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1 Introduction

The four dimensional supersymmetric Dirac-Born-Infeld (SDBI) action describes the ef-
fective field theory of a D3-brane and breaks half of the supersymmetries of the bulk,
which are non-linearly realized on the D-brane world-volume. In the physically interesting
case the bulk has A/ = 2 supersymmetry, obtained for instance upon compactification of
the ten-dimensional type II superstrings on a Calabi-Yau threefold. The goldstino of the
N =2 — N =1 partial breaking belongs to a vector multiplet of the linear supersymmetry
that has non-trivial self-interactions due to the non-linear supersymmetry. The SDBI ac-
tion can be obtained from the N/ = 2 quadratic action by imposing a non-linear constraint
that eliminates the A/ = 1 chiral superfield in terms of the U(1) vector-goldstino superfield
that form together the N' = 2 vector multiplet [1, 2]. This constraint takes a very simple
nilpotent form in terms of the deformed A = 2 vector superfield which incorporates a
deformation in the transformations of one (the would be non-linear) supersymmetry [3-5].
Note that the deformation cannot be interpreted as an expectation value of an auxiliary
field. The resulting action depends on one parameter, the goldstino decay constant x, or
equivalently the D3-brane tension.

After solving the constraint, the SDBI action can be written as an integral over the
N = 1 superspace of an expression involving the gauge-field strength superfield where



non-linear supersymmetry is not manifest [3]. In terms of components, upon superspace
integration, the bosonic part of the action can be written in a closed form, while it is not
the case for the part involving the U(1) gauginos. On the other hand, an explicit form
of the whole action was given within the formalism of non-linear supersymmetry, using
variables where manifest linear supersymmetry is lost [6, 7]. The two actions are of course
equivalent on-shell, related through field redefinitions.

The goal of this note is to study the uniqueness of the SDBI action which is an inter-
esting open problem that has not yet been settled. Indeed, in the case of A = 1 non-linear
supersymmetry, the Volkov-Akulov (VA) action [8] was shown to be unique up to field
redefinitions that do not change the theory on-shell (see e.g. [9]). In this work, we address
this problem for the SDBI action within effective field theory, following a similar strategy.
Of course, a natural arena of studying this action and its uniqueness is within string theory.

A comparison of SDBI with the corresponding amplitudes in string theory was done
in [10, 11] at the level of mass dimension-8 interactions involving four bosons, four fermions,
two bosons and two fermions, i.e. F*, (AON)? and (AON)F?, schematically. Actually,
dimension-6 interactions involving two fermions and one boson also appear in the form
(AON)F. Nevertheless, these terms vanish on-shell and can be eliminated by field redef-
initions, giving rise to extra contributions in dimension 8. It turns out however that
dimension-8 operators involving fermions are completely determined by A' = 1 non-linear
supersymmetry alone and do not provide any non-trivial test of string theory. Indeed, the
coefficient of (AOA)? is fixed by the standard N’ = 1 non-linear VA action, while (AOX)F? is
uniquely fixed by the universal goldstino coupling through the energy-momentum tensor,
using the same decay constant [12], dictated by the low-energy theorem of spontaneous
supersymmetry breaking [13, 14]. On the other hand, the bosonic F* operator follows
from the expansion of the DBI action which is completely determined from the combina-
tion of linear and non-linear supersymmetries [1, 2]. It is therefore necessary to go beyond
dimension-8 operators in order to make a non-trivial test of the fermionic dependence of
the D-brane action and its comparison with the SDBI form.

In order to get a better understanding of the uniqueness of the SDBI action, one can
consider deformations that do not change the form of the action bosonic part. This can be
achieved by adding Fayet-Iliopoulos (FI) D-terms and their generalisations. The generation
mechanisms and the effect of such terms constitute an interesting open problem related
to supersymmetry breaking, that becomes more restrictive in supergravity and even more
in extended supersymmetric theories. New FI terms, that do not require gauging the R-
symmetry when coupled to supergravity, were written recently within A/ =1 [15-18] and
N = 2 [19] supersymmetry; their bosonic part is identical to an ordinary constant FT term,
while their fermionic dependence is highly non-trivial. The first step of these studies is
obviously the analysis of the effects of the standard FI term added to the SDBI action,
that we discuss in this work.

In the absence of matter, a constant FI term can be added in the SDBI action since
it is invariant under both supersymmetries. Its presence drives the D auxiliary field of the
U(1) vector multiplet to get a non-vanishing vacuum expectation value (VEV), breaking
spontaneously apparently the linear supersymmetry. However, after elimination of the



auxiliary field, the bosonic part of the action acquires again the SDBI form by redefining
K, and thus the D-brane tension [3, 20]. Nevertheless possible differences could come from
fermionic contributions. Indeed, it was recently argued that in the non-linear formulation
where fermion dependence can be written explicitly, there is an extra term proportional
to the FI parameter [7]. This term involves an odd number of bosons, in contrast to the
standard SDBI action which involves only even numbers, upon elimination of the auxiliary
field. It is therefore interesting to study the effect of the new term on physical amplitudes
and eventually compare them with corresponding string amplitudes. Also, more recently,
another kind of an FI D-term was constructed by considering the most general N' = 2
deformation and imposing the nilpotent constraint on the corresponding N' = 2 vector
superfield, in the presence of a non-vanishing 6 angle in the action [5]. The advantage of
this mechanism is that a constant FI D-term is not added by hand but is induced from
an action which is manifestly gauge invariant (and not just up to a total derivative, which
usually makes it difficult to couple it to supergravity). The relevant deformation amounts
to add an imaginary part v to the D auxiliary field.

In this note we compute for the first time non-trivial higher dimensional physical
vertices corresponding to fermionic contributions in the SDBI action, in the presence of a
standard or induced FI D-term. As mentioned above, such terms being linear in the N =1
vector multiplet, they generate interactions containing an odd number of gauge fields. As
these terms are not present in the standard SDBI action, we expect that they show the
difference between the SDBI action and SDBI coupled to FI terms in appropriate on-shell
physical operators.

The first possible appearance of an odd number of gauge fields is at dimension-6
level, through terms containing two gauginos and one field strength. Nevertheless, as
we mentioned above, these terms are not physical and can be eliminated by means of field
redefinitions. The dimension-8 terms are either fully bosonic with four field strengths, fully
fermionic with four gauginos, or mixed with two gauginos and two gauge field strengths.
The fully bosonic term follows from the standard bosonic part of the SDBI action with
a redefined tension that takes into account the coefficient of the FI D-term (or the ~-
deformation and f-angle in the induced case). On the other hand, the fully fermionic term
follows from the Volkov-Akulov action describing the dynamics of the gaugino field, which is
the goldstino of partial supersymmetry breaking, with a decay constant fixed by the brane
tension due to the linear supersymmetry. Eventually, the only non-trivial term is the
mixed gaugino — gauge field strength one, which is however completely determined by the
standard goldstino coupling to energy-momentum tensor, fixed by the low-energy theorems
of supersymmetry breaking. There is no other dimension-8 operator involving gauge fields
coupled to the goldstino, unlike other operators involving scalars or extra fermions [12].

The above considerations motivate our present work to compute dimension-10 physical
mixed operators involving gauginos and gauge fields — either four gauginos and two gauge
bosons, or two gauginos and three gauge fields — in both cases of the SDBI action with
a standard or induced FI term, referred in the following to as SDBI+FI or SDBI++, 0,
respectively. In the first case of SDBI+FI, we use both the non-linear formalism and
the standard constrained superfield one with manifest linear supersymmetry, while in the



second case of SDBI++,0 we use only the constrained superfield method. We find that
all dimension-10 operators can be eliminated by field redefinitions in both cases, strongly
suggesting that the presence of FI terms does not break the linear supersymmetry but just
modifies the goldstino decay constant. Actually, in the SDBI4FI case, using the formalism
of non-linear supersymmetry, we also compute a class of dimension-12 mixed operators
with two gauginos and four bosons, of the form (AOA)F*, and show further support to
the above statement. In the context of string theory, this implies that FI terms rotate
the D3-brane, and thus the directions of linear and non-linear supersymmetry in the bulk
without breaking them [5, 20]. Breaking of supersymmetry is expected to occur when an
extra reference brane is inserted without FI term, or in the presence of charged matter like
in intersecting brane configurations [5].

