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ABSTRACT: The jet shape is the fraction of the jet energy within a cone r centered on the
jet axis. We calculate the jet shape distribution at next-to-leading logarithmic accuracy
plus next-to-leading order (NLL'), accounting for logarithms of both the jet radius R and
the ratio r/R. This is the first phenomenological study that takes the recoil of the jet axis
due to soft radiation into account, which is needed to reach this accuracy, but complicates
the calculation of collinear radiation and requires the treatment of rapidity logarithms and
non-global logarithms. We present numerical results, finding good agreement with ATLAS
and CMS measurements of the jet shape in an inclusive jet sample, pp — jet + X, for
different kinematic bins. The effect of the underlying event and hadronization are included
using a simple one-parameter model, since they are not part of our perturbative calculation.
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1 Introduction

The jet shape is a classic jet substructure observable that maps out the transverse energy
profile of jets [1]. It is one of the most frequently studied jet substructure observables, which
has been measured at a variety of collider experiments over the past decades. The existing
data sets include jet shape measurements in pp, pp, ep, e"e™ and heavy-ion collisions, and
the range of different center-of-mass energies (E¢y) makes the jet shape a unique testing



Figure 1. The integrated (differential) jet shape, shown in the left (right) panel, is the fraction of
the jet transverse momentum contained in a circle (annulus) in (7, ¢) coordinates, centered on the
jet axis.

ground for precision QCD studies. In order to achieve a meaningful comparison between
the experimental data and theoretical calculations, we need to be able to make precise
predictions within perturbative QCD, which is the goal of this work.

Jet shapes have been used to constrain parton shower event generators, including their
models of hadronization and the underlying event contribution, see e.g. ref. [2]. Further-
more, QCD predicts that the distribution of particles in gluon jets is broader than in quark
jets, making the jet shape a useful observable to discriminate between quark and gluon jets
(see ref. [3] for a recent review). More generally, jet substructure techniques have started
to play an important role in the search for physics beyond the standard model [4], where
the separation of boosted objects from QCD jets requires a sophisticated understanding of
jet substructure. For recent reviews of jet substructure techniques and their applications,
see refs. [5, 6].

We consider inclusive jet production, pp — jet + X, where any observed jet in a given
transverse momentum pr and rapidity n interval is taken into account, and we sum over
everything else (X) in the final state. Given such an identified jet with radius R, the
integrated jet shape ¥ (r) and the differential jet shape p(r) are defined as follows
dep(r)

p(r) = “dr (1.1)

Zri<r bri

vy = S0

see figure 1. Here r; denotes the distance in the (7, ¢) plane of particle i in the jet to the jet
axis, and pp; is its transverse momentum with respect to the beam axis. The dependence
on the pr, n and radius R of the observed jet is left implicit. The integrated jet shape
is normalized by construction, i.e. ¥)(R) = 1. Note that it is important for the jet shape
which jet axis is chosen. We will focus on the standard jet axis, which is consistent with
the currently existing data sets. For a discussion of the jet shape using the winner-take-all
axis [7], see refs. [8, 9].

The first jet shape measurements were already performed by the OPAL collaboration
at LEP [10]. It has also been measured at the Tevatron [11-13], and at HERA in both deep



inelastic scattering [14-17] and photoproduction [18]. At the LHC, jet shape measurements
on an inclusive jet sample were performed by ATLAS [19] and CMS [20] at Ecp, = 7TeV.
The jet shape has also been measured for heavy-flavor jets [21, 22]. We leave an extensive
comparison to all these data sets for future work, focussing only on the LHC data in this
paper. In recent years, jet shapes have also received a growing attention in heavy-ion
collisions as a probe of the properties of the quark-gluon plasma. The transverse energy
profile of jets that traverse the hot and dense QCD medium gets modified in comparison
to jets in pp collisions. See refs. [23, 24] for recent experimental results from the LHC.

In this work we build upon the framework for jet shapes developed by some of us in the
context of subjet distributions [8], and extend it to full next-to-leading logarithmic (NLL')
accuracy. We employ Soft Collinear Effective Theory (SCET) [25-29] in order to achieve
the resummation of In R and In(r/R). The starting point is our factorization of the cross
section differential in jet transverse momentum pr, rapidity n, and the energy fraction z,
contained in a subjet of radius r centered along the jet axis,

dprdndz, dndz Z fa(@a, 1) @ folwp, 1) @ Hiy, (Tas 20,1, 07/ 2, 1) @ G (2, 20, pT R, 7/ R, 1) -

(1.2)
Here f,; denote the PDFs for the incoming protons, the hard functions H;, describe the
hard scattering ab — ¢+ X and ® denote appropriate integrals over the momentum frac-
tions x4 and z (see eq. (2.1) for more details). The production of the jet, including the
measurement of the energy fraction z,, is captured by the jet function G¥*. The factoriza-
tion in eq. (1.2) holds for narrow jets and is analogous to inclusive hadron production, with
fragmentation functions replaced by jet functions [30-32]. The integrated jet shape () in
eq. (1.1) is then given by the energy average of the z, differential cross section normalized
by the inclusive jet cross section

w(r):/oldzrzr do / do (1.3)

dprdndz. / dprdn

The expression for ¥ (r) involves single logarithms in the jet radius parameter o In" R and
double logarithms in the ratio of the two jet radii o In®"(r/R), which can be large and
will be resummed. The resummation of logarithms in the jet radius parameter R follows
from the usual DGLAP evolution equations satisfied by the jet function G**. This was
found to be a characteristic feature of single-inclusive jet substructure observables, see e.g.
refs. [32-35].

The resummation of logarithms in /R requires a treatment within SCET; due to
the recoil-effect of soft radiation, as pointed out in ref. [8]. This resummation is thus
similar to that encountered for transverse momentum dependent observables [36-41]. It is
accomplished by refactorizing the jet function G in eq. (1.2) in the limit » < R as

G (2, zr, pr R, 7/ R, 1) s ZHcd z,prR, 1) /d2]ﬂ Calzr, prr kL, p,v) (1.4)

x SS (k. , p,vR) SNG (%) [1 +0 (%)} .
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Figure 2. Illustration of the refactorized expression of the jet function G. in eq. (1.4) in the limit
r < R. Hard radiation at the jet scale prR is allowed outside the observed jet. The collinear
radiation (blue) is offset from the jet axis, due to the recoil from the soft radiation (orange) inside
the jet, since the jet axis is along the jet momentum.

Here, the hard functions H.; describe how the parton ¢ coming from the hard-scattering
produces a jet of size R and of parton flavor d, carrying a fraction z of the initial parton.
The collinear function Cy and the soft function SC? take into account collinear and (global)
soft radiation inside the jet. We integrate over the transverse momentum k; generated
by the soft radiation, accounting for its recoil on the collinear radiation. By solving the
associated renormalization group (RG) equations of the different functions, we achieve the
resummation of logarithms in r/R. This involves both the standard renormalization group
evolution in the invariant mass scale p, as well as an evolution in the rapidity scale v, as
discussed in section 2. We calculated the collinear functions C} for the first time at one-loop
order, accounting for the dependence on the recoil k. We also include the contribution of
non-global logarithms (NGLs) [42], which are captured by the function SY¢ in eq. (1.4),
but only affect the region where r/R is very small. The simple (multiplicative) treatment
of the NGLs in eq. (1.4) is the reason this equation is only valid to NLL’ accuracy. The
refactorized cross section in eq. (1.4) which is given in terms of hard, collinear and soft
functions in the limit r < R is illustrated in figure 2. In particular, we show the effect of
the recoil due to the soft radiation inside the jet.

The perturbative order of the various ingredients needed for the In R and In(r/R)
resummation is summarized in table 1. We work at NLL' accuracy in the In(r/R) re-
summation, as this is commensurate with an NLL resummation of In R. Going beyond
this accuracy will be daunting, especially in the treatment of non-global logarithms. We
would like to stress that earlier jet shape calculations [43-45] are formally only accurate
to leading-logarithmic (LL) order in their treatment of the logarithms of /R. In partic-
ular, the contribution from the rapidity evolution, as well as the non-global logarithms,
that both first enter at NLL accuracy, are included here for the first time. In addition,
earlier calculations did not account for the inclusive jet sample, where the resummation of
logarithms of the jet radius R changes the ratio of quark and gluon jets, thereby affecting
the spectrum already at LL accuracy.

