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1 Introduction

Recently we have seen remarkable progress in the computation of the correlation func-
tions of N' = 4 super Yang-Mills theory (SYM) in the hope of establishing the AdS/CFT
correspondence [1]. There are two complementary approaches to this problem.

The first approach is based on the integrability of ' = 4 SYM in the planar limit. The
planar three-point functions of single-trace operators are regarded as a pair of hexagons
glued together, where each hexagon form-factor is severely constrained by the centrally-
extended su(2|2) symmetry [2]. The n-point functions of BPS operators can be studied by
hexagonization. The gluing of four hexagons give us the planar four-point functions [3-5],
and the gluing of 2n — 4 + 4g hexagons should give the g-th non-planar corrections [6-8].
Furthermore, certain four-point functions in the large charge limit decompose into a pair
of octagons [9, 10|, which can be resummed [11, 12].

The integrability approach tells us how single-trace correlation functions depend on
the 't Hooft coupling A = N, g%,M. However, only the non-extremal correlation functions
have been studied, because the non-extremality is related to the so-called bridge length
(the number of Wick contractions between a pair of operators), which suppresses the com-
plicated wrapping corrections to the asymptotic formula [13-17].

The second approach is based on the finite-group theory. In this approach, one obtains
the results valid for any values of N., though most results are limited to tree-level or a few
orders of small A expansion. In the finite-group approach, extremal correlation functions
are often studied, because they are roughly equal to the two-point functions at tree level.

Quite recently the author studied the n-point functions of multi-trace scalar operators
at tree-level of N' = 4 SYM with U(N,) gauge group, based on the finite group methods [18].
Those results are written in terms of permutations, meaning that they are valid to any
orders of 1/N, expansions, but not at any values of N, because the finite- V. constraints
are not taken into consideration. The primary purpose of this paper is to generalize the
permutation-based results to finite N, , by taking a Fourier transform of symmetric groups.

Two types of operator bases of N' = 4 SYM are well-known, which carry a set of
Young diagrams as the operator label, diagonalize tree-level two-point functions at finite
N., generalizing the pioneering work of [19]. The covariant basis (also called BHR basis)
introduced in [20, 21] respects the global (or flavor) symmetry of the operator. As such, one
can construct O(Ny) singlets for general Ny [22]. The restricted Schur basis was introduced
in a series of papers [23-25] and related to multi-matrix models in [26, 27].! The restricted
Schur basis respects the permutation symmetry of the operator, and suitable for explicit
calculation. In other words, one has to specify a state inside the irreducible representation
of the global (or flavor) symmetry, like the highest weight state. Here is a brief comparison
of the two representation bases [28]:

Operator basis Symmetry respected Analogy

Covariant Global symmetry Spherical coordinates

Restricted Schur | Permutation of constituents Cartesian coordinates

Note that the restricted Schur basis can compute the observables of a multi-matrix model, which are
not the function of the multi-matrix eigenvalues only.



In this paper, we consider general non-extremal three-point functions of the scalar op-
erators in the restricted Schur basis. There are several important ideas in this computation.
The first idea is the Schur-Weyl duality between U(N.) and Sz, which converts powers of
N, into the irreducible characters of the symmetric group Sy, . The second idea is the quiver
calculus initiated by [29]. This is a set of diagrammatic rules which enormously simplify
the manipulation of representation-theoretical objects. The third idea is the generalized
Racah-Wigner tensor. Since the three-point function is non-extremal, we need to compute
a non-trivial overlap between the states under different subgroup decompositions of Sy, .
The invariant products we encounter are more general than Wigner’s 65 symbols.?

Let us summarize the main results. Our notation is explained in appendix A. We are
particularly interested in two types of the non-extremal three-point functions (or equiv-
alently non-extremal OPE coefficients). The first type is the super-protected three-point
functions [32] in the restricted Schur basis, given by (3.70)

Fourier transform of <th1 (Ch Z®L1) try, (a2 ZL2) trr, (a3 7L3)>
DlmN 3

(H ) Z dR dp, dR Z Z Z (HdQl) G123 - (1.1)
= QiFL2 QaFLs QsHLy Ni=

The second type is the three-point functions of the scalar operators made of three pairs of
complex scalars in N' =4 SYM, given by (3.90)

Fourier transform of <tr Iy (a X X

tro, (az XM y®(ls—hi+hs) 7 (m_hS)) trr, (ag X ®@(ta1—hzthy) yO2s=h) 7®h2) >

3 . ~
L' DlHlNC(R) 1 Yo =1 Das —va v
B (HlL ') 2 m% ay dp, dry dsy dig) 720 677067 Gy (1.2)

B(l31—hs) Bhs Z®<em—h3+hz>)

The objects Gi23 and G{o4 are related to the invariant products of the generalized Racah-
Wigner tensors.
Mathematically, the branching coefficient of R = @ (r ® s) is the building block of
7,8

the restricted Schur character and the generalized Racah’—Wigner tensor. In the literature,
the orthonormal basis of r ® s is called the split basis [33], and the branching coefficients
are called fractional parentage coefficients [34], subduction coefficients [35, 36] or the split-
standard transformation coefficients [33, 37, 38]. In general, explicit computation of the
branching coefficients is a hard problem. See [39—41] for the recent results on the branching
coefficients, and on the construction of the restricted Schur basis [42].

Likewise, it is difficult to compute Gia3, G195 explicitly. We conjecture that they can
be written by the Littlewood-Richardson coefficients, based on the fact that they satisfy
certain sum rules.

2The 65 symbol is also called Racah’s W coefficient or recoupling coefficient. The 65 symbols of sym-
metrical groups are called 6f symbols in [30], and they are related to the 6; symbols of unitary groups by
the through the duality factor [31].



From (1.1) and (1.2), it is straightforward to show the large N, background indepen-
dence in N' =4 SYM [43]. The background independence is a conjectured correspondence
between the operators with O(N?) canonical dimensions and those with O(N2) canonical
dimensions, where the latter is constructed from the former by “attaching” a large number
of background boxes. By AdS/CFT, this conjecture implies that the stringy excitations in
AdS; x S° and those in the (concentric circle configuration of) LLM geometry [44].

On the gauge theory side, the large NN, background independence has been checked
for the case of two-point functions and extremal n-point functions. On the gravity side,
some string spectrum of in the SL(2) sector has been studied in [45]. We find that the non-
extremal OPE coefficients in the LLM background are essentially given by the rescaling
of N, in (1.1), (1.2). Our results provide strong support that the large N. background
independence can be found also in the string interactions.

2 Two-point functions in the representation basis

We review the construction of the restricted Schur basis, and introduce the diagrammatic
computation methods called quiver calculus.

2.1 Set-up

We consider N = 4 SYM of U(N,) gauge group at tree-level. This theory has three complex
scalars (XY, Z), which satisfy the U(NN.) Wick rule,
L o 1
Xh(2) X (0) = Y (@) Y(0) = Z0(2) Zo(0) = || 5760 (2.1)

a

With a € Si4m4n , we define a multi-trace operator in the permutation basis

O&l,m,n) = tTman (Oé X ®lyem Z®n)
Ne (2.2)

— "i1 ?;l 'im-{—l 'il+m ?l+'m+l iil+m+'n
- Z la(1) "7 T () T ta(l+1) T T ta(i4m) T ta(l+m+1) T T ta(l4mA4n)
11,825yl +mAn=1

The usual single-trace operators can be expressed in the permutation basis as
tr (XY™ Z™) — trp(a XO YO 2O (04 € Zigmn)- (2.3)

The correspondence between a multi-trace operator and « € Sy, is not one-to-one, because
« is defined modulo conjugation,

oflmm = oy € 8 ® S ® S, (2.4)

which we call the flavor symmetry (or global symmetry). For example,

tr (XX ZZ) = trp—4((1234) X®2Z29?) = tr;—4((2143) X®22%%) = . .

2.5
tr(XZXZ) = trp—4((1324) X®2Z9?) = trp—4((3142) X®22%%) = . . (25)

where ... represents the other permutations generated by the flavor symmetry (2.4).



We define the complex conjugate operator by

Oy = trmen (a X7V ) (2.6)
The two-point function between (’)Ef;’”’") and 625;”’") at tree-level is given by
(OLmm (@) O™ (0)) = o] 20FmEm 3 NClennear 2.7)
VGSZ®Sm®Sn

where C(w) counts the number of cycles in w € Sj 4y . We write (O103) = (01(1)O02(0)).

2.2 Diagonalizing the tree-level two-point

Following [29], we show how to “derive” the representation basis of operators starting from
the two-point functions on the permutation basis (2.7). The resulting tree-level two-point
functions are diagonal at any N.. The readers familiar with the restricted Schur basis can
skip this subsection. The basic formulae are summarized in appendix A.3.

First, we rewrite the equation (2.7) by using (A.41) as

m.n) Almn . _
ool = Y > Dimp, (R)x"(arya2y™")
'YESZ@)SHL@SH R}_(l"l‘m"!‘n)

= Z Dimy, (R) Z

R&(I+m+n) YES|@Sm®Sn

where we used the quiver calculus notation of appendix B in the second line. We introduce
Y=71072073 € S;® S, ®S, and the branching coefficients for S; 1, | (S; ® Sy ® Sp)
to make use of the identity (A.24) for £ = 3. The equation (2.8) becomes

OOy = YT D (R) YD Y

RE(I4+m+n) v1ES; T1,72,73,V—
~V2ESm 51,52,53,V+

3 eSn



We apply the grand orthogonality (B.4) to the matrix elements of 1,72 and 73 to obtain

m,n Al,m,n l'm'n‘
OO = 30 Dimn(R) 3 Fh
T1YTr2YT3

F(+m+n) T1,72,73,V—,V4

V>>>>>AA
w77 Aa

v
v
<

. l'm'n‘ 71,72,73),(V4,V. T1,72,T vV_,V.
= ) Dimy(R) e ) (o) ) (- ) (o)
T1HT2HT3

R,ri,ro,r3,v—,vq
where XRv(TlaT’z,m),(VJr’V*)(a) is the restricted characters defined through branching coeffi-

cients,

() = ST B B Do, @

X I1—(i,5,k)
I,J i,

The restricted characters satisfy the orthogonality relations (A.52). It is straightfor-
ward to find a linear combination of operators which diagonalizes the two-point function;

O5(51,52,83) 1411 (z) = 1 Z XS,(81752,83)7M+7M7 () @gﬂm") (z)

'm!n! é
Q€S 4 m+4n (211)
7T7(t1:t2:t3)7n+7777 1 T,(tl to t3),7]+,7]7 7(l:m:n)
C? ( ) ::l!ﬂl!nl ji: X T (a)cja (y)
aESLHn+n

It follows that

2
<OS (s1,52,88) i yi— @y Lo (Fotzsta) e - > 1 Z Dimy, (R) Um!n! y
N dpy drydyy

!'m!n!
R,r1,m2,13,v— v}
E XS7(51;52733)7/14+5N— (al) XT>(t1,t2,t3),77+,777 (a2)XR’(7‘1,T2’T3),(V+7V—) (Oél)XR’(Tl’TQ’TS)’(lL Vi) (042)

a1 ,02€S 1 +m4n

(l +m+ n) dSldsz d83 5ST551t1 5521&2 583t3 5u+77, 5;1,,7”

= DimNC (S)

'm!n! d3
hookg ST ssit t t
. 55T gs1t1 gszta gsats suin— su—n+ 2.12
W N (S) h00k31h00k52h00k33 ( )

where we used (A.5).
Recall that O%™" in (2.2) becomes half-BPS when | = m = 0, and the restricted

character (2.10) reduces to the usual irreducible characters of S, . The two-point func-

tion (2.12) becomes

<05 6T> = Wty (S) 05T (2.13)

which gives the same normalization of half-BPS operators as in [19].



