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1 Introduction

Supersymmetric field theories in curved space have attracted many interests in recent years.
For such theories supersymmetric localization technique [1, 2] allows the non-perturbative
exact computation of some interesting physical quantities such as the partition function
and BPS Wilson loops, which can be used to test the duality conjectures like the AdS/CFT
correspondence [3-5]. In this paper we focus on supersymmetric field theories with a U(1)g
symmetry on curved manifolds in 3+1 dimensions.

According to [6-8] (see also [9] for a recent review), one can formulate a N' =1 theory
with a U(1)r symmetry in 4D curved space via coupling to the new-minimal supergrav-
ity [10, 11]: one first couples the R-multiplet to the new-minimal supergravity multiplet
and then take a rigid limit sending the Newton’s constant to zero, so that the supergravity
is decoupled while the fields in the supergravity multiplet are sent to fixed backgrounds. In
constructing supersymmetric field theories in curved space, background fields are typically
chosen to be bosonic, and consistency with supersymmetry requires the supersymmetry
variation of the gravitino in the gravity multiplet to vanish, which leads to a generalized
Killing spinor (GKS) equation. For each solution of the GKS equation there exists a con-
served supercharge. In the case of 4D N = 1 theory with a U(1)g symmetry, the GKS
equation can have a solution if and only if the background manifold admits an integrable
complex structure and a compatible Hermitian metric.

Important exact results were obtained for the 4D A = 1 supersymmetric field theory
with an R-symmetry in [12-17], using localization technique. Here we list some of them:



e When there are two supercharges with opposite U(1)r charge, supersymmetric renor-
malization scheme is free of ambiguities and the partition function is invariant under
the deformation of the Hermitian metric for a fixed complex structure.

e When the background manifold is 57:3’3 x S}, the supersymmetric Casimir energy
becomes

. d 4
Esusy = — Bh_%lo @ log Zsusy = %(a + 3¢), (1.1)

where a and ¢ are two trace anomaly coefficients in four dimensions.

We recall that the field theory computations in [12-17] were carried out by using the
supersymmetric Ward identities and the supersymmetry algebra which are derived from the
classical new-minimal supergravity. In [18] (see also section 7.10 of [19]) it was argued via
the superspace formalism that the new-minimal supergravity can be in general quantum-
mechanically inconsistent, due to the appearance of the “superscale” anomalies (consisting
of the conformal anomaly, the U(1)g chiral anomaly and the ~-trace of the supercurrent)
that are inconsistent with the local supersymmetry Ward identities. Then one could also
question the quantum consistency of the new-minimal supergravity formulation of the rigid
N =1 field theories with an R-symmetry. However, [18] considered only the one-point
function of the supercurrent superfield and one could expect that there is no inconsistency
for the backgrounds on which the anomalies in the Ward identities (for current one-point
functions) are numerically vanishing. In particular, the backgrounds considered in [14—
17, 20, 21] are anomaly-free in this sense. Nevertheless, the anomalies might appear in the
higher-point correlation functions as the contact terms, some of which may be physically
meaningful. This motivates us to study the higher-point correlation functions to investigate
the quantum consistency.

In this paper we analyze the two-point and higher-point correlation functions of the
current operators in the R-multiplet. Assuming that the supercurrent Ward identity is
non-anomalous and that the vacuum is supersymmetric, we show that the unbroken super-
symmetry is inconsistent at the quantum level unless the coefficient of the U(1)z anomaly
vanishes. Note that the anomaly coefficients depend only on the field content of the theory.
Since the Ward identities and the rigid supersymmetry algebra are a direct consequence
of the new-minimal supergravity, this implies that the 4D AN = 1 field theory with an
R-symmetry can be consistently formulated in terms of the new-minimal supergravity only
for some special systems with the field content that leads to vanishing coefficient of U(1)g
anomaly. One example of this is a theory that consists of a free chiral multiplet with
R-charge 1, since in this case the Weyl fermion in the chiral multiplet is uncharged under
the U(1)r symmetry and gives no contribution to the U(1)g chiral anomaly.

The rest of this note is organized as follows. In section 2 we briefly review the sym-
metries of the new-minimal supergravity, the definition of the generalized Killing spinor
(GKS) and the construction of the Killing vector from the GKSs. We then derive the Ward
identities of N' = 1 supersymmetric field theories with an R-symmetry in section 3, the
results of which are used to reproduce the rigid supersymmetry algebra in section 4. In sec-
tion 5 we show that in order for A/ = 1 field theories with an R-symmetry to be consistently



formulated via the new-minimal supergravity the (pure) U(1)g chiral anomaly coefficient
should vanish. Finally, we end with concluding remarks in section 6. Appendix A contains
our conventions, while appendix B explicitly derives the transformation laws of the current
operators in R-multiplet in a A/ = 1 supersymmetric theory with a free chiral multiplet
on R x S3.

2 New minimal supergravity and Killing spinor

In this section, we briefly review the symmetries of the new-minimal supergravity and
define a GKS and a Killing vector, as preliminaries for deriving the Ward identities of the
N =1 field theory with an R-symmetry in the next section.

We begin with the construction of the new-minimal supergravity [10, 11]. It is for-
mulated by first minimal-coupling the R-multiplet (consisting of energy-momentum tensor
TH, supercurrent Sy, U(1)g current J* and closed two-form F,) to the supergravity
multiplet (containing metric g,,, gravitino 9., U(1)r gauge field A, and two-form gauge
field B,,) to obtain the linear Lagrangian, which is then completed to the non-linear form.
The linear couplings take the form

_ 17'/“’ 5 SQH I _ § 1 HUpA
5 G + VS + T (Au 2Vu> + 1€ Fuv B, (2.1)
where V,, = isu”’»‘&,BP,\. By definition, the vector field V# is conserved, i.e. V,V# = 0. In
general backgrounds the operators in the R-multiplet are defined in terms of the functional
derivatives of the action .S with respect to corresponding fields in the supergravity multiplet,

namely
T (2) = _zégﬁx)’ (2.2a)

SH(z) = i(% (2.2b)

70 = L5y (2.2¢)

Fola) = iswpkﬁ_;zfm, (2.24)

where e = |det ej| with e, being the vierbein.

