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1 Introduction

Flavor-changing neutral currents are a class of the novel observables which are sensitive
to physics beyond the standard model (SM). In particular, semileptonic B-meson decays
have exhibited deviations of the experimental results from the SM predictions. In addition
to the update on the angular analysis of B0 → K∗0µ+µ− [1], the LHCb collaboration has
recently reported a result of B+ → K∗+µ+µ− [2], which strengthens the need for yet-not-
known contributions [3]. Besides, the lepton-flavor universality tests of B → K(∗)`+`−

(` = e, µ) [4, 5] have supported motivations for new physics (NP) contributions.1

The absence of new particle discoveries at the LHC experiments implies that NP exists
in high energy scale. In determining the NP scale by based on the flavor anomalies, it is

1In ref. [6], long-distance QED contributions, induced by the magnetic-dipole corrections at the one
loop, to the b→ s`` transitions, and massless dark-photon contributions have been investigated.
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important to examine radiative corrections carefully. In fact, the above b→ s`` anomalies
require the scale of ΛNP/gNP ∼ 30TeV if the contributions are generated at the tree level [3],
while it could become O(1)TeV in the case when there are no tree-level contributions and
they arise by radiative corrections.

In this article, we revisit electroweak (EW) radiative corrections to the semileptonic
decays at the one-loop level, paying attention to quark transitions due to the Cabibbo-
Kobayashi-Maskawa (CKM) matrix. If the NP scale is higher than the EW symmetry
breaking (EWSB) scale, NP contributions are encoded in higher dimensional operators
in the Standard Model Effective Field Theory (SMEFT) by integrating out NP particles.
Then, the flavor structures of these operators are affected by W -boson loops due to the
CKM matrix, especially when the operators are flavor conserving at the NP scale, i.e., they
do not change flavors initially.

Such radiative corrections have been explored in ref. [7], where the result was presented
for the operators involving the right-handed top quark.2 Those with the left-handed up-
type quarks have been studied in ref. [9], though the analysis was restricted to the flavor-
universal operators under the assumption of U(3)5 flavor symmetry. On the other hand,
refs. [10–12] has attempted to evaluate those effects by solving the renormalization group
equations (RGEs) especially of the SM Yukawa matrices. In contrast, we study general
SMEFT operators which are relevant for b→ s``. We do not assume any flavor symmetry
a priori, or not rely on the RGEs, but evaluate one-loop diagrams explicitly. Besides, we
pay special attention to the renormalization of flavor mixings of the external quark fields
in the effective operators, which is inevitable due to the mass splitting between the quark
generations and has been explored originally in the EW theory of the SM [13, 14]. Here,
the on-shell renormalization condition is adopted.3 We also perform the calculations in
the Rξ gauge and show the gauge independence of the results explicitly. Finally, we will
derive analytic formulae for the EW radiative corrections to b→ s`` in the SMEFT at the
one-loop level, and apply them to study the current b→ s`` anomalies.

2 Framework

In this article, we calculate the EW radiative corrections to the SMEFT operators. In an
effective field theory approach, UV theory is matched onto the SMEFT at the NP scale by
integrating out heavy degrees of freedom concerning the NP particles. Then, the SMEFT
Wilson coefficients are evolved down by solving the RGEs [16–19]. At the EWSB scale,
they are matched onto the low-energy effective field theory (LEFT) by integrating out the
EW bosons (W,Z,H) and the top quark (t). The b → s`` observables are represented in
terms of the LEFT. The purpose of this article is to provide the EW one-loop matching
formulae at the EWSB scale, paying attention to flavor transitions due to the CKM matrix.

We assume that the operators in the SMEFT and LEFT are represented in the mass
eigenstate basis. In particular, so-called “the down basis” is adopted for the quark doublet,

2Such contributions to b→ s`` have been studied in ref. [8] by based on ref. [7].
3In ref. [15], an alternative approach was used for the field redefinition in studying the one-loop matching

conditions.
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where the down-type quarks are chosen to be flavor diagonal. Then, in the SMEFT, the
quarks are expressed as

q = (V †uL, dL)T , uR, dR, (2.1)

where V is the CKM matrix. Similarly, the leptons are shown by ` = (νL, eL)T and eR,
where the neutrino masses and the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix
are neglected. On the other hand, the ferimons in the LEFT are regarded as Dirac fields
in the mass eigenstate basis.

The SMEFT Lagrangian is represented as

Leff = LSM +
∑
i

CiOi, (2.2)

where the first term in the right-hand side is the SM Lagrangian, and the second term
corresponds to the higher dimensional operators, for which we work with the Warsaw
basis [20]. In this article, we consider the operators which are relevant for the current
b → s`` anomalies. Besides, we are interested in the matching conditions at the one-loop
level. Since some of them have already been provided in refs. [7, 9], we will not study them
here. Rather, we focus on the case when the operators are flavor non-universal and affected
by the W -boson loops. Then, the operators in interest are listed as

(O(1)
`q )ijkl = (`iγµ`j)(qkγµql), (2.3)

(O(3)
`q )ijkl = (`iγµτ I`j)(qkγµτ Iql), (2.4)

(Oqe)ijkl = (qiγµqj)(eRkγµeRl), (2.5)
(O`u)ijkl = (`iγµ`j)(uRkγµuRl), (2.6)
(Oeu)ijkl = (eRiγµeRj)(uRkγµuRl), (2.7)

(O(1)
Hq)ij = (H†i←→DµH)(qiγµqj), (2.8)

(O(3)
Hq)ij = (H†i

←→
DI
µH)(qiγµτ Iqj), (2.9)

(OHu)ij = (H†i←→DµH)(uRiγµuRj), (2.10)

where the derivative is

H†
←→
D I

µH = H†τ IDµH − (DµH)†τ IH, (2.11)

and τ I is the SU(2)L generator with flavor indices i, j, k, l. Since it is straightforward to
extend the following analysis for the case of general di → dj`` transitions, we do not specify
the fermion flavors here and hereafter.

The Higgs field gets a vacuum expectation value, v = (
√

2GF )−1/2 ' 246GeV. Below
the EWSB scale, the LEFT Hamiltonian is defined as4

Heff = −4GF√
2

[C9Q9 + C10Q10] , (2.12)

4Note that the normalization is the same as ref. [7], but is different from many of the literature such as
ref. [3].
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where the operators are

(Q9)ijkl = e2

16π2 (diγµPLdj)(ekγµel), (2.13)

(Q10)ijkl = e2

16π2 (diγµPLdj)(ekγµγ5el), (2.14)

where the fields are regarded as Dirac fermions in the mass eigenstate basis. Let us also
define the following operators to use in the following sections,

(QL)ijkl = (diγµPLdj)(ekγµPLel), (2.15)
(QR)ijkl = (diγµPLdj)(ekγµPRel), (2.16)
(QZ)ijkl = (−1 + 2s2

W )(QL)ijkl + 2s2
W (QR)ijkl, (2.17)

where sW is the sine of the Weinberg angle. At the tree level, the matching conditions
between the SMEFT and LEFT operators are obtained as (see, e.g., ref. [7])

(C9)tree
ijkl = πv2

α

{
(Cqe)ijkl + (C(1)

`q )klij + (C(3)
`q )klij +

[
(C(1)

Hq)ij + (C(3)
Hq)ij

]
δkl(−1 + 4s2

W )
}
,

(2.18)

(C10)tree
ijkl = πv2

α

{
(Cqe)ijkl − (C(1)

`q )klij − (C(3)
`q )klij +

[
(C(1)

Hq)ij + (C(3)
Hq)ij

]
δkl
}
, (2.19)

where α is the fine structure constant. Note that the Wilson coefficients in both sides are
evaluated at the EWSB scale.

3 EW one-loop corrections

In this section, we calculate building blocks of the EW one-loop matching formulae, particu-
larly paying attention to the contributions which change the quark flavors by the CKM ma-
trix. There are five types of W -boson loop diagrams; i) self-energy corrections [figure 1(a)],
ii) vertex corrections to right-handed up-type quarks [figure 1(b,c)], iii) those to left-handed
quarks/leptons [figure 1(b–e)], iv) box contributions [figure 1(f)], and v) penguin contribu-
tions mediated by photon or Z boson [figure 1(g–i)]. We adopt the dimensional regulariza-
tion scheme in the Rξ gauge by means of the FeynArts [21] and FormCalc [22] packages,
where the SMEFT operators are implemented via Feynrules [23].5 Besides, we apply the
on-shell renormalization condition.6 In the calculations, all the quark masses are kept non-
zero especially for dealing with the quark-flavor mixings. Then, the external quark masses
as well as those of leptons are approximated to be zero afterwards, because they are much
smaller than the NP scale.

