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1 Introduction

M-theory is currently the leading candidate for an ultra-violet (UV) complete theory of

quantum gravity. M-theory is defined as the (presumably unique) UV completion of 11d

supergravity (SUGRA), which is a remarkably simple theory [1, 2]: the only bosonic fields

are the metric and a three-form, C3. The stable BPS solitons of 11d SUGRA include M2-

and M5-branes charged under C3 electrically and magnetically, respectively. A complete

formulation of M-theory will necessarily entail understanding these M-branes and other

non-perturbative objects of 11d SUGRA more fully.

In a fashion similar to strings ending on D-branes or D-branes ending on other

D-branes [3], M2-branes can end on M2- or M5-branes, and M5-branes can end on other

M5-branes. When the distance between two parallel D-branes shrinks to zero, the strings

stretched between them become massless point particles and give rise to non-Abelian gauge
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multiplets. The low-energy worldvolume theory of multiple coincident D-branes is thus a

maximally supersymmetric (SUSY) non-Abelian gauge theory [4]. However, when paral-

lel M2- or M5-branes become coincident, the M2- or M5-branes stretched between them

that become massless are extended objects, not point particles — making the low-energy

worldvolume theory more challenging to identify.

For M2-branes the low-energy theory turns out to be a conventional quantum field

theory (QFT), and in fact a conformal field theory (CFT): the low-energy theory of N

coincident M2-branes at a C4/Zk singularity is a 3d N = 6 SUSY U(N)k × U(N)−k
Chern-Simons-matter theory, called the Aharony-Bergman-Jafferis-Maldacena (ABJM)

theory [5–9]. When the Chern-Simons level k = 1 or 2 the SUSY is enhanced to N = 8.

When N � k5 ABJM is holographically dual to 11d SUGRA on AdS4×S7 [10]. The CFT

and holographic descriptions have provided a wealth of information about M2-branes. For

example, at large N the number of worldvolume degrees of freedom scales as N3/2 [11, 12].

ForM coincident M5-branes the low-energy worldvolume theory is less well-understood.

The 11d SUGRA soliton solution for M5-branes indicates that the worldvolume theory has

6d N = (2, 0) SUSY and that the worldvolume fields should consist of five scalars, a chiral

two-form A2, and their fermionic superpartners filling out a tensor multiplet [13]. The fields

in the tensor multiplet arise as Goldstone modes: the scalars from breaking translations in

the five normal directions, A2 from breaking the symmetry of shifting C3 by the exterior

derivative of a two-form, and the fermions from breaking half the SUSY. The N = (2, 0)

SUSY has SO(5)R R-symmetry, which acts to rotate the five transverse directions, hence

the five scalars transform as a vector of SO(5)R. The existence of the chiral A2 in the tensor

multiplet means that the three-form field strength, F3 = dA2, is self-dual on the M5-brane

worldvolume, i.e. F3 = ?6dF3. Furthermore the tensor multiplet fields are believed to be

valued in a worldvolume u(M) gauge algebra [3]. We will henceforth ignore the overall

u(1) ⊂ u(M) representing the center-of-mass motion of the coincident M5-branes.

The existence of A2 is also intuitive because an M2-brane ending on an M5-brane

produces in the M5-brane worldvolume a 2d 1/2-BPS soliton, i.e. a string, which naturally

couples to A2 [14]. Moreover, F3 = ?6dF3 implies that this string has equal electric and

magnetic charges, and hence is called a “self-dual string.” When the distance between two

parallel M5-branes goes to zero and hence the M2-branes stretched between them become

massless, the result should be a 6d theory of massless self-dual strings [3].

Since strings are extended objects, such a perspective suggests that the M5-brane

theory might be non-local. However, compelling evidence has accumulated that in fact

the M5-brane theory is not only local, but is a conventional CFT. In particular, when

M → ∞ the 11d SUGRA soliton solution for M5-branes has a near-horizon AdS7 × S4

geometry in the decoupling limit, suggesting that 11d SUGRA on AdS7 × S4 should be

holographically dual to the M5-brane theory [10]. The AdS7 factor indicates that all 6d

field theory observables computed holographically are consistent with those of a local CFT.

Additionally, non-trivial solutions to 6d conformal bootstrap equations have been found

that are consistent with N = (2, 0) SUSY and locality [15].

From the perspective of conventional, perturbative QFT, the existence of any unitary,

interacting QFT in d > 4 is surprising, since power counting rules out any local Lagrangian.
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Two additional challenges arise in writing a local Lagrangian for the M5-brane theory.

First, imposing self-duality at the level of the Lagrangian in any dimension is difficult.

Second, generalizing u(M) gauge transformations to a higher-form gauge field, such as the

two-form A2, is challenging. Remarkably, for the Abelian case, M = 1, a classical action for

the M5-brane worldvolume fields that has u(1) gauge invariance, N = (2, 0) superconformal

symmetry, and locality, as well as 6d self-duality of F3 enforced by auxiliary scalar field

(acting as a Lagrange multiplier), is known [16, 17]. However, whether a classical action

can be written for M > 1 remains unknown.

Despite the challenges, the M5-brane theory is extremely important to study, not

only because M5-branes are key ingredients of M-theory, but also because the M5-brane

worldvolume theory holds a uniquely privileged place among QFTs. In 6d, N = (2, 0)

is the maximal amount of SUSY possible, and 6d is the maximal dimension in which

superconformal symmetry is possible [18]. A 6d N = (2, 0) SUSY CFT cannot be reached

as the infra-red (IR) fixed point of a local renormalization group (RG) flow from a free

UV fixed point. The M5-brane theory has no known dimensionless parameters besides

M that could be tuned to allow a perturbative expansion. In short, the dimensionality,

symmetries, and M determine the M5-brane theory completely. The M5-brane theory is

thus an isolated, intrinsically strongly-interacting fixed point. Via compactification the

M5-brane theory can describe many lower-dimensional SUSY QFTs and dualities among

them, and could potentially be a “master theory” containing information about all lower-

dimensional QFTs.

In this paper, we will use holography to study the M5-brane theory with a 2d conformal

defect as well as 3d CFTs with boundaries (BCFTs) related to the ABJM BCFT, using

the following 1/4-BPS intersection of M-branes:

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10

N M2 X X X

M M5 X X X X X X

M ′ M5′ X X X X X X

Schematically, this table represents a stack of N coincident M2-branes, a stack of M

coincident M5-branes, and another stack of M ′ coincident M5-branes that we label M5′ to

distinguish them from the first stack. Most importantly, the M2-branes end on the M5-

and M5′-branes at x2 = 0.

Consider first setting M ′ = 0, that is, the intersection of N M2-branes ending on M

M5-branes, with no M5′-branes. Recall that the endpoint of a semi-infinite string ending

on a D-brane gives rise to an infinitely massive (s)quark in the D-brane’s worldvolume.

Integrating out the heavy (s)quark yields a Wilson line, i.e. the holonomy of the D-brane

worldvolume gauge field along the (s)quark worldline [19, 20]. Similarly, the end of a semi-

infinite M2-brane ending on an M5-brane produces a self-dual string with infinite tension,

which can be integrated out to yield a “Wilson surface” operator [21]. In the Abelian case,

M = 1, a precise form is known for the 1/2-BPS Wilson surface operator, exp
(
i
∫
A2 + . . .

)
,

with the integral over the surface spanned by the self-dual string and the ellipsis denoting
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terms required by SUSY, involving the M5-branes’ worldvolume scalars, see for example

ref. [22]. In the non-Abelian case, M > 1, a precise form is unknown but is believed to

be schematically trR exp
(
i
∫
A2 + . . .

)
, with the trace in representation R of su(M). The

representation R describes how the N M2-branes are partitioned among the M M5-branes,

as we discuss in detail below.

We will consider only flat Wilson surfaces, i.e. Wilson surfaces extended along the

R1,1 spanned by x0 and x1. From the M5-brane theory’s perspective the Wilson surface

is a 1/2-BPS 2d superconformal soliton. The M5-brane theory’s bosonic symmetry is

SO(6, 2)× SO(5)R, where SO(6, 2) is the 6d conformal group. The table above shows that

the Wilson surface preserves an SO(2, 2) × SO(4)R × SO(4)R subgroup, where the global

2d conformal group SO(2, 2) ⊂ SO(6, 2) leaves invariant the Wilson surface, and the first

SO(4)R rotates (x3, x4, x5, x6) while the second rotates (x7, x8, x9, x10). The R subscripts

indicate that these act as R-symmetries on the supercharges preserved by the Wilson

surface, forming a 2d “large” N = (4, 4) SUSY (“small” N = (4, 4) has a single SO(4)R).

We will compute a central charge associated with the Wilson surface using holography.

The holographic description’s geometry is an AdS3 and two S3’s fibered over a Riemann

surface [23–26] and hence has the expected isometry SO(2, 2) × SO(4)R × SO(4)R. The

holographic description represents a large M limit with arbitrary N . The geometry is

asymptotically locally AdS7×S4 for all N , and becomes precisely AdS7×S4 when N = 0.

As is well-known, 2d large N = (4, 4) super-groups actually come in a one-parameter

family called D(2, 1; γ) × D(2, 1; γ), where γ is the free parameter [27, 28]. The most

general solutions of 11d SUGRA that have super-isometry D(2, 1; γ)×D(2, 1; γ) and locally

asymptote to AdS7 × S4 are known [26]. The bosonic subgroup of D(2, 1; γ) × D(2, 1; γ)

is SO(2, 2) × SO(4) × SO(4), and hence these solutions all involve an AdS3 and two S3’s

fibered over a Riemann surface [29]. The solutions describing Wilson surfaces in the M5-

brane theory at large M and arbitrary N have γ = −1/2.

Additionally, the most general solutions of 11d SUGRA with super-isometry

D(2, 1; γ) × D(2, 1; γ) are known that locally asymptote to “half” of AdS4 × S7, in a

sense we explain below [26]. These solutions are holographically dual to 3d maximally

SUSY BCFTs. The exact BCFTs are not yet known, though some properties are clear

from the 11d SUGRA solutions. In particular, in these solutions generically both M and

M ′ are non-zero. The solutions thus describe M2-branes ending on M5- and M5′-branes,

and hence the BCFTs must be cousins of the maximally SUSY ABJM BCFT.1 Presumably

these BCFTs are obtained from the ABJM BCFT by couplings to 2d SUSY multiplets at

the boundary, and/or by sources or expectation values of scalar operators away from the

boundary, similar to the superconformal interfaces between ABJM theories in refs. [30, 31].