Let us stress that although the final result has a simple interpretation within string
theory, it was not apriori obvious without explicit computation. Moreover, the possibility
of deforming the SDBI action by new FI D-terms remains open, as well as their possible
generation in string theory. Such terms are expected to modify (on-shell) the fermionic
dependence of higher than dimension-8 operators, motivating corresponding computations
in string theory.

Our paper is organized as follows. In section 2 we start with the non-linear super-
symmetry representation of the SDBI+FI action and compute the physical on-shell action
by means of field redefinitions. Especially, we show the absence of the dimension-6 and
dimension-10 terms, and compute the dimension-12 terms of the form (AOX)F*. In section 3
we consider the SDBI++, 0 action in the formalism with manifest linear supersymmetry
and use field redefinitions to compute its physical on-shell action up to dimension 10. In
a specific limit, we also obtain the on-shell action of SDBI4+FI which agrees with the one
obtained from non-linear supersymmetry formalism. We conclude in section 4. To simplify
presentation of our technical analysis, we include two appendices. Appendix A contains
our conventions and some useful identities, and appendix B contains some technical details
including relevant superfield expansions.

2 SDBI action with standard FI term

The goal of this section is to compute the physical on-shell Lagrangian of the SDBI model
with a standard Fayet-Iliopoulos term, which will be referred to as SDBI+FI Lagrangian
in the following. The SDBI action can be constructed by deforming an N = 2 vector
multiplet and imposing nilpotent constraints, as we will briefly review in the next section.
The resulting SDBI action then possesses a manifest N' = 1 linear supersymmetry as well
as a hidden non-linear N' = 1 supersymmetry.

As a starting point, here, we will use the SDBI+FI action expressed in the non-
linear formalism, where the complete action can be written explicitly in terms of variables
appropriate for the non-linear supersymmetry but at the cost of losing manifest invariance
under linear supersymmetry [7]. We will first expand it in components in section 2.1 and
then use field redefinitions to spell out the on-shell physical interactions with dimension
less than 12, as well as all dimension-12 operators of the form (AJA)F? in section 2.2.



The result suggests that on-shell the FI term plays a trivial role and can be absorbed by
redefining the brane tension.
2.1 SDBI+FI from non-linear supersymmetry formalism

The non-linear supersymmetry formalism was systematically developed in [7]. Applying
the formalism to the SDBI+FI model, the Lagrangian can be expressed as'

1 .
LspBl+Fl = — 55 det A {1+ 1+ 16g4ﬁ2§2\/1 + 4Kr2F2 4 4K1(FF)?
8K2g2
+ 2v/2i k%€ det Ae*U (A7) YO, Nop[(A7Y LON (AT Fuy, (2.1)

where A is the goldstino in the non-linear superymmetry formalism which is also the gaugino
in the linear one through field redefinition;? uy, is the gauge boson; and the composite gauge
field strength F_; is defined by

Fab = (A_I)M(A_I)ZF;UM F,uu = Oy — ayuu, F?= .Fab]:ab, f"]j— = fabﬁab, (2.2)

a

where A is the vielbein matrix
Al =0y, + ik2AT O\ — iK2 O AT . (2.3)

As shown in appendix B.1, the Lagrangian (2.1) can be further rewritten in a manifestly
gauge invariant way as

1 .
LSpBI+F1 = v det A <1 + \/W\/l 4+ AR2F2 + 4/@4(]-"]-“)2>
— 2V2 K26 Ao, Do\ FP. (2.4)

We are going now to expand the Lagrangian in operators of increasing mass dimension.
Let us first recall the mass dimensions of various fields and couplings

=1, [F]=2, =5 [k]=-2,  [gl=0, [¢=2. (2.5)

We then expand in components each part of this Lagrangian, up to terms of dimension 12
— except for dimension-12 terms of the form (AJA)?2F? which are more involved. In the
following, all equalities are written up to total derivatives, or terms with mass dimension
higher than 12, or (AOA)2F? terms.

For spinors, we follow the conventions in [14]. Some useful relations used for the
computations can be found in appendix A.

!The two terms in the parenthesis have the same sign, in agreement with [6] but in contrast to the
opposite sign in [7]. The coupling constants are related to those of [7] as follows: x = 1/(2v/2m) and
g°> = m/B. The dual tensor F is defined as in (A.4) with a factor of i.

2We use the same symbol A to denote both the goldstino in this section and the gaugino in the section 3
for simplicity of notation.



The det A part of (2.1) is related to the Volkov-Akulov action [8] describing goldstino
dynamics

Lya = —# det A (2.6)
- —ﬁ (1  RZIAIN + KZIADA — 2% (()\@/_\)(5\59/\) + Aa“&,}@u}\o”;\» + 0o\
_ —ﬁ _ %A(}ﬁ _ %xé» _ "‘; (~QAFRADN) — 2098 — 230N + 8,()* (R2)

+ A2A0N + )\QXDS\> + O(X\%) + total derivatives .
Here and in the rest of the paper, we use the following conventions
AX = A" DX, Nt x = Xa:?)(, (ADX)* = —/_\¢:9x. (2.7)

When expanding F? in (2.1), one finds the gauge boson kinetic term and higher order

interactions

F2 = 0 oy Fea = 1 (A7) (AT (A2 A5 B B

a C
= NP E,, Fop 6168 6267 + 4k 0 NP E  Fop (—iAT Do\ + i0u AT N) Sy 885 + - - -
= F? 4 4R (iIAG" Op\ — i0pN\T*N) Fpyy FP 4 - -+ (2.8)

The same computation for (FF)? gives
~ ~ _ _ ~ _ 2
(FF)? = (FF + AR2 (AN AN — 1O AP N) F FVP + O((A&A)QFQ))
~ _ _ - ~ _ 2
- (FF — K2(IAJX + NN FF + 0((A8A)2F2))
= (FF)? = 22 (iIAJX + iMIN) (FF)? + O(AON)2F?) . (2.9)

The same expansion is also obtained directly by noticing that FF =det A~'FF.
Collecting all the above terms, the SDBI+FI Lagrangian becomes

Lsppryrr = A [1 + KZIAIA+ KZINIA — KA AN (ADN) — 261 (AIN)2 — 261 (AN )2
+K4mm+K4A2xm+m4au<v>au(x2)} F2BRAGAIA AN F2

+8Bk? (iAdH oA —i0,A0"'X) Fy FP — 16 Bk® (A" O, A —i0, A" X) F PP F?

+2BK? (F2+f<a2(FF)2 —MF‘*) +CRINGHOVA Fy b (2.10)
The constants A, B and C are defined as
1
= —gam (1 +/1+ 1694#52) ,
1
B= _WV 14 16g*K2€2, (2.11)
= 72\/55’
and have mass dimensions [A] = [B] =4 and [C] = 2.



2.2 Physical action with standard FI term

Our goal is to get the physical on-shell Lagrangian. The main strategy is to use field
redefinitions to eliminate various on-shell vanishing unphysical terms and get the physical
on-shell higher dimensional operators. The S-matrix is invariant under field redefinitions.
Thus, to eliminate an unphysical term of certain dimension, we use a specific field redef-
inition and act it on terms of lower dimension. However, the field redefinition also acts
on other terms in the Lagrangian giving rise to many extra higher dimensional terms.
Repeating this procedure allows us to eliminate all unphysical terms and get the on-shell
Lagrangian. In general, this process is complicated and tedious.