3 Three-point functions in the representation basis

In [18], tree-level formulae of the n-point functions of general scalar operators in the per-
mutation basis have been derived. We consider three-point functions of scalar operators in
the restricted Schur basis below. The three-point functions of A" = 4 SYM are related to
the OPE coefficients by

Chas
<Ol(l‘1)02(l‘2)03(l‘3)> = ‘xl . .’L’Q’A1+A2_A3 |I’2 o $3’A2+A3_A1 ’.%'3 o $1‘A3+A1_A2
(3.1)
thanks to the conformal symmetry. By abuse of notation, we write (3.1) as
(0102035) = Cha3. (3.2)

3.1 Set-up

Let us recall the tree-level permutation formula for three-point functions in [18]. That
formula has been derived based on the following idea. Consider a non-extremal three-point
function of the operators labeled by «; € Sp, for ¢« = 1,2,3. We expect that the tree-

a1
(anazas) However, we cannot define the

level Wick contractions give the quantity like NCC

multiplication of elements in Sy, and S, if Ly # Ls. This problem can be solved by

extending o; to &; € Sy, for some L, which makes the quantity NE@18283) ol defined.
Let us explain how this idea works. First, we extend the operator O; by adding identity

fields,

L
A - ~(4)
0, =0,, xtr (1)Li = H((I)Ap )ZZAP) , Gj = oy o 1fi €S, Sfi c Sy (3.3)
p=1
where
L L L — i (4) — = —
=22t Lor-n, oM e XVY.ZZ1). (4)

. o . . s . A(®)
The permutation &; acts as the identity at the position p at which ®* = 1. The (edge-
type) permutation formula reads

L
Cras = —5—= ! = i' Z H A DAY NE(@azas) (3.5)
Hi=1 Z' L {Ui}ES%S p:l

, Gy = U;l &; U; and
AB — A B A B
= (P2 (1)P"(0 both &4 ¢ 1
WABC — pAB §C | BC gA | pCA§B  pAB _ g (@4(1)@7(0))  (bo . #1)
0 (otherwise).
(3.6)
We call h4BC a triple Wick contraction.



We will consider two types of three-point functions. The first type is the three-point
functions of half-BPS multi-trace operators,

Cooo = <t1"L1 (Oél Z®L1) trp, (042 Z®L2) trp, (043 7®L3)>, Z = (Z —1—74— Y — ?) (37)

The field Z belongs to the one-parameter family of operators used in [2, 32],
3i(a)=(Z+a; Y =Y) +a?2)(zy), z; = (0,4a;,0,0). (3.8)
The second type is general three-point functions of the scalar multi-trace operator (2.2),
CXVZ = (try, (on XTI Y golhahotha) ) (3.9)
trp, (az Y®h1Y®(€23_h1+h3)7®(412_h3)) trr, <a3 X®(£31_h2+h1)7®@23_h1)7®h2)>

where /;; is the number of tree-level Wick contractions between O; and O; (called the
bridge length), given by

L+ Ly— L3 Lo+ Lz — Ly L3+ Ly — Lo
by = B E— lo3 = — b3 = -

and h; is an integer inside the range

(3.10)

0 < hy <ly, 0 < hy <431, 0 < hy </lha. (3.11)

3.2 Partial Fourier transform

We construct the three-point functions in the restricted Schur basis by taking the Fourier
transform of Cooo in (3.7) and C’%(YZ (3.9). Recall that the usual Fourier transform of
the delta function is a constant. In the Fourier transform over a finite group, the Fourier
transform of the identity permutation should be a sum over all representations. In other
words, if we write

Ri-Li + Flofa; €8y, L + Flof1kies, (3.12)

then we should sum ¢; over all possible partitions of L; . In fact, t; is an unphysical param-
eter, and we can perform a calculation without using ¢; . Thus we call the procedure (3.12)
a partial Fourier transform.

In order to treat Cooo and CF)L(YZ simultaneously, we extend the multi-trace opera-
tor (2.2) as in (3.3),

O(Ali,mi,m,fi)[X’ Y, Z, 1] = try, <Oéi X@li Yy ®mi Z®ni) X tr (I)Li

Q

B (3.13)
li+mi+n;=L;, Li+Li=L, &=a;0lp €5
and define the partial Fourier transform by
~ - 1 s L
R'L‘ L’L — Rq, (llv 7 'HL'L)
OR:( )[X,Y,Z,l]_m > X)) 05 XY, 2,1
@ €5L, (3.14)

R; ={R;,(¢i,7i,5), Vi Vit }, (Ril L, qiFl, ribmy, sikn;).



The partial Fourier transform can be rewritten as a linear combination of the complete
Fourier transform. To see this, we recall (A.34) and

X (g 017,) = X (aw) > di =1L (3.15)
tiFL;
giving us a dummy representation t; to be summed over the partitions of L; . It follows that
@Ri (Zz) X,}/,Z, d R;®t; O(lzvmunu ) X Y Z 1
X.Y,2,1] - l,ml,nl,L,Z > d @) X.Y,2,1]
JFL; GESL; ><17

(3.16)
As for Cooo , we introduce the Fourier transform of the half-BPS operators as

O, =0f ™ (z,1], 0y =08 ")2,1), Oy=0F")(Z,1), Ri=Ri+L; (3.17)

and define - -
Cooe = (O ]2,1] 05279 (2,1) 0 (7,1]) . (3.18)

As for C’f( YZ  we take the Fourier transform of the operators in (3.9) as
0, =0 IX YV, 21] (I, mi,m) = (s — ha, hs, l1s — hg+ hy)
0y = O X Y, Z,1] (I, ma,na) = (hy, g — hy + hs, (13 — hy)
DXV, Z.1] (s, mz,n3) = (g1 — ha + h1, Loy — h1, ha) (3.19)

and define
CXY7 — <@f‘1@1>[x Y, 2,10 (X vy, 7, 1) 0% x ¥, 7, 1}>. (3.20)
We collectively denote the three-point functions of the operators in the representation
basis by
0123 = <01 02 03> . (3.21)
From (3.5) we get
3
- 1 1 AD 4@ 46
Clhon = h' U1 Ay )03 () de, | X
123 H l'm'm (Lz') L. Z@;a 1_11 Z (1:[ u)
{U;yesP® \p {t:+L;} \i=1
3
> (H xR@fz‘(aﬂ) N e e e ) (322
i=1

{diGSLi lei}
Consider the second line of (3.22). We use the identity (A.41) and (A.9) to obtain

3 ~1 4 ~1 4 14 77,
i=1

{diESLi lei}

= Z Z DlIIlNC R <HX Z®t (dﬂ)

{&zesL X1p. } RFL

><D (U1U2) A3(U2U§1)D§3f1(U3U1‘1).



We simplify the sum over {d;} in the last line. The character is given by (3.15). We
decompose the matrix elements D (al) according to the restriction

9(R},t};R)

SLi(S,®S.), R=P P @ (Ri&T))y, - (3.24)

RIFL; Ty RL;  Mi=1

When 6'123 = C’OOO , we have R; = R;. From (3.24) we get
ZX Z®t (041)

9(R; Ti;R)

Ri(, R (R, Ty) i o\ R—(R}.T3) i R,
Z Z Z Z X (al)dtiBfiﬁ(Ii,Ci) (B )ji%(Ji,a‘) DIJ( i)

a; €S, RIFL; TyRL; M=l

— Ri( D (BETi)mi (T R (RL T s
= 3 {2 K @Df e i, BT (T T

R, Tju;  cuESL,

_ L ! dt RuT) Mi T (szTi)#z
Z —(I3,¢) (B )J —(I;,¢4)
17/’1’7/
9(R;,T; :R)
Litdy, R (R T) i
=> dn yff( st (3.25)

T;FL; M=l
where we used (3.15), (A.20), (A.30) and (A.47). When Cio3 = C’}%(YZ, by using the
definition of the restricted character (A.25) we find

Z XRl@tl (O‘Z)DR (é‘z)

diGSL. le_

= > { X D) (e},

R/ 17,1141 azesL

% BRi ((Iz T4,54)Vi— (BT>R1_>(‘11:7"1751)V1+ R%(R;’Ti)nﬂi ( T)R—%R;’Ti)uufz

( i/ k/ l/) ( ! k/ l/) fiﬁ(li,ci) ji—>(Ji,Ci)

_ Z L 'dt —(Ri,Ti) i pRi—(qi,mi,8:)vi— (BT)I?—)(Ri,Tz‘),M (BT)Riﬁ(qz'm,Si)VH-

—(I;,¢) Li—(5' k' V) Ji—=(Jise:) Ji— (57K 1)
'L7l’l/74
Li'dy, _R-RT;_,

=) oo (3.26)

dR. 1J
T i ¢

where we introduced the double projector

R—)RTz K R—)RTZ, T R—)RTH,
y - Z I—s(j, k,l,c )j*}(j’k’l’c) (327)
7,k,0c
. dr,
R—RT;+ _ RH(RHT )otts R —(qi,mi,8:) Vit
I—(jkle) — Z I—(I¢) BI—>(j ) : (3.28)
{R — RTi$} = {R — (Ri, Tl), i — (qi, i, Si, Tl), (ui, Vi$)} (3.29)

~10 -



which come from the double restriction Sz, | (S, ® Sfi) 1 (S, ® Spm; ® Sp, @ Sfi)' Here
we should keep in mind that the restriction to the subgroup of Sy is different for each
1 =1,2,3. We will revisit this issue in section 3.4.

Now the equation (3.23) is simplified as

3
Z <H XRi@ti(OAéi)> NCC(Ufl Q1 U1U2*1 Gio U2U3*1 a3 Us)
=1

{diESL. le }

R— sub R -1\ pR -1\ pR -1
S (H‘@ . ) DR (U5 DE , (U5 ") DE L (U507 (3.30)
{Tmﬂz}
where the projector ,@RHS“b is given by
(@{%T)(Rini)Mz’,/—Li _ {%‘)(Ri:Ti)vﬂi T I?H(RmTi),m (f C«OOO)
L@Rasub — IiJ; Li—(Ic:) ( )Ji‘)(li»ci) o (3.31)
1;J; (@R_)RTi—,i-&- _ R—)RT17 T)R%RTL+ (fOI" CYXYZ)
iJ; I—Gkde) T Gikle) he )
The three-point function (3.22) becomes
C’ (ﬁ Lz' ) 1 Z ﬁ hA(Ul)() 2]2)() U ( ) Z DlmN
193 = - - ] = 1(p)" " Ua(p)" Us(p C
. Am. . |
L 1tmilng L) ) L (s \poi dR1dR2dR3
R— sub R -1\ nR -1\ pk -1
5 <H phiom ) DR U5 DR | (U DR | (thUTY) (3.32)
{Tz:/—%}

where (3.15) is used to sum over ¢; .

3.3 Sum over Wick contractions

We simplify the sum over the Wick contractions, denoted by {U;} € S¥* in (3.32).

3.3.1 Symmetry of the permutation formula

To begin with, let us review the symmetry in the permutation formula (3.5) for a fixed {U,},

1 LoA0 4@ 40 CU; &y WU Y g UpUs Y i3 Us)
C123({Ui}) = = H h™U1(p) "Ua(p) " Us(p) Nc 1 1¥1Y2 2Y2V3 33 .
L' Ly L3! L

(3.33)
Since Cia3 is a linear combination of Cia3, the equation (3.32) should inherit the same
symmetry.