We will henceforth refer to these theories as “cousins of the ABJM BCFT.”

For k = 1 or 2, ABJM’s bosonic symmetry is enhanced to SO(3, 2) × SO(8)R, where

SO(3, 2) is the 3d conformal group, and in the intersection above the SO(8)R acts on

(x3, . . . , x10). Maximally superconformal boundary conditions at x2 = 0 preserve the

1Solutions of 11d SUGRA that are candidates for the holographic dual of the maximally SUSY ABJM

BCFT appear in ref. [26], but have potentially dangerous singularities.
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SO(2, 2) ⊂ SO(3, 2) that leaves the boundary invariant, and SO(4)R × SO(4)R ⊂ SO(8)R
R-symmetry. The maximally SUSY ABJM BCFT’s bosonic symmetry is thus SO(2, 2) ×
SO(4)R × SO(4)R, and the super-group of the theory is D(2, 1; γ)×D(2, 1; γ) with γ = 1.

The cousins of the maximally SUSY ABJM BCFT that we will study have arbitrary γ < 0,

and their holographic duals again involve an AdS3 and two S3’s fibered over a Riemann

surface [26]. These solutions correspond to a limit with large N and a large number of M5-

and M5′-branes. However the values of M and M ′ are in fact undetermined, intuitively

because the M2-branes do not “know” how many M5- and M5′-branes have zero M2-

branes ending on them, and so cannot know the total numbers of M5- and M5′-branes.

Additionally, sending both M and M ′ to zero produces a singular solution, presumably

because removing a BCFT’s boundary is a singular operation.

Using these 11d SUGRA solutions, we will compute a central charge associated with

the Wilson surface or 3d BCFT boundary. Crucially, the Wilson surface or 2d boundary is

not a 2d CFT, but a 2d defect in, or boundary of, an ambient CFT that has d > 2, which

implies in general that the full Virasoro symmetry is not present. To be more precise, the

Wilson surface or boundary breaks the ambient SO(6, 2) or SO(3, 2) conformal symmetry

down to SO(2, 2), i.e. the global part of the Virasoro symmetry, in which the usual central

charge does not appear. We must therefore define a central charge some other way.

We will use entanglement entropy (EE). Following refs. [32–34], we will compute

holographically the EE of a spherical region centered on the 2d defect or of a semi-circle

centered on the 2d boundary. This EE has UV divergences, as expected, so we introduce a

UV cutoff and subtract the EE of the ambient CFT. What remains is a term logarithmic

in the cutoff, a constant term, and terms that vanish as the cutoff is removed. In analogy

with the EE of a single interval in a 2d CFT [35, 36], we identify the coefficient of that

logarithmic term as 1/3 times the central charge. In short, we compute the change in

the coefficient of the EE’s logarithmic term due to the 2d defect or boundary, and use

the result to define a central charge. We will denote the resulting Wilson surface or 2d

boundary central charge as b6d or b3d, respectively. Again in analogy with 2d CFT, we will

interpret these as counting massless degrees of freedom supported on the Wilson surface or

2d boundary.2 Whether and how these central charges defined from EE are related to other

potential definitions, for example via the thermodynamic entropy, stress tensor correlators,

and so on, we leave as an important open question.

Our main result, for b6d, takes a remarkably simple form,

b6d =
3

5
[16 (λ, %)− (λ, λ)] , (1.1)

where λ is the highest weight vector of the Wilson surface’s representation R, % is the

su(M) Weyl vector, and (· , ·) is defined with the Killing form on the weight space. The

2In a 3d BCFT the boundary central charge defined from EE is proportional to a central charge that

appears in the trace anomaly [37, 38] and obeys a c-theorem, strictly decreasing in a boundary RG flow [39].

Our b3d thus counts massless degrees of freedom at the 2d boundary. However, a similar interpretation of

b6d may not always be justified. In particular, examples of defects in higher-d CFTs are known in which

central charges defined from EE do not decrease along defect RG flows [40–42]. These examples include

certain RG flows on a Wilson surface in a totally symmetric representation R [43].
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inner product (·, ·) is invariant under the action of the Weyl group, hence so is b6d. In

particular, b6d is invariant under complex conjugation of a representation, R → R, which

acts as a Weyl reflection. Eq. (1.1) is also reminiscent of the results for the M5-brane

theory’s own central charges, a and c, which can similarly be written in terms of purely

group theoretic data [44, 45]. However, eq. (1.1) obscures b6d’s dependence on N and M .

In section 4 we present b6d for some specific R, such as the rank N totally symmetric and

anti-symmetric representations, to explore the dependence on N and M . Our results for

b3d cannot be written so neatly as eq. (1.1), largely because we do not know the total

number of M5- and M5′-branes and thus do not know su(M) or su(M ′).
However, a key observation about our results for both b6d and b3d is that neither natu-

rally scales as N3/2, characteristic of M2-branes at large N [11, 12], or as M3, characteristic

of M5-branes at large M (a ∝ c ∝ M3 at large M) [46–48]. In other words, in general for

the M-brane intersections we consider, the number of massless degrees of freedom on the

Wilson surface or 2d boundary does not scale, in any obvious way, with the total number

of degrees of freedom of the M2- or M5-brane theory.

This paper is organized as follows. In section 2 we review the 11d SUGRA solutions

describing M5-branes with Wilson surfaces or cousins of the ABJM BCFT with γ < 0. In

section 3 we derive an integral for the holographic EE, and then evaluate the integral to

extract b6d and b3d. In section 4 we summarize our results, including for specific R, and

compare to existing results. (Readers interested only in our results can skip directly to

section 4.) We conclude in sec 5 with discussion and suggestions for future research.

The companion paper ref. [43] reproduces our results for b6d for the fundamental,

totally anti-symmetric, and totally symmetric representations, using probe branes in

AdS7 × S4, namely a probe M2-brane when N �M or M5-brane when N �M2. Ref. [43]

also uses the probe M5-branes to explore RG flows on Wilson surfaces.

Note added. After this paper appeared on the arxiv, ref. [49] clarified how our central

charge b obtained from the EE of a (hemi-)sphere is related to central charges in the defect’s

contribution to the Weyl anomaly. This clarifies the relationship between unitarity and

positivity of b discussed in section 4.1, among other things.

For a CFT in R1,d−1 with d ≥ 3 and a 2d conformal defect, the trace of the stress

tensor splits into two terms, 〈Tµµ〉 = 〈Tµµ〉bulk + δd−2(x) 〈Tµµ〉defect, where 〈Tµµ〉bulk is the

CFT’s trace anomaly, which is 0 for odd d but may be non-zero for even d, δd−2(x) is a

delta function that localizes to the 2d defect, and [50–52]

〈
Tµµ
〉
defect

= − 1

24π

(
c R̂+ d1 Πµ

abΠ
ab
µ − d2 ĝacĝbdWabcd

)
, (1.2)

where ĝab is the defect’s induced metric (a, b = 0, 1), R̂ is the Ricci scalar built from ĝab,

Πµ
ab is the defect’s traceless extrinsic curvature, Wabcd is the Weyl tensor pulled back to the

defect, and the dimensionless numbers c, d1, and d2 are the defect central charges. In a

3d BCFT the boundary’s contribution to the trace anomaly has the form of eq. (1.2), but

Wabcd = 0 identically, so d2 does not exist. All of c, d1, and d2 can depend on boundary

conditions imposed on CFT fields at the defect or boundary and on degrees of freedom
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supported only at the defect or boundary. Indeed, c obeys a c-theorem [39], and may thus

serve as a measure of the number of massless degrees of freedom at the defect or boundary.

However, unlike a 2d CFT’s central charge, unitarity does not require c ≥ 0, and in fact

even simple, unitary theories can have c < 0, such as a 3d free, massless scalar BCFT with

Dirichlet boundary conditions [39, 53, 54]. Whether a lower bound exists on c remains

unknown, though for 3d BCFTs c ≥ −2
3 d1 is conjectured [55], where unitarity requires

d1 ≥ 0 [55, 56]. Ref. [49] showed that if the average null energy condition is valid in a CFT

with a 2d conformal defect, then d2 ≥ 0 also.

Refs. [42, 49] showed that

b = c− d− 3

d− 1
d2. (1.3)

For d = 3, as is the case for the cousins of ABJM, this reproduces the result b = c [37, 38].

For d > 3, eq. (1.3) implies that b may be negative even when c and d2 are both positive.

Indeed, for Wilson surfaces in the M5-brane theory, ref. [49] used eq. (1.3), our result for

b6d in eq. (1.1), and the result of ref. [34] for d2 to calculate

c = 24 (λ, %) + 3 (λ, λ) , d2 = 24 (λ, %) + 6 (λ, λ) , (1.4)

both of which are positive for any R. However, the linear combination b in eq. (1.3) can

be negative for some R, as we discuss in section 4.1. These results show that b < 0 does

not signal violation of unitarity.

2 Review: the SUGRA solutions

The solutions of 11d SUGRA in ref. [26] that holographically describe Wilson surfaces or

cousins of the ABJM BCFT (and which built upon the solutions in refs. [23–25]) are 1/2-

BPS, meaning they support 16 real supercharges, and have super-isometry D(2, 1; γ) ×
D(2, 1; γ) with γ ∈ R. The super-group D(2, 1; γ) × D(2, 1; γ) has bosonic subgroup

SO(2, 1)×SO(3)×SO(3), where the super-charges anti-commute into a linear combination

of the generators of these three bosonic factors. The parameter γ determines the relative

weights of the coefficients in that linear combination. The super-group D(2, 1; γ)×D(2, 1; γ)

is invariant under the simultaneous operations γ → 1/γ and swapping the two SO(3)’s.