Before performing the computations, it is worth pointing out a big simplification. At
any step, we will only be interested in the physical Lagrangian up to some dimension,
say dimension ¢, and thus will always neglect terms with dimension higher than ¢. The
simplification occurs if the term O under consideration is proportional to an equation of
motion of the free theory. In such a case, we must be able to eliminate O through certain
field redefinition acting on the free kinetic terms. If the dimension of O is close to /,
acting the field redefinition on other terms of the Lagrangian may only generate terms
with dimension strictly higher than ¢. If this is indeed the case, we do not need to work
out the field redefinition explicitly and can simply discard the term O. This circumstance
brings us a big simplification.

To obtain the physical SDBI+FI action we proceed as follows: we first eliminate the
lowest dimensional non-physical operators, namely the dimension-6 ones, by means of field
redefinitions acting on kinetic terms. We then compute the higher dimensional contribu-
tions coming from the field redefinitions acting on the other terms in the Lagrangian. We
repeat this procedure for operators with higher and higher dimensions.

In the computations, we will make full use of the identities given in appendix A. In

“ooum

all equalities thereafter, ellipses should be understood as total derivatives or higher

dimensional terms which we are not interested in.

Field redefinition @). To eliminate the dimension-6 term contained in the last line
of (2.10) we apply the following field redefinition

D Ao = Aa+ia(0™NaF, a=-—€R, [a=-2. (2.12)

Note that due to the equality 7 = %e’m‘” O, this field transformation is equivalent to
the one with F},, replaced by Fj,,. The fermion kinetic terms transform as

ININ + c.c. (2—12>) ININ + c.c. — 4a)\a“(9”5\15w, — 2a\d* N0V F,yy, + 2a2i)\0“5\1:",,#(9pr”

2
+ <2a2i)\a“8”)\Fuprl, + %z’)\@XFZ + C.c.) + total derivatives, (2.13)



and they indeed cancel the dimension-6 terms of (2.10) with the chosen parameter a. The
dimension-6 term itself transforms as

. 1 . _ _ L
NI NE o SN NF—iaA o F N %i)\(}?)\FQ - %M(}?AFF
2

+ 5NN (B P2~ Py FE+ By PP = Fu F?) et (214)
Other terms in the Lagrangian transform as

iAat0, )\FMpr”—{—c c. (—12>) iAo 8 )\Fupr”—a)\au)\Fm,F”pa Fa += AU”@”AFWFF
)\a“)\Fzé) (FF)——MJ“(‘) AFMPF’”’F2+C ¢ty (2.15)
MAOA+c.c. o AQ/\D)\+2za>\2)\a“”8p)\ P Fytc.ct--. (2.16)

Field redefinition ). Although the field redefinition (2.10) eliminates the original
dimension-6 term in (2.10), it introduces another dimension-6 operator in (2.13). Hence, we
must combine the field redefinition (2.10) with another field redefinition on the gauge boson

@  uy = uy+bAa,A, b:—L € R, [b] = —2. (2.17)

This is equivalent to the following field-strength redefinition
Fuy = Fuy + 00, (Ao, A) — b8, (Ao A) = Fpuy + 200), (Ao A) . (2.18)

The gauge boson kinetic term transforms as

F2 ) F? — 4bAcV A" F,,, + 4b* [VAD)\ + A2A0A (2.19)

%au(v)aﬂ(?) AINADN) — = <()\(3)\) (X(Zm)?)] + total derivatives,

and cancels the dimension-6 operator coming from (2.13). This field redefinition acts on
other terms in the Lagrangian as follows

F? ot F44-200" (A" N F,,, F*+- (2.20)
(FF) YT (FF)2+268”()\0“/_\)FWFF+- - (2.21)

AN F,, P ATHADY Fyyp—b0,(A2)0P(A) = b0, (AT N)Dp (AP N) +- -+, (2.22)

iINTHNE,,,0,FP” (2—17>)MUHAFW6 ), FPY 4 (biS\2)\a“b6p>\8"Fab+c.c.)+---, (2.23)
iNTHOpNF, FP +-c.c. (F)MJ OpNFu F7P+ibXN* A N, Foptc.cot - . (2.24)



After applying the field redefinitions @ and @), the dimension-6 terms are eliminated
completely and the Lagrangian becomes

ESDBI+FI — A (1—1—/622')\&5\—}—/{22'5\5)\) + <AI{4—|—4Bb2I{2—|—§bI€2> 8“()3)6“(5\2)
FH#RZAIN) DN — #52AIN) 2 — 62 MDA 2+ #k2 NEAOA+ #£2AZA0N
+2Aa2K2iINHAE 0, P +2B1K? (F2—|—I€2(FF)2 —K?F‘*)

Aa? _ Ca

+ (2Bn2+2 2> KENINF? — %,{%AJXFﬁﬂ.C. (2.25)

84
+8BbA N (B P2+ Fyy F?— By FF~ F FF ) c.c..

C? .
+ <8B/12 — ) KA OONE,, FP +-c.c.

—16 Bk (iAd"DpA —iD AT N) Fy FYP F2 +4ABa?k A" NF20,,(FF) 4 - - .

Note that the four-fermion/one-gauge-boson dimension-10 terms coming from (2.16), (2.23)
and (2.24) cancel each other. They are thus absent in Lagrangian (2.25).

Field redefinition @). The second line of (2.25) contains goldstino self interactions
whose coefficients are not shown explicitly. They can actually be removed completely by
applying the field redefinition®

@ Ao = Ao+ mAAIX) — nA(ADA) + pATH A Ae,  [m]=[n]=[p] =4, (2.26)
under which kinetic terms transform as
INIAHIADA s IMNIA+HIADA+ 2i(m—p)(/\(‘35:)2 —2i(m—p) ADA)2+ipA2AOA—ipA> AT
—2i(n—n—p+p) AIN) (AP +total derivatives+O(\°%). (2.27)

We see that there are enough parameters in (2.27) to cancel all four-fermion terms except
for 9,,(A2)0*(A\?) which is thus the only physical dimension-8 contribution to the Volkov-
Akulov Lagrangian. Under field redefinition ), other terms in the Lagrangian generate
dimension-12 terms of the form 0?X*F2, or terms with dimension higher than 12.

Field redefinition @. The first term in the third line of (2.25) is proportional to the
equation of motion of a free gauge boson and thus can be eliminated. This is realized by
using the field redefinition of the gauge boson

. A 2
@D uy — uy + fiNoPAE,,,  f= %, [f] = -4, (2.28)

or equivalently the field redefinition of the gauge field strength

Fus = B +2f0), (iA0?AF,), ) (2.29)

3Field redefinitions in the form of (2.26) were used in [9] to demonstrate in components the on-shell
equivalence of different goldstino Lagrangians.



Under this redefinition the gauge boson kinetic term becomes

F? ) F2 — 4fiXaP NF, ,0, F" + - -, (2.30)

and thus the second term cancels with the first term in the third line of (2.25). The field
redefinition (2.28) also acts on other terms

Ft Py FY 4+ 2fi " \F20,(FF) + - - -, (2.31)
(FF)? ) (FF)? 4 2fiAa" \F20,(FF) — 8fi0,(\a" \) FMP F,, FF + - - . (2.32)

Hence after applying the field redefinitions Q) and @, the Lagrangian further reduces to

_ _ - C _
Lsppierr — A (1 + R2AIA + HQi)\a)\) n (A/# +4BB2R? + 2b/§2> A(N2)3,(32)

~ 2 —
+2Br? (F? + k2(FF)? = k2F1) + <8Bm2 = g;l) 2N OAE,, FVP + c.c.

Aa®> C - C L
+ <QBK,2 + Ta, - 2a,> KZIAINF? + c.c. — Ta/f%')\@)\FF +c.c.

