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1 Introduction

Effective field theory (EFT) lies at the core of our modern understanding of the fundamental
interactions in nature. EFTs encode the dynamics of the relevant degrees of freedom at the
scales of interest, and enable the systematic exploration of the effects of heavy states via an
infinite set of local operators built out of the light fields. Crucially, the higher the operator’s
dimension, the smaller the departure it introduces from the leading order dynamics, the
latter understood, from this point of view, as a standard quantum field theory. One of
the most elegant quantum field theories is Einstein’s theory of general relativity (GR).
Formulated in 1915, it has survived all experimental tests, both in measurements on Earth
and using precision astrophysical observations at various scales. An important question
is how one can systematically test departures from GR, or even at a more basic level,
what is the set of independent IR departures one could possibly test. Since most of the
probes of GR involve macroscopic distances or very low energies, especially if compared to
(47) Mp), the maximal scale up to which one could envision GR as a good description of
gravitational phenomena, it is natural to work in the language of EFT. A subtle problem is
that of finding a non-redundant operator basis for the EFT, something that is key in order
to properly identify the independent directions in the space of all possible UV completions
of the EFT, i.e. the most general set of physically different deformations of the leading
dynamics. This issue is non-trivial because, in general, seemingly independent operators
can be related by the equations of motion, partial integration and algebraic identities. This
problem however has been recently solved for the EFT of the Standard Model of particle
physics (known as SMEFT) [1, 2], the method relying on Hilbert series and, to a lesser
extent, conformal representation theory.

In this work we extend this solution to account for gravitational interactions, the
primary extra ingredient being the identification of the Weyl tensor (and its symmetrized
and traceless covariant derivatives) as the building block of the EFT. With the method
we develop, we obtain a general and non-redundant set of EFT operators of GR coupled
to the SM to all orders, which we call GRSMEFT. Such an EFT is of intrinsic value per
se, being the true most general parametrization of all the physically distinct low-energy
deviations from the established description of all fundamental interactions known to date,
i.e. the SM dimension-4 Lagrangian and the Einstein-Hilbert term. Besides, one should
recall that it has been known since long that GR is non-renormalizable, meaning quantum
corrections do in fact require higher-dimensional gravitational operators beyond Einstein-
Hilbert, also when matter fields are included. This makes an EFT understanding of the SM
and GR practically unavoidable. Furthermore, an EFT of gravity coupled to matter is of
relevance in the broader context of physics beyond the SM. For instance, higher-dimensional
operators are relevant in inflation or in modified gravity theories (in particular scalar-tensor
theories). As an application in this regard, we construct the operator basis for the EFT
of a shift-symmetric scalar coupled to gravity. Finally, our method can be of potential
use in more formal settings, concerning e.g. renormalization, scattering amplitudes, or as
a systematic connection between UV completions of gravity and low-energy physics.



The paper is structured as follows. In section 2, we first provide a self-contained
review of the Hilbert series method for constructing EFT operator bases, and then apply it
to the Euler-Heisenberg Lagrangian as an illustrative example. In section 3, we extend this
method to gravity, showing how we can use the Weyl tensor to construct gravitational EFT
operators. In section 4, we apply our approach to the pure gravity EFT up to dimension
10 and to the simple case of a shift-symmetric scalar coupled to gravity up to dimension 8.
We comment in passing on known results regarding the renormalization, matching to UV
completions, and positivity/causality constraints on these EFTs. Finally, in section 5, we
develop the EFT of gravity coupled to the SM to all orders, present its explicit form up to
dimension 8 (see also appendix D), and discuss some of its interesting features as well as
phenomenological applications and future directions of investigation [3].

2 Method

Let us first introduce the key facts about the Hilbert series, to then review the main results
of [1, 2] on how the Hilbert series can be used as an efficient tool to find irreducible operator
bases for EFTs.! A reader familiar with these concepts may skip this section.

2.1 Hilbert series

The Hilbert series H(q) is a generating function that counts the number of independent
group invariants that can be built out of a spurion ¢ in a given representation of the group.
It is formally defined as a power series in ¢
[o¢]
Hig) =D ed, (2.1)
r=0

where ¢, denotes the number of invariants involving r spurions, with ¢y = 1 by definition.
By including multiple spurions ¢;, one can construct the multi-graded Hilbert series, which
provides information on the structure of the invariants. In a field theoretical setting, the
spurions stand for field operators ¢; and derivatives D, i.e. the Hilbert series in general has
the form

HDAN) = D Crppmnp 97 0 D", (2.2)

Ty, Tnyk
where ¢, . % now indicates the number of invariants of order k in derivates and order
r; in ¢;. As an explicit example, consider a complex scalar field ¢ charged under a U(1)
symmetry. Any invariant in the scalar potential can be written as a polynomial in the
monomial (¢*¢), with each power appearing exactly once. In this case it is straightfor-
ward to compute the Hilbert series for the scalar potential, which even has a closed form
expression if we formally take the spurions to be small, (¢*¢) < 1,
> 1

H(g, ") = 1+ (6°0) + (") +... = > (¢°¢)" = T—oa (2.3)
r=0

'For a physics oriented introduction to the Hilbert series technique we recommend [4] (see also [5]) . For
a mathematically more rigorous presentation refer to [6, 7].



Obtaining the Hilbert series in this example was simple only because we already knew
the form of the invariants. However, when multiple spurions in different representations
of a group G are involved, it is no longer straightforward to find all the invariants. This
task can be greatly simplified using group characters. The character of a representation
R of a group G is defined as xr(g) = Trr(g) with ¢ € G. Group characters of com-
pact Lie groups are orthonormal w.r.t. the integration over the group’s Haar measure,
Le. [duc(9) xr(9) Xg/(9) = drms- Therefore, taking all possible tensor products of the
spurions, which amounts to multiplying their characters, and projecting them onto the
trivial representation yields all the group invariants. For a bosonic spurion ¢gr in the
representation R, the generating function for the characters of all the symmetric tensor
products is the plethystic exponential (PE) [8, 9]

PElR (3] = 3 s () = ow | Y Lohw)| . 24)
n=0 r=1

where Sym”™(R) is the symmetric tensor product of n representations R and z =
{21, -+ Zrank(q) } are the rank(G) variables parameterizing the group. For a short deriva-
tion of this formula see appendix C. The fermionic plethystic exponential (PEF) [10] is
the counterpart for fermionic spurions, where the antisymmetric tensor product has to be
taken,

e X (_1yr+l
PEF[¢r XR(2)] = D ¢ Xan(R)(2) = exp [Z <1rd)TR xr(2")] - (2.5)
n=0

r=1

In the following our notation will not differentiate between the fermionic and bosonic
version of the PE, as it will be clear from the context which one is meant. For more than
one spurion we define the PE as PE[¢R,...,¢r/| = PE[¢R] - PE[pRr/], where from now
on we omit the characters for the spurions in the argument of the PE to ease the notation.
From the PE one can obtain the Hilbert series by projecting onto the trivial representation
1, with character x1 = 1, and integrating over the group

H(dmo- .. o) = / dji; PE[om - .. o] (2.6)

In the literature this is often referred to as the Molien-Weyl formula (see e.g. [7]). Let
us illustrate how this machinery works by looking at a simple example with a bosonic
spurion ¢9 that transforms in the fundamental representation of SU(2) and its complex
conjugate gz%. SU(2) has rank one and therefore its characters are a function of one complex
variable y. The characters for the fundamental 2 and adjoint 3 representations of SU(2)
are x3(y) = x2(y) = y+1/y and x3(y) = y> +1+1/y? [11], while the SU(2) Haar measure
can be expressed as a contour integral in the complex plane [11]

/dusmz)(y) ! 7{ @(1—1/2)- (2.7)

:Tm =1 Y



Up to O(¢?), the PE for the spurion ¢ is given by

PE[$2] = exp [Z %% Xz(y’")] =1+ x2(y) ¢+ %(Xz(?f) +x2(y)?) ¢* + O(6°)
r=1

=1+ x2(y) ¢+ x3(y)8* + O(¢%), (2.8)

where note that we recover the symmetric part of the SU(2) tensor decomposition 2® 2 =
1,4 ®3g from the characters. The PE for qﬁ% is obtained from eq. (2.8) after the substitution
P2 — gb%. Combining these ingredients and using eq. (2.6), the Hilbert series up to second
order in the fields is given by

H(da,0L) = /dusm)(y) (1+ (92 + 6L ) xa () + (83 + 0L 2 xa(y) + (9205 x2(¥) x2 (y) + ... )
= 14620} +O(¢2,85)%, (2.9)

where only the qﬁng% term survives the integration, since the tensor product contains one
singlet as can be seen from x2(y)x2(y) = x1(y) + x3(y). This result tells us that there
is no invariant at the first order in the fields, and exactly one at the second order. This
may seem trivial, however by continuing the expansion of the PE to higher orders one can
derive the multiplicity and structure of each invariant order by order.

2.2 Hilbert series for EFTs

The main principle for constructing EFTs is to include all Lorentz and gauge invariant
local operators built out of the degrees of freedom accessible at the relevant energy scale.
However, to find an operator basis K = {O;}, i.e. the minimal set of operators that lead to
physically distinct phenomena, is considerably more difficult than just finding all invariants,
since in general redundancies appear among operators, which need to be taken care of. Such
redundancies appear in two ways: (1) operators proportional to the free field equation of
motion (EOM), which can be removed by a field redefinition that leaves the S-matrix
invariant (see e.g. [12, 13]), and (2) operators related by a total derivative, which can be
transformed into each other using integration by parts (IBP). The basic building blocks for
local operators are fields and derivatives acting on them. For example, for a single scalar
field ¢, any local EFT operator can be written as a polynomial in C[¢,d,¢,0,0,¢,..].
Monomials such as 9,0, ¢ have to be understood as the tensor product of two derivatives
acting on the field and therefore still contain a term which is proportional to the free EOM
0?¢ = —m?2¢. These redundant terms (¢ is already a building block) can be avoided by
taking only the symmetrized, traceless combination of the derivatives, which we denote as



Oy 6%}.2 This leads to the single particle module Ry as the basic building block [2]

)
Db
041y Opny @

(2.10)

One could now use the Molien-Weyl formula with each component of the single particle
module as an independent spurion. Using their group characters for the Lorentz represen-
tations and integrating over the Lorentz group, one could project out all scalar operators.>
This would yield an operator basis with the EOM redundancy removed, but the IBP re-
dundancy still present. A procedure which additionally takes care of the IBP redundancy
was first proposed in [2], their main insight the realization that the single particle mod-
ules coincide with unitary conformal representations of free fields. The conformal group
in four dimensions is isomorphic to SO(4,2) ~ SO(6,C) and its representations consist of
a primary operator OJ; and an infinite tower of derivatives acting on it, its descendants.

