PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: March 17, 2020
ACCEPTED: April 15, 2020
PUBLISHED: May 15, 2020

On operator growth and emergent Poincaré
symmetries

Javier M. Magan® and Joan Simén®
@ Instituto Balseiro, Centro Atémico Bariloche,
8400-S.C. de Bariloche, Rio Negro, Argentina

bSchool of Mathematics and Mazwell Institute for Mathematical Sciences,
University of Edinburgh,
Edinburgh EFH9 3FD, U.K.

E-mail: javier.magan@cab.cnea.gov.ar, j.simon@ed.ac.uk

ABSTRACT: We consider operator growth for generic large-N gauge theories at finite tem-
perature. Our analysis is performed in terms of Fourier modes, which do not mix with
other operators as time evolves, and whose correlation functions are determined by their
two-point functions alone, at leading order in the large-N limit. The algebra of these modes
allows for a simple analysis of the operators with whom the initial operator mixes over time,
and guarantees the existence of boundary CFT operators closing the bulk Poincaré alge-
bra, describing the experience of infalling observers. We discuss several existing approaches
to operator growth, such as number operators, proper energies, the many-body recursion
method, quantum circuit complexity, and comment on its relation to classical chaos in
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that simply rests on the equality between operator evolution itself. In the way, we show
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(GNS) construction, which maps operator evolution to a more conventional quantum state
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1 Introduction

In the Schrédinger picture of quantum mechanics, unitary evolution mixes the initial state
|4) with other quantum states as time evolves

() = et gy = 3 Dy S (1.1)

n! n!

Hence, solving for the time evolution amounts to understanding the states |¢,,) = H"|¢), an
understanding which is definitely challenging for chaotic Hamiltonians. Similarly, in the
Heisenberg picture, unitary evolution mixes the initial operator O with other operators
according to

i —i — (it)" — (it)"
O@t) =t e Ht:Z% m [H,...’[H,O]...]EZ% .y O, . (1.2)
In this case, it is the understanding of the operators O,, = [H,--- ,[H,O]---] that allows

to solve for the time evolution, and ultimately determines any notion of operator growth
one might potentially define.



The structure of the Heisenberg’s time evolution in chaotic systems has attracted some
recent interest for several reasons. First, due to its expected connection to quantum chaos.
It was found in [1, 2], for the case of SYK [3-5], that certain notion of operator size, to
be reviewed in the main text, is related to out-of-time-ordered correlation (OTOC) func-
tions [6-8]. Second, because of the relation between operator growth, quantum complexity
and the emergence of near horizon symmetries [9-12]. Finally, due to the broader con-
nection between complexity and operator growth, as discussed from different perspectives
in [10, 13-15], such as using Nielsen’s geometric approach to quantum circuit complex-
ity [16, 17] or the recursion method in many-body physics [18].!

The main goal of this work is twofold. First, and most importantly, to discuss the
structure of the operators O, in large-N theories, broadly understood as those theories
where large-N factorization holds [23]. These include large-N holographic theories [24-28].
Second, to revisit some of the existent approaches to operator growth, apply them to large-
N theories in the light of our previous analysis, and compare them with quantum circuit
complexity and quantum chaos. Within the context of AdS/CFT [29-31], the present
approach, based on the analysis of the operators O,,, makes manifest that any notion of
operator growth is the same at both sides of the duality, given the equivalence of Hilbert
spaces, operator algebras, and Heisenberg time evolutions.

Albeit the first objective might seem a hopeless task, given the inherent complexity of a
chaotic Hamiltonian, we will show how large-N factorization and generic finite temperature
properties in relativistic QF T's completely determine the action of the operators O, in most
of the relevant states of the theory, at least if the Eigenstate Thermalization Hypothesis
(ETH) [32] holds. Since the action of these operators will be shown to be controlled by the
2-pt function, we conclude that any notion of operator growth is determined by the latter
alone, at leading order in the large-N limit.

As a byproduct of this discussion, we use the operators O,, in holographic theories to
construct boundary CFT operators closing the bulk Poincaré algebra. Our construction
is analogous to how the Poincaré algebra in free QFT is generated from the algebra of
operators in the two Rindler wedges. It also uses the notion of mirror operators introduced
in the context of holographic bulk reconstruction [25-27]. This emergent Poincaré algebra
controls aspects of bulk infalling physics.

As for the second objective, we first note that, while quantum systems may have
different notions of operator size depending on their nature and dynamics, all of them can
be formulated as expectation values of simple operators within the Gelfand-Naimark-Segal
(GNS) construction. The latter associates a Hilbert space to an algebra of operators, and
maps the Heisenberg evolution of operators to the Schrodinger evolution of states in the
GNS Hilbert space. This observation allows to extend notions of operator growth to QFT,
and large-N theories in particular.

In this vein, before discussing natural notions of operator growth in QFT, we refor-
mulate different existent notions of operator size in spin systems in terms of the GNS

'See [19-21] for further work on operator growth in the context of SYK and [22] for a more generic
discussion in holographic theories.



Hilbert space. All these notions are given by expectation values of simple operators, such
as the number operator. Given this observation, we consider energy and number opera-
tors as natural size operators in large-N holographic theories. In particular, we stress the
exponential growth of the proper energy operator [10]. This choice reproduces the upper
bound in the Lyapunov exponent in holographic theories and it is intrinsically linked to our
discussion of boundary CFT operators closing the bulk Poincaré algebra. Such emergent
Poincaré algebra thus reproduces known important physics associated to infalling observers
in black holes.

Another existent formalism to study time evolution, mainly in many-body physics, is
the so called recursion method [18]. We apply this method to large-N theories, and find
a closed solution for the basis of orthonormalized operators that solves the 1d diffusion
equation governing the time evolution of operators in this approach. This is accomplished
by a change of basis between the operators typically used in the recursion method (the
Lanczos basis), and the Fourier mode operators that naturally arise in large-N theories,
which set the ground of our approach.

Finally, we end with a discussion relating Nielsen’s geometric approach to quantum
circuit complexity, to operator growth and chaos. These are typically viewed and pre-
sented as independent concepts, but we observe that when one compares the complexity
of formation between a pair of time evolved target states differing by an initial small per-
turbation, the quantum circuit complexity equals the cost to generate the time evolution
of the operator generating the perturbation. Hence, given our previous observations, we
can conclude the variation in the quantum circuit complexity in this situation and operator
growth must be functionally dependent. On the other hand, the connection between circuit
complexity and classical chaos was described in [15], borrowing ideas from [10]. Combining
such recent results with our approach to operator evolution in large-N theories allows for
a simple undertanding of the classical chaotic features in black holes found in [33-35].

This work is organized as follows. In section 2, we discuss the operators O, in large-N
theories. In section 3, we first review the construction of the Poincaré algebra using the
algebra of operators in the Rindler wedges in section 3.1. We then apply an analogous
construction to holographic large-N theories in section 3.2. In section 4.1, we reformulate
different notions of operator size in the literature using the GNS construction reviewed in
appendix A. We discuss natural notions of operator growth and the many-body recursion
method in large-N theories in sections 4.2 and 4.3, respectively. We close with a discussion
connecting quantum circuit complexity and operator growth in section 4.4. A summary of
our results and the logic purposed in this work are given in section 5.

2 Operator evolution in large-N theories
The goal of this section is to evaluate the series of nested commutators

controlling the Heisenberg time evolution (1.2) in generic large-N gauge theories for a subset
of initial operators O for whom large-N factorization of correlation functions holds [23].



Consider a local gauge-invariant scalar operator? O(t, ¥) in a gauge theory defined on
RY4=1 Tts Fourier decomposition

. dwd® 1k _ e
o, z) = /w>0 = (QW)d <Ow e iwt+ikd + Ol ce iwt zkw) : (2.2)
defines the non-local Fourier mode operators O ;- as
O,z /dt AT O, §) e (2.3)

with a similar expression for of o
W,

Even though the energy w and momentum k labels are not related to each other by
means of a dispersion relation, as it occurs for free quantum fields due to the classical
equation of motion, the time evolution of O(t,¥) remains trivial, as in the latter case.
Indeed, the nested commutators (2.1) equal

On(t) _ i_nﬁ(')(t) _ / dwd?® 1k ((_w)n o) ~e_m+“;f +wn OT éeiwt—il_c‘f) ) (2'4)
dtm (27’[’)d w,k w,k
w>0

In particular, each mode satisfies

[H,O ]=-w0O ; = O ()=e ™0

w,k w,k (25)

w,E] w,E ’

and similarly for OLE' Hence, these Fourier mode operators do not mix with other operators
as time evolves. For this reason, they are especially suited to study operator growth.

The Fourier decomposition (2.2) trades the problem of understanding operator growth,
characterized by the operators O,, in (2.4), for the one of understanding the Fourier modes
Ow’]; and OLE. In general, this is a hard dynamical problem. However, we argue below
that these operators are well understood in large-N gauge theories at finite temperature,
where factorization of higher point functions holds.

Indeed, large-N factorization allows to compute higher point correlation functions in

terms of the thermal 2-pt functions

Zngr (eiﬁH OwEOw’E’> =273 Iy (e of (’)T,k/>
Z; ' Tr (e—ﬁﬂ 00! k) Gal(w, k) 8(w — w)6 1 (F — E) (2.6)

-

Z; " Tr (efﬁH OL,;Ow/;;/) = Gy(—w, —k) 8(w — )0k — K
where Gg(w, k) is the Fourier transform of the 2-pt function

G,B(wak) E/dtdd lfGﬁ( ) iwt—ikT
(2.7)

=Z,

5! / dt d1 7 Tr <e*5H0(t,f)0(o,6)) gt —ikE

2The analysis of more generic smeared operators just follow from linearity as we comment further below.



