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1 Introduction and summary

Recently, integrable systems have been subjected more intensely to non-hermitian deforma-
tions, as has been reviewed in [1]. Specifically, PT deformations of rational Calogero models
and their spherical reductions have been analyzed in some detail [2-6]. It was found that
the mathematical structures and tools pertaining to integrability are compatible with PT
deformations, as long as the latter respects the Coxeter reflection symmetries of the models.
A bonus of certain PT deformations is the complete regularization of the coincident-particle
singularities of Calogero models, which leads to an enhancement of the Hilbert space of
physical states by previously non-normalizable wave functions. For integral values of the
Calogero coupling(s), most of the new states (called ‘odd’) are energy-degenerate with old
ones (called ‘even’), giving rise to a Zy-grading and a conserved intertwiner @) on top of the
Liouville integrals of motion. This @) is often called a ‘nonlinear supersymmetry’ charge,
and it enhances the symmetry of the superintegrable system to a Zs-graded one [7].

Here, we carry our analysis of PT deformed spherically reduced (or angular) Calogero
models [6] over to the trigonometric or Calogero-Sutherland case. These models were com-
pletely solved more than 20 years ago [8-10] and describe N interacting identical particles
on a circle or, equivalently, one particle moving on an N-torus subject to a particular exter-
nal potential. The latter has inverse-square singularities on the hyperplanes corresponding
to incident-particle locations. We shall see that, also here, there exists a deformation which



renders the potential nonsingular and retains the integrable structure, adding an infinite
tower of new states to the energy spectrum and allowing for a nonlinear supersymmetry-
operator mapping between ‘new’ and ‘old’ states. Employing P7T-deformed Dunkl oper-
ators, we construct the deformed intertwiners (shift operators increasing the coupling by
unity) and analyze their action on the deformed energy eigenstates. We then find a set
of deformed Liouville charges which intertwine homogeneously (like the Hamiltonian), so
that their eigenvalues are preserved by the shift. Details are worked out for the three-body
cases based on the Ay and Gy groups.

Our analysis can straightforwardly be extended to any (higher-rank) Coxeter group,
but explicit expressions quickly become rather lengthy. While Dunkl operators and Liou-
ville charges are known for all models (and PT-deformed effortlessly), we are not aware of
a general classification of Weyl anti-invariant® polynomials, which will be needed to extend
the ring of Liouville charges to include all intertwiners. Also interesting is the exploration
of the hyperbolic models and, finally, the elliptic ones. We have employed the most simple
PT deformation compatible with the symmetries of the model, but there exist other op-
tions. The two we shortly discuss in the context of the As model do not fully regularize the
potential, but there may be other ones more suitable. A classification will be most welcome.

The paper is organized as follows. After defining the Ax_1 Calogero-Sutherland model
and introducing a suitable P7T deformation in section 2, we describe the energy spectrum
including the eigenstates in section 3. The following section 4 is devoted to the construction
of deformed conserved charges and intertwiners with the help of Dunkl operators. Sections 5
and 6 work out the details for the As and G cases, respectively. Explicit low-lying wave
functions are listed in appendices C and D.

2 PT deformation of Calogero-Sutherland models

The N-particle model is governed by a rank-N Lie algebra g. Translation invariance implies
that g = A; @ gt, where the A; part represents the center of mass. It may be decoupled,
but we retain it for the time being.

For A-type models, g- = Ay_;. They describe N identical particles on a circle of
circumference L, mutually interacting via a repulsive inverse-square two-body potential.
We label the L-periodic particle coordinates as

¢ €R/LZ with i=1,2,...,N, ie. ¢q~¢+mnL for n,€Z, (2.1)

but it proves more convenient to pass to multiplicative coordinates

x; = A/l (2.2)
with the useful relations
0 2im ;0 LT 1 Ti—T; T e
— == “gi—q;) = — t—(qi—q;) = . 2.3
Jq; L 0Ox; ;S L(qZ qj) 21 \/lTZ'j’ 0 L(qZ qj) 1.%'2'—1,’]' ( )

'Meaning antisymmetric under any Weyl reflection.



The An_1 Calogero-Sutherland model is defined by the Hamiltonian

N
I 0 g9(g—1)
H9)==5> 52+ 130 soam ooy
2e~0q; L i sin 7(qi—qj) -
71'2 N xz(? 2 T3 Tj .
"5 7% (6n) v EE

We remark on the invariance under g — 1—¢g. Rather than an N-body problem on a circle,
this system may also be interpreted as a single particle moving on an N-torus TV and
subject to a particular external potential. The latter’s singularities on the walls of the
Weyl alcove restrict the particle motion to a fundamental domain in the A; & Any_1 weight
space. For later use we introduce the shorthand notation

(9,‘ = and Tij = Ti—XTj (2.5)

ox;
as well as the totally antisymmetric degree-zero homogeneous rational function
—L(N-1)
A= Hazw H z,° (2.6)
1<J

To establish P77 symmetry, it is necessary to identify two involutions, a unitary P and
an anti-unitary 7, such that the deformed Hamiltonian is invariant under their product.
While for the latter we take the standard choice of complex conjugation, the former leaves
various possibilities. In this paper we shall choose P to be parity flip of all coordinates,? thus

P:gr——q¢g < acl-n—>a:;1 and 7T:1i— -1 & xib—mvi_l. (2.7)

The Hamiltonian (2.4) is parity symmetric, so a PT-symmetric way of deforming can
be induced by a PT-covariant complex coordinate change. The obvious option is

G — ¢ = q + i€ & T xb = xe % with ¢ >0, (2.8)
implying

P:g——q° & 250 (9 and T:im—i & i (2797 (29

1 (3 7 (2

Thus, the multiplicative coordinate x{ is P7T invariant for any value of {¢;}. If we do
not want to deform the center-of-mass degree of freedom we must impose the restriction

> €=0.