First, C123({U;}) is invariant under the simultaneous transformation

(U1,U02,U3) = (UiVo, U2V, UsWp), Vo € St (3.34)
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which corresponds to the relabeling p — Vy(p) in (3.33). Second, C123({U;}) is invariant
under the permutation of identity fields

(U1,Uz,U3) — (U1, VaUs, V3Us3)
. (3.35)
(Vi,V2,Va) € (10, @57, .1, ® Sp, 15, @ 57,) © 5§

which follows from the definition &; = a; o 17 . Third, Ci23({U;}) is invariant under the
flavor symmetry (2.4),

(U1,Us,U3) = (W1 UL, WalUs, W3Us),

(W1, Wy, W3) € (Sll ® Sy @ Spy @ 1, 581, @ Sy ® Sy ® 17, 515 @ S ® Sy @ 133)

(3.36)
The redundancy (3.34) and (3.35) are unphysical, which should be canceled by the nu-
merical factors L! and [], L;! in (3.33). The last operation (3.36) is the symmetry of the
external operators, and interchanges different Wick contractions.

3.3.2 Fixing redundancy

Let us rewrite the flavor factor [, hABC in (3.33) as

L
» O 40 40
6 [ A&)(p)} =] A0 ) A0, ) A0 ) (3.37)

where [Ag?(p)] is the 3 x L Wick-contraction matrix,>

A 2 (1)
AUl(l) AU1(2) AUl(L)
A6 1 | 4@ i) 7(2)
|:AUi(p)] o AU2(1) AUQ(Z) AUQ(L) : (3.38)
A3 503) 7(3)
AU3(1) AU3(2) AUB(L)

Note that the position of each column is unimportant for computing the flavor factor (3.37),
4(8) o [
[46)] = [46oe] oS (3.39)

We fix the redundancy of Vj in (3.34) as follows. Let us choose the position of the
identity fields for each operator as

A() —

ot =1,  (p=12....L1)
2(2) _ — — —_—

ot =1,  (p=Li+1,L1+2,...,L1 + Ly) (3.40)
/\() P —_ —_ PR—

DAY =1,, (p=IL1+Ly+1,L1 +Ly+2,...,L).

3Each element of this matrix represents the flavor data. Note that this notation is slightly different
from [18], where the Wick-contraction matrix is defined by the color data.
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Here the subscript of 1 is a dummy index, which will disappear after the identifica-
tion (3.39). The Wick-contraction matrix becomes

4 i 40 0
Lo A AD e AR A Al
0 1 4@ i@ _ e e
D = 1A - A ry o e L AR AR BAD)
i® i A® i@
AD o AR L AD AR Lien 1;

The residual redundancy of Vj is now Vj € St, ®5E, ® ng .
After the partial gauge fixing (3.40), {U;} permute the non-identity fields only,

U, € SL1®1f17 Uy € SL2®1ZQ7 Us € SL3®113. (3.42)

There is still residual redundancy generated by a combination of Vj and V; in (3.35),

4 1 if AW - —1q

VU~ Uy, A9 =" 0 Avp) =12) (3.43)
i if Ul T ) 40) G AD 21
V=1U,V (p) Ui(p) p

for any V € Sfl ® sz ® ng . This map does not permute identity fields, but permutes
the non-identity fields sitting in the same column.

3.3.3 Counting inequivalent Wick contractions

We pick up one set of partially gauge-fixed permutations {U?} such that
A AB, A
H]f:lh U U3 U o£ (), We generate other {U;} by applying the flavor symmetry,

U* — W;U* in (3.36).

This procedure generates all non-vanishing Wick pairings. To show this, consider
two sets of permutations {U?} and {U;}, both of which are subject to the partial gauge
fixing (3.42) and giving the non-vanishing flavor factor (3.37). Define

Ui. = Wi.oUio , Wi.o c SLi ® lfz . (344)

Since any permutation consists of a product of transpositions, we may assume
(WPe,We°, W2°) = ((ab),1,1) € S, ®S5L,RS5L, without loss of generality. Let us represent
the Wick contractions of {U?} by

<u«é4§>$ﬁﬁ>“.)u«éﬁf’$ﬁf>“.)u«é49’@A?\..»

_ (94 47 A7y (94 47 04Ty . 2 0, (3.45)
Then, the Wick contractions of {U;} are written as

<um$49>éA?’”.)u«éﬁf’$43>“.)u«éﬁf’$A?>“.»

_ @4 A7 527y (9 54T 94Ty . 2 0, (3.46)
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Since both (3.45) and (3.46) are non-zero, and since ® = (X,Y, Z) have orthogonal inner
products, we should have <I>A£L1> = <I>Al<71). This implies that W° € .5;, ® Sy, ® Sp, ® 17,
which is part of the flavor symmetry (3.36).
The range of {U;} in (3.42) now becomes

U, € Sl1 ® Sy @ Spy ® lzl =8

Uy € S, ® Sy ® Sp, @1, = S2 (3.47)

Us € Siy ® Sy ®@ Spy ® 17, = S3
The sum over (Si,82,83) counts each inequivalent Wick pairing more than once. The
multiplicity comes from the residual redundancy (3.43),

|7, @ Sp, @ 57, | = T Lo! Tl (3.48)

The number of inequivalent Wick contractions is given by

S1 08 ®S3 . ﬁ Li'm;!ng! (3 49)
Sf1 & sz ® ng i1 L;

|Wick| =

3.3.4 The OPE coefficients simplified

We collected all non-vanishing Wick contractions by restricting the sum {U;} over the
ranges (3.47). The OPE coefficient (3.32) becomes

3 . A

5 L;! Dimpy, (R)

Cras = (I Il l-!mi!ni!L-!> 2 - (3.50)
i= Rr

7 deddeR3

R—sub R -1\ pR —1
3 (H@ S su ) o X Y bR oY) DR a3 DE L (UsUTY.
{TZ,,u,Z} U,€8, UxeSy UseSs

Recall that the projector is equal to the product of branching coefficients, &2 = BB”
as in (3.31). We can simplify the second line by using the identity of branching coeffi-

cients (A.21)

gk R (g,
ZD (wovow) B = > Diy(u) Do ) D3(w) B (351)
a,o,c

If we brlng Uik = up ® v ® wg, and U,;l = u,;l ® v,;l ® w,;l across the double branching
coefficients B or BT | they annihilate each other; see (3.54).
Let us define a triple-projector product

R—> sub _— R—ssub R—) sub JyR— sub
Iy = P P fars (3.52)

where we used the symbols P and 2 to keep in mind that the branching coefficients come

from different restrictions of Sy, . Then

DlmNC Ay su
Choz = (H L 'ml'nl ) |Wick| Z Tl s

e R2dRS (T}
M

ddd
i= 1 R1® R Rs{zyﬂz

(3.53)

where we used (3.49).
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In the notation of the quiver calculus in appendix B, we can express the above calcu-
lation as

(3.54)

From this diagram, we see that Zf;g’ sub i (3.52) is also a triple product of the transfor-
mation matrices (A.16).

3.4 Sum over the triple-projector products

We compute the OPE coefficients by evaluating a sum over the triple-projector products,
R—ssub __ R—ssub gyR—sub gyR—ssub
DTET=30 > > D> PRI o (3.55)
{Ts,pi} Ty Ty To Lo Ts Ls H1:12,143
where the projector is given by (3.31). The main idea is to decompose each projector
further into a sum of sub-projectors, so that we can make use of the orthogonality of the

sub-projectors on the fully-split space, Vrg.
Below we discuss the two cases Cooo in (3.18) and C’%YZ in (3.20) separately.

3.4.1 Case of C’OOO

Recall that Cooo is a linear combination of Choo given in (3.7). The Wick-contraction
matrix of Cooo after a partial gauge-fixing (3.41) is given by

11 [N ]_fl ZUl(fl‘i’l) PN ZUl(L.S) ZUl(L,jJF].) o« e ZUl(L)
1420 = |20y -+ Zuyzyy oo o+ e Zuesn - Zow|  (3:56)
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which shows that S; = Sp, ® Sz, in place of (3.47). We represent (3.56) as in the following
figure,

Oy 1 7
UJL;I
O, 1
UQU?)_l (3.57)
Os 1
UsU;
1,2,. ‘ . | .., L
Let us choose the fully-split space as
Vis =V, @ Vg, @ Vg, (3.58)
which induces the restriction Sy, | Spg, where
Sps = 5f, ® 57, ® S, - (3.59)

On the space Vg, the states decompose as

2 = N (B i)
=l

QLT ,uzpz>(B )RH(R“T),,LLZ (BT)R i—(Qi,Q)),pi

I; c; I=(1I;,¢:) bi b c F (i) L= (bib)
(3.60)
where we used (A.13). We introduce the fully-split branching coefficients by
. dRi
R— (R, T3) i —(Q4,Q%, 1), (ispi) R—(Ri,T}) s pRi—(Qi,Q}).pi
SBf—>(bi,b;,ci) - Z BI—>(IZ7CZ) BI —(bi,b) (3.61)
and the corresponding sub-projector by
;’BR%(Ri,Ti)yuiﬁ(QmQ;,Ti)7(ui,pi)
ij
R—( R“T)Mz (Qi,QLT3),(kirpi) (ea T\ B (R T3) i —(Q4,Q4,T) (i i)
Z %I*)(b b ,c) ( )’j*)(bl)/ c) (362)

b, ¢
We rewrite the original projectors in (3.31) as a sum over sub-projectors on Vpg as

¢@]‘2{,—>(R1,T1),/LLp1 — z : mFA}A—)(Rl7T1),H1_>(Q17Q/17T1)7(N17p1)
1J

ij
Q1,Q1,m

@?ﬁ(Rz,Tz)Mz,pQ: Z ;i;ffuf(RmTz),uz—%Qz,%,T2)7(M27p2)

ij ij (3.63)
Q2,Q%,p2

R (Rs.Ts).us.ps _ 3 R (Ra To) s (Qa,Q4.Th), (143,p3)

ij ij :
Q3,Q%,p3
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By construction, all sub-projectors follow from the same restriction

R 9(Q.Q"\T;R)
SuiSes.  R= P P @QeQel), (3.64)
QQ,T n=1
and all sub-representations should be synchronized when evaluating Iﬁ? sub in (3.55). The
states can also be decomposed as
R\ _|QQ'T T\R(Q.Q' )
’ f> 1ot e) B (3.65)

in addition to (3.60). The consistency of the two decompositions suggests that the multi-
plicity labels can be rewritten as

&={wp), 1<&<9(QiQkR:)g(Ri, Ty R). (3.66)

In (3.63), the representations 7; come from the Fourier transform of identity fields
1, and Q;, Q) come from the non-identity fields, Z, Z,Z . Since the OPE coefficient Choo
has the Wick-contraction structure given in (3.57), we should identify the representations
{Q:, Q) ,T;} with those acting on the constituent of Vg as

Q2 Q3 S HOHI(VZI)
Q1=Ty=Q3 & Hom(Vg)) (3.67)
Q1 =Qa=T3 € Hom(Vg,).