It follows from (2.6) that the commutators of the Fourier mode operators satisfy

(e [01,1.00,5]) =270 (7 [o.0.6]) 0.

(2.8)

Z; ' Tr (e—ﬁH [owkojuk}) - (Gﬁ(w,é)—eﬁ(—w,—é)) S(w—u )8 (k- k),

up to 1/N corrections. In fact, as stressed in [24] and further developed in [25], due to
large-N factorization, the same statements hold when inserting operators P; and Ps

27 (PP [0f 00 L Po) =25 (P Py [0, 1,0, 1] P ) =0,
Z; ' Tr (e_’BH P [Owﬁ,ol k} 792) - (G6<w,E) —Gy-w, —/2)) §(w—w')8@D (F— ).
-Tr (e_ﬁH 731732) (2.9)

involving a number of legs not scaling with N. Therefore, these commutators behave as c-
numbers when inserted in correlation functions within this regime, a characteristic feature
of free fields.

Correlators (2.6) and (2.9), together with linearity, allow us to evaluate the expecta-
tion values of the nested commutators (2.4) in the thermal ensemble at any temperature.
However, for the subset of large-N gauge theories satisfying the Eigenstate Thermalization
Hypothesis (ETH) [32], the set of states in the Hilbert space where the previous correlation
functions hold is much larger. This is because ETH ensures the same expectation values
apply to most energy eigenstates compatible with the physical temperature. Therefore, in
the large-N limit, correlators (2.6) and (2.9) define the action of the operators Ow,E’ (’)LE,
and consequently the action of the O,, operators, in the basis of eigenstates of the theory,
up to a set of atypical energy eigenstates.® It is the knowledge of this action, and the
associated expectation values, that actually defines these operators in this limit. Following
the logic in this work, this information determines the time evolution of the initial operator
O(t, %) and any notion of operator growth associated with it.*

Let us stress that, mathematically, the correlators (2.6), (2.8) and (2.8) assume the
energy-momentum labels do not scale with N. However, physically, these high energy
modes are not necessary. Since local operators (2.2) have an infinite amount of energy, the
actual physical operators are smeared versions of these

dwd® 'k /. - -
_ d—1 = - . * t
0= /dtd Zf(z,t)O(t, T) = /wo e (f(w,k:) O, 5+ F*(w.F) Ow,;;> . (2.10)
where -
flw, k) = /dt di1Z f(t, Z) etRE (2.11)

To have a well defined (finite energy) operator O, the smoothness of the smearing function
f(t,Z) must not blow up in the large-N limit. The Fourier transform of such function will

3For a discussion on large-N factorization in chaotic theories and its relevance to ETH, see [25, 28, 36].

4This is typical in probability theory. We can define a random variable by its associated probability
distribution, or equivalently by giving all its moments. From a physical perspective, the second option is
better since the moments are the ones being measured.



exponentially suppress the modes (’)%E with frequencies and wavelengths scaling with V.
This smearing condition, together with large-N factorization, provides a good and precise
definition of a “simple” operator in large-N QFT’s.?

Before ending this section, it is worth making a couple of closing remarks. First, the
“growth” of the operator (2.2) in space, as defined by the nested commutators

_ dwddillg‘: kno —iwt—l—il;:‘i" k? . noT iwt—iEf
=y EOure T ()0 e

is also determined by the same 2-pt functions above. Second, the generators of time (H)

—

and space (P) translations reduce to

dwd® 1k _ dwd® 1k -
H:/°Z2)dwc9TEow,2 and P:/“’k;oT
T w, ’ w

w>0 w>0

(2.13)

in the large-N limit we are considering.

Modular time evolution. Besides unitary time evolution, there is a second natural
notion of evolution, modular time evolution, when restricting physics to subregions of
spacetime (see [37] for a review). Modular time evolution is defined as the unitary evolution
generated by the modular hamiltonian H,,q in the region of interest

O(s) = esHmod Q= isHmoa — p=is)pis | (2.14)

where H,,oq is related to the reduced density matrix® in this region p, as p = e~ Hmod,

It is interesting to ask for the structure of operator evolution in this context.” Since

0(5) = eiSHmod Oe_iSHmod — Z (ZZ? [Hmod7 I [Hmoda O] .. ] = Z (ZZ') O;and ,
n=0 ’ n=0 ’

(2.15)
this structure is determined by the operators

02 = [Hoa, - [Himods O -1, (2.16)

which are the only ones with whom the initial operator mixes through modular time evolu-
tion. Proceeding as before, we can Fourier transform the fields, but against modular time
evolution

O, = /ds O(s) e™* (2.17)

This allows for a simple computation of the action of O™° in all eigenstates of the theory,
in the vein of (2.4), if the correlators of the modular field modes are gaussian, as expected
for holographic theories with free bulk duals.

®In the context of spin systems, a “simple” operator is defined as one involving the product of an O(1)
number of spins.

5In QFT care has to be taken when defining these objects, but modular time evolution is well and
unambiguously defined, see [37] and [38] for example.

"Operator growth in the context of modular time evolution has also been considered recently in [39].



3 Emergent Poincaré algebra in holographic theories

The arguments of the previous section apply, as a particular case, to large-N holographic
theories. For such theories, the dual bulk description to the CFT at finite temperature is
a black hole [40]. The spectrum of low energy bulk excitations is captured by a small (not
scaling with N) number of boundary generalized free fields, whose Fourier modes satisfy
similar commutation relations to the ones in (2.9) (see below for a more precise account).
It follows from section 2 that the time evolution of these boundary operators is controlled
by thermal 2-pt functions, up to 1/N corrections.

Consider now low energy bulk excitations near the black hole horizon. The geome-
try they probe is locally equivalent to a Rindler horizon. We can ask whether the exact
relations satisfied by 2-pt functions in a fixed Rindler spacetime, characterizing the differ-
ences between infalling and uniformly accelerated observers in free QFT, will continue to
hold at lowest order in a 1/N expansion in the holographic set-up. Similarly, we can ask
whether we can see the relations between infalling and acelerated observers directly in the
CFT description. The objective of this section is to provide a constructive answer to these
questions, just based on the observations made in the previous section.

More concretely, our logic will proceed as follows. Free QFT in Rindler spacetime is
Poincaré invariant. Motivated by the black hole scenario and the questions above, we can
ask how to build operators closing an exact Poincaré algebra out of the algebra of operators
existing in the right Rindler wedge alone. We will review such construction in section 3.1,
stressing it simply relies on the algebra satisfied by the Rindler creation/annihilation op-
erators. But this is the same algebra satisfied by the Fourier modes of the generalized
free fields, dual to the bulk excitations in the boundary CFT. Therefore, we will conclude
that applying the same Rindler construction to large-N holographic theories gives rise to
boundary CFT operators closing the bulk Poincaré algebra at lowest order in a 1/N ex-
pansion. The implications of this construction for operator growth will be discussed in the
next section.

3.1 From Rindler to Poincaré

Consider a free quantum scalar field of mass m in R1¢. We want to review how to construct
the relevant generators of the Poincaré algebra starting from the operator algebra in the
right Rindler wedge plus the associated thermal state on it. To set some notation, let
us decompose the space directions into z and &, with conjugate momentum k., and E,
respectively, so that z corresponds to the direction along which the Rindler observer is
uniformly accelerated. Local fields in the right Rindler patch can be expanded in terms of
creation and annihilation operators

at. att (3.1)
satisfying the standard commutation relations

[aR il } = §(w — WOV E — B, (3.2)

wk’ W'k



Since w stands for the Rindler energy, time evolution in this Rindler wedge is generated by
the operator

HR = / dw dkwa™LaR. (3.3)
wk wk
It follows that each operator &SE evolves as
TR ~R ~R ~R —iwt AR
[H ,awE] = —Ww aw]z = awk'(t) =e wwt CLWE (34)
Rf

as usual in free quantum field theory, with a similar expression for &wg(t). Linearity extends
these claims to local quantum fields. Notice Rindler time is labelled as ¢. Minkowski
operators and coordinates will carry an M superscript.

Consider a thermal state pg in the right Rindler wedge quantum field theory (QFT)
with 8 = 27”, where a stands for the proper acceleration defining the Rindler frame. The
state pg is well known to be the reduced density matrix of the pure state |On), i.e. the
vacuum of the QFT in Minkowski (see [41] for a review and more details about QFT in
Rindler space). This purification involves a duplication of the operator algebra giving rise

to a new set of operators
al., att (3.5)

wk’ Twk

corresponding to the creation and annihilation operators in the left Rindler wedge from the
perspective of the full Minkowski spacetime. These operators commute with the original
ones (3.2) and altogether form a complete basis of operators in the Minkowski Hilbert
space. This matches the general Gelfand-Naimark-Segal (GNS) representation of thermal
states reviewed in appendix A, for later convenience. In this appendix, the origin of the
duplication of the algebra responsible for the canonical purification of the thermal Rindler
density matrix pg in the current discussion is explained in detail.

The Minkowski vacuum |Oyr) is determined by the relations

(agg — e afT(_E)) 10n) = (&5,; e a}j(_,;)) 0M) = 0. (3.6)

These allow to write the action of both dl:]; and di% on |Oyp) in terms of operators acting on
the right wedge. Notice that in our conventions, those of ref. [41], Rindler time in the left
wedge also runs in the same direction as in the right Rindler wedge. To get the opposite
conventions typically used in black hole physics and holography [42], one needs to perform
the replacement &ET(fE) — di%.