Schematically, they are of the form

O
00,

2.11
20, (2.11)

Riay) ~

The representations are labeled by the scaling dimension A and the Lorentz representation
I = (l1,13) € SU(2)L x SU(2) g of the primary operator, where I; denotes the 2[; + 1 dimen-
sional representation. For a conformal representation to be unitary its scaling dimension
A has to satisfy a lower bound A; [14]

AZAl:ll‘i’lQ‘i’Z 11?50, l27é07

(2.12)
A>AN =l +1l+1 lily =0.

Conformal representations of free fields saturate the unitarity bound, i.e. A = A; [14-16],
which causes some of its descendants to be absent (avoiding negative-norm descendants).
Such descendants are exactly those that vanish due to the free EOM. This implies that
any local operator can now be constructed by taking tensor products of single particle
modules, i.e. tensor products of unitary conformal representations. These tensor products

2Note that this remains true even if we replace the derivatives by covariant derivatives. Antisymmetric
combinations of covariant derivatives are related to the gauge field strength via [D,, D,] ~ F,. Therefore,
the antisymmetric contributions are already accounted for when constructing operators with F},, and ¢.

3The Lorentz group is not a compact Lie group and therefore its characters are not orthonormal. How-
ever, since we are not interested in dynamics but only want to enumerate the operators, we can work in
Euclidean space, where the Lorentz group SO(4) ~ [SU(2)r ® SU(2)r]/Z2 is compact. In addition, since
we will be considering fermions, we in fact work with the covering group Spin(4).



can in turn be decomposed into irreducible conformal representations O’

®n

O, o
00, o0’
20, = ) 20| (2.13)

O/

The set of all scalar primaries in the tensor product are independent operators with both
the IBP and EOM redundancy removed. Therefore, in order to obtain a basis of operators
for the EFT, one only has to consider all possible tensor products and project out the
scalar [A, (0,0)] representations for all A. The corresponding primaries form the EFT
basis. Using conformal group characters x[ay), the Hilbert series is schematically

H -~ /dﬂconformal Z X[A;(0,0)] PE[{¢a}] : (2‘14)
A

Including the integral over possible gauge groups to project out the gauge invariant opera-
tors and performing the integral associated with the dilatations one obtains the expression
for the Hilbert series* (see [2] for details)

H(D,{¢i}) = Ho(D,{¢:}) + AH(D, {:}) , (2.15)
with Ho(D, {¢i}) given by

Ho(D. (61) = [ ditonnsslo) [ dngws0) iy TIPE[ i | (210

where we denoted the single particle modules by their primaries (i.e. ¢; for Ry,), and recall
that ¢; comes with its character x4, in the PE. The group characters for the single particle
modules are a product of the conformal and gauge group characters

Xo: (D5 2,y) = X(a,,:1:) (D5 %) - Xgauge(y) - (2.17)

Furthermore, AH(D, {¢i}) in eq. (2.15) contains terms of at most scaling dimension 4, and
arises from subtleties regarding the orthonormality of the group characters of conformal
representations saturating the unitarity bound; basically, the absence of descendants of the
form OO and/or 0,,0* (associated with the EOMs). An explicit expression can be found
in [2]. The 1/P(D,x) factor corrects for the IBP redundancy, with P(D,z) being the

momentum generating function that encodes the information about the symmetric tensor
11
272
Lorentz group) and is given by (see appendix C for symmetric tensor products)

products of derivatives (D transforming in the fundamental (5, 5) representation of the

1
 det(i/2,1/2)(1—Dg)

P(D,z) = Z D Xsymd(1/2,1/2) (x) (2.18)

d=0

“Note that eq. (2.16) still holds even if the single particle module is not a unitary conformal rep-
resentation [2]. However, a closed form expression for AH(D,{¢:}) exists only for unitary conformal
representations.



The conformal characters are obtained by tracing over the sum of Lorentz representations
in the single particle module weighted with the corresponding scaling dimensions. For
instance, for a scalar field with primary scaling dimension Ay = 1 for the primary and
single particle module given in eq. (2.10), the conformal character is

X(130,0) (D5 2) = D(1 — D?) Zpd XSym<(1/2,1/2) (r) =D P(D,z)(1 - D?). (2.19)
d=0

The D! factor in eq. (2.19) is due to the scaling dimension of the primary, while each
additional power of D corresponds to a derivative (the subtraction of D? in the parenthesis
is due to Ay = Ap saturating the unitarity bound). Therefore, if each spurion ¢; in
eq. (2.16) is weighted by DA, any occurrence of D in the Hilbert series will be associated
with a derivative. Let us finally note that generically the Hilbert series cannot be computed
in full but only as an expansion following a given grading. A common grading is to use
the mass dimension [¢;] of the operators, i.e. we rescale the spurions ¢; — el®l¢;, D — €D
and expand the Hilbert series in powers of €

H(D,{¢i}ie) = > " Hn(D,{¢:}). (2.20)

n

Explicit expressions for P(D, x) and for the conformal and gauge characters and the inte-
gration measures relevant for this work can be found in appendix A.

We wish to note at this point that the Hilbert series systematically counts the operators
at a given order in fields and derivatives, yet it does not explicitly construct them. While
knowing the number of operators is exceedingly useful for the latter task — in fact in
this paper this will be information enough to construct the operator basis — algorithms to
directly construct the operators are being developed in the context of the S-matrix [17, 18].

2.3 Example: generalized Euler-Heisenberg Lagrangian

Before moving on to gravity, we will apply this formalism to an instructive example, the
generalization of the well-known Euler-Heisenberg Lagrangian, i.e. we construct the most
general EFT for an abelian gauge field.° The basic building block is the gauge invariant
abelian field strength F),,, which satisfies the free EOM

O F" =0. (2.21)

From the Bianchi identity J|F),,) = 0 it also follows that

O*F,, =0. (2.22)

The original Euler-Heisenberg Lagrangian [19] is the EFT for QED at energies much below the electron
mass. The CP symmetry of QED forbids CP breaking terms in the Euler-Heisenberg Lagrangian; here we
extend it by including CP violating operators.



Therefore, the single particle module contains only symmetric and traceless combinations
of derivatives of the field strength tensor [2]

F.

s Fuyo

Rp = (2.23)

a{ma;u Fuyw

The field strength transforms in the reducible (1,0) & (0, 1) representation of the Lorentz
group. We will therefore work with the combinations F,f,,’R = 1(Fu £ iF,,) of the field
strength and its dual F),, = S€uvpe FP7 which live in the (1,0) and (0,1) representations,
respectively. The conformal character associated with FML,,’R is the sum of the characters
for the Lorentz representations of the elements in the single particle module in eq. (2.23),
weighted by the scaling dimension (A, , = 2), i.e. for Flfy

Xp:(1,0(D; ) = D? P(D, z) (x(1.0) (%) — X(1/2.1/2)(x) D + D?) , (2.24)

and the same with x(; 0y(z) replaced by x(o,1)(x) for Fﬁ,. The first term in the paren-
thesis is the Lorentz representation of the conformal primary, i.e. the field strength, with
a tower of symmetrized derivatives generated by P(D,x). The second term subtracts all
the descendants where one derivative is contracted with the field strength, corresponding
to the Lorentz representation 0, FL" ~ (3,1)®4 (1,0) = (3,3). However, this means
that also the term 9,0, F%# ~ (0,0) and derivatives thereof are being subtracted, even
though they vanish due to the antisymmetry of the field strength and thus were never there
from the beginning. For this reason they are added back in the form of the third term
in the parenthesis. The structure of eq. (2.24) can also be understood directly in terms
of conformal representations [15]. Since abelian field strengths are gauge invariant, the
full group characters are xr, = Xj2;(1,0(D; ) and xrp = X[2:0,1)](D; ) and the integral
over the gauge group is trivial [ dpgauge = [ dpy(ry = 1. The Hilbert series in the mass
dimension grading scheme, i.e. F, p — € Fr r and D — €D, is thus given by

F; F
HO(DanFRSe) = /dMLorentz(x)]wPE |:,D27D];:|

= & (FL+FIF+Fp) + e (Ff+ FiFp+ FRFA+ FLF3+ F3)D? +....

! (2.25)

Eq. (2.25) gives the structure and multiplicity of the operator basis at mass dimension 5
and higher, but it does not reveal how the Lorentz (and gauge) indices of the field strengths
and derivatives are contracted. However, if the field content of an operator is known, it
is usually straightforward to build Lorentz and gauge invariants. This is especially true if
the multiplicity of a given structure is one, since then any non-vanishing contraction can
be used as a basis element. The operator basis implied by the Hilbert series in eq. (2.25)
can be expressed in terms of F),,, and F uwv- At mass dimension 8 this is, explicitly,

C1

L’:A4

c ~ )C ~
(FL FM)2 4 A—i(FWFW)Q + %Z’(FWFW)(FWFW) T (2.26)



where the first two terms also appear in the Euler-Heisenberg Lagrangian. The operator
proportional to c3 is CP violating and therefore constitutes an extension of the Euler-
Heisenberg Lagrangian. Finally, we note that this method automatically takes algebraic
identities, such as F},, = —F,, in this simple case, into account. This is because the Hilbert
series directly uses group representations to build the invariants, instead of explicitly con-
tracting indices.