This deformation generically removes the singularities in the potential because

T — & i — e ¢ — . etCis
e i _ J +6” and ¢ J _ Tie Tje (210)
TE+ a5 wie T 4 xjeteu

2For N=3, we shall ponder on some other choices later on.




never vanish for €;; = ¢;—¢; different from zero. Therefore, the deformed Hamiltonian

2 N € €
Hg) = 12 22(3«"@'5@')2 —4g(9—1) Z ﬁ (2.11)
i—1 i<j \Vid

no longer restricts the particle motion to a single Weyl alcove but allows it to range over the
entire TV. This space still being compact, the energy spectrum will remain discrete. Only
in the L — oo limit we recover the rational Calogero model with its continous spectrum.
In the following, we drop the superscript ‘€’ but understand to have a generic deformation
turned on with ¢;; # 0.

3 The energy spectrum

So far, the PT deformation (2.8) is fully compatible with the integrability of the A-type

Calogero-Sutherland model. It merely hides in the substitution x; — x§. This remains true

for the energy spectrum: the known energy levels are unchanged under the deformation,

and the eigenstates are obtained from the undeformed ones simply by again deforming the

coordinates. However, due to the disappearance of the singularities in the potential, previ-

ously non-normalizable eigenstates become physical, adding extra states to the spectrum!
One popular way to completely label the energy eigenstates is by an N-tupel

i = (n1,n2,...,nN) with ny>no>...>ny >0 (3.1)

of quasiparticle excitation numbers. After removing the center-of-mass energy by boosting
to its rest system one obtains

2 2
Eﬁ(g)ZPIQZniif(an) +2gZ(N+1—2k)nk+éN(N—1)(N+1)gz . (3.2)
k k k

Due to translation invariance, this expression is invariant under a common shift ny — ng+c.
In order to remove this redundancy, we put ny = 0, so that the sums over k run from 1
to N—1 only. The energy is bounded from below, with the ground-state value

1 2

Ey = By = <N(N=1)(N+1) gZﬁ for g>0 (3.3)

but a different lower bound (minimally zero) for g < 0.
To study the degeneracy, we rewrite (3.2) as a sum of squares,

2 N-1 2
™ 2 1
FE-(g) = — —_— 1 —knr— | N—=k(k+1
i(9) 12 Z Kk + 1) [n1+n2+n3+ + ng—1 N < 5 (k+ )> 9]
h=1 (3.4)
7T2 N-1 ) ’
=12 Z P\k — L g} with
k=1
11—k N — k(k+1)/2
A = ny + ng +nsg + + np_1 ng and i = ( + )/ . (3'5)
k(k+1)/2 k(k+1)/2



Any collection 77 of quantum numbers uniquely yields an element X = (A, A2,y AN—1)
in a particular Weyl chamber of the Ay_; weight space Ay_1, and the energy of the
corresponding state is given by the radius-squared of a circle in Ay_1 centered at [ig.
Since i lies outside the Weyl chamber in question, for positive g the minimal distance from
the circle center to the physical states is given by || and represents the nonzero ground-
state energy Ey(g). So the degeneracy of a given energy level may be found by counting
the number of physical weight lattice points on the appropriate “energy shell”.

The eigenfunctions of the Hamiltonian are given by Jack polynomials, on which there
exists an extensive literature. They are of the form

(@|)y =0 (@) = RY (@) A7 with  RY(2) = PY(2) [[ 2",
(3.6)
where x = (r1,22,...,TN), || = ni+ne+...+ny_1, p=|i|/N,

and Pég) is a homogeneous permutation-symmetric polynomial of degree |7i| in x. The

(9)

rational function R:” is homogeneous of degree zero, but in the center-of-mass frame we

have R%g ) = P;Lg ). The function R%g ) is a linear combination of symmetric basis functions

QL(x) =2 Pay P .. 2UN P 4+ all permutations

(3.7)
with  p=|m|/N and |m|=|f@|-¢N for (=0,1,...

(remember we put my = 0). The coefficients are rational functions of the coupling g. At

(0)

g=0 only the leading term remains, and P.” Qg. Hence, all functions are Laurent poly-
nomials in the variables y; = 1:11 /N The structure will become clear from the examples below.
Before the PT deformation, A oc [];_;

(the Weyl-alcove walls), which renders the wave functions (3.6) non-square-integrable when

x;; vanishes at coinciding coordinate values

g < 0. Therefore, the physical spectrum is empty there. However, due to the g <+ 1—¢g
symmetry of the Hamiltonian, we should consider the two “mirror values” of g together to
form a single Hilbert space H4. Then, for a given value of g > %, a generic deformation
(with all €;; nonzero) will abruptly add a second infinite set of energy eigenstates to the
spectrum, given by replacing g with 1—g. Their energies are given by Ez(1—g) from (3.2)
or (3.4) for a second set of quantum numbers 7i. This produces a second “energy shell”,
which may carry states all the way down to zero energy (if ji(1—g) is located in the physical
Weyl chamber). For particular (typical integer) values of g the two shells may possess
simultaneous states, leading to an enhancement of energy degeneracy. We shall illustrate
these features in the examples below.

4 Conserved charges and intertwiners

A key tool in the construction of the spectrum and conserved charges is the Dunkl operator?

i T+,
8 —g g cot —qj) Sij = — |22;0; — g E L s (4.1)
qi Li—Tj
J(#1) 3 ()

DZ(Q

3For convenience we restrict to A-type models in the section. Section 6 deals with a more general case.



where the reflection s;; acts on its right by permuting labels ¢ and j. It obeys a simple
commutation relation,
o
[Di(9), Dj(9)] = —g 12 (Sijk — 8jik) ,  where  sijp = 5458k (4.2)
k

effects a cyclic permutation of the labels ¢, 7, k.

The importance of the Dunkl operator is twofold. First, any permutation-invariant
(in general: Weyl-invariant) polynomial of some degree k in {D;} will, when restricted to
totally symmetric functions, give rise to a Liouville charge C}, i.e. a conserved quantity in
involution. A simple basis of this ring is provided by the Newton sums,

Ik(g>:resZDi<g>’f = [I(9), I(g)] =0, (4.3)

where ‘res’ denotes the restriction to totally symmetric functions, giving

Ix(9) H(g) = H(g) Ix(g) - (4.4)

The total momentum and the Hamiltonian itself are the prime examples,
. 21T
L(g)=iP ==~ a0 and Ix(g) = —2 (H(9) - Eo(9)) - (4.5)
i

In the center of mass, P = 0 of course. Only the first N charges are functionally indepen-
dent; any I~y can be expressed in terms of these. The I}, for 3 < £ < N may be employed
to lift the degeneracy of the state labelling by energy alone.