Given this complete basis of operators, there are two additional bases one can introduce
which will be relevant in what follows. The first is the set of creation and annihilation

operators associated with Minkowski time evolution

M [ee} dw 1
Yk T
£y mawy 1= cemern &1
y {ew(kz)f (%LJE _ o di?ﬁ)) Lok (afj]; — e e &Ef(fg))} )
where 1 +k
w-

k) = L1 wp + k2 3.8
(k) 20g<w;;—kz)’ Y



is the standard rapidity in relativistic physics and w% = m?+ k2 + \E|2 is the on-shell
Minkowski frequency carried by each mode. In this basis, the generators of Minkoswki
time and spatial z translations are the standard expressions

oM /dk Ak wgaaM

kzk kzk’
(3.9)
ij /dk dd 1kk AMT M
z koK kzk’
whereas the number operator equals
NM /dk d*= 1kkML iy (3.10)

Notice that using (3.6), any Minkowski mode can be easily generated by acting with oper-
ators in the right wedge

~ M7 [T dw [ ainhy 7Y [ —i%(9(k2)+i%) ~R i (k=) +iT ) A RY
asz|0M> = /0 frawg 2sinh - {e ( 5) @ +e ( )awﬁ] |O) -
(3.11)

The second additonal basis is the Unruh basis, defined by an appropriate normalisation of
the operators annihilating |[Oy) in (3.6)

_ 1 ~L —7¥ ~Rf
b—i—w,E = 71 = 6—27r% <aw]; —e a aw (7]2)) )
1 (3.12)
_ R @ L
bk = —on ¥ (awk —e aw(*lz)) ’
1—e“"a
together with bl e These operators satisfy standard commutation relations
[biw,; B w;;] — §(w — W)k — ). (3.13)

They are convenient to determine the thermal nature of the Rindler modes in |Oy) [43].
Indeed, using

b_ r+e e bT - b, -4eTab!
QR = wk ook gl =7 wk —wk (3.14)
1-— 6*2”2 1—e 2mq

and the fact that Unruh modes annihilate |On) (eq. (3.6)), one easily finds
(Om| a™-a% [0ng) = (On] aRiaRi On) =

Bw
AR A e ST
(Ol afizalt |0n) = —— 8w — w6V (k ), (3.15)
(On| @ttalt jonr) = ﬁ%_l 5w — )o@V (k— K.

The associated Unruh number and energy operators, labelled with a U superscript, are

ﬁU:/ dw/dd lkw[bhb c bl b ]

d—17 (3t A
/dw/d RO b0 bl

It can be verified by direct computation that NU = NM,

(3.16)



We now have all the required ingredients to construct the generators of the Poincaré
algebra. Indeed, the operators (3.9) generate time and space translations, whereas the
total Rindler Hamiltonian, in appropriate units,

N 1 /4 .
K = p (HR - HL) ) (3.17)

gives rise to the boost operator. Let us stress that we view all three operators as implicitly
(or indeed explicitly) defined in terms of the right Rindler wedge operators satisfying the
commutation relations (3.2), and placed in thermal state pg. Using these and the definition
of the Minkowski creation/annihilation operators (3.7), one can verify HM , PM and KM
satisfy the commutation relations characteristic of the Poincaré algebra

[HMK;“} = iPM, [PM,KM] = —ifM, (3.18)

To summarize, using the free algebra of creation and annihilation operators in the
right Rindler wedge, the canonical duplication of the algebra in the thermal state, and the
definition of the Minkowski vacuum (3.6), we constructed a set of operators AHM, 15;\/[
and KM

., implicitly defined using (3.7) and its hermitian conjugate, closing the exact

Poincaré algebra.
3.2 From boundary CFT to bulk Poincaré algebra

Let us consider large-N holographic theories. Due to large-N factorization, thermal corre-
lation functions are determined by (2.6) and (2.9). As noticed in [25], a normalised version
of the Fourier operators appearing in section 2

A OUJ,E 1 Ow,E

o= = 3.19)
w,k - S\ 1/2 - — _—Bw’ (
(Go(w, F) ~ Go(~w, —F)) Vas R Vi—e ™
have canonical commutations relations and their thermal expectation values satisfy
-1 —BH AT A _ 1 AN A
Zﬁ Tr <€ Ow,EOwl7E/> = mé(w — W )(5 (k —k ) y
. B i eﬁw . (320)
— - A A _ nsd—1c70 70
Zg Tr (e OwﬁOw',E/) = eﬁwilé(w—w)é (k—K).

Hence, these operators display the same algebra and expectation values as the right Rindler
wedge creation/annihilation operators in (3.2) and (3.15). We use this observation to
explicitly construct boundary CFT operators closing the bulk Poincaré algebra, up to 1/N
corrections, for both 2-sided and 1-sided holographic AdS black holes.

2-sided AdS black holes. If the state in the (right) CFT is exactly thermal, we can
canonically purify it by the associated thermofield double state
1

VZ(B)

belonging to the duplicated Hilbert space Hr, ® Hr. This pure state matches the GNS
construction of the thermal state reviewed in appendix A.1. It is holographically dual to

|TFD) =

BE;
> e T |E)L®|E)k (3.21)
)

~10 -



the 2-sided eternal AdS black hole [42]. Since the algebra of operators is also duplicated,

it gives rise to two sets of commuting modes OT o and (’)Jr ok satisfying the same algebra

and with the same expectation values as in (2. 6) and (2. 9) They also verify the relation
A —Z2 At — (O —Z At —
(oLw,E e 5 ORME) ITFD) = (ORME e 5 OLw,I;) ITFD) = 0. (3.22)

The origin of this equation is explained in appendix A.1. It is an special case of eq. (A.18),
and it is basically equivalent to (3.6), the equation defining |0y) in the Rindler discussion.
As stressed there, our conventions involve time running in the same direction in both
wedges. Furthermore, the Rindler acceleration a is mapped to the black hole temperature
using § = <&

Given the equivalence between the algebra of left /right creation/annihilation operators
in Rindler, and the left @LM,E’ @Itw,l; and right ORW,E’
the two boundary CFT Hilbert spaces, we can now proceed analogously to our discussion

At : .
ORw,E Fourier modes belonging to

of the different bases of operators and Poincaré generators associated to Rindler physics.
In particular, the generator of time translations in the right CFT reduces in the large-N

limit to
‘R Sy N
H" = /dw dkwonJ;ORw,lZ' (3.23)
The Unruh creation/annihilation operators can be defined by
1 .
U _ o —Bw/2 At )
O*“*’“ V1—e P <0Lw £° ORW’E 7 (3.24)
1 A ) .
voo_ L —Bw/2 At )
O—w,k m (ORw,k € OLw,E ’
while Minkowski annihilation modes can be defined by
1
(3.25)

V2maky v/1—e—Bw

[l (6 e Yyl (O et 0] )]

These operators allow us to define operators generating Minkowski time and spatial z
translations by

M = /dkz Ak w; OMLOM.

ko.k  kzk
PM = /dk Ak k. OMT LOY (3.26)
where w% =m?+k2+ |E 2. The associated number operator is just given by
NM / dk, d* 'k oﬂoﬁf (3.27)

Since the algebra of the modes @R 7 and O, - together with the expectation values in the
w, Lw,k

thermofield double, are equal to the ones in the Rindler discussion, up to 1/N corrections,
we conclude these boundary CFT operators close the same bulk Poincaré algebra

[HMHT} = iPM, [PM,FIT] — _iAM (3.28)

- 11 -



where the boost operator HT is the total boost Hamiltonian of the two decoupled CFTs

defined by

ar- b (ﬁR - HL) (3.29)

2

This is the same as in the Rindler discussion (3.17), after the replacement a — 27 /.

1-sided AdS black holes. The proposal on bulk reconstruction of the black hole interior
developed in [25-27] extends the previous discussion to single AdS black holes involving a
single boundary CFT. Observing that energy eigenstates |E;) are well approximated by
the thermal ensemble, one can work within the code subspace [44, 45] and show that |E;)
is a cyclic and a separating vector in the Hilbert space with respect to the code subspace
algebra [28, 36]. The Tomita-Takesaki theorem® guarantees the existence of a non-trivial
“mirror” commutant. The mirror operators ONW,E generating this commutant play a similar
role to the operators O ok in the 2-sided discussion, but they belong to the same boundary
CFT dual to the single AdS black hole. Mirror operators are state dependent and defined
by the relations

~ _Bw
OW,E‘\I,Z> =e 2 OLE |\I]l> )

vagowhgl - wn,En‘\Pi> = Owha - wn,EnOw,E‘\Ili> , (330)
[H, Owﬁ} OO, i |U) =wO O & .. O, ¢ Uy,

which only hold within the code subspace. As discussed in [28], there are some ambiguities
regarding the 1/N extension of these operators, but for us it will be enough to work
within the code subspace. This, together with microstates |E;) being well approximated
by the canonical ensemble, ensures the defining properties (3.30) give rise to an algebra
and correlation functions that are equivalent to the algebra of the OLw,E in the 2-sided
discussion, and therefore to the algebra of annihilation operators in the left wedge. We
can thus proceed anagolously to the 2-sided discussion. In particular we can define the
different basis and generators, including the Poincaré ones, by the very same formulas, just
changing the modes OLw,E by the mirror modes Ow,fé'

Let us summarize the results of this section. Building on the transparent construction
in Rindler spacetime, where the Poincaré algebra is seen to directly rest on the algebra
of operators in the right wedge (together with an appropriate thermal state), we have
established the existence of CFT operators in large-N CFTs closing the bulk Poincaré
algebra both in the 2-sided and 1-sided black hole scenarios. This algebra describes the
experience of infalling observers in black holes.

4 Growth measures

As argued in section 2, time evolution of simple perturbations in large-N theories at any
finite temperature is captured by the Fourier modes O _  and (91 Pt These modes allow

8See the book [37] for a physics introduction, the summary done in ref. [26], or ref. [38] for a recent review.
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for the evaluation of the series of nested commutators (2.1) in any energy eigenstate com-
patible with the given temperature if the theory satisfies the ETH conjecture. Within
the large-N limit,” this operator structure should be enough to characterize any notion of
operator growth.