3 Gravity

In this section we introduce the Einstein-Hilbert action of GR as the leading contribution
at low energies of the EFT of gravity [20-22]. We then identify the relevant building block
to construct higher-dimensional, IR subleading operators of the EFT and show that the
methods outlined in section 2 can be applied. In the following we adopt the metric and
curvature conventions of [22, 23].

3.1 General relativity as an EFT

GR as a classical theory provides an excellent description of gravitational phenomena at
large distances. However, once the Einstein-Hilbert action® is quantized

M21
SEH = —;/d4x\/ —gR, (3.1)

where My = (87G)~1/2 is the reduced Planck mass and R the Ricci scalar, it becomes clear
that this can only be the leading term in a low-energy EFT. GR as a quantum field theory
is non-renormalizable and quantum corrections induce higher-dimensional operators with
higher powers of the Riemann tensor [24-26] (the same conclusion is reached when quantum
effects from matter fields are considered [24, 25, 27-29]). According to the EFT paradigm,
all operators invariant under general coordinate transformations, the gauge symmetry of
GR, should be included in a systematic expansion in derivatives over a cutoff scale A, i.e.

e

M2
Seff = /d4$\/ —g |: - %R +a R2 + bRMVR’uy + CRMV,DO_R,U«VPU + d DR + A2

Riem?® + .. ] ,

(3.2)
where Riem? stands for terms with three Riemann tensors and [J = V, V#is the contraction
of two covariant derivatives. As discussed in the previous section, not all invariants one
can write are independent. Operators proportional to the free EOM can be removed by
means of field redefinitions. The EOM for GR are the Einstein equations, which can be

written in their trace-reversed form as

1 1
R,uy = M721 <TUV - 2Tg/“,> y (33)
p

5In the following discussion we will always implicitly assume that the cosmological constant is set to
Zero.

~10 -



where we included a possible contribution from matter fields through the energy momentum

tensor THY = %%, with its trace T = ¢""T},,. The free EOM, i.e. the Einstein

equations in vacuum (7),, = 0), have the simple solution
R, =0. (3.4)

This implies that any higher-dimensional operator containing R, or R = g"”R,, can be
eliminated by performing a perturbative field redefinition of the metric

2
Juv — Guv + 5gu7 (35)
t it Mgl it

which modifies the Einstein-Hilbert action by

1
0SEH = / d*z/—g [RW — 2Rg’“’] SGu = / Ao/ —gR"™ 5G, (3.6)
where we introduced the trace-reversed metric perturbation
_ 1
G = 09 — o9 0g, (3.7)

with dg = ¢"dg,,. From eq. (3.6) it is clear that by choosing an appropriate 6g,,, any
operator including R, can indeed be removed. Coming back to the effective action in
eq. (3.2), several redundant operators can now be identified (see also [21]). Furthermore,
we can drop /—gOR = 0,(/—g V¥ R), since it is a total derivative. The term proportional
to RuypeRFP? can be expressed in terms of R, RM” and R? because the Gauss-Bonnet
term Lap = R? —4R,, R' + R0 RFYP? is a total derivative in four dimensions; this shifts
the Wilson coefficients a — @ = a — ¢ and b — b = b + 4c. Finally, performing the metric
redefinition in eq. (3.5) with 0g,, = —BRW, — aRg,, gets rid of all the operators with two
Riemann structures. The first non-trivial contribution to the gravity EFT appears only at
dimension 6 with three Riemann tensors.

In the presence of matter fields, a redefinition of the metric such as eq. (3.5) also affects
the matter action

5 + 0 Sonatter = / day/=g [R*“’ S <T*“’ - 1Tg“”) ]6g,w. (3.8)

M3 2
We can still use this redefinition to remove any pure gravity terms involving R, or R, but
this will in general introduce mixed curvature-matter operators, such as R, T"". These
however usually have a higher mass dimension than the removed operators and can there-
fore be further removed by an independent redefinition. More care has to be taken when a
massive scalar field ¢ is involved, since its energy-momentum tensor at leading order in fields
and derivatives is TH” = %m2¢2 g*” +. .., thus one always introduces new mixed curvature-
scalar operators with the same mass dimension as the removed ones. This is in fact not an
issue, since the redefinition of the metric can be generalized to include matter fields. To
make this clear, consider again the field transformation with dg,, = —ERW —aRgy,, which

- 11 -



removes the aR? + lN)RWR‘“’ terms in eq. (3.2), now in the presence of a massive scalar field
¢. The change of the action is

2

(b+4a)¢’R+...|, (3.9)
2M7

5SEH + 5Smatter = /d413\/ —g |: — ELR2 — BRMVRHV —

where we dropped higher-dimensional operators. The last term in eq. (3.9) is a non-
minimal coupling of the scalar field to gravity, which could in fact have been there from
the beginning. As anticipated, this term can be removed by a further metric redefinition
with 0g,, o gZ)QgW. This is a Weyl transformation which takes us to the Einstein frame,
where the leading order EOM of the scalar field and gravity are decoupled.

The recipe above lets us, order-by-order in mass dimension, remove any occurrence of

7 This implies that the only non-redundant gravitational

R,, and R in the Lagrangian.
operators are those built out of the traceless components of the Riemann tensor R, -
Still, even such operators might not all be independent, due to algebraic identities. The
Riemann tensor is cyclic

R,ul/pa + Rupol/ + R;w'up =0 (310)
and it satisfies the Bianchi identity

vaRuupU + va,uuaa + vaRuuocp =0. (311)

Additionally, there are the so-called dimensionally dependent tensor identities, which are
obtained by antisymmetrizing tensor indices [30], and can be used to simplify tensor con-
tractions. Once all the redundancies in the gravitational sector are removed, it is clear that
field redefinitions of the matter fields can be used to simplify the matter Lagrangian, just
as in flat spacetime.

Let us finally briefly comment on spacetimes with torsion. If one is not restricted to a
torsion-free spacetime, coupling fermions to gravity will in general induce a non-vanishing
torsion tensor T}, ». However, even if we chose to include the torsion tensor explicitly as a
building block of the EFT, torsion vanishes in vacuum, i.e. in the free theory, and at the
lowest order in derivatives, i.e. from the leading EOM. Therefore, we conclude that in the
presence of matter one can use field redefinitions and work with a torsion-free theory, with
shifted coefficients in the matter action [36, 37]. In other words, no generality is lost in our
EFT by considering a torsion-free spacetime.

3.2 Building blocks for the gravity EFT

The Riemann tensor does not transform in an irreducible representation of the Lorentz
group. It can be decomposed as

Ryvpo ~ (1,1) @ (2,0) & (0,2) @ (0,0), (3.12)

"Another comment in this regard is that the same procedure also holds in the presence of classical
(gravitational) sources and one is interested in how gravity affects their dynamics; once operators with R,
and R are removed, one should properly include contact terms between the sources [21]. Besides, we note
that in these situations it might be more convenient to work with a non-covariant EF'T on the corresponding
background metric, as for example in [31-35].
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where the (1,1) is a symmetric rank-two traceless tensor, identified with the traceless
part of the Ricci tensor R, , the singlet (0,0) is the Ricci scalar R, and the component
transforming as (2,0) @ (0,2) is the Weyl or conformal tensor C,,,-. The Weyl tensor is
the traceless part of the Riemann tensor and is given by

1
C;wpa = R,ul/pa - (gu[pRo}y - gu[pRa}u) + gg,u[pga}uR> (313)

where the brackets denote index antisymmetrization, e.g. A}, = %(AW—A,,M) for arbitrary
tensors A. It possesses the same symmetries as the Riemann tensor and satisfies the
cyclicity and Bianchi identity of egs. (3.10) and (3.11) up to terms involving R, and R.
As discussed in the previous section, any occurrence of R, and R can always be eliminated
by an appropriate field redefinition. This leaves the Weyl tensor as the only independent
object for constructing gravitational EF'T operators. The Einstein equations do not directly
constrain the traceless components of the Riemann tensor, but the contracted Bianchi
identities imply an EOM for the Weyl tensor, which can be expressed in terms of the Ricci
tensor and scalar,

1
V“C/“,pg = V[pRU]V + ggy[pVU]R. (3.14)

For the free theory, i.e. in vacuum, this simplifies to
VHECpe =0, (3.15)

in analogy to the EOM for the field strength tensor of gauge fields in eq. (2.21). Addition-
ally, the Bianchi identity in combination with the EOM implies that also V2C’Wpo is not
an independent object, since in vacuum

V2C,uupa = _QCA ,upaC)\z/a & - 20)\ VpoaC;Mo ¢ - C)\ apUC/JJ/)\ “ (316)

plus terms that can be removed due to the EOM. Consequently, the EOM redundancy is
taken care of if we consider, similarly to the case of the spin-1 field strength, C),,,» and sym-
metric traceless combinations of covariant derivatives acting on C),,» as the basic building
blocks for EFT operators. This implies that the single particle module is of the form

Cuupa
Vi Cutvpo

Re =
v{m \ CH

(3.17)

Yvpo

We consider only symmetric combinations of the covariant derivatives, since antisymmetric
combinations are related to the Riemann tensor via [V, V,]V? = R,,,, V7. An operator
containing an antisymmetric combination of covariant derivatives is therefore always
equivalent to the tensor product of the Weyl tensor with a descendant that contains
fewer derivatives. Analogously to the gauge field strength, we can identify the irreducible
representations of the Lorentz group with