Without loss of generality we can thus restrict to γ ∈ [−1, 1], and in fact all the solutions

we consider below will have γ ∈ (−1, 0). These symmetries of the 11d SUGRA solutions

match those of 2d large N = (4, 4) SUSY, which admits exactly the same one-parameter

family of Lie super-groups [27, 28].3 We leave the full details of these 11d SUGRA solutions

to refs. [23–26], and here review only features that we will need in subsequent sections. In

particular, we will consider the solutions of refs. [24, 26], using the conventions of ref. [26].4

The SO(2, 2)×SO(4)×SO(4) isometry implies that the metric involves AdS3 and two

S3’s fibered over a Riemann surface, which we take to be the upper half plane,

ds2 = f21 ds
2
AdS3 + f22 ds

2
S3 + f23 ds

2
S3 + 2 Ω2 |dw|2, (2.1)

3Ref. [27] classifies and constructs the Virasoro extension of the super-group.
4To clarify, ref. [23] constructed solutions for three special values of γ, ref. [25] constructed the solutions

for general γ, and refs. [24, 26] identified the specific solutions we consider in this paper.
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where w and w are the coordinates of the upper half plane (so Im(w) ≥ 0). The functions

f1, f2, f3, and Ω depend only on w and w. We denote by ds2S3 the metric for a unit-radius

round S3 and ds2AdS3
the metric for a unit-radius AdS3, that is,

ds2AdS3 =
1

u2

(
du2 − dt2 + dx2‖

)
, (2.2)

where u ∈ [0,∞), with AdS3 boundary at u = 0, t ∈ (−∞,∞) is the time coordinate, and

x‖ ∈ (−∞,∞) is the spatial coordinate parallel to the Wilson surface or 2d boundary.

The solutions in ref. [26] that we will use are completely determined by a triple of data

(h,G, γ), where h is a harmonic function over the upper half plane, and G is a complex-

valued function that obeys

∂wG =
1

2
(G+G) ∂w lnh, (2.3)

although G is not completely determined by h. If we define the complex-valued functions

W+ ≡ |G+ i|2 + γ(GG− 1) , W− ≡ |G− i|2 + γ−1(GG− 1), (2.4)

where γ is the constant parametrizing the supergroup, then in these solutions f1, f2, f3,

and Ω are given by

f61 =
h2W+W−
c61(GG− 1)2

, f62 =
h2(GG− 1)W−

c32c
3
3W

2
+

, f63 =
h2(GG− 1)W+

c32c
3
3W

2
−

, (2.5a)

Ω6 =
1

8

|∂wh|6
c32c

3
3h

4
(GG− 1)W+W−. (2.5b)

The parameters c1, c2, and c3 are constants that obey c1 + c2 + c3 = 0, so that only two

are independent. In fact, a simultaneous re-scaling of c1, c2, and c3 can be absorbed by

re-scaling h without changing the solution, so only a single constant is independent. That

single constant must map to γ: the precise relation is γ = c2/c3. As mentioned above, the

solutions that we will consider have γ ∈ (−1, 0).

When γ < 0, global regularity of these solutions requires that h and G obey h > 0

and |G| < 1 everywhere on the interior of the upper half w plane (all Im (w) > 0) and

that h = 0 and G = ±i on the boundary of the upper half w plane (Im (w) = 0). All the

solutions that we consider below will obey these conditions.

The four-form F4 = dC3 of these solutions appears in ref. [26]. We will not present the

solution for F4 explicitly, but in section 2.3 we will discuss the M2- and M5-brane charges

determined by the solution for F4.

The invariance of D(2, 1; γ) × D(2, 1; γ) under γ → 1/γ and swapping of SO(3) sub-

groups appears in these 11d SUGRA solutions as invariance under γ → 1/γ and exchange

of W+ ↔ W−. As clear from eq. (2.5), that leaves f1 and Ω invariant but trades f2 ↔ f3,

thus effectively interchanging the geometry’s two S3 factors.
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2.1 Asymptotically locally AdS7 × S4 solutions

The 11d SUGRA solutions holographically describing Wilson surfaces in the M5-brane

theory at large M are of the form in eq. (2.1) with

h = −i (w − w) , G = −i


1 +

2n+2∑

j=1

(−1)j
w − ξj
|w − ξj |


 , (2.6)

where the integer n ≥ 0 and the ξj are 2n+2 real-valued constants determining G’s branch

points on the boundary of the upper half plane. More specifically, the ξj are points on the

real line Im(w) = 0 where G changes sign from ±i to ∓i.
In general, the upper half plane is invariant under the SL(2,R) group of transforma-

tions, which is three-dimensional. Implicitly we fixed two SL(2,R) transformations with

our choice of h. The third transformation is translations, which we can use to fix one of

the ξj . The remaining 2n+ 1 values of the ξj determine the M2- and M5-brane charges of

the solution, as we discuss in section 2.3. The solutions describing M2-branes ending on

M5-branes have γ = −1/2, whereas γ = −2 describes M2-branes ending on M5′-branes.

However the latter map to the former via γ → 1/γ and swapping the two S3’s, as described

above. In what follows, we will consider arbitrary γ ∈ (−1, 0) in many intermediate steps

but will always set γ = −1/2 in our final results.

Another form of the G in eq. (2.6) that will be useful for describing the geometry’s

asymptotics comes from using polar coordinates in the upper half plane, w ≡ reiθ with

r ∈ [0,∞) and θ ∈ [0, π]. If we expand G in Legendre polynomials, Pk (cos θ),

G = −i
(

1 +

∞∑

k=1

mk

(
eiθPk (cos θ)− Pk−1 (cos θ)

)

rk

)
, mk ≡

2n+2∑

j=1

(−1)j (ξj)
k , (2.7)

then the ξj determine the expansion coefficients mk, where n is finite but k ∈ [0,∞).

Though not immediately obvious, the solutions in eq. (2.6) are asymptotically locally

AdS7×S4. Indeed, asymptotically we can put the metric of these solutions in the Fefferman-

Graham (FG) form of AdS7 × S4,

ds2 =
4L2

S4

z2

(
dz2 − dt2 + dx2‖ + dr2⊥ +

(1 + γ)2

γ2
r2⊥ds

2
S3

)
+ L2

S4

(
dφ2 + sin2 φds2S3

)
+ . . . ,

(2.8)

where z ∈ [0,∞) is the FG holographic coordinate, with boundary at z = 0, r⊥ ∈ [0,∞)

is the distance to the defect, φ ∈ [0, π] is the zenith angle of the asymptotic S4, and the

ellipsis represents terms sub-leading in 1/r. The change of coordinates to FG form admits

the following asymptotic expansion,

z =
u√
r

(
1 + γ√−γ

√
2m1 +O

(
1

r2

))
, (2.9a)

r⊥ = u

(
1 +O

(
1

r

))
, (2.9b)

φ = θ

(
1 +O

(
1

r

))
, (2.9c)
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which determines the radius of curvature LS4 of the asymptotic S4,

L6
S4 =

1

c61

(1 + γ)6

γ2
m2

1. (2.10)

The factor (1 + γ)2 /γ2 in eq. (2.8) indicates that for generic γ the dual M5-brane theory

lives on a space with a conical singularity at r⊥ = 0. These 11d SUGRA solutions thus

suggest that deformations of the M5-brane theory with D(2, 1; γ)×D(2, 1; γ) super-group

are only possible, for generic γ, on spaces with such a conical singularity. Only for γ = −1/2

does the singularity disappear such that the theory lives on 6d Minkowski space.

Eqs. (2.8) and (2.9) show clearly that in these solutions we can approach the asymptotic

AdS7×S4 boundary in two ways. First, if we fix u and send r →∞ then z → 0 with fixed

r⊥ = u, which means that we arrive at the boundary a distance u from the defect. Second,

if we fix r and send u→ 0, then z → 0 but now r⊥ → 0, and so we arrive at the boundary

precisely on the defect. Recall from eq. (2.2) that u→ 0 is the boundary of the AdS3 factor.

The AdS7×S4 solution is simply the γ = −1/2 and n = 0 case, which has two branch

points. Using the SL(2,R) translational symmetry we place these two branch points on

the real line Im(w) = 0 symmetrically, at Re(w) = ±ξ, such that the solution has only

one free parameter, ξ. In this case, in eq. (2.9) the higher-order powers of 1/r vanish, and

hence the ellipsis in eq. (2.8) vanishes. We will see below that ξ determines m1 = 2ξ and

hence LS4 , the single free parameter of the AdS7 × S4 solution. The cases with γ = −1/2

and n > 0 then describe Wilson surfaces in the M5-brane theory.

2.2 Asymptotically locally AdS4 × S7 solutions

The 11d SUGRA solutions holographically describing cousins of the ABJM BCFT with

γ < 0 are of the form in eq. (2.1) with

h = −i (w − w) , G = −i
2n+1∑

j=1

(−1)j
w − ξj
|w − ξj |

, (2.11)

where the integer n ≥ 0 and the ξj are 2n+1 real-valued constants determining G’s branch

points on the boundary of the upper half plane, i.e. on the real line Im(w) = 0. As in

section 2.1, we have implicitly fixed two SL(2,R) transformations of the upper half plane

with our choice of h, and we can use translation symmetry to fix one of the ξj . The

remaining 2n values of the ξj then determine the solutions’ M2- and M5-brane charges, as

we discuss in section 2.3. We will consider solutions with γ ∈ (−1, 0).

As in section 2.1, we can obtain another form of the G in eq. (2.11) that will be useful

for describing the asymptotics by introducing w ≡ reiθ with r ∈ [0,∞) and θ ∈ [0, π].