5In the analysis of four-Fermi operators, spurious fields are introduced to split them into renormalizable
interactions to avoid a fermion chain problem (see the manual of FeynArts).

6The tadpole contributions are chosen to be zero.
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Z
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(d)
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ei
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(e)

dl
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ei

ei

uL νL
W±
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(f)

dl
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ei

ei
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uL
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(g)

dl
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ei

ei

uL

W±

W±
Z, γ

(h)

dl

dk

ei

ei

uL

G±

Z

(i)

Figure 1. Feynman diagrams for the EW one-loop corrections. Additionally, there are diagrams
where the Nambu-Goldstone (NG) boson G±, instead of W±, is exchanged. The vertices with a
cross in a circle indicate SMEFT operators. In (a), the vertices are provided either by the SMEFT
or the SM. For (f–h), the SMEFT vertex can also be assigned to the lower quark line. Similarly,
the NG boson can be attached to the lower quark instead of the upper one in (i).

3.1 Self-energy corrections

The wave-function renormalization must be taken into account to study the quark-flavor
transitions as well as the gauge independence. In general, the inverse fermion propagator
is expressed as

S−1
ij = (/p−mi)δij − Σij(p). (3.1)

Here, Σij is the unrenormalized self-energy amplitude, which is represented as

Σij(p) = /p[PLΣL
ij(p2) + PRΣR

ij(p2)] + PLΣDL
ij (p2) + PRΣDR

ij (p2). (3.2)

We denote a Dirac fermion in the mass eigenstates basis by fi with a flavor index, i = 1, 2, 3.
The unrenormalized fields are written in terms of the renormalized ones as

f
(0)
L,R,i = (ZL,Rij )1/2fL,R,j =

(
δij + 1

2δZ
L,R
ij

)
fL,R,j , (3.3)

f̄
(0)
L,R,i = (ZL,Rij )1/2f̄L,R,j =

(
δij + 1

2δZ
L,R
ij

)
f̄L,R,j . (3.4)
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To determine the renormalization constants, we impose the on-shell conditions and
follow the prescription which has been developed for a chiral theory in the presence of
fermion mixings [13, 14, 24–27]. In particular, those for i = j are obtained as

δZLii = ΣL
ii(m2

i ) +A+D + αi, (3.5)
δZRii = ΣR

ii(m2
i )−A+D + αi, (3.6)

δZ
L
ii = ΣL

ii(m2
i )−A+D − αi, (3.7)

δZ
R
ii = ΣR

ii(m2
i ) +A+D − αi, (3.8)

with

A = 1
2mi

[
ΣDR
ii (m2

i )− ΣDL
ii (m2

i )
]
, (3.9)

D = m2
i

[
ΣL′
ii (m2

i ) + ΣR′
ii (m2

i )
]

+mi

[
ΣDL′
ii (m2

i ) + ΣDR′
ii (m2

i )
]
, (3.10)

where mi is a mass of the external fermion i, and Σ′ii(m2
i ) = ∂Σii(p2)/∂p2|p2=m2

i
. Also, αi

is a free parameter, which cannot be fixed by the on-shell condition and does not affect
physical observables, satisfying

δZLii + δZRii = δZ
L
ii + δZ

R
ii + 4αi. (3.11)

We choose αi = 0 in the following analysis. On the other hand, the flavor off-diagonal
components (i 6= j) are obtained as

δZLij = 2
m2
j −m2

i

[
m2
jΣL

ij(m2
j ) +mimjΣR

ij(m2
j ) +miΣDL

ij (m2
j ) +mjΣDR

ij (m2
j )
]
, (3.12)

δZRij = 2
m2
j −m2

i

[
m2
jΣR

ij(m2
j ) +mimjΣL

ij(m2
j ) +miΣDR

ij (m2
j ) +mjΣDL

ij (m2
j )
]
, (3.13)

δZ
L
ij = 2

m2
i −m2

j

[
m2
iΣL

ij(m2
i ) +mimjΣR

ij(m2
i ) +miΣDL

ij (m2
i ) +mjΣDR

ij (m2
i )
]
, (3.14)

δZ
R
ij = 2

m2
i −m2

j

[
m2
iΣR

ij(m2
i ) +mimjΣL

ij(m2
i ) +miΣDR

ij (m2
i ) +mjΣDL

ij (m2
i )
]
. (3.15)

Let us show the results of the above renormalization constants for the down-type quarks
explicitly. The EW one-loop diagram is given in figure 1(a). During the calculation, all the
fermion masses expect for those of the neutrinos are kept non-zero particularly to deal with
the quark-flavor mixings. We expand the results by a ratio of the external quark masses,
mi/mj for i < j, and focus on the leading contribution. Then, the external quark masses
as well as the lepton ones are approximated to zero. When both of the W -boson vertices
in the diagram are provided by the SM, the result becomes

1
2δZ

L
ij =

αλijm′

πs2
W

[
Kij(xm′ , µ)− Ξ1(xm′)− 1

2Ξ0(µ)
]
, (3.16)

1
2δZ

L
ij =

αλijm′

πs2
W

[
Kij(xm′ , µ)− Ξ1(xm′)− 1

2Ξ0(µ)
]
, (3.17)

1
2δZ

R
ij = 0, 1

2δZ
R
ij = 0, (3.18)
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where the results are summed over the flavor index m′. Here, λijm′ = V ∗m′iVm′j , xi =
m2
ui/M

2
W , and µ is the renormalization scale. Note that an identity

∑
m′ λ

ij
m′ f = δijf is

satisfied due to the CKM unitarity as long as f is independent of xm. From eqs. (3.5)–(3.8)
and (3.12)–(3.15), the loop functions depend on the flavor indices i, j as

Kij(x, µ) =


K0(x, µ), (i = j)
K1(x, µ), (i < j)
K2(x, µ), (i > j)

Kij(x, µ) =


K0(x, µ), (i = j)
K2(x, µ), (i < j)
K1(x, µ), (i > j)

(3.19)

with

K0(x, µ) = − x

32

[
ln µ2

M2
W

+ 3(x+ 1)
2(x− 1) −

x2 − 2x+ 4
(x− 1)2 ln x

]
, (3.20)

K1(x, µ) = x

16

[
ln µ2

M2
W

+ x− 7
2(x− 1) −

x2 − 2x− 2
(x− 1)2 ln x

]
, (3.21)

K2(x, µ) = −x8

[
ln µ2

M2
W

+ 1− ln x
]
. (3.22)

It is noticed that they satisfy an identity,

K1(x, µ) +K2(x, µ) = 2K0(x, µ). (3.23)

On the other hand, the functions involving the gauge parameter ξW are given by

Ξ0(µ) = − 3
16 + ξW

8

[
ln µ2

M2
W

+ 1− ln ξW

]
, (3.24)

Ξ1(x) = −x8 ξW
ln x− ln ξW
x− ξW

. (3.25)

Here, the terms independent of x as well as those with ξW are assembled in Ξ0(µ).
In order to show the gauge-parameter cancellation in the next section, we also need the

renormalization constants for the charged leptons. From figure 1(a) involving the neutrino
instead of the up-type quark, they become

1
2δZ

eL
ii = 1

2δZ
eL
ii = α

πs2
W

[
−1

2Ξ0(µ)
]
, (3.26)

1
2δZ

eR
ii = 0, 1

2δZ
eR
ii = 0, (3.27)

which are obtained from eqs. (3.16)–(3.18) with xm → 0 and V → 1.
It is pedagogical to show explicitly how the effective operators are corrected by the

wave-function renormalizations. Suppose an effective operator is given by

Leff = Cijkl(eiγµPIej)(dkγµPJdl), (3.28)

the renormalization constants contribute as

δLeff = 1
2δZ

eI
i′iCijkl(ei′γµPIej)(dkγµPJdl) + 1

2δZ
eI
jj′Cijkl(eiγµPIej′)(dkγµPJdl)

+ 1
2δZ

J
k′kCijkl(eiγµPIej)(dk′γµPJdl) + 1

2δZ
J
ll′Cijkl(eiγµPIej)(dkγµPJdl′), (3.29)
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where the summation over the primed indices in each term is implicit. From eq. (3.19), it is
noticed that the quark renormalization constants differ by the flavor structure. Therefore,
we will derive one-loop matching formulae in each case.7

In the above results, all the W -boson interactions are set by the SM. Additionally,
they are provided by the operator O(3)

Hq as

Leff = gv2
√

2
(C(3)