CZI//%O’ _ ;(CMVPO' 4+ C’NW’U) , (318)
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where the dual Weyl tensor CH/P7 = et 507 /28 Cp g transform in the (2,0) and
(0,2) representations of the Lorentz group, respectively. Note that the single particle
modules R¢, ) cannot be identified with unitary conformal representations in four
dimensions. The mass dimension of the Weyl tensor is [Cf/g] = 2, which violates the
unitarity bound for the scaling dimension A > Ay g) = A(g2) = 3 in eq. (2.12). However,
since our aim is only to enumerate and construct operators, we can formally assign a
conformal scaling dimension of A¢, p =3 to the spurion representing the Weyl tensor.”
When expanding the Hilbert series we can choose a grading in which the spurion for the
Weyl tensor is assigned a weight according to the Weyl tensor’s actual mass dimension
in four dimensions. The conformal representations [3;(2,0)] and [3;(0,2)] saturate the
unitarity bound and therefore are representations with all descendants proportional to the
free EOM V#Cl,p0 = 0 (as well as V2C),,p0) being absent. This is exactly of the form of
the single particle module in eq. (3.17). The corresponding conformal character is

X[3:(2,0)) (D5 ) = D* P(D, z)(x(2.0)(%) — X(3/2,1/2)(2) D + X(1,0)(2) D?), (3.19)

and equivalently for [3;(0,2)]. Note that here and in the following the spurion D denotes
covariant derivatives V,. The structure of eq. (3.19) is completely analogous to that
of the conformal character for a gauge field strength, eq. (2.24). Using this character,
in the next section we will construct the operator basis for EFTs which involve gravity.
Note that similarly to the example in section 2.3, the Hilbert series method automatically
factors in redundancies due to Bianchi identities, cyclicity of indices or dimensionally
dependent identities, since we do not construct index contractions but work directly with
group representations and form invariants. In appendix E we generalize eq. (3.19) to d
spacetime dimensions, pointing out the main difference with respect to the derivation
for d = 4, namely that the single particle module for the Weyl tensor, Rc in eq. (3.17),
cannot be embedded for d > 4 in a free field unitary conformal representation. We count
and identify as well the basis of effective operators for pure gravity in d = 5.

4 Applications

In this section we combine the formalism outlined in section 2 with the considerations of
section 3 to construct operator bases for EFTs involving gravity. First we verify and extend
the operator basis for gravity in vacuum as given in e.g. [38]. Next, as a first step towards
including matter fields, we build the EFT for a shift-symmetric scalar coupled to gravity
and point out redundancies in the operator basis of [39]. Finally, we list for the first time
the complete basis of the SM coupled to gravity.

4.1 Gravity in vacuum
In vacuum the only independent operators that do not vanish on-shell are the Weyl ten-

sor and its dual, which can be used to form the chiral combinations CZ'//%J, as shown in

8The normalization of the Levi-Civita tensor is such that ¢”'** =1/,/—g.

9Besides, note that eq. (2.16) for the construction of the Hilbert series also holds for single particle mod-
ules that are not conformal representations [2]. The advantage of promoting the Weyl tensor to be formally
a unitary conformal representation is that in this case there is a closed form expression for AH in eq. (2.15).
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eq. (3.18). The building blocks are therefore their corresponding single particle modules,
which can be embedded into conformal representations if we formally assign to Cp /g a
conformal scaling dimension of A¢, ,n = 3. Hence, their group characters are

xcr (D;x) = Xg3,2,00 (D5 2) 5 Xcr(D; ) = X3,0,2) (D 2) (4.1)

with the explicit form of the conformal characters given in eq. (3.19) and appendix A.
Grading the spurions according to their actual mass dimension, i.e. Cr/gr — eCy, /R and
D — €D, the Hilbert series can be computed as an expansion in mass dimension using
eq. (2.15)10

1 cr C
H(D7 CL,CR;G) = /dMLorentz(»T)P(eD LIZ‘) |:€,Z§37 62;%3

€' (CF +C%) + €8 (C} +CF) + € (CL + CLCE + CF) (4.2)
+¢(C} + C3C% + CLC + O + CLD? + C1OED? + CED?) + ... .

} + AH(D,CL,Crg;e)

The terms at O(e*) correspond to the operators C’WPUC'“”’” and Cl,,,C*??. Both can be
dropped, since the first is a total derivative and the second can be related to R,, R*" and
R? because the Gauss-Bonnet term is a total derivative in four dimensions (see section 3.1).
These operators were misidentified as being non-redundant, since they are in fact related
to gravitational topological terms. That topological terms are misidentified by our method
was already realized in [2], being a consequence of working with covariant field strengths
instead of gauge fields. The operators CWPUC”VPU and C,,,-C*P? give rise, respectively,
to the four-dimensional Pontryagin and Euler densities [40]. The other terms in eq. (4.2)
indicate the structure and multiplicity of the basis of operators for the most general gravity
Lagrangian in vacuum up to mass dimension 10. In terms of the Weyl tensor and its dual
the basis can be written as

M?2 - d dy =~ d3 =
_ 4 pl C1 C2 1,9 2 3 59
S-/dxMjg[—2R+MI+MI+MC +FCC+FC (4.3)
€1 €2 = €3 5 €4 75 €5 €6 5 €7 =5
+ FIC+FIC+FIC+FIC+F'FC+F‘FC+F]:C+"' ,
with the basic invariants
I=Curct vop Cappo » 1= Cuw pacumﬁéaﬁpo ) (4.4)
C = CluypeCH77 C = CluypeCHP7
F = (VaCups)(VCHP7) F= (VaCqua)(Vaé“”p").

The first line of eq. (4.3) is equivalent to the effective action in eq. (1.1) of [38].1! The
second line of eq. (4.3) shows for the first time the basis of gravitational operators at

0For unitary conformal representations, as it is the case here, AH can be evaluated explicitly [2] and
yields —e*D*, which cancels the +¢*D* that one obtains from evaluating the integral over the group measure.

"1n [38] the operator basis is given in terms of the Riemann tensor, which after the decomposition in
eq. (3.13) coincides with the operators we found in eq. (4.3) modulo terms with R, and R, which can be
removed by field redefinitions as explained in section 3.1.
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dimension 10. We used the Invar package [41] to explicitly construct and classify the (CP
even) operators and to check that they are indeed independent. We note that in general the
basis of operators without derivatives corresponds to the most general polynomial of the
invariants C, C, T and Z, these being the four scalar quantities that completely determine
the spacetime curvature in four dimensions (see e.g. the discussion in [42]). This fact is
further verified by computing the Hilbert series for the left- and right-handed Weyl tensors
Cr/r without derivatives, which according to the Molien-Weyl formula eq. (2.6) yields

1

H(Cp,CRr) = (1-CH(1-CHL-CH(1-C3)

(4.7)

Therefore all operators without derivatives are generated by the four basic invariants C%,
C%, C3% and C3, corresponding to the invariants in eqgs. (4.4) and (4.5).

It is straightforward to compute even higher order contributions to the Hilbert series
with this formalism. Finding the explicit form for the corresponding basis of operators can
be more involved. However, since we know how many independent operators appear in each
category, one does not need to classify all invariants. It is sufficient to find as many opera-
tors as the multiplicity in the Hilbert series predicts and check that they are independent.

Let us finally comment on some important aspect of the gravity EFT in vacuum.
At one loop GR is finite [25], a fact that from the EFT perspective follows from naive
dimensional analysis (NDA) and the absence of non-redundant operators at O(e?). At two
loops the Einstein-Hilbert term induces renormalization group (RG) evolution of the CP
preserving cubic curvature term in eq. (4.3), with running coefficient [26, 43, 44]

de; 1 A% 1
,ua—,u = @mw . (4.8)
P
Heavy matter fields (scalars, fermions or vectors) contribute at one loop to the gravity
EFT [45, 46], giving rise to a finite contribution to ¢j, which for e.g. a Dirac fermion of
mass A reads ¢y = —%60(1 /4m)?, as well as to contributions to several other operators that
are not present in our basis being dependent on R, R.'? Gravitational UV completions,
such as (super-)string theories, generate as well a specific pattern of Wilson coefficients
below the string scale, see e.g. [47]. In a generic gravity effective Lagrangian, the Wilson
coefficients are arbitrary O(1) numbers. To be more precise, the size of the coefficient can

be estimated following NDA as

4 M2
Lo = m*L<Ruupo7 Vu) _ 713137 (4.9)

g2 m2 - my

where m, and g, broadly characterize, respectively, the typical mass scale and coupling of
the UV resonances that have been integrated out. We have explicitly included a “funda-
mental” Einstein-Hilbert term, to distinguish between a bona fide completion of GR such

as string theory, which would correspond to My ~ My ~ m./g., and the case where the
graviton can be considered external, i.e. “elementary”, to the dynamics giving rise to L,

12Matter fields also contribute to the RG running of M, and the cosmological constant.
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e.g. loops of N matter particles of mass my, for which g, ~ 4w/ V/N. The simple power
counting of eq. (4.9) implies then ¢; = O(1) for A ~ g.m,, and similarly for the rest of Wil-
son coefficients. Interestingly, several works have derived constraints on the sign and size
of such coefficients based on causality, unitarity and analyticity. For instance, positivity
of the coefficients of the CP even dimension 8 operators, i.e. di,ds > 0, has been derived
based on causality of graviton propagation [48], or unitarity and analyticity of graviton
scattering amplitudes [49, 50], while [38] extended the former causality analysis to the
CP odd operator, concluding do < dids. We should recall however that these arguments
are delicate when applied to gravitational interactions, in particular [49, 50] neglect the
universal t-channel singularity due to graviton exchange, a fact that could be justified by
e.g. the rationale presented in [51]. Besides, [52] argues that in a weakly coupled theory
of gravity, with g, ~ m./M, < 1, avoiding causality violation originating from cubic
curvature terms (Z and Z in eq. (4.3), with coefficients ¢; and ¢y effectively of tree-level
size), requires an infinite tower of higher-spin states to appear at or near the EFT cutoff
my, regardless of the coefficients sign. Instead, for other types of UV completions where
the graviton is elementary, with My > my /g, such as from loops of matter particles [46],
acausality lies beyond the validity of the EFT.