We can show (3.67) from another argument. The triple-projector product is equal to the
product of generalized Racah-Wigner tensors in appendix C,

R_»“_)(Q17Q/ 7T1)7£1 % R_>"'_>(Q27Q/ 7T2)7§2 3 R_>_>(Q37Ql 7T3)7§3 _ T
trp <‘ij ! mfj 2 ‘ij 3 ) =1tr (URURUR> (3.68)

which we conjecture as (C.20),

3
Z tr (Ugﬁgﬁfg) — §TiQh §Q5Qs A1 T2 §T2Q% 5Q1Q2 5Q2T5 (H in) Gios (3.69)
£1,62,83 i=1
Gros — 9(Q1,Q2; R1) g(R1,Q3; R) 9(Qa, Q3; Ra) g(Ra, Q1; R) g(Q3, Q1; R3) g(Rs, Q2; R)

9(Q1.Q2, Qs; R)?
The three-point function (3.53) becomes

Cooo = (H )Z?;r;f; D VDD <£[1in> Gros . (3.70)

=1 Q1FL2 Q2FLs Q314

Here, the Littlewood-Richardson coefficients in Gi23 put constraints on the sum over {Q;}.
In other words, we should find all {Q;} = {Q} such that

—QIOQ), R=Q®Q), Ri=Q32Q], R=QIoQoQ; (3.71)
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The conditions (3.71) can be summarized as

l
61 Q§ Rl
O, Q7
(3.72)
oo M <
| R |

Extremal case. As a check, consider the situation L + Ly = L3 = L. From (3.72), this
corresponds to

A~

Q2 =10, Ry =@, Ry =Qs, R=Rs. (3.73)

We get ) )

R1,Q3; R) g(R2,Q1; R Q1 R

Gros = 9(R1,Q3; R) g(Ra, Q1 A)29(Q3 Q1; R3) — Ry, Ry Rs) (3.74)

g(Qh Q37 R)

and therefore Di R

CA”ooo - LS' m g(Rla RQ; R3) (375)

R3

This result agrees with the literature [19] including the normalization of the two-point
function given in (2.13).

3.4.2 Case of C’%YZ

Our discussion is quite parallel to section 3.4.1. Recall that C’X YZ is a linear combination

of CX YZ given in (3.9). We represent the Wick-contraction matrlx by

Ut [
0, 1 7] 1
DU (3.76)
.
U3U1
T T T T
1,2,... L
where h; are constrained by (3.11),
0<hy <ly3=1L, 0< hy <{l3 =Ly, 0<hsy</tip=L;. (3.77)
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We choose the fully-split space as
Vrs = Vf3l—h2 ® Vh1 ® Vh3 ® W23—h1 ® le—hs ® Vh2 (3'78)

and decompose the original projectors (3.31). From (3.76), one finds that the new branch
coefficients are needed for

Sfu*h?ﬂrhz \ (5512*/13 ® ShQ) and 5523 \ (Shl ® ‘9523*h1) for Oy

Sf23—’l1+h3 \ (3523—h1 ® Sh3) and 5531 \ (5431—h2 ® Sh2) for Oy (3'79)
5531*h2+h1 \ (SKSI*hQ ® Shl) and 5512 \! (Sh?, ® SEIQ*hS) for O3.

For example, we rewrite the states for O; on the space Vig as

~

R> R Ty 1> (BT)I?—>(R1,T1)M

j Il C1 f—)(ll,cl)

_larrisi 1y . V13F> (BT)R—>(R1,T1),M1(BT)R1—>(q17r1751),u11

=1 0 R 4
I—(14, Li—(j1,k1,01)
Jikilha (In,e1) (3.80)
AN/ Y )
= | ;o o MV1Ep1GL) X
Jikrly Iy ey e i
(BT)]?_%RlaTl)vﬂl (BT)R1—>(<11J‘1781)7V11F( T)51—>(5/175'1')a/’1( T)T1_>(t/1 #1):C1
I—(I1,c1) Li—(j1,k1,l) L—=(4,1) c1—(c),cf
and introduce the fully-split branching coefficients by
R (qu,m1,84,87 8, 80 1 w15,01,C1
I—(j1,k1,00,0Y ¢ e
— {%*}(Rl,Tl),,ul Rl‘>(Q17"'1751)7V1I leﬁ(sllvslll)vpl Tl%(t/pt/l/)vcl (3 81)
I—(I1,e1) Li—(j1,k1,0) L=l ci—=(eyef) )
The original projector (3.31) becomes a sum over the sub-projectors ¢ = B B”,
R—RT1_ 1+ _ ;’BRH-"H(%,M75/1,8'1'715'17t/1’),#1,1/1:pp1,§1 (3.82)
I - ij ‘
Sllvslllztllvtlllvplagl
and similarly
~{}_A>RT2,,2+ _ Z m{?A—>~~—>(qz,r’g,r’g’,SQ,t’g,t’g’),m,lxz;,pz,g“g
I>Js 1J
5,14 by, p2,G2
. X (3.83)
pR—RTs 3 Z %{Bﬁ--_%qg,qé’,r3,83,t’3,t§,’),#3,1/3%/)3,{3
I3Js 1J ’

qévq/glvt/37tg7p3743

When summing over {t,t”} we can forget the constraint t; ® t/ ~ T;, because the OPE
coefficient (3.50) contains sums over {7;}.
All sub-projectors come from the irreducible decompositions of R under the restriction

Sr 1 Srs,

g(q/7q//7T/7T,/78/7SII;R)
R= @ doqd orer s, (3.84)

1ol ol ! ol Gl _
q,q",m,r",8,8 n=1
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Since the OPE coefficient C}ff YZ has the Wick contraction structure of (3.76), we should
identify the representations as

¢ = t/2 = qi/% € HOHI(V@SI,hQ), tll =4q2= qg € Hom(vhl)

ry =74 =ty € Hom(Vj,), t! =1l =r3 € Hom(Vpy, p,) (3.85)
sy =sy=t3 € Hom(Vp,—ps), s =t = s3 € Hom(Vy,)

and replace the multiplicity labels by

iz = {1 Vig, pis &i} - (3.86)

Again, the trace over the product of sub-projectors is given by the generalized Racah-
Wigner tensors (C.28),

tr - R (quor,57,57 41087 ) 61— € gy B (a2,m5,75 152,85, 85 ) €2 Lot qp R+ (a5,05 73,53,t5,85 ) €3 — Eay
1 (%; T P
I i 1213 Isll

= tr (W W), (3.87)

From the identity of the projectors (A.46), this becomes

tr (W W Wp) = (Dms dg, dgy dy, dry ds, ds?,) §E1- S+ g Eat s Gav s
Digs = Snty §1a5 sthaz §2a5 griry grity stirs §3rs 55152 gsaty §57ss gtyss '

We need to sum over the representations and multiplicity labels. We conjecture that the
result is given by (C.39),

St (W Wy Wi) = (Dias dyy dyy oy oy o iy )37 87777570 G
Ex,60 Y
F> FOSF
‘MRl,SLVp | ‘MR1,81,V1+ ‘ ‘MR277’27V27 ‘ ’MR2,7’2,V2+ ‘ ‘MR37¢13,V37 ‘ |MR3,QS,V3+ ‘

9123 =
‘Mtot |3

(3.89)
where Mg, , is the slice of the total multiplicity space constrained by (R, ,v).
The three-point function (3.53) becomes

- DHnNC TV1- Vot SVa— V34 V3V
G = (Hl > 2 dengdRS (dgy dgs dry dry dsy dsg) 877 2F 672770 6077 Gy

(3.90)
Here {¢;, i, s;} must be consistent with R; in (3.14). This condition is implicitly included
in the definition of ¢ in (C.37). In other words, the OPE coefficients are non-zero only if
(qla q2,71,73, 52, 53) Sa’tiSfy

QO@=q, TIOT3=Ty $HVs3=5, AVEOTIOr3VsRs3="R (3.91)
(R1)ue=q1 @711 ®@(52® 83), (R2)ne =2 ® (r1 @73) @ 52, (R3)13= =(q1 @ @2) ® 73 83

—90 —



which can be represented by

O,

%) s

O ’ (3.92)
O S3

| R |

We find some difference from the case of Cooo in (3.70). First, we do not have a
sum over (¢F,q5, 7,75, 55,53). This is because C’F)L(YZ has the same structure of the Wick
contractions as the extremal correlators for each flavor X,Y, Z.* Thus, the first line of (3.91)
is trivial. Second, there is no sum over {v;+}, because {v;+} are part of the operator data
R; = {R;,(q,7i, ), Vi—, Vit }. We should pick up the right combination of multiplicities
consistent with R .

Extremal case. Consider the situation where the operators consist of Z or Z only. This

means
O:h1:£31_h2:h37 623207 VF€ZW12®W31 (393)
qZ':T@':@, R@':S@', R:Rl.
In particular, we do not need to specify v;= .
The quantity Gj,3 becomes
Mg, > IMp,|” [Mg,|”
Glas = M [ R2|3 Ml _ g(Ra, R3; R1) (3.94)
‘Mtot’
where we used
Mp, | =1, [Mpy| = |[Mpgy| = [Miot| = g(R2, R3; R1). (3.95)
The three-point function (3.90) becomes
~ Di R
CXYZ = Iy lmjc(l) 9(Ry, Rs; Ry) (3.96)
Ry

which agrees with (3.75) after relabeling.
In appendix C.3 we consider the restricted Littlewood-Richardson coefficients, which
are related to the extremal three-point functions of different type.

4 Background independence at large N,

We study the tree-level three-point functions in the representation basis, and check the
background independence conjectured in [43]. Our proof is based on the conjectured rela-
tions for the generalized Racah-Wigner tensor in appendix C.

“Recall that (ZZ) = 0 whereas any of (Z, Z), (ZZ),(ZZ) are non-zero.
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4.1 The LLM operators

Let us review the argument on the large-N. background independence [43]. They mapped
the N' = 4 SYM operators with the O(N?) canonical dimensions to those with the O(N?2)
canonical dimensions by attaching a large number of background boxes. We call the latter
LLM operators, because they correspond to stringy excitations on the LLM geometry.
Recall that the LLM geometries are the half-BPS solutions of IIB supergravity. This
implies that the addition of O(N2) boxes should consist of a single holomorphic scalar
like ~ ZNZ,

For simplicity, we consider the operator mixing in the su(2) sector, at one-loop in A at
any N.. We expand the dilatation eigenstates in terms of the restricted Schur basis as

D10a =A104 > Oa = Z CR,(r,s),v_, vy OR7(T7S)7V7’V+ . (41)
R,r,s,vx

We denote the action of the one-loop dilatation on the restricted Schur basis by

@1 OR,(T’,S),Vf,V+ — Z N/ZI?’((Z‘Z;))Z: ’:j: OTv(t7u)7M*7/1/+ (42)

Tt u,p— it
and define the LLM operator by
On = OFM =" 3" g, OTRETDVrt (4.3)
R,(T‘,S),V;

The operation  — (+47) can be exemplified as

Here there are O(1) white boxes, and O(N?) gray boxes in total. Each edge of the gray
block has the length of O(N,.). The general form of the background Young diagram % is
shown in figure 1.

We specify a corner of the background Young diagram 4, and consider a set of all
Young diagrams attached to that corner. This set of states has many interesting properties.
First, from the Littlewood-Richardson rule, we find

g(r,s; R) ~ g(+7,s;+R), (Ne>1). (4.5)

This allows us to use the same multiplicity labels v+ before and after the + operation. Note
that the tensor product (+7) ® s contains representations in which boxes are attached to
multiple corners of Z. However, the overlap between such states and (4r) is suppressed
by 1/N.. Second, the hook length of (+r) factorizes as [43]

hooky,

_ hookyr il
hOOkT hOOkgg - (TL/?) (NC > 1) (46)
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Figure 1. The general background Young diagram % having a staircase shape, which corresponds
to the LLM geometry of concentric shapes by AdS/CFT. All M; and N; are O(N,),and >, N; = N,.
The gray and black boxes represent localized string excitations. To define the operation 4+ we should
choose one gray box.

where 74 is the factor which depends only on £,

C D b
c+1z)
w1l ge o 11 e D=3 RN 6D

assuming that the small diagram r is put at the C-th corner of 4 in figure 1. It follows that

—_— _— 1). 4.
| B! 1] drdg  |r|! \ ns (Ne>1) 4.8

Since position of the C-th corner is (i,7) = (1 + Zl[iC—H M, 1+ chzl Ni), from (A.5)
we get
Dimy, (+R)

Dimy, (%) ~ Dimy, (R), = Ne + Z M, — ZNk (4.9)

I=C+1
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In [43] they found that the operator mixing coefficients satisfy the identity

+R,(+r,8) v_ vt ArR(rs)v_.v
N+T (+tyu),pu— ,,u: - NT,(t,u),,u,,,u: (Nc > 1) (4.10)

showing that
D08 ~ A OF™M (N> 1), (4.11)

4.2 Tree-level OPE coefficients

We revisit two types of OPE coeflicients in section 3. We will show that the OPE coefficients
of non-extremal three-point functions in N' =4 SYM are essentially same as those of the
LLM operators, after redefinition of N, .