Hq)kl
[
Vm′kum′γµPLdlWµ + V ∗m′ldkγ

µPLum′W †µ

]
, (3.30)

where g is the SU(2)L gauge coupling. There are also NG-boson interactions.8 By replacing
one of the vertices with it in figure 1(a), the renormalization constants for i 6= j become

1
2δZ

L(HQ3)
ij = αv2

πs2
W

[
λj

′j
m′ (C(3)

Hq)ij′ +λii′m′(C(3)
Hq)i′j

][
K1(xm′ ,µ)−Ξ1(xm′)

]
, (i< j) (3.31)

1
2δZ

L(HQ3)
ij = αv2

πs2
W

[
λj

′j
m′ (C(3)

Hq)ij′ +λii′m′(C(3)
Hq)i′j

][
K1(xm′ ,µ)−Ξ1(xm′)

]
, (i> j) (3.32)

and the others are zero. Here, the summation is made over the primed indices. They
contribute to dk → dl`` (k 6= l) by combined with the SM amplitude, dm → dm``, which is
generated by exchanging the Z boson. Consequently, the effective operator becomes

δLeff = α

πs2
W

λk
′k
m′

[
1− 2

3s
2
W

]
[K1(xm′ , µ)− Ξ1(xm′)] (C(3)

Hq)kl(QZ)k′lii

+ α

πs2
W

λll
′
n′

[
1− 2

3s
2
W

]
[K1(xn′ , µ)− Ξ1(xn′)] (C(3)

Hq)kl(QZ)kl′ii. (3.33)

3.2 Vertex corrections to right-handed up-type quarks

In this and following subsections, we consider radiative corrections to vertices. Let us first
consider an effective operator,

Leff = (umγµPRun)Qµmn, (3.34)

where the right-handed up-type quarks are involved, and Qµmn is a remnant of the oper-
ator such as Qµmn = Cijmn(eiγµPL,Rej) with the Wilson coefficient Cijmn. Note that the
operator is shown in the mass eigenstate basis. For the vertex correction to the quarks as
shown in figure 1(b,c), we obtain

δLeff = α

πs2
W

V ∗m′k′Vn′l′ I1(xm′ , xn′ , µ) (dk′γµPLdl′)Qµm′n′ . (3.35)

The result is summed over the primed indices. Here, the loop function is

I1(x, y, µ) =
√
xy

16

[
ln µ2

M2
W

+ 1
2 −

x(x− 4)
(x− 1)(x− y) ln x+ y(y − 4)

(y − 1)(x− y) ln y
]
, (3.36)

7We have focused on the SMEFT operators in the mass eigenstate basis. If they are defined in the gauge
eigenstate basis, the matching conditions onto the LEFT operators in the mass eigenstate basis should
involve additional EW corrections to change the basis (see, e.g., ref. [25]).

8The complete Feynman rules in the Rξ gauge are found, e.g., in ref. [28].
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which is symmetric for exchanging x and y. We also obtain

I1(x, µ) ≡ I1(x, x, µ) = x

16

[
ln µ2

M2
W

− x− 7
2(x− 1) −

x2 − 2x+ 4
(x− 1)2 ln x

]
. (3.37)

Although the calculation was performed in the Rξ gauge, the result is independent of the
gauge parameter. It should be clarified again that the result is represented by the fields in
the mass eigenstate basis.

3.3 Vertex corrections to left-handed quarks/leptons

In the down basis, the left-handed quarks in an effective operator are expanded as

Leff = (qkγµPLql)Q
µ
kl = Vm′kV

∗
n′l(um′γµPLun′)Qµkl + · · · , (3.38)

where the terms with the down-type quarks are omitted, and the summation over m′, n′ is
implicit. From figure 1(b,c), the radiative correction to the up-type quarks yields

δLeff = α

πs2
W

λk
′k
m′ λll

′
n′
[
J2(xm′ , xn′) + Ξ1(xm′) + Ξ1(xn′) + Ξ0(µ)

]
(dk′γµPLdl′)Qµkl, (3.39)

where the result is summed over m′, n′, k′, l′. The loop function is

J2(x, y) = xy

8
ln x− ln y
x− y

, (3.40)

which is symmetric for x↔ y. Also, one obtains J2(x) ≡ J2(x, x) = x/8. It is noticed that
there are four CKM matrix elements in eq. (3.39); two of them come from eq. (3.38), and
the others from the W -boson interactions. The result depends on the gauge parameter via
Ξ0,1(x), whose cancellation will be shown in the next section.

For the effective operator involving the neutrinos,

Leff = (νiγµPLνj)Qµij , (3.41)

the W -boson loop diagram shown in figure 1(d) gives

δLeff = α

πs2
W

Ξ0(µ) (eiγµPLej)Qµij , (3.42)

which is necessary to see the gauge independence in the next section.
For the effective operator O(3)

`q , one also needs to take account of radiative corrections
to the following type of the operator,

Leff = CijklVm′k(eiγµPLνj)(um′γµPLdl), (3.43)

where the summation overm′ is implicit. By exchanging theW boson between the neutrino
and the up-type quark as shown in figure 1(e), one obtains

δLeff = α

πs2
W

λk
′k
m′
[
Ξ1(xm′) + Ξ0(µ)

]
Cijkl (eiγµPLej)(dk′γµPLdl). (3.44)

Here, the result is summed over the indices, m′, k′.
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3.4 Other box and penguin contributions

The operator O(3)
Hq contributes to the semileptonic decays by exchanging the SM bosons

between the operator and leptons. A part of the Z-penguin contributions are evaluated
by the above self-energy/vertex corrections. Besides, there are contributions from the box,
photon-penguin, and additional Z-penguin diagrams as shown in figure 1(f–i). In this
article, we focus on the EW one-loop contributions which change their quark flavors by the
CKM matrix. Hence, we need to consider only these diagrams.9

The box contribution is generated through the W (NG) boson interaction in O(3)
Hq.

From figure 1(f), it is estimated as

δLeff = − α

πs2
W

λk
′k
m′
[
B(xm′) + Ξ2(xm′)

]
(C(3)

Hq)kl(QL)k′lii

− α

πs2
W

λll
′
n′
[
B(xn′) + Ξ2(xn′)

]
(C(3)

Hq)kl(QL)kl′ii, (3.45)

where the result is summed over m′, k′ (n′, l′) in the first (second) line, and the terms
without the CKM flavor transitions are ignored here and hereafter in this subsection. The
loop functions are defined as

B(x) = 3
16x

[ 1
x− 1 −

1
(x− 1)2 ln x

]
, (3.46)

Ξ2(x) = −3
8x

ξW
x− ξW

[1
6 −

ln x
x− 1 + ln ξW

ξW − 1

]
− ξW

2(x− ξW )Ξ1(x). (3.47)

Similarly, the photon penguin diagrams shown in figure 1(g,h) are estimated as

δLeff = − α

πs2
W

λk
′k
m′
[
s2
WD(xm′)− 2s2

WΞ2(xm′)
]
(C(3)

Hq)kl
[
(QL)k′lii + (QR)k′lii

]
− α

πs2
W

λll
′
n′
[
s2
WD(xn′)− 2s2

WΞ2(xn′)
]
(C(3)

Hq)kl
[
(QL)kl′ii + (QR)kl′ii

]
, (3.48)

where the result is summed over m′, k′ (n′, l′) in the first (second) line. The loop function
is defined as

D(x) = −2
9 ln x− x

72

[
82x2 − 151x+ 63

(x− 1)3 − 10x3 + 59x2 − 138x+ 63
(x− 1)4 ln x

]
. (3.49)

Finally, the Z-penguin contributions are generated from figure 1(g–i), where the Z
boson instead of the photon is exchanged. The result is

δLeff = − α

πs2
W

λk
′k
m′

[
J3(xm′ , µ) + Ξ2(xm′)− 3Ξ1(xm′)

− 2
3s

2
W

[
K1(xm′ , µ)− Ξ1(xm′)

]]
(C(3)

Hq)klQk′lii,

− α

πs2
W

λll
′
n′

[
J3(xn′ , µ) + Ξ2(xn′)− 3Ξ1(xn′)

− 2
3s

2
W

[
K1(xn′ , µ)− Ξ1(xn′)

]]
(C(3)

Hq)klQkl′ii, (3.50)

9Similarly, the above self-energy/vertex corrections are sufficient for the purpose of studying the flavor-
changing EW corrections for O(1)

Hq. In appendix A, we show the gauge invariance of the W -boson loop
contributions which do not change the quark flavors by taking additional diagrams into account.
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where the summation over the primed indices is implicit. The loop function is defined as

J3(x, µ) = − 3
16x

[
ln µ2

M2
W

+ x+ 3
2(x− 1) −

x2 + 1
(x− 1)2 ln x

]
. (3.51)

4 Result

Below the EWSB scale, the EW bosons (W,Z,H) and the top quark (t) are decoupled from
the effective theory. In this section, we provide the matching formulae between the SMEFT
operators and the LEFT ones for di → dj`` at the EW one-loop level.10 We particularly
pay attention to the contributions in which the quark flavors are changed due to the CKM
matrix. The renormalization scale µ in the previous section is set to be the EWSB scale.