4.2 Shift-symmetric scalar coupled to gravity

As a second application of our method we consider a shift-symmetric scalar ¢ coupled to
gravity. The shift symmetry ¢ — ¢+ « implies that the scalar can only couple derivatively,
i.e. it will always appear with at least one derivative acting on it. The scalar can be thought
of as the massless Nambu-Goldstone boson of a spontaneously broken U(1) symmetry.
Because of this interpretation, it is no surprise that the single particle module for the shift-
symmetric scalar has the same form as for non-linear field realizations as given in [2]'3

Vo
ViV
Rao = Ve | (4.10)
Vi Ve Vyy @

In eq. (4.10) we already imposed the scalar’s EOM V,V#¢ = 0. Therefore, the weighted
character for the single particle module is identical to the one for non-linear realizations [2]

Xdo(D; ) = D[(1 — D*)P(D;z) — 1] . (4.11)

Note that this single particle module is not a conformal representation since the primary
field is a total derivative. However, we can still use eq. (2.16) to construct the Hilbert series
for higher-dimensional operators, which are the ones we are interested in. To obtain the

"“Ref. [2] used the decomposition of the Maurer-Cartan form U~'9,U = u}, X' +viT* = u,+v, into com-
ponents along broken generators X* and unbroken generators 7% to obtain a linearly transforming building
block u,, from the non-linearly transforming Goldstone matrix U = exp(i¢iXi/f¢). For a spontaneously bro-
ken U(1) symmetry u, o O,¢. Here the only difference is in the mass dimension, [V, ¢| = 2 whereas [u,] = 1.
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full Hilbert series, i.e. including also operators of dimension 4 and lower, we have to rely
on the results of [2] for non-linear realizations. A basis for the CP even operators, up to
6 derivatives, was constructed in [39]. We compute the Hilbert series for operators with 6
and 8 derivatives and compare our basis to their results. The Hilbert series as an expansion
in derivatives can be obtained by rescaling the spurions Cr/p — ey /Ry D — €D and
d¢p — ed¢ and expanding in €

1 0, Cr d .
Ho(D,CL,CR,d¢;€) _/d,UfLorentz@f)/P(GD x)PE|:€,Z§3, 6;37 6£2:| = ZE Hn
(4.12)

The 6-derivative Hilbert series is
He = C3 + C% 4+ dp>CpD + dp>CrD + dp*C? + dp*C% + d¢® + do*D?. (4.13)

If we restrict to CP even operators, the EFT operator basis at the 6-derivative level can
be written as

0 = [(vu¢)2]3 ) O = (vu¢)2(vpva¢)2 > O3 = C;U/ pgc'uyaﬁcaﬂpcr )
Os = (Cappo)*(Vud)?,  O5 = Cruvpe (V') (VP)(VIV ). (4.14)

Note that [39] lists two additional operators in their operator basis (written in terms of
the Riemann instead of the Weyl tensor), (VaRuwpe)? and Ryuas(VHEVY$)(VYVP¢). Both
of these operators are redundant: the first is related to Oz, whereas the second to Oy (see
appendix B). Therefore, the correct CP even operator basis for the 6-derivative Lagrangian
is that in eq. (4.14). At 8 derivatives we find 26 independent operators, with the structures
as given in the Hilbert series

Hy = C} + C2C% + Ch + dd® + 2dpSD? + dp>D3 + dp*D* + dp>DCy, + dp>DCR
+d¢*CLOR + d¢*D*Cy, + d¢*C} + d¢*D*CR + d¢* C%, + 2d¢*DC? (4.15)
+ 2d¢*DC% + dp*D*CLCR + 2d¢*D*C3 + dp*C} + 2d¢*D*C% + d¢*C3, .
Finally, we note that there are two operators that respect the shift-symmetry that cannot
be found by our method (and are missing in [39]):

PChwpsCH*P7 pCupe CHP7. (4.16)

Not surprisingly, these operators are related to (gravitational) topological terms.

5 Standard Model coupled to gravity

Let us now construct the complete EFT for the SM, i.e. all operators including SM fields
and gravity. Operators including gravity are usually omitted in the SMEFT, even though
gravity is part of the SM. We work with one generation of fermions and introduce them
in the left-handed (%, 0) representation of the Euclidean Lorentz group SO(4) ~ SU(2), x
SU(2) g along with their right-handed conjugates.!* In the following we adopt the notation

14This means we work with the charge conjugated fields of the standard SM right-handed fermions,
i.e. u® d e. In the following we will drop the superscript c.
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SU2)L xSU(@2)r ~ SUB)e SU@2)w  U()y
H (0,0) 1 2 1/2
By (1,0) 1 1 0
Wi (1,0) 1 3 0
Gr, (1,0) 8 1
Cr, (2,0) 1 1 0
Q (3.0) 3 216
Ue (3,0) 3 1 —2/3
de (3,0) 3 1 1/3
L (3,0) 1 2 —-1/2
ec (3,0) 1 1 1

Table 1. Representations of the spurions under the Lorentz and SM gauge groups.

of [1] and denote the spurion fields as
{6a} = {H,H', BL, Br, Wi, Wr, G1, Gr, C1,Cr, Q. QY uul d df Lo L e et (5.1)

with their representation under the Lorentz and SM gauge group SU(3)c x SU(2)w x U(1)y
given in table 1. We can write the Hilbert series as

H({¢a}; D) = / dptgange(y) / dfitorents (%) P(g;w)PEH g’ga H : (5.2)

with the integral over the gauge groups given by

/dugauge(y) = /dﬂuu)y(v)/d/JSU(z)W(w)/dMSU(3)c(Z1,z2)7 (5.3)

with y = {v, w, z1, 22} being the variables that parameterize the SU(3)c x SU(2)w x U(1)y
gauge group. The characters y, for the single particle modules of the spurions are a

composition of the characters for the conformal and gauge group representation R of the
spurions,

Xa(D52,9) = X(aur) (Di2) - xao ¥ (0) - X O (w) - X, (21, 22) (5.4)

a

The explicit form of the group measures and characters is given in appendix A. Note that
in order to fully describe the flavor structure of the SM we would have to work with three
independent instances of each fermion to implement the three fermion generations. This
would increase the number of terms in the generating function at each order exponentially.
However, we can still get some information about the number of invariants with N flavors
by simply suppressing the flavor indices and adding the same fermion spurion Ny times,
i.e. we can write the complete PE as

sl el pel) e
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where the index b runs over all bosons and f over all fermions. Next we expand the
Hilbert series according to the mass dimension of the operators. We will neglect all pure
SM contributions to the Hilbert series, which are given in [1]. The first gravity operators
appear at dimension 6, the Hilbert series being

He =C3 +C3+BiCL +BACr+ HC?H' + HCRH' + CLG7 + CrRG%H + CLW? + CrW3 .

(5.6)
This includes the pure gravity contributions discussed in section 4.1 plus mixed SM-gravity
terms. Note that at this mass dimension, the latter operators only contain SM bosons. An
explicit operator basis is given by

Lo = %CW po cuvaf C,, Bpo + A2 C/W po Cvep ¢ C, Bpo
+ AQH HCWWC“”’” + A—H*HCWWC”“””
+ EB“”BP"OWW + A2 B BE BTy + 242 G GP? Cypor + f\‘; G G e
+ 5 S WHW Cyp 4+ Wy (5.7)

There are no new gravity operators at mass dimension 7. However, there is a multitude
of terms in the Hilbert series at mass dimension 8. This is the first order where operators
with SM fermions appear. For one flavor, i.e. Ny = 1, the part of the Hilbert series that
involves gravity reads

Hs = Ch+HHIC}+H? (HT>2c%+23§c§+3§0ﬁ+C§C,%+2G%C,%+G%C,%+2W,%cg
+WEC2 +HQuC?+HD*H'C? +e LH'C? +dQHC? + He'LTC? + HA'QTC?
+H'QMuC? +dev®CrL+HH'B?C,+ HH'G2CL+ B G2CL+HH ' W2Cy,
+BW2C,4dQ*uCr+HQD*uC+eLQuCr+eLD?*H'C,+dQD*H'Cy,
+HQuBCp+dDd' B,Cp,+eDe' BLC+ HD*H' B, Cp,+eLH'B,CL+dQHBLC],
+LDL'B;CL+QDQ'BLCL+Duu! BC,+HQuGLCL+dDd G, Cr+dQH'GCy,
+QDQ'G O +Dun'GLCL+ HQuWCp+HD*H W, Cp+eLH W, C,
+dQH'W,C+LDL'W,C+QDQ'WC L+ HH'BLWCL+Ch+HH'C%
+H2 (HT) C 024 B2CR42BLCE+ HQuOS+ HD*HI 4+ e LHT C24-dQH O
+H LICR+ HA'QTC%+ HIQTW C% + C4G2 +20%4G% + HHTCRrG4+ BrCrG%
FCAWR 4203 WR+ HH CRW3+BrOrW3+d'e! (uT)QCﬁHHTB%%cR

+HD? LI Cp+ HD2d' QT Ot (QT)2uTCR+D2HTQTUTCR+6TLTQTUTCR

+dDd' BRCr+eDe! BRCr+HD?H' BRCr+LDL BRCr+He L' BRCr
+QDQ'BrCr+HA'Q'BRCr+Duu' BRCr+H'Q'u BRrCr+dDd'CrGr
+QDQ'CrGr+HA'QTCrGr+Duu'CrGr+HIQu!CrGr+HD*H CrWhg
+LDLICprWr+He' L'CrWr+QDQ CrWr+HA'QTCrWr+H'QTul CrWg
+HH'BRrCrWr. (5.8)

—90 —



Structure Ny Ny=1 Ny=3 Representative Operator
ct 3 3 3 (Cpwpe CHPo)?