Second, the symmetric restriction of any anti-invariant polynomial of some degree k in
the Dunkl operators will yield an intertwining operator (or shift operator) M (g), obeying

My (9) H(g) = H(—g) My(g9) = H(g+1) My(g) - (4.6)

The simplest such intertwiner is

Mi(g) = res %Z [[(Di(9) - Di(g))  with %:%N(N—l), (4.7)

permutations i<j

where the sum is over all permutations of the k factors in the product. Comparing (4.6)
with (3.4) it can be inferred that the action of Mg (g) on the states is

—

M (g) )y o |[i—0Ygy1  with 6= (N—1,N=2,...,2,1), (4.8)

which will vanish if the target quantum numbers no longer respect the restriction in (3.1).
The shift operator translates the energy shell by the vector . Its repeated action will
eventually get the state |i7)4 to the edge of the physical Weyl chamber. Therefore, any state
gets mapped to zero after a certain number of shifts. The adjoint intertwiner M,Z(g) =
Mj.(—g) has the opposite action, 7 — ii+6 while g — g—1. Since M}, has a nonzero kernel,
M ];r is not surjective.



The Liouville charges Iy together with the intertwiners M} form a larger algebra, which
is of interest. Beyond the total momentum and the Hamiltonian, the higher conserved
charges (4.3) do not intertwine homogeneously but mix when My, is passed through them,

My(9) Ie(g) = |Te(g+1) + > com(9) Im(g+1) | Mi(g), (4.9)

m<t

with some coefficients ¢, (g) polynomial in g. However, it may be possible to find another
basis {C}(g)} which intertwines nicely,

My (g) Ce(g) = Ce(g+1) My(g), (4.10)

meaning that the shift effected by M} will map simultaneous eigenstates of the whole set
{Ck} to each other. The composition M. ,I (9)My(g) is by construction an element of the
Liouville ring and thus can be expressed in terms of the I;(g) (or Ck(g)).

When g € N, the energy levels (let us call them ‘even’) are degenerate with some at
coupling 1—g € —Nj (call those ‘odd’). In this case, there exists an extra, odd, conserved
charge?

Qr(9) = My(9—1)My(9—2) - - - My(2—g) Mg(1—g) (4.11)

mapping H, to itself after fusing the spectra at couplings g and 1—g. We note that the
action of Q. is well defined only after applying the P7T deformation, since the undeformed
spectrum is empty for negative g values. The hidden supersymmetry operator ) maps
between ‘even’ and ‘odd’ states in the joined spectrum, which arise from the originally pos-
itive and negative g values, respectively. Its square is a polynomial in the (even) Liouville
charges, as will be seen in an example in (6.27) below.

5 Details of the A, model

In this section we work out the details of the simplest nontrivial case, which describes
three particles on a circle interacting according to the Ao structure. For simplicity we put
L = 7 from now on; the dimensions can easily be reinstated. The Hamiltonian in the
center-of-mass frame then reads (deformation superscript ‘€’ suppressed)

3

H(g) =2 (2:0;)* —4g(g—1) Y

i=1 i<j

s = 2 D) + 4g”. (5.1)

The other two conserved charges are

1
Th(g)ZZin@-:P and
' (5.2)

I T2 + I1 T3
(r1—22)%  (21—23)

%Ig(g) = (210)% — <39(g—1) [ 2] + 292> x101 + cyclic,

4Each M factor could even carry a different index k but the resulting Q charges presumably differ only
by Liouville-charge factors.



but I, is already dependent,

4

143

1 1 1
L3I + 5122 — LI? + 61;‘ — ¢’ + 593112 . (5.3)

The energy formulae (3.2) and (3.4) specialize to

IS

Epina(9) = *(”% + n% —ning) +4gni + 4g*
1 (5.4)
= (n1 +29)* + §(n1 — 2ny)? with ny >ng >0,

and the ground state for g > 0 is

g
12213723 — .
<$‘O’O>QE\II(()Q)(£):A9:(W,) = Q7)) with Eo(g)=4¢>.  (5.5)

Here, we introduced (for later purposes) the antisymmetric basis functions, so
Qil’mQ =" Py ey £ 2 el T Pa P 4 cyclic with  p = (mi+mg)/3.  (5.6)

These Laurent polynomials (in 1:11 / 3) form a ring whose structure we detail in appendix B.

In appendix C we list the explicit wave functions

v, () = RY,,, () () (5.7)

ni,n2 n1,n2

(see (3.6)) for small values of nj.

Each eigenstate |ni,ng) corresponds to a point

1

V3

in a 5 wedge around the negative A\; axis. The circles determining the energy eigenstates

()\1, )\2) = <—n1, (n1—2n2)> with )\1 S —\/§|)\2| (5.8)

for couplings g and 1—g are centered at

in A-space, respectively. This is illustrated in figure 1. Since uo = 0, we have an obvious
energy degeneracy for

In1,n2)g and |ni,ni1—na2)g (5.10)

except for ny=2ns, of course. For g > 0 there rarely appears higher degeneracy,” but at
g < 0 energy levels are up to 12-fold degenerate! This plethora of states becomes physical
only after the P7 deformation and greatly enlarges the Hilbert space H, for any ¢g>O0.
Figure 2 displays the energy spectra with degeneracies for low levels and small integral
values of g.

®Occasional energy values are triply or quadruply degenerate.
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Figure 1. States (black dots) and
E =28 (left) and E = 138 (right).
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Figure 2. Low-lying energy spectrum and degeneracies (color-coded) for the Ay model at integer

coupling g € Z in the range g € [—4, +4].