At the classical level the new-minimal supergravity possesses the local supersymmetry
as well as the U(1)g chiral symmetry and the diffeomorphism invariance. The correspond-
ing transformation laws for the fields in the supergravity multiplet are given as follows (for
conventions see appendix A):

e Local supersymmetry transformation

a 1~ a
deey, = _§¢u7 €, (2.3a)
1
56/¢)H =TDye+ §'Yu(vp’7p7*€)’ (2.3b)



1 - _
0eBuy = 5(1/}#71/ - ¢V’Yu)€a (2.3¢c)
7

5€A/L = 4

_ i_
(Dwa + 2%%%‘/%) Y Y. (2.3d)

e U(1)g chiral gauge transformation

SaA, = 04, (2.4a)
oAV = =i A (2.4b)
e Diffeomorphism
5§g,w = /Jgg,w = vugu + vufuv (2‘53‘)
5§A,u = £§A,u = _F,uugy + V,LL(SVAV)7 (25b)
deBpx = LeBpy = "V Bpx + V" Bix + VAE" By, (2.5¢)
Oty = Y0y + (0" )y (2.5d)

Here F,, = V,A, —V,A,. We have omitted the higher-order terms in the gravitino, since
they are irrelevant to our analysis. One can confirm the above transformation laws by
checking invariance of the pure new-minimal supergravity action, given by

1 _
Som = 3 /d4x e (R+6V,V* —8A,V* — 9, 4*"PDyi), + (4 fermion terms)),  (2.6)

where R is a Ricci scalar.

As mentioned in the Introduction, a field theory with rigid supersymmetry is defined
on the supersymmetric backgrounds, i.e. the ones that admit at least one solution of the
GKS equation. For N' =1 field theories with an R-symmetry the GKS equation becomes

1
Octhy = Due + 5%(‘/9%%5) =0. (2.7)

Now let us denote a solution of (2.7) as (. As we will see in section 3, there exists
a conserved supercharge corresponding to . For the discussion of the supersymmetry
algebra given in section 3, we need to define a real vector! (i.e. K* = K)

K = K", with K" =iqy"C. (2.8)

Here 1 = iv,( is also a GKS. By using the Fierz identity and the integrability condition
for the GKS ¢, one can derive following relations [22]:

Kty,(=0, K'K, =0, (2.9a)
1 » .

LgC= K“VMC + ZVMKV’Y” ¢= —K#AM(W*C), (2.9b)

VK, = =€ VPK?, K'V,V, =0, (2.9¢)

F.,K"=0. (2.9d)

'Notice that éy,e = 0, which follows from the property of the Majorana conjugation.



It therefore follows that the background fields are invariant with respect to the null vector
K up to a gauge transformation for the U(1)r gauge field A, namely

Lxgu = VK, +V,K, =0, (2.10a)
LiA, = —F, K" +V,(K'A,) = V,(K"A,), (2.10b)
LiV, = -VuK” +V,(V'K,) =0, (2.10¢)

where V,,, =V, V, =V, V,. Note that the Killing condition for V,, is not equivalent to that
for By,. In fact, we do not need the Killing condition for the background field B,,, as we
will see in the next section.

3 Ward identities and correlation functions

In this section, we derive the Ward identities of the N' = 1 field theory with an R-symmetry
in 4D curved space and then comment on some properties of correlation functions, which
will be basis of the discussions of the next sections.

3.1 Ward identities

The Ward identities corresponding to the symmetries discussed in the previous section
can be obtained by using the local renormalization group formalism [23] (see also [24]
for a recent review). To this end one first defines the generating functional of connected
correlation functions

W[g;w, ¢ua A;u B,uzz] = —ilog Z[Quw Yy, A,ua B,ul/]» (3.1)

where Z[g,u, %, Ay, Byy| is the partition function in the presence of the non-dynamical
background sources, i.e. Z = [[D®] expiS[P®; g, Yy, Ay, B (P represents generic matter
fields), and the usual expectation values are defined as (...) = Z~! [[D®]...expiS. The
gravitino background ¢, is set to zero at the end of the computations, since we consider the
bosonic backgrounds. Recall that the variation of the generating functional W is given by

oW = /d4:c e [; (THY 8g + 61by, (S + (TH) 6G,, + ie““p’\ (Fuw)6Bpx|,  (3.2)

where G, = A, — %Vu- (3.2) gives the definition of the one-point functions of the operators
in the presence of arbitrary sources. Namely, (3.2) implies that

2 oW
(224 __-_ "
<T (:E)>9MV7¢H7AH73MV e 5g“y(x)’ (33&)
1 oW
H _ - _ -
(SH@)) g s Ay B e 50,(@)’ (3.3b)
1 oW
<\7u(x)>gm,71/;WAmBW, = E(SAM(I')’ (33C)
1 ow
P (@) g 0,400 Br = TSB (@) (3.3d)



The Ward identities corresponding to the symmetries (2.3), (2.4) and (2.5) are obtained
by requiring 6WW = 0 up to potential quantum anomalies for the variations (2.3)—(2.5), and
the results are as follows:

_ _ 1- 31 - _
0=-D,(S") + % (") Yu(VPypvs) + 5‘%% (TH) + 8 [(1@% + thy) VY (T
- Tﬁpfypvp, <j#> - &APngwjp)\vV <\7/L> - ,L-Eupm/ <ja> Vp'lz,u’}/*’)/y}
_— 1
- iDA¢a(—i6A”uyv” + 0777 = GyT) (M) + 0w (Foa) (3.4)

1
Adiffeo =Vt <7,-Lw> - (j#) G,uz/ - v,u <jM> Gl/ + EEMKP)\ <~Fun> (Vqu/\ + va)\u + V)\Bl/p)a

(3.5)

Achiral = Vp, <u7“> . (36)
Here

G =V,G, —V,G,, D,S'=V,8" — Gy (iv,S") (3.7)

and the gravitino-dependent terms are omitted in (3.5) and (3.6). In (3.4) it is assumed
that there is no supersymmetry anomaly.