Finally, comparisons between our predictions and LHC data suggested a significant
effect of nonperturbative physics (underlying event and hadronization) on the jet shape,
particularly for small jet pp. This is consistent with the picture that arises from studying



Fixed-order I} o Yo NGLs
InR LL tree 1-loop 1-loop — —
NLL 1-loop 2-loop 2-loop — —
NNLL 2-loop 3-loop 3-loop — —
In(r/R) LL tree 1-loop 1-loop  — —
NLL tree 2-loop 2-loop 1-loop LL
NLL/ 1-loop 2-loop 2-loop 1-loop LL
NNLL 1-loop 3-loop 3-loop 2-loop NLL

Table 1. The perturbative ingredients needed at various orders in the In R and In(r/R) resum-
mation. The columns correspond to the loop order of the fixed-order ingredients, the QCD beta
function, the p and v anomalous dimensions, and the non-global logarithms. The non-cusp part of
the p anomalous dimension is only needed at one-loop order lower than indicated above.

these effects in PyTHIA [46]. We will include them in our analysis by using a simple
one-parameter model, finding good agreement with the data.

The remainder of this paper is organized as follows: the theoretical framework used
to calculate the jet shape is discussed in section 2, with certain ingredients relegated to
the appendices. We present a detailed derivation of the collinear function, relevant for
the resummation of logarithms in r/R, in section 3. The details that enter our numerical
evaluation of the cross section are described in section 4, and first (perturbative) results
for quark and gluon jets are presented there. Nonperturbative effects are investigated in
section 5, for which two simple models are explored. In section 6 we show our final results,
which we compare to available pp data from the LHC, and we conclude in section 7.

2 Framework

In this section we present the theoretical framework that we use to obtain our results. In
section 2.1 we describe the factorization formulae and how they enable resummation. We
then rearrange these formulae in section 2.2, to separate them into the inclusive production
of jets and the jet shape itself. In section 2.3 the one-loop hard function is given, and in
section 2.4 we discuss the soft function and non-global logarithms. The calculation of the
collinear function at one-loop, accounting for the effect of recoil, is one of the main new
results and presented separately in section 3. The one-loop expressions for the jet function
for r < R are given in appendix A, and the anomalous dimensions are listed in appendix B.

2.1 Factorization and resummation

The cross section describing the measurement of the fraction z, of jet energy inside the
cone of radius 7 around the jet axis, in an inclusive sample of jets produced in pp collisions,



factorizes as follows

do dzq dxy dz _ .
dndpr dz, —%:c - fa(xaaﬂ)/mbfb(l‘b,,u)/Z’Hab(xa,l‘b,n,pT/z”u)

X Gz, 2, prR, 7 /R, 1) [1+O(R?)]. (2.1)

The parton distribution functions f, and f; describe extracting a parton of flavor a and
b out of the proton, and the function H¢, [47] encodes their hard scattering in which
the parton with flavor ¢, rapidity n and transverse momentum pr/z is produced. The
subsequent formation of the jet with transverse momentum z x py/z = pp moving in the
same direction, as well as the jet shape measurement, is encoded in the jet function Gt 1
This collinear factorization requires that R < 1 to keep the O(R?) power corrections small.
In several examples it has been observed that these power corrections are still small for
values of R up to 0.7 [48]. Note that this factorization formula is identical to that for the
inclusive fragmentation of hadrons, with the fragmentation function replaced by our jet
function.

The jet function G describes the formation of the jet as well as the jet shape mea-
surement through z,, and has the following matrix-element definition in SCET,

G znpr /Rt = 1650 3 T | 51005 (2- 227 ) 8P 0)LX) X1 (O0)
X (&

x> 8 (pr—pr(Jr))o (Zr—pT(jT>) ; (2.2)

JreX pr

for quark jets, and analogously for gluon jets. Here we exploit that the measurement is
invariant under boosts along the beam axis, to set the jet rapidity 1 equal to zero.? We will
repeatedly make use of the following decomposition of a vector p* in light-cone coordinates

nH

5 + ', (2.3)

nk

pPr=n-po+np
where n* = (1,0,0,1) and a* = (1,0,0,—1) are light-like vectors, and p// denotes the
transverse components. The collinear field Y, in eq. (2.2) describes the quark that initiates
the jet, averaged over its spin and color configurations, leading to the factor 1/(2N.). It
contains a Wilson line to ensure (collinear) gauge invariance. The §(2 — zn - P/pr) fixes
the quark field to have transverse momentum pr/z with respect to the beam axis, and the
§2(P,) fixes our light-cone coordinates to be along the momentum of the initial parton.
The last line describes the sum over all jets Jr in the final state |X), with transverse
momentum pp, of which a fraction z, is inside the central subjet j,.. The functions géet and
gget were calculated at one loop in ref. [8], and their expressions are collected in appendix A.

'n ref. [8] this was called the central subjet function and a hat was included on top of G, to distinguish
it from other jet functions in that paper.

2This avoids spurious factors of coshn in intermediate expressions. They arise due to the difference
between the energy and transverse momentum of the jet, and are compensated for by the angular size of
the jet, which also depends on 1 because the jet is defined in (7, ¢) coordinates.



Mode: Scaling (7 -p,n-p,p1)
hard(-collinear) pr(1,R% R)
collinear pr(1,r%r)
(collinear-)soft pr(r/R,rR,T)

Table 2. The parametric scalings of the momenta of the modes that enter in the factorization of
the jet function for r < R.

The factorization in eq. (2.1) separates the physics at scales

pg ~ Aqep [ ~ PT g ~ prR. (2.4)

By evolving G from its natural scale pg to uy, the logarithms of pug/uy ~ R are resummed.
This involves the DGLAP evolution,

d _; dz’ as
M@ gﬂ (Z 2, pT R, T/R ,U Z/ jZ /Z)gJ (Z,,ZT,pTR,T/R,,U,), (2'5)

where the one-loop splitting functions are given by

52 )2
Pyq(2) = Cr <11tz)+’ qu(z):CFH(lz),
B 2 1-2 50 _ 2 2
Pyy(z) =2Cx [(1_2)++Z+z(1— )] 5 6(1=2), Pyy(z) =Tr [°+(1-2)%] , (2.6)
and
Po = %CA - g Ff (2.7)

For r < R, the jet function contains large logarithms of r/R that also require resum-
mation. This is achieved through a second factorization [8]?

i NLL/
gé t(szTapTRv T/Ra M) = ZHCd(vaTRa M) /d2kl Cd(zrvara ki, u, V) (28)
d

x 8¢ (k. ,p,vR) SYC (%) [1 +0 <%>} )

The momentum scalings of the modes in SCET, corresponding to the various ingredients
in eq. (2.8), are listed in table 2. If we boost to a frame where the jet and out-of-jet
region are complementary hemispheres, this is the usual power counting for hard, collinear
and soft radiation, which is why we use this nomenclature instead of hard-collinear and
collinear-soft. The hard function H.4 describes how the initial parton ¢ produces a jet of
radius R with parton flavor d and a fraction z of the initial transverse momentum with
respect to the beam axis. Within the jet, the parton d can only undergo energetic splittings

3This is identical to eq. (1.4) and repeated for convenience. Note that we adopted a slightly different
convention for the arguments of the involved functions in comparison to ref. [8].



of angles of order r, otherwise the collinear radiation would lie outside the cone of radius
r.* The fraction z, of this collinear radiation within the cone of size r is described by the
collinear function Cy. The collinear function also accounts for the transverse momentum
offset k£, of the initial collinear parton with respect to the jet axis, due to recoil against
soft radiation. In section 3 we will present the first one-loop calculation of the collinear
function for k; # 0. The distribution of this recoil is encoded in the soft function, which
we separate into a global contribution Sg’ and non-global logarithms SdNG. Non-global
logarithms [42] arise because only soft radiation inside the jet affects the position of the
axis, and our simple treatment of them is the reason why eq. (2.8) only holds to NLL'
accuracy, see section 2.4. The O(r/R) power corrections in eq. (2.8) can be extracted from
giet, and will be included.