The basic intertwiner for the Ao model is of order three,

1
M3(g) = 3 Tes (D12D23D31 + DagDs31 D12 + D31 D12Da3) (g) (5.11)

with the obvious notation D;; = D;—D;. It computes to

M3(g) = 012023031 —2g {cot q12023031 —i—cyclic} —1—492 ({Cot q12 cot go3031 —|—cyclic}

. . . . . -1
—g(g—l){sm 2q;51631+cychc}—4g(29—1){81nq1281nq2381nq31} (5.12)
—29(392—g+2)Cotqlgcot(pgCotq31+29(g—1)(g—|—2){cot3(J12+Cyclic}



where we abbreviated 0;; = (%_—a%j and ¢;; = ¢;—¢j. In terms of the multiplicative

variables, the shift operator takes the form

M3 (g) XX (:1?181 —SL‘282) (ZE262—$383) (1'383—1'181)

_g{ L1722 ($282—£L'383) (x383—x161) —i—CyCliC}
11—

1+ To+x . Tax )
+92{12 2 3(1:303—$181)+cychc}—g(g—l){ 321(x383—x181)+cychc}
T1—T2T2—T3 31
T1X2X3 1 T1+2x9 To+x3 x3+2
+4g(2g—1)——————g(3g°—g+2)
T12T23w31 4 T1—T Tg—L3 T3— T
1 w4\ .
+-9(9—1)(g+2) +eyclic ¢ (5.13)
4 r1—I2

It action on the states is
M3(g) [n1,n2)g o< [n1—2,n2—1)g11 (5.14)

conserving the energy. In weight space it moves (A1, A2) — (A14+2, A2).
For homogeneous intertwining relations, we redefine

Cl = Il y 02 = IQ - 2E0 =—2H and 03 = 13 - 11[2 (515)

which obey
Ms3(g) Ci(g) = Ci(g9+1) M3(g) - (5.16)

This imples that the eigenvalue of ('3 is also conserved under the shift action. Indeed, it is
readily verified that

1
Ci|n1,n2)g =0, Ca(g)|n1,na)g = —2 | (n1+29)° + g(n1—2n2)2 In1,m2)g,
(5.17)

8.
C3(g) n1,n2)y = —5! (n1—2n2)(2n1—n2+3g) (n1+n2+3g) [n1,n2),

which is compatible with the shift (5.14). The degeneracy reflection ny — nj—ng flips the
sign of (3, so two such states can be discriminated by their C3 eigenvalues.

As expected, the composition of the intertwiner with its adjoint yields an expression
in the Liouville charges,

M Ms(g) o 1813—361315 1, +81313 —3I3+21 I3 13— [1 410 + 2g*(913—6 L, I3 +1})
= 18C% + 8C3C3 — 3C3 + 3C3CF — O5CF + OF (5.18)
— 6g%(3Cy — CF +8¢°)2.
Let us take a look at the extra degeneracy between even (¢>0) and odd (g<0) states

appearing when g € Z. The odd operator Q3(g) mapping one to the other and defined
in (4.11) is of order 3(2¢g—1) and shifts the quantum numbers as

(nl,ng) — (n1—4g+2,n2—29—|—1), (5.19)

~10 -



which produces a rather large kernel. Q3 commutes with all conserved charges Iy, so it
keeps their eigenvalues. In weight space, it maps between the ‘even’ and ‘odd’ energy shells.

Finally, we briefly discuss two other kinds of PT deformations in the As-model con-
text, which we denote as ‘angular’ and ‘radial’, respectively. Different from the parity
transformation in (2.7), which amounts to the outer conjugation automorphism of An_1,
the angular and radial deformations are compatible with an elementary Coxeter reflection
(or particle permutation), e.g.

P (Q17Q2aQS) = (QZa(h,q{ﬂ) and (CCl,.’EQ,.’L‘g) = (332,$1,$3) ’ (520)

while 7 remains complex conjugation.

The angular PT deformation is homogeneous in the ¢; coordinates, in contrast to the
constant complex coordinate shift (2.8). It is induced by a complex orthogonal coordinate
change, ¢+ T'.¢ with T'. € SO(3,C) modulo SO(3,R), described in [6]. Explicitly,

¢ — qf = 5 [(1+2coshe) g;+(1— coshe—iv3sinhe) ¢j+(1— coshe+iv3sinhe) g] (5.21)

W =

with (4,7, k) being a cyclic permutation of (1,2,3). This deformation does not entirely
remove the singular loci of the potential given by

0 =sing;; = cosh(v/3sinh e gx) sin(cosh e g;;) + i sinh(v/3sinh e g ) cos(cosh e g;;)
(5.22)

= %ij = Aq=0 for £=0,1,2,...,

cosh e

where again (4, j, k) are cyclic and we went to the conter-of-mass frame, so g;; +qjr = —3qx.
For small enough €, only the origin {¢; = 0} remains singular, but with growing value of e
extra singularities appear inside the Weyl alcove.

The radial PT deformation is a nonlinear one,

2= Q%Q =+ qgs + qgl (5.23)

¢ — g5 = q; +ieqji/r with r
and (i, j, k) being cyclic once more. The remaining singularities occur ar

g;={7 A =0 for £=0,1,2,..., (5.24)

and in addition one should average the potential, V — V. + V_, with V(q) = V(¢%). Both
cases can be parametrized jointly by writing

R(¢) = coshe and I(e) =+/3sinhe

(5.25)
R(e) =1 and I(e) = —3/r

Ve(qi;) =V (R(€) gij +il(e) qr) with {

for the angular and radial PT deformation, respectively.

- 11 -



6 Details of the G2 model

For a more complicated and non-simply-laced example, we turn to the G2 model [11, 12] for
three particles on a circle and apply the constant-shift P7 deformation (2.8) but suppress
it notationally. The Go model adds to the previous two-body potential of the Ay case (5.1)
a specific three-body interaction,

3
H(g)z—;zaaqﬁz ng(iqs-—l) T -
i=1 ? <Jj

“— sin 4%—qj) oy sinQ(qZ‘—i-q]‘—QQk) 6.1)
6.1
3 2
=2 (2:0;)% — 4gs(gs—1) > G~ 2oulo—D) > ﬁ
i=1 1<j ¢ J i<j I g

where the index ‘k’ complements i and j to the triple (1,2,3), there are two independent
real couplings gg and gr,, and we again put L = 7 for simplicity. The potential can be
viewed as a sum of two copies of the As potential, with a relative coordinate rotation
between them. The singular walls appear for

1 ..
qi —4q; = 0 and qr = g(QH'QTHJB) for Z?jvk € {]-7 273}’ (62)

bounding the G2 Weyl chambers. The Weyl group is enhanced from S5 to Dg, generated by