The diffeomorphism anomaly Agieo and the U(1)g chiral anomaly Acpira1 need fur-
ther explanation. The chiral anomaly is usually accompanied by the mixed gravitational
anomaly, which breaks the classical diffeomorphism invariance. The anomalies are given by

1
Achiral - Zéﬂaaﬁ [CAGHUGQB + (1 - O‘)CmRVAmfRAVozﬂ] 5 (38)
Adiffeo = 1 1 RY, I’WO‘BG I 3.9
diffeo = —ACmyg NET A _955 rkoUal 31 5 (3.9)

see e.g. [25] for a recent review. Here the coefficients c4 and ¢, are determined according to
the field content of the theory and are related to the central charges. The scheme parameter
« is the coefficient of the diffeomorphism and gauge non-invariant contact counterterm that
determines where the mixed anomaly appears: if a = 0, then the mixed anomaly appears
only in the U(1)r Ward identity, while if @ = 1 it appears only in the diffeomorphism Ward
identity. In this note we choose a scheme o = 0 such that the mixed anomaly does not
appear in the diffeomorphism Ward identity.

We emphasize that even if we mainly consider bosonic backgrounds in quantum field
theory, we must keep the gravitino background field in (3.4) in order to compute two-point
functions of the supercurrent operator. In principle, the Ward identities (3.5) and (3.6)
also contain the gravitino-dependent terms, which we ignore since they are irrelevant unless
we differentiate (3.5) and (3.6) with respect to the gravitino.

3.2 Higher-point correlation functions

Taking further derivatives of (3.3) with respect to the sources gives higher-point correlation
functions, for which we use double bra-ket notation ({...)), i.e.

_ A AOj(z1)) A A A (W)
(05, (21)Oj, (z2) - - O () = AB;, (zn) ABj, (z2) B AB;j, (zn) AB;, (v2) ABj, (21)

(3.10)




Here O, stands for any operator in the R-multiplet, i.e. O; = {T*", Sk, J*, F*}, and
AABJ_ is a suitably defined functional derivative with respect to the background sources

Bj = {guuvd_}wAwBP)\} as

A . _3 ) l ) i 4] Euvp d (3 11)
ABj(z) | iedgu(z) iedp,(r) iedAu(z)” ie 6Bp(z) [’ ’
N A3S) . .
so that Oj(z) = AB, (2) according to (2.2). For instance,
1
T/J,I/ T jp = — = — _—— 312
(T (@) TPy =+ () iedAm) \ edgm(@) (3.12)

<57"“’(x)> 1§ <2 5W>
(s

(S 0T = e = i (550 ) .13
14

($H@)T"(y)y _ 1 9 (1 5 (1 oW ))
ie 0A,(2) ie 0Ay(z) \iedA,(y) \edyu(z)))
(3.14)

(8" (2)T"(y) TP (2)))

Notice that we use different notation ((...)) than the usual one (...)c (the subscript C
stands for “connected”), though ((...)) is clearly a connected correlation function as W is
the generating functional for connected correlation functions. The reason of using ((...))
rather than (...)c to denote two- and higher-point functions? is that the quantity ((...))
can differ from (...)¢ by contact terms when the operators depend on the sources due to
the non-linear dependence of the action on the sources. For instance, using the definition
of ((...)) given above it can be easily seen that

o 18TR@) /(1 88 1 8
W@ = 5a (G emm) 7).

= (J"(x)T"(y))c — i64(z,y) <Z‘A75((;C))> , (3.15)

where 0%(z,y) = 0*(z — y)/e is the invariant Dirac delta function. In obtaining the last
term in the second line above it is used that the action (and hence operator J) does not
depend on the derivatives of the background sources which are non-dynamical. The contact
term above corresponds to the second functional derivative of action S with respect to A,
ie. <e5 A‘S o) 6525 (m)>, which is non-vanishing when the action S depends non-linearly on
the gauge field A For higher-point functions there can be more contact terms, and in
general it is not obvious whether or not the contact terms play any role and can be ignored
in the calculations.

In order to investigate the potential consequences of the contact terms, let us consider
(n + 1)-point functions obtained by taking functional derivatives of an one-point function

2For one-point functions we use the usual bra-ket notation (-) since in this case both quantities are

identical, i.e. ((O(x))) = (O(z)).



of an operator O(z) with respect to the background sources (see (3.10)), i.e.

A A A
ABj, (wn) " ABj, (x2) ABjy (1)

_ <<ojn(xn)+wjfw) (ojl (”“Hmaf(xl)) 0(x>>o
— (0, (20) -~ Oy (21)O()) o-contact terms, (3.16)

(O()0j, (x1) - - Oj, (z0))) =

(O(x))

where the contact terms contain connected correlation functions with less than n + 1 op-
erators and are proportional to d-functions that arise whenever & acts on operators. The
contact terms can be split into two parts according to whether it contains §*(z, z;) or not,
namely

contact terms = terms with 64 (x, z;) + (O(x).. )¢, (3.17)

where the first part on the r.h.s. of (3.17) consists of terms that contain 6*(z,x;) (and
their products), which results from ﬁjk acting on O(z), while the rest is collected into the
second term, which does not contain the derivatives of O(z) and hence can be written in the
form of (O(x)...)c The second part in (3.17) contains 6*(zy, ;) (and their products) with
k # 1 and is absent when n = 1 (i.e. for two-point functions). Splitting in the form (3.17)
will be useful in the following discussions.