4.2.1 Adding a background tableau to C’OOO

Recall that Coeo is given by (3.70),

Clooe = <©{“’L1(Z1)[Z 1] OR2(L2)[Z 1] ORS(LS)[Z, 1]>

) (H )Z 61?;;; D DR SEDD (ﬁd@) Gizs

Q1FL2 QoFLs Q3L \i=l

(4.12)

We obtain the OPE coefficients of the LLM operators by the substitution Q1 — (+Q1),
while leaving Q2 , Q3 as before. From (3.71) it follows that

(+R1) = (+Q1) ® Q2, Ry =Q2®Q3, (+R3) = Q3 ® (+Q1)

A (4.13)
(+R) = (+Q1) ® Q2 ® Q3
and thus
nggéM (’)+R1(L1)[Z 1] ORQ(LQ)[ 1] O+R3(L3)[Z7 1]> (4.14)
_(+L)'Lo! +L3 Dimy, (+R)
oL (+L2)'L Z dyR,dR,d 4R, Z Z Z (d4Q1dq,dq;) g123
(+R )H(+L) (+Q1) F(+L2) Q2 FLs Qs+

By using the identities in section 4.1, we find

L1'L2'L3 DlmN/
CLIM ~ ()" Wt dg,dg,d
000 ( ﬂ) Nc( Ll'LZ‘L3 Z dR dR dR Z Z Z Ql Q2 QS g123
Q1+L2 Q2rLs Q3-Ly

(4.15)
If we remove the % -dependent prefactor (12)" Wty (%), the OPE coefficient CXLM agrees
with Cooo up to the redefinition of N. — N/, in (4.9).
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4.2.2 Adding a background tableau to é}%(YZ

Recall that CN'}%(YZ is given by (3.90),

CXvz _ <@f‘l<fl)[Y,?, Z,1] @;“2@2)[)( Y, 7,1 0% )X v, 7, 1]>

D <~V1i- V. NP2 <V3-v
(H > Z lmNc dth dlI2 d7’1 de d52 d33) §TTTeT s g123
I_

Pl dg, dRQdR3
(4.16)
where R; is defined in (3.14) as
RZ' = {Ri, (ql-, T, Si), Vi—, Z//L'Jr} y (Rl F Li) . (4.17)

We obtain the OPE coefficients in the LLM background by the substitution
(s1,82,83) = (+81,+82,s3), while ¢;,r; are the same as before. From (3.91) we find

N®@=q, rOr3=ry (+52)®s3=(+51), QREAOTI X3 (+52)Vs3 =R
(R = @mn® ((+32) ® 83)
(+R2)vr = @2 ® (Tl ® 7“3) ® (+s2)

(R3)vsy = <q1 ® qz) RT3 ® 3.
(4.18)
It follows that

i +L0)!(+Ly)!Ls! ) — Dim, (+R)
OXYZ\LLM _ ( Dimy, (+1) dg, dg, dy, dyy dys, ds
( h ) L1'L2 +L3 Z d+R1d+R2dR3 (s gzt rs A o)

61/1 Vot 61/2 V34 5113 V1+ glLLM . (419)

At large N., we can simplify this results following our discussion in section 4.1 as

~ f ' 7733 |T1|
gxvam___ Lal <> L Wty () x 420
T ) ) (.20
Ll'L2'L3 DlmN/ SVl Vo TV2_ V34 SV3_ Vig
L1|L21L3 Z dR1dR2dR3 dlh dQQ dﬁ dr:s dSQ d83) 0 4 0 g123 :

The first line is a numerical prefactor, and the second line agrees with (C’gyz ) by the
redefinition of N, — N/ in (4.9).

5 Conclusion and outlook

In this paper, we have studied general non-extremal three-point functions of scalar multi-
trace operators at tree level valid for any values of N, in gauge theory including N' = 4
SYM, by using the representation theory of symmetric groups.
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We made full use of various new mathematical techniques. The quiver calculus of [29]
gives a collection of diagrammatic method which simplifies various objects in the repre-
sentation theory. The generalized Racah-Wigner tensor is introduced as an extension of
the 65 symbols. We conjectured formulae about the invariant products of the generalized
Racah-Wigner tensors, written in terms of the Littlewood-Richardson coefficients.

With these formulae, we provide strong evidence on the large N, background indepen-
dence, a correspondence between small (O(N?)) and huge (O(N2)) operators of N = 4
SYM. The background independence has been checked for two-point functions as well as ex-
tremal three-point functions. Our argument demonstrates that it extends to non-extremal
three-point functions. These results will clarify the properties of stringy excitations on the
LLM backgrounds, particularly how they differ from the usual strings on AdSs x S°.

Let us comment on some important future directions.

The first direction is to find a connection with the integrability results of the planar
N = 4 SYM. Clearly, the operators in the representation basis are not the eigenstates of
the dilatation operator of A/ = 4 SYM. One should think of the representation basis as
a tool for the finite N. computation. The two-point functions of single-trace operators in
the su(2) sector have been computed in this way [27, 46], generalizing the old results of
the complex matrix model [47, 48]. A particularly interesting question is to determine the
so-called octagon frame, namely the tree-level part of the “simplest” four-point functions
of N'=4 SYM in the large charge limit [11]. The finite group methods developed in this
paper can be used for the exact finite - /N, computation, because it is a generalization of the
character expansion methods familiar in the matrix models [49-51].

The second direction is to refine our computation. The conjectured formula for the
invariant products of generalized Racah-Wigner tensor should be proven. The computation
of the n-point functions in the representation basis is also important. It is interesting to
ask whether one can bootstrap four-point functions out of two- and three-point data.

The third direction is to investigate a possible relation between quiver calculus and
knot theory. The 6j symbol of the unitary group has been extensively studied in the
context of knot theory and integrable systems [52]. Since the 6j symbols of symmetrical
groups are related to those of unitary groups, the quiver calculus could give a new insight
into the study of knot polynomials. For example, some non-trivial conjectures about the 6
symbols have been made [53-55], though most of them discuss the multiplicity-free cases
only. Since the new invariants Gio3 and Gj,5 discussed in this paper are closely related
to the multiplicity structure, studying similar quantity in the case of unitary groups is a
fascinating problem.

Finally, we hope to find a clear understanding of the AdS/CFT correspondence of
the operators with huge anomalous dimensions, including giant gravitons [56, 57] and the
fluctuation in the LLM geometry [43, 58, 59]. Some correlation functions have been studied
such as three giants [60-62], two giants and one single-trace [63-70].
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A Survey of finite-group representation theory

We explain our notation and formulae used in the main text, while providing a brief survey
of the representation theory of finite groups. Our notation is similar to the one used in [22].
For more details on finite groups, see textbooks like [71, 72].

A.1 Basic notation

The symmetric group permuting L elements is denoted by Sr, . We denote the conjugacy
class of Sy, by

1 -1
Co= i arl, Al
5 > yay (A1)

YESL

The d-function over Sy, (or C[SL]) is defined by

_ 1 (5 =1€ SL)
op) = {0 (otherwise). (4.2)

A permutation cycle is denoted by (12...L) € Zy . Any element of Sy, consists of per-
mutation cycles. The number of length-k cycles in o € Sy, is denoted by Cyc, (o). The
number of cycles in o is

Clo) = 3 Cyeylo) (4.3
k

so that C'(id) = C((1)(2)...(L)) = L.
A partition of L, or equivalently a Young diagram with L boxes, is denoted by R+ L.
Define

L! N
dr = hookp hookr = H (hook length at (Z,_])) (A.4)
(i.j)ER
i d . .
Dimy (R) = f}?WtN(R), Wty (R) = H (N +i—j) (A.5)
' (Li)ER

where dp is the dimension of R as the representation of Sy, , and Dimy (R) is the dimension
of R as the representation of U(N).? For example, hookr and Wty (R) of the Young tableau

Wty (R) is also denoted by fr in the literature, e.g. [23].

—97 —



R = B}E are given by

5[4[2]1] _
511 = hOOkBE‘E_5X4X2X2X1X1

N |[N+1|N+2[N+3

= Wiy (H) =(N-1)N* (N +1) (N +2) (N +3).

(A.6)
We assume that all representations are real and orthogonal.® Denote the I-th compo-
nent of the irreducible representation R of Sy by ‘I;{>, with I = 1,2,...,dr. Introduce

the dual basis by
RS
< I J> =o8%96;;. (A.7)

Let Df,(a) be the representation matrix of o € Sy, of the representation R F L,

Do) = (§[o| ) = it (A.8)

The character of the representation R for the group element o is denoted by”
x*(o) = Dft(0). (A.9)

By restricting o € S;, = Spn to S ® Sy, we obtain the irreducible decomposition®

g(r,s;R)
R=@g(r.siR)(ros)=H P « (A.10)
rkm rbm v=1

skn skn

where g(r, s; R) is the Littlewood-Richardson coefficient. It counts the number of r ® s
appearing in the irreducible decomposition of R. The subscript v is called the multiplicity
label. With an appropriate change of basis,” we can transform the representation matrix
into a block-diagonal form,
r(D s
b () (2) ()
1o (o)

R _ i2] T
DIJ(O') =B 2J)2 D;(j;®s(3) (0‘) B (O' € Sm (%9 Sn)

(A.11)

5The orthogonal form of the Young-Yamanouchi basis satisfies these conditions.

"Often we sum over the repeated indices of matrices. The symbol 3 is written explicitly in appendix A.
8The restriction to a subgroup is also called subduction in the literature.

9This appropriate basis is called the split basis.
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such that it matches (A.10). By definition of the irreducible decomposition, there are no
off-block-diagonal elements including the multiplicity labels. For general o € Sy, , the
matrix (A.11) has off-block-diagonal elements.!?

Let ‘T’S V> be an orthonormal basis of r ® s at the v-th multiplicity, satisfying

7:7j
181 T2 52
<i1 J1 "1 ‘ i2 jo V2> = 0T om0 5i1i2 5j1j2 (A‘12)
for v, = 1,2,...,9(rg, sg; R). The rotation matrix is called the branching coefficients,
defined by
R—(r,s),v R|rs T\R—(r,s)y /TS R
BI—>(i,j) - <_r ij ’/>’ (B )1—>(i,j) o <ij V‘ I> ’ (A.13)

A.2 Branching coefficients

We find from (A.11) that the branching coefficients satisfy the completeness relations

R—(r,s),v T\R—(r,s),v
ZZBl-*(i,j) (B )J—>(i,j) =017 (A.14)
T8,V 1,]
R—(r1,r2),v pR—(s1,82), 71,8 792,50 SV
Z(BT)I—_;(g;,iz;) BI—?(gll,jzi) =g gz g 0i1,j1 Oig jo - (A.15)
I

In (A.15), we assume that two product representations r; ® ro and s; ® so descend from
the same restriction Sy,1n 4 (S ® Sp). If they descend from different restrictions, then
the two branching coefficients B and B are unrelated, and we obtain another orthogonal

o152 u> . (A.16)

J1 J2

matrix

Z(BT)R—)(Tl,TQ),V BR—>(51,32),;L _ <7“1 72 v

I—)(il,iz) I—)(jl,jg) /L'l Z'2
I
For example, given two irreducible decompositions

Se 4 (81® %), HUH =ormem & oroeH ¢ HHerm
Sel(S3®@58s), HHIH=0oeon ¢ oo & HHeom (A7)

any pairs 11 ® ro and s1 ® s from different restrictions can have non-vanishing overlap, e.g.