Expanding G in Legendre polynomials then gives

G = i

(
eiθ −

∞∑

k=1

mk

(
eiθPk (cos θ)− Pk−1 (cos θ)

)

rk

)
, mk ≡

2n+1∑

j=1

(−1)j (ξj)
k , (2.12)

where the ξj determine the expansion coefficients mk.
5

5We use the same symbol mk for the expansion coefficients in both eq. (2.7) and (2.12), though the

difference should always be clear from the context.
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The solutions in eq. (2.6) are in fact asymptotically locally “half” of AdS4×S7, in the

following sense. Asymptotically we can put the metric of these solutions in the FG form

of AdS4 × S7,

ds2 =
L2
S7

4

(
dz2

z2
+
−dt2 + dx2‖ + dx2⊥

z2

)
+ L2

S7

(
dφ2 + cos2 φds2S3 + sin2 φds2S3

)
+ . . . ,

(2.13)

where the ellipsis represents terms sub-leading in 1/r, and where the asymptotic S7 radius,

LS7 , is given by

L6
S7 =

16

c61

(1 + γ)6

(−γ)3
(−m2

1 −m2). (2.14)

The change of coordinates to FG form has the following asymptotic expansion,

z =
u

r

(
1 + γ√
γ

√
m2

1 +m2

2
+O

(
1

r2

))
, (2.15a)

x⊥ = u

(
1 +O

(
1

r2

))
, (2.15b)

φ =
θ

2

(
1 +O

(
1

r2

))
, (2.15c)

where θ ∈ [0, π] implies φ ∈ [0, π/2]. Eq. (2.15) shows that u ∈ [0,∞) implies the FG

holographic coordinate z ∈ [0,∞), with boundary at z = 0, but crucially x⊥ ∈ [0,∞).

The background geometry for the holographically dual field theory thus has coordinates

t ∈ (−∞,∞), x‖ ∈ (−∞,∞), and x⊥ ∈ [0,∞), i.e. half of 3d Minkowski space with a

boundary at x⊥ = 0. In this sense, these solutions are locally asymptotic to “half” of

AdS4 × S7, as advertised.

As a result, no continuous limit exists in which these solutions reduce to the exact

AdS4 × S7 solution. In fact, the exact AdS4 × S7 solution differs from these solutions

in several ways. For example, in these solutions the h in eq. (2.11) has a single pole at

r = ∞, and γ ∈ (−1, 0), whereas in the exact AdS4 × S7 solution h has two poles and

γ = 1. Since we cannot continuously send γ → 1, the BCFTs holographically dual to our

solutions therefore appear to be cousins of, but not continuously connected to, the ABJM

BCFT. Identifying the dual BCFTs is an important question we leave for future research.

Eqs. (2.13) and (2.15) also show that, as in section 2.1, we can approach the asymptotic

(half) AdS4 × S7 boundary in two ways. First, if we fix u and send r → ∞, then z → 0

with fixed x⊥ = u, so that we arrive at the AdS4 boundary a distance u from the BCFT’s

boundary. Second, if we fix r and send u → 0, then z → 0 but now x⊥ → 0, and so we

arrive at the AdS4 boundary precisely on the BCFT’s 2d boundary.

2.3 Partitions and M-brane charges

The M-brane intersection of section 1 describes N coincident M2-branes ending on M

coincident M5-branes and M ′ coincident M5′-branes. Such an intersection is characterized

by a partition of N describing which M5- or M5′-brane each M2-brane ends on. In this
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Figure 1. The three possible partitions ρ with N = 3 M2-branes and M = 4 M5-branes. The

horizontal axis represents the x2 direction while the vertical axis represents one of the directions

(x3, x4, x5, x6). The horizontal black lines represent M2-branes while the vertical blue lines represent

M5-branes. The M5-branes are ordered such that the number of M2-branes on each M5-brane

decreases from left to right. The three possible partitions are then ρ = {3} (left), ρ = {2, 1}
(middle), and ρ = {1, 1, 1} (right).

section we will briefly sketch how we extract this partition from the 11d SUGRA solutions

reviewed above, leaving the full details to ref. [26].

The asymptotically locally AdS7×S4 solutions of section 2.1 describe M2-branes ending

only on M5-branes, not on M5’-branes, and are fully characterized by a partition of N

M2-branes among the M M5-branes. The asymptotically locally AdS4 × S7 solutions of

section 2.2 describe M2-branes ending on both M5 and M5’-branes, but are still fully

characterized by a partition of N M2-branes among M M5-branes. The special features

of both solutions will be discussed in more detail below. Our discussion of the partitions

will applies to both solutions, with one crucial exception: the partitions of the AdS7 × S4

solutions include cases in which some M5-branes have no M2-branes ending on them,

whereas the AdS4 × S7 solutions do not admit such partitions.

We will denote the partition as ρ, which we will order with entries decreasing from

left to right. To illustrate which M2-brane ends on which M5-brane, we will temporarily

imagine separating the M2-branes in one of the directions (x3, x4, x5, x6) and separating

the M5-branes in the x2 direction, as shown in figures 1 and 2. Once ρ is specified we will

re-collapse the M2- and M5-branes back to the original intersection of coincident stacks.

We will use two parametrizations of ρ. In the first parametrization we label `q as the

number of M2-branes ending on the qth M5-brane and write the partition as ρ = {`1, `2, . . .}
with integers `1 ≥ `2 ≥ `3 . . .. In this parametrization the total number M of M5-branes

is simply the upper limit of 1 ≤ q ≤M , while the total number N of M2-branes is

N =

M∑

q=1

`q. (2.16)

We allow for some `q = 0, representing M5-branes with zero M2-branes ending on them.

However, when writing ρ = {`1, `2, . . .} we will omit all zero entries. As examples, figure 1

shows all ρ for the case with N = 3 and M = 4.

In the second parametrization we write the partition as

ρ = {N1, N1, . . . N1︸ ︷︷ ︸
M1

, N2, N2, . . . N2︸ ︷︷ ︸
M2

, . . . , Nn, Nn, . . . Nn︸ ︷︷ ︸
Mn

, Nn+1, Nn+1, . . . Nn+1︸ ︷︷ ︸
Mn+1

}, (2.17)
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Figure 2. Two partitions ρ parametrized as in eq. (2.17): ρ = {2, 1} with M = 4 (left) and

ρ = {3, 3} with M = 3 (right). The horizontal axis represents the x2 direction while the vertical

axis represents one of the directions (x3, x4, x5, x6). The horizontal black lines represent M2-branes

while the vertical blue lines represent M5-branes. The Na are the distinct integers in ρ, each with

degeneracy Ma. Put differently, Ma is the number of M5-branes with Na M2-branes ending on them.

representing M1 M5-branes each with N1 M2-branes ending on them, M2 M5-branes each

with N2 M2-branes ending on them, and so on with N1 > N2 > N3 . . .. In other words,

the Na are n distinct non-zero integers, each with degeneracy Ma. The final entries in

ρ are Nn+1 = 0, with degeneracy Mn+1, representing the number of M5-branes with no

M2-branes ending on them. We thus specify ρ by specifying the set of integers {Na} and

the set of their degeneracies {Ma}. The partition ρ has a total of 2n+ 1 parameters, the n

distinct integers in {Na} plus the n+ 1 distinct integers in {Ma}. In this parametrization

the total numbers N of M2-branes and M of M5-branes are

N =

n+1∑

a=1

MaNa, M =

n+1∑

a=1

Ma. (2.18)

As in the first parametrization, when writing ρ we will omit all zero entries, that is, we

omit the entries Nn+1. As examples, figure 2 shows the sets {Na} and {Ma} for ρ = {2, 1}
with M = 4 (figure 2 left) and ρ = {3, 3} with M = 3 (figure 2 right).

The ordered partition ρ determines a Young tableau, with the physical interpretation

that each box in the Young tableau represents an M2-brane and each row represents an

M5-brane. In the first parametrization, ρ = {`1, `2, `3, . . .} with `1 ≥ `2 ≥ `3 . . ., each `q
gives the number of boxes in the qth row of the Young tableau, as shown in figure 3(a). In

the second parametrization, eq. (2.17), M1 is the number of rows with N1 boxes, M2 is the

number of rows with N2 < N1 boxes, and so on, as shown in figure 3(b).

When the M2- and M5-branes re-collapse back to the original intersection of coincident

stacks, the gauge algebra on the M5-branes’ worldvolume is su(M) and the M2-branes’

boundary represents the Wilson surface. The partition ρ, or the corresponding Young

tableau, then determines the Wilson surface’s representation R of su(M). Complex conju-

gation of the representation, R → R, acts in the first parametrization as `q → M − `M−q
and in the second parametrization as

Ma →Mn+2−a, Na → N1 −N2+n−a. (2.19)
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(a) (b)

Figure 1: (a) An example Young tableau illustrating how the parameters
describing the brane embedding map to the representation of the Wilson sur-
face. (b) An illustration of how the Young tableaux for a representation and
its conjugate fit together. The upper polygon represents the Young tableau for
a representation (for concreteness I have chosen n = 3), and the lower polygon
is the tableau for the conjugate representation, rotated by ⇡. Together they
form a rectangle of width N1 and height M .

Here Ma is the number of M5-branes which have Na M2-branes ending on them. The
index a runes from 1 to n + 1, with Nn+1 = 0. These numbers are related to the Young
tableau of the representation of the Wilson surface operator in the dual field theory, as
depicted in figure 1a. The total numbers of M2- and M5-branes are given by

N =

nX

a=1

MaNa, M =

n+1X

a=1

Ma. (5.2)

The Young tableaux corresponding to a representation R and its conjugate R̄ fit together
to form a rectangle of with N1 and height M [12], as illustrated in figure 1b. The param-
eters of R̄ are given in terms of those of R by

M̄a = Mn+2�a, N̄a = N1 �Nn+2�a. (5.3)

A rectangular Young tableau corresponds to n = 1 (which implies N1 = N/M1 and
M2 = M �M1). In this case, the central charge (5.1) simplifies to

c =
24

5

N1M1(M �M1)(M �N1/8)

M
. (5.4)

This central charge is manifestly invariant underM1 ! M�M1, corresponding to replacing
the representation with its complex conjugate.