Now we suppose that O(x) corresponds to a conserved current X*, i.e. O(x) = X*(x)
with V,(X#(z)) = 0. When acting V, = 6_1%6 on (3.17) and taking integration
i d*z e, the first part in (3.17) does not contribute since it leads to the integration of the
total derivative of 6%(x — x;) that vanishes. In the case of two-point functions, the second
part in (3.17) does not exist. Therefore, for the two-point functions all contact terms drop
out through the operations mentioned above, so that we have

/d4$ eV, ((X*(2)0;,(y))) = /d4ﬂf eV (X ()05 (y)e = ([Qx, 05 (y)]),  (3.18)

where ) x is the corresponding conserved charge defined as Qx = fc do, X* with C being
the Cauchy surface.? (3.18) will be often used in section 4. For three-point and higher-
point functions the second part of the contact terms in (3.17) can contribute and needs a
careful treatment.

Let us consider the case when (Qx annihilates the vacuum state |Q2), i.e. Qx [Q2) = 0.
In this case it follows that

Qx| =0 = /d4x eV, (X" (2)Oj, (z1) - -~ Oy, (xn))) =0, (3.19)

This is analogous to the usual formula [ d*z eV, (X*(z)...) =0 when Qx |2) = 0. (3.19)
can be shown as follows. First, note that Qy |Q2) = 0 leads to [ d*z eV, (X*(z)...)c =0,

30ne comment is in order on the second equality of (3.18). The usual relation is ([Qx,O;(y)]) =
[ d*z eV, (X*(2)O;(y)) without subscript C. However, since V,,(X*(x)) = 0, the disconnected connected
part vanishes, so that ([Qx,0;(y)]) = [d*z eV, (X" (z)0;(y))c.



which follows from [ d*z eV, (X*(z)...) = 0 and the definition of the connected correla-
tion functions.* Then, the first term (non-contact part) in (3.16) (with O(z) = X#(x)) and
the second part of the contact terms in (3.17) do not contribute to [d*z eV, ((X*(x)0;, (1)
-0, (xy))). Since the first part of the contact terms in (3.17) does not contribute either
as mentioned above, we end up with (3.19), which will be employed in section 5.

4 Rigid supersymmetry algebra

Now we recover the rigid supersymmetry algebra on the curved backgrounds by deriving
the transformation laws of the supercurrent and U(1)r current with respect to the rigid
supersymmetry.5

In order to set up the general strategy, we first deal with the diffeomorphism Ward
identity. We multiply (3.5) by an arbitrary vector field £”(x) and take a functional deriva-
tive m to obtain

0= |V (T (2)T"(y)) = G (T (2)T*(Y))) = GV ((TH(2)T*(y)))

445N (VuByp + VB + Vo) (Fon(e)T7(0)
= 3@ Y)Vl€ (T7) ~ (T Vol?] + e 0001w = )€ (T°) =€ (TD] - (41)

The integration over z-space (i.e. [ d*z e) of the above gives

V(€7 (TP)—(T") V&P = /d4$ e ig” {V“ (T (@) T*(Y))) =G ((TH(2) T (Y))) —

G (T @ TN+ N VBtV pBrut VB (Fun() 77 )
(4.2)

where the left-hand side actually corresponds to the variation of the operator [J” under
the diffeomorphism associated with the vector &, see e.g. section 5.2.3 in [26]. It then
follows from (4.2) that the U(1)r current J* transforms as a vector density under the
diffeomorphism, which has to do with the fact that the quantity conjugate to the vector
source is not a vector but a vector density operator (see e.g. [27]).

“As an illustration of the statement that [d'z eV, (X*(z)...)c = 0 if V, (X"(z)...) = 0, let us
consider connected three-point function [d*z eV, (X*(z)0;, (21)Oj,(z2))c. From the definition of the
connected correlation function we have [d*r eV, (X" (2)0;, (21)0;,(z2))c = [d*z eV, (X" (2)O;, (z1)
Ojy(w2)) = [ d'z eV, (XH(2))(Ojy (21) Oy, (22)) — (O (1)) [ d'z eV 1 (XH(2)Ojy (w2)) — [ 'z eV, (XH ()
O0;, (21))(Oj,(21)) + 2 [d*z eV, (X*(2))(Oj, (21))(Oj, (x2)), each term of which contains [d'z eV,
(X*(z)...) = 0, so we have [d'z eV, (X"(2)Oj, (21)Oj,(w2))c = 0. This fact is easily generalized to
the arbitrary higher-point functions.

SWe suspect that these transformation rules should be known, but we found only their flat-space version
in the literature, see e.g. [10, 12].