2
s120 (q1,42,q3) = (g2, q1,93) and  7: (q1,q2,q3) = g(Q1+Q2+q3)(17 L1) = (q1,92,93)
(6.3)
and permutations, which for the x; coordinates translates to

1 1 1
S12° (1‘1,$2,x3)'_>($2,x1,$3) and J: (x1,$2,$3)’_>($1$2x3)2/3 <77> : (64)
The Hamiltonian (6.1) yields eigenvalues

4
Enins(9) = g(n% + 12 — ning) + 4gs ny + 4gr, (2n1 — na) + 4(g3 + 397 + 3gsgL) 65
6.5
1
= (n1 + 295 + 3g1.)* + g(nl — 29 +3¢gr)2  with n; >2np >0,
and the ground-state wave function for gg > 0 and gr, > 0 is

(@]0,0)gg,00 = UM (2) = ABAT with  Eo(g) = 4(g2 + 37 +3gsgr),  (6.6)

where we introduced

(z1—m2)(21—23)(T2—23)

A, = .
s 1 X9 X3 @2s 6.7)

A — (2F —223) (23 —a123) (2] —2122) _ E(QJ“ _0f) '
L g 5 (@30~ W33)-

In addition to the permutation symmetry inherited from the As model, we also have to
impose (anti-)invariance under the additional (even) Coxeter element 7 in (6.4), which
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Figure 3. States (black dots) and “energy shells” for (gs,gr)=(3,2) (blue), =(—2,2) (red),
=(3,—1) (green) and =(—2, —1) (orange) for E = 22 (left) and E = 156 (right).

implements an inversion in z space and flips the sign of the roots by a m rotation in the
relative ¢ space. Noting that j* = 1 and [y, s;;] = 0 and

51 Qs Qo (6.8)

one sees that j flips the sign of both A, and A, hence
j‘ll(()gs’gL)(a:) _ (7)gs+gL\I,égs’gL)(li) . (6.9)

We also deduce that the energy-degenerate states |ny,ng) and |ni,n;—ng) of the Ay model
are related by the action of j. Therefore, only their sum or difference will be a G2-model
state, so the range of ng can be restricted to ng < %nl, as already claimed in (6.5).
The excited states then take the form
s (@) = RS (2) 05 (x), (6.10)
where the R&%%;f;) are again particular Weyl-symmetric rational functions of degree zero.

Appendix D contains a list of low-lying wave functions.

Each eigenstate |ni,ns) corresponds to a point

1
()\1,)\2) = <—TL1, (n1—2n2)> with )\1 S —\/g)\g S 0 (6.11)
V3
in a § wedge above the negative A\ axis, in accord with one G2 Weyl chamber. The
circles determining the energy eigenstates for couplings (gs, g1.), (1—9s, 91.), (9s, 1—gr1,) and

(1—gs,1—g1,) are centered at

(2954391, —V3gL) , (2—295+39L, —V3gL) ,

(3+29s—3gL, V3gL—V3) , (5—2gs—3g1, V391, —V/3) (6.12)

in A-space, respectively. This is illustrated in figure 3. After the P7T deformation, the
Hilbert space Hgyg,q, comprises the four towers obtained from the four circles in figure 3.
Again, for integral values of the couplings, the towers have matching energy levels, which
greatly increases their degeneracy.

~13 -



The G Dunkl operator is an extension of the A one (again with {i,7,k} = {1,2,3}),

, T+ e T T+’
—iDi(g) =220, —gs Y mz_x] sij—ou | D I fsik—2 sy | g, (6.13)
i) 3(#0) '

The first two Newton sums in this Dunkl operator yield the conserved momentum and
energy,

I = resZDi =iP and L= msZDi2 = —2(H — Ey), (6.14)
i i

because ), ¢; and >, qf are not only permutation-symmetric but also invariant under the
rotation j from (6.3). This, however, is not the case for ), ¢/ when r>3, but one can find
a Weyl-invariant combination at order six,

4
03703 = 03 <03 — 209071 + 90{’) with o, =) ¢, (6.15)
which generates another Liouville charge,

Js =res{5D{+12D7 Dy+12D{D3—24D1 Dy D3+10D} D5 +12D3 D3 D4
+ permutations(1,2,3)}

symmetrized

= 5(1:181)6—|—12(:6181)5:6282—|—12(x181)4(x282)2
—24(2101)(2200) (£303) +10(2101)® (2202)3+12(2101 ) (2202)* (2303)
+ca00-(2101) + 310+ (2101)* 2202+ 20+ (2101) * (2202)* + c211-(2101) > (2202) (2303)

+ 300+ (2101)* + 210+ (101) > (2202) + 111 (2101 ) (2202) (2305)

)2

+c200- (2101)° +c110(2101) (£202) + 100 (£101) +cooo+ permutations(1,2,3)  (6.16)

where symmetrization means Weyl ordering of every summand, and the coefficients

Cs1s455 (%) are given in appendix E.

From (6.8) we see that the G2 model enjoys two separate intertwiners,

1
M37S = g res (Dl—D2>(D2—D3)<D3—D1) + CyChC ,

6.17)
i1 (
M3’L = g res (D1+D2—2D3)(D2+D3—2D1)(D3—|—D1—2D2) + cyclic,
which independently shift by unity the couplings gg and gr,, respectively,
Mzs [n1,n2) 5,9, ¢ [M1—=2,m2—1)gs 41,4, (6.18)

M3y, |n1,m2)gs g1, ¢ [11—3,n2) g5, +1 -

— 14 —



Their explicit form is

Tr1—x2

M35 o (1101 —2202) (0202 —2303) (2303 —1101) gs{ Dt (w202 —x303) (2303 —2101) +CYCHC}

+9§{WW(J:g@?,—mal)—i-(:ydic} —gs (gs—l){ z3zy ($353—x131)+cyclic}
1

1 —X2 T2—I3 1'3
2x311 . T122T3
9 —1)3 52— (z303—210 1 209s(49s—2+9 1) ————
+991 (g1 ){(mg_13$1)2(x3 3—2101)+cyc 1c}+ gs (49s—2+9g1 (gL+ ))mungmm