<m®m‘53.®m>¢o. (A.18)

i1, 12 J1,J2
Sometimes we take the coordinates explicitly in order to distinguish Sy, 4+ | (Sy ® Sp,) and
Smtn + (Sn ® Sp,). For example, the following two restrictions

Smtn 4 (Sm ® Sp) ~ Permute ({1,2,...,m}) x Permute ({m + 1,...m +n})

A.19
Sitn 4 (Sp ® Sp) ~ Permute ({1,2,...,n}) x Permute ({n +1,...n+m}) ( )

R—(r1,r2),v and BR—}(SLSQ),M '

define different branching coefficients, B, y(in i) I (1.2

0The restricted Schur basis should have off-block-diagonal elements with respect to the multiplicity
labels, which can be checked by counting the dimensions [46].
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From (A.11), we obtain the following identities for the matrix elements of v = y;0y2 €

Sm ® Sn

Dfy(mov)= > Y Di(m)Dji(y )Bf_jzgr]l)’”)y (BT ((,:1[’)T2)V (A.20)
1,72,V 4,5,k,l

R—(r1,r2)v

T (k. o (A.20) and summing over J, we find

By multiplying B
R 5 R ]
2Dl BEGE™ = DR Dt B (a21)
J 2%

R—>(T‘1,T‘2)

Again, by multiplying (BT) i) #to (A.21) and summing over .J, we find

R—(ry1,r R—(r1,r v T r
> DFy(n 0 m2) (BT B = 60 DL () DI (7). (A.22)
1,J

In the r.h.s., the matrix elements of v; o o in the split basis are independent of the
multiplicity labels u, . This can be understood also from the construction of the Young-
Yamanouchi basis.

The branching coefficients (A.13) for general restriction Sz, | (Sm, ® Sy @ -+ ® Sp,)
are given by

BR—}("I‘l ',7“2,...',7“4),11 _ <]I% ‘ ?."1 772 . 774 I/> : (BT)R—>(T‘1 T2 yeee yT0),V _ <7"1 7'“2 . 7'“5 u ’ ?

I—=(i1 iz ... ,ig) I—(i1 yi2 ,... yi¢)

1112 ... 1 1112 ... 1
(A.23)
for v = 1,2,...,9(r1,7r2,...,7; R). The generalized split basis can be defined by the
branching coefficients as in (A.11). The formula (A.20) is generalized as
Diy(y10920+07) (A.24)

R—(r1,r2,...,r0),v T\R—(r1,r2,...,7¢),V
Z Z Dllkl ’Yl lgk:z (72) . D;Zk‘g( )BI—>(i11,i22, Zg) (B )J—>(k‘11 kz7 k‘i)

1,72,V 4,5,k,1
fory=vy1090---0y € (Sm1 ®Sm2®"‘®5mg)-

A.3 Restricted Schur basis
Consider the restriction Sys | (Sm; ® Smy ® Smy) with M = mq + mo + m3, which

corresponds to the multi-trace operators with three complex scalars in (2.2).
Define the restricted Schur characters by using the branching coefficients [29],

v (o) = 3N B (BT T D (0), (o€ Sar). (A.25)
1,J i3,k

Define the operator in the restricted Schur basis by

1

OR (r1,72,73), V4, V= [X Y Z]
ml'mg'mg'

Z XR J(r1,m2,73), V4,0 ( )tl“M (aX®mly®m2 Z®m3) )
OéES]u

(A.26)
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The inverse transformation from the restricted Schur basis to the permutation basis is

tray (o XEm y®m: z@ms)

malma!ms! dr R,(r1,m2,r3) by 1t R,(r1,72,73) 1t 5 10
_— - - P ) T2, ) sH— ; 372, 3 sH— A2
i > drdrud. X () O (A.27)

R,r1,m2,73, 4t —

which can be checked by the row orthogonality of the restricted characters (A.52),

% Z XR,(rl,rz,rg),zx+,1/_ (O_)XS,(S1,52,33),/,L+,;L_ (0_) — dTl Ccllr2d7“3 5RS(57‘181 57252 §T383 GV SV—H—
.UESM R
(A.28)
As discussed in section 2.2, the tree-level two-point function is
<(9R1(T17T27T3)(V+»V7) [X,Y, Z](z) O5(51,52,83) (+,1-) XY, *](Q)>
_ Win(R) hookR ____ 5rs griss grass grass grens go-n- (A.29)

mgM hook,, hook,,hook,,

A.4 Formulae

The formulae for the irreducible characters and the restricted characters will be summarized
below. For simplicity, we mostly consider the restriction Sy, ty, | (Sp ®Sy). Generalization
to Sy 4 (®kSm, ) is straightforward.

Character orthogonality. Let R, S be the irreducible representations of Sy, . The rep-

resentation matrices satisfy the grand orthogonality relation
_ L
> Dfi(o)Di(o™) = 7 Oadjk - (A.30)
R
oc€ES,

By taking the trace, we obtain the row (or first) orthogonality relation of irreducible char-
acters,

> XFo)x%(o7h) = L1675 (A.31)
oc€ES,
The irreducible characters also satisfy the column (or second) orthogonality relation,

S o) = Y sy = {'C”' (€ =C) (4.32)

RFL ~esy, 0 (otherwise)

where |C,| is the number of elements in a given conjugacy class (A.1). This relation follows
from the fact that any class function can be expanded by irreducible characters

flo)=f(yoy™), (vyeS) & flo)=> fax (o) (A.33)

REL

As a corollary, the §-function can be written as

5(8) = 4 3 dnx"(5). (A.34)

REL
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Multiplicity label. There are several ways to understand Littlewood-Richardson coef-

ficients.
The first way is by restriction Sy, 4n 4 (Sm ® Sp) as in (A.10)
R = @g(r, s;R)(r®s). (A.35)
g
The second way is by induction,
res= @g(r, $;R)R (A.36)
R

Frobenius reciprocity guarantees the consistency between (A.36) and (A.35). Finally, the
Littlewood-Richardson coefficient can be computed by

T,S; Rao .
g(r.s; ) = 1o MM;B;:”X (0 ) (A.37)

where avo 5 € Spy, ® Sy C Sitn -
The generalized Littlewood-Richardson coefficient for ®§€:15mk is given by

1
g(r1,rae i R) = Y (Hx ak> (c10030--00). (A.38)

’@% 1 mk‘{a GSmk}

They satisfy a recursion relation

Z g(ri,re,...,1i; R) g(R, 1415 8) = g(r1,ra, ..., 11415.5), <M ka> (A.39)

REM

which can be shown from (A.32). The equation (A.39) implies an important identity for
multiple branching coefficients

BS*)(T’LTZ STI41)M Z Z BS% Ryriq1), uBR%(h,TQ, ST1)5P (A.40)

I—(a1,a2,...,a141) I—(Aa41) A—(a1,a2,...,a1)
R A=1

n=1,2,...,9(r1,r2,...,141;5), p=1,2,...,9(R,m11;5), p=1,2,...,9(r1,7r2,...,7; R).

Schur-Weyl duality. The quantity N¢(@) is a class function. We obtain its irreducible
decomposition (A.33) by using the Schur-Weyl duality [19] as

“@ =% " Dimy(R) x"(0). (A.41)
RFL
Note that Dimy(R) = 0 if the height of the Young diagram R is larger than N, as can be
seen from (A.5). By applying the grand orthogonality relation (A.30), we find
Z DIJ Clo) —5]JD1mN(S)hOOkS :51JW1:N(S). (A.42)
ocESL
By multiplying the branching coefficients as in (A.44), we obtain another formula [23]
> XU (g) NOO) = 5~ dd Wiy (R). (A.43)

U€S7n+n
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Restricted projector. We define the restricted projector

L@R,(TLTQ)JLF)V* . Z X J(r1,r2), v v (0') o € (C[Sern] (A.44)
m + n
O'ESm+n
so that [46]
XR,(rl,rg),z/Jr,l/, (0_) — XR (L@R,("’la”?)vl#ﬂ’f O') (A45)
(@R,(T1,7‘2),V+,V— 957(51,82)#-&-7#— — 5RS g8 grase §V—Hp+ ,@R’(Tl’m)"/‘*"“_ . (A.46)

By comparing (A.45) and (A.25), one finds

R,(r1,r2),V4,v— __ r1,2), Vi Ve R—(r1,r2)v R—(r1,r
P = fy (R ) - ZBI:(Z; D (BT (AT

It follows that

(91% (r1r2 V+7,/7) Z Z BR—> r1,r2)u+ BT)?:((m)TQ) =" dy dy, . (AAR)

The restricted projector is useful for fixing the normalization. These formulae as well as
the following identities can be proven by using the quiver calculus in appendix B.

Restricted character orthogonality. The restricted characters (A.25) satisfy the iden-

tities
XR,(r,s),V+,V_ (O’) — XR,(r,s),u_,V+ (0_71) (A49)
XD (10771 = RO () (Yy € S @ S) (A.50)
XR,(r,s),zz+,V_ (01 003) = 6"+ X" (01) x*(02) (Vo1 009 € Sy @ Sp) (A.51)

where the last relation is consistent with (A.22). The row and column orthogonality rela-
tions (A.32) are generalized as

Z XR JS(r1,r2) ve,v ( )XS,(S1,S2),#+7H—( ) drl dr2 5RS(57"131 (5r232 51/+u+ 51/ H—
m —f‘ TL UES N dR
(A.52)
dr R,(r1,r2),v4,v— R,(r1,r2),v4,v— m+n 1,_—1
Z yorvr2) v () Rolrure) e 7y — 2~ 2/ Z S(yoy~tr7h).
R dy, dy, mln!
1,72,V 4,V — YESM®QSn
(A.53)

One can generalize the grand orthogonality relation (A.30) with the branching coeffi-
cients in two ways. First, let R and S be the irreducible representations of Sy,1,. A sum
over Sp,4n gives

1 R—(r1,r2)v. R—(r1,r2)v— 1S S—(s1,82)p+ S—(81,82)pu—
e 2 PH@) B By ™ D (0) BR LG B
Uesm+n
5RS
= % OVHHA §YV—H— §T1S1 72,52 5i,m (5]‘7” 5k,p (51’(1 (A54)
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which reduces to (A.52) by taking the trace over 1 @ ro = s1 ® s2. Second, let (r1,72) and
(s1,s2) be the irreducible representations of S, ® S, . A sum over S,, ® S,, gives

1 Z Dﬁ](o_) BTR*}(TLTQ)V.‘. BR%(rl,rg)u_D]s\}N(o_) BTS%(sl,SQ),u_,_ BS‘)(Sl,SQ)‘U,_

m!n! 1= (i.7) J= (k1) M—(m,n) N—=(p,q)
0ESm®Sn
§T181 §r2se .
= W 6 +v= 5u+,u_ 6i7m 6]771 5k,p 6l7q (A55)
r1 Urg

where we used (A.22)

B Quiver calculus

Let us introduce a graphical notation of various representation-theoretical objects follow-
ing [29]. We denote the indices of R - L = (m 4+ n) by a double line, and those of r; Fm
or 9 - n by a single line. We use different lines to distinguish two set of representations
{R, (r1,72)} and {S, (s1, s2)}