4.1 (Ceu)ijkl, (C`u)ijkl

Let us first consider the four-Fermi interactions. The Wilson coefficient (Ceu)ijkl is given
by the effective Lagrangian,

Leff = (Ceu)ijkl(eiγµPRej)(ukγµPRul), (4.1)

which contributes to di → dj`` through the vertex correction with respect to the right-
handed up-type quarks. From eq. (3.35), we obtain

δLeff = α

πs2
W

V ∗m′k′Vn′l′ I1(xm′ , xn′ , µ) (Ceu)ijm′n′(QR)k′l′ij . (4.2)

There are no additional W -boson loop contributions. Thus, the LEFT coefficients in
eq. (2.12) are derived as

(C9)EW
ijkl = (C10)EW

ijkl = v2

s2
W

V ∗m′iVn′j I1(xm′ , xn′ , µ) (Ceu)klm′n′ , (4.3)

where the result is summed over m′, n′. Here and hereafter, both the SMEFT and LEFT
operators are evaluated at the EWSB scale µ. Since the loop function I1(x, y, µ) is propor-
tional to √xy, the contribution at m′ = n′ = 3, i.e., the top-quark contribution, is likely to
dominate as long as it is non-vanishing. This contribution is found to be consistent with
the result in ref. [7].

Next, the effective operator of (C`u)ijkl is expanded as

Leff = (C`u)ijkl(`iγµ`j)(uRkγµuRl)
= (C`u)ijkl [(νiγµPLνj) + (eiγµPLej)] (ukγµPRul). (4.4)

From the vertex correction to the quarks in eq. (3.35), the EW corrections become

δLeff = α

πs2
W

V ∗m′k′Vn′l′ I1(xm′ , xn′ , µ) (C`u)ijm′n′(QL)k′l′ij . (4.5)

10In this article, we ignore QCD long-distance effects on light-quark loops, which will be studied in future.

– 11 –



J
H
E
P
0
5
(
2
0
2
1
)
0
5
0

Although there are radiative corrections to the lepton vertex and self-energies, it is easily
found from eqs. (3.26) and (3.42) that these contributions cancel in the sum. Thus, the
matching conditions are derived as

(C9)EW
ijkl = −(C10)EW

ijkl = v2

s2
W

V ∗m′iVn′j I1(xm′ , xn′ , µ) (C`u)klm′n′ , (4.6)

where the result is summed over m′, n′. If we pick up m′ = n′ = 3, the results in ref. [7]
are reproduced.

4.2 (Cqe)ijkl

In the down basis, the left-handed quarks are expanded as

Leff = (Cqe)ijkl(qiγµqj)(eRkγµeRl)

= (Cqe)ijkl
[
Vm′iV

∗
n′j(um′γµPLun′) + (diγµPLdj)

]
(ekγµPRel). (4.7)

Equations (3.16), (3.17), and (3.39) contribute to the one-loop corrections as

δLeff = α

πs2
W

λi
′i
m′λ

jj′

n′
[
J2(xm′ , xn′) + Ξ1(xm′) + Ξ1(xn′) + Ξ0(µ)

]
(Cqe)ijkl(QR)i′j′kl

+ 1
2δZ

L
i′i(Cqe)ijkl(QR)i′jkl + 1

2δZ
L
jj′(Cqe)ijkl(QR)ij′kl

= α

πs2
W

λi
′i
m′λ

jj′

n′
[
J2(xm′ , xn′) +Ki′i(xm′ , µ) +Kjj′(xn′ , µ)

]
(Cqe)ijkl(QR)i′j′kl. (4.8)

In the second equality, we used
∑
m λ

ij
m f = δijf for f being independent of xm. It is found

that all the gauge parameters via Ξ0,1 are canceled out completely.
By matching the result onto the LEFT, one obtains

(C9)EW
ijkl = (C10)EW

ijkl

= v2

s2
W

λii
′

m′λ
j′j
n′

[
J2(xm′ , xn′) +Kii′(xm′ , µ) +Kj′j(xn′ , µ)

]
(Cqe)i′j′kl. (4.9)

The result is summed over the primed indices, as understood from the previous section.
As shown in eq. (3.19), Kij(x, µ) and Kij(x, µ) depend on the flavor structure. The results
are explicitly shown as

(C9)EW
ijkl = (C10)EW

ijkl

= v2

s2
W

λii
′

m′λ
j′j
n′ (Cqe)i′j′kl×



I2(xm′ ,xn′ ,µ), (i′= i, j′= j)
[J2(xm′ ,xn′)+K1(xm′ ,µ)] , (i′<i,j′= j)
[J2(xm′ ,xn′)+K2(xm′ ,µ)] , (i′>i,j′= j)
[J2(xm′ ,xn′)+K1(xn′ ,µ)] , (i′= i, j′<j)
[J2(xm′ ,xn′)+K2(xn′ ,µ)] , (i′= i, j′>j)
J2(xm′ ,xn′), (i′ 6= i, j′ 6= j)

(4.10)
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where the loop function is defined as

I2(x, y, µ) = J2(x, y) +K0(x, µ) +K0(y, µ), (4.11)

which satisfies I2(x, x, µ) = −I1(x, µ).
In order to compare the result with the literature, let us specify the operator to the

quark-flavor universal case,

(Cqe)ijkl = (Cqe)klδij . (4.12)

Since an identity
∑
i′,j′ λii

′
m′λ

j′j
n′ δi′j′ = λijm′δm′n′ holds due to the CKM unitarity, the above

result is simplified as

(C9)EW
ijkl = (C10)EW

ijkl

= v2

s2
W

λijm′

[
J2(xm′ , xm′) +Kij(xm′ , µ) +Kij(xm′ , µ)

]
(Cqe)kl

= − v2

s2
W

λijm′I1(xm′ , µ)(Cqe)kl, (4.13)

where the summation over m′ is implicit. In the last equation, the identity in eq. (3.23)
was used to simplify the loop functions. Consequently, although the results of the loop
function in the general case (4.10) depend on the flavor indices i, j, those in the flavor-
universal case (4.13) become insensitive to them.11 Since I1(x, µ) is proportional to x, it
is dominated by the top-quark contribution, m′ = 3. Then, the result becomes consistent
with those in ref. [9], where the flavor-universal case was studied. Let us stress again that
the result, however, differs from it when the SMEFT operator is not flavor-universal.

4.3 (C
(1)
`q )ijkl

The analysis on (C(1)
`q )ijkl is very similar to that of (Cqe)ijkl. The left-handed quarks (and

leptons) are expanded as

Leff = (C(1)
`q )ijkl(`iγµ`j)(qkγµql)

= (C(1)
`q )ijkl(eiγµPLej)

[
Vm′kV

∗
n′l(um′γµPLun′) + (dkγµPLdl)

]
+ . . . , (4.14)

where the terms including the neutrinos are omitted. From eqs. (3.16), (3.17), and (3.39),
we obtain

δLeff = α

πs2
W

λk
′k
m′ λll

′
n′
[
J2(xm′ ,xn′)+Ξ1(xm′)+Ξ1(xn′)+Ξ0(µ)

]
(C(1)

`q )ijkl(QL)k′l′ij

+ 1
2δZ

L
k′k(C

(1)
`q )ijkl(QL)k′lij+

1
2δZ

L
ll′(C

(1)
`q )ijkl(QL)kl′ij

= α

πs2
W

λk
′k
m′ λll

′
n′
[
J2(xm′ ,xn′)+Kk′k(xm′ ,µ)+Kll′(xn′ ,µ)

]
(C(1)

`q )ijkl(QL)k′l′ij . (4.15)

11This mechanism is similar to the case of the EW corrections to the SM gauge interactions.
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This is obviously gauge invariant. Note that the radiative corrections to the leptons (neu-
trinos) are canceled similarly to the case of (C`u)ijkl. Thus, the matching formulae become