8
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<latexit sha1_base64="SR2oK7haZ0HFHoDP2qB7SPoCchs=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY9OKxgv2AdinZdLaNzSZLkhVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3YKe7u7R8clo6Om0ZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWj21m99YTacCUf7DjFMKEDyWPOqHVWs4tC9Kq9Utmv+HORVQhyKEOueq/01e0rliUoLRPUmE7gpzacUG05EzgtdjODKWUjOsCOQ0kTNOFkvu2UnDunT2Kl3ZOWzN3fExOaGDNOIteZUDs0y7WZ+V+tk9n4OpxwmWYWJVt8FGeCWEVmp5M+18isGDugTHO3K2FDqimzLqCiCyFYPnkVmtVK4Pj+sly7yeMowCmcwQUEcAU1uIM6NIDBIzzDK7x5ynvx3r2PReual8+cwB95nz82oo7g</latexit><latexit sha1_base64="SR2oK7haZ0HFHoDP2qB7SPoCchs=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY9OKxgv2AdinZdLaNzSZLkhVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3YKe7u7R8clo6Om0ZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWj21m99YTacCUf7DjFMKEDyWPOqHVWs4tC9Kq9Utmv+HORVQhyKEOueq/01e0rliUoLRPUmE7gpzacUG05EzgtdjODKWUjOsCOQ0kTNOFkvu2UnDunT2Kl3ZOWzN3fExOaGDNOIteZUDs0y7WZ+V+tk9n4OpxwmWYWJVt8FGeCWEVmp5M+18isGDugTHO3K2FDqimzLqCiCyFYPnkVmtVK4Pj+sly7yeMowCmcwQUEcAU1uIM6NIDBIzzDK7x5ynvx3r2PReual8+cwB95nz82oo7g</latexit><latexit sha1_base64="SR2oK7haZ0HFHoDP2qB7SPoCchs=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY9OKxgv2AdinZdLaNzSZLkhVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3YKe7u7R8clo6Om0ZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWj21m99YTacCUf7DjFMKEDyWPOqHVWs4tC9Kq9Utmv+HORVQhyKEOueq/01e0rliUoLRPUmE7gpzacUG05EzgtdjODKWUjOsCOQ0kTNOFkvu2UnDunT2Kl3ZOWzN3fExOaGDNOIteZUDs0y7WZ+V+tk9n4OpxwmWYWJVt8FGeCWEVmp5M+18isGDugTHO3K2FDqimzLqCiCyFYPnkVmtVK4Pj+sly7yeMowCmcwQUEcAU1uIM6NIDBIzzDK7x5ynvx3r2PReual8+cwB95nz82oo7g</latexit><latexit sha1_base64="SR2oK7haZ0HFHoDP2qB7SPoCchs=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInspuEfRY9OKxgv2AdinZdLaNzSZLkhVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3YKe7u7R8clo6Om0ZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWj21m99YTacCUf7DjFMKEDyWPOqHVWs4tC9Kq9Utmv+HORVQhyKEOueq/01e0rliUoLRPUmE7gpzacUG05EzgtdjODKWUjOsCOQ0kTNOFkvu2UnDunT2Kl3ZOWzN3fExOaGDNOIteZUDs0y7WZ+V+tk9n4OpxwmWYWJVt8FGeCWEVmp5M+18isGDugTHO3K2FDqimzLqCiCyFYPnkVmtVK4Pj+sly7yeMowCmcwQUEcAU1uIM6NIDBIzzDK7x5ynvx3r2PReual8+cwB95nz82oo7g</latexit>

`3
<latexit sha1_base64="pGfwW9tb1Wcjk4eAaRoCX1yAe0Y=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCnosevFYwX5Au5RsOtvGZpMlyQql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1RwY33/21tZXVvf2CxsFbd3dvf2SweHDaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh7bTefEJtuJIPdpRimNC+5DFn1Dqr0UEhuhfdUtmv+DORZQhyKEOuWrf01ekpliUoLRPUmHbgpzYcU205EzgpdjKDKWVD2se2Q0kTNOF4tu2EnDqnR2Kl3ZOWzNzfE2OaGDNKIteZUDswi7Wp+V+tndn4OhxzmWYWJZt/FGeCWEWmp5Me18isGDmgTHO3K2EDqimzLqCiCyFYPHkZGueVwPH9Zbl6k8dRgGM4gTMI4AqqcAc1qAODR3iGV3jzlPfivXsf89YVL585gj/yPn8AOCaO4Q==</latexit><latexit sha1_base64="pGfwW9tb1Wcjk4eAaRoCX1yAe0Y=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCnosevFYwX5Au5RsOtvGZpMlyQql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1RwY33/21tZXVvf2CxsFbd3dvf2SweHDaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh7bTefEJtuJIPdpRimNC+5DFn1Dqr0UEhuhfdUtmv+DORZQhyKEOuWrf01ekpliUoLRPUmHbgpzYcU205EzgpdjKDKWVD2se2Q0kTNOF4tu2EnDqnR2Kl3ZOWzNzfE2OaGDNKIteZUDswi7Wp+V+tndn4OhxzmWYWJZt/FGeCWEWmp5Me18isGDmgTHO3K2EDqimzLqCiCyFYPHkZGueVwPH9Zbl6k8dRgGM4gTMI4AqqcAc1qAODR3iGV3jzlPfivXsf89YVL585gj/yPn8AOCaO4Q==</latexit><latexit sha1_base64="pGfwW9tb1Wcjk4eAaRoCX1yAe0Y=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCnosevFYwX5Au5RsOtvGZpMlyQql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1RwY33/21tZXVvf2CxsFbd3dvf2SweHDaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh7bTefEJtuJIPdpRimNC+5DFn1Dqr0UEhuhfdUtmv+DORZQhyKEOuWrf01ekpliUoLRPUmHbgpzYcU205EzgpdjKDKWVD2se2Q0kTNOF4tu2EnDqnR2Kl3ZOWzNzfE2OaGDNKIteZUDswi7Wp+V+tndn4OhxzmWYWJZt/FGeCWEWmp5Me18isGDmgTHO3K2EDqimzLqCiCyFYPHkZGueVwPH9Zbl6k8dRgGM4gTMI4AqqcAc1qAODR3iGV3jzlPfivXsf89YVL585gj/yPn8AOCaO4Q==</latexit><latexit sha1_base64="pGfwW9tb1Wcjk4eAaRoCX1yAe0Y=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCnosevFYwX5Au5RsOtvGZpMlyQql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1RwY33/21tZXVvf2CxsFbd3dvf2SweHDaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh7bTefEJtuJIPdpRimNC+5DFn1Dqr0UEhuhfdUtmv+DORZQhyKEOuWrf01ekpliUoLRPUmHbgpzYcU205EzgpdjKDKWVD2se2Q0kTNOF4tu2EnDqnR2Kl3ZOWzNzfE2OaGDNKIteZUDswi7Wp+V+tndn4OhxzmWYWJZt/FGeCWEWmp5Me18isGDmgTHO3K2EDqimzLqCiCyFYPHkZGueVwPH9Zbl6k8dRgGM4gTMI4AqqcAc1qAODR3iGV3jzlPfivXsf89YVL585gj/yPn8AOCaO4Q==</latexit>

`4
<latexit sha1_base64="LpLKrGutJPFO9EpFD7indf7QeUw=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NpssSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCi6xYbkV2E410iQS2IpGt7N66wm14Uo+2HGKYUIHksecUeusZheF6F32yhW/6s9FViHIoQK56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7DiVN0IST+bZTcuacPomVdk9aMnd/T0xoYsw4iVxnQu3QLNdm5n+1Tmbj63DCZZpZlGzxUZwJYhWZnU76XCOzYuyAMs3droQNqabMuoBKLoRg+eRVaF5UA8f3l5XaTR5HEU7gFM4hgCuowR3UoQEMHuEZXuHNU96L9+59LFoLXj5zDH/kff4AOaqO4g==</latexit><latexit sha1_base64="LpLKrGutJPFO9EpFD7indf7QeUw=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NpssSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCi6xYbkV2E410iQS2IpGt7N66wm14Uo+2HGKYUIHksecUeusZheF6F32yhW/6s9FViHIoQK56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7DiVN0IST+bZTcuacPomVdk9aMnd/T0xoYsw4iVxnQu3QLNdm5n+1Tmbj63DCZZpZlGzxUZwJYhWZnU76XCOzYuyAMs3droQNqabMuoBKLoRg+eRVaF5UA8f3l5XaTR5HEU7gFM4hgCuowR3UoQEMHuEZXuHNU96L9+59LFoLXj5zDH/kff4AOaqO4g==</latexit><latexit sha1_base64="LpLKrGutJPFO9EpFD7indf7QeUw=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NpssSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCi6xYbkV2E410iQS2IpGt7N66wm14Uo+2HGKYUIHksecUeusZheF6F32yhW/6s9FViHIoQK56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7DiVN0IST+bZTcuacPomVdk9aMnd/T0xoYsw4iVxnQu3QLNdm5n+1Tmbj63DCZZpZlGzxUZwJYhWZnU76XCOzYuyAMs3droQNqabMuoBKLoRg+eRVaF5UA8f3l5XaTR5HEU7gFM4hgCuowR3UoQEMHuEZXuHNU96L9+59LFoLXj5zDH/kff4AOaqO4g==</latexit><latexit sha1_base64="LpLKrGutJPFO9EpFD7indf7QeUw=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NpssSVYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCi6xYbkV2E410iQS2IpGt7N66wm14Uo+2HGKYUIHksecUeusZheF6F32yhW/6s9FViHIoQK56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7DiVN0IST+bZTcuacPomVdk9aMnd/T0xoYsw4iVxnQu3QLNdm5n+1Tmbj63DCZZpZlGzxUZwJYhWZnU76XCOzYuyAMs3droQNqabMuoBKLoRg+eRVaF5UA8f3l5XaTR5HEU7gFM4hgCuowR3UoQEMHuEZXuHNU96L9+59LFoLXj5zDH/kff4AOaqO4g==</latexit>