Multiplying (3.5) by K" defined in (2.8) and assuming that K*A, is made constant®
by a suitable U(1)g gauge transformation, we obtain”

Vi (Ci () =0, (4.3)

where

ctior =10 [ v (a0 v 1 ez, ] ) »

This allows us to define a conserved charge

Qr = [ o, ¢ (4.5)

where C is any Cauchy surface. Now using (3.18) and replacing { by K in (4.2), we obtain
i([Qk, T"]) = /d4x e iVu(Ci(2) T (y))) = Vu (K (T")) = (T") VL K. (4.6)

Now we use the above strategy to recover the rigid supersymmetry algebra for NV = 1
field theories with an R-symmetry. Multiplying (3.4) by the GKS ((x) and setting the
gravitino to zero gives

Vi ((8"¢(=))) =0, (4.7)

which allows us to define a conserved supercharge associated with the GKS ( as

Qr = /Cdau SHC. (4.8)

Independence of Q¢ on the choice for the Cauchy surface, i.e. conservation of Q¢ is an
immediate consequence of the Ward identity (3.4) on the bosonic background. Note that
we can also define a conserved supercharge Q,, associated with the GKS n = iv,(. Now we

multiply (3.4) by the GKS ¢ and taking the functional derivative i 5 &5(‘@) to obtain
"

TS O@)SH W) = 3.9) |16 (243 (T V(T Vg (T Ve (7,)

1 ‘
S5V T )+ k@ ()= (T (T V)
e 0 [54 (e —p) (—i o+ ) ()] (4.9)

SWhen K " A, is not constant, it seems that there are several inconsistencies in constructing the super-
symmetry algebra. For instance, one can not define a conserved charge associated with the Killing vector
K, and the Lie derivative of { with respect to K does not satisfy the generalized Killing condition.

TA careful derivation is necessary for the term containing F,». First of all, we have V,(e""** K, F,\) =
AVHKY Fry = e K"(V,By2)Fuy. Combining this with e#*"*K"(V,By\)F,. = 0, which im-
plies e"*"*K"(V,Box)Fuv = 3Fuwe” W KP(V,Box + VaBoo + VoBa,), gives Vu(e"? K, Fon) =
L F e KP(V,Box + VaBpo + VoBa,). Notice that we do not need the Killing condition for By,

,10,



where we have set the gravitino background to zero at the end. Integrating (4.9) over
x-space and using (3.18) give

i([Q¢, ")) = /d4x e iV, (((8"O)(x)S"(y)))
— if}/yc (2 <THV>+3 <ju> Vu+<ju> Vu,g/w <jp> Vp+€uup>\ <‘/’_'p>\>7%€ll«l/)\o'v>\ <ja>> +
(T (T7) =T (T4 () V), (4.10)

Note that using (4.10) we can rewrite (4.9) in a simple form as

_ 1
Vo (8" (2)S (y))) = (=, y) ([QC,S’”]HZe‘l@ (0% (2—y) (—ieM 57" +057 = 0577 )¢ (T7) -
(4.11)
Multiplying (4.10) by ¢ and 7 gives respectively (omitting the bra-ket notation (-))
i[Qc,C8%) = LV, (K1T° — K %), (4.12)

1 1 1 1
i[Q¢, 7SH] = iKy T _— GV T* + ieﬂ”ﬂfm — gVA(EIW)‘UKVJO) + §(K”Al,)j“.

(4.13)

It then follows that
VulQ:, €8 =0, [Q¢, 9 =0, (4.14)
106, Q1) = 3@ + 5 (K" 4)Qn (4.15)

where Qr is the U(1)g charge.
Now we multiply (3.4) by the GKS ((z), differentiate it with respect to A,(y) and
B, (y), respectively (cf. (3.3)), and set the gravitino to zero. Then, we get

V(ST = (8704w ), VoS OFw)) = 5 [VullS) 1m0~ 0 0)] 842,
(4.16)
which lead to
[Qc, T = 8*v.(,  i[Qc, Qr] = O, (4.17)
106 Fl = 5 [Vul&7:0) — (1 5 w)]. (118)

These transformation laws of the currents S#, J# and F,,, under the rigid supersymmetry
are explicitly checked in appendix B for a free chiral theory on R x S3.

Transformation law for the supercharge Q. under the diffeomorphism associated with
the Killing vector K can be obtained by differentiating the diffeomorphism Ward identity
with respect to the gravitino source. For this, the diffeomorphism Ward identity should
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be extended to involve the gravitino-dependent terms. We do not present the details of its
calculation here, but give the final result as

ilQk, Q) = —(K*A,)Qy or [Qx + (K"A,)QR, Q] =0, (4.19)

which is consistent with (2.9b).
In summary, the supersymmetry algebra is

i[Q¢, Oyl = %QK + %(KVAI/)QRy (4.20a)
@k + (K"AL)Qr, Q] =0, i[Q¢, Qr] = Oy, (4.20b)
(@K + (K"AL)Qr, Qc] =0, (4.20¢)

see e.g. [7].

We end this section by addressing the quantum consistency of the N/ = 1 rigid su-
persymmetry algebra (4.20). First, note that by differentiating (3.6) with respect to the
source field A, (y), we get

iV, (T (@) T ())) = cac 7,642, 4) G (4.21)
where the right-hand side is a total derivative. It then follows that
[t e v (@ wn -0 4.22)
which implies that [Qr, J"”] = 0. Using this, we find from (4.20a) and (4.6) that
A[Q, Quls T = ~ilQx, T*] =~V (K" T¥) + TV, K" (4.23)
On the other hand, (4.17) and (4.12) imply that
2(Q¢, [Qn, T"]] = 2i[Q¢, (S"] = %VV(K’U” — K" J"), (4.24)
and therefore
2[[Q¢, Qnl, T = 2[Q¢, [Qn, T — 2[Q, [Q¢, TH| = VU (KHTY — KY "), (4.25)
Since K is a nowhere vanishing vector [7], (4.23) can be consistent with (4.25) only when
Vo (J") =0, (4.26)
or equivalently (see (3.6) and (3.8))
MGy Goo =0, e"9PRY\ o R g =0, (4.27)

if we assume c4 # 0 and ¢, # 0. These are additional constraints imposed on the back-
ground sources since the GKS condition (2.7) does not automatically imply (4.27) [15].
Does the condition (4.27) suffice for consistent construction of N' =1 field theory with an
R-symmetry when c4 # 0 and ¢, # 07 As we will see in the next section the answer is no,
due to a problem that manifests itself in the higher-point correlation functions.
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5 Quantum consistency

In this section we show that the U(1)p coefficient ¢4 should vanish in order for the new-
minimal supergravity formulation of the N’ = 1 field theory with an R-symmetry to be
quantum-mechanically consistent.