Transverse momentum dependent observables generically suffer from rapidity diver-
gences. We will employ the n-regulator [40, 49], for which v denotes the corresponding
rapidity renormalization scale. The factorization in eq. (2.8) separates the jet function into
ingredients at the scales

wH ~ prR, He ~prr, HsG ~ PTT,
'
ve ~pr, Ve ~ PT 5 (2.9)

By evaluating the ingredients at their natural scales and using the RG evolution to evolve

them to a common scale, the global logarithms of uc/ug ~ pge/pr ~ vse /ve ~ r/R are

resummed. The RG equations are®

d Ydo /2 ,
:U’@ Hcd(zvaRmu) - g/z 770@ (;,pTR,H) Hed(z 7pTRa/L)a

d
“an Ca(zr,prry ks, pyv) =25 (v /pr) Calze, prr, ki, p,v)

d
:U’@ Sz?(kl-nu’v VR) = ’75(:“’; VR) Sc?Uﬁn/% vR),

d 2K,
V@ Cd(zrapTTa ki, p, V) = _/ (27T)é Yd (ki - klwu) Cd(zTapTTa kﬁ_mua V) )
d G d2k/L v / G/
V@ Sd (kl_nuv VR) = (27()2 ’Vd(kJ_ - k‘J_wu) Sd (kJ_nu? VR) : (210)

The anomalous dimensions are collected in appendix B. As is clear from eq. (2.8), the
anomalous dimensions of the hard, collinear and soft function should combine to give the
anomalous dimension of the jet function, which we checked. The p-evolution sums double
logarithms, and the v-evolution, which was missed prior to our work in ref. [8], sums single

40f course there could be a splitting inside the jet of angular size R that is balanced in such a way that
there is also collinear radiation inside the cone of size r at the center of the jet, but such configurations give
a power suppressed contribution. This is very similar to the power suppression of the contribution from
two nearly back-to-back jets in Higgs production at small transverse momentum, discussed in e.g. ref. [40].
5The expressions in ref. [8] contain a typo, as the convolution in k, for the v-RG equations was omitted.



logarithms. We also include the leading non-global logarithms to obtain the desired NLL’
accuracy, which will be discussed in section 2.4.

2.2 Separating the jet production and jet shape

We now rearrange our calculation in a way that simplifies the numerical implementation,
effectively separating the jet production and the jet shape.® We start by writing G as

Gi"(2, 2, pr R, v /R, 1) = chd(Z,pTR,M) /dz’ [gilet(zlyzrapTRﬂ“/Rvﬂ)

J( (2! prR, 1) 6(1 — zr)} +0>a?). (2.11)

Here J; is the semi-inclusive jet function [31, 32| that enters in inclusive jet production.
Jeq 18 directly related, except that it not only keeps track of the flavor c¢ of the initiating
parton but also the flavor d of the jet, so

Zch(vaTRa M) = JC(Z’pTRvu) : (212)
d

Its one-loop expressions are given in eq. (2.21). Note that eq. (2.11) is not a factorization
of physics at different scales, as the natural scale of Gi°* and .J is both prR. However, this
is why it is justified to work to finite order in as. We exploited that at one-loop order the
nontrivial z-dependence cancels between gj;t and Jg, i.e. their difference is proportional to
d(1 — z), since the splitting where one parton is outside the jet is treated the same in both
calculations. This delta function is removed by the integral over z. Combining J.; with
the rest of eq. (2.1), we identify this as the cross section for the inclusive production of jets

of flavor d,
dO'd o d:L‘a dxb dz .
dnde - C%:C/ To fa(l'aau)/ Th fb(ajba/‘)/ > Hab($a7$ban7pT/Z,H)

x Jea(z, prR, p)[1 + O(R?)] . (2.13)

By summing over d and using eq. (2.12), this reproduces the inclusive jet cross section in
refs. [31, 32]. Eq. (1.3) then implies that this remainder corresponds to the jet shape ¥.(r)
for a jet of flavor ¢, after taking the second Mellin moment of z,,

wm=/h4/wmyf@amawm¢w4?@mﬂwﬂ+a@» (2.14)

Using the expressions in appendix A, the jet shape for » < R is given by

asCp |1 3 9 6r 32
Vursn) =L+ S5 |3+ =5+ 5 = |

as [ Cars  Po 203 8 3 &t ot
wQ»TSR()_1+2|: L/R+ LT/R+CA< R R2 +ﬁ—@

41 4r 3r2 1673 r
e\ s "R TR T ome Ta2mi) |

which is properly normalized, ¥4 ,<r(R) = 1.

(2.15)

A similar rearrangement was carried out for hadron fragmentation inside a jet in ref. [30].



For r < R, the factorization of G in eq. (2.8) leads to the following expression for the
jet shape

Varer(r) "2 Hy(prR, ) /d2/ﬂ_ /dzr 2 Ca(2r, prr, k1, 1, 1) (2.16)
% SS (k1 u,vR) SNG (%) 140 (%)} :
where
Hy(prR, p) = /dZZ[Hde(Z,PTR p) — Jéi)(ZaPTR, M)} : (2.17)

e

The contribution of Hé{i) is removed by subtracting J c(li)7 but there is a constant remainder
X 04e0(1 — 2) since Jéi) also receives a contribution when both partons are inside the
jet. This constant is contained in Hy, where it is multiplied by the Sudakov factor from
the evolution kernels, ensuring that it’s contribution vanishes for » — 0 (as required).
In our implementation of eq. (2.16), we 1) include the evolution kernels from evolving the
ingredients between their natural scales, 2) expand the fixed-order ingredients, i.e. dropping
cross terms such as C(M S and 3) include the corrections contained in O(r/R), which
can be read of from eq. (2.15).

2.3 Hard function

The hard function H.4 in eq. (2.8) is up to one-loop order given by [8, 41]

s L% 3 2
Hoyy(zprRop) = 6(1— 2) + 2 [cFm ) (—R 3 s ”)

27 2 2 12
+ LrPyy(z) — 2Cr(1 + 2°) <ln§1__;)> —Cr(1— z)] ,
+
Hag(2,pr R ) = 5° [(Lr = 21n(1 = 2)) Pyg(2) = 2],

Qs

ng(z7pTR7 H) = 27_[_

[(Lr —2In(1 — 2)) Pyy(2) — Tr22(1 — 2)],

27 2

T LnPy(s) 404(1 —Zz + 22)? (1n§1_—zz)>+] ’ (2.18)

s L2 2
Hyy(z,prR, 1) = (1 2) + 52 [5(1 —2) (—CAR — %LR + cA71T2>

where the splitting functions are given in eq. (2.6), 5y is given in eq. (2.7) and Ly is

M2
T

The hard function is formally a matching coefficient. At one-loop order it is simply the
contribution to G, from the region of phase space where the two partons produced by a
splitting of ¢ are not clustered together. The second index d denotes the parton inside
the jet.

~10 -



The hard function Hy in eq. (2.17) is given by

- asCr (1 5 3 13 3rx? 5
H, =1 ——L%—-Lp— —+—

- s 1., 5 3r° 23 9
H Ru=1+—|Csa|—=Lp— —+ — L - — O . (2.20
orio =1+ 5% |Ca <52k - g+ T ) 4 o (a3 ) |+ 0D 220)
For completeness we mention that at one-loop order the semi-inclusive jet function with
identified jet flavor J.4 is

I3 prR, ) = HY (2,prR, 1) = 6.a6(1 = 2)HO (prR, p), (2.21)
in terms of the above equations.

2.4 Soft function and non-global logarithms

Up to NLL' order, the global soft function for quark jets can be calculated from

Sk vR) " - Z OIT[Y; Y IX WX T, Vall0bo? [ — Skt |, (2.22)

i€jet

where the delta function sums the transverse momentum £; | with respect to the jet awis
of soft radiation in X that is inside the jet. Soft radiation does not resolve individual
collinear splittings, and so soft radiation emitted by the collinear particles in the jet can
be encoded by the eikonal Wilson line YJ . At NLL/, the one-loop calculation of the soft
function comes with the tree-level hard function, so there is a single parton moving in the
n direction, resulting in Y;. At higher orders, real emissions in the hard function (outside
the jet) will result in additional Wilson lines [50, 51], see also ref. [52]. This complicates the
non-global logarithms, but is fortunately beyond the accuracy at which we are working.
A one-loop calculation yields [8]

Cp 1 (In(k%/u2) 1 1 V2R2 2 .