`5
<latexit sha1_base64="6hUizxrdODloxGMnJe923zETDmo=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquKHosevFYwX5Au5RsOtvGZpMlyQql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1RwY33/21tZXVvf2CxsFbd3dvf2SweHDaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh7bTefEJtuJIPdpRimNC+5DFn1Dqr0UEhupfdUtmv+DORZQhyKEOuWrf01ekpliUoLRPUmHbgpzYcU205EzgpdjKDKWVD2se2Q0kTNOF4tu2EnDqnR2Kl3ZOWzNzfE2OaGDNKIteZUDswi7Wp+V+tndn4OhxzmWYWJZt/FGeCWEWmp5Me18isGDmgTHO3K2EDqimzLqCiCyFYPHkZGueVwPH9Rbl6k8dRgGM4gTMI4AqqcAc1qAODR3iGV3jzlPfivXsf89YVL585gj/yPn8AOy6O4w==</latexit><latexit sha1_base64="6hUizxrdODloxGMnJe923zETDmo=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquKHosevFYwX5Au5RsOtvGZpMlyQql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1RwY33/21tZXVvf2CxsFbd3dvf2SweHDaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh7bTefEJtuJIPdpRimNC+5DFn1Dqr0UEhupfdUtmv+DORZQhyKEOuWrf01ekpliUoLRPUmHbgpzYcU205EzgpdjKDKWVD2se2Q0kTNOF4tu2EnDqnR2Kl3ZOWzNzfE2OaGDNKIteZUDswi7Wp+V+tndn4OhxzmWYWJZt/FGeCWEWmp5Me18isGDmgTHO3K2EDqimzLqCiCyFYPHkZGueVwPH9Rbl6k8dRgGM4gTMI4AqqcAc1qAODR3iGV3jzlPfivXsf89YVL585gj/yPn8AOy6O4w==</latexit><latexit sha1_base64="6hUizxrdODloxGMnJe923zETDmo=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquKHosevFYwX5Au5RsOtvGZpMlyQql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1RwY33/21tZXVvf2CxsFbd3dvf2SweHDaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh7bTefEJtuJIPdpRimNC+5DFn1Dqr0UEhupfdUtmv+DORZQhyKEOuWrf01ekpliUoLRPUmHbgpzYcU205EzgpdjKDKWVD2se2Q0kTNOF4tu2EnDqnR2Kl3ZOWzNzfE2OaGDNKIteZUDswi7Wp+V+tndn4OhxzmWYWJZt/FGeCWEWmp5Me18isGDmgTHO3K2EDqimzLqCiCyFYPHkZGueVwPH9Rbl6k8dRgGM4gTMI4AqqcAc1qAODR3iGV3jzlPfivXsf89YVL585gj/yPn8AOy6O4w==</latexit><latexit sha1_base64="6hUizxrdODloxGMnJe923zETDmo=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquKHosevFYwX5Au5RsOtvGZpMlyQql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1RwY33/21tZXVvf2CxsFbd3dvf2SweHDaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh7bTefEJtuJIPdpRimNC+5DFn1Dqr0UEhupfdUtmv+DORZQhyKEOuWrf01ekpliUoLRPUmHbgpzYcU205EzgpdjKDKWVD2se2Q0kTNOF4tu2EnDqnR2Kl3ZOWzNzfE2OaGDNKIteZUDswi7Wp+V+tndn4OhxzmWYWJZt/FGeCWEWmp5Me18isGDmgTHO3K2EDqimzLqCiCyFYPHkZGueVwPH9Rbl6k8dRgGM4gTMI4AqqcAc1qAODR3iGV3jzlPfivXsf89YVL585gj/yPn8AOy6O4w==</latexit>

`M�1
<latexit sha1_base64="HXiwsGwZ3UscZatlzB1+eU9sPz0=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YsXoYL9wDaUzXbSLt1swu5GKKH/wosHRbz6b7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lg9mnKAf0YHkIWfUWOuxi0L0srszb9IrV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezjSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjI9n/S5QmbE2AJlittdCRtSRZmxIZVsCN7iycvQPK96lu8vKrXrPI4iHMExnIIHl1CDW6hDAxhIeIZXeHO08+K8Ox/z1oKTzxzCHzmfPwUVkHk=</latexit><latexit sha1_base64="HXiwsGwZ3UscZatlzB1+eU9sPz0=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YsXoYL9wDaUzXbSLt1swu5GKKH/wosHRbz6b7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lg9mnKAf0YHkIWfUWOuxi0L0srszb9IrV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezjSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjI9n/S5QmbE2AJlittdCRtSRZmxIZVsCN7iycvQPK96lu8vKrXrPI4iHMExnIIHl1CDW6hDAxhIeIZXeHO08+K8Ox/z1oKTzxzCHzmfPwUVkHk=</latexit><latexit sha1_base64="HXiwsGwZ3UscZatlzB1+eU9sPz0=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YsXoYL9wDaUzXbSLt1swu5GKKH/wosHRbz6b7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lg9mnKAf0YHkIWfUWOuxi0L0srszb9IrV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezjSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjI9n/S5QmbE2AJlittdCRtSRZmxIZVsCN7iycvQPK96lu8vKrXrPI4iHMExnIIHl1CDW6hDAxhIeIZXeHO08+K8Ox/z1oKTzxzCHzmfPwUVkHk=</latexit><latexit sha1_base64="HXiwsGwZ3UscZatlzB1+eU9sPz0=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YsXoYL9wDaUzXbSLt1swu5GKKH/wosHRbz6b7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lg9mnKAf0YHkIWfUWOuxi0L0srszb9IrV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezjSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjI9n/S5QmbE2AJlittdCRtSRZmxIZVsCN7iycvQPK96lu8vKrXrPI4iHMExnIIHl1CDW6hDAxhIeIZXeHO08+K8Ox/z1oKTzxzCHzmfPwUVkHk=</latexit>

`M
<latexit sha1_base64="c+tsfLzjHrN9DB6VxUziM8fXTbY=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevEiVLAf0C4lm862sdlkSbJCKf0PXjwo4tX/481/Y9ruQVtfCDy8M0Nm3igV3Fjf//ZWVtfWNzYLW8Xtnd29/dLBYcOoTDOsMyWUbkXUoOAS65Zbga1UI00igc1oeDOtN59QG67kgx2lGCa0L3nMGbXOanRQiO5dt1T2K/5MZBmCHMqQq9YtfXV6imUJSssENaYd+KkNx1RbzgROip3MYErZkPax7VDSBE04nm07IafO6ZFYafekJTP398SYJsaMksh1JtQOzGJtav5Xa2c2vgrHXKaZRcnmH8WZIFaR6emkxzUyK0YOKNPc7UrYgGrKrAuo6EIIFk9ehsZ5JXB8f1GuXudxFOAYTuAMAriEKtxCDerA4BGe4RXePOW9eO/ex7x1xctnjuCPvM8fX46O+w==</latexit><latexit sha1_base64="c+tsfLzjHrN9DB6VxUziM8fXTbY=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevEiVLAf0C4lm862sdlkSbJCKf0PXjwo4tX/481/Y9ruQVtfCDy8M0Nm3igV3Fjf//ZWVtfWNzYLW8Xtnd29/dLBYcOoTDOsMyWUbkXUoOAS65Zbga1UI00igc1oeDOtN59QG67kgx2lGCa0L3nMGbXOanRQiO5dt1T2K/5MZBmCHMqQq9YtfXV6imUJSssENaYd+KkNx1RbzgROip3MYErZkPax7VDSBE04nm07IafO6ZFYafekJTP398SYJsaMksh1JtQOzGJtav5Xa2c2vgrHXKaZRcnmH8WZIFaR6emkxzUyK0YOKNPc7UrYgGrKrAuo6EIIFk9ehsZ5JXB8f1GuXudxFOAYTuAMAriEKtxCDerA4BGe4RXePOW9eO/ex7x1xctnjuCPvM8fX46O+w==</latexit><latexit sha1_base64="c+tsfLzjHrN9DB6VxUziM8fXTbY=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevEiVLAf0C4lm862sdlkSbJCKf0PXjwo4tX/481/Y9ruQVtfCDy8M0Nm3igV3Fjf//ZWVtfWNzYLW8Xtnd29/dLBYcOoTDOsMyWUbkXUoOAS65Zbga1UI00igc1oeDOtN59QG67kgx2lGCa0L3nMGbXOanRQiO5dt1T2K/5MZBmCHMqQq9YtfXV6imUJSssENaYd+KkNx1RbzgROip3MYErZkPax7VDSBE04nm07IafO6ZFYafekJTP398SYJsaMksh1JtQOzGJtav5Xa2c2vgrHXKaZRcnmH8WZIFaR6emkxzUyK0YOKNPc7UrYgGrKrAuo6EIIFk9ehsZ5JXB8f1GuXudxFOAYTuAMAriEKtxCDerA4BGe4RXePOW9eO/ex7x1xctnjuCPvM8fX46O+w==</latexit><latexit sha1_base64="c+tsfLzjHrN9DB6VxUziM8fXTbY=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevEiVLAf0C4lm862sdlkSbJCKf0PXjwo4tX/481/Y9ruQVtfCDy8M0Nm3igV3Fjf//ZWVtfWNzYLW8Xtnd29/dLBYcOoTDOsMyWUbkXUoOAS65Zbga1UI00igc1oeDOtN59QG67kgx2lGCa0L3nMGbXOanRQiO5dt1T2K/5MZBmCHMqQq9YtfXV6imUJSssENaYd+KkNx1RbzgROip3MYErZkPax7VDSBE04nm07IafO6ZFYafekJTP398SYJsaMksh1JtQOzGJtav5Xa2c2vgrHXKaZRcnmH8WZIFaR6emkxzUyK0YOKNPc7UrYgGrKrAuo6EIIFk9ehsZ5JXB8f1GuXudxFOAYTuAMAriEKtxCDerA4BGe4RXePOW9eO/ex7x1xctnjuCPvM8fX46O+w==</latexit>

(a) (b)

Figure 1: (a) An example Young tableau illustrating how the parameters
describing the brane embedding map to the representation of the Wilson sur-
face. (b) An illustration of how the Young tableaux for a representation and
its conjugate fit together. The upper polygon represents the Young tableau for
a representation (for concreteness I have chosen n = 3), and the lower polygon
is the tableau for the conjugate representation, rotated by ⇡. Together they
form a rectangle of width N1 and height M .