3
1 1 .
- ZQS(3Q§ —gg+2) Tt 22T T 198 (gsl)(gs+2){ <2+iz> Jrcydlc}

T1—T2 T2—X3 T3—T1

2
_9gSgL(gL+1){ x3+T1 jgxsxl E +cyclic} , (6.19)

xz3—r1 (z5—x321
Mg,L X (.1‘161+1‘282—2l‘383)($262+.Z‘3(93—21‘161)(1‘383+$181—2$262)

—|—3gL{

x%+x3x1

(1‘1814—58282—2$383)(1?282+1‘383—21‘181) +CyChC}

:ngftg,xl

— _ 2
+99L{$1$2|:(9L Doazs | (o= Vmzs | Zo(es+orce) )}(x181+x282—2x383)+cyclic}

(a:%—:m:cg)Q (z%—$2$3)2 (z%—:cla;g)(zrl—zgzg,

1T . 1T .
+9g¢s (gs—l){ (:cli;:g)Z (x181+x282—2x333)—|—cychc} —27ngs(gs—1){ ($1i1‘22)2 —i—cychc}
(z%—$2x3+m§—x3$1+x§—m1x2)3 m%x%x%

+549L{98(gs_1) 122 (n s o7 9L | s e e

2 22 4zo13 . 3 (@3 4@oxs) (@3 +w3w1) (w3 +a102)

27gL(gL+gL2):L'1x2x3{:C1 x?*xzzs +cychc} +27gL (If*mzws)(fgfzszl)(wgfwlxz) '

(6.20)
A better basis for the Liouville charges is

Cl == Il 5 02 == _[2 - 2E0 =—-2H and (621)

2 2 2 2,2 1 2 2\ 4

+16(39g7 + 7207 gs + 6097 g3 + 249193 + 493)C} — 14491 C; — 576 ,
obeying homogeneous intertwining relations

Ms3s(gs, 91.) Ck(gs, 9r.) = Ci(gs+1,91) M3 s, (6.23)

M31,(9s, 91.) Cr(gs, 91.) = Cr(gs, gn+1) M3y, .
This is also signified by the action

64

sl (3gL,411—2n2)* (691, +39gs+2n1—n2)? (3914395 +11+n2)?|n1,n2) gg g1 -

(6.24)
The intertwining with their corresponding conjugates produces two polynomials in the

Ce [n1,n2)gg,01, = —

Liouville charges,

7
2
M;LM&L = 81Cs + C2(2C% — 9C5)? + 817 (C? — 3C, — 24¢%)? .

1 3 1
MJgMss = —3Cs — GO1+ 5001 = 5C5CT + 503 + g5(CT — 3C = 845)%,

(6.25)
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The intertwining operators also enable odd conserved charges when the couplings take
integer values, in the form of the chain of operators

Q35(9s,91.) = M3 s(9s—1, g1.) M3 5(9s—2, g1.) - - - M3.5(2—gs, 91.) M3 5(1—gs, g1.) ,

(6.26)
Q3.1(9s,91.) = M3 1.(9s, g1.—1) M3 1.(gs, g.—2) - - - M3,1.(9s, 2—91) M3,1.(9s, 1—91.) ,

which in the simplest non-trivial cases squares to the form of the polynomials in (6.25),

1 3 7 1 4\°
Qg,S(ZQL) = (306 + 6016 - §C’ch + §C'22012 — 20;’) + lower terms,
(6.27)

9 3
Q%,L(Qs, 2) = (8106 +4C3(C% - 202)2> + lower terms.
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A Potential-free frame

We display some relations with the potential-free frame for the Ax_1 model. By conjugat-
ing the Hamiltonian one can trade the potential for a first-order derivative term,

~ 0 0
-9 —_ _ - )
H(g)=A "H(g = Z qu Z cot ( a4, 8qj>

1<J
(A.1)
T+
ﬁ > Z ( ax) I CURE)
1<J
B Ring of Laurent polynomials
For convenience we describe the multiplication rule for the Laurent polynomials
Qq:'lr:zl,mg( ) _ y%ml—mzmez—mlygml—mz + y2m2—m1y§m1—m2y3—m1—m2 + eyclic
= YiYhy3 + Ui vaus +ylvsys £uivays £ uivs vl £ ylvhvs (B.1)
=t [m1, ma]x =t (a, B,7)x with a4+ f+~v=0.
The relation between the parameters is
3my =20+ =—-F—-2y=a—y and 3me =20+a=—a—2y=[—7y. (B.2)
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To remove the redundancy of the labelling, we stipulate that
my1 > mo >0 = a>pB>x. (B.3)

It is immediate that [mq,0]— = [m1, m1]— = 0.
The obvious multiplication (e, € € {4+, —})

(Oﬁ, 57 ’Y)e X (d, 37 ’7)5
= (a+a, B+B,7+7)ee + (4B, B+7, v+&)ee + (a+7, B+a, v+B)ce (B.4)
+ € (ata, B+, 7+B)ee + € (a+B, B+a,7+7)ee + € (a+7, B+B, v+a)ee

produces the law

[m1, ma]e X [n1,n2]e
= [mi+n1, ma+nole + [m1—ni1+ng, ma—nile + [m1—n2, ma+n1—nolee
+ €[mi1+ni1—ng, ma—nale + € [Mm1+n2, Mmat+nile + €[m1—n1, ma—n1+n2]e.
(B.5)
Even assuming mj > np (without loss of generality), the right-hand side may produce
contributions [k, k2|1 with k1 < ko or with ko < 0, which we outlawed. However, it is easy
to see that
[k1, kal+ = £[ko, k1]+  and  [ki, ko)+ = £[k1—ko, —ko]+ , (B.6)

so one may employ the first relation in the first case and the second one in the second case
to obtain an admissible result. Some examples are