SG(ky, movR) = (ko )+ 2 | - () 1 —130(ks

q (b vR) = 0% (k)+—5 5 1 =75 ( K2 2 ++u W2/u2), 2 12 (k1)
(2.23)

For SgG the Wilson lines are in the adjoint representation, instead of the fundamental
representation, and the overall normalization in the definition is modified from 1/N, to
1/(N2—1). The one-loop result for Sg’ is simply given by replacing Cr — Cjy in eq. (2.23).

The non-global logarithms arise from soft emission patterns that simultaneously probe
the jet and out-of-jet region [42]. Since we consider R < 1, the NGLs are the same as in
the hemisphere case [53]. Indeed, a direct calculation of the leading contribution at order
a? gives rise to

(2.24)

_aECFCZ- 1 <ln(ki/(PTR)2)>
247 (prR)? k1 /(prR)? ).
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where the hard scale prR arises from the emission outside the jet, and the color factor
C; = Cp for quarks and Cy4 for gluons. The integral in eq. (2.8) with the tree-level
collinear function in eq. (3.2), leads to

2 . 2 2 2 .
[0t < puryx TG L (WU (n o (Y,
T
+

24 (prR)*> \ k%/(prR)? 12
(2.25)

We obtain the same result if we had directly taken the NGL at order a2 of the hemisphere
case [42], with R/r as the argument of the logarithm.

Beyond order o2, we should write the NGLs in terms of plus distributions of k, /(prR),
and convolve these with the global soft function and the collinear function. However, at
NLL' only the leading NGLs are required, and we may directly take the NGLs of the hemi-
sphere case with the ratio R/r as the argument of the logarithm, which is significantly
simpler. This is justified because both the NGLs and the rapidity resummation are single
logarithmic series of plus distributions in transverse momentum. All subtleties from convo-
lutions of plus distributions in transverse momentum are subleading, i.e. whether we first
convolve these single logarithmic series with each other, and then integrate them against
the tree-level collinear function that sets the upperbound k; = prr, or directly integrate
each of them up to k; = prr, is the same to the accuracy that we are working.

The leading NGLs in the hemisphere case are described by a universal function, where
in our case the argument of the logarithm is R/r. We will work in the large N, approxima-
tion (the leading NGLs without this approximation have been studied in ref. [54]). Rather
than using the fit of ref. [42], we employ the solution to the BMS equation [55] up to
five-loop order [56],

- 2 - 4 2 176\ ~
SNG(Ty—1_ T2 B, T pay (TG VTGN 55 e 2.26
¢ (D) o1 T 127 Tameo” T\ T 360 T 180 +OIY), (2.26)
where
= ch
po Qsley B (2.27)
v T

The advantage of using this result is that it allows us to test the perturbative convergence,
which is excellent for the range of r/R we are interested in. Specifically, there is a small
difference from including the cubic term in eq. (2.26), but the effect of subsequent terms is
not visible, as is clear from figure 3. This figure also shows that the effect of the non-global
contribution to the soft function is limited to rather small values of r. For the gluon case
we have S?G = (S}I\IG)Q, which follows from rewriting the adjoint Wilson line in terms of a
fundamental and anti-fundamental Wilson line.”

7 Alternatively, one can use non-abelian exponentation, and note that the webs only differ by a factor
Cr vs. Ca, implying In SEG = (Ca/CF)In SqNG = ln(S}l\]G)Q, in the large N¢ approximation. We thank
D. Neill for discussions on this.
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3-loop
5-loop

Gluon: 2-loop -

-k 3-loop |

EE R = 0.6, pr=60CeV — 5-loop 1

Ces v v b b v b b 0l

0. 0.05 0.1 0.15 0.2 0.25 0.3

SNG

,
Figure 3. The non-global contribution to the soft function in eq. (2.26) for quark jets (blue) and

gluon jets (green) with R = 0.6 at pr = 60 GeV. Shown are the results up to two-loop (dotted),
three-loop (dashed) and five-loop order (solid).

3 Collinear function including recoil

The definition of the collinear function is similar to eq. (2.2), and is given by the following
expression for the quark case,

Cq(zmpTT, kJ.vM? V) (31)

— 1658 3 5 T | B 03Cpr - PIPL ) OO X T 010 3 (- 22 )
X C

As before, we take the jet rapidity n equal to zero, since the measurement is invariant
under boosts along the beam axis. In contrast to eq. (2.2), all this collinear radiation is
inside the jet, so there is no sum over jets in X or measurement of z. The recoil due to soft
radiation is accounted for through the §%(P, — k). At tree level, the collinear function is
given by

Cd(zhpTTa kJ_v 22 V) = 5(1 - ZT) @(kl_ < pTT) ) (32)

for both quarks (d = ¢q) and gluons (d = g). This simply states that as long as the recoil
is not too large (k; < prr), the parton is inside the cone of radius r around the jet axis,
and z, = 1.

In this section we calculate the collinear function at order «,, which involves the
collinear splitting of an initial quark or gluon into two partons. We give the collinear phase-
space and matrix elements in section 3.1, and the geometry of the setup is described in
section 3.2. The resulting integrals are performed in detail for the quark case in section 3.3,
and results for the gluon case are presented in section 3.4. We verify in appendix C that
our result satisfies the rapidity renormalization group equation.

3.1 Collinear phase-space and matrix elements

Due to the recoil of the soft radiation, the jet axis is not aligned with the initial parton,
requiring us to take the azimuthal dependence into account in the phase-space integration
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of the collinear-matrix elements,

Qg (e’yEMQ)E /’271’ /1 . / qu
®o05, = —_— P =
/d 202 4 272 F(l — 6) 0 d¢ 0 dz QQ(:E) q1+257

1L

e _ o (eEp?) 2T 5 1 dg.
/d%az,g = QWzm_e)/o d¢/0 da | npFeg(w) + 5 Fog(@) /q1+ze~ (3.3)

1

Here d®; denotes the two-body collinear phase-space integration and o5, is the collinear
matrix element squared. The two partons have transverse momentum ¢, with respect to
the initial parton and carry a fraction z and 1 — z of its longitudinal momentum, whose
distribution is described by the splitting functions®

1422
1—=z

Pute) = Ce |25 1)

Pyy(x) =Tp[1 = 2x(1 — x) + 2ex(1 — )],

T 1—2x
_|_

1—=x T

Pyy(x) = 2Ca [ + z(1 — :c)] : (3.4)

We will make frequent use of the angles of the partons with respect to the initial parton,
q1 qL

pr=—, P2 = 3.5

opr - (35)

where pr is the transverse momentum of the jet.

3.2 Geometry of the measurement

We now describe the geometry of the setup, starting with the case where the initial parton
is inside the central subjet. Projecting the jet onto a plane perpendicular to the jet axis,
as shown in the left panel of figure 4, we can treat the polar angles as distances since
r < 1. The central subjet corresponds to a circle of radius r, and the recoil due to the
total transverse momentum k; of soft radiation in the jet corresponds to a displacement
of the initial collinear parton by a distance § = k; /pr. The angles §; also correspond to
distances, though the azimuthal angle ¢ remains a true angle.

The condition for each of the partons produced by the splitting to be inside the central
subjet is 3; < 51", displayed in the right panel of figure 4. Some trigonometry yields

2 2

The case 6 > r, where the initial parton is outside of the jet, requires the setup depicted

in figure 5. Here only one parton produced in the splitting can be inside the central subjet,
and there is a minimum and maximum value for ;. For parton 2,

2
cos ¢ F 4/ ol sin? ¢] , (3.7)

8We introduce a hat to avoid potential confusion with the splitting functions given in eq. (2.6).

min,max __ 0

2
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Figure 4. Projection of the central subjet of radius r onto a plane perpendicular to the jet axis.
0 is the displacement due to recoil and is here assumed to be less than r. In the left panel a
splitting is shown. In the right panel 5;"®* is shown, which is the upper bound on 3; such that the
corresponding parton lies inside the central subjet.