(C9)EW
ijkl =−(C10)EW

ijkl

= v2

s2
W

λii
′

m′λ
j′j
n′

[
J2(xm′ ,xn′)+Kii′(xm′ ,µ)+Kj′j(xn′ ,µ)

]
(C(1)

`q )kli′j′

= v2

s2
W

λii
′

m′λ
j′j
n′ (C(1)

`q )kli′j′×



I2(xm′ ,xn′ ,µ), (i′= i, j′= j)
[J2(xm′ ,xn′)+K1(xm′ ,µ)] , (i′<i,j′= j)
[J2(xm′ ,xn′)+K2(xm′ ,µ)] , (i′>i,j′= j)
[J2(xm′ ,xn′)+K1(xn′ ,µ)] , (i′= i, j′<j)
[J2(xm′ ,xn′)+K2(xn′ ,µ)] , (i′= i, j′>j)
J2(xm′ ,xn′). (i′ 6= i, j′ 6= j)

(4.16)

When we consider the quark-flavor universal case to compare the results with those in
ref. [9], the operator is specified as

(C(1)
`q )ijkl = (C(1)

`q )ijδkl. (4.17)

Then, the matching conditions become

(C9)EW
ijkl = −(C10)EW

ijkl

= v2

s2
W

λijm′

[
J2(xm′ , xm′) +Kij(xm′ , µ) +Kij(xm′ , µ)

]
(C(1)

`q )kl

= − v2

s2
W

λijm′I1(xm′ , µ)(C(1)
`q )kl, (4.18)

where the summation over m′ is implicit. The result is dominated by the top-quark con-
tribution, and becomes consistent with those in ref. [9] by selecting m′ = 3.

4.4 (C
(3)
`q )ijkl

In order to evaluate the one-loop corrections associated with (C(3)
`q )ijkl and show the gauge

invariance for this contribution, we expand the SMEFT Lagrangian as

Leff = (C(3)
`q )ijkl(`iγµτ I`j)(qkγµτ Iql)

= (C(3)
`q )ijkl

{
[(νiγµPLνj)− (eiγµPLej)]

[
Vm′kV

∗
n′l(um′γµPLun′)− (dkγµPLdl)

]
+ 2Vm′k(eiγµPLνj)(um′γµPLdl) + 2V ∗n′l(νiγµPLej)(dkγµPLun′)

}
.

(4.19)
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The EW corrections to each term are provided by eqs. (3.16), (3.17), (3.26), (3.39), (3.42),
and (3.44). As a result, we obtain

δLeff = − α

πs2
W

λk
′k
m′ λll

′
n′

[
J2(xm′ , xn′) + Ξ1(xm′) + Ξ1(xn′) + Ξ0(µ)

]
(C(3)

`q )ijkl(QL)k′l′ij

− α

πs2
W

Ξ0(µ) (C(3)
`q )ijkl(QL)klij

+ 2α
πs2

W

[
Ξ1(xm′) + Ξ0(µ)

]
(C(3)

`q )ijkl
[
λk

′k
m′ (QL)k′lij + λll

′
m′(QL)kl′ij

]
+ 1

2δZ
L
k′k(C

(3)
`q )ijkl(QL)k′lij + 1

2δZ
L
ll′(C

(3)
`q )ijkl(QL)kl′ij

+
[1

2δZ
eL
ii + 1

2δZ
eL
jj

]
(C(3)

`q )ijkl(QL)klij

= α

πs2
W

λk
′k
m′ λll

′
n′

[
−J2(xm′ , xn′) +Kk′k(xm′ , µ) +Kll′(xn′ , µ)

]
(C(3)

`q )ijkl(QL)k′l′ij .

(4.20)

Here, Ξ1 and Ξ0 depend on the gauge parameter. The former, which is proportional to the
quark mass, is canceled among the radiative corrections related to the quarks. On the other
hand, the latter cancellation is achieved by additionally taking account of those related to
the leptons. Consequently, the result becomes independent of the gauge parameter. Finally,
the matching formulae become

(C9)EW
ijkl =−(C10)EW

ijkl

= v2

s2
W

λii
′

m′λ
j′j
n′

[
−J2(xm′ ,xn′)+Kii′(xm′ ,µ)+Kj′j(xn′ ,µ)

]
(C(3)

`q )kli′j′

= v2

s2
W

λii
′

m′λ
j′j
n′ (C(3)

`q )kli′j′×



I3(xm′ ,xn′ ,µ), (i′= i, j′= j)
[−J2(xm′ ,xn′)+K1(xm′ ,µ)] , (i′<i,j′= j)
[−J2(xm′ ,xn′)+K2(xm′ ,µ)] , (i′>i,j′= j)
[−J2(xm′ ,xn′)+K1(xn′ ,µ)] , (i′= i, j′<j)
[−J2(xm′ ,xn′)+K2(xn′ ,µ)] , (i′= i, j′>j)
−J2(xm′ ,xn′), (i′ 6= i, j′ 6= j)

(4.21)

where the result is summed over the primed indices. Here, the loop function is defined as

I3(x, y, µ) = −J2(x, y) +K0(x, µ) +K0(y, µ), (4.22)

which satisfies

I3(x, µ) ≡ I3(x, x, µ) = − x

16

[
ln µ2

M2
W

+ 7x− 1
2(x− 1) −

x2 − 2x+ 4
(x− 1)2 ln x

]
. (4.23)

Let us also consider the operator in the quark-flavor universal case,

(C(3)
`q )ijkl = (C(3)

`q )ijδkl. (4.24)
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The matching formulae become

(C9)EW
ijkl = −(C10)EW

ijkl = v2

s2
W

λijm′I3(xm′ , µ)(C(3)
`q )kl, (4.25)

where the result is summed over m′. Since the top-quark contribution is dominant, the
result is consistent with those in ref. [9] by selecting m′ = 3.

4.5 (CHu)ij

Let us next consider the effective operators which include the Higgs fields. First of all, the
effective Lagrangian of (CHu)ij is given by

Leff = (CHu)ij(H†i
←→
DµH)(uiγµPRuj), (4.26)

which contributes to di → dj`` by exchanging the Z boson between the operator and the
final-state leptons as in figure 1(c). From eq. (3.35), the vertex correction to uR provides

δLeff = α

πs2
W

V ∗m′k′Vn′l′ I1(xm′ , xn′ , µ) (CHu)m′n′(H†i←→DµH)(dk′γµPLdl′). (4.27)

For the effective operators including the Higgs fields, let us focus on the radiative corrections
which change the quark flavors by theW -boson interactions. Instead, if we consider the full
EW radiative corrections, we additionally need to consider other corrections to the SMEFT
vertex, vacuum polarizations, lepton self-energy corrections, and vertex corrections to the
leptons. However, none of them change the quark flavors, and we checked that the gauge
parameters are canceled among them. Thus, eq. (4.27) is sufficient to derive the flavor-
changing matching conditions and show their gauge invariance. Consequently, the matching
formulae are obtained as

(C9)EW
ijkl = (−1 + 4s2

W )(C10)EW
ijkl

= (−1 + 4s2
W ) v

2

s2
W

V ∗m′iVn′j I1(xm′ , xn′ , µ) (CHu)m′n′δkl, (4.28)

where the result is summed over the primed indices. It is noticed that the lepton flavor is
universal, i.e., k = l, because it is generated by the Z-boson interaction.

In particular, when the operator is universal for the quark flavor,

(CHu)ij = (CHu) δij , (4.29)

the results are written as

(C9)EW
ijkl = (−1 + 4s2

W )(C10)EW
ijkl

= (−1 + 4s2
W ) v

2

s2
W

λijm′ I1(xm′ , µ) (CHu) δkl. (4.30)

It is noticed that, by selecting m′ = 3, our result of C10 is consistent with the result in
ref. [9], but an overall sign of C9 is opposite.

– 16 –



J
H
E
P
0
5
(
2
0
2
1
)
0
5
0

4.6 (C
(1)
Hq)ij

The effective operator (O(1)
Hq)ij includes the left-handed quarks as well as the Higgs fields.