Condition (4.27) is related to the N' = 1 rigid supersymmetry algebra (4.20), which
relies on the assumption that K# A, is constant. Now we would like to pursue our investi-
gation without using this assumption. Instead, following [16] we suppose that the vacuum
state |Q2) is supersymmetric, i.e.

Q[) = Q) =0, (5.1)
which implies (3¢(...)) = (0y(...)) = 0 with 0¢(...) = [Q¢, ...] and §,(...) = [QDy, .. ].

Notice that when K#* A, is not constant, the right-hand side of (4.3) becomes non-zero, i.e.
V,.CH = —-JMV (A, K"), and (4.13) therefore leads to

1 1
0= ivﬂ <[QC7 ﬁSMD = iKyAVvM <jﬂ> = iKVAl/Achiral (52)
on the supersymmetric vacuum. This implies that
K"A, =0 or V,(J") = Achiral = 0. (5.3)

Yet this does not seem to cause a serious problem, as we saw the similar constraints in
the previous section, see (4.26)—(4.27). However, it turns out that the real problem shows
up in the higher-point functions. To see this, we multiply (3.4) by any spinor €(z) and
differentiate with respect to ¢, (z1) and then A,(x2). We then set the gravitino to zero
and obtain

iDp<<3pe(w)8“(x1)5”(x2)>>+%<<5HAV"7/J%6($)S*‘(SE1)J”(xz)>> =
= ;54(x1,x)’y,\e<< {T‘”‘—i—i(V’\J“—H/“J)‘—g“’\VpJp—s“’\p”VpJH)—i—;5”’\”“}},{] (xl)j”(m2)>>

y
F 5 a1, e T (T, (00) T (22)

= 8 (@0, 2) (N g+ 077D (T (0) T (22)

+ﬁ‘f‘1(’% [0% (1 —2) (=i 5y 4087 =001 e((T 7 (21) T (22)))]

1 _
+Z54(SE1,w)54(xl,xz)(*ié"’“ow"ﬁé‘vw”*55%7")%6 (T7)+i0" (2, 2)((S"ue(x) 8" (1))
(5.4)

As mentioned before, it is important to keep all contact terms in the above computation.
Now we let e(x) be the GKS ¢ and multiply (5.4) by 7 = i((x1)7«. We then obtain

iV, ((87¢(2) 08" (1) T (22))) =
— L4(er.2) << [KK(T““—G”J“+;E“’””\}'px)—iV,\(ﬁ’mMKnJg)—F(KPAP)J”} (x1>J”(x2)>>

+id* (w2, 2) ((§7:((2) ﬁS”(fE1)>>+£54(w1,x)54(ff1»x2)(K” (TH)=K"(T")- (5.5)

,13,



Let us integrate this over z-space, using (see (3.19))
0= (d¢ (78" (1) T"(22))) = 0= /d437 e Vo ((§°¢(x) 8! (z1) T"(22))),  (5.6)
and take a covariant divergence with respect to x1 to obtain
0=, [t e iV, (8% 7 (1) T (e2)

= S AT, (T (@) (2))) = 501, 22) K9, (T ()

A
- KTie 5A6u($2) (A)‘v“ (T ) (5.7

For the second equality we used the relation (4.11) (where the first term on the r.h.s.
vanishes due to the assumption of the supersymmetric vacuum) and

0= ¥, [, (T (@745 (T ) T o) V4 2 (Fop(e) 7 2) )|

—iK" AV, ((TH(@1) TP (22))) = 6" (21, 22) [V (K¥ (T 7)) —(T") Vi K*]
e, [ a1—a2) (K (77)—K? (7)) (5.8)
which is obtained from (4.1) by replacing £ by the Killing vector K* and using the Killing

equations (2.10). Note that in the above computation there occurs a complete cancellation
between the contact terms. Using (3.6), (5.7) implies

N 0

m <A)\Achira1($1)> =0, (5'9)

which is another constraint in addition to (5.2).

The analysis up to now is insufficient to say about the quantum inconsistency with the
known U(1)z anomaly, because there may exist very restrictive backgrounds on which the
constraints (5.2) and (5.9) are satisfied. Therefore we need to go further to higher-point
functions. To this end, we differentiate (5.4) once more with respect to the gauge field
source Ay(z3) to obtain

D ((S7e()S (1) T (22)TN(w3))) + 5 S eV Pp() S ()T (22) T () =
= %54(1:, xl)fype << [T/‘P + g(vl’j# +VHETP — gV T" — E“pU”VJJK)—i—
%EWWM] (Il)J”(xz)JA(x3)>>
+ 104, 22) (8 () S (0)T (w5)) + 8", 25) ((Sece(z) S (1) T (22)
1€, [81( — ) (i + Bln® = BVl T (1) T (22) T ()

= 040 1) (i 0" Ber® = DD, (77 1) T (02) T (w) )
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+ ﬁ64(30, T1) Y p€ e“pmVo<<«7n($1)jy($2)«7>\($3)>>

8
— L0 )0, m2) (< + B — B e (T () T (w8)))
i 4 4 D7) K m A A n o v
= 10 0)0" (0, 2) (<N gy B — B e (T (@) (@) (5.10)

By following essentially the same steps as done to reach (5.9) from (5.4) for the 3-point
function ((SPe(x)SH(x1)J(x2))), one can obtain

0= Vu/d4x e iV ((SP¢(2) 78" (21) T (w2) T (23)))
= %(KpAp)vu (T (21) T (22) T x3))) — %54(x1,w2)K”Vu (T (21) T (w3)))

B %54($1, HUB)K/\VM (TH(21)T" (22)))