[mlme]:l: X [07 O]+ - 6 [mlva]ﬂ:7
[m1,ma]+ X [1,0]4 = 2[m1+1, ma]sx + 2 [m1, ma+1]4 +2[mi—1,mo—1]4,
[ml,mg]i X [1, 1]+ =2 [m1—|—1, m2+1]:|: + 2 [ml, mg—l]i +2 [ml—l,mg}i ,
[m1, ma]x X [2,0]4 = 2[m1+2, ma]s + 2 [m1, ma+2]+ +2[m1—2,ma—2]4 ,
[ml,mg]i X [2, 2]+ =2 [m1+2,m2+2]i +2 [ml, m2—2]i +2 [m1—2,m2}i , (B7)
[m1, mea]+ % [2,1]4 = [m1+2, me+1]+ + [m1+1, mo+2]4 + [m1+1, ma—1]+
+ [ml—l,m2+1]i -+ [ml—l,mg—Q]i + [m1—2,m2—1]i,
[ml,mz]:t X [2, 1]_ = [m1—|—2,m2+1]¢ — [m1+1,m2+2]¢ — [ml+1,m2—1]¢
+ [m1—1, mo+1]£1 4+ [mi—1,me—2]5 — [m1—2,ma—1]+.
C Wave functions for the A, model
The Ay wave functions take the form
(zln1,na)g = O, (@) = RE,, (0) A = P, (@) (wraaws) " MHB AT (O

)

where z = (x1,z2,23) and P,Efm is a homogeneous permutation-symmetric Jack polyno-
mial of degree ni+ns in x. Passing to the more convenient variables

Yi = 553/3 (C2)
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(9)

the rational function Ry}, is a linear combination of symmetric basis functions

Qr—tzl,mg( ) y%ml mQysz m1y3 mi— m2_|_y2m2 m1y§m1 m2y3 mi—mz cyclic (C 3)
with mi+mo=n14+no—3¢ for ¢=0,1,2,.... '
The first few Laurent polynomials are
Ro0=Qg =6, (C4)
Rio=QTo=2(ytys 'y3 ' +u3ys 'ur Y3y v 1),
Ria=Qf 1 =2(y1y2ys > +y2ysys *+ys vy 2,
29
OZQ;O—’_i T
QQ 1+29+1Q007
R272:Q;2+7 1o
Q3o+ Qm"’m@om
_ At g(59+3)
R371_Q3,1+EQ;2+2(9+1 Qlo’
_Of 9+ . 9(5g9+3)
R3.2 —Q3)2+—Q270+ 2(g+1 Q1 15
Q33+ Q21 7(g+1 g+2)Qoo7
6g(g+1) 1247 +
Q4O+g+3Q31+(g+2 g+3)Q22 (9+2)(g+3) “+0’
9(7g+8) 3g(4g+1)
Q41+ Q32+ g+2 2g+3 QQO g+2 29+3Q117
At 9 9 4g9(4g+1) 10g +79+3)
R 2*@4,2Jr Qs:sJr 1Q30 G+ (29+3) Q31+ 4g+1)2 (29+3) Qoo’
_ ot 9(79+38) 39(49+1)  H+
R 3 _Q4,3+g+2Q3 1+ (9+2)(29+3) QQ 2+ (g+2)(29+3) 1,0
6g(g+1) 1242 +
=Qlat 5%t o Pt g i
_+ & + , 20g(g+1) 209> + 30g%(g+1) +
R5’°*Q5>0+g+4Q4vl o) B2t Graern B0t Grag e 2
+ 3g(g+1) 39(3g+5) 29(11g°+20g+5) 9*(g+1)
Q01+ Q42 (9+2)( g+3)Q33 (9+2)(9+3) Q30 (9+2)2(g+3) Qaat 9+2 )2(g+3) -

From the paper of Lapointe and Vinet [8], one can see that the Jack polynomials can
be also constructed in terms of modified Dunkl operators

l—SZ"
Dip(g) = i 8i+92r; +B. (C.5)
it T

In terms of the combinations

Bi(g) = x1D1,4(g) + 22D24(g) + x3D3 4(g)
Bs(g) = x122D1,4(9)D1,24(9) + 2223D2,4(9)D3,24(9) + 2321D3,4(9)D1,24(9)
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the Jack polynomials are given by

P, = Ba(9)"*Bi(g)" " - 1. (C.7)
With the normalization
1 —(n n
v, = P (z129w3) " (MFm2)/3 A9 (C.8)

(g)nlan (g)n2 (2g+n1_n2)n2

employing the Pochhammer symbol (a),, the action of the intertwiner takes the form

Ms(g) vl ng(nl—i—g)(nl—ng)\II(QH) (C.9)

ni,n2 n1—2,n2—1"

Clearly, the no=0 and ngo=n; states are annihilated by M3s(g).

D Wave functions for the G, model

In the variables y = (y;) = (xil/?’) the G2 wave functions take the form

<y‘nhn2>gs o = \IJ(QS7QL)( ) = R(Q&QL)(y) \p(()gsng)(y) (D.1)

ni,n2 ni,n2

with \Il(()gs’gL) given in (6.6) and (6.7) and R&%S;;"ZL) being a degree-zero rational function
in y. It turns out that for ni+ns not divisible by three ¥ does not in general factorize as
R times ¥q in the ring of Laurent polynomials, so R is of a more general class. However,
the full wave function ¥ can be expressed in terms of the symmetric and antisymmetric
basis polynomials

+ 2mi1—mso_ 2mo—mq _ —mi1—mz2 2mo—m1i, 2mi1—meo —Mmi1—ms2 .
mame (Y) = Y7 Y Ys +y Y Ys + cyclic

(D.2)
with mi+meo =ni1+ne—3¢ for £=0,1,....

Some low-lying factorizable states are listed below. Beyond \IlgfdgL = Q(JJF,O A‘(S]SAiL

we have
W0 = Q7 0+Q7 1] A,
w36 = Q50 +QEal+ 5@, +Q1 1) AL
\If‘é?:(cz21+2g+1@00>
vgo= ([Q30+Q33] 12%221 WQOO)
) = (107, +Qfal+ 5 QF +OTaI+ SE QT T 1)) AL
o= ([Q40+Q44] 29 1Qf Qi)+ %[ngwn] QT+t ])
) = (1Q7, Qb+ 5 Q8+ Qo+ LS 10 o+ Q)+ e (@7 -t 1) AL
vh= (Q42+Q+I[Q§O+Q§3} Qi+ mczoo) (D.3)
with Ay = Q5 and A} = %(Qz&o QF 3)
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In addition, one can infer that
0,9 g