The matrix representation of a permutation group element is represented by

I J 1

by using (A.8). Note that the matrix transposition is represented as flipping all the arrow
directions. The composition of permutations is

1
(B.2)
Drpy(oT) ZDIK )Digs(1) = [o7] =
J
The grand orthogonality relation (A.30) is
1 K
1 RS §1s
b = _ o = TélL d1K (B.3)
’ ogeSy, dR R
J L

or equivalently

K
1 1
= Z % == _ = dr L - (B.4)
€Sy, oeSy,
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The branching coefficients (A.13) are represented as

R—(ri,r2)v __ T\R—=(ri,ra)v _
By = Bmes = (B-5)
i J I

We use double lines for the indices of Sy,4, , wavy lines for 5, and straight lines for .5, .
The completeness relations of the branching coefficients (A.14), (A.15) are

I i J
> — — T g (B.6)

J Y k1l
J k l

where we assumed that r; ® ro and s; ® sy follow from the same restriction of R. If
the two product representations descend from different restrictions, we get the orthogonal

matrix (A.16)
i J , ,
? J
_ i’é 7
\ P
Y k l
k l

The relation (A.21) is expressed as

, I
|710’Y2|

(B.8)
|’Yl ’Yz| - R
ST
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The identity for multiple branching coefficients (A.40) is

I

ay az .- a Qi1
ay as - a; ar+1

The character and the restricted characters are

|
|

XR(O_) _ XR(O_fl) — u XR(n,Tg)(VJr,V,)(O.) — ? —
|

. @
5RS k

e
dr L;

(B.11)

dTldT2 5RS SUHHA SV-H— §T1S1 §r2852
dr

To show the column orthogonality, we insert the resolution of identity on the irreducible
representation R by (A. 30)

Zlajk_ 2N DEDEGTY, (G kI=1,2,...,dR). (B.12)
’YESL

We obtain

> DD

R-L RFL T oyesL

= Z S(oyr™Iy™h (B.13)
YESL
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where we used (A.34). Note that

Z S(oyr Iy = Z S(owrw™!

YESL weSy,

), (wr =~ € 8Sp).

(B.14)

Similarly, we can derive the column orthogonality for the restricted characters (A.53). By

using
d _ .
5“ 5]k = # Z D:; (Vl)DZ}(’Yl 1)’ (27]7 kal = 1)2) e 7d7“1)
" yESm
dT2 T2 T2 —1 .. (B15)
5mq 5np = e Z Dmn(72)qu(72 )7 (Za]a kal = 1a 27 ceey drg)
YESh
we find
71 Y2
owe SN
d l l dr
R
Z dd 7] - Z min! Z g !
Rrirgvpv 172 [ [ Ryri,ro, vy v T y1ESm
| | ')’26571
ORC VG
whoo| et
Vi
o vt
dr
- Z minl Z o 1
Ryry,ro, vy v YESMm®Sn
o v_
v_
dr
B Z m!n! ] T
RFL
A
m+n)!
R D DI e ]
min!
YESMm®Sn
(B.16)

In the last line, we cannot use (B.14), because v € S,;, ® Sp, € Sptn.
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We can show the restricted grand orthogonality (A.54) by

1 SRS
Il T dr
o€SL (B]_?)
k [ P q
6RS . .
= L VM4 §V-H— §T1SL §T2,52 §EM g0 5]€7p 5l,q .
dr

Restricted projector. The restricted projector (A.44) can be represented as

dr

|

pR(rir2) - TR Z o - ﬁ (B.18)
|
|

(m+n)!
()

which is an element of C[S,+,] and not a number. Its matrix elements are given by the

UESm+n

branching coefficients (A.47), which can be shown by

I
y |
t@R,(rl,rg),qu,l/, _ R
L (m+n)! 06%1 ?
|
J
I (B.19)
| ()
__dr 3 _
CET .
ESmin e
J
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The identity (A.46) follows from the calculation

drds é
(m + TL) JTESm+n |
é
l
B drdg ﬁ '
(m + n) a,p ES'm+7L l ,lI
| 1
(B.20)
_ SRS dp Z )
= .
(m+n)! o
_ sRS gris1 grosg sv—py PR I
SRS grisy grasz § @ + > Z p-

C Generalized Racah-Wigner tensor

The associativity of triple tensor-product representations gives rise to the 65 symbols,

which is also called Wigner’s 6j invariants [73], Racah W-coefficients [74] or recoupling
coefficients [75],

{’,1 J2 9,1*2} : Hom((j1®j2)®j3,J> o Hom(j1®(jz ®j3),J). (C.1)
Jz J J2+3

The problem of computing 65 symbol is called the Racah-Wigner calculus.
We construct a slightly general object from the branching coefficients. The generalized

64 symbol is covariant under the action of symmetric groups, and contains four multiplicity
labels.
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C.1 Case of éooo
Consider two ways of the double restriction
Sp 4 (Si4L, ®SL3) L (SL, ®S1,®5L,),  Sp b (Sp, ®SLotL;) 4 (S2, ® S, ®5L;) (C.2)

with L = Ly + Lo+ L3, which corresponds to the calculation of C’ooo in section 3.4.1. They
induce the irreducible decompositions

R= P g(Riz,q35R) Ria®@ags = P 9(ar, 25 Ri2)g(Riz, 43 B) 1 ® g2 @ g3

Ri2,q93 q1,92,93
> /. D / 1o . D ) / / (0'3)
= P 9(Ras,ai; R) s @ Ros = @D 9(dh, s Ras)g(Ras, 41 R) 6 @ g5 © -
R23,q} 41,4593

The corresponding branching coefficients are

-

_ qll Ra3 /> (BT)RH(QIDRQS%

a b c I—=(I,0) I—(a,b)

_ 19192 q3 T\R—(R12,g3) 1t ; pT\R12—(q1,92),p
I ¢ f(Le) = >(B ) "(BY)

Ri2 g3 M> (BT)R—>(R12,q3)7u

qll QQ Q3 > (BT)RH(ql,RQ?,) s (BT)R23%(1127¢13) 0 '

=l 1 fs(@.1) a bt Fs(a’, 1) I'5(b')
(C.4)
The multiplicity labels (u, p) and (¢/, p’) run over the spaces
§= (1, p) € Mz, M| = g(q1, g2: Ri2) g(Ri2, g3 R) (©5)
&=, p) € Mas, | Mas| = g(g2, q3; Ras) g(Ras, q1; )

which are subsets of the total multiplicity space induced by the irreducible decomposition

@ @ (1 ® g2 ®q3),, , ];>: Z

q1,92,93 nEMi23 q1,92,93,Mm

abc I=(ab,c)

q1 92 q3 77> (BT)R—>(Q1,Q2,Q3)»77

n € Miot, [Miot| = Q(Q1,QQ7QS§R)-
(C.6)
From the identity (A.40), we obtain the following relation between the branching coeffi-
cients in (C.4) and (C.6),

14243 -|q1G2G3 _ 243 - -1 q1G2G3
< b ¢ nabc’up>_z< E'up’abcup>
R (C.7)

™ PQI
™ Ql
@‘sz

— sDh1a1 §4292 53393 Shn §PP Saa 5% Oze

where the r.h.s. depends on Rjy through the multiplicity space of (u, p) in (C.5).
We define the orthogonal matrix (A.16) between the two states by

(@1 @2 93 Raz|p p _ /019243
,u/ p/ - ab c rp
abe,a’b’' !
dg dRy5 dRoyg

@ q5 95 Ras

_ R—> (Ri2,q3),1 ; pT\R12—(q1,a2),0 HR—(d},Ra3).n’ 7 Ra3—(ab,a5).0"

= Z Z Z I—) Ic (B )Iﬁ(a b) Bi%(a’,[’) B[’*}(b/ /) (Cg)
j_1 I=1 I'=1

EY /MP> (C.8)
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and call it the generalized Racah-Wigner tensor. Our notation is slightly redundant be-
cause the generalized Racah-Wigner tensor is proportional to H?:l 8% _ which follows
from (C.8). The usual 65 symbol for a symmetric group is given by

Q1 q2 q3 Rio
tr (Us) = U -
(Ur) g:c R <Q1 g2 q3 Ros

op
, ) . (C.10)
wep abe,abc

The generalized Racah-Wigner tensor can be depicted as

a
@1 g2 g3 B2\ p _
UR q/ q/ q/ R N/ p/ - b/\
1 2 3 23 abc,a’b’c’ S S
/****

(C.11)

We want to compute the products of generalized Racah-Wigner tensors

op U (@ @ a5 Bes|' pf
w oo o B\a e @ Relpp)
abe,a’b’ ¢ a'b’c! ,abe

U000 = > Uy <Q1 42 43 Firo 5, ;’,) x (C.12)
abe,a’b’ !

VAR
oot 0 ! ! q1 4 43 R23
/A "ono "o
wop U, [0 %2 a3 Rasjp p
n"non R
ll/ p a//b/c/7a//b//c// ql q2 q3 R12 M p a//b//c//7abc

which are rewriting of the product of projectors (3.55),

(U, U, = Z U <Q1 a2 g3 Ri2

/ / / R
23
st 0" G 92 93

R "o
q1 92 43 Ros3

. (qi @ g3 Ros

75) = R—---—(q1,q2,q3),11psip S B—--—(a1,05,05) 1" 0" 1/ p’
tr (Up Up) = trp (sp (a1,42,9),10:10 3 (d1,42,95):1"p up>

T 7 — 2 (R = (01,02,a8) 00 R——(a],0%,05) 1 0 o’ o' e R— (0 ab a ) o o
tr(URURUR)_trR(m T 1:92:93 Py 109293 .

(C.13)
By using &, &, £” in (C.5), we depict these products as
tr (U Up) = i“‘ tr(UA(]VC:/'A): (C.14)
|
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By grouping pairs of nodes with the same color, we obtain the projector representa-
tion (C.13). From the identity of the projectors (A.46), we get

3
tr (U}A2 UR) = (H 594 dfh) §é1é2 s&2&

i=1

5 (C.15)
tr (UR ﬁf% ﬁ}?) _ (H 5%@2 (5%‘!12' d(ﬁ) 5é1 &2 58285 §& &
i=1
where we do not sum over the repeated indices (&;’s).
The product tr (Up U ) satisfies the following sum rules,
~ 3 A
> w(UpUp) = (H o d) 9(a1, g2 Rz) g(Riz, 5: R)
Ras £1,62 izl (C.16)
S> te(UzUR) = <H 5% dqi> 9(q2,q3; Ros) g(Raz, qu; R).
Ri2 &1,62 i=1
We can derive these sum rules by using the identities (A.40), (A.15) and (C.7), as
Raz p.p,1/ 0
(C.17)

- y
v, Yant >

vq 444
AL EPPPPPPSPPPPRELL

= 599 59292 55Dy, dy, dy, g(Raa, 433 B) 9(a1, 425 Baa) -
A solution to the equations (C.16) is

~

3 ~

~ / 'R R 'R 'R R 'R
E :tr(URUR) z (Hé‘h’qi d(ﬁ) 9(q1,q2; Ri2) 9(Ri2, q3; )9(@2,?3, 23) 9(R23, q1; )‘
£1,62

i1 9(q1,92,q3; R)

(C.18)
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We conjecture that both sides are equal, and continue the discussion below. Similarly, we

find
fop
/ /) X
pep abe,a’b’' !