In the down basis, we obtain

Leff = (C(1)
Hq)kl(H

†i
←→
DµH)(qkγµql)

= (C(1)
Hq)kl(H

†i
←→
DµH)

[
Vm′kV

∗
n′l(um′γµPLun′) + (dkγµPLdl)

]
. (4.31)

Similarly to the case of (CHu)ij , eqs. (3.16), (3.17), and (3.39) are enough to derive the
flavor-changing corrections, which are assembled as12

δLeff = α

πs2
W

λk
′k
m′ λll

′
n′
[
J2(xm′ ,xn′)+Ξ1(xm′)+Ξ1(xn′)+Ξ0(µ)

]
(C(1)

Hq)kl(H
†i
←→
DµH)(dk′γµPLdl′)

+ 1
2δZ

L
k′k(C

(1)
Hq)kl(H

†i
←→
DµH)(dk′γµPLdl)+ 1

2δZ
L
ll′(C

(1)
Hq)kl(H

†i
←→
DµH)(dkγµPLdl′)

= α

πs2
W

λk
′k
m′ λll

′
n′
[
J2(xm′ ,xn′)+Kk′k(xm′ ,µ)+Kll′(xn′ ,µ)

]
(C(1)

Hq)kl(H
†i
←→
DµH)(dk′γµPLdl′).

(4.32)

It is found that the gauge parameter is canceled. Then, the matching formulae become

(C9)EW
ijkl = (−1 + 4s2

W )(C10)EW
ijkl

= (−1 + 4s2
W ) v

2

s2
W

λii
′

m′λ
j′j
n′

[
J2(xm′ , xn′) +Kii′(xm′ , µ) +Kj′j(xn′ , µ)

]
(C(1)

Hq)i′j′ δkl

= (−1 + 4s2
W ) v

2

s2
W

λii
′

m′λ
j′j
n′ (C(1)

Hq)i′j′ δkl

×



[J2(xm′ , xn′) +K1(xm′ , µ)] , (i′ < i, j′ = j)
[J2(xm′ , xn′) +K2(xm′ , µ)] , (i′ > i, j′ = j)
[J2(xm′ , xn′) +K1(xn′ , µ)] , (i′ = i, j′ < j)
[J2(xm′ , xn′) +K2(xn′ , µ)] , (i′ = i, j′ > j)
J2(xm′ , xn′), (i′ 6= i, j′ 6= j)

(4.33)

where the result is summed over the primed indices.
In the quark-flavor universal case,

(C(1)
Hq)ij = (C(1)

Hq) δij , (4.34)

the above results become

(C9)EW
ijkl = (−1 + 4s2

W )(C10)EW
ijkl = −(−1 + 4s2

W ) v
2

s2
W

λijm′ I1(xm′ , µ) (C(1)
Hq) δkl. (4.35)

It is noticed that, by selecting m′ = 3, our results are consistent with those in ref. [9] except
for an overall sign of C9.

12See appendix A for the gauge invariance of the flavor-unchanged contributions.
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4.7 (C
(3)
Hq)ij

In the down basis, the effective operator (O(3)
Hq)ij is expanded as

Leff = (C(3)
Hq)kl(H

†i
←→
Da
µH)(qkγµτaql)

= gv2

2cW
(C(3)

Hq)kl Zµ
[
Vm′kV

∗
n′l(um′γµPLun′)− (dkγµPLdl)

]
+ gv2
√

2
(C(3)

Hq)kl
[
Vm′kum′γµPLdlWµ + V ∗n′ldkγ

µPLun′W †µ

]
+ · · · , (4.36)

where cW is the cosine of the Weinberg angle. The Feynman rules in the Rξ gauge are found,
e.g., in ref. [28]. In order to derive the EW radiative corrections which change the quark
flavors by the CKM matrix, we need to consider eqs. (3.16), (3.17), (3.39), (3.45), (3.48),
and (3.50), which are assembled as

δLeff = δL(1) + δL(2) + δL(3). (4.37)

In the right-hand side, the first term is from eq. (3.39), i.e., the diagram in which the Z
boson is exchanged between the SMEFT operator and the leptons, and the result is

δL(1) = − α

πs2
W

λk
′k
m′ λll

′
n′
[
J2(xm′ , xn′) + Ξ1(xm′) + Ξ1(xn′)

]
(C(3)

Hq)kl(QZ)k′l′ii. (4.38)

The second term assembles the other contributions which depends on λk′k
m′ as

δL(2) =− α

πs2
W

λk
′k
m′ [B(xm′)+Ξ2(xm′)] (C(3)

Hq)kl(QL)k′lii

− α

πs2
W

λk
′k
m′

[
s2
WD(xm′)−2s2

WΞ2(xm′)
]
(C(3)

Hq)kl [(QL)k′lii+(QR)k′lii]

− α

πs2
W

λk
′k
m′

[
J3(xm′ ,µ)+Ξ2(xm′)−3Ξ1(xm′)− 2

3s
2
W [K1(xm′ ,µ)−Ξ1(xm′)]

]
(C(3)

Hq)kl(QZ)k′lii

+ 1
2δZ

L
k′k(C

(3)
Hq)kl(QZ)k′lii+

α

πs2
W

λk
′k
m′

[
1− 2

3s
2
W

]
[K1(xm′ ,µ)−Ξ1(xm′)] (C(3)

Hq)kl(QZ)k′lii,

(4.39)

and the third term corresponds to those proportional to λll′n′ as

δL(3) =− α

πs2
W

λll
′
n′ [B(xn′)+Ξ2(xn′)] (C(3)

Hq)kl(QL)kl′ii

− α

πs2
W

λll
′
n′

[
s2
WD(xn′)−2s2

WΞ2(xn′)
]
(C(3)

Hq)kl [(QL)kl′ii+(QR)kl′ii]

− α

πs2
W

λll
′
n′

[
J3(xn′ ,µ)+Ξ2(xn′)−3Ξ1(xn′)− 2

3s
2
W [K1(xn′ ,µ)−Ξ1(xn′)]

]
(C(3)

Hq)kl(QZ)kl′ii

+ 1
2δZ

L
ll′(C

(3)
Hq)kl(QZ)kl′ii+

α

πs2
W

λll
′
n′

[
1− 2

3s
2
W

]
[K1(xn′ ,µ)−Ξ1(xn′)] (C(3)

Hq)kl(QZ)kl′ii.

(4.40)
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Here, the summation over the primed indices are understood. Consequently, we obtain

δLeff =− α

πs2
W

λk
′k
m′ λll

′
n′

[
(−1+2s2

W )J2(xm′ ,xn′)

+
{

(−1+2s2
W )
[
J3(xm′ ,µ)−K1(xm′ ,µ)−Kk′k(xm′ ,µ)

]
+
[
B(xm′)+s2

WD(xm′)
]
+(xm′→xn′ ,Kk′k→Kll′)

}]
(C(3)

Hq)kl(OL)k′l′ii

− α

πs2
W

λk
′k
m′ λll

′
n′

[
2s2
WJ2(xm′ ,xn′)

+s2
W

{
2
[
J3(xm′ ,µ)−K1(xm′ ,µ)−Kk′k(xm′ ,µ)

]
+D(xm′)

+(xm′→xn′ ,Kk′k→Kll′)
}]

(C(3)
Hq)kl(OR)k′l′ii. (4.41)

It is noticed that the gauge parameters via Ξ1 and Ξ2 are canceled completely. In the above
results, we omit the contributions which do not change the quark flavors, e.g., those via
Ξ0. The gauge dependencies in such contributions are also canceled by including additional
radiative corrections (see appendix A).

As a result, the matching formulae are determined as

(C9)EW
ijkl = − v2

s2
W

λii
′

m′λ
j′j
n′

{
(−1 + 4s2

W ) [J2(xm′ , xn′) + J3(xm′ , µ) + J3(xn′ , µ) (4.42)

−K1(xm′ , µ)−K1(xn′ , µ)−Kii′(xm′ , µ)−Kj′j(xn′ , µ)
]

+
[
B(xm′) +B(xn′) + 2s2

WD(xm′) + 2s2
WD(xn′)

] }
(C(3)

Hq)i′j′ δkl,

(C10)EW
ijkl = − v2

s2
W

λii
′

m′λ
j′j
n′

[
J2(xm′ , xn′) + J3(xm′ , µ) + J3(xn′ , µ) (4.43)

−K1(xm′ , µ)−K1(xn′ , µ)−Kii′(xm′ , µ)−Kj′j(xn′ , µ)

−B(xm′)−B(xn′)
]

(C(3)
Hq)i′j′ δkl,

where the results are summed over the primed indices. It is noticed again that the loop
functions depend on the quark indices, i, i′, j, j′, via the wave-function renormalization.