Here Ma is the number of M5-branes which have Na M2-branes ending on them. The
index a runes from 1 to n + 1, with Nn+1 = 0. These numbers are related to the Young
tableau of the representation of the Wilson surface operator in the dual field theory, as
depicted in figure 1a. The total numbers of M2- and M5-branes are given by

N =

nX

a=1

MaNa, M =

n+1X

a=1

Ma. (5.2)

The Young tableaux corresponding to a representation R and its conjugate R̄ fit together
to form a rectangle of with N1 and height M [12], as illustrated in figure 1b. The param-
eters of R̄ are given in terms of those of R by

M̄a = Mn+2�a, N̄a = N1 �Nn+2�a. (5.3)

A rectangular Young tableau corresponds to n = 1 (which implies N1 = N/M1 and
M2 = M �M1). In this case, the central charge (5.1) simplifies to

c =
24

5

N1M1(M �M1)(M �N1/8)

M
. (5.4)

This central charge is manifestly invariant underM1 ! M�M1, corresponding to replacing
the representation with its complex conjugate.
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Figure 3. Extracting the same Young tableau from our two different parametrizations of an ordered

partition ρ. (a) The parametrization ρ = {`1, `2, `3, . . .} with `1 ≥ `2 ≥ `3 . . ., where each `q gives

the number of boxes in the qth row of the Young tableau, with 1 ≤ q ≤M . In the figure we assumed

all the `q are non-zero. (b) The parametrization of eq. (2.17), where M1 is the number of rows with

N1 boxes, M2 is the number of rows with N2 < N1 boxes, and so on. In physical terms, in the

Young tableau each box represents an M2-brane and each row represents an M5-brane.

As mentioned above, the asymptotically locally AdS4 × S7 solutions are also fully

characterized by a partition ρ of N . Crucially, however, the partition ρ will have only

non-zero entries, as we explain below. In particular, in the parametrization by {Na} and

{Ma} we will not have a value for Mn+1. Eq. (2.18) will thus give us N but not M . Of

course, generically the Ma with a < n + 1 will be non-zero, so we know M must be non-

zero, but we will not be able to fix its value. In the parametrization ρ = {`1, `2, `3, . . .}
all the `q will be non-zero, and the total number N will still be a sum of the `q as in

eq. (2.16), though the upper limit of the sum will be
∑n

a=1Ma < M . In a similar fashion,

the asymptotically locally AdS4 × S7 solutions will have M ′ 6= 0 whose value we will not

be able to fix. Without M or M ′ we will not be able to identify gauge algebras u(M) or

u(M ′). The partition ρ will still specify a Young tableau, as described above, but without

an algebra we will not be able to identify a representation R with the Young tableau.

2.3.1 Asymptotically locally AdS7 × S4 solutions

In the asymoptotically locally AdS7 × S4 solutions reviewed in section 2.1, no explicit

M2- or M5-brane sources appear in the 11d SUGRA equations. However, the solutions

have non-zero flux of the 11d SUGRA 4- or 7-form wrapping closed, non-contractible 4-

or 7-cycles, respectively. Presumably the M2- and M5-branes have been replaced by these

fluxes, or “dissolved into flux,” similar to how D3-branes are replaced by five-form flux in

the AdS5 × S5 solution of type IIB SUGRA (i.e. how open string degrees of freedom are
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⇠2
<latexit sha1_base64="W8iUL/aqBY3A4S7G5F3poU2BGEQ=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmu2mXbjZhdyKW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8e2s3n7k2ohEPeAk5UFMh0pEglG0lt97Ev16v1J1a+5cZBW8AqpQqNmvfPUGCctirpBJakzXc1MMcqpRMMmn5V5meErZmA5516KiMTdBPl92Ss6tMyBRou1TSObu74mcxsZM4tB2xhRHZrk2M/+rdTOMroNcqDRDrtjioyiTBBMyu5wMhOYM5cQCZVrYXQkbUU0Z2nzKNgRv+eRVaNVrnuX7y2rjpoijBKdwBhfgwRU04A6a4AMDAc/wCm+Ocl6cd+dj0brmFDMn8EfO5w+EZY56</latexit><latexit sha1_base64="W8iUL/aqBY3A4S7G5F3poU2BGEQ=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmu2mXbjZhdyKW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8e2s3n7k2ohEPeAk5UFMh0pEglG0lt97Ev16v1J1a+5cZBW8AqpQqNmvfPUGCctirpBJakzXc1MMcqpRMMmn5V5meErZmA5516KiMTdBPl92Ss6tMyBRou1TSObu74mcxsZM4tB2xhRHZrk2M/+rdTOMroNcqDRDrtjioyiTBBMyu5wMhOYM5cQCZVrYXQkbUU0Z2nzKNgRv+eRVaNVrnuX7y2rjpoijBKdwBhfgwRU04A6a4AMDAc/wCm+Ocl6cd+dj0brmFDMn8EfO5w+EZY56</latexit><latexit sha1_base64="W8iUL/aqBY3A4S7G5F3poU2BGEQ=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmu2mXbjZhdyKW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8e2s3n7k2ohEPeAk5UFMh0pEglG0lt97Ev16v1J1a+5cZBW8AqpQqNmvfPUGCctirpBJakzXc1MMcqpRMMmn5V5meErZmA5516KiMTdBPl92Ss6tMyBRou1TSObu74mcxsZM4tB2xhRHZrk2M/+rdTOMroNcqDRDrtjioyiTBBMyu5wMhOYM5cQCZVrYXQkbUU0Z2nzKNgRv+eRVaNVrnuX7y2rjpoijBKdwBhfgwRU04A6a4AMDAc/wCm+Ocl6cd+dj0brmFDMn8EfO5w+EZY56</latexit><latexit sha1_base64="W8iUL/aqBY3A4S7G5F3poU2BGEQ=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmu2mXbjZhdyKW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8e2s3n7k2ohEPeAk5UFMh0pEglG0lt97Ev16v1J1a+5cZBW8AqpQqNmvfPUGCctirpBJakzXc1MMcqpRMMmn5V5meErZmA5516KiMTdBPl92Ss6tMyBRou1TSObu74mcxsZM4tB2xhRHZrk2M/+rdTOMroNcqDRDrtjioyiTBBMyu5wMhOYM5cQCZVrYXQkbUU0Z2nzKNgRv+eRVaNVrnuX7y2rjpoijBKdwBhfgwRU04A6a4AMDAc/wCm+Ocl6cd+dj0brmFDMn8EfO5w+EZY56</latexit>

⇠3
<latexit sha1_base64="eEX6zHtZCPFU+Ea9nHejMRri9V4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxgqmFNpTNdtMu3WzC7kQsob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aJkk04z7LJGJbofUcCkU91Gg5O1UcxqHkj+Eo5tp/eGRayMSdY/jlAcxHSgRCUbRWn73SfTOe9WaW3dnIsvgFVCDQs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKRnTAOxYVjbkJ8tmyE3JinT6JEm2fQjJzf0/kNDZmHIe2M6Y4NIu1qflfrZNhdBXkQqUZcsXmH0WZJJiQ6eWkLzRnKMcWKNPC7krYkGrK0OZTsSF4iycvQ+us7lm+u6g1ros4ynAEx3AKHlxCA26hCT4wEPAMr/DmKOfFeXc+5q0lp5g5hD9yPn8AhemOew==</latexit><latexit sha1_base64="eEX6zHtZCPFU+Ea9nHejMRri9V4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxgqmFNpTNdtMu3WzC7kQsob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aJkk04z7LJGJbofUcCkU91Gg5O1UcxqHkj+Eo5tp/eGRayMSdY/jlAcxHSgRCUbRWn73SfTOe9WaW3dnIsvgFVCDQs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKRnTAOxYVjbkJ8tmyE3JinT6JEm2fQjJzf0/kNDZmHIe2M6Y4NIu1qflfrZNhdBXkQqUZcsXmH0WZJJiQ6eWkLzRnKMcWKNPC7krYkGrK0OZTsSF4iycvQ+us7lm+u6g1ros4ynAEx3AKHlxCA26hCT4wEPAMr/DmKOfFeXc+5q0lp5g5hD9yPn8AhemOew==</latexit><latexit sha1_base64="eEX6zHtZCPFU+Ea9nHejMRri9V4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxgqmFNpTNdtMu3WzC7kQsob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aJkk04z7LJGJbofUcCkU91Gg5O1UcxqHkj+Eo5tp/eGRayMSdY/jlAcxHSgRCUbRWn73SfTOe9WaW3dnIsvgFVCDQs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKRnTAOxYVjbkJ8tmyE3JinT6JEm2fQjJzf0/kNDZmHIe2M6Y4NIu1qflfrZNhdBXkQqUZcsXmH0WZJJiQ6eWkLzRnKMcWKNPC7krYkGrK0OZTsSF4iycvQ+us7lm+u6g1ros4ynAEx3AKHlxCA26hCT4wEPAMr/DmKOfFeXc+5q0lp5g5hD9yPn8AhemOew==</latexit><latexit sha1_base64="eEX6zHtZCPFU+Ea9nHejMRri9V4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxgqmFNpTNdtMu3WzC7kQsob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aJkk04z7LJGJbofUcCkU91Gg5O1UcxqHkj+Eo5tp/eGRayMSdY/jlAcxHSgRCUbRWn73SfTOe9WaW3dnIsvgFVCDQs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKRnTAOxYVjbkJ8tmyE3JinT6JEm2fQjJzf0/kNDZmHIe2M6Y4NIu1qflfrZNhdBXkQqUZcsXmH0WZJJiQ6eWkLzRnKMcWKNPC7krYkGrK0OZTsSF4iycvQ+us7lm+u6g1ros4ynAEx3AKHlxCA26hCT4wEPAMr/DmKOfFeXc+5q0lp5g5hD9yPn8AhemOew==</latexit>