In this section, we confirm this last expectation by exploring several notions of oper-
ator growth. We start by reviewing some recently introduced notions of operator growth,
such as operator size in spin systems or the recursion method in many-body physics. We
then provide a general framework to study operator growth in QFT, based on the GNS
construction reviewed in appendix A. Lastly we apply the approach to large-N theories.
Albeit our applications will be confined to such theories, the present GNS approach might
help to understand the putative definitions of operator growth in generic QFT’s.

We close the section with a discussion on the relation between Nielsen’s geometric
formulation of quantum circuit complexity, operator growth and quantum/classical chaos.
In particular, we show that the quantum circuit complexity of a perturbed state equals the
cost of generating the time evolved operator responsible for the perturbation. Quantum
circuit complexity and operator growth are thus functionally dependent in this precise
manner. Using the results in previous sections, we conclude both are determined by the
nested operators (2.1) we computed in the large-N limit.

4.1 Operator growth as state mixing in the GNS construction

To define any notion of operator growth, it is natural to require the ability to expand a
given operator in different bases of the space of operators, in order to quantify how the
support of the operator changes with time. Hence, given an operator algebra A, we need
an inner product endowing A with the structure of a Hilbert space. This is precisely the
goal of the GNS construction, which is reviewed in appendix A. Here we briefly summarize
its main ingredients. Given a state!’ ¢ acting on the algebra A satisfying

Ac A, ¢p(ATA)=0 «— A=0, (4.1)
the GNS Hilbert space Hy4 and its inner product are defined by
Ac A= |A) € H,, (B|A)=¢(BA). (4.2)

In this Hilbert space there are two equivalent representations = and 7 of the algebra A
acting on H,

Ac A= |A)eH,, =(A)|B)=|AB), 7(A)|B)=|BA"). (4.3)

90ur discussion focuses on large-N theories, but it also applies to free QFT in Rindler space given
the algebraic equivalence between Rindler operators and the Fourier modes O Wik and O: o as explicitly
discussed in section 3. To our knowledge, operator growth in Rindler space has not been considered in the
literature and it is useful to gauge away some of the confusions arising when defining the notion of operator
growth in QFT.

The word state refers to a linear functional acting on the algebra A as properly defined in (A.2). This
is the standard terminology used in algebraic QFT [37].
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This construction is valid for any type of operator algebras, including the type III algebras
relevant for QFT.

Consider states |k) arising from abstract states in the algebra which are invariant under
time evolution, such as thermofield double states.'' In this context, the GNS construction
maps the Heisenberg time evolution A(t) of any operator belonging to the algebra to the
Schrodinger’s time evolution of the associated GNS state

Ut)m(A)|r) = m(A()|r) = [A{)r) = [ (1)), (4.4)

The same conclusion holds for the representation 7.

Since operator evolution is equivalent to state evolution in the associated GNS Hilbert
space, any notion of operator growth should be characterized by expectation values of size
operators in the GNS Hilbert space Hg

(w(t)] Z?‘T(Bi)ﬂ(Bj)l‘I’(t» : (4.5)

as any other property attached to states in Hg. In the previous relation B; runs over a
basis of operators of the algebra.

Albeit the previous formulation might seem too abstract, below we describe how recent
examples in lattice systems look through this light. The advantage of the present formu-
lation is that it will prove to be useful and trasnparent as well when we move towards
large-N CFT’s.

Operator size for simple Majorana operators. Before exploring this perspective for
large-N theories, we briefly comment on how the case of Majorana spin systems at infinite
temperature [1] and its extension to finite temperature [2] fit in this framework.

Consider a set of N fundamental Majorana operators normalized by {14, ¥p}? = 264.
Every operator 1 in the algebra A can be expanded as

N
0=>" > caatba Y, (4.6)

s=1 ai--as
The size of such operator was defined by [1]

N

So = Z s Z |Caya.|* - (4.7)

s=1 ai1-as
This is natural if one thinks of the label s as describing, either location in a 1d lattice, or
directly in terms of the number of fundamental fermions building the operator.
The connection to the GNS construction is as follows. One assigns a vector |O) € Hy
to every operator O € A with GNS inner product

(0|0 = %Tr((’ﬂ(’)’), (4.8)

"Notice that this can be straightforwardly generalized to states invariant under so-called modular time
evolution. Also, notice that this definition is not restricted to time-independent states. Starting with the
invariant one we can move to other states by using elements of the algebra. These states would then evolve
as it is described.
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where Z is the dimension of the Hilbert space Z = Tr(1) induced by the normalized inner
product for finite matrices. It follows the identity element of the algebra 1 — |1) and the
inner product can be interpreted as an expectation value at infinite temperature. There is
one natural representation of the algebra in H4, defined by =(0)|0’) = |O0O’). This allows
to define unitary time evolution in the GNS Hilbert space by

U (0)[1) = m(O(1))1) = |O(t)) - (4.9)
This gives a concrete example on how operator evolution is seen as state evolution in the
GNS Hilbert space.
Within the GNS construction, there exists an operator S acting on Hy

Z Z wal ’ "was)|]l><]l|77(¢a1 ’ "%s Z Z Wal ' ¢as <7/)a1 "'@Z)a5| )

ai-as al-as

(4.10)

satisfying
So(t) = (O(t)|S|0(1)) - (4.11)
Hence, the notion of size (4.7) equals the expectation value of S in the GNS state |O(t)) that
is mapped to the time evolution of the original operator O(t). This matches our general
expectation that any notion of operator growth should be computable by expectation values

evaluated on the GNS state. In fact, introducing creation c;r and annihilation ¢; operators
in Hy by
Cilthay *+ Yay) = Oiar|Vay -+ Yas) + - + GiaVay - Yag_1) s (4.12)
cleilta, - Ya,) = Giar +++ Gias ‘
the size operator (4.10) can be reinterpreted as a number operator
N
S = Zczci. (4.13)
i=1

Hence, we learn there is a basis of operators in H4 where a natural notion of size in this
lattice system is a simple quadratic operator.

This notion of size in lattice systems was extended to finite temperature in [2] by
purifying the thermal ensemble of the Majorana fermions. Such an approach is directly of
the GNS form, as reviewed in appendix A.l, but using fermionic operators. Hence, our
conclusions extend to this finite temperature case too.

Alternative notions of operator size Depending on the dynamics and state of the
system, operator size defined as in (4.7) may not be a dynamical quantity. This can
happen even if the complexity of the operator grows. Indeed, if the Hamiltonian preserves
the number of particles, the previous definition of operator size will be a conserved charge
for a natural class of initial states, as we review now.

Consider a bunch of spinless fermions whose hamiltonian conserves the number of
particles. Any state can be expanded as

N
= Z Z wal"‘asc(‘h n 'Cls| \Ll o \l/N) 3 (414)

s=0 ai---as
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where cl-L and ¢; create and destroy such fermions at site . Besides operator size, one can ask
about how many particles are being transported by the Hamiltonian as time evolves. This
was considered in [46]. To be definite, consider an starting state with the first m particles
excited. Unitary evolution mixes the state with other states in the m-particle sector

W) = D Yarean () ch, b L I (4.15)

ai--am

One proposed notion of operator growth is the average number of jumps (the average
transport) the spins have performed due to Hamiltonian evolution. Such number can be
measured by the expectation value of the number operator

N

T cjci (4.16)
+1

i=m

counting the number of fermions in the sites that were not populated at ¢t = 0. It follows

T(t) = () T1(t) (4.17)

is the average particle transport. This is a sensible measure of the growth of the state
|1(t)) and it is still the expectation value of a simple operator. Also, since

() = U(t)el - UL @) b - In) = O@)] 41 -+~ ) (4.18)

this expectation value is equivalently studying the growth of the operator O = c]; “ee cIn in

the state | 11 -+ {n). Notice that while this notion of size is bound to grow, as analized
in [46], the previous notion of size, where we would add up all spins in the definition (4.16),
would be constant through time evolution due to particle number conservation.

4.2 Size, number operators and energies in large-N and holographic theories

The observation that Heisenberg operator evolution is equivalent to Schrédinger’s time
evolution in the GNS Hilbert space provides a hint to extend the notion of operator size to
QFT. Such notion is based on simple operators, such as (4.13) and (4.16) in spin systems
(see [1, 2, 13, 46]).

Given the structure of time evolution for holographic CFTs in the large-N limit dis-
cussed in sections 2 and 3.2, it may be natural to define any notion of operator size as
being of the form

§= 3 R @ (01) o (02) (1), (4.19)

in terms of the operator modes and its mirror partners for the different local low conformal
dimension boundary operators indexed by «. The additive nature on the spectrum of op-
erators is due to the absence of mixing between operators when neglecting 1/N corrections.

Assuming the generic definition (4.19), large-N factorization ensures that any notion
of size in large-N theories associated with a choice of the functionals F, is completely
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determined by the two-point function (2.6), up to 1/N corrections. Indeed, to study the
growth of the size of a certain field O(t) in the thermofield double |kg) at temperature 53,
we just need to take the expectation value of S in the evolving GNS state |O(t)rg). Such
expectation value can be computed by using expressions (2.2) and (2.6), together with
large-N factorization.

Let us remark that in previous literature, starting with [1], the notion of size has
been argued to be related to out-of-time ordered correlation functions. If this relation is
extended to any large-N theory and any temperature, our analysis would imply a non-
trivial relation between two and four-point functions in the large-N limit. These aspects
will be studied elsewhere.

In analogy to the spin size (4.13), natural choices for the size S in large-N QFTs
are simple operators like the number or energy operators associated to the different bases
(Rindler, Unruh, and Minkowski) of creation and annihilation operators discussed in sec-
tion 3.2. As in our discussion of the dynamics preserving the number of particles, not all
choices for such operators will provide useful dynamical information. In what follows, the
upper index in the size operator refers to the basis chosen, either Rindler (R), Unruh (U) or
Minkowski (M), and the lower index to whether it is energy-based (H) or particle number
based (N).