C3H? 2 2 2 HTH(C 7 OB Clop5)
c?H* 2 2 2 (HTH)?(Cpupe CHP7)
c2x? 18 18 18 B, BP? CPBCg,,
CH?X? 8 8 8 HYH(CHerow e, W)
cXxX? 4 4 4 CrrreW e, Wa B®
C?Hy? 12N? 12 108 QrLHAR(ClypeCHP7)
CHX1? 16N? 16 144 Cupe(Qrodr)T®H Wro
Cypt NT%(l?NJ%—|—3Nf—2) 6 480 ejka,pg(QJiaWuR)(Elzap"eR)
CXy*D 20N7 20 180 Chupo(QLyH TV QL)W e
C2H*D? 2 2 2 (V H)H(VEH) (O poe CHPP7)
CH?XD? 4 4 4 Chuvpo (VHH) I 7¢(VY H)W %P0
CHy?D? 6N7 6 54 Crpo (QrotVrdr)V H
Total 43+ NT? (17N7+3N;+160) 103 1009

Table 2. Classification of dimension-8 operators containing gravity interactions. C' denotes the
Weyl tensor, whereas H, ¢, X and D stand for the Higgs, fermions, gauge fields and derivatives
respectively. We show the number of operators in each class for Ny fermion flavors and give one
exemplary operator for each class.

A classification of the dimension 8 operators of our basis is given in table 2, while an explicit
form for all 103 of them for Ny = 1 can be found in tables 3 and 4 of appendix D.1

5.1 Comments on the GRSMEFT operator basis

Let us comment on some interesting aspects of the GRSMEFT operator basis.
Matching what can be derived based on little group covariance and locality of on-
shell massless 3-particle amplitudes (see e.g. [53]), we find in our basis the corresponding
(~)
EFT operators modifying gravitational trilinear vertices: Cy, P7C* % C 3,, (3 gravitons),

(~ ~

XM XP?C ypo (1 graviton and 2 gauge bosons), and H tHCH PO (C') uwpo (2 gravitons and 1
scalar, once the Higgs gets a vacuum expectation value). This one-to-one correspondence
follows from the fact that our basis does not include terms that vanish on the free EOMs.

Similar to the EFT of pure gravity in vacuum, the leading dimension-4 Lagrangian
induces, at one loop, RG evolution for some of the operators in the GRSMEFT, although
in our basis all such operators involve SM fields only [24, 25, 27-29]. In this regard, the
absence of (one-loop) divergences associated with mixed SM-gravity operators, such as
X*XP?Clypo, can be understood, in the particular case of gravity coupled to a U(1)

15 A5 a curiosity, we find a single dimension-8 operator, Oye.qc in table 4, that violates baryon and lepton
numbers, by AB = AL = 1.
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gauge field, by the invariance of the leading Einstein-Maxwell Lagrangian under vector
field duality transformation [54], or from supersymmetry in the case of the Einstein-Yang-
Mills system [55]. To rederive these non-renormalization results from helicity selection
rules as in [56] would certainly be interesting [3]. Heavy (charged) matter fields give finite
contributions [57-59] to the operators of the GRSMEFT, e.g. a Dirac fermion of unit
hypercharge and mass A generates c3 = —9—10(9’ /4m)2, as well as contributions to several
other operators in the SMEFT. In this regard, one should note that the latter operators, for
instance (B, B*)?, receive direct contributions from the heavy dynamics, of O(g"*/A%),
as well as contributions from operators with R,,, R, which when rewritten in our basis
are relatively suppressed by powers of A/¢g’M,. We note in passing that we have not
found in the literature the corresponding calculation for the coefficients of the dimension-6
Higgs-gravity operators in eq. (5.7).

One can power-count, as in eq. (4.9) for the pure gravity EFT, the size of the Wilson
coefficients in a generic GRSMEFT. Focussing for simplicity on the subclass of operators
involving gauge fields and gravity

4 r2

m R V, eX M, 1

Log = Doep((Duwer Vp €xw ) Tolp L oy e 5.9
o = <m e mz ) T2 T g X (5:9)

where we introduced a “fundamental” kinetic term for the gauge field, with coupling § <
gx, € parametrizes the (multipole) charge of the heavy states that have been integrated
out, and V, = 0, + iw, + i€ X, with ¢ parametrizing the (monopole) charge of the
particles, if any, that remain in the EFT, fixing then the low-energy gauge coupling to
g = €§ [60]. From eq. (5.9) one can conclude that there could be situations in which
gravitational operators such as X** X*?C,,,, are enhanced compared to non-gravitational
ones like (X, X*)?%, e.g. if € < €, a pattern that arises for instance from milli-charged
particles — an axion would belong to this category. This however does not appear as an
optimal (phenomenological) scenario, since the light charged SM particles that remain in
the spectrum below m., e.g. the electron, would dominate the new EFT coefficients (since
€’ > ¢€) after being themselves integrated out at even lower energies. This is unless there
exists no charged particle below my, i.e. my < me, for which, while ¢ < 1, ¢ = 0 — for
the GRSMEFT, this would mean a very low new physics scale, yet with an interesting
and unexplored parameter space in terms of mixed SM-gravity effects. In scenarios where
€ > € # 0, the non-gravitational operators are instead comparatively enhanced. We also
note that from a purely low-energy point of view, there seems to be nothing wrong with
taking mixed SM-gravity operators, such as X* X?7C),,,, of size O(g%/g>m?), as the
leading deformation in the EFT, in the sense that quantum corrections within the EFT do
not point towards large non-gravitational operators as long as the cutoff, which saturates
the loops in the UV, satisfies m, < 4m(g«/g)Mp1, and this even for g, < g, although such

~

a condition goes against NDA.'¢

However, at least for the mixed SM-gravity operator X**X*°C,.,, with X,, associated with a
U(1) gauge field, this possibility seems to be in tension with arguments related to the weak gravity
conjecture [51, 61].
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Regardless of these facts, there always remains the obstacle that to probe operators
intrinsically sensitive to gravitational physics, by which we mean those that do not depend
on R,,, R and therefore do not contribute to the SMEFT, one needs to overcome the
M, suppression that comes with gravitational interactions. This is of course the reason
why experimental constraints on the SMEFT are much more stringent than those on the
rest of the GRSMEFT. The question of how to test gravitational EFT operators has been
partly investigated before, e.g. in [58] for the Einstein-Maxwell system after integrating out
the electron, or more recently in [62] for more general situations yet concentrating still on
photon propagation around non-trivial gravitational backgrounds. For purely gravitational
operators, [38] studied their effects on the gravitational waves from merging black holes. In
all these situations, the conclusion is that for the effects of the higher-dimensional opera-
tors to be observable, the typical size (e.g. the Schwarzschild radius) and distance from the
gravitational source should be of the order of the (inverse) cutoff of the EFT. Leaving aside
our preconceptions on the expected size of the mixed SM-gravity operators with respect to
non-gravitational ones, one should consider probing the former at high-energy colliders [3].
Finally, we think it is worthwhile to further investigate and extend the theoretical con-
straints based on causality, unitarity and analyticity to the full set of operators in eq. (5.7).

6 Summary

In this paper we have developed a systematic methodology to construct operators bases for
relativistic EFTs with gravity. Our approach relies on Hilbert series and conformal repre-
sentation theory, and makes use of the Weyl tensor as basic building block of gravitational
operators.

We applied our method to build several compelling EFTs: pure gravity, a shift-
symmetric scalar coupled to gravity, and the GRSMEFT, i.e. gravity coupled to the SM
of particle physics. Needless to say, the same techniques could be used as well to con-
struct other gravitational EFTs of interest. Along the way, we reviewed several important
aspects of the EFT of gravity in vacuum, identified several operator redundancies of the
shift-symmetric scalar EFT, and explored a few salient features of the set of potential
deformations of the SM coupled to gravity.

Finally, we recall that while GR is one of the most solid theories in fundamental physics,
its deformations remain largely unconstrained, in particular at distances where the other
fundamental forces operate on. It is our hope that the results we have obtained in this pa-
per, specially for what regards the GRSMEFT, will contribute to improving our knowledge
of these issues, which we believe are of great theoretical and phenomenological interest.
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A Group characters

In this appendix we summarize the Haar integration measures and group characters, taken
from [11], that were used to derive our main results.
A.1 Integration measures

The Haar integration measures over the SM gauge groups can be written as contour inte-
grals in the complex plane of the variables parametrizing the groups
1 dv
/d:uU(l)y(v) = 5 T (Al)

2m0 Jjyj=1 v
[ st w) = 1w, (A2)

1 dw
d 21, 2 1— 212 - — ——=1. (A3
/ psu () (21, 22) = ari)E j{z” 17{22| T 1722 . - (A.3)

27m' lw[=1 W
Note that these expressions differ from the ones in [1], since the Haar measures that we
use involve only the positive roots and therefore have no Weyl group normalization. This
simplified measure can be used when integrating over class functions, i.e. functions f(g)
which satisfy f(hgh™!) = f(g) for h,g € G, since they are invariant under the Weyl group.
Note that all characters are class functions. For the integration measure over the euclidean
Lorentz group SO(4) ~ SU(2); ® SU(2)r we use

d:c1 dmg 2 2
/duLorem(x):/d“SU( 2resuR)n 2m 7{ = 1% =1 T1 T2 (1=ai)(1-2).
T T2
(A.4)

where © = {z1,2z2}.