3
Z Z tr (Up U U = (H 597 i 5q,”q;> Z Up <¢I1 92 qf, Ris

! / R
R31 £1,62,63 apstt p! a4y 4o g3 fio3

w p’)
pep a'b’c! ,abe

3
Z Z tr(URUR(:]R) - (H 5%4i 5q{q{’> Z U <Q1 q q3 Ris
i=1

R
Ras £1,62,83 wp i p ql q Q3 31

" /!
u'op
/’L p a”b”c”,abC

3
Z Z tr ( (H 59 ai 5q”q’> Z U, (q? Q%/ q{;,’ R
I
Us

. (4 42 45 Bes
B\q1 ¢2 g3 Ria

pop
" /! X
M p abc7a//bllcl/

oo (44 6 Ba
B\q1 q2 q3 Rio

" /!
wop

/ / X
M p a”b”c”,a/blcl

ro
uop
"on . (Clg)
M p Th! ot q !t H A1
a’'b’c,a"b ¢

R
Ri2 £1,62,83 i=1 101! q1 42 43 1123

q 45 g5 Ras
B\d! & ¢ Ra

A solution to these equations is

£1,62,€3
9(q1, 423 R12) g(Ra2, 435 R) 9(qo, 433 Ras) 9(Ros, q1; R) g(a3, 15 Ra1) 9(Ra1, g2; R)

Z tr (URINJ]%U (H 5qlql 5q{q{’ l> X

9(q1, 42, q3; R)? - (C.20)
In view of (C.15), our conjecture is summarized as
ST shtsen = W
R - (C.21)

Z Z Z 56182 56283 8361 — (Mg ‘M23|2|M31| '
E1EM 12 E2EMo3 E3€E M3 |Mtot|

C.2 Case of CN'%YZ
Consider another set of restrictions
S14 (((Sts @ S14) @ S, © 51,) @ (S1, @ S1,)

)
Sp | (((SL3 ® SL,) ® SL, ® SL5> ® (1, ® SL6)> (C.22)
Syl (((SL1 ® S1,) @ Sp, ® SLG) ® (Spy ® SLS))
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with L = 2?21 L; , which correspond to the case of C’}%(YZ in section 3.4.2. They induce
the irreducible decomposition

6
- 5 EB{ 9(gs, 463 Q (Q,cn,q?,;R)Q(Qz,%;T)g(R,T;R)®qz}

Q.RT {q;} b
6
- D @{ 9(a3, 443 Q)9(Q', 45, 053 R )g (CJi,CJé;T’)g(R’,T’;R)®q§} (C.23)
QR T" {¢}} &
- @ @{ 17QQ’ ) (Q” Q47q6,R//) (q3, 571"'//) R// T,, ~ ®q }
Q".R".T" {q'}

We fix the representations (R,Q),(R',Q’),(R",Q") and the multiplicity labels v,/ "
according to the external operators. The space of multiplicities run over the spaces

£€ Mrqu, £ € Mpg, "€ Mpn gy (C.24)
where .
IMr,qul = 9(as,q6:Q)9(a2, 44: T)g(R, T; R)
M| = 9(ds, 44 Q)g(dh, 46 T g (R, T'; R) (C.25)
(Mo gron] = gt a5:Q")g(d5, a5 T")g (R, T"; R)
They are subsets of the total multiplicity space

‘Mt0t| Eg(q17q27q3aQ47Q5>q6;f{)> (026)
9(Q.q1,43;R 9(Q',a5,q5;R')
[Miot| = Z Z \MR ovl = [ Mp g
V= R.Q’ v'=1

9(Q" ¢} .af;R")

Y Y Mwanl.

R// Q/l

Since the restricted Schur characters have two multiplicity labels (A.25), we introduce

§&+ E MR Qs s f;: S MR’inlivV/i , 5;’1 S MRvalvVl (C.27)

where the =+ signs are correlated.!!
Let us define the generalized Racah-Wigner tensor by

q gz - g6 R- & _<Q1CI2 G-
. = 6 ¢ 6 ¢ C.28
R (q,l qé et qé R,+ 6;) (lb...f a’b’...f’ f a, b/ f/ i ( )

which is again proportional to H?:l §%%. The r.h.s. depends in R_, ' through the

multiplicity space £ € Mr_q_._,&, € MR'JNQ’JHVQ’ as we discussed in (C.7). We want to

"Note that (R—,R_,R"”) = (R4, Ry, RY) in the main text. We removed these constraints for conve-
nience.

— 44 —



compute their products

tr(WRWR)E Z WR (ql ... 96

/ / /
-l q1 92 --- 4

R_ ¢
R/ &-/ ) X
+ 5t ab...f.a’b ... f!

/ / /
WR q1 95 --- 4
q1 G2 --. g6

/ !
g— f—) (C.29)
+ &t @'V ab...f

VT — a g - ge|R- &
tr(WpWpWe)= Y. Wy (q, PR g,) x (C.30)
SN DE2 e 61 S o fatty o f

wo [0 g 5| BL € wo (A E
R R ¢! R Qg ... G
+ S+ aY . f

%4y GG
They are identical to the product of projectors (3.55),

R// é‘//)
Ry &+ a"b.. " ab...f

~ Bes... P £, R—
tr(WAWR)—trRCBflIz e o) € §+q3i2f1

...H(qg,q;,...,qgm',s;> (C.31)

I Iols Ish

tr (W W Wp) =trg <qs’??'“*<%v%--v%)’ﬁ—’f+ B

o (@0 era) €L mfm--H(q;xq;x.,.,qgf),gz,51>

(C.32)
As a corollary of the identity of the projectors (A.46), we find that
) 6
tr (W Wp) = (H 59 dqi> 58-S o8-+
= (C.33)

6
tr (W Wi W) = (H 59 5947 dqj) 56 €L sELEL sElEr

i=1

By summing {&+, &%, 65} over the ranges {Mg_ g,
cover the overlap

V¥7MR/¥’ %,V%?MR%,Q%,V¥}7 we dlS—

Z Z 5684 — ‘MR_,Q_,V_ NMe, g | - (C.34)

- EMRp_, , ' eM o
Qv & R Q1
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The overlap satisfies the sum rules

> > Mrog v N Mp g | = M|
R_7Q_7V_ R;7Ql 71/;

> Mrog v N Mg g Z‘MR;,Q;,V; (C.35)
R,,Q,,l/7

Y. Mrow " Mp g | = Mrgow| -
Ry Qv

As a solution to the sum rules, we conjecture that

!

MRva_vV*‘ ‘MR;:QI :Vir

M NMpg o | = 5 C.36
(Mr_ g OV Muy g0, ] (C.36)
where 8" should be understood as the intersection inside Mot
st _ )1 (Mo o "My g, #0) (C.37)
0 (otherwise) .

It follows that

6
>t (W Wp) = (H 599 dqi) YIRS (C.38)

gIF 753; 1=1

Mr_ v | MR Qtwy | [Mr oo
|Mt0t ’2

Z r (W W W <H 549 5949 g Z) 5 v, 5”/— v guﬁ Y+ (C.39)

g:F 75/ 75”

+7Q+»

}MR_,Qf,V_“MR+7Q+7V+‘ QI V! Q// //

Mp g v ’MR;,Q;,V;
’Mtot|3
C.3 Restricted Littlewood-Richardson coefficients

Let us compute the restricted Littlewood-Richardson coefficients in [27] in our method.
We will find the perfect agreement. However, they considered multiplicity-free cases only.
Thus, this agreement does not provide non-trivial checks of our conjectured formula.

We define the restricted Littlewood-Richardson coefficients by

e = 1o L o>« B2 (03) x4 (01 0 03)
1= 2 U1€SL1 O'QGSL2 (C40)
Li=m;+n;, R;={R; (ri,si), Vi—,viy)}.
The definition used in [27] is

1 mslns! d
f{{f}}{z} S T NN P (01) 2 (02) X (01009). (CAD)

mllnl!mglngl L3' de d53

o1 €SL1 UQESL2
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The two definitions are related by

F{g} mllnl!mglnzl Lg' drg d
{1}{2} mglng! Ll'LQ' dR

s 3
2l (C.42)

The restricted Littlewood-Richardson coefficients F {{1}} (2} can be computed as follows.
First, consider the restriction Sr, | (Sr, ® Sr,), which gives

Ry = P 9(T1,To; Rs) (T1 @ T) . (C.43)
Ty, T

The restricted character in (C.40) becomes

g(T1,T2;R3)
~ Rs—(T1,T2) R3—(Ty,T:
B 3(01 0 09) Z Z Dh h, (Ul)Df:zrjh’g(@)Bli?;L(l;;)Q) (BT) 3—;1(1/2,)2);1 %
1,13 p=1
R3—(r3,83),V3— T\Rs—(r3,s3),V
Ii( )3 3),V3 (B )1/3 (,]3) 8)Vs+ (C.44)

In the quiver notation, we can depict this equation as

XRg(T3753)7(V3—7'/3+)(01 o 02) =

(C.45)

B1 5722 and another sets of branching

By summing over o1 and o9 in (C.40), we get 67
coefficients in place of o1, 09 in (C.45), giving us

The restricted Littlewood-Richardson coefficient (C.40) becomes

F{{ff{Z} dR dR2 Ztr <9R3—>(7‘378;) J(v3— V3+)(@R3—>(R17R2) p—>(r1,81,72,52), (Nv(”1+vy2+)7(yl—7’/2—))) .

(C.47)
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To evaluate the projectors, we introduce the permutations on the fully-split space
SFs = Sy @ Sy ® Spy @ Shy (C.48)
and consider sub-projectors. The total multiplicity space for the restriction S, | Sps is
| Miot| = g(r1,72, 51, 52; R3). (C.49)
The multiplicity space for the first projector 23— (r3.53),(vs-vs+) ig

’MTS,SS,ung’ = g(r1,72;73)9(81, 525 53),

g(r3,s3;R3) 9(rs,s3;13) (C.50)
Z Z ‘MT%S&V:S ‘ - Z Z ‘Mr3,53,u3+‘ = ’Mtot|'
73,83 v3_=1 73,83 v34=1

The multiplicity space for the second projector PRz = (rsire,se),(wnigves) ig

|\ MR, Rowne o= | = 9(R1, Ro; Rs)

g(r1,815R1) g(r2,82;R2) g(r1,813R1) g(r2,82;1%2)
Z Z Z ’MRl,Rz,l/lﬂle ‘ Z Z Z }MR1,R2,V1+,V2+‘
Ri,Ry vi—=1 vo_=1 Ri1,Ry vi4=1 voyr=1
= ‘Mtot| .
(C.51)
From the identity of the projector (A.46), we obtain
tr (P P) ="+ o) g vy g dy dy, Gur (C.52)

where we grouped (v14,v25) so that they can be compared with v3-. Just like before, we
conjecture that

‘Mrg,s&ug,‘ ‘MT37837V3+| ‘MR1,R27V17,V27| ’MR17R2,V1+,V2+
2
|Mtot|

_ <9(Rl,R2;R3)g(7“17?"2;7“3)9(81,82;83)>2
g(r1,72, 81, 52; R3)

OLR =
(C.53)

In summary, we get

F{S} — 3V3+ (V1+7V2+)5(V1*’V2*)V3* drldT2d81d5’2 g(RlvRQ;R?))Q(T].’TQ;T?))Q(S].’52;83) 2
1z dr,dR, g(r1,72, 81, 523 R3) .

(C.54)
Three cases have been considered in [27]. The first case is the antisymmetric represen-

tations,

(Ri, iy si) = ([1™F7], 1], [1™]) (C.55)

and the second case is the symmetric representations,

(Ri, T, Si) = ([ml + ni], [mz], [nl]) . (0.56)
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In both cases, all representations are one-dimensional and multiplicity-free. Therefore

F{{f}}{z} = 1, which means S
) = it T (G.57)
The last case is ro = s = ), implying that
Ry =7 =r3, Ry=sy=s3, F{{f’f{Q} =1 (C.58)
and hence @ o LiLy! dy
T (C.59)

All the results agree with [27].
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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