Let us start our discussion with the number and energy operator associated to the
standard basis of operator modes

SE=N = / dwd®k (’)LEO%E and SR =H= / dwd® 'k w (91,7,;(9 (4.20)

w>0 w>0

w,k *

Then the expectation value (kgO(t)|S|O(t)rs) is constant for any operator @ and provides
no further dynamical information.

Unruh and Minkowski number operators. Consider the Unruh and Minkowski num-
ber operators choice

U _ AyU d—17 AUt AU AM _ M d—17 AMf M

Sy =NV = /dkzd FOUIOY, and SN = NM = /dkzd kokjgokzg. (4.21)
Both choices are equal due to the algebra of field modes. This proposal is inspired by
the relation (3.22), which is a specific instance of the more general Tomita-Takesaki like
equation (A.18). One basically defines the simplest operators annihilating the thermofield
double!? and uses them to define a number operator. For Majorana fermions this was the
path chosen in [2]. Here we see that such operators, in the black hole scenario, are the
known Unruh creation/annihilation operators.

These notions of size give zero on the thermofield double, while positive sizes on the
thermofield double with perturbations. However, if we consider a Minkowski mode excita-

12Notice there is an infinite number of choices that also annihilate the thermofield double, including the
Minkowski annihilation/creation operators.
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tion generated by 022,13 this notion of size will remain constant through time evolution.
This is because unitary evolution acts like a boost on these excitations. Hence, it changes
the value of their momentum but not the number of modes. This choice shows that de-
pending on the basis of operators being considered, equating size with number operators
may not provide useful dynamical information.

Minkowski energy. Consider the boundary CFT operator describing the analog of a

14

bulk infalling Hamiltonian"* constructed in the previous section

&M _ M d—17 Mt AMt
Sqg =H _/dkzd kwEOkZEOkZE' (4.22)

This choice was studied in detail in [10]. Since the CFT time evolution acts as a boost

upon a Minkowski mode 02/[%

. . v(wi)
iV K AMt iy K Mt
e Osz e = 7%; Ow(kz)ﬁ , (4.23)

it follows the size will exponentially grow at large times (tM > 3), with Lyapunov exponent
equal to 27 /f3, since evolving with the QFT Hamiltonian for time ¢ is equivalent to boosting
the particle with rapidity %rt (see (3.29)). This shows that the usual exponential blueshift

of the proper energy E|, ~ e%ﬁt of infalling observers (perturbations) in black hole physics,
which simply rests on the universal structure of the time component of the metric (goo) near
the horizon, can be seen as measuring the growth of the size of the associated perturbation
in the CFT.

4.3 The recursion method at large-N

A standard approach in condensed matter physics to study the Heisenberg time evolution
and complexity of operators is the recursion method (see [18] for a detailed presentation).
This perspective on operator growth was recently considered in SYK in [13] and used to
study long time scales of operator dynamics in [14]. In this section we explore what the
structure of time evolution in large-N theories described in sections 2 and 3.2 teaches us
about this approach.

Let us first describe this method briefly. As before, the recursion method requires
the definition of an inner product. The book [18] considers a whole family of them, but
we show in appendix A.2 that all choices can be related to one convenient representative
in QFT. In the following we focus on such representative and, for simplicity, we only

13We remark that although the Minkowski creation/annihilation operators are state-dependent in the
one-sided case since they make use of the mirror operators, exciting a Minkowski mode is not a state-
dependent action. The reason is that the action of the mirror creation operator can be fully mimicked by
their partners in the right wedge, as in (3.11).

Here we are referring to the Minkowski energy choice. The Unruh energy is not a sensible choice since
it is infinite for any Minkowski mode.
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consider operators with vanishing one-point functions. Given two operators A and B, the
representative inner product (A, B) is defined by

(A, B) = (PH2ATe=PHI2By (4.24)
where (A)z = Tr(pz A). Within the GNS framework, this inner product can be written as
(k|7 (A)m(B)|k) = (k| BrAT) = (PH/2ATe=PHI2BY 5 = (A, B). (4.25)

The inner product (4.24) allows to expand any hermitian operator O(t) in an orthog-
onal basis of operators

Ot) => Cr(t)fr, with (fx, fir) = (fi, i) Shar (4.26)
k=0

for some time dependent coefficients Cj(t). The recursion method proposes to use an
explicit basis fj, the Lanczos basis, to study operator evolution. Basically, starting from
the operators O,, defined previously, it provides a constructive algorithm, based on the
Gram-Schmidt orthogonalization procedure, to determine such basis

(f5: 15)
(fi=1, fi-1)

with initial conditions f_1 = 0 and fy = O being the operator at initial time. The

fev1 =4[H, fr] + Ak fr_1, k=0,1,... with Ay= , J=1,2,... (4.27)

coefficients Ay, are referred to as the Lanczos coefficients. The linear operator £ generating
the time evolution as £(O) = [H, O] is sometimes called the Liouvillian. It corresponds
to the GNS Hamiltonian in the GNS construction described in appendix A generating the
unitary evolution in (A.14)—(A.15).

Plugging the expansion (4.26) into Heisenberg’s equation of motion, one derives a 1d
diffusion equation for the amplitudes Cj(t)

ao . :

E =iLO & Ck(t) = Ck_l(t) — Ak+1 Ck:—H (t) , k=0,1,2... (4.28)
with initial conditions C_;(t) = 0 and Ci(0) = k9. In this framework, the Lanczos
operator complexity Lo of an operator O can be defined by the average position in this
effective 1d chain'®

Lo= i p (e OO (4.29)

15When adopting this definition, one is assigning some kind of locality interpretation to the 1d chain
which was manifest in our Majorana fermion discussion (4.7). Here, the label k technically accounts for
the number of commutators with H that have acted upon the starting operator. Thus, depending on the
interactions in this hamiltonian, the support of the different f operators will grow accordingly. Since
one is interested in quantifying the evolution in the size of this support, one could consider more general

(fr>fr)
inner product allows to define a notion of average size for any relevant choice of g(k).

) 2
functionals Y g(k) G C0)] capturing this quantity more precisely. Our point here is that the existent
k=0

~19 —



Because of (4.25), Lo equals the expectation value of the “Lanczos operator” in the GNS
Hilbert space

. (i) oy T
to= kZ:Ok V (fk,fk)| ) ‘v (fe i) (430
so that
Lo = (klm(O(t)) Lom(O(t))|x) . (4.31)

Notice Lo is a state dependent operator in the GNS Hilbert space, i.e. it is not linear in O.

Knowledge of the Lanczos coefficients A,, determines the orthogonal basis {fx} and
allows to determine the full-time evolution of the operator O(t) through the integration
of the 1d diffusion equation (4.28). Interestingly, these coefficients A, can be recursively
extracted from the connected 2-pt function

Q1) = (01)0(0))s - (4.32)
This can be seen as follows [18]. Since

(O(), 0) _ 2(t)

Co(t) = . 0) = 3(0)’ (4.33)
where ®(t) = (Q(t) + Q(—t)) /2, if one assumes the Taylor expansion
Co(t) = i CD* 5 12k (4.34)
° (k) T '

k=0

is sensible, it follows the existence of a one-to-one reconstruction algorithm between the
moments Moy, which are determined solely by derivatives of the 2-pt function (4.32), and
the Lanczos coefficients Ay,

n— n—2
(n) _ MQ(k Y _ M2(k—2)

My = =% o Ap=M", k=nn+1,... K and n=1.2,... K
n—1 n—2
(4.35)
The initial conditions of this recursion are MQ(S) = Mo, and A_1 = Ay =1 and MQ(I;I) =0.

In section 2, the structure of time evolution in large-N theories was discussed. It
is natural to ask whether we can learn anything about the recursion method given this
structure. The first observation is that the operators O_ ;- diagonalize the Liouvillian

O, ;) _ . . it
—a = ZE(OW’E) =i[H, Ow,E] = —w Ow,E - vak‘(t) =e Ow,]g(t) (4.36)

Hence, there are two natural bases in the space of operators: the Lanczos basis, made of
the orthogonal fj and the operator modes Ow, i diagonalising the Liouvillian in the large-N
limit. Finding the change of basis would immediately solve the diffusion equation (4.28),
since the time evolution of the (9% i operators is known. Since properly normalised operator
modes (3.19) satisfy the canonical commutation relation associated to a set of creation and
annihilation operators, we analyse the latter from the recursion method perspective next.
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Consider K free harmonic oscillators, denoted by a; and a}, with 7 =1,..., K. Take
as our starting operator in the recursion method algorithm

fo=Y Dj(aj+al), DieR (4.37)
J

with D; any set of coefficients. This choice matches the ¢ = 0 expansion of the field in (2.2)
and accommodates their normalisation (3.19). Since La} = wj a} and La; = —wjayj, it
follows the vectors generated by the recursion method algorithm must be of the form

fae = _DjPyjlaj+al), k=01,.. . K—1 with Py =1V

J
(4.38)
fors1 =Y _D;Qrjilal —aj), k=0,1,.. . K —1 with Qo =w; Vj
J

for some unknown real coefficients P ; and @)y ; satisfying the above initial conditions.
Using the harmonic oscillator thermal correlators

(aial)s = €™ ng(wi) 8ij,  {a} aj)p = nglw) by, (4.39)

where ng(w) = (e’ — 1)1, it follows

. ‘ 2 [P o
(aj + a;r-, ag + aL) = (Z( ; — aj),z(aL - ak)> = 5/0 A\ e ng(w;)dik = Ajdjk, (4.40)

with all other inner product combinations vanishing. Hence, the set of vectors { fox, for+1}
defines an orthogonal set, as it should. For K finite oscillators, the algorithm will halt
once we reach a basis of 2K orthogonal vectors, which matches the number of independent
creation/annihilation operators. This explicitly confirms the relation between the two set
of operators is indeed simply a change of basis. This change is only non-trivial for K > 1,
as in large-N QFTs where there is an infinite set of operator modes when studying the
growth of a local field.

Plugging the parameterisation (4.38) into (4.27), we obtain the following recurrence

relations
Ps,j = —Wwj Qs—lﬂj + Ags_1 Ps—l,j s s=1,2,... K -1 (441)
stj:wjps,j"i'A%stl,ja s=1,2,... K -1
These are solved by!6
s 2m+1 2m+3 25—1
LIRS DD DR DD DR
m=0 i1=1 19=1%1+2 Is—m=ts—m—1+2 4 42
s 2(m+1) 2(m+2) 2 (4.42)
Qug=wi 2 (V"™ 3 A D A 3 Ai,
m=0 i1=1 io=11+2 ts—m=ts—m—1+2

The proof is by induction and it is given in appendix B.

167t is understood that whenever the subindex labels 7 in i, equal zero, such terms do not contribute to
the solution.
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As a check of our formal solution to the recursion method, we show it satisfies the
diffusion equation (4.28). As stressed above, the advantage of expressing our operators
in the basis of field modes is that these modes diagonalize the Liouvillian operator £ and
therefore make the time dependence trivial. Hence, the exact time evolution of our initial
operator just equals

ZD ( gl g i a]) . (4.43)

From this expression, to find the Lanczos expansion we just need to write the aj-
terms of the f;. We remark this is not a dynamical question, just a change of basis. To

and a; in

invert the relation we use that the amplitudes entering the diffusion equation are given by
the projections

(for, fo(t)) (fort1, fo(t))
Cop(t) = L2 SO o () = 2L SO 4.44
0 = o) 1) = (i, Forn) (4.44)

Explicit calculation yields
C D2 7’] t,
2t Z " (fars for) 08
o (4.45)
02k+1 Z D2 $ sin wjt .

f2k+17 f2k+1)

Computing the time derivatives and using the recursion relations (4.41) to replace the w;
dependent terms reproduces the diffusion equation (4.28).

To sum up, the 2-pt function (4.32) determines the Lanczos coefficients Ay and these
determine the orthonormal basis of operators fi controlling the Heisenberg time evolution
of an initial operator O. These are related by a change of basis to the operators used
in section 2 to describe this same evolution in large-N gauge theories. This is consistent
with our claim that 2-pt functions characterize operator growth in these theories at leading
order. In this approximation, what makes these theories special, from the recursion method
perspective, is that we can solve the diffusion equation analytically by relations (4.45), once
we have the coefficients Ag. In QFT, the set of modes is infinite and the recursion does
not halt. The operator then grows indefinitely, even if we are dealing with a set of free
harmonic oscillators.

The specific structure of the Lanczos basis unraveled here also differs from the general
exponential growth of the Lanczos complexity in QFT. As remarked in [13], in the typical
QF'T scenario in which the 2-pt function is exponentially decaying and its Fourier transform
has poles, as dictated by the generic analyticity properties of thermal correlations, then
the mean position in the one-dimensional diffusion equation (4.28), the Lanczos operator
complexity (4.29), will grow exponentially fast with Lyapunov exponent 27/3.'7 Such
statement holds for any chaotic QFT, and it is not particular to large-N theories.

17As shown in appendix A.2, this exponential growth with the right Lyapunov exponent only applies
to the representative inner product considered in (4.24). For other inner products, one gets exponential
growths with faster rates. This statement seems similar to the results found in [47] for out-of-time-ordered
correlation functions, which show that different choices of euclidean separations in the OTOC 4-pt function
might lead to faster growth than the chaos bound [8].
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4.4 Chaos and quantum complexity

In this section we first stress the existence of a natural relation between operator growth and
quantum circuit complexity. Afterwards, we discuss the link between these two concepts
and quantum chaos [10, 12, 15]. Finally, in the context of the AdS/CFT correspondence,
we also briefly comment on the relation between them and the emergence of classical
bulk chaos.

In quantum complexity discussions, the complexity C},) to prepare a particular target
state |¢) starting with a certain reference state |¢r) by applying a series of elementary
gates g;

V) = Ur [¥r) = gn - 9291 [¥r) (4.46)

is defined as the number of gates associated to the optimal protocol. Nielsen and collabo-
rators [16, 17, 48] mapped the problem of identifying this optimal circuit to the geometric
problem of finding a geodesic in the space of unitaries acting on the Hilbert space. Given
a one parameter family of states, labelled by s, the local driving hamiltonian H(s) satisfies

- () = H(s) [9(5) (147

and generates the unitary transformation acting on the state

U(o) = Pexp [z /0 ilSH(S):| , with H(s) =) Y(s)Or, (4.48)
I

where the Hermitian operators O generate the individual gates g;. Circuits satisfying
eq. (4.46) correspond to trajectories satisfying the boundary conditions

Uo=0)=1, Ulc=1)="Ux. (4.49)

Optimal circuits minimise the cost defined as

1
Clyr) ) = /0 ds F'(H(s)) (4.50)

where F' is a local cost function depending on the tangent vector H(s).

Consider two states, [¢), as above, and a perturbed state [1)0) = €'© |¢)), generated
by the action of a simple unitary generated by certain local operator O©. The time evo-
lution of both states is determined by the unitary action U(t) = e~** on them, where
H corresponds to the physical hamiltonian of the system, leading to the states |¢(t)) and
|10 (t)), respectively. In this set-up, one can define some notion of growth or size based on

the circuit complexity to go from one evolved state to the other!®

So) = Clpw)—lvo(®) (4.51)

This relative complexity is simpler than expected in the limit of small perturbations.
As shown in the original geometric complexity paper [16], if the perturbation is small

18This might be related to the complexity variation Clu(t)y — Clyo(t)y considered in [12]. Variations in
quantum circuit complexity have also been considered recently in [15, 49].
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enough so that [¢) and |ip) are sufficiently closed to each other, the geodesic connecting
them is simply
U(8)jgyolpoy = €7 0<s<1 (4.52)

The key observation now is that the geodesic connecting the time evolved states |1(¢)) and
[Po(t)) is also going to be of the same type

U(S)pmy-twomy =€, 0<s<1, (4.53)

by dialling the initial perturbation to be small enough. This argument allows to write the
relative complexity of such geodesic as

1
So) = Clp)—lvo ) = /0 ds F'(O(-t)) = F (O(-1)) . (4.54)

The precise evaluation requires a choice of the cost function. See [15] for a discussion and
calculation of several possibilities.

Connection to previous notions of size. Equation (4.54) states that the circuit com-
plexity is the computational cost of the time evolved operator responsible for the pertur-
bation.!” The final value depends on the choice of a cost function, pretty much as in
our earlier discussions on operator size, the latter depends on the definition of size. Cru-
cially, (4.54) stresses that, given some cost function, circuit complexity only depends on
the time evolution of the operator, the same structure controlling any notion of operator
growth or size. Hence, both notions are functionally dependent. In particular, if we were
to define the cost as one of the previous notions of operator size, both would be equivalent.
A convenient choice then is the Minkowski energy discussed in the previous section. With
this choice, the relative complexity of large-N theories will grow exponentially fast with
Lyapunov exponent A = 27/3.20

Connection to chaos. Chaotic behavior concerns the sensitivity of certain dynamical
systems to small perturbations dx; of its initial conditions. Classically, such sensitivity is
usually studied in a double scaling limit, where the size of the perturbation is taken to zero
first and the limit of large times is taken afterward. The first limit ensures that a linearized
equation of the type

J

is a good approximation to the dynamics, where the Jacobian matrix M;; = 0z;(t)/0x;
encodes the dependence on the initial conditions z;. The second limit ensures the solution
to (4.55) is dominated by the largest Lyapunov exponent.

19The connection between cost functions and operator size was recognized already in [10] for spin systems,
but equation (4.54) shows it holds more generally.

20This construction and the Minkowski energy choice for the complexity cost provides a specific realization
of the idea put forward in [10], in which the cost function was argued to be related to the scaling dimension
of the associated perturbation.
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A natural extension of the classical definition to the quantum domain has been recently
developed in [15]. As shown in [50], quantum dynamics can be formulated as classical dy-
namics on a “quantum phase space”, defined to be the Hilbert space itself. The symplectic
form at point |¢) along two infinitesimal directions, generated by Hamiltonian operators
Hy and Hj is just the expectation value of the commutator Qy (H1, H2) = (|[H1, Ha]|v).
It turns out that Schrodinger equations are seen as Hamilton equations in such a phase
space with “classical Hamiltonian” H(|¢)) = (¢|I:I |1). Having framed quantum dynamics
as a classical system, it is most natural to define quantum chaos by the usual classical defi-
nition (4.55) but applied to the quantum phase space. This definition has, by construction,
the appropriate pullback to the classical definition on a semiclassical phase space, but it is
otherwise valid through the whole quantum system.

The classical approach to quantum mechanics illuminates the relation between oper-
ator growth and chaos by showing the transparent relation between O(—t), the operator
that generates the unitary interpolating between the nearby quantum states at time ¢, and
the Jacobian matrix associated to the classical chaotic process. In the Hilbert space we
can define generalized coordinates |g;, p;) (at least locally) satisfying the canonical Poisson
brackets with respect to the Hilbert space symplectic form. Generic infinitesimal pertur-

bations of any state can be written as?!