B B

Jet axis

Jet axis

Figure 5. Geometry of the central subjet when the recoil 8 is larger than the radius r. In the left
panel the minimum and maximum values of S are shown such that this parton is inside the central
subjet. The right panel depicts the maximum value of ¢.

min,max

and the expressions for (] can be obtained by substituting ¢ — ¢ 4+ 7. These
expressions are not valid for all ¢, breaking down when the square root becomes imaginary.
The maximum ¢ is shown in the right panel of figure 5, and leads to the following boundaries

T
parton 1: T — Gmax < @ < T + Gmax » Pmax = arcsin (5)

parton 2: —@max < ¢ < Pmax - (3-8)

3.3 Integrals for the quark collinear function

We now present the calculation of the collinear function for an initiating quark, separating
the two cases:

CO (2, prr ki, pyv) = O(ky < prr) CP<) + O(ky > prr) C>7). (3.9)
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In the first case
C¢§9<T) = (A)0<r + (B)0<r + (C)9<r ,

(A)ger = 5(1 - 2,) / A0, 05, O(5; < BI)0(5y < =)
(Ewn—/d%a%&x—%ﬂX&<ﬁFWGWwwﬁ”%
(@&xz/ﬁ%0%5ﬂ—w—%ﬂﬂﬁ>B?ﬂ9Wwﬂ$“% (3.10)

where (A) refers to the case when both partons end up inside the subjet, (B) when only
parton 1 (quark) ends up inside and (C) when only parton 2 (gluon) does (using the same
labels as in ref. [8]). In the second case only one parton can be inside the subjet, and

CL>") = (B)gss + (C)gsr

(B)gny — / D505, 6( — 2) O(F — bumax < & < T+ ) O(BF™ < By < AI)
(oo = [ A2205,6(1— = 2) O~ s < 6 < ) O™ < B < B™). (311

The contribution where neither parton is inside is irrelevant, since then z, = 0.
We now set out to calculate these integrals. For (A)g<, we use eq. (3.5) to rewrite the
x integral and © functions

1 1
tAMW&<WWW&<@W=AdﬂMwmeWmu<ﬂﬂmﬁFﬂ

B
:/ dz©(q, < xprp™™)
0

1
+/E dzO(q1 < (1 — z)prpy™), (3.12)
where B with 0 < B < 1is given by
B = e g 3.13
B 1 A (349)

Inserting this in eq. (3.10), and performing the z and ¢, integrals, we obtain

sC o 1 1(Ly 3\ I2 3L _
(A)9<r:a F6<1_Zr)/ d¢{262+6<2+>+2+—1n2(1—l3)
0

272 2 4 4 4
" _ " " Pl 2
4210 BIn(1 — §) — 21n(1 — B) + 2Lis (1 - ,8) P 3”} . (3.14)
2 2 8
in terms of L; defined as

2
7

Li=In| ——= ) . 3.15

Z (p%(ﬂ?lax)“’) (3.15)
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We cannot perform the integral over ¢ analytically, as it involves the rather complicated
expression in eq. (3.6). However, this is not a problem as we have already isolated the
divergences.

The calculation of (B)g, involves rapidity divergences, which we regulate using the n
regulator, resulting in

a;Crp  eB c [ ! 1+a2 v !
(B)per = e @HQ /0 d¢/[g‘ dz d(x—2,) [ 1—2 —e(l—x)] [2(1_%]

max

/xp:rb’l dq.
X

142
(1—z)prBp ¢ ¢

asCp 77 1/1 11 Lo L3 n?
- dp 46(1—2) |~ ( 4Ly )=t (Lo—2 4L, L1— 24T
272 /0 ¢{ (1=2) [77 <e+ 1) 22 e ( v 2>+ Y

Y In(1— r 1 1 2 1 2 1 .

+0 (zr > ﬁ) —(1+22) <n(z)> “In 5~ +2z; +( +z7)Inz .

1_ZT + ]-_B (I_Z'r)+ 1—27-
(3.16)

where L, is defined as
v

Ly=lng—. 3.17
2pr (3.17)

Performing a similar calculation for (C)g<, we obtain

(Co<r = % /02” d¢© (z >1-— B) {qu(zr) lln (1 iz) +1n (1 ?%)] } . (3.18)

Note that the factor C is inside the P, splitting function, which was defined in eq. (2.6).

Moving on to the case # > r, we also have to regulate rapidity divegences for (B)g~,

B asCF ee’yE % /’7T+¢max /1 B 1+x2_ B v n
Blo-r =52 ta=g " /. do | dwolo=z) | 3—-—e(=2) | | 55,0

_¢max
wprBP g
o / qL
x

pr AR qu_+25
_ CF [5(1—2 ) <2+2L >—1+Z’% ] /(bmx d¢1n( 5mn> (3.19)
27T2 " 77 Y (1 _ZT) + 7¢max énax .

Note that we changed the ¢ integration region, which is why the final expression involves
By rather than 7™ ™. An analogous computation for (C)gs, yields

¢max min
_ s 2

(Clo>r = o2 Pyq(2r) /_%mx d¢ln< énax)' (3.20)
Adding up all the contributions,

2
(9<T)_a5CF/ 1— 101 L 1 L 3 L. L 3Ly 21
Cy 22 |, daﬁ{é( 2r) J\ et o (Lot )Ll = (3.21)

e MU g
—1In (1—ﬂ)+2lnﬁln(1—ﬁ)—§lnﬁ+2L12(1—6)—§—§+2
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Figure 6. The linear z, moment of the collinear function for quark jets (left) and gluon jets (right)
at tree level (blue) and including one-loop corrections (red dashed), evaluated at the scales u = prr

(142 In(1—=2,) i zr(l—g) 1+22
(1+ r)<1_zr )++1 ( i >(1_ZT)+

(5 ) )
Zr (1—z.)(1—f) ’

2 — 2 ¢max min
cn = LCF [5(1—%) <2+2Ly>— (HZ?‘ Lxlloa) } / d<z>1n< max>,
n

272 1—2), Zr — bemax 2

For the jet shape we only need the linear z, moment ( [ dz, z,) of the collinear function,
which we plot for quark jets in the left panel of figure 6. The result depends on &, /(prr),
shown on the horizontal axis, and on prr, through the scale in ags. First we note that

and v = pp.

+0(z > B)

+0(z > 1-P)

the one-loop corrections are of order 10%, as is typical. At tree level there is a single
collinear particle that is simply inside the jet if the recoil due to soft radiation is not too
large, k1 < prr. One-loop corrections allow for nonzero values of the collinear function for
larger values of k). That the collinear function attains a negative value is not a concern,
since it does not correspond to a physical quantity (indeed, this depends on our choice of
p and v-scales). We also note that the divergence at k; = ppr from one-loop corrections

is integrable.

3.4 Gluon collinear function

The calculation of the collinear function for gluons follows very similar steps. Splitting the
calculation into the # < r and 6 > r contribution, we obtain

2
(0<7.): Qg B 1 1 L1 L2 } 11
c! 27r2/0 d¢<6(1 zr){C'A n( R A CasT

+ (L”+H) (Ly L2)—f In2 ]L;—H I (B 5))%5(1—5)

2 24
71'2 7 1 1 1
5 36 +nfTF|: i—é(lq—i-la)-i—gln(ﬁ( ﬁ)) 3ﬁ<1 ﬁ)—}}
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Zr 1—2z,

21 (1—23) 1n M
-|-nfTF(Zr+(1 T) )1 ((1—2&)3) }) 7

2\2
(o>r) _ s [, R E A G
= Y e (R R e

+0(z > B) {—CA(l_ZT+z?)2 <1n(1—zr)> —|—C’A<1_ZT+Z§)2 In (Zr(1:§)>
+

min

d¢ln( 2 ) (3.22)

IBS'IBJX

¢max

“mnyTel+ (-2 | [

_¢max
The linear moment of the gluon collinear function is shown in the right panel of figure 6. Its
features are similar to that for quark jets (left panel), except that the one-loop corrections
are larger due to the larger color factor (C4 vs. CF).

4 Implementation and first results

This section describes how we implement our formulae to obtain numerical predictions.
In section 4.1 our central scale choice is discussed. We then describe how we match our
formulae for r < R and r < R in section 4.2. The scale variations used to assess the
perturbative uncertainty are given in section 4.3. We conclude in section 4.4 with some
first, purely perturbative, results for the jet shape for quark and gluons jets.