— 16 BK%iNG"O,NF,, F*PF? + c.c.
+8Bb kNN (B F? + FuF2 = B FF — Fu FF) + cc.

+ (4Ba* + 8Bf) k*\c*N\F20,(FF) — 16 f Bk*i0, (\o*\)F"PF,, FF + - - - .
(2.33)

Field redefinition (. The dimension-10 terms in the fifth line of (2.33) arrange in such
a way that they are eliminated through the field redefinition
v 2 - 4Bb ,
® Ao = Ao+ ("N ah (F,WF _ FWFF> . h=—i——k’e€iR  [h]=—6.
(2.34)
Indeed, just like (2.12), one can replace F},, with F,, in (2.34), due to the identity 0”7 =
LePg,,,. The goldstino kinetic terms transform under (2.34) as

NI + IADA oo A IADA = 2 (ihA00" X — ih" Ao ) (Fiu F? — Fu FF )
= 2 (A" A + ihd* A¥ A) (B F? = Fu FF), (2.35)

and cancel exactly with the dimension-10 terms of (2.33). Acting (2.34) on other terms in
the Lagrangian, we only get dimension-14 or dimension-16 terms.
Therefore, no dimension-10 operator survives in the physical on-shell Lagrangian.

Field redefinition . We are still left with the dimension-8 terms of the form AJAF F
and A@A\F? in the third line of (2.33). The first can be eliminated through the field

redefinition
_ Ca

Y% R
84 ©

©® Mo —= Mo+ AFF, ¢ . =4, (2.36)

~10 -



which acts on the fermion kinetic terms as
IAIA + c.c. (2—36>) INIA — ciAa# ND,(FF) — ic2\o*0,(AFF)FF + c.c.
= iIAIA + 26INJANFF +cc.+ -, (2.37)

and thus eliminates the dimension-8 terms containing AJAFF. The field redefinition (2.36)
also acts on other terms as

INTHONE,, F7P + c.c. Py INTHONE,, FYP — icAat A, (FF)F,,F* +c.c. +--- (2.38)
2.36
= I OpNE, FP + icOy, (\o* ) FF F,,F*"

+ %AUHXFQaM(FF) oot

INIAF? + c.c. s ININF? — icAa" AF29,(FF) + c.c. + -+, (2.39)
.36
INIMNFFE + c.c. (ﬁ) INANFF +cc.+--- . (2.40)

To get to the last line of (2.38) we integrated by part, used Bianchi identities of F', as well
as its antisymmetry.

Field redefinition (7). The other dimension-8 operator AAF? can be eliminated by the
following field redefinition

@D Ao = Aat+erF? e=-——k'- "+ cR, [e] = —4. (2.41)
Indeed for e € R, the fermion kinetic terms transform as
AN+ iIADA e IANIN + AN + 2e(IAIA + IADN) F? + [ie* Aot 8, (AF2)F? 4 c.c.]
= iIADA + IADA + 2e(iIAIA + iGN F2 + -+ | (2.42)

and implements the desired cancellation. The dimension-8 term itself transforms un-
der (2.41) as

INHONF FYP + c.c. ) INTHOPNE, FYP + 2eiA\o* OpAF,, FYPF? + cc. + -+ . (2.43)
2.41

Therefore, under combined field redefinitions @), @ and @ in the Lagrangian (2.33), we
arrive at

LSpBILF1 — A+ ARZ(IAIA+IAIN) + <A54+4Bb2/£2+§b112> (A2 (N?)

~ 2 — —
+2Bk? (F2+/¢2(FF)2 —/€2F4) + <8B/—£2 - gA> K2 (iAd" OpA—i0pATHN) Fpy FVP
CQ

2B 2 _ -
- <16B/<a4+ <8B/<;2— 8A) <A52+a2 —Sj)) K2 (IAGH DA =0\ N) Fyy FVP F?

+ONFO)+0O(\F?). (2.44)
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Rescaling and final on-shell Lagrangian. We see that most of the dimension-12 terms
cancelled in the Lagrangian (2.44). Kinetic terms can be brought to standard normaliza-
tions through the following rescaling

- A\
F2
2 —
F = g (2.46)

Using expressions (2.12), (2.17) for a, b and (2.11) for A, B and C and defining the new

constant w

2 K2

V1 + 16¢%k2€2°

we can rewrite the Lagrangian (2.44) in a much simpler way*

(2.47)

R

1 K2 1 o i2 9\ (32

LSpBI4+F1 = T8 I+ =)~ 2—92(2)\@/\ +iAN) — 7 (A7) (N?)
F? g2 ~o a4\ 2R? < - ,
~ 11 ((PFy? = F1) - o (A0A = i0,A3) Fu F

=4
+ 6:2 (iAd"Op\ — i0,A0"X) Fy FYPF? 4 O (AOX)?F?) + O(dim 14). (2.48)

Below are a few comments on the dimension-8 operators present in (2.48). The four-fermion
term in the first line corresponds to the expansion of the Volkov-Akulov (VA) action with
the redefined decay constant &. The F* in the second line corresponds to the expansion of
the bosonic DBI action with the same redefined tension. The two-fermion two-boson term
in the second line is a consequence of the low energy theorem for the goldstino coupling
to matter which to leading order is given by (i)\au&,x - i@,,)\auX) TH”. Here, the stress-
energy tensor of the bosonic DBI action is T = F“)‘F”A — %77’“’F2 + ---. The trace part
n* F? vanishes on-shell, hence to leading order we are left with the dimension-8 operator
at the end of the second line in (2.48). The dimension-12 term in the third line can also be
explained in a similar way. Nevertheless, the relative coefficient between the bosonic DBI
action and the fermionic terms, as well as the value of & cannot be obtained from the low
energy theorem.
To summarize, by applying the following series of field redefinitions on (2.1),

1

A ooebo \| 2442 <Aa +ia(0™ Ao Fuy + mAa(AIA) — nda(ADA) + A" A0

+ AGFF 4 eAaF? + h(c" \)q (FW F2 _ FWFF) > ., (2.49)
1 - .
U,u (2—@> —m <U’N —+ b)\O'M)\ + f)\O'p)\Fup) y (250)

we arrive at the low energy on-shell Lagragian (2.48).

4Changing the sign of the first term “1” in (2.1) and thus in the definition of A in (2.11), following ref. [7],
one gets the same on-shell action up to the order we consider, appart from the cosmological constant term
which has no role in global supersymmetry. However, in the limit £ = 0 the field redefinitions (2.34)
and (2.41) become singular because A vanishes.
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The on-shell Lagrangian (2.48) has the same functional form whenever the FI param-
eter £ is zero or not, except for the trivial constant piece. It follows that the FI parameter
& enters the on-shell Lagrangian only through the renormalization of the coupling constant
k. This suggests that (2.1) is on-shell equivalent to

1 I 1 - —
SDBI+FI = T 8k2g2 <1 - K2> T det A <1 + \/1 + 4R2F? + 4/@4(}"}")2>

1 52 1 B
= 8uZg? <1 - R2> 87 det A (1 + \/— det (77;w + 2\/§/<J:W)> . (2.51)

It is easy to verify that by setting A = 0 and thus det A = 1, (2.51) agrees with the
bosonic truncation of the SDBI+FI model (2.1). In the purely fermionic case F' = 0, (2.51)
is reduced to the VA action. This is also consistent with the well-known fact that the
VA action provides the low energy description of the supersymmetry breaking. Together
with our explicit computations, the above results provide strong evidence that (2.51) is
equivalent to (2.1) on-shell. So the standard FI term plays a trivial role in the SDBI action
by just redefining the coupling constant.

3 SDBI action with induced FI term from ~ deformation

In the previous section, we started with the non-linear supersymmetry representation of
SDBI4FI model derived in [7], considered its low energy expansion and obtained the on-
shell physical Lagrangian with both bosons and fermions up to order of dimension 12 (the
latter operators involving two gauginos). The non-linear supersymmetry formalism makes
the non-linear supersymmetry of SDBI action explicit. However, the linear supersymmetry
is obscure and rather invisible.