In order to compare the above results with those in ref. [9], let us consider the operator
in the flavor-universal case,

(C(3)
Hq)ij = (C(3)

Hq) δij . (4.44)

Then, the formulae become

(C9)EW
ijkl = −2v2

s2
W

λijm′

{
(−1 + 4s2

W )
[1

2J2(xm′) + J3(xm′ , µ)−K1(xm′ , µ)−K0(xm′ , µ)
]

+
[
B(xm′) + 2s2

WD(xm′)
]}

(C(3)
Hq) δkl, (4.45)

(C10)EW
ijkl = −2v2

s2
W

λijm′

[1
2J2(xm′) + J3(xm′ , µ)

−K1(xm′ , µ)−K0(xm′ , µ)−B(xm′)
]
(C(3)

Hq)δkl. (4.46)
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In ref. [9], the corresponding results are provided in the ’t Hooft-Feynman gauge, ξW = 1.
Their loop functions are related to ours as

IHq3(x) = −1
2J2(x)− J3(x, µ) +K1(x, µ) +K0(x, µ)− Ξ2(x)

∣∣
ξW=1, (4.47)

B0(x) = B(x) + Ξ2(x)
∣∣
ξW=1, (4.48)

1
2D0(x) = D(x)− 2 Ξ2(x)

∣∣
ξW=1, (4.49)

where the left-hand side is defined in ref. [9]. It is noticed that, by selecting m′ = 3, our
result is consistent with theirs if a sign of IHq3(x) is fixed as

IHq3(x) = x

32

[
7 ln µ2

M2
W

− x+ 33
2(1− x) −

7x2 − 2x+ 12
(1− x)2 ln x

]
. (4.50)

5 Application

As an application of the matching formulae provided in the previous section, let us study
the b → sµ+µ− transitions. Based on the latest experimental results including that on
B+ → K∗+µ+µ−, the global-fit analysis implies that the NP contributions are [3]

(C(1,3)
`q )2223 = 1

Λ2 (0.77± 0.13), (1D) (5.1)[
(C(1,3)

`q )2223, (Cqe)2322
]

= 1
Λ2 [0.80± 0.18, 0.05± 0.30] , (2D) (5.2)

from the 1-dimensional (1D) and 2-dimensional (2D) fits, respectively, with the normaliza-
tion factor, Λ = 30TeV.13 Here, a data-driven method is used to estimate non-factorizable
hadronic contributions associated with the charm loop. On the other hand, if the hadronic
contributions are determined by the q2 extrapolation of the light-cone sum rules esti-
mate [29],14 the analysis provides

(C(1,3)
`q )2223 = 1

Λ2 (0.92± 0.12), (1D) (5.3)[
(C(1,3)

`q )2223, (Cqe)2322
]

= 1
Λ2 [1.03± 0.12, 0.71± 0.13] , (2D) (5.4)

for Λ = 30TeV. Note that they contribute to b→ sµ+µ− at the tree level.
Let us consider the following flavor-conserving operators,

Oi =
{

(Oeu)2233, (O`u)2233, (Oqe)3322, (O(1)
`q )2233, (O(3)

`q )2233
}
, (5.5)

13In ref. [3], it is not clear whether the RG corrections above the EW scale are taken into account for
these SMEFT operators. We discard them in the following analysis.

14Recently, updated results on the hadronic contributions have been provided in ref. [30].
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Analysis1 Analysis2

c`u 4.5± 0.8 5.3± 0.7

c
(1)
`q −2.3± 0.4 −2.7± 0.4

c
(3)
`q 7.4± 1.3 8.9± 1.2

(c`u, ceu) ( 4.6± 1.0, 0.3± 1.7) ( 6.0± 0.7, 4.1± 0.8)

(c(1)
`q , cqe) (−2.4± 0.5,−0.1± 0.9) (−3.0± 0.4,−2.1± 0.4)

(c(3)
`q , cqe) ( 7.7± 1.7,−0.1± 0.9) ( 9.9± 1.2,−2.1± 0.4)

Table 1. Values of Wilson coefficients, Ci = ci/(1TeV)2, for the flavor-conserving SMEFT oper-
ators, (5.5). Here, “Analysis1” is derived by recasting (5.1) and (5.2), and “Analysis2” from (5.3)
and (5.4). The upper (lower) group is obtained by the 1D (2D) global fits.

at the EWSB scale, µ = MW .15 They do not change the quark flavors at the tree level,
but induce b → sµ+µ− via EW radiative corrections. The LEFT operators, Q9 and Q10,
receive contributions from them in very similar to the above tree-level contributions from
(O(1,3)

`q )2223 and (Oqe)2322. In fact, the LEFT Wilson coefficients, (C9)2322 and (C10)2322,
are determined from eqs. (5.1)–(5.4) by using the tree-level matching conditions, eqs. (2.18)
and (2.19). These LEFT results can be reproduced by the above operators (5.5) via the EW
radiative corrections, eqs. (4.3), (4.6), (4.10), (4.16), and (4.21). For example, when one
considers the contributions to (C9,10)ijkl with {i, j, k, l} = {2, 3, 2, 2} from (C(1)

`q )kli′j′ with
{k, l, i′, j′} = {2, 2, 3, 3}, the one-loop matching formula is provided by the third relation
in eq. (4.16) because of i < i′ and j = j′. Since the contributions satisfy (C9)2322 =
−(C10)2322, one notices that eq. (5.1) or (5.3) can be recast to derive the result according to
eqs. (2.18) and (2.19). Our result is summarized in table 1, where “Analysis1” corresponds
to eqs. (5.1) and (5.2), and “Analysis2” to (5.3) and (5.4). For the input parameters we used
GF = 1.1663787×10−5 GeV−2, sin2 θW = 0.23121, α(MZ) = 1/127.952,MW = 80.379 GeV,
and mt = 172.76 GeV. Also the Wolfenstein parameters are λ = 0.22650, A = 0.790,
ρ̄ = 0.141 and η̄ = 0.357. In the numerical analysis, we neglected uncertainties for these
parameters because they are sufficiently small. As a result, it is found that the NP scale
is typically around 0.5–1TeV.16

It is noticed that we set µ = MW to derive table 1, and thus, the logarithmic term
in the loop functions of the EW radiative corrections vanish, but the contributions are
provided by the finite terms. This is contrasted to the analyses in refs. [10–12], where the
contributions are generated by the RG corrections, i.e., the logarithmic term by assuming
that the input scale of the SMEFT operators are much larger than the EW scale and
discarding the finite terms. Consequently, our results differ from them by factors of O(1).

15For investigating other SMEFT operators we need detailed analyses and retain for future works.
16Experimental constraints on these operators have been studied, e.g., in ref. [10].
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6 Conclusions and discussion

In this article, the EW radiative corrections to the SMEFT operators were revisited for the
current b→ s`` results. We provided the matching condition formulae between the SMEFT
and LEFT at the one-loop level. We did not assumed any flavor symmetry a priori, and
thus, flavor structures of the operators are general. The gauge-parameter cancellations
were shown explicitly by performing the calculations in the Rξ gauge. Besides, the on-shell
conditions were applied especially in dealing with the quark-flavor mixings appropriately.
Consequently, it was noticed that the results depend on the flavor structure via the wave-
function renormalization.

In light of the recent results on B+ → K∗+µ+µ− as well as B0 → K∗0µ+µ−, we have
also studied an implication of our formulae on the current b → s`` anomalies. If they are
induced by flavor-conserving NP contributions where the flavor transitions are triggered
by the EW radiative corrections, the NP scale is estimated to be around 0.5–1TeV.

In this article, we have focused on the b → s`` transitions. It is straightforward to
apply our analyses to determine EW radiative corrections to other SMEFT operators, e.g.,
the four-quark operators relevant for meson mixings. For instance, loop functions of the
Z-mediated NP contributions shall depend on the flavor structure. The details will be
discussed in our future works.
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A Flavor-unchanged contribution for C
(1,3)
Hq

In this section, we present the W -boson loops contributions which do not change the quark
flavors by the CKM matrix for the SMEFT operators O(1,3)

Hq . In particular, we will show the
gauge-parameter cancellations by including the diagrams which are omitted in section 3.
For C(1)

Hq, the one-loop contributions are shown as

δLeff = δLself
Hq1 + δLvac

Hq1 + δLvert
Hq1. (A.1)

In the right-hand side, the first term arises from the self-energy corrections (3.16), (3.17),
and (3.26) as

δLself
Hq1 =

(1
2δZ̄

L
kk+ 1

2δZ
L
ll

)
(C(1)

Hq)kl(QZ)klii+
(1

2δZ̄
eL
ii + 1

2δZ
eL
ii

)
(−1+2s2

W )(C(1)
Hq)kl(QL)klii.