K? o 0

= 728 (5A)\(x3) ie 5Ay(x2) (Apv,u <j“(l’1)>)

Kr ) )
T2 iedAy(x3)iedA,(x2) <ApAChiral(xl))' (5.11)

The above procedures can be straightforwardly extended to the higher-point functions

obtained by differentiating (5.4) successively with respect to the gauge fields, giving rise
to constraints (putting together (5.2), (5.9) and (5.11) here)

0= KpAp-Achiral(x)y (512)
J
= pi .
0=k edA,(z1) (APAch“al(x))’ (5.13)
edAx(xa) e5A, (xp) \" T )
0 5 5
= p .
0=~ €0 Aa(73) €0 Ay (22) €0 A, (271) (ApAchlral(zr)), (5.15)
) ) K} 5
= p ]
PR 6Az(z4) €Ay (w3) €A (22) €A, (21) <APACh“al(x)> (5.16)

and so on. These constraints are consequences of the Ward identities (3.4)—(3.6) and
relation (3.19) with the supersymmetric vacuum condition (5.1). Constraint (5.16) and the
subsequent ones with the higher functional derivatives are trivially satisfied, since Acpiral
is quadratic in the gauge field, while (5.12)—(5.15) are nontrivial constraints. In particular,
constraint (5.15) with (3.8) gives

) 5 5
— KP e
’ edAy(x3) €A\ (x2) e0A, (1) ( pACh‘ral(x))

=2cy [Ka54(:c, 23)e™ 0,04 (2, 19)050% (2, 21) + (permutations) |, (5.17)

which can be satisfied if and only if ¢4 = 0. Thus, the anomaly coefficient ¢4 should vanish.
This makes constraints (5.12)—(5.14) satisfied automatically.
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6 Discussions

In this note we have studied the quantum consistency of the new-minimal supergravity for-
mulation of the A/ = 1 supersymmetric theories with an R-symmetry in 3+1 dimensional
curved space. By investigating the rigid supersymmetry algebra and the correlation func-
tions obtained via differentiation of the Ward identities (with respect to the background
gravitino and R-gauge fields),we have shown that the pure U(1)p chiral anomaly coefficient
ca should vanish to be consistent with the supersymmetry. Our result indicates that the
supersymmetry is broken at the quantum level unless c4 = 0.

We emphasize that the anomaly coefficient ¢4 depends only on the field content of
the theory. There exist some special cases where ¢4 = 0. For instance, in the NV = 1
superconformal theories, the anomaly coefficient ¢4 becomes

cA = ba — 3¢, (6.1)

where the central charges a and ¢ (for free theory) is given by [28, 29]
—Lon 1Ny, = Lany 4Ny (6.2)
TRV T D O gV R '

Here Ny and N, are the number of gauge and chiral multiplets, respectively. Therefore,
ca becomes vanishing when 27Ny = N, for example when Ny = 1 and N, = 27. Another
simple example for a theory with ¢4 = 0 is the system that consists of a free chiral multiplet
with R-charge 1 (see e.g. appendix B). In this case, the Weyl fermion in the chiral multiplet
is actually uncharged under the U(1) g symmetry and thus does not contribute to the U(1) g
chiral anomaly.

In this work we have focused on the quantum consistency with respect to the pure
U(1)r anomaly. We expect a similar result for the mixed U(1)r anomaly coefficient c,.
Namely, we anticipate that higher-point correlation functions involving both of the super-
current and the stress-energy tensor can be consistent only when ¢,, = 0. But it needs
more involved computations to show this, which we leave for the future work.

We have assumed that the supersymmetry Ward identity is non-anomalous, see (3.4),
and our results bring forward a question about the supersymmetry anomaly, which is also
related to the holography. In [30, 31] the holographic renormalization [32-41] was carried
out for both of the bosonic and fermionic sector of the 5D A = 2 gauged supergravity, a
virtual candidate for holographic dual of 4D N = 1 superconformal field theory (that has
an R-symmetry). By doing so, it was derived that the supersymmetric Ward identities
for 4D N = 1 superconformal field theories (SCFTs) contain anomaly-terms, which lead
to the anomalous variation law of supercurrent operators under the rigid supersymmetry
transformation.® If one assumes that the supersymmetry Ward identity (3.4) receives
anomaly corrections, those anomaly terms would introduce additional (contact) terms in
the correlations functions considered in section 4 and 5, which in turn may lead to complete

5Recently, a similar result was obtained in [42], where it was shown in the context of AdS;/CFT> that
in 2D NV = (1, 1) superconformal field theories the supercurrent operator transforms anomalously under the
rigid supersymmetry transformation.
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cancellations on the right-hand sides of (5.12)—(5.16) restoring the consistency of the theory
with ¢4 # 0. It would be interesting to explore if the anomaly corrections obtained
in [30, 31] by holographic renormalization could do the job (see [43, 44] for recent field-
theoretical studies on the supersymmetry anomalies). We hope to pursue this question in
the future work.
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A Conventions

We follow the conventions used in [45]. The metric signature is (—, +, 4+, +) and gg123 = 1.
We denote v5 matrix by v, in 4 dimensions, i.e.