In this section, we start with the linear supersymmetry representation of SDBI action
or its generalization SDBI++, 6 with manifest NV = 1 supersymmetry, and then compute
the on-shell physical Lagrangian by means of field redefinitions. The final result of our
computations confirms what we obtained in the previous section based on non-linear su-
persymmetry formalism.

Below, in section 3.1, we first review briefly the construction of SDBI++y, # action and
discuss how to recover the SDBI+FI as a particular limit. Then, we expand the action up
to operators of dimension 10 (included) in section 3.2 and compute the on-shell physical
Lagrangians of SDBI+, # and SDBI+FI through field redefinitions in section 3.3.

3.1 SDBI +~,80 action from a non-linear constraint

The SDBI action or its generalization SDBI++, 6§ can be obtained from the NV = 2 vector
multiplet W, which consists of a vector multiplet W and a chiral multiplet X in N/ = 1
language. By deforming the N' = 2 vector multiplet and imposing the nilpotent constraint
W2 =0, the N' = 2 supersymmetry is partially broken to A” = 1 and the resulting model
leads to the SDBI or SDBI++, 6 actions. For detailed construction, see [2, 3, 5].
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The constraint W? = 0 can be solved [1]

X = kW2 - k3D W ] : (3.1)
1+ A+V1+24-B2
Here W, is the usual /' = 1 gauge field strength superfield contained in W
Wo = —idg + 0aD — i(0"0) 0 F + 00(PN)q. (3.2)
It is used to define two superfields
A= (Dwr D) =4, B=i (DWR-D) =B, (33

The SDBI action is then given by the F auxiliary field of X which is invariant under
both supersymmetries (up to a total derivative), since any power of W vanishes by the
nilpotent constraint.

1 1 0
=—1 20X ) = 20X +c.c. | —i /2 —c.c.
Lspar 87mm<7‘/d9) 492/€</d«9 +cc> Z327r2/£< d0X —c.c. |,

(3.4)

where

471 0
? + o (3.5)

Using the constraint solution (3.1), the chiral half-superspace integral of X reads

2*2
1/d29X:/d20 W? - x2D° W
p 1+ A+vV1+24- B2

2—2
= / d2OW? + 4k / d*0d*0 ww
1—|—A—|—\/1+2A—82

2772
- /d29W2 + % /d29d29’ W (1+A-VI+24-82) (3.6)

where we used the definition (3.3).
For our computational convenience, we introduce the following chiral superfield ® and
real superfield M

2
@E%, M=14+A-\V14+24-8B2, Ds®=0, M=M. (3.7
D°'W

The SDBI action can then be written as

ESDBI—@ oW +492/d0W +W/d0¢¢M. (3.8)

As shown in [5], its pure bosonic part, i.e. with A = X\ = 0, after elimination of the D
auxiliary field, is written as

1 iOFF 1 62 g4~ 22 \/
Lhosonic = - 1+ =L = det (g + 2V2RE )
bosonic 7 g 1252 * 3272 (8v2Kk2 +1)  8¢g%kk + 84 et (1w + 225 E

(3.9)
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where

~9 52

= . 3.10
" T 82R2 (3.10)

To prepare for the next subsection, we write down the free Maxwell piece of (3.8) explicitly
2

L= 4;2 (02 n 52) - 2;2 (zm - NQM) - f;g t353

(iFF—i—i(DQ - DZ)) . (3.11)

where D = d + 77y is complex.

The model obtained above with three deformation parameters will be referred to as
SDBI+~, 8 model. The SDBI+FI model we discussed in the previous section arises by
setting the deformation parameter v = 0, and adding the standard FI term & [ d*0V x &d
to (3.4) and (3.8). Actually SDBI+FI can be obtained from SDBI++,6. The last term
in (3.11) contains i9(52 — D?) ~ v0d which is the standard FI term ¢d with

O~
82712

£=— (3.12)

Moreover, in the limit v — 0, the non-linear third term in (3.8) reduces to the one in the
standard SDBI. Hence we conclude that SDBI+FI Lagrangian can be obtained from the
SDBI+7, 6 one by taking the double scaling limit:

v —0

70 = —82r%¢  fixed.
(3.13)

Of course, this limit is ill-defined at the non-perturbative level, since 6 goes to infinity.

L3DBI4++,6 — LspBI+F1 + total derivative, when {

3.2 Component expansion

We would like to find the physical on-shell action of (3.8) including both bosonic and
fermionic contributions, by performing a low energy perturbative expansion in mass di-
mension. The non-linear interacting piece in (3.8) is

/d49 DIM = OB, Mlyggy + OB, Mlggz + -+ + OBy Mlp.  (3.14)

The relevant superfield expansions are shown in appendix B.2. In the following equa-
tions, we expand explicitly the various contributions of the superfield multiplication shown
in (3.14) and keep terms up to dimension 10.> Explicitly, the important terms read (we
use ~ symbol to indicate that equalities hold up to dimension-10 terms included or to-

5As we will see below, the D auxiliary field can be expanded as D = Do+ D4+ - - -, where Dy is constant,
D4 has dimension 4, etc. Hence the various terms in 0,D have dimensions at least 5.
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tal derivatives)

D[, M|gygs~0, (3.15)
DB ; Mg ~ HAAON = <1 - 1*%“) - Zgj; A2 AG®O, N OFFly, (3.16)
PP 5, M\%N% <1—1+8i\/§6h) +#R (AIN)?, (3.17)
98] Migg~ 200 [0, (6407 -0) (1 1)+, (£1-4D74.0%) S

T+ AIN) (ADN), (3.18)
BB| 15 M|y~ 2 fo;" <1+1;+22) [1—”53%2‘“—2&25_ <é+8m2d”2_j4;4d272>

_2,#&% N0 <1_ 1*%‘”) + 455 N2XG 9N Fy

F L AIN) ODA) +#:1(AIN)2, (3.19)
08|y My~ (14038 —2)~VZ) |3y 00 (1420 ) 4 S 0D

+32D12526H(A2)a~(x2)] _? Sg‘”g’ <5+ (1-—) +&- 8252;” >

_ % <53 <é+ 6453?) - Zgiﬁwag_ 8;’??) ,

+HETAIN) MDA +#61 (AIN) P +c.c.. (3.20)

The (anti-)self-dual tensors F'* are defined in (A.4) while 1, £+, and Z are introduced
in (B.6), (B.14) and (B.18). In particular, Z is given by

Z = (1+8k%*)(1 — 8k%d?) = 1 — 8x? (d* — +*) — (8K%dr)*. (3.21)

In (3.20) the final c.c. symbol refers to complex conjugation of the whole right-hand side,
even if some terms are real by themselves. We show (3.20) in this form to stress the fact
that this term is real. In equations (3.15) to (3.20), we put # in front of four-gaugino
terms to indicate that the corresponding coefficients can be calculated but their specific
values are not important. As we explain later, these terms can be eliminated in the end
by a field redefinition.

~16 —



Collecting all the above terms, the SDBI Lagrangian (3.8) can be expanded up to
dimension 10 as®

1 2k2dry K2 F*
Lspiiiy0= g3z (1—\/Z)+32 _(iFF447d)— 2f+ iFE e
2 2 d4’dy  RA(FF)’ (1 64r*d’y’\ a5 1
ik’FFF PIVE 4 <\/§+Z\/§ (iAdA+c.c.) 7 VZ
WPy (o 148ik’dy 1 ( 202 oy )
+2g2D2 <1 NG —}—4%252 1—4r“(d*—v*)—VZ) | +c.c.