(A.2)
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The second term corresponds to the photon/Z vacuum polarizations due to the W (NG)
boson loops,

δLvac
Hq1 = α

πs2
W

(C(1)
Hq)kl(QZ)klii

× 1
8(−1 + 2s2

W )
[
(3 + ξW ) ln µ2

M2
W

+ 1
2(5 + ξW )− ξW + 2

ξW − 1ξW ln ξW

]

− α

πs2
W

(C(1)
Hq)kl [(QL)klii + (QR)klii]

× 1
12s

2
W

{[
34− 3ξW − 3s2

W (11− ξW )
]

ln µ2

M2
W

+ 20 + 47ξW + 2ξ2
W − 9ξ3

W

6(ξW − 1)2 + 1
2s

2
W (7 + 3ξW )

− 6 + 6ξW + ξ2
W − 3ξ3

W + 3s2
W (2− 3ξW + ξ3

W )
(ξW − 1)3 ξW ln ξW

}
. (A.3)

The third term is from the vertex corrections to the photon/Z penguin contributions.
In addition to (3.39), there are contributions in which the W -boson interactions are not
accompanied by the CKM matrix, and thus, they do not depend on λkkn′ or λlln′ . The result
is given by

Lvert
Hq1 = α

πs2
W

λkkm′λlln′

[
J2(xm′ , xn′) + Ξ1(xm′) + Ξ1(xn′) + Ξ0(µ)

]
(C(1)

Hq)kl(QZ)klii

− α

πs2
W

(C(1)
Hq)kl(QL)klii

× 1
8

{[
(3 + 2ξW )− 3s2

W (1 + ξW )
]

ln µ2

M2
W

+ 2 + 3ξW + s2
W (1− 5ξW )
2 −

[
1 + (2− 3s2

W )ξW
] ξW ln ξW
ξW − 1

}

− α

πs2
W

(C(1)
Hq)kl(QZ)klii ×

1
8s

2
W

[
(3 + ξW ) ln µ2

M2
W

+ 1
2(5 + ξW )− ξW + 2

ξW − 1ξW ln ξW

]

+ α

πs2
W

(C(1)
Hq)kl [(QL)klii + (QR)klii]

× 1
12s

2
W

[
ln µ2

M2
W

+ 41 + 14ξW + 5ξ2
W

6(ξW − 1)2 − 12− 3ξW + ξ2
W

(ξW − 1)3 ξW ln ξW

]
. (A.4)
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Consequently, we obtain

δLeff = α

πs2
W

λkkm′λlln′(C(1)
Hq)kl(QL)klii

×
{

(−1+2s2
W ) [J2(xm′ ,xn′)+K0(xm′ ,µ)+K0(xn′ ,µ)]+s2

W (−1+s2
W )
(

7
2 ln µ2

M2
W

+ 1
3

)}
+ α

πs2
W

λkkm′λlln′(C(1)
Hq)kl(QR)klii

×
{

2s2
W [J2(xm′ ,xn′)+K0(xm′ ,µ)+K0(xn′ ,µ)]+s2

W (−1+s2
W )
(

7
2 ln µ2

M2
W

+ 1
3

)}
.

(A.5)

Thus, the gauge parameters in the W -boson loop contributions are canceled completely.
On the other hand, the flavor-unchanged contributions for C(3)

Hq from the W -boson
loops are given by

δLeff = δLself
Hq3 + δLvac

Hq3 + δLbox+peng
Hq3 + δLvert

Hq3, (A.6)

where the first term in the right-hand side arises from the self-energy corrections obtained
from eqs. (3.16), (3.17), (3.26), and those corresponding to eq. (3.33) for i = j. The result
becomes

δLself
Hq3 =

(1
2δZ̄

L
kk+ 1

2δZ
L
ll

)
(C(3)

Hq)kl(QZ)klii+
(1

2δZ̄
eL
ii + 1

2δZ
eL
ii

)
(−1+2s2

W )(C(3)
Hq)kl(QL)klii

+ α

πs2
W

[
λkkm′ +λllm′

]
(C(3)

Hq)kl(QZ)klii

×
(

1− 2
3s

2
W

){
K1(xm′ ,µ)−Ξ1(xm′)− 1

8

[
ξW ln µ2

M2
W

− 3
2 +ξW (1−lnξW )

]}
. (A.7)

The second term is from the photon/Z vacuum polarizations as

δLvac
Hq3 = α

πs2
W

(C(3)
Hq)kl(QZ)klii

× 1
8(−1 + 2s2

W )
[
(3 + ξW ) ln µ2

M2
W

+ 1
2(5 + ξW )− ξW + 2

ξW − 1ξW ln ξW

]
− α

πs2
W

(C(3)
Hq)kl [(QL)klii + (QR)klii]

× 1
12s

2
W

{[
34− 3ξW − 3s2

W (11− ξW )
]

ln µ2

M2
W

+ 20 + 47ξW + 2ξ2
W − 9ξ3

W

6(ξW − 1)2 + 1
2s

2
W (7 + 3ξW )

− 6 + 6ξW + ξ2
W − 3ξ3

W + 3s2
W (2− 3ξW + ξ3

W )
(ξW − 1)3 ξW ln ξW

}
. (A.8)
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The third term corresponds to the box and penguin contributions discussed in section 3.4.
Here, we derive results for the flavor-unchanged contributions as

δLbox+peng
Hq3 =− α

πs2
W

[
λkkm′ +λllm′

]
(C(3)

Hq)kl(QL)klii

×
{
B(xm′)+Ξ2(xm′)− 1

16

[
3−ξW−

6ξW lnξW
ξW−1

]}
− α

πs2
W

[
λkkm′ +λllm′

]
(C(3)

Hq)kl [(QL)klii+(QR)klii]

×s2
W

{
D(xm′)−2Ξ2(xm′)

− 1
24(ξW−1)3

[463
18 −

577
6 ξW + 649

6 ξ2
W−

733
18 ξ

3
W +3ξ4

W

+
(
1+3ξW−30ξ2

W +16ξ3
W

)
lnξW

]}
− α

πs2
W

[
λkkm′ +λllm′

]
(C(3)

Hq)kl(QZ)klii

×
{
J3(xm′ ,µ)+Ξ2(xm′)−3Ξ1(xm′)− 2

3s
2
W

[
K1(xm′ ,µ)−Ξ1(xm′)

]
− 1

8

[
(3+2ξW ) ln µ2

M2
W

+ 1
2(2+3ξW )− 2ξW +1

ξW−1 ξW lnξW

]

+ 1
48s

2
W

[
(9+7ξW ) ln µ2

M2
W

+ 1
2 (3+11ξW )−(2+7ξW )ξW lnξW

ξW−1

]}
. (A.9)

The last term comes from the vertex corrections (3.39) and those independent of λkkm′ and
λlln′ as

Lvart
Hq3 = − α

πs2
W

λkkm′λlln′
[
J2(xm′ , xn′) + Ξ1(xm′) + Ξ1(xn′) + Ξ0(µ)

]
(C(3)

Hq)kl(QZ)klii

− α

πs2
W

(C(3)
Hq)kl(QL)klii

× 1
8

{[
(3 + 2ξW )− 3s2

W (1 + ξW )
]

ln µ2

M2
W

+ 2 + 3ξW + s2
W (1− 5ξW )
2 −

[
1 + (2− 3s2

W )ξW
] ξW ln ξW
ξW − 1

}

− α

πs2
W

(C(3)
Hq)kl [(QL)klii + (QR)klii]×

1
12s

2
W

[
ln µ2

M2
W

− ln ξW

]
. (A.10)
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As a result, we obtain

δLeff = − α

πs2
W

λkkm′λlln′(C(3)
Hq)kl(QL)klii

×
{

(−1 + 2s2
W )
[
J2(xm′ , xn′) + J3(xn′ , µ) + J3(xm′ , µ)

−K0(xm′ , µ)−K0(xn′ , µ)−K1(xm′ , µ)−K1(xn′ , µ)
]

+B(xm′) +B(xn′) + s2
W

[
D(xn′) +D(xm′)

]
+
(3

4 + 13
6 s

2
W −

7
2s

4
W

)
ln µ2

M2
W

+ 5
8 + s2

W

(113
108 −

1
3s

2
W

)}
− α

πs2
W

λkkm′λlln′(C(3)
Hq)kl(QR)klii

×
{

2s2
W

[
J2(xm′ , xn′) + J3(xm′ , µ) + J3(xn′ , µ)

−K0(xm′ , µ)−K0(xn′ , µ)−K1(xm′ , µ)−K1(xn′ , µ)
]

+ s2
W

[
D(xm′) +D(xn′)

]
+ s2

W

[(13
6 −

7
2s

2
W

)
ln µ2

M2
W

+ 113
108 −

1
3s

2
W

]}
. (A.11)

Therefore, it is found that the gauge parameters are canceled completely.
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