¢'C\gi, pi) = e POUTEP g p) = |g; + 0gi,pi + 0pi) = O =Y pibg; — Gidpi. (4.56)

(2

This equation just states that any small perturbation O can be expanded in the gener-
ators of translations along the local reference frame defined by ¢;,p;. Evolving in time,
one observes

O(-t) = Zﬁi(—t)&h — Gi(—t)dp; = Z@(Sqi(t) — Gibps(t) (4.57)

where d¢;(t) and dp;(t) are determined by a linearized equation of the type (4.55) associated
to the quantum phase space. This is analyzed in a specific generic example in [15]. It follows
that the growth properties of the perturbation O are controlled by the Jacobian matrix
defining the chaotic process in the quantum phase space, and vice versa.

Classical chaos in AdS/CFT. In the context of the AdS/CFT correspondence, CFT
perturbations e'© |1)) generated by operators O with large conformal dimension can be
described by freely falling particles in the bulk geometry dual to |¢), in the semiclassical
approximation [51-56]. At high energies, the bulk geometry involves a black hole with the
temperature related to the energy of the state by the usual thermodynamic relation.

It was realized in [33-35] that the optical metric defined by

s ds?
S T 7
|g00]

optical =

(4.58)

2IThere is a missing phase in the equation, due to the non-commutativity between ¢ and p. It is not
included here because it is second order in the infinitesimal perturbations dq, dp.
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has an insightful structure in the near horizon region of a black hole. Concretely, for a
black hole in d + 1 dimensions we have that near the horizon

dsgptical ~ —di? + (%)QdS%{d 5 (4.59)
where , )
dy® + dx

dstya = % ) (4.60)

is the metric of the euclidean hyperboloid with unit radius. Therefore, near the horizon,
where particles become effectively massless [35], particle trayectories are controlled by
geodesics on a hyperbolic space with radius of curvature given by R = (/2n. These
geodesics are known to display chaotic properties. In fact, compact hyperbolic spaces are
examples of hard chaos, and the geodesic deviation growth is characterized by a Lyapunov
exponent given by A =1/R = 27/0.

With the construction developed in previous sections, particularly in section 3, we can
now understand the emergence of this classical chaos. The hyperbolic geodesic deviation
rests on the conformal transformation from the near horizon Rindler geometry to the
hyperbolic one. It therefore secretly rests on the emergent Poincaré symmetries described
above. The fact that Minkowski energies and radial momenta grow exponentially in the
Rindler frame with Lyapunov exponent A\ = 27/ is mapped, in the optical frame, to the
fact that perturbations in the transverse direction grow exponentially fast with the same
Lyapunov exponent. This is because it is the inverse of |ggg| which grows exponentially fast
as we approach the horizon. Such conformal transformation from the Rindler frame to the
optical one was studied at the classical level and also in the QFT setup in [35, 57]. Having
constructed the Poincaré symmetries above from the structure of the Heisenberg time
evolution, such conformal transformation to the optical frame can be constructed as well,
exactly as if we were studying free QFT in the Minkowski/Rindler scenario. In this way,
the chaotic properties of the optical metric are thus recovered, and are transparently seen
to be fundamentally attached to the validity of the equivalence principle near the horizon.

5 Discussion

We have considered the problem of operator growth in large-N gauge theories at finite
temperature. We framed the problem as that of understanding the operators

O,=[H, - ,[HQO] -] (5.1)

where H is the Hamiltonian. This is most natural since the expansion of Heisenberg time
evolution in powers of time (1.2) teaches us these are the only operators with whom the
initial operator mixes over time.

In section 2, we argued that the expression

dwd?'k n —iwt+ikE n ot iwt—ikd
On(t) = /w>0(27r)d <(—w) O, e + w Owﬁe ) (5.2)
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together with linearity, large-N factorization, the fact that most eigenstates at a given
temperature behave as thermal states (ETH) and the correlation functions of the field
modes Ow,E and OL,E’ given by (2.6), completely specify the action of these operators in
most interesting states, up to 1/N corrections. Hence, (5.2) determines the time evolution
of the operator O(t,Z). A similar statement holds for modular time evolution as well.

A first interesting insight is that any notion of operator growth should be determined
by the 2-pt function at this order. Given the relation found between operator growth and
four-point functions at an infinite temperature in SYK [1], one might hope for a non-trivial
relation between the two-point function and the connected four-point function in generic
large-N theories. We leave this interesting observation for future work.

In section 3, we constructed an emergent bulk Poincaré algebra (3.28) as the first
application of our proposed solution. This was achieved by the known doubling of the
modes appearing in large-N theories [25]. This algebra is related to the near horizon Rindler
behaviour of thermal horizons. Albeit we have focused on the conventional modes, defined
by means of the Hamiltonian of the large-N theory, the construction can be easily extended
to modular time evolution, by using the modular modes (2.17) instead of the conventional
ones. If large-N factorization holds, we can again find renormalized modes satisfying the
algebra of free creation and annihilation operators, and proceed with the construction of an
emergent Poincaré algebra. It would be interesting to develop the arguments given here in
relation to the recent results in [39], based on prior work [58], where such Poincaré algebra
emerges from a local bulk perspective due to the limiting modular evolution behaviour,
making the latter much closer to Equivalence Principle considerations.

Albeit the simplicity of the previous solution contrasts with the expected complexity
of the problem, in section 4, we analyzed several existent notions of operator growth and
size existent in the literature from the perspective presented here. These include number
operators, energy measures, the recursion method in condensed matter physics, and the
approach to quantum chaos based on quantum circuit complexity. All of them can be
considered in detail, and analytically, in the basis of field modes. We have seen that the
different approaches are just variations over a common theme: the evolution in time of
the initial operator O, which is fully characterized by expression (2.2), at leading order.
We made proposals for operator size in large-N QFTs by noticing that the GNS construc-
tion maps operator evolution to conventional state evolution in the GNS Hilbert space,
and also derived an explicit relation between operator complexity and circuit complex-
ity in eq. (4.54). In the large-N limit, all such notions are functionals of the two-point
function alone.??

It is an important open problem to understand how to systematically incorporate 1/N
corrections to our discussion. Given our approach, this is not an intrinsic problem attached
to operator growth, but it is generic to large-N gauge theories including holographic ones if
one is interested in a bulk interpretation of these statements. See [22] for a recent discussion
on how to incorporate these corrections in the bulk for some choices of operator size.

*2The dependence of operator growth on the two-point function was noticed in ref. [46], for the case of
the operator growth of a “complex” operator in the vacuum.
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We finish by stressing a point made in the introduction: our work neatly shows that
any notion of operator growth has an equivalent formulation both in the bulk and the
boundary theories, in the context of large-N holographic theories. This is just a consequence
of the equality between bulk and boundary Hilbert space and Hamiltonians. In our setup,
on a technical level, this is transparent due to the work in bulk reconstruction relating
bulk field modes with boundary modes O - OI;,E’ and their mirror partners, mainly

w,k?
following [25-27].
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A The Gelfand-Naimark-Segal (GNS) construction

The GNS construction [59, 60] generates a Hilbert space H,, from an abstract C*-algebra
A and a linear functional (state) w from A to C, together with a representation of the
algebra 7(A) acting on it. In this appendix, we review its main ideas following closely [37].

A C*-algebra A is a set of objects such that if A, B € A and a,b € C, then the linear
combination a4 + bB € A. Furthermore, there exists a map A — A!, VA € A being an
involution and satisfying

(AB)' = BTAT, (aA)'=a*A" VA Bc A, VacC (A1)

Up to topological requirements, see [37] for a more detailed account, A is called a von
Neumann algebra if it further contains the identity. From now on we consider von Neumann
algebras only.

States w are positive and normalized linear functionals from A to C satisfying

w(aA+bB) =aw(A)+bw(B),
w(A*A) >0, (A.2)
w(l)=1.

Hilbert spaces H are vector spaces with an inner product mapping any pair of elements
|w), |v) € H to a complex number (v|w) € C satisfying

(v|w) = (wlv)”,
{avy + bugw) = a*(v1|w) + b* (va|w) (A.3)
|(v])[* > 0,

where the last line is only saturated for |v) = 0.
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Let the algebra A be an algebra of operators. Since the algebra A is already a vector
space over C, to become a Hilbert space it requires an inner product. This can be defined

using the state w as
(AIB) = w(A'B), (A.4)

where we used the standard notation in quantum mechanics |A) to refer to the vector in
H associated with the operator A € A.

This inner product satisfies all the requirements (A.3) except for the existence of non-
zero operators W satisfying w(WTW) = 0. The set of such operators T is a left ideal in A,
the so called Gelfand ideal of the state w, i.e a linear subspace of A that is stable under
multiplication by any element A € A from the left

WeZ, AcA= AW el. (A.5)

The GNS construction defines the Hilbert space H,, as the quotient of H by the ideal Z,
i.e. Hy, = A/T.23 Vectors |[A]) € H,, correspond to equivalence classes of operators in the
algebra of the form A + Z and such classes do not depend on the representative.

GNS induces a representation 7, of A acting on H,, by the product in the algebra A

o (A)[[Bl) = |[AB]) . (A.6)

A consequence of this construction is that the identity class |Q2) = |[1]) vector can be
associated to the starting state w since

w(A) = (Q|A|Q). (A7)

A.1 GNS of the thermal state

When the GNS construction is considered for finite-dimensional algebras A containing
bounded operators, the identity operator 1 can be understood as the maximally entangled

density matrix (up to normalization) and the inner product (A.4) can be taken as
1
(A|B) = Tr (ATB) , (A.8)

where Z = Tr(1). There is no Gelfand ideal Z in this case. Hence, there exists an
isomorphism between A and H,. The same conclusion holds when one replaces 1 with
K = p;/ 2, where pg is the Boltzmann finite temperature density matrix (or any density
matrix of full rank).