‘1’2,“? = ;1 Ar,
3.0 <[Q3,0+Q3,3] 2 +1Q0 0

0,
5= Q42+ Q21>

o0 9(59+3)
U= ([Q5 1+Q54] 1Qi,2+ (g+1)° Q21
49 v | Ag(4g+1) o g(10g°+Tg+3) .
<[Q6 o+ Qel+ 1%t (9+1)(29+3) [@501Qs 51+ (9+1)2(2g+3) oo
2g°
Veh= (Q + Q50+ Q35+ o OF ) A,
6,3 6,3 [ 3,0 33] (g+1)(g+2) 00 ) L
2g(7g+8) 6g(4g+1)
_ + + + + | A9
(D.4)
For gs, g1, € {0,1}, the model is free, so the states take a very simple form:
0,0
\Ijnl no Qn1 no in ni—ma?
L0 _
‘ljnl ng Qn1+2,n2+1 + Qn1+2,n1*n2+1 ’ (D.5)

0,1 +
\Ijn1,n2 Qn1+3 ny Qn1+3,n1 —no+30

1,1 _ —
\Ijnl,ng Qn1+5,n2+1 - Qn1+5,n1—n2+4 :

In the last two lines, A, can only be factored off in case n1+ns is a multiple of three.

E Coefficients of the conserved charge Jg

In order to express the coefficients ¢, 5,5, in (6.16) we introduce the combinations

2
Qi = 2 and T = AT E.1
9= (o P “Z @i, (5D
as well as
2
On = L8 gnand Ty = ST (E.2)
by Y T —TiT;

where {i,j,k} = {1,2,3} and n is a positive integer. In this way the coefficients read

ca00 = —12g5(gs—1)(3Q03+431) —36 g1, (gL —1) (2T 1+47T3) — 7597 —84g1.gs —2843 ,
c310 = —12g5(9s—1) (7Q12+4Q23+9031) =36 g, (9. —1) (8T 1+5T2+1173)
—4(69¢7 +60g1.95+2063) ,
c220 = —12g5(gs—1)(3Q12+3Q31) —36 gr.(9L.—1) (5T 2—273) —3(15g7 +249L9s+843) ,
co11 = —1295(g9s—1) (3039031 )+36 91, (g, — 1) (5 1+ Y3) +24(3¢% +3gr9s+92),  (E.3)
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300 = —54gs(gs—1)31+18 g1, (g, —1) (81 —1773)
210 =54 95(gs—1)(Q12—4Q31)+18 g1, (91, — 1) (481 +6 T —2773) (E.4)
e = —182 gL(gL—l)T:a,

1 1
c200 = 36 gs(gs—1)(2gs+391.)* (29234-931) +108 g1, (g9r.—1) (295 +3g1.)? <2T1+T3)

47
—5495(9s—1)Q231 —36g1,(9.—1) <2T1+2T3) +549s(g9s—1)(g9s+2)(gs—3)3;

51
+36(9L+1)g1(9.—1) (91 —2) <6T%+2T§> —36-90g1,(g1,—1)Y3

+54 g3 (gs—1) (40230231 +Q31Q12) +108 g5 (95— 1) g1 (9. — 1) (— 4203031 +Q31Q12)
+5492 (gr,—1)2(—To T3 +16 37T 1) +18 (293 +1291.93+3097 93 +3647 g5 +159¢ )
+3695(gs—1)gL(gL—1)(17912T2+14923T3+8931T1+10T1923+5T3912) , (E5)

1
c110 = 3695 (gs—1) (83 +249s91.+27g1) (2912+Q31>

1

+108 g1, (g1,.—1) (893 +24gs91,+2797) <Tz+2T3)
1 11
—108gs(g9s—1) <2Q12+2931) —369r(g.—1) (50’I‘2+2T3>
1

+108gs(g9s—1)(9s+2)(g9s—3) (29%2+2Q§1>

5
+108¢7 (g1, —1)? (14T§+2T§> —108 g1, (gL, —1)(100T3+1173)

+5493(95—1)%(Q230231 469231 Q12) +54 g5 (95— 1)gr. (9, — 1) (100293031 — 4031 Q12)
+54 92 (g1,—1)%(1901 Yo+ 74737 1) +18 (493 +2491,93 +60g7 g2 + 7297 g5 +39g1)
436 gs(gs—1)gr. (9, —1) (25012 T2 +13Q23T3+31Q31 L1 +16T9Q31+23T3Q15)

(E.6)
c100 = —162gs(g9s—1)g7 Q31 +54 g1, (9,—1) (992 —8) (Y1 —T3)
+36-18(gr(9L—1)—8)gr (9.~ 1) (T - T3)
—162gs(9s—1)(gs (Ngs—l)—69~L (gL—l))~(§12923+§31912) (E.7)
+162¢7 (g,—1)*(8 Y1 Yo — 13T Y3+5T37 )

—54g5(gs—1)g1(9.—1) (3212 T2 —6Q03 T 3+30231 T1 4811 Q223—8T3012)
—549s(9s—1)gr.(9.—1) (mez +7Q03T5—803 11 — 12T3§~212)

~91 —



cooo = 2799 +81 gs(gs—1)g7 (297 —1) Q2 +81 g1,(g91,—1) (691 —9g7 +4) (297 —1) Ty

+81g7 gs(gs—1)(gs+2)(9s—3)272+81 gL(gr—1) (9L+2) (g —3) (997 —20) Y7
+324g1,(91.—1) (91.4+2) (9r.—3) (g91.+4) (91.—5) T}
+16291,93(95—1)? Q12023 +162 67 (91.—1)* (997 +99s (95 —1)—8) Y1 Yo

3
+32491,95(9s—1)(91.—1) 223 <<2QL—1> Ty +(39%—1)T3>

—324.g1,03 (95— 1)2(gL—1) Q29093 +1944 67 (9, —1)% (91.4+2) (9.—3) T3 (E.8)
+324g195(9s—1) (9.~ 1) (g5 (95— 1) T1+ (g5 +2) (9s—3) T3)

+648 91,95 (95—1) (9. —1) (9.+2) (9L.—3) 17 (12— 23)

+16297 95 (95 —1) (91.—1)” Q1271 (13T +147)
—32491.95(95s—1)(91.—1)(29s(9s—1)+3gr.(gr,—1) +8) Q2120231
—162919s(9s—1)(g.—1)(3gL(9L.—1) —16)212€231 T

+648 g7 (1.~ 1)*(9f —gL+4)T1 T2 1.
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