4.1 Central scale choice

We start by discussing the scales for the regime r < R, described by the factorization in
eq. (2.1). We take

WH =D, pg =prR, (4.1)

as our central scale choice. In the regime r < R, G is refactorized in terms of hard, collinear
and soft functions, see eq. (2.8). We will take as their central scales

HH = PT, pg =prik, pe = prr, s = prr,
1

= pr, = 4.2

ve =pr VS =1 R (4.2)

We deviate from eq. (2.9) by expressing vg in terms of b, which is the Fourier conjugate
variable of k; (not pr). Since collinear and soft modes contribute to k,, one expects
that parametrically prr ~ k; ~ 1/b;. However, expressing vg in terms of b; avoids a
well-known problem with choosing scales in momentum space for transverse momentum
resummation [57] (see also refs. [58, 59]). Often one also chooses pc and pg in term of
by, but this is not required here. In particular, our choice in eq. (4.2) ensures that the
p-evolution from pug down to uc = g is essentially the same as in the jet shape calculation
in ref. [45].
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4.2 Matching predictions for r < R and r < R

A common approach to matching different regimes in SCET is to use profile scales [60,
61], that would smoothly interpolate between egs. (4.1) and (4.2). Unfortunately, it is
challenging to simultaneously obtain good predictions for the integrated and differential
jet shape in this way. By choosing scales for ¢ (r), i.e. for the cross section integrated
up to r in terms of the upper bound of this integration, one automatically ensures that
¥(R) = 1, since the scales in eq. (4.1) will be used when r = R. However, the corresponding
differential jet shape p(r) tends to have artifacts, since the scales depend on r and their
derivatives enter through the chain rule. Conversely, choosing scales directly for p(r), i.e.
for the cross section differential in r, avoids these artifacts. However, the resulting jet
shape is generically no longer normalized, i.e. integrating p(r) no longer gives ¥(R) = 1,
because the scales in the integrand are not equal to eq. (4.1) but depend on the integration
variable r. A solution to this problem has been proposed in ref. [62], but is not easy to
implement.

Rather than using profile scales to interpolate between r < R and r < R, we will
directly interpolate between them:

) = [1 =g (%) brer) + 9 () vren(), (4.3)

which was inspired by ref. [63]. Here 9,«r and 9,<g correspond to eqgs. (2.16) and (2.15),
respectively. The function g(r) is zero for r < R and one for r close to R, smoothly inter-
polating between the two cases. We implement this using the following double-quadratic

function
.
0 z <y
_ (@mw)®
g(x) — (r2—z1)(T3—21) 1 <z < x9 (4 4)
(z—13)2 . .
1= T2 << T3

(z3—21) (23— 22) -

1 r3 < T .

An advantage of this method over the use of profile scales is that we can determine ¢, «r
and 9,<g once and for all before creating the interpolation. In addition, it makes it possible
to match LL resummation of /R to the NLO result in the region where r ~ R. (Normally
this breaks down because the single logarithmic term a;In(r/R) in the NLO result is not
resummed at LL accuracy.)

To determine the transition points z; in eq. (4.4), we assess the numerical size of the
corrections to the factorization of 1¥,«r at O(as), shown in figure 7. The solid red curve
shows the differential jet shape, the blue dashed curve shows its singular contribution ob-
tained from the factorization in eq. (2.16), and the green dotted curve is the difference
(often called the nonsingular), all at O(as). It is essential that the resummation of log-
arithms of r/R is turned off before we enter the region where the singular is no longer a
good approximation to the full jet shape, leading us to choose

r1 = 0.15, To = (1'1 + .%‘3)/2, z3 = 0.38. (4.5)
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Figure 7. The differential jet shape at order a, for quark jets (left) and gluon jets (right) at
pr = 600GeV and R = 0.6. Shown are p,<p (red solid), decomposed in its singular p,«r (blue
dashed) and nonsingular (green dotted) contribution that correspond to the power corrections
in eq. (2.16).

Specifically, x1 corresponds roughly to the point where the nonsingular is 10% of the cross
section, and x3 is chosen close to the point where the singular and nonsingular are equal
in size. These points are somewhat arbitrarily chosen, and will be varied as part of the
uncertainty estimate.

4.3 Scale variations and perturbative uncertainties

For our uncertainty estimate, we take the envelope of the following variations
1. Vary all scales in eq. (4.2) simultaneously up and down by a factor of 2.
2. Vary pgy and pp simultaneously up and down by a factor of 2.
3. Vary pc and pg simultaneously up and down by a factor of 2.
4. Vary vo up and down by a factor of 2.
5. Vary vg up and down by a factor of 2.
6. Vary the transition point z3 between 0.33 to 0.48.

We can interpret the first as a fixed-order uncertainty, since it only changes the overall scales
and not the ratios between them, which are the logarithms that are being resummed. The
second and third variation probe the u resummation, since they vary the hierarchy between
pr and po = pg, and similarly the fourth and fifth probe the rapidity resummation. While
the evolution kernels are very similar for the variations in 2 and 3, the scales of different
fixed-order ingredients are probed: the change in the evolution kernel is (partially) cancelled
by a corresponding change in H for variation 2 and by C' ® S for variation 3, so they are
not redundant. The same is true for variations 4 and 5. Variation 6 probes the uncertainty
from our interpolation between the resummation and fixed-order region. We also explored
the dependence on the transition point z1, but it has a small effect and thus would not
impact the total uncertainty.
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Figure 8. The integrated jet shape for quark jets (left) and gluon jets (right) for pr = 60 GeV
(top) and 500 GeV (bottom) and R = 0.6. Shown are LL (blue solid curve and band), NLL (blue
dashed curve) and NLL' (orange solid curve and band), all matched to NLO. The bands indicate
the perturbative uncertainties estimated using the procedure in section 4.3.

4.4 First results for quark and gluon jets

In figure 8 we show the integrated jet shape for quark and gluon jets with transverse
momentum 60 and 500 GeV, comparing LL, NLL and NLL/, all matched to NLO. We start
by noting that our resummed calculations converge, i.e. the bands overlap and are smaller
at NLL’ than at LL. As these plots show, the uncertainty bands are larger at small p; and
for gluon jets, which is not surprising since the perturbative corrections are simply larger
in these cases due to the size of as and the color factor (Cy vs. Cr), respectively. At
LL the bands are quite large, and they remain sizable at NLL’, even though this exceeds
the accuracy of previous jet shape calculations. We believe that this is due to our more
conservative uncertainty estimate, described in section 4.3. Indeed, for gluon jets with
pr = 60 GeV, the NLL/ central curve lies only just inside the LL uncertainty, warranting
these large bands. For large r all predictions overlap, since in each case we match to
NLO. In this region there are no large logarithms of /R, so it is not surprising that the
uncertainties are small. It is hard to gauge whether their size is reasonable, since we only
have one perturbative order in this region (at LO () is simply 1). Lastly we note that
the NLL curve is not monotonic. That this unphysical behavior arises at NLL but not
LL is due to the non-cusp anomalous dimension, whose contribution becomes equal and
opposite in size to that of the cusp anomalous dimension. At NLL’ this is remedied by the
inclusion of one-loop corrections to the ingredients in the factorization formula.
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Figure 9. The integrated (left) and differential (right) jet shape for quark jets (blue) and gluon
jets (green) at NLL' with pr = 500 GeV and R = 0.6. The top row shows the result with (solid)
and without (dashed) rapidity resummation. The bottom row shows the result with (solid) and
without (dashed) non-global logarithms.

Figure 9 illustrates the effect of the rapidity resummation and non-global logarithms
on the jet shape for quark and gluon jets, by showing the integrated and differential jet
shape with and without them. Both effects enter for the first time at NLL and were not
taken into account in previous calculations. They are clearly important for r < R, where
their size is about half that of the NLL’ uncertainty band in figure 8, but are of course
irrelevant in the region where the resummation of logarithms of r/R is turned off. The
effect of the rapidity resummation is still significant in the transition region and is only
turned off by the matching to fixed order, whereas the effect of NGLs is already small before
the transition. The NGLs push the energy distribution in the jet out to larger values of r,
in agreement with the trend observed in e.g. ref. [64] for the jet mass distribution. This
is clear from the integrated jet shape, and in the differential jet shape this arises through
a decrease in the first bin (not as visible due to the logarithmic scale) and an increase in
subsequent bins.

5 Nonperturbative effects

At the LHC, nonperturbative corrections to the jet shape can be large, particularly for
smaller values of the jet pr. These arise from the underlying event and hadronization
effects. In this section we will explore simple models to account for these effects in our
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predictions. We will use PYTHIA 8.2 [46] to assess how reasonable these models are, by
applying them to parton level predictions and comparing the result to hadron level pre-
dictions, including multi-parton interactions and initial-state radiation.” When we later
apply this model to our predictions, we will use LHC data to fit the model parameter.

In the first model, we treat these effects by simply adding a uniform energy density to
the jets. Explicitly

2f r 1

T+ iR + QPO") ;

where p(r) is the differential jet shape and the fraction f describes the size of the non-

Model 1:  p(r) — (5.1)

perturbative radiation compared to the perturbative contribution from our calculation.
The dependence on 7/R is linear because it scales with the circumference of the circle of
radius r.

In the second model, the nonperturbative effects are again treated by adding energy.
However, rather than considering a uniform distribution, we will assume this additional
energy is completely localized, thus displacing the jet axis. The location (1/,¢’) of this
extra energy is then (uniformly) integrated over the jet. In terms of the differential jet
shape p(r) this amounts to

. 1 (H+NR ro o / f r’

1 R 27“/?””f (T/)2f2 > 1/2
ar” o/ (" § _ 112
oy [aroens e (0020 T osor 0L
2f r 4r /min{R,T'+fR}
= — +
1+ f R? 7Tf2(1 + f)R2 max{0,r—fR}

dT,/ p(r//)

min{1,r«+r/} r
/ dr!, * ,
st N D e e T

*

The first term in the curly brackets (on the first line) corresponds to the contribution to
the jet shape from the extra energy. Upon integration this results in the first term on
the third line, in agreement with eq. (5.1). However, the jet shape also gets smeared by
the displacement of the jet axis. Specifically, the r” integral in the second term integrates
over the jet shape, taking into account the displacement from the extra energy at (7, ¢')
through the delta function. In the final expression we eliminated the ¢’ integral using the
delta function, and introduced

T / r’ 7 '

Te = — r,= —————

(1+f)R7 T*:f7R7

to remove any explicit dependence on f and R in the 7’ integral. Thus we can determine

(5.3)

this integral numerically once and for all, to obtain the kernel against which we integrate
the jet shape in the remaining r” integral.

9This is not a nonperturbative contribution. However, we include it, because in our approach initial-state
radiation is formally O(R?) suppressed.
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Figure 10. Jet shape in PYTHIA at E., = 7TeV for anti-kr jets with radius R = 0.6, rapidity
|n] < 2.8 and transverse momentum pr = 30-40 GeV (left) and pr = 60-80 GeV (right). The top
row shows results at parton level (blue dotted), including initial-state radiation (green dot-dashed),
also multi-parton interactions (magenta dashed), and also hadronization (blue solid). The bottom
row repeats the blue dotted and solid curves, where the effect of ISR, MPI and hadronization are
either modeled using eq. (5.1) (green dot-dashed) or eq. (5.2) (orange dashed), and the parameter
f is fitted.

In figure 10 we show the partonic and hadronic jet shape obtained from PyYTHIA, and in-
vestigate to what extent multiparton interactions, initial-state radiation and hadronization
effects can be described by one of the models above. The top row shows the contribution of
each of these effects, the bottom row shows a fit (of the coefficient f) to these effects using
one of the models proposed here. We find better agreement using model 2, suggesting that
these nonperturbative effects are at least fairly localized in the jet. We therefore use model
2 when we compare our results to LHC data in the next section.

6 Results for the LHC

In this section, we present comparisons of our theoretical results to data from ATLAS
and CMS. We start with the ATLAS data for the integrated and differential jet shape
of ref. [19]. Although the central values of the differential and integrated jet shape are
directly related, their uncertainties are not because of correlations, which is why we show
results for both. The inclusive jet sample pp — jet + X was obtained using the anti-
kp algorithm with R = 0.6. The jet rapidity was restricted to |n| < 2.8, and different
intervals for its transverse momentum pr in the range of 30-600 GeV were considered.
In figure 11, we show a comparison of our numerical results to the ATLAS data for the

— 95—



LE S S AP 1.E \ A —

r  Tmmmmmeees — ] = ]

ro T < : F :

08 F — 3 0.8F —— =
06T T ] — 06F 3
\ 040 3 ¥ ATLAS ] 0.4 | ¥ ATLAS 3
— NLL' ] N — NLL' 1

0.2F NLLY 3 02F NIT/ 3

pr = 30-40GeV, R = 0.6 +mnonp 4 pr = 60-80GeV, R = 0.6 + nonp ]

S S S S S S S ) S EAR 0 S T T S T S B
0. 01 02 03 04 05 06 0. 01 02 03 04 05 06

T T

LE l— ----------- ;“"l";*; M— L ---------."“':‘:' ________ _----121:—4—<
r TR — a1  — ]
0.8 [r—— . 0.8 Bl 3
S— | = z
— 06F | 4 o 06F 7
= g ] = i 1
04 T ATLAS E 041 3 ATLAS E
S —— NLL' ] R — NLL' ]
0.2F NLLY ] 02F . 3
[ pr=110-160GeV, R = 0.6 +nonp 4 [ pr=500-600GeV, R = 0.6 + nonp ]

o) ST RN BRI BRI AR B o3 SR R R SRR AR S
0. 01 02 03 04 05 06 0. 01 02 03 04 05 06

T T

Figure 11. Comparison of our theoretical calculation at NLL’ accuracy for the inclusive jet shape
¥(r) to the data from ATLAS [19]. The inclusive anti-k jet sample is reconstructed for a jet
radius of R = 0.6 and || < 2.8 measured at E., = 7TeV. Four representative jet pr intervals in
the range 30-600 GeV are shown, as indicated in the panels. Our purely perturbative calculation
is shown (dashed blue), along with the results that include the nonperturbative effects through a
model (orange) and perturbative uncertainty band.

integrated jet shape 1(r) for four representative pr intervals, as indicated in the different
panels. For all phenomenological results presented in this section, we use the CT14 NLO
PDF set of ref. [65]. We show both the purely perturbative calculation (dashed blue curve)
as well as the results after including the nonperturbative “model 2” (orange curve and
band), described in section 5. The QCD scale uncertainty is shown only for the final
result including the nonperturbative contribution, following the procedure discussed in
section 4.3. The parameter f of the nonperturbative model is determined from fitting our
central curve to the central value of the data. Its value is tabulated in table 3 for each pr
interval. At smaller values of the jet transverse momentum, the purely perturbative result
and the data disagree significantly, where the perturbative calculation predicts that there is
more radiation close to the center of the jet and less near the jet boundary. Nevertheless, we
find that the data is well described after including a nonperturbative correction. As is clear
from the plots and the table, at higher values of py the nonperturbative correction becomes
smaller. Indeed, for the highest transverse momentum interval 500-600 GeV we already
find a good agreement between the data and our purely perturbative calculation obtained
from the QCD factorization theorem. Because the nonperturbative model parametrizes the
effect of nonperturbative physics relative to the perturbative prediction for the jet, rather
than through some absolute energy scale, it is not surprising that approximately f ~ 1/pp.
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Figure 12. Comparison of our numerical results for the differential jet shape p(r) and the ATLAS
data of [19], for the same kinematics as in figure 11.

ATLAS [19] pr[GeV] | 3040  60-80  110-160  500-600
Eon =7TeV f 0.23 0.16 0.11 0.062
CMS [20] pr [GeV] | 3040 500600 6001000

Eey = 7TeV f 0.28 0.068 0.054

CMS [23] pr [GeV] | > 100

Eem = 2.76 TeV | 0.050

Table 3. Fitted values for the parameter f of the nonperturbative “model 2”7, for the jet transverse
momentum intervals of the ATLAS [19] and CMS [20, 23] data that we show here. Note that the
jet radius R and the rapidity intervals n differ between the different data sets.

In figure 12, we show our numerical results for the differential jet shape p(r) in com-
parison to the corresponding ATLAS data for the same jet kinematics. We use the same
f values for the nonperturbative model as for the integrated jet shape. Again we observe
that a large nonperturbative correction is needed to describe the differential jet shape data
for jets with low transverse momentum. This is particularly pronounced close to the jet
boundary, where no resummation of r/R is required, and the fixed-order expressions in
eq. (2.15) clearly undershoot the data. (This was not so visible for the integrated jet
shape, since everything is close to one.) For the higher transverse momentum bins, the
agreement between the data and the purely perturbative results is improved and only a
smaller nonperturbative correction is needed. However, close to the jet boundary, the ef-
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Figure 13. Comparison of our numerical results for the differential jet shape p(r) to the CMS data
of ref. [20]. The jets are obtained using anti-kr with R = 0.7 and, |n| < 0.5 at E¢y, = 7TeV. We
show the result for three intervals of the jet transverse momentum in the range of py = 30-1000 GeV,
as labeled in the different panels.

fect of the nonperturbative correction remains substantial, even for the highest pr interval.
We note that for pr = 30-40 GeV, the nonperturbative model causes the second bin to
be higher than the first. This feature is already visible in figure 10, both for our model 2
and the curve for Pythia at hadron level, since the integrated jet shape is not the steepest
at r=0.

Next, we consider the CMS data set of ref. [20] for the differential jet shape p(r),
which was also measured at a center-of-mass energy of FE., = 7TeV. The kinematics
of the reconstructed inclusive jet sample is similar to the setup from ATLAS, but now
using anti-ky with R = 0.7, || < 0.5 and dividing the jet transverse momentum pp into
several intervals in the range of 30-1000 GeV. In figure 13 we show the comparison of our
numerical results with and without the nonperturbative contribution. We again fit the
nonperturbative parameter f of “model 27, listing their values in table 3. These values are
consistent with those obtained for ATLAS, in the cases for which we have a corresponding
pr interval. (They do not need to be exactly the same, given the difference in jet radius
and rapidity interval.) We note again that even for the highest jet transverse momentum
interval pr = 600-1000 GeV a significant nonperturbative correction is needed in order to
describe the energy distribution close to the edge of the jet, r < R, as we also observed for
the ATLAS data.

Finally, we compare to the differential jet shape measurement of CMS in ref. [23]. This
data set was taken at /s = 2.76 TeV as a baseline measurement for a heavy-ion analysis.
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Figure 14. Comparison of the differential jet shape p(r) and the CMS data of ref. [23]. The jets
are obtained using anti-kr with R = 0.3, pr > 100GeV, 0.3 < |n| < 2 at E.y, = 2.76 TeV.

The jets were reconstructed with pr > 100GeV and 0.3 < |n| < 2 using the anti-kp
algorithm with R = 0.3. Analogous to the two data sets discussed above, the jet shape data
is separated into six bins with a distance in r of 0.05. An additional cut of pp; > 1 GeV was
imposed on the transverse momentum of each particle in the jet, and only charged particles
are used to determine the jet shape even though full jets are reconstructed. Furthermore,
the jet pr was smeared to account for the difference of the jet energy resolution between
proton-proton and heavy-ion collisions. This should be kept in mind when comparing to
our calculation, since we do not include these effects. Nevertheless, we find good agreement
as shown in figure 14. The edge of the jet is still dominated by nonperturbative physics
for R = 0.3. However, the data is closer to the purely perturbative result compared to the
jet shape for a similar pr interval in figure 12 for R = 0.6 jets. Indeed, the fitted value
of the nonperturbative parameter f, see table 3, is about half of that for the pr interval
110-160 GeV in the ATLAS data. This is not surprising, given the lower center-of-mass
energy and the smaller jet radius. In general, we conclude that our numerical results agree
well with the data, once the nonperturbative correction is taken into account.

7 Conclusions

In this paper we calculate the jet shape at next-to-leading logarithmic accuracy (NLL’).
Specifically, we account for the single logarithms of the jet radius R and the double log-
arithms of /R at next-to-leading logarithmic order, and match to next-to-leading order.
To achieve this accuracy, the recoil of soft radiation on the jet axis must be included when
r < R. This involves the one-loop calculation of a recoil-sensitive collinear function and
rapidity logarithms, that we resum using the rapidity renormalization group, as well as
non-global logarithms from in vs. out-of-jet soft radiation. Our calculation constitutes
the first extension of this classic jet substructure observable beyond leading logarithmic
accuracy.

The inclusion of higher-order corrections significantly reduces the uncertainty of the
perturbative predictions. However, we also find that the effect of nonperturbative contri-
butions are substantial at the LHC, in particular for low jet transverse momenta and close
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to the edge of the jet. To enable a comparison to the available data from ATLAS and CMS,
we explored two one-parameter models, choosing the model that best captures these effects
in PyTHIA. Including this, we find good agreement between our predictions and LHC data.
One interesting future direction is to obtain predictions that can be compared to LEP and
HERA data, where these nonperturbative effects should be substantially smaller. On the
other hand, for the LHC it is natural to consider grooming, to reduce the contamination
from these effects, which will be the topic of a forthcoming publication [66].
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A Jet function for the jet shape when r < R

The jet function (or central subjet function) in eq. (2.2) for the anti-kp algorithm is up to
one-loop order given by [8]

géet(z, ZT'apTR7 T/Rv /’[’)

(07

= 601201z )b {5(1—zT>LR (Pra )+ Poa((2)]—6(1—2,) [2cp<1+z2> (M=)
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The splitting functions Pj; are given in eq. (2.6), and we use the following short-hand
notation

2 2 2
p p R
Lr=1 L,=1 , Loyp=L.—Lp=1 . A2
R n<p%R2> 5 n<p%7“2> /R R n(?“ ) ( )

B Anomalous dimensions

The one-loop anomalous dimensions directly follow from the expressions in sections 2.3, 2.4
and 3,

Vi (z,prR, 1) = % [CF <—LR - 3> 6(1—2)+ qu(z)] ;

2
H s
Yag (2 PR, 1) = — Pyg(2)
H Qs 1
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Here L is defined in eq. (A.2) and the splitting functions are given in eq. (2.6). To achieve
NLL’ accuracy, we include the two-loop cusp anomalous dimensions for the In u and Inv
terms in the anomalous dimensions. This amounts to multiplying these terms by

as [ (67 w2 20
14+ = —— — — —T . B.2
- [(9 3>(” 9 F”J (B:2)

C Rapidity anomalous dimension of the one-loop collinear function

We will now check that our expression for the collinear function satisfies the rapidity
evolution equation in eq. (2.10), which expanded up to one-loop order reads

d ko’
mci(l)(zﬁpTr? kJ—7M7 V) = _/ (27‘(’)2 ( )(kJ_ - kj_nu') C( )(erpTT kJ_aM7 ) (Cl)

Note that v, (1)(/<: 1) was already obtained from the soft function, so this provides a cross
check. From eq. (3.21) we find that the left-hand side of eq. (C.1) is given by

dCz(l) T OZSCZ' 2
dlrf; =0O(kL <prr)o(l—z) o2 d¢ Ly
¢mdx min
@(kl > pTT) (5(1 — zr OésC / do In (ﬁmax) , (02)

where the color factor is given by Cy = Cr for quarks and Cy; = Cy4 for gluons.

Since the terms in eq. (C.2) correspond to 6 < r and 6 > r, respectively, it is natural
to split up the calculation of the right-hand side of eq. (C.1) in the same pieces. For 6 < r
this requires computing,

K11
(2m)? 2 (K2 /1?)

@(k‘J_ <pT’l“)/ 6(‘kj_—l€l| <pT’I“)

max

o pT 1 )2 d(kf//ﬁ) 1
=0(kL <prr / d(b/ 82 (kf/ﬂ2)+

2
= —("‘)(kJ_ < pTT‘) 817['2/0 d¢ Ll(kj_) , (03)

which agrees with the first term in eq. (C.2) when including the overall factor of —4a,CF.
Here we used that |k — k| | < ppr is equivalent to |k | < prfi™®, as it involves the same
geometry used in the computation of the collinear function, see the left panel of figure 15.
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Figure 15. The geometry of |k, — k' | < ppr for |ki| < ppr (left) and |ki| > ppr (right).
Similarly, for § < r we can rewrite the condition |k, — k|| < prr as ppByn < |k | <
prB3® and —@Pmax < ¢ < Pmax, as is clear from the right panel of figure 15. This leads to

K1 1
(2m)? p2 (K /1)
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max 2
¢max (pTBi ) d(k:/Q/ 2
p) 1
—le>pTr/ d¢/ i =
( oo syt e

nw

2w min
T <pT7~)1/ dg ln< 2 ) , (C.4)
0

471.2 lBQmax
yielding the second term on the right-hand side of eq. (C.2).
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