HAIX)ADA) —#AIN)? —#(APN)

(NN | 1 14+-8ik2dy 2,2 92
+ ) e (1 ) et o QDQD (1—4/{ (d —7)—\72)

P  148ikdy | o 1
+ 3007 [(1 — ) o T2 FR

" 64k d?~v* —8ir2dry o2 2 148ik2dy
ZVZ YAV

1 ~ 2 71—87:16261’7 2y _
+= <FF+F)<1 T . (1 4k2(d% —~?) ﬁ)ﬂﬂ:,c.

— ~ 452 2
K’ <MAFF <é+64;dﬁ”> —AD L DINFE+F) D ) tee.

9 ipottp (1 20022y oty _1-8k%d?
49252D2(D 5 ) 0ud (1= 453 =% ~VZ ) c.c. gQDzDﬂaud<1 = >

+total derivatives+O(dim 12), (3.22)

775

where each c.c. symbol indicates now complex conjugation of the first preceding term.
Again, # coefficients in front of the four-fermion dimension-8 terms are not important
since these terms can be removed through field redefinitions, as explained later.

3.3 Physical action with v deformation and 6 angle

In this subsection we compute the physical (on-shell) SDBI++, § Lagrangian out of the off-
shell one in (3.22). It is clear from (B.19) that when (D) # 0 the SDBI Lagrangian (3.22)
contains dimension-6 terms. As explained in section 2.2, these terms are unphysical and
can be eliminated by means of a field redefinition. This field redefinition generates also
extra higher dimensional operators when acting on other terms in the Lagrangian.

Below, we proceed as follows. We first solve the equation of motion of D and use it to
obtain the D-solved Lagrangian. Since the Lagrangian is too complicated, we only show
explicitly the dimension-6 terms and the gaugino kinetic terms. Then we demonstrate how
to eliminate the dimension-6 terms through field redefinition and write down the D-solved
Lagrangian without dimension-6 terms. After discussing the elimination of some other
unphysical terms, we finally obtain the physical on-shell action of SDBI+~, # Lagrangian
up to dimension 10 (included).

5Note that the dimension-8 and dimension-10 contributions of the form )\25\|:|5\, A25\6ab8”5\8MFab present
in (3.16) and (3.19) cancel each other in the Lagrangian (3.22) (and so do their complex conjugates).
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Solving the D auxiliary field. In the presence of v deformation the D auxiliary field
splits into its dynamic part d and deformed part 7 [5]. As already mentioned, it is no more
real and we get

D=d+iy, D=d—iy. (3.23)

We expand D in terms of increasing dimensions and solve for the first two terms through
Euler-Lagrange equations applied in (3.22). The solution reads

DEDO+D4+--', D0:d0+i’y,
do— 190
2v/2,/874 + 2k2(g40% 4 647%)’
2irk2yFF 2K2F2 1+ 8k2y2 4+ 2V 7

+ 8k2(dy — i7) (IADX + iADN),

=— +
4 1+8k292 " V1 1+ 8x242 (14 8K242 +/Zp)?

87'('4(]. + 8/@2’}/2)2

.24
v2k2g%02 + 874 (1 + 8k242)’ (3.24)

Zy = (1 — 8k2d3)(1 + 8K2+?) =

where Zj is the lowest term in the expansion of Z defined in (3.21).

We then plug the above solutions for Dy and D4 back into (3.22). Especially, the
0ud factor in (3.22) can be replaced with d,D4 at dimension-10 order. One can further
integrate by parts to transfer the derivative in 0,D4 to other factors. The resulting terms
with bare Dy can be combined with other terms in the Lagrangian. We do not show the

whole D-solved Lagrangian but rather present it in schematic form
£0-sotved = Loosonic + L1 (M ADA) + Lo (\"0” Fyu, A0 F, )
+ Ly (A(?JXFQ, DN AF2 \IAFF, 9\ NFF, Aaﬂa”FWFP,,> (3.25)
+ L1o (A0 Fyu F?, A0 Fuy FF G0 By F? A"y FF) -

In the above schematic Lagrangian we indicated the dimension of each term by a sub-
script, and showed each field dependence (in linearly independent operators up to to-
tal derivatives).
The dimension-4 term £4 contains the gaugino kinetic terms
iIAIN  iAJADoDy 1+8ir2dgry 1 9 5 9
Ly=— + 1— +—— (1—4/-@ (dg—~ )—\/Z()) +c.c.
20°\/Zy 29D} VZ 42D’ ’
1+8k252 N4
=— iAIA+c.c.+total derivatives, 3.26
9V Zo(1+8K2++/Zy) (3.26)

while Lg can be obtained by inserting the expression (B.19) into the third line of (3.22),
replacing D — Dg and keeping only the dimension-6 operators

. 7 . 2
Ls = Mhddd3 ¢$¢‘6 <[_)(2) <1 _ L4 Bindy d7> + ! (1 — 4k*(d5 — ~*) — \/Z>O)> +c.c.

a 2g2Dng V2o 4r?
—4k2(1 + 8k24?) _ - - _
= 2D AP O ANETY  — 2Dg A O, ANF ", — DogAd* NV F,
92 /20(1—1-8,%2’}/24- /Z0)2 < 0T M 0A0 1% 0N M)
+cc.+---. (3.27)
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Eliminating dimension-6 terms. The dimension-6 part Lg shown in (3.27) can be
completely eliminated through the field redefinition

4K2 —
A= A+ ac™AF,, a=—i Do. 3.28
“ o @ g 8Kk272 + V72 (3:28)

Under (3.28) the gaugino kinetic term transforms as

IAIN + c.c. o INIX — 2iaNa” O"NFT,, — 2¢aAo—”aﬂ5\F* - ia)\a“;\al’Fw
4 2iaa\d*INFPEY + M(}MFQ +ec +- (3.29)

and the last three terms in the first line indeed cancel the dimension-6 operator Lg of (3.27).
The field redefinition (3.28) also acts on operators present in L and Lg as follows

N ONF P s N DNF F 4 (52" X(Fyp— F ) FF+-c.c.) (3.30)
—i%0,(\ N F F2 i ((§45) Ao 0 A= G0 AT A) Fu P
INIAF? a INIAF? —i(a+a) Aot O \F,, F? —i(a—a) A\ " NF,,F*>+---, (3.31)
z)\@)\FF(—>)z)\<?)\FF—Z(a+a) "0 \F,, F F—i(a—a)\a" 0" \F,, FF+---

(3.32)

At NE,, e ATHOYNE 1+ TAINF F+ SAINF? + (aAa" O NF,, FP +c.c.)
+ <%)\0“8”5\(FWF2 —F, ,FF+F,,FF—F,,F?) —l—c.c.) +e, (3.33)

a+a

AHOYAF,, (—>)/\a“8”)\F,,M+ AINFF — (aXa"O,\F,,F* —c.c.)

+ (%Aguauﬂ(ﬂufﬂ ~F,,FF+F,,FF—F,,F?) _C'C_) e, (3.34)

9

where various identities in appendix appendix A are used and “---” indicate either total

derivatives, terms with dimension higher than 10, or dimension-10 terms proportional to

the free equations of motion.”

Eliminating terms containing four fermions. We also remark that under the field re-
definition (3.28) the four-gaugino dimension-8 terms indicated with # coefficients in (B.19)
transform as

(AIN)? — o (ADN)? + H#AINNONF? + -+ - | (3.35)
(ADA)? s ADA)? + HADANNONE” + - -+, (3.36)
(AIN)(APN) o AIN)ADA) + HAIXNONF? + HXDNNONF” + -+ - | (3.37)

where “AONE” schematically denotes a sum of various contractions containing one field
strength, two fermions and one derivative. Their specific form is not important but the

"As we explained at the beginning of section 2.2, these terms can be eliminated by means of field
redefinition without introducing extra terms at this order.

~19 —



crucial point is that all these terms are proportional to the equation of a free fermion and
thus can be eliminated.