Besides the GNS representation 7(.A)

w(A)ls) = | Ar), (4.9)
there exists the conjugate representation 7(.A), defined by

7(A)|k) = kAT . (A.10)

ZMore precisely H,, is defined as the completion of A/Z with respect to the norm topology.
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These are equivalent because there exists an anti-unitary operator J acting on H,, satisfying
J|Ak) = |kAT)  with J?=1, (A.11)

implying
Jr(A)J =7(A). (A.12)

It also follows from these expressions that

w(A) = (Klr(A)|r) = (Kl7(A)|R)* (A.13)

24

Since |k) is invariant under time evolution,** we can now easily define unitary evolution

U, in all states of the representation by
Ui (A)|k) = m(Ap)|k) , Un(A)|k) = T(Ay)|kK) . (A.14)

It helps to disentangle the meaning of these definitions to explicitly write the unitary
evolution as

U, = n(etHtz (). (A.15)

We can then check the definition (A.14)
Uir(A)|k) = U Ar) = |t Age 1) = |t Ao~ k) = |Ask) = m(Ap)|K) (A.16)

is satisfied. Given this representation, it is natural to introduce the full hamiltonian as
Hyp =n(H)—7(H). Using k = p;/z = Z712e=BH/2 it follows

Je PHE 2 (A)|k) = Je PH /2| Ak) = J|kA) = J7(AN)|k) = n(A)|k) . (A.17)

It is interesting to single out the equality from the first term to the fourth term. Multiplying
from the left both side by J and moving the right hand side to the left we obtain

(e PHR27(A) — 7(AN)) k) = 0, (A.18)

which is the (generalized) origin of the known relations (3.6) and (3.22), associated to free
QFT and large-N theories.

As stressed through the article, one general lesson is that operator evolution can be
seen as a conventional state evolution through the GNS construction. The generator of
the GNS unitary evolution, the GNS Hamiltonian, is what in the condensed matter com-
munity is called the Liouvillian [18], see [13, 14] for recent applications of such approach.
Furthermore, the GNS construction points out the subtlety of the Gelfand ideal, stressing
why states with full rank are convenient, and allows a direct application into QFT since it
is valid for all types of algebras.

24For a general full rank state p, the evolution which is naturally defined by this construction is the

H

so-called modular evolution. If p = e™", with H the modular Hamiltonian, then H is the generator of

modular time evolution.
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A.2 Inner products in the space of operators

In the previous GNS construction, one starts with a natural inner product on the space of
operators, such as (A.8) or (A.13). This choice of inner product is not unique. Denoting a
general inner product by (A, B), in [18] the following family is considered

Q\H

B

=5 [ axgy (AN By — (a8, (A.19)
0

where (A)g = Tr(ps A) and g(A) is any function satisfying:

B
0/ (A.20)

gA) =0 g(B—A) =g\

®|

Examples of such functions are

90 = 361500 +8(5 - N, 9(0) = 6(8/2 - ), (a.21)
for which the inner product reduces to
(A,B) = %(ATB + BAYY — (AN(B), (A, B) = (PH2ATe PH2B) s — (ATV(B), (A.22)

respectively. In this section we want to describe the status of this big family (A.19) of inner
products. In particular, we show below how they change the specific functional describing
the chaotic growth. Indeed faster growths than the chaos bound can be obtained, albeit
there is no surprise here, since one can actually relate all the inner products (A.19) to the
one defined by g(\) = $6(8/2 — \), as we show below.

To test the dependence on the inner product we can analyze the basic quantity con-
trolling the growth, which is the return probability

p(t) = (O®)[0(0))*. (A.23)

Using the previous inner products we thus need to analyze?>

|~

B
3 ZdW@HO@—Mwm,(AM)

o), f/wg ) (Ot 0), =
0

and such function is completely determined equivalently by its Fourier transform

R(w) = / ¢t (O(1), O(0)) (A.25)
To find such Fourier transform first consider:

Gr(w) = / O i\) O)s. (A.26)

ZWe assume the operator @ to have vanishing one point function for visual clarity. Including in the
discussion one-point functions is trivial since they do not depend on time.
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The expectation value (O(t) O)g can be analytically continued to imaginary times for
0 > Im(¢t) > —B. Call F(z) such a unique function in the strip. We can consider the
following integrals of such function:

/F(z)eizwdz, (A.27)

Cx

where Cy is a path parallel to the real time axis, shifted by —i\. Due to the absence of
poles or singularities in such a region, Cauchy’s theorem implies:

/ F(2)e*dz = / F(z)e®¥dz . (A.28)
C

CA N

This implies that:

/ Pt — NtV gy — / Pt — iX)eit=i)e (A.29)

—0o0 — 00

Looking at (A.26), we conlude that
MGy (w) = NGy (W) . (A.30)

This relation is important, since it says that knowing the exact Fourier transform at some
imaginary time A is equivalent to knowing it at all complexified times in the holomorphic
strip. In particular, for 2d CFT’s, we have the exact results for A\ = /2, so that for general
0< A< g

Gi(w) = e ™ 2Gy n(w) . (A.31)

The Fourier transform of the autocorrelation function ends up being:

R(w) = ™G s (w)

S

8
/ drg(\) e, (A.32)
0

which is a simple functional of the information encoded in the inner product defined by
g(A) = B6(B/2 = A).

The previous relation implies that all inner products have slower decay tails of R(w) at
large w than the choice g(A) = 55(5/2 — A). The choice g(A) = 86(8/2 — A) is indeed the
one considered in [13], which in chaotic QFT leads to a exponential growth with Lyapunov
exponent A = 27/3. Therefore, we conclude that all other choices display stronger Lanczos
growths than the one expected by the chaos bound. We point out the existence of the results
found in [47], in the context of OTOCs, which show that different choices of euclidean
separations in the 4-pt functions lead to faster growths than the chaos bound [8].
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B Solving the recurrence relation

In this appendix we complete the proof of the solution of the Lanczos recursion method
when applied to large-N theories. Given Py j and Qg ; in (4.38), the ansatz (4.42) reproduces
correctly P j and (Q1,;. Assuming (4.42) holds for s, we want to show Py ; and Q1,5
satisfy (4.42). Let us use the first equation in (4.41) to compute Py j

Poy1j = —w;j Qsj + Aost1 Ps

s 2(m+1) 2(m+2) 2s
1 2 m+1)
= Z ( )S+ ( E Au Z Azz o § AiS,m
m=0 11=1 io=11+2 ts—m=ls—m—1+2
s 2r+1 2r+3 2s—1
2
+ A23+1 E (—1)T (./er Z Ah E AiQ v Z Ais_r
r=0 =1 ia=ii42 Gomrmis_po142 (B.1)
s 2(r+1) 2s
_ s+1, s+1 E 27’ § : § : § : .
- (_1) w] + (_ All AZ2 e Azsfm
r=1 11=1 10=11+2 ts—m=ts+1—r+2
s 2r+1 2r+4+3 2s—1
2
+ Agst1 Z(—l)T wy" Z A g AVAERD Z A,
r=0 11=1 i2=11+2 fs—r=ls—pr—1+2

To derive the third equality, we relabelled m + 1 = r and wrote the r = s + 1 term
separately, i.e. the only one involving no As. Notice that the only w? term comes from
r = 0 in the last line and reproduces the right answer Aog 1 1A1A3... Ags_1. Hence, given
an index r = {1,2,...s}, the task is to show

2r+1 2r+3 2s+1
Z Aiy Z Aig =+ Z Aigpror (B.2)
i1=1 ig=11+2 Ist1—r=ts—r—1+2

equals the sum of the coefficients in the last two lines of (B.1) for a given r. The key
point is the different upper limit in the last sum in (B.2) being 2s + 1. Indeed, when
is+1—r 7 25 + 1, the contribution from (B.2) equals the first line in (B.1). Hence, we are
left to show the contribution from 51—, =2s+ 1 in (B.2)

2r+1 2r+3 2s—1
Agst1 g A g IAVARRE E AV (B.3)
11=1 i0=11+2 bs—pr=ls—r—1+2

equals the last line in (B.1), which it does.
We are left to check @441, satisfies

s+1 2(m+1) 2(m+2) 2(s+1)
— (s m 2m )
Qs =w; Y (1) DA D Ape Y A, (BY)
m=0 i1=1 12=11+2 ls+1—m=ls—m 12
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having assumed Py j and Q) ; do satisfy (4.42). Using the second recursion relation (4.42),
we can write Q11 as

Wj Psy1j + Agpeqn) Qs =

s+1 2m+1 2m+3 2s+1
m  2m

Wi (=D WIm YT Ay Y Ay > Digirm

m=0 i1=1 io=11+2 ts41—m=ls—m=+2 (B5)

s m+1 m+2) 2s
2
+ A2(s+1) wj E m m E Ay E JAVIRRE E AV
m=0 11=1 io=11+2 fs—m=ts—m—1+2

Notice the second line already has the right functional dependence and the right number
of sum terms, except for the fact that upper limits in the sums are off. In particular, the
last index is not allowed to reach the maximal value isy1_,,, = 2(s + 1). Consider the
contribution from Ay, in (B.4)

s+1 2(m+1) 2s
A2(8+1) Wy Z (— m 2m Z An te Z Ais,m . (BG)
m=0 11=1 ls—m=ls—m—1+2

In our conventions, the term m = s + 1 vanishes, be definition. The remaining terms
match Ay,y1) Qs j above. The only remaining question is whether the terms in Q1,7 not
including A2(5+1)

s+1 2(m+1) 2(m+2) 2541
m 2m
] E :(7 E : All E , Alz"' E , Ai.9+1—m (B7)
m=0 11=1 ig=11+2 Ist+1—m=ls—m+2

equal w;j Psyq ;. Since the upper limit in ¢s41_,, was reduced to 2s+1, the remaining upper
limits should also be decreased by one, finishing the proof.
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