Y = 10172735 (A1)

which leads to useful formulas
APy = etV PT Ay, (A.2a)
5“”'0’\%)\ = —2iy" .. (A.2b)

For any spinor x, ¥ = x! C is the Majorana conjugate of y, where C' is the charge conju-
gation matrix. And all of the spinors in this note are Majorana ones.
In our conventions,

PYNCEVNRRS NGOIVEE e 'trpf(r(r”) N NGO (A.3)
y=T0... T\ — y= thty, - .trpj\r(rp) o) (A.4)

where
to=ty =1, t; =t3=—1. (A.5)

Two kinds of connections appear in this note, i.e. the metric connection and the gauge
connection. The symbol V stands for the covariant derivative with respect to the metric.
The symbol D indicates the connection with respect to the metric and the gauge field. For
instance,

Duby = Vuihy +iGuysthy, D;ﬂZV = VMZV + iGuT;Z_)V'V*v (A.6)

90ne relevant question is whether there could exist local counterterms added to the action in such a

way that the consistency of the theory is maintained without requiring c4 = 0. In order for the local
counterterms to change the argument of this paper and restore the consistency of the theory with ca # 0,
they should modify the Ward identities (3.4)—(3.6) by introducing appropriate additional local terms to
the Ward identities. However, the local counterterms that modify the Ward identities necessarily break
the corresponding symmetries. Therefore, as far as one does not want to break supersymmetry and dif-
feomorphism invariance explicitly, we expect that local counterterms can not play a role in retrieving the
consistency of the theory with ca # 0.
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where G, = A, — %Vu- Note that the supercurrent S is conjugate to the source v,
and therefore it has a U(1)gr charge opposite to 1,. It follows that one has to define the
covariant derivative of S* by

DS = V,8" — iGyyuS”. (A7)

B An example: N = 1 with a free chiral multiplet on R x S,

In this appendix we explicitly derive the variation of the current operators S*, J# and
FH under the rigid supersymmetry transformation, for the special case when N = 1 field
theory for a free chiral multiplet is defined on R x .S,.,.

The action of the theory that we are interested in is given by [6],

S = /d% L, (B.1)

where

1 ) .
L= FF*—DuqSD“qb*—i—iV“(qS*DMgb—gZ)DMgZ)*)—%(R#—GVNV“)d)*gb—wfy” <DM - ;VM> Prab,

(B.2)
and ¢ is the U(1)g-charge of the chiral multiplet, and

6 1 1
R=—, Vi=0 V= ot A = pt A =0, Ry, =2V,V,—-g.V,V"), (B.3)
r

D¢ = 0,0 —iqAud, Duo* = 0,0 +iqAud, Dup =V, +i(q — 1) Ay,  (BA)

Vup =0 + iwuawablﬁ, Prp= ! ]sz*~ (B.5)
This theory is invariant under the rigid supersymmetry

8¢ = CPra, 8¢" = CPry, (B.6a)

§F = ¢y"(Dy — %VM)PL¢, SF* = (M (D# + ;Vu> Pr, (B.6b)

0Py = Pr(D¢ + Fe, 0Pryp = Pr(D¢" + F)e, (B.6c)

where ( is the GKS that satisfies the GKS condition (2.7). Note that under the charge
conjugation v, flips the sign and thus (Pr)¢ = Pg.
The energy-momentum tensor is given by

T — 1 (eal/ 0 +eau6>5

"2 \“ s T 5

= — g [—qusDqu* L FF - %(R — 6VPV,)p 6| — 2DWeDV) ¢+

+ g(—R“V £ VAVY — g" 0 4 6VEVY) (¢ ) — %v%fy%
1 B R
+ 519" D g =y Dy, (B.7)
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and the U(1)p-current is

168 _
= - = iq(¢D"¢" — ¢*D" ) + 2qV"$¢™ + i(q — L)Yy  Prip. (B.8)

JH=— =
edA,

Since the Lagrangian (B.2) does not possess any FI-terms and the Kéhler form of the target
space is exact, there exists a well-defined operator Y),, such that F,, = 0,Y, — 0,Y), see
e.g. [12]. Defining an operator " by

108 . N « (e
H=__ —i(¢* D¢ — pD"¢*) — 3¢V ¢ ¢ + —py  Ppab, (B.9)
eV, 2
we have an operator relation
3 ] -
YH = K S0 = L (3g - 9)(6DF6° — 6" DH6 + it Prv) (B.10)
because ) .
OV = Zsﬂup/\aV‘SBpA + (69 )V" = 59/»\59/»\‘/#' (B.11)

Notice that when ¢ = 2/3 the operator Y* and F,, are identically vanishing. Since the
conformal symmetry is explicitly broken by the operator F,, [8], this implies that the
theory becomes superconformal.

We could find the supercurrent by obtaining the Noether current corresponding to the
transformation given by (B.6). Instead, we would like to use (4.17) to find the supercurrent,
which would differ from the Noether current by a term like D, M*”. The variation of the
R-current J* is

e = ~iC(BO Prv + iaDy(90)7" Pag + LV GPaC
+igdlos” | Du(Pr) + SVoPro| +i(a — g PLCF + e,
so we find that
§" = ~iC(PO)" Pre + iaDy (G011 P + SLGVIGPRC +he,  (B12)
where we used the equations of motion of the theory. Notice that although the rigid
supersymmetry algebra is off-shell, the transformation rules (4.17), (4.18) and (4.10) should

be on-shell relations at the classical level, as we see below.
The Gamma trace of the supercurrent (B.12) is

i
’YuSM = —(3q - 2)(IZ)¢)PR¢ — 3q¢” DV(PR¢) + §VVPR¢ +h.c.. (B-13)
This vanishes on-shell for ¢ = 2/3, which is related to the fact that the theory has the

superconformal symmetry when ¢ = 2/3. It is also implied by (B.13) that (4.18) cannot
hold off-shell, since Y, vanishes identically for ¢ = 2/3.
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One can see that (4.18) holds on-shell by observing that

5" = (39 = [ODH(CPrv) - CPabD 6 + G Pu(Do + F)(] + b

1

2(3q — 2)[D*(¢C Prip) — (v Prip 4+ 4" Pr¢] + hec..

By a tedious computation it can be explicitly shown that the transformation law for (4.10)
also holds on-shell.

We emphasize that the whole analysis in this appendix can be extended to the more
general backgrounds that admit two supercharges with opposite R-charge.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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