As we did in section 2, the pure four-fermion terms of dimension 8 in (3.35), (3.36),
(3.37) can be eliminated through the field redefinition (2.26)

Aa = Aa + MAGAIA) + nAa (O ATHN) + pATH Ay Aa (3.38)

with constant coefficients m,n,p, under which the free fermion kinetic terms transform
as (2.27). It is easy to check that the above four-fermion terms can be eliminated com-
pletely with appropriate constants m,n,p. Since the dimension-6 terms are eliminated
through (3.28), acting (3.38) on the remaining terms in the Lagrangian can only generate
terms with dimension strictly higher than 10 which we do not consider.

The field redefinition (3.28) also generates four fermion and one gauge boson mixed
terms with dimension 10 in (3.35), (3.36), (3.37). Since they are proportional to
the equation of free fermion, they can be eliminated through the following schematic
field redefinition

Ao = Aa + JAa “NOAF” . (3.39)

Acting on the free fermion kinetic term, we have
AP s AIX + GAINAONF? + FAPNNONE” + -+ - (3.40)

which indeed allows us to remove the dimension-10 terms in (3.35), (3.36), (3.37) with
appropriate tensor structures and coefficients. In particular, no other dimension-10 terms
would be generated due to this field redefinition (3.39).

To conclude, the four fermion terms in (3.22) with unspecified coefficients can be
completely eliminated at this order without introducing extra terms. The only leftover
four fermion operator of dimension 8 is the one written in the fifth line that corresponds
to the expansion of the VA action.

D-solved Lagrangian after eliminating dimension-6 operators and non Voklkov-
Akulov 4-fermion terms. The field redefinition (3.28) used to eliminate Lg also acts
on other terms as we see from (3.29) to (3.34). Collecting all these terms, we arrive at

~\ 2
~ 4
¢ ! 148927 OFF  F? N F —(FF)

SDBI+~,0 — 8g2K2 /Zo 32m2(1+8k272)  4g2V/Zo | 4g2(1+8k272)VZo

IV 5 457 (14-81%72)
(iAdA+c.c.) Pz (LB 7

14-8x%42
9*VZo(1+8v2++/Z)

—(iXa? D, A—id, NP N\)F", P,

— 9 (NH)O*(N?)
45>
9V Zo (1+8k2y2+v/2)
K N AT T 257
—IAQANFF
9*VZo (148627 +1/Z) A9 9*VZo (1+48k2y2+v/Z0)
4 2.2 . 4 2_2\2
16K doy(1+8k%v%) i —)\aAFF 16doys* (14-8K242)
9V (148:72+/20) 92V Zo (1+8K272++/Z0)

472 vy ~ ~ ~
Wl 200 (P FF 4 FuFE—F F? ~ FuF?) et
(3.41)

+IAINE? +c.c.

—\JNF? < +c.c.

gzDo\/ Zo(1+81€2’}/2+\/ Z())2

—90 —



where here c.c. indicate complex conjugation of entire lines. Several terms in the La-
grangian (3.41) still remain to be eliminated.

Eliminating dimension-8 and dimension-10 terms. The dimension-10 operators in
the last line of (3.41) can be eliminated through the field redefinition

4kt d2
Do(1 + 8242 + VZo)’

Moo = Aa+ W0 Ao (FuF? = FuFF),  h=—i (3.42)
which is the analog to (2.34) used in section 2.2. The fermion kinetic terms transform as
in (2.35) and cancel the dimension-10 operators.
Dimension-8 terms in the fourth and fifth line of (3.41) can also be eliminated by field
redefinitions
Ao = Ao +DAaF2 Ao = Ao + AFF, (3.43)

with appropriate b, c coefficients. This is again analog to the field redefinitions (2.36)
and (2.41) in section 2.2. Acting (3.43) on fermion kinetic terms eliminates the above
dimension-8 operators. Additional terms generated by the field redefinitions (3.42)
and (3.43) have dimension at least 12. The leftover dimension-8 operators containing two
gauginos and two gauge bosons are those of the third line and correspond to the standard
goldstino coupling to the energy momentum tensor, foretold by the low energy theorems.

Therefore, we can discard the last three lines of (3.41) by using (3.42) and (3.43), and
the physical on-shell Lagrangian contains only the first three lines of (3.41).

Rescaling and final result. Finally we rescale the fields to obtain canonical kinetic
terms

- NZy(1+8:* + V) -
A A 3.44
- 201 + 81277 ; (3.44)

Fo — Zy/*F,,. (3.45)

Applying this to the first three lines of (3.41), we finally arrive at the following on-shell

Lagrangian
1 K2 WFFR2  F?2 g2 72 N2
c - (1-E)+E2=28 —F4——(FF>
SDBI++,0 8922 ( R2> + 390252 g2 + 12 1
AN i 2\ m ()2 2'%2'/)" PY\EFY M
- 357 (iAIA + c.c.) — gﬁaﬂ(A JOH(N?) + 2 (iAcPO, A — i, AP A) ", F*,

+ O(dim 12), (3.46)

where we defined

R° =K = .
1+8:%2 |\ /87i(1 + 8k292) + g'12K202

(3.47)

This perturbative low energy expansion agrees with (2.48), up to an additive constant
which plays no role in global supersymmetry.
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After dropping the total derivative term OFF, it is easy to see that this expansion
agrees on-shell with the low energy expansion of the action

1 K2 1 -
T <1 + R2> - 577 detA(l + \/— det (1 + 2\/51-;@”)) . (3.48)

One can also compare this action with the bosonic truncation given in (3.9) which can be
rewritten as follows

Liosonic = 8921/432 — 8921/%2\/_ det (nlﬂ’ + 2\/§RF“1,) , (3.49)
where we have rescaled I as F),, — Zé/ ‘F w and dropped the total derivative term 6F F.
It is obvious that (3.49) indeed agrees with the bosonic truncation of (3.48) by setting
A = 0 and thus det A = 1. Instead, in the pure fermionic case F' = 0, (3.48) becomes the
VA action, in agreement with the well-known fact that the VA action is the low energy
description of spontaneous supersymmetry breaking. Considering our explicit low energy
expansion up to dimension 10 as well as the above limits, we conclude that (3.48) is indeed
on-shell equivalent to the original SDBI++, 6 action.

To study the SDBI+FI model, we can consider the double scaling limit v — 0 with
70 = —8v/27%¢ fixed, as explained in (3.13). In this limit, the value of % in (3.47) gives the
value in (2.47). Hence the result (3.48) also agrees with the explicit computation (2.51)
in the last section based on the non-linear formalism. Therefore, this also provides a
non-trivial test of the non-linear supersymmetric formalism of [7].

4 Summary and outlook

In this work, we have studied the on-shell SDBI action implemented with either a standard
FI term or an induced FI term through a v supersymmetry deformation in the presence
of a f-angle. We have computed its low-energy expansion up to mass dimension-12 terms.
We argued that the result up to dimension-8 operators can be guessed by non-linear su-
persymmetry and its low energy theorem, and thus that the first non-trivial computation
starts for operators of dimension 10. We have shown that these operators vanish on-shell
and can be eliminated by field redefinitions, while the operators of dimension 12 involving
up to two gauginos are reduced to those dictated by the low-energy theorem.