A.2 Characters for SM gauge representations

The characters for all gauge group representations appearing in the SM are given by

U(1l

xo ¥ (v) =09, (A.5)

SU(2 SU(2 1 SuU(2 1
2 ) =g I ) = wk =, g ) = w1k (A

1 z 1

XgU(S) (Zlv 22) =zl + 2 + — ) XgU(S)C(Zla 22) = 22 + 71 + — )

21 29 22 <1
SU®3)c 22 22 9 Z2 1 AT
G ) = amt 4 D424 Sk G A1)

Characters for the Lorentz group are products of SU(2) characters

S
Xtnan) (@) = x5 PF (1) - 1o DM (a2) (A.8)
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with

1 1
Xip(r) =2+ —, xi(z) =2 +1+4 -,
() =2+ o+~ 4 — (@) =o' 4t 14 o4 (A.9)
r) =2 i - - r)=2=x x ry — . .
X3/2 23’ X2 22

A.3 Conformal characters

The characters for all unitary conformal representations we use in this work are given
by [L, 2, 15]

X[0,(0.0(D; z) = D P(D; z)(1 — D?), (A.10)
X[3/2,(1/2,0)] (Dsz) = D2 P(D§$)(X(1/2,o) (z) — D X(0,1/2) (:c)) ) (A.11)
X[3/2,0,1/2)](D; ) = D P(D; ) (X(0,1/2)(®) = Dx/2,0)(2)) 5 (A.12)

X[2,(1,0)] (Dsz) = D? P(D; m)(X(l,o)(l’) DX (1/2,1/2) (33) +D ) (A.13)

X2,00.0))(D; 2) = D* P(D;z) (x(0,1)(2) — D X(1/2,1/2)(x) + D?) (A.14)

X3,2,0)(D; 2) = D* P(D; z) (x(2,0)(2) — D X(3/2,1/2) () + D*X(1,0)(2)) , (A.15)

X(3,02)(D; ) = D* P(D; %) (x(0.2) (%) — D X(1/2,3/2) (%) + D*X(0.1) (@) , (A.16)

with the momentum generating function P(D;x) [1]
P(D;z) = ! (A.17)

(1 — Dxll’g)(l - D/(wlxg))(l — 'Dxl/.ilig)(l — 'D.Tg/(lil) ’
B Operator redundancies

In section 4.2 we identified two redundant operators in the basis of [39] for a shift-symmetric
scalar coupled to gravity. Here we show how these can be related to the operator basis
in eq. (4.14). Dropping freely all terms proportional to the free EOM, i.e. any terms
containing R, R or V¥C,, s, the first operator can be rewritten as

(VaRuvpo ) (VERMPT) = —Cluupe VECH P = Oy (4 CNPOCH \ 7 o + CAPTCH )
=30, ""C"PChppy =303, (B.1)

where we used IBP in the first step and eq. (3.16) in the second. Since there is only one in-
dependent CP even Riemann invariant with three Riemann tensors in four dimensions [63],
it is clear that the first line is proportional to Os. To find the exact relation one has to
use dimensionally dependent identities, which can be conveniently implemented with the
Invar package [41]. Again throwing away all terms that vanish due to the free EOM, the
second operator can be rewritten as

Ruvap(V*VA)(V'VIh) = —Criap(V0) (VY'Y 9)

I (R
= _% uuﬂacuyﬁa(va(b)(vgd))
= (Cop (V0 = —L0u. (.2
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In the first step we used IBP and wrote the covariant derivatives in the last parenthesis
as the sum of its commutator and anti-commutator. The term with the anti-commutator
vanishes, since it is contracted with C),,,3, which is antisymmetric under p <+ v. The
commutator yields a Riemann tensor, which after removing the R,, and R components
coincides with the Weyl tensor. In the last step we made use of the identity [30]

1
nyﬁacuuﬂ o= zgaac,uum?c“y’yé . (B3)

C Plethystic exponential

In section 2.1 we introduced the (fermionic) PE as the generating function for the characters
of (anti-)symmetric tensor products [8-10]. In the following we give a sketchy derivation
to justify the form of the PE which we use here. Readers looking for mathematical rigour
should refer to commutative algebra textbooks, such as [6, 7].

C.1 Bosonic plethystic exponential

We want to compute the sum over the characters of all symmetric tensor products of a
representation R weighted by a spurion g, i.e.

qu Xsymd(R)(g) : (C.1)
d=0

For g € G, let Ry(g) € GL(V) be the linear action of the group element g on a n-
dimensional vector space V, i.e. R is a n dimensional group representation. Now let us as-
sume that Ry (¢) can be diagonalized. We take its set of eigenvectors, i.e. {e1,...,e,} with
Ry (g)e; = Aie;, as a basis for V. In this basis the group character is given by the sum over
the eigenvalues xr(g) =Tr(Ry (g)) = i, \i- The symmetric tensor product Sym?(R) is
the action of the group element g on the symmetric tensor product of the vector space V,
W) (9) € GL(Sym?(V)).!" A simple basis
for Sym®(V) is {J; D 0eS, Cigny @ - - @i,y |1 <iyp < ... <iig < n}, where Sy is the symmet-
ric group. As an explicit example let us write down the basis for Sym?(V) and dim(V) = 3

i.e. Sym? (V). We denote this linear map by Ré@;md

1 1 1
e1®eq,ea®eg, e3Res, —(e1Rert+ea®eq), —(e1Rez+es®er), —(ea®ez+es®ez) ¢ . (C.2)
2 2 2

XSym?(R) (g) is obtained by summing over the eigenvalues corresponding to these basis
elements

Xsym?(R)(9) = Tr(RS)meQ(V) (9)) = A +A5+ A3+ A Ao+ M Az +dods = %(XR(Q)Z +xr(9%)

(C.3)
where the trace is a regular matrix trace. In eq. (C.3) we also verified the symmetric
square formula for characters that we already found in the explicit example for the Hilbert
Series in eq. (2.8). For general n and d the character can be written as

Xsymar)(@) = Tr(RES 4 () = D0 APAZ AT, (C.4)
i1+io+...+in=d

" This map is the tensor product representation ®?R acting on Sym¢ (V).
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where the sum is over all partitions {iy,42,...,4,} with iy + i3+ ... + 14, = d. The i
indicate the number of times e; appears in the corresponding basis element and therefore
also the power of A\ in its eigenvalue. Each partition corresponds to a basis element of
Sym?(V). This is easily seen in our example with d = 2 and n = 3 with the partitions
being2=24+0+0=0+24+0=040+2=1414+0=1+0+1=0+1+1. Summing
over d in eq. (C.4) yields the generating function

D Xsymimy(@)a' =D_at >0 AARAY = <Z(A1q>“> < Z(Anq)i”>
d=0 d=0  i1+iz+...+in=d i1=0 in=0
— 1 1 1

TR0 = Xig)  det(L-Ry(g)q)  detr(1—gq)’
where we used the geometric series. Using the matrix identity log(det(A)) = Tr(log(A))
and the logarithmic series log(1 — z) = — Y22, 2*/k, we obtain the plethystic exponential

(C.5)

o0 o0 1
D Xsymir) (9)a” = exp[z %q’“ TrR(g’“)] : (C.6)
d=0 k=1

C.2 Fermionic plethystic exponential

In the case of fermionic spurions we have to consider the antisymmetric tensor product,
i.e. we want to compute

[e.e]

> ¥ xnar(9) (C.7)

d=0
where A stands for the antisymmetric tensor product. We again pick the system of eigen-
vectors of Ry (g) as basis for V' and write R%fv (9) € GL(A%V) for the action of the group
element ¢ on the vector space formed by the antisymmetric tensor product A%V. A basis for
AV is {5 > ves, €0) i ®. .. @6, |1 < i1 < ... <ig < n}, where ¢(o) returns the sign
of the permutation. Coming back to the example with d = 2 and n = 3, the basis for A%V is

1 1 1
{e1Nez, e1Ne3, eaNe3} = {2(61@)62—62@61), 5(61@63—63@)61)7 2(62®63—63®62)} , (C.8)

with the group character y 2r(g) given by

1
Xrer(9) = Tr(R%Q(V) (g)) = M2+ A3+ A3 = §(XR(g)2 —xr(g?)). (C.9)

For general d and n each basis element of A%V contains d different basis elements ej,. This
implies that if d > n then AV is an empty space. The group character is the sum over
the eigenvalues
aar(9) =Tr(REG () = D XXy, (C.10)
1<i1<..<ig<n

Summing over d we obtain the fermionic plethystic exponential

oo oo n

Yot xnm@) =) a" Y A A =]+ Aig) = det(L + Ry(9)q)

d=0 d=0 1<i1<...<ig<n i=1
o~ (=D K
= detr(1+g9q) :exp[z 1 Trr(g )] , (C.11)

k=1

—97 —



where we again used the matrix identity log(det(A)) = Tr(log(A)) and the logarithmic
series log(1 + x) = Y o, (—=1)**12* /k in the last line.

D Dimension 8 GRSMEFT basis

We compile in tables 3 and 4 the explicit operator basis for the GRSMEFT at mass di-
mension 8.

