.4)
= g7 (X (g2)) X ()G (210, 2 2) -

The permutation ¢?* acts on the indices of the braid matrices in X("?)(g5), and not in any
way on the signs of the exponentials in this expression. From equation (B.4) we can read
off a formula for X(™P) (g, go):

x(n:p) (g192) = gt" (X(”»P) (92)) x(p) (91) - (B.5)

Because we can decompose any g € B,,_, into generators o; ;41 of the braid group, and we
know the form of X(P) (0i,i+1), we have obtained a prescription to compute any X®P)(g).

As a sanity check, we should verify that X("#) satisfies the equations of the presentation
of the braid group, (5.27). The first of these equations, exemplified in, X(”’p)(0374a576) =
X("’p)(a5760374) follows easily from the algebra of braid matrices. We found the second of
these equations, exemplified by X(”’p)(0374a4,50374) = X(”’p)(a47503,4a475), harder to prove
in general, but checked explicitly that it holds for (n,p) = (7,1) up to weight o/5.

B.2 Example: monodromies from braiding twice in (n,p) = (5,1)

The monodromies of GP) can be identified by the kernel of proj, which is a normal
subgroup of B,,_, called the pure braid group, PB,,_,. From our description of the gener-
ators of B,,_,, the simplest elements to describe in PB,,_,, are the squares of the generators,
02;,1. Using XD (g 3) = exp(inéi’l)), the effect of braiding twice is described in a way
consistent with (5.2):26

XD (07 5) = Moz, (B.6)

B.3 Example: analytic continuation from two braidings

For concreteness, we shall discuss an example with (n,p) = (7,1) and suppress this super-
script. We will analytically continue from the integration domain 0 < z3 < z4 < 25 < 1 into
0 < z4 < 25 < 23 < 1 via two generators o; ; 11, where ;41 is again taken counterclockwise
around z; in both cases. Expanding (B.4) for (g1, 92) = (03,4, 045):

G (24,25, 23) = X(045)4,,,X(03,4)G (23, 24, 25) (B.7)
= O(E51+FEss, Ess) exp (imEss)®(Ess, E31+Es34)
X ®(Ey1, E3q) exp (imE34)®(E34, E31)G(23, 24, 25) .

25We are using a convention of composition of braidings and permutations consistent with ohohs =

(34)(45) = (345).

26Note that in the (n,p) = (5,1) case, there is no puncture zs after integration, so punctures z; = 0 and
z3 are neighbors. Furthermore, notice that we are braiding a puncture SL(2,C)-fixed to 0, which could
cause some problems due to regularization of terms G(u;0) with @ € {1, 2z}*. This is not a big problem if
the end result lies in PB,_p.
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We have checked this equation to be consistent with the conventions of PolyLogTools [90]
when the respective arguments obey arg(z3) > arg(z4) > arg(zs). We have performed such
checks for several terms up to and including «'®, i.e. for MPLs up to weight 5. One can
generate equations valid in other regions of {z3, 24, 25} by just changing the signs of the
exponentials in (B.7), or equivalently, by using the inverses of the braid operations, o3 A
or 0;51). For instance, the analogue of (B.7) for the braiding (o3 1,045) is consistent in the
region where arg(zy4) > arg(z3) > arg(zs).

B.4 Initial values in an alternative fibration basis of polylogarithms

We shall here spell out examples of the modified initial conditions of the F(6:1) in section 5.3
that arise from a change of fibration basis for the polylogarithms in (5.21). More specifically,
the simplest instances of the matrices P and M2(2+1)1 in (5.24) read

(6,1) 0 o 0 (6,1)
(6,1 6,1)\¢
P77 =10 —(s23+s24) 0 | = —(e34 )",
0 5923 0
o) —512(523+2524) —(2512—523—3524)524 0
~(6,1 2 2
P2 = 512(823+824) —3523+512524—7823524—3524 0 , (BS)
P
—512(823+52.345)  3853—812824+2823524— 5132825 —5134,2525
P
6 512524 (523+524) (s512—523—524)55,4 0
H(6,1) 2 2 2
P37 = | —s12(523+524)°  52.34(853—512524+3523524+53,) O |,
512523(523+524) —5923(52352,34—512524) 0
2
o) 512(5134,2523+534) 524(512524—5134,2523) 0
~r(6,1 )
M3 = 512(512524—5134,2523) 524(879+5134,2523) 0 ;

2 2 .2
512(553+51345,2525—512524) 513252551345, 2—(STo+593)524  5134,252551345,2

where we use the shorthand s;; r2 = si2+sjo+...+sk2. Note that 152(6’1) and MéG’l)

evidently differ from the earlier P2(6’1) and Méﬁ’l)

512593 0 0
6,1
P2( )= s12(s23+524) (512+523)824 0 ) (B.9)
312(824+825) (812+823)(824+825) (312+S23+324)325
61 512523(512+523) 0 0
Mé Y= 512(5134,2524—512523) 513,25245134,2 0 ’

312(31345,2325 - 313,2324> 313,2(51345,2325 - 313,2824) 5134,252551345,2

which are extracted from the initial conditions (3.45) and tailored to an «o'-expansion in
the fibration bases of (3.48).
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