Our result suggests that in either case, the deformation or the FI parameter only
renormalize the couplings (without changing the form) of the physical on-shell standard
SDBI action. Based on the bosonic truncation, it was argued that the deformation or the
FI parameters in SDBI action do not break the supersymmetry completely; instead they
rotate the remaining residual supersymmetry. Considering the nature of the SDBI action
realizing partial supersymmetry breaking with both linear and non-linear supersymmetry,
it is not surprising to see the trivial role of the deformation or the FI parameter on-shell. On
the other hand, the rotation modifies the field transformations of the linear supersymmetry
in a non-linear way (although without constant in the gaugino transformation) that makes
the result non-trivial.
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Obviously, the rotation argument breaks down in the presence of another (referent)
SDBI action and supersymmetry breaking should occur in this system. An interesting
question remains, whether there is a deformation of the SDBI action that breaks spon-
taneously the linear supersymmetry and its coupling to supergravity. A related question
concerns the effective field theory of branes in string (or M) theory in the presence or not
of supersymmetry breaking.
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A Conventions and useful identities

We use conventions of [14] for spinors. We list some properties of Pauli o-matrices as

follows:
ot = %(a“&”—a”&“), otg"+ovct ==-20" —  olg"=—-n""+20", (A1)
Tr(o" o) = _%(nupnw —HIP) — %euww, (A.2)
ool = % (ntPo” —n"Pot +ieP o), ato?P = —% (el —ntPe? +ie'?a.,) . (A.3)

We define the dual F7” of the antisymmetric field-strength tensor F v and the associ-
ated self-dual or anti-self dual tensors as follows

~ 7 F, v + F v _ F v F, v
FP — QG’YPNVFMW F;; — %’ F,, = % (A.4)
The above tensors satisfy the following properties
[ TPV 1 v v v n
FUPY = —onfF? — FLP™, F?=F"F, =F>, (A.5)
1~ ~ 1 ~ 1 -
FHPFpaFau = ZF#VFF _ §FWF27 FuaFaV = Zm“/FF , (A.G)
FHup= = P por = % (F*;Fp” - F#pﬁf’“) = %W,FQ + %F’;F"”. (A.7)
From (A.3) and (A.4) we derive the useful identities
ot5"PF,, = —2F " ", F,,0"Pct = 2F*H oV, (A.8)
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We also present here useful spinor conventions and algebra used for our calculation:

A.13

PX = Y0 = —Xa¥™ = X o =X, P = Py, (A.9)
xotp = —paty,  (xa"P)" =votx,  xoMp = -y,  (xo"P)* =y,
(A.10)
1 apB 1 af = — 1 —~— 70'17/3} 1 O.[B,,
bublp = Geapbl, 6707 = —2c000,  Buby = —ge,q00,  0°07 =200, (A1)
Ya = (0" Na = x*=—(Ad"™)*, x*=("N)% Ya=—-(A")s, (A.12)
(A.13)

1 1
Oy p = —590 Vo, X on = ) Yot'¢ xo,n  (Fierz identity) .

B Some computational details

B.1 Derivation of (2.4)

The extra term in the second line of (2.1), containing the gauge potential w,,, arises from
the FI term. To make gauge invariance manifest, we rewrite it in terms of the field-strength
F,,, as we describe below. Using the following property of determinant

Eabcd(14—1) I/(A—l)

a

PLATH A, =P det AT, (B.1)

[

the second line of (2.1) can be written as

PON(A™Y) [y =idet A €77 det AMAS 9, oedpAuy,
=ie" " AS D, \TeOpAuy, . (B.2)

idet Ae®[(AY) Y, Nop[(A7Y)

[

This can be further simplified by using several integrations by parts and Fierz identi-
ties (A.13)

ie” P AL OV)\aeﬁpj\u” = ie’”’p“(55—1—@'/42)\068,;\—1'/{2&,)\065\) GV)\ae@p/_\uu

= —ie”’yp”(sf/ )\068,,5\ Oyuy, —imQG"'Vp”(i)\aeavj\—i@v)\ae}))\aeapj\ayuu
— K2V PO, (INTCDpA —iDp AT N) AoeDp\ uy,+total derivative

= L NG, ON oy S K2ET(2) (IX2 8, M0 A—iAO, AN M) Fry
— k2P (=2) (IADy ADy ADYA —iADy A, NI, ) 1wy, +total derivative

= A0, 9\ FP 04 L1270, (A)0,(A2) Fypu+-0-+ total derivative

=—\o,dp\ F1P— 21126”7"“)\28,)(5\2)67FW+t0tal derivative

= —\o,9,\ FP4total derivative. (B.3)

We also repeatedly used relations €7°#0,0, = 0 and €779, A0, A = 0. Once rewritten
as (B.3) it is obvious that the second line of (2.1) is gauge invariant.

— 24 —



B.2 Superfield expansions

We first recall the component expansions of the superfields W, and W?

Wo = —idq + 0aD — i(0"0) 0 F + 00(" 0N (B.4)
W?2 =C +2¢0 + 00E , (B.5)
C =)\, yg=F,(c"\s—iD\g = Vg —iD\g,
2 1 2 ~ . - (B'G)
E=D _i(F + FF) — 2iA)N.
We also use the following chiral and anti-chiral superfield expansions
19 _ _ _
—ZD2W2(y) = E + 2i0p + 6°0C, (B.7)
1 -
—ZD2W2(g) = E + 20y + 0*0C . (B.8)

Then, the chiral superfield ® defined in (3.7) has the following field component expansion,
depending of the chiral coordinates y* = x* + ifo*0,

2
B(y) = DZVW (v) = o) + X(1)0 + 0°G(y), (B.9)
e _ Yo, C@)a ,_ E wdp COC  C(d)
O=1F Xe= om0 97 IF  om T apr om0 B0

We can now compute the component expansion of the real superfield ®®

OB(x) = ¢d + (Y00 + c.c.) + (020G + c.c.) + xOx0 + 05" ($0,p — $9,P)
+ (929 [GX - %a” (XOuo — (9,1)((1))} + c.c.) (B.11)
006 - 0400,6 — N+ {0t x + 10069

Finally, for the real superfields .4 and B defined in (3.3), we have the following com-
ponent expansions

A(z) = ’"”22(1)2w2 + DWW
_ 92 [ (024 0%) + &, +2i (A0%9,(W — iD) + 00, (¥ + DY)
+AA0C + 6900C — i00"00,(E_ + D> — D?)
+0660( — iDA) + 00601 + iDX) + 02§2%D (5; + D2+ DQ)} , (B.12)
B(z) = f”;(D2W2 - DW)
= —2ix? [ <D2 - DZ) + & +2i (050, (¥ — iDA) — 9", (¥ + iDX))

+6A0C — 6601C — 00700, (E4 + D* + D?)

+ 0090(W — D) — 99F0I(T + iDX) + 029’235 (5_ +D? - DQ)} , (B.13)
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where
EL=E+E— (DQiD2). (B.14)

Since the auxiliary fields D and D are not dynamical and should be eliminated at the end,
we can isolate their contribution in the above two real superfields

./4 = Ascalar + A/ == —21432 (D2 + D2> + A/ == —4/€2 (d2 — ’72) + A/, (B15)

B = Buaar + B = —2ir? (02 - DQ) + B = 8k¥dy + B. (B.16)

Then, the superfield M defined in (3.7) can be expanded up to mass dimension 10 (in-
cluded)

M=14+A—-+1+2A4— B2

=1-4r*(d* —7%) + A - \/ 1 — 8k2 (d2 — ~2) — 64K4d242 4+ 24" — 16k2dyB! — B'?

1 _ 2 2 2 I v o
=14’ (& =)+ A = VZ |1+ Z - ——— —
. (2,4/ - B* - 16n2dv8’>2 + (24" = 16x%dvB')° | + O(x°) (B.17)
872 1623 ’ '

where we introduced
Z = (1+8k%y)(1 — 8k%d?) = 1 — 8k? (d* — *) — (8K%dy)>. (B.18)
From (B.6) we can compute explicitly the useful expansion
ibdh = iUPT — DUPA — 9,(D)Uo¥ A + DAJT + iDDAJA
= 2iAd"O,\F,PF,Y + %A&XFZ + DACHON(FY, + F*) + 0" (D)AGH*A(Fyp + F )
— DAd""N(Fy, — F ) — DAGH NG,y + iDDAPA + iDJ,DAcHX. (B.19)
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