We recall that we constructed the Hilbert series in terms of the chiral components of
the gauge field strengths (Xy,z) and the Weyl tensor (Cp,r), which are related to the
standard field strengths and their duals by

X

1 v Y112 vpo vpo - YUV PO
Pa= 5 (0w iXm) oy = o (o wicre) (D.1)

1
L/R 9
with X = %e’“’ O‘BXag. For the dual of the Weyl tensor we can define a left- and a
right-dual tensor *CH"r7 = %EWQBC@B P9 and CHYPT* — %69‘70‘50“” o, however one can
show that *CH*P? —= CHP7* and therefore we can define without ambiguity CHP7 =
%e’“’ B Cap??. Useful relations to trade chiral components for the standard field strength
and its dual are

o 1 . ~
CL/RMV/)UCZU/I;E = 5 (CHVPO_CMV,UO' + lCﬂyngquo—) s (D2)
1 -
X Ol = 5 (XpUC’WW + Z'XPUC“””U) . (D.3)

We also use that €, ;, e/t=Jn = nléf‘il_ . -5?:] to rewrite pairs of building blocks that both

include a dual field strength in terms of contractions without the Levi-Civita tensor.
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04 H2 03
Oce (Clupo CHP7)? Oanc | (HTH)(ClypoCP7PChp ™)
Occ | (CuurpaCP"7)(CagnsC™?) | Oy | (HH)(Carpa PP Cag ™)
O(}é (proéuw 0)2
H*C? X3c
Ounc (HTH)?(Cuppe CHVP7) Ocse GA,GA B> ,CHree
Oyne (HTH)*(ClupsCHP7) Ocpe G4, Gon BY ;CHVP7
Ow e W, Wea, B ,CHree
Ow e Wﬁv WFC’L@B “ Uéwpg
X2 CQ
Oé% (Gﬁu G4 W) (Caﬁpo CQBPU) O(G% (G;I?VGA ) (Caﬁpa éaﬁpg)
Occ | (GG¥)(CagpeC) | Oga | (G, GM)(CappeCP7)
o0&, GA,GAPICmei Gy, 0. GA,GAPCreli Gy,
OWe | (Wa,W ) (CagprCoPr7) | OV | (Wi, W) (Coppy CoPr7)
Ope | (WELW) (CappoCP7) | Ope | (Wi, W) (Cagpe C¥P7)
o). W, Ware CrreBCy g, Ofv)é W, WareCrrebC,g,,
Oh (BuvB*)(CappoC7P7) OS)C (Byu B")(Cappe CPP7)
Opo | (BuwB"™)(CappeC®7) | Ops | (BuB")(CappeCoP)
o), B, BreCreBCp., 0. B, BreCreB .,
X2H?C
Ocuc | (HTH)(GA™GA7Chipy) | Oppe | (HYH)(GAMGAP Chupy)
Owne | (HTH)YWeWereCpoo) | Oy | (HTH)WervWwereC,,, )
OBHC (HTH)(B* B Cyypo) Oppe (HTH)(B* B C\upor )
Owpc | (H'TH)(BPWeClpe) | Oppe | (HITOH)(BPWWaPCy s )
H?C?*D? XH?CD?
Owcp | (Vo ) (VEH)(CoipoCH*7) | Owep | (VEH) T4V H)YW P Cloy i
Opep | (Vo ) (VYH)(ClipeCHP?) | Oy | (VFH) 74UV HYW P Crop
Opcp | (VFH) (VYH)BP?Clrp
Opép (V“H)T(VVH)BPJOMW

Table 3. Bosonic dimension-8 operators of the GRSMEFT including gravitational interactions.
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Y2HC? V2XHC
Ounc (QLHUR)(Cupo CHP7) Ouce (Qro* TAur) HGA*7 C\hyypo
Oune ( 7L}~IUR)(C/WWC~’WM) Ouwe (QLCTWUR)TGI{IW“MCWW
Oanc (QLHAR)(ClypeCHr) Oubc (Qro"ur)HB Cyuypo
Ounec (QLHdR)(CquaéH r7) Oaicc (QLU”VTAdR)HGA”UCHVpU
OcHc (LLHer)(CluypsCHP7) Oawc (Qrodr)T"HW P C\ypor
Ocne (LrHer)(CrupoCH7) Oac (Qrotdr)HB?" Cpypo
Ocwe (Lpo*er)T* HWP? Clyypor
O.Bc (Lro"er)HBP?Clyypo
2 HCD? ic
Oucp (Qro"* NV ur) (V7 H)Cupo Oudc € (QLo" ur)(Q%aP7 dR)Cuvpo
Oacp (Qro"~VPdr) (Vo H)C v po Ouec Eij(QLU“V’U,R)(LJLO’p er)Cuvpo
Ocep | (Lpo"VPer) (Vo H)Copo | Oueac | €P1[(dE)T Corul)[(u})T CoP?er)Cpo
Y2 XCD
Ogaep | (Quy*TAVYQL)GA Crype Ogcep (QLY*TAV* Q)G C o
Oucep | (ary"T4V up)GAP Cuvpo | Ougép (apy"TAV ug)GAP° N;wpo
Oucep | (d VHTAVVdR)GAMCWpa Oucén (dpy"TAV dR) G4 paéuww
Oqwen | (Quy*T*V QL)W ** Crvps | Ogweén QL' 7oV QL)W Clppo
Orwep | (Lpy" 7oV L)W Crvpo | Opweén (L VY L)W Cippo
Ogscp (QLY*V'QL)B*?Cpo Oopep (QLy*V*QL)B? Civpo
Oupcp (arY*V"ur)B?? Cyypo O.Bép (@ry*V"ur)B*? Chuupo
Oapop | (dry"V"dRr)B* Cuvps | Oupen (dry* V" dr) B Crpe
Owpep | (Lev"VYLr)B*Cuvps | Oppen (Ley"*VY L) B Crupo
Ocpep (€rY"*V”er) B Chuvpo O.pép (€rY"V"er)B" Crvpo

Table 4. Dimension-8 operators of the GRSMEFT including gravitational interactions and fermions
for Ny = 1. We do not show explicitly the h.c. of non self-conjugate operators. H; = €;; H; and C
is the charge conjugation matrix.

E Gravity EFT in d > 4 spacetime dimensions

18

In section 3.2 we identified the independent building blocks for the EFT of gravity, i.e. the
graviton single particle module R¢, in d = 4 spacetime dimensions. However, this result
does not only hold in 4 dimensions, but trivially extends to d > 4.9 The derivation of
the graviton single particle module only made use of the Einstein equations and Bianchi
identities, which have the same form in any dimension. Consequently, also R¢ in eq. (3.17)

is valid in dimensions larger than 4.
In this appendix we will shortly outline how to obtain the character for the single
particle module x¢ and the corresponding Hilbert series for gravity in vacuum in d > 4

and explicitly perform the construction for d = 5.

18We thank B. Henning for suggesting the study of this generalization to us.
9Tn d < 4 the Weyl tensor identically vanishes, i.e. the graviton is not dynamical.
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E.1 Character for the single particle module

We work in Euclidean space, where the Lorentz group in d dimensions is SO(d). The
finite dimensional representations of SO(d) can be labeled by partitions I = (I1,1s,...,1;)
with Iy > -+ > 1,1 > |l;| for SO(2r) and [y > --- > I, > 0 for SO(2r + 1), where
r is the rank of the group. These representations are in a one-to-one correspondence
with Young diagrams, i.e. they correspond to tensors with |[| = >, [; indices, which are
(anti)symmetrized according to the corresponding Young diagram (in this regard, such a
labelling is more convenient than the one we have used for SO(4) in the main text). In this

notation, the fundamental representation is labeled by I = (1,0, ...,0), the antisymmetric

tensor with two indices is | = (1,1,0,...,0) and the completely symmetric, traceless tensor

with n indices corresponds to [ = (n,0,...,0). Therefore the Weyl tensor in d dimensions
20

lives in the representation labeled by I = (2,2,0,...,0)
The single particle module in eq. (3.17) consists of the Weyl tensor and symmetric,
traceless combinations of covariant derivatives acting on the Weyl tensor. In the notation

we introduced above, it is clear that Vg, ---V, C, transforms in the representation

tvpo
corresponding to [ = (n 4 2,2,0,...,0), which implies that its character is given by

d o~ d
X(C’)(D7$) = ZD +2XEn)+2,2,0,...,0) ($) ) (El)
n=0

where Xl(d) (x) are the SO(d) characters.

Let us specialize to d = 5 dimensions. Eq. (E.1) can be evaluated explicitly using the
Weyl character formula for SO(5) characters, which can be found e.g. in appendix A of [2]

V& (Diz) = DPOUD; 2) [x(3y) (2) = D(x{h) (2) + X0 (@)

(E.2)
D2 (x5 @) + XDy (@) = D @)]

At this point we want to emphasize that unlike in d = 4, the single particle module
R¢ cannot be identified with a short conformal representation, whose scaling dimension
saturates the unitarity bound, by formally assigning this scaling dimension to the Weyl
tensor. The character for the conformal representation [4;(2,2)] in d = 5 dimensions is
given by (see e.g. [64])

(5) N — PAPG)P. (5) _ v 2. ,(5)

Moy (D5 7) = DPOD;2) [x(y (@) = DX (@) + DAy (@] (B3)
which clearly differs from eq. (E.2) even after assigning a scaling dimension of 4 to the
Weyl tensor. The reason for this is that the conformal primary, i.e. the equivalent of the
Weyl tensor, does not satisfy the second Bianchi identity. The corresponding descendent
V1, Cppo> Which transforms in the representation labeled by I = (2,2), is therefore not
subtracted from the conformal multiplet, as can be explicitly seen in eq. (E.3).

2ONote that SO(2r) admits chiral representations if I # 0, which is why in d = 4 the Weyl tensor can
be decomposed into a left-handed and a right-handed part, which belong to the representations labeled by
(2,2) and (2, —2), respectively.
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Note that there is no known expression for AH in eq. (2.15) if the single particle
modules cannot be identified with conformal representations. However, eq. (2.16) for Hg
still holds.

E.2 Gravity in vacuum in d = 5

The Hilbert series for pure gravity in d = 5 dimensions can be computed using eq. (2.16)
and the character for the single particle module in eq. (E.2). Grading the spurions according
to their mass dimension, i.e. C — €2C and D — €D, and expanding up to mass dimension

ten we obtain?!

1 C
Ho(D,C¢) = /dMSO(s)(fE)P(E,)(EMPE[DQ]

=eC? + 40+ (TC'D? +50°) + ...,

(E.4)

where we have dropped terms of mass dimension five or lower, since they also receive
contributions from AH. Note that the number of independent operators in d = 5 differs
from the number of CP even operators in d = 4, i.e. the operators which can be written
without the dual of the Weyl tensor. This implies that, beyond chirality, there are genuinely
new contractions of Weyl tensors which are linearly dependent or vanish in d = 4. The
number of independent operators without derivatives can be cross-checked with the number
of Weyl invariants given in [63] and we find full agreement.

Open Access. This article is distributed under the terms of the Creative Commons
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