⇠4
<latexit sha1_base64="FbNJ+k21EGN1idF9vDEzIhJCFFY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLb/3JPqX/WrNrbtzkVXwCqhBoWa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXYuKxtwE+XzZKTmzzoBEibZPIZm7vydyGhsziUPbGVMcmeXazPyv1s0wug5yodIMuWKLj6JMEkzI7HIyEJozlBMLlGlhdyVsRDVlaPOp2BC85ZNXoXVR9yzfX9YaN0UcZTiBUzgHD66gAXfQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx85nz+HbY58</latexit><latexit sha1_base64="FbNJ+k21EGN1idF9vDEzIhJCFFY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLb/3JPqX/WrNrbtzkVXwCqhBoWa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXYuKxtwE+XzZKTmzzoBEibZPIZm7vydyGhsziUPbGVMcmeXazPyv1s0wug5yodIMuWKLj6JMEkzI7HIyEJozlBMLlGlhdyVsRDVlaPOp2BC85ZNXoXVR9yzfX9YaN0UcZTiBUzgHD66gAXfQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx85nz+HbY58</latexit><latexit sha1_base64="FbNJ+k21EGN1idF9vDEzIhJCFFY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLb/3JPqX/WrNrbtzkVXwCqhBoWa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXYuKxtwE+XzZKTmzzoBEibZPIZm7vydyGhsziUPbGVMcmeXazPyv1s0wug5yodIMuWKLj6JMEkzI7HIyEJozlBMLlGlhdyVsRDVlaPOp2BC85ZNXoXVR9yzfX9YaN0UcZTiBUzgHD66gAXfQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx85nz+HbY58</latexit><latexit sha1_base64="FbNJ+k21EGN1idF9vDEzIhJCFFY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLb/3JPqX/WrNrbtzkVXwCqhBoWa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXYuKxtwE+XzZKTmzzoBEibZPIZm7vydyGhsziUPbGVMcmeXazPyv1s0wug5yodIMuWKLj6JMEkzI7HIyEJozlBMLlGlhdyVsRDVlaPOp2BC85ZNXoXVR9yzfX9YaN0UcZTiBUzgHD66gAXfQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx85nz+HbY58</latexit>

C0
1

<latexit sha1_base64="hlgry+IqTkShO5k+l3cPAFsJhmo=">AAAB9HicdZDLSgMxFIYz9VbrrerSTbCIrkpSxLa7YjcuK9gLtEPJpJk2NJMZk0yhDPMcblwo4taHcefbmGkrqOiBwMf/n8M5+b1IcG0Q+nBya+sbm1v57cLO7t7+QfHwqKPDWFHWpqEIVc8jmgkuWdtwI1gvUowEnmBdb9rM/O6MKc1DeWfmEXMDMpbc55QYK7nJgBIBm+kwwen5sFhCZYQQxhhmgKtXyEK9XqvgGsSZZasEVtUaFt8Ho5DGAZOGCqJ1H6PIuAlRhlPB0sIg1iwidErGrG9RkoBpN1kcncIzq4ygHyr7pIEL9ftEQgKt54FnOwNiJvq3l4l/ef3Y+DU34TKKDZN0uciPBTQhzBKAI64YNWJugVDF7a2QTogi1NicCjaEr5/C/6FTKWPLt5elxvUqjjw4AafgAmBQBQ1wA1qgDSi4Bw/gCTw7M+fReXFel605ZzVzDH6U8/YJSXKRyA==</latexit><latexit sha1_base64="hlgry+IqTkShO5k+l3cPAFsJhmo=">AAAB9HicdZDLSgMxFIYz9VbrrerSTbCIrkpSxLa7YjcuK9gLtEPJpJk2NJMZk0yhDPMcblwo4taHcefbmGkrqOiBwMf/n8M5+b1IcG0Q+nBya+sbm1v57cLO7t7+QfHwqKPDWFHWpqEIVc8jmgkuWdtwI1gvUowEnmBdb9rM/O6MKc1DeWfmEXMDMpbc55QYK7nJgBIBm+kwwen5sFhCZYQQxhhmgKtXyEK9XqvgGsSZZasEVtUaFt8Ho5DGAZOGCqJ1H6PIuAlRhlPB0sIg1iwidErGrG9RkoBpN1kcncIzq4ygHyr7pIEL9ftEQgKt54FnOwNiJvq3l4l/ef3Y+DU34TKKDZN0uciPBTQhzBKAI64YNWJugVDF7a2QTogi1NicCjaEr5/C/6FTKWPLt5elxvUqjjw4AafgAmBQBQ1wA1qgDSi4Bw/gCTw7M+fReXFel605ZzVzDH6U8/YJSXKRyA==</latexit><latexit sha1_base64="hlgry+IqTkShO5k+l3cPAFsJhmo=">AAAB9HicdZDLSgMxFIYz9VbrrerSTbCIrkpSxLa7YjcuK9gLtEPJpJk2NJMZk0yhDPMcblwo4taHcefbmGkrqOiBwMf/n8M5+b1IcG0Q+nBya+sbm1v57cLO7t7+QfHwqKPDWFHWpqEIVc8jmgkuWdtwI1gvUowEnmBdb9rM/O6MKc1DeWfmEXMDMpbc55QYK7nJgBIBm+kwwen5sFhCZYQQxhhmgKtXyEK9XqvgGsSZZasEVtUaFt8Ho5DGAZOGCqJ1H6PIuAlRhlPB0sIg1iwidErGrG9RkoBpN1kcncIzq4ygHyr7pIEL9ftEQgKt54FnOwNiJvq3l4l/ef3Y+DU34TKKDZN0uciPBTQhzBKAI64YNWJugVDF7a2QTogi1NicCjaEr5/C/6FTKWPLt5elxvUqjjw4AafgAmBQBQ1wA1qgDSi4Bw/gCTw7M+fReXFel605ZzVzDH6U8/YJSXKRyA==</latexit><latexit sha1_base64="hlgry+IqTkShO5k+l3cPAFsJhmo=">AAAB9HicdZDLSgMxFIYz9VbrrerSTbCIrkpSxLa7YjcuK9gLtEPJpJk2NJMZk0yhDPMcblwo4taHcefbmGkrqOiBwMf/n8M5+b1IcG0Q+nBya+sbm1v57cLO7t7+QfHwqKPDWFHWpqEIVc8jmgkuWdtwI1gvUowEnmBdb9rM/O6MKc1DeWfmEXMDMpbc55QYK7nJgBIBm+kwwen5sFhCZYQQxhhmgKtXyEK9XqvgGsSZZasEVtUaFt8Ho5DGAZOGCqJ1H6PIuAlRhlPB0sIg1iwidErGrG9RkoBpN1kcncIzq4ygHyr7pIEL9ftEQgKt54FnOwNiJvq3l4l/ef3Y+DU34TKKDZN0uciPBTQhzBKAI64YNWJugVDF7a2QTogi1NicCjaEr5/C/6FTKWPLt5elxvUqjjw4AafgAmBQBQ1wA1qgDSi4Bw/gCTw7M+fReXFel605ZzVzDH6U8/YJSXKRyA==</latexit>

C2
<latexit sha1_base64="OAFZJCN+XLpgg2n30ji9GdeuZdM=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0liaOut2IvHCtYWmlA22027dPPB7kYoIX/DiwdFvPpnvPlv3LQVVPTBwOO9GWbm+QlnUpnmh1FaW9/Y3CpvV3Z29/YPqodHdzJOBaE9EvNYDHwsKWcR7SmmOB0kguLQ57TvzzqF37+nQrI4ulXzhHohnkQsYAQrLbmZSzBHnXyU2fmoWjPrl62G7TSQWTfNpmVbBbGbzoWDLK0UqMEK3VH13R3HJA1ppAjHUg4tM1FehoVihNO84qaSJpjM8IQONY1wSKWXLW7O0ZlWxiiIha5IoYX6fSLDoZTz0NedIVZT+dsrxL+8YaqClpexKEkVjchyUZBypGJUBIDGTFCi+FwTTATTtyIyxQITpWOq6BC+PkX/kzu7bml+49TaV6s4ynACp3AOFjShDdfQhR4QSOABnuDZSI1H48V4XbaWjNXMMfyA8fYJ+XyRpA==</latexit><latexit sha1_base64="OAFZJCN+XLpgg2n30ji9GdeuZdM=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0liaOut2IvHCtYWmlA22027dPPB7kYoIX/DiwdFvPpnvPlv3LQVVPTBwOO9GWbm+QlnUpnmh1FaW9/Y3CpvV3Z29/YPqodHdzJOBaE9EvNYDHwsKWcR7SmmOB0kguLQ57TvzzqF37+nQrI4ulXzhHohnkQsYAQrLbmZSzBHnXyU2fmoWjPrl62G7TSQWTfNpmVbBbGbzoWDLK0UqMEK3VH13R3HJA1ppAjHUg4tM1FehoVihNO84qaSJpjM8IQONY1wSKWXLW7O0ZlWxiiIha5IoYX6fSLDoZTz0NedIVZT+dsrxL+8YaqClpexKEkVjchyUZBypGJUBIDGTFCi+FwTTATTtyIyxQITpWOq6BC+PkX/kzu7bml+49TaV6s4ynACp3AOFjShDdfQhR4QSOABnuDZSI1H48V4XbaWjNXMMfyA8fYJ+XyRpA==</latexit><latexit sha1_base64="OAFZJCN+XLpgg2n30ji9GdeuZdM=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0liaOut2IvHCtYWmlA22027dPPB7kYoIX/DiwdFvPpnvPlv3LQVVPTBwOO9GWbm+QlnUpnmh1FaW9/Y3CpvV3Z29/YPqodHdzJOBaE9EvNYDHwsKWcR7SmmOB0kguLQ57TvzzqF37+nQrI4ulXzhHohnkQsYAQrLbmZSzBHnXyU2fmoWjPrl62G7TSQWTfNpmVbBbGbzoWDLK0UqMEK3VH13R3HJA1ppAjHUg4tM1FehoVihNO84qaSJpjM8IQONY1wSKWXLW7O0ZlWxiiIha5IoYX6fSLDoZTz0NedIVZT+dsrxL+8YaqClpexKEkVjchyUZBypGJUBIDGTFCi+FwTTATTtyIyxQITpWOq6BC+PkX/kzu7bml+49TaV6s4ynACp3AOFjShDdfQhR4QSOABnuDZSI1H48V4XbaWjNXMMfyA8fYJ+XyRpA==</latexit><latexit sha1_base64="OAFZJCN+XLpgg2n30ji9GdeuZdM=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0liaOut2IvHCtYWmlA22027dPPB7kYoIX/DiwdFvPpnvPlv3LQVVPTBwOO9GWbm+QlnUpnmh1FaW9/Y3CpvV3Z29/YPqodHdzJOBaE9EvNYDHwsKWcR7SmmOB0kguLQ57TvzzqF37+nQrI4ulXzhHohