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ABSTRACT: Entanglement is a special feature of the quantum world that reflects the ex-
istence of subtle, often non-local, correlations between local degrees of freedom. In topo-
logical theories such non-local correlations can be given a very intuitive interpretation:
quantum entanglement of subsystems means that there are “strings” connecting them.
More generally, an entangled state, or similarly, the density matrix of a mixed state, can
be represented by cobordisms of topological spaces. Using a formal mathematical defi-
nition of TQFT we construct basic examples of entangled states and compute their von
Neumann entropy.
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1 Introduction

Quantum entanglement is a signature characteristics of the quantum world. As such it has
been at the core of the discussion about the fundamentals of quantum physics for nearly
a century [1]. One particularly interesting feature of quantum entanglement is its non-
locality, the existence of quantum correlations beyond the limits prescribed, for example,
by naive causality [2]. The non-local correlations turn out to be a source of many tantalizing
prospects for practical applications, including quantum metrology, fault-tolerant quantum
computing, quantum cryptography and data protection. They reveal the intrinsic non-
locality of quantum theory and emphasize, on the very basic level, the necessity to consider
non-local models of quantum field theory and its uplifting to a full-fledged string theory [3].

At the same time, there are systems in physics which do not have local degrees of
freedom at all. Such systems are commonly called topological if their non-local degrees
of freedom are only in topological, geometry independent, relation with each other. A
typical example is the quantum Hall system — a gapped state, whose non-local excitations
(quasiparticles) only possess statistical interactions. Due to their non-locality, topological
systems should provide special instances of quantum entanglement, illuminating its non-
local properties — one can expect them to be best suited for the study of entanglement
and its applications. One can even wonder if the entire subject of quantum entanglement
can be reduced to the topological entanglement, and if the latter one can be treated in
fully classical terms.

One typical example of the role of non-local correlations in quantum entanglement
was considered in refs. [4, 5]. It was shown that the scale independent piece of the von
Neumann entropy in 2+ 1D theories is topological, in the sense that it does not depend on
the geometry of the partition. It was argued that this piece matches the full entropy in some
topological theories. The calculation of the entropy in such a setup was later elaborated
in ref. [6], where it was noticed that in topological quantum field theories (TQFTs) von
Neumann and Rényi entropies can be computed using the replica trick. These entropies are



expressed in terms of topological invariants of links in different three-dimensional manifolds.
Connections with links was recently revisited by the authors of refs. [7, 8], who associated
von Neumann entropies to the links themselves. In particular, the Hopf link was compared
with a maximally entangled EPR pair, while the generic multicomponent torus links were
shown to be counterparts of the so-called GHZ states. Similar approach was applied to the
discussion of entanglement of link and knot states in ref. [9].

In this paper we further elaborate on the ideas discussed in [7] and propose a differ-
ent, more general, perspective on the connection between entanglement and topological
quantum field theories. The latter possess a very elegant and intuitive mathematical de-
scription in terms of (co)bordisms, or “time evolutions” of closed manifolds. Cobordisms
suggest a natural definition of quantum entanglement in TQFTs: the two subsystems are
entangled if they are (co)bordant. Similarly, a cobordism of two equivalent manifolds is a
time evolution, or the density matrix of a generically mixed state. In particular, partial
tracing of the density matrix of a pure entangled state produces a mixed density matrix in
a very illustrative way.

We demonstrate these properties on a set of examples complementary to those con-
sidered in refs. [6-11]. We show that in some cases, to be entangling, the cobordisms need
to be endowed with an additional structure supported by Wilson lines. Altogether this
description gives a graphical idea of quantum entanglement between two subsystems: they
need to be tied by strings of Wilson line operators. Somewhat counterintuitively, addi-
tional tangling of the strings may actually decrease the amount of entanglement. This was
noticed also in ref. [7], where the maximal two-partite entanglement was demonstrated by
the simplest link — the Hopf link.

The present authors’ motivation for this work came from the study of the topological
quantum computer [12, 13]. In ref. [14] we presented a reflection on the current status of
knot theory from the point of view of possible quantum computing applications. One of
interesting problems, which we believe has not so far been well elucidated in the literature is
the interpretation of knot and link polynomials as quantum algorithms. We believe that the
due analysis of the quantum code spaces and entanglement is a good starting point in this
direction. See the review of L. Kauffman [15] for a nice summary of the necessary material
and a more recent discussion on similar ideas, and appropriate references, in ref. [16].

This work is organized as follows. In section 2 we remind a useful mathematical
definition of TQFTs due to E. Witten and M. Atiyah. We make the analogy with ordinary
quantum mechanics. We introduce the notion of quantum entanglement in section 3 and
compute von Neumann entropy for a generic bipartite system in TQFT terms. In section 4
we consider some examples and refine the topological condition for entanglement. We give
brief conclusions and perspectives in section 5.

2 Topological quantum field theories

Topological quantum field theories provide an interesting class of field theories with no
local propagating degrees of freedom. In contrast with normal QFTs, the Hilbert space
of these theories is often finite dimensional, which actually makes them closer to quan-



tum mechanics, rather than field theory. Being halfway between quantum mechanics and
quantum field theory TQFTs can help understanding, how quantum mechanical concepts
generalize to QFTs.

An elegant mathematical definition of TQFT was given by E. Witten [17] and
M. Atiyah [18, 19] in terms of a functor (map) Z between a category of topological spaces
and a category of vector spaces. Sparing all the formal details of the definition we simply
mention the main points and consequences:

e For any D-dimensional oriented space 3, we associate a vector space V = Z(X). In
the explicit examples we will assume D = 2, and examples of 3 could be looked among
Riemann surfaces, with some points possibly removed. In our further diagrammatic
presentation we depict X by a circle

z (O ) - A,
Here the image of ¥ is a linear space H, which we understand as a (local) Hilbert

space. Consequently, we may consider a disjoint set of circles, which should be
mapped to a direct product of Hilbert spaces

Z(E1UXU---UX) = HiIOH2® - Q@ Hy .

e For a D-dimensional ¥ and D + 1-dimensional manifold M, such that OM = X, we
associate a vector v = Z(M) in V = Z(X). In our diagrammatic notations we say

z<®) — ) € H.

That is a disk, whose boundary is a circle represents a state in the Hilbert space.
However, since here we mainly think of ¥ being two-dimensional, M will mostly be
a three-dimensional space.

e If M is a closed manifold, then it can be understood as a manifold with an empty
boundary. In such a case we associate the image of M with a C-number: Z(M) € C.
Moreover, since manifolds ¥ are considered to be orientable, we associate with X,

which differs from ¥ by the choice of orientation, a dual vector space Z(3) = V*. This
allows us to define the scalar product in terms of topological spaces. In particular,

z2(Q Q) - Z() — Wi ec.

In other words, one can glue the topological spaces along boundaries, which differ by

we identify

orientation, to form new topological spaces.

e Cobordisms, or D+ 1-dimensional manifolds M with two boundaries ¥1 and X5, with
the appropriate choice of orientation, are mapped to linear maps: Z(M) : Z(¥X;) —
Z(32). Using the gluing procedure discussed above, one can construct compositions
of linear maps. States in the above example can be understood as cobordisms of a
given Y to an empty manifold.



One can view cobordisms as evolutions of manifolds ¥. We note that ¥ can have a
number of points removed. This is equivalent to introducing boundaries to 3 themselves.
Consequently, one should track the evolution of those boundaries, or points. We will come
back to the discussion of such marked points when we consider some explicit examples.

Now we have defined some quantum mechanics (Hilbert space, states, scalar product
and operators) in terms of topological spaces and cobordisms.! For an explicit construction
of such a map (functor) self-consistency relations need to be satisfied. The first example
was constructed by E. Witten in [17], where Z was the functional integral of a non-Abelian
Chern-Simons theory in three dimensions.

3 Entanglement in TQFT

TQFTs suggest quite an intuitive notion of the entanglement of two subsystems. Let us
partition the system into a disjoint union 3; U¥,. Based on two circles, one can construct
two basic cobordisms representing possible quantum states:

0 O  and @ (3.1)

The first state is quite obviously separable and hence non-entangled. The second state
should be entangled, as the picture suggests. Let us compute the von Neumann entropy of
both states to confirm this.

First, we need the corresponding density matrices. These are computed by definition
p = |¥) (2|, which in the TQFT language means taking

00 U
00 A

The density matrices should be normalized to have unit trace. The normalization fac-

tors are
2

Trpy = . Trpy =

Here traces are computed by gluing together every top circle with the corresponding bottom
circle. The result of such gluing is a manifold with empty boundary, a C-number.

The von Neumann entropy is defined in terms of a reduced density matrix. Let us
trace out the right circles in both examples. Obviously, the reduced density matrices of

See refs. [20, 21] for recent applications of TQFT quantum mechanics in supersymmetric theories.



the left subsystem would be

. @ PR
P1L = tI‘Rpl = X @ P2L = tI‘RpQ = X (32)

(—_—

Although it is not immediately clear how to directly apply the von Neumann formula

Sy = —trpprlogpyr,

it is straightforward to apply the replica trick [6], first computing try, p7, then analytically
continuing in n and evaluating

d T
Sy = — %terL

n=1

Following the above discussion, the evaluation of p" includes stacking m copies of the
reduced density matrices (3.2) on top of each other, sewing them together and counting
the normalization factors. It is clear that any power of pr will be proportional to the
original matrix, and the only difference will be in the accumulated normalization factors.
In particular, the corresponding Rényi entropies,

H™ = trr, ol
—n L P,
are schematically represented by expressions
1-n
m) _ 1 m) _ 1

Hl’ri_l_n’ HZZ_l_n (33)

It is also straightforward to calculate the entanglement entropies
Sc(p1) = 0,  Sp(p2) = log : (3.4)

As expected, the entropy of a separable state is zero. To understand the meaning of the
expression for the entropy of the state with two cobordant subsystems we need to give some
details about the symbol appearing in the logarithm. We will explain this by considering
some examples below.

Before proceeding, we comment on the operator, which appears in the right density
matrix in equation (3.2) (the cylinder). This can be thought as of a mixed density matrix,
as opposed to the separable reduced density matrix on the left. The equivalence between
the operator (cylinder) and the entangled pair in equation (3.1) is even more obvious in
the TQFT presentation.



We also observe that the replica trick is a very natural tool in TQFT: first, the den-
sity matrix can be interpreted as a cobordism, and second, the matrix multiplication is
straightforward, since it is a natural composition of cobordisms. For example, given that
there exist replica definitions of the relative entropy [22],

. 1 1
S(pallpy) = trpalogpa —trpalogpy = lim —— (trpg —trpapy” )

it is also straightforward, in the present approach, to evaluate this measure of distinguisha-
bility of given two states p, and py. In terms of the states studied above one finds

S(pirllp2r) = log = Sp(p2), S(p2rllp1r) = oo. (3.5)

in accordance with what one would get comparing a pure and maximally entangled density
matrices of a qudit system.

Finally, one can discuss entangling operators, which can be thought of something of
the form

4 Entanglement and Wilson lines

Let us now give an explicit meaning to result (3.4) of the graphical calculation from the
previous section. First, one can connect it to the discussion of reference [7], where the
entanglement of links was introduced. Namely, consider ¥ to be a two dimensional torus
T2. Tt is known that in case of T2 one can associate to it a family of Hilbert spaces ’Hlf\,,
labeled by integers N > 2, k > 0 of dimension?

dim Hk, — (’fjvffj) .

An entangled pair, in ¥ = T? case can be introduced by a solid torus with a hollow
tube inside:

) = : (4.1)

The same figure represents the unnormalized reduced density matrix. Following the steps
of the previous section we arrive at equation (3.4), where the donut denotes the map
Z :T? x S' — C. For Z(T?) = Hk;, the result of this map is nothing but [17]

Sy = log Z(T? x S') = logdim 5%, . (4.2)

2These Hilbert spaces are in one-to-one correspondence with fusion algebra of SU(N)r WZNW theories.
Alternatively, they can be defined through the functional integral of level k£ SU(NN) Chern-Simons theory [17].



This is the type of states considered in ref. [9]. They are also quite similar to the link
states considered in [7], although they are not precisely the same. State |¢) is analogous
to a complement of a Hopf link in $2, but it is not equivalent to it, which can be seen by
expanding |1) in the standard basis on H%; (see the details in the appendix of ref. [23]).

One can also consider the case of the two-dimensional sphere ¥ = S2. Again, there
are Hilbert spaces that can be associated with S2. However, for the proper S2, the Hilbert
space is one-dimensional. In order to have a non-trivial example, one needs to consider
spheres with at least three marked points (punctures). If the number of punctures is three,
then the dimension of the Hilbert space is determined by numbers

dim H% - (fb 3

which can be found from the fusion algebra of SU(N);, WZNW model. These numbers
tell how many ways fields of colors (su(NN)y representations) a and b can fuse to make the
field of color c. In a generic situation these numbers are either zero, or one, so it is more
convenient to consider examples with at least four punctures.

Riemann surfaces with punctures are equivalent to surfaces with boundaries. In the
TQFT construction one should, consequently, consider cobordisms of such surfaces. In
this case one should first introduce the cobordism of the boundaries: 0¥ = dm (the point
is that interesting m is not the same as ¥ itself), and then define the full cobordism M,
with OM = ¥ — m. In particular, surfaces with punctures can be cobordant to other
surfaces with punctures, if punctures are themselves cobordant — and the “interesting”
case is when punctures are connected by strings, or Wilson lines in terms of the explicit
Chern-Simons presentation of the TQFT functor.

We now consider examples of states

« QU "

threaded by Wilson lines.

The calculation of the entanglement entropy will be somewhat complicated by the
presence of the Wilson lines, since one needs to keep track of what happens with them
when the density matrix is reduced and replicated. We discuss few special cases.

e Start with a pair of cobordant 31 and X9, with Wilson lines only connecting punctures
locally, as in the diagram

[Wo) =

= pL X OO (4.4)
&4

Following the steps of the derivation of equation (3.4) the trace of the reduced density
matrix raised to the power n will be expressed in terms of the link invariant of unlinked



circles in S? x S! that do not wind around S'. The invariants of such configurations
always factorize in product of invariants of a single circle (unknot). Consequently,
properly normalized trace is always n-independent and the entropy is zero.

Now consider Wilson lines that extend from X to X5 without braiding, as in the right
example of equation (4.3). The entanglement entropy computed by equation (3.4) in
this case will be

Sp = log Z(S? x SY;a1,...,a,) = logdimH2,, (4.5)

where a; label Wilson lines of different color threading the S? x S' along the S'.
The entropy is the logarithm of the dimension of the Hilbert space associated with
52 with n punctures. With zero, one or two punctures such Hilbert space is at most
one-dimensional, but for n > 3 one can easily find cases with dim H, > 1, which
correspond to maximal entanglement.

Our prime example of a maximally entangled pair is a pair of cobordant spheres with
four punctures connected in such a way that every Wilson line is extended between
the two spheres.

T

UL,

We note that any braiding of Wilson lines extended between two spheres in states (4.4)
or (4.6) does not affect the entropy, since it amounts to a local (diffeomorphism) op-
eration on either of the spheres, of which the von Neumann entropy is independent.
This is the standard property of the von Neumann entropy under local unitary trans-
formations: let |¥) = [¢1) ® [1p2). Apply a transformation |¢p2) — Ult)2). Density
matrix transforms as p — UpUT. Since the entropy is defined through trace of the
density matrix and its products, local unitaries do not affect the entropy. This can
also be demonstrated by the braid diagrams of the Wilson lines.

A transformation acting non-trivially on the entropy is the non-local braiding that
might take |¥) in equation (4.6) to a state represented by equation (4.4), or to an
intermediate situation like

P

|U) = U — pL X — trp} o<
X
&>

(4.7)
In the latter case, in principle, one finds an example of a non-trivial invariant: one
needs to calculate an S? x S' invariant of chains with n segments, with possible
additional lines. The simplest cases of S? invariants of such necklaces have been
recently studied in ref. [24].



5 Conclusions

In the above study we introduced the idea of entanglement between subsystems in TQFT
as cobordisms between topological spaces ¥, representing those parts. We checked that
this gives a necessary, but not sufficient condition for entanglement. In [7] the sufficient
condition was a non-trivial linking of ¥;, which in example (4.1) above meant that the
hollow tube inside the solid torus should wind the non-contractible cycle. For ¥ = 52,
entanglement requires a sufficient number of Wilson lines to connect the entangled sub-
systems. The necessary condition of the entanglement is thus keeping the Hilbert space
notrivial at every section of the cobordism.

Examples considered in section 4 show that states like (4.6), with all Wilson lines
extending from Y7 to X9 are, in principle, maximally entangled, while the states like (4.4),
which are only locally weaved by Wilson lines are not entangled at all. Indeed, in the latter
case the Wilson lines annihilate each other before reaching the other part of the system.
The reduced density matrix is purified. More generally, Wilson lines do not have to go all
the way towards the other boundary. They can meet and braid (and entangle) with Wilson
lines that come from the other boundary, as in state (4.7).

Interestingly, in both 72 and S? examples, maximal entanglement is achieved on con-
figurations with a simpler topology (braiding). In the case of T2, it is achieved on the Hopf
link, which is the simplest non-trivial linking of two circles. In the case of S?, state (4.6)
with lines connecting opposite boundaries, is already maximally entangled. The entropy is
insensitive to any local braiding, while non-local braiding, in general, reduces the entropy.

We notice that examples considered here provide a different realization of the Aravind’s
proposal [25], which to the authors’ knowledge, was the first attempt to connect the quan-
tum and topological entanglements. It was suggested, in particular, to view the Hopf link
as an EPR, or Bell pair, while the Borromean rings were proposed as an example of a GHZ
state: removing a single link leaves the remaining pair unlinked.

We would also like to mention an apparent connection of the ideas presented here to
the ER = EPR discussion of ref. [26]. The main suggestion of the ER = EPR equivalence,
that a two-sided black hole, connected by the Einstein-Rosen (ER) bridge is equivalent to
the entangled EPR pair, can be cast in the language of the present paper. The ER bridge
realizes a cobordism between two asymptotic boundaries of the black hole (see also ref. [27]).
While this paper was being prepared, a paper discussing entanglement of cobordant regions
in AdS/CFT appeared [28] based on the ideas of ref. [29].

Finally, we repeat our claim in [14] that, like quantum programming, the whole subject
of quantum entanglement can appear reducible to the theory of braids and knots. In this
context it deserves mentioning that a powerful formulation of knot theory in ref. [30]
involves singular (one-dimensional) spaces ¥ and singular cobordisms (foams) between
them, but in many respects looks surprisingly similar to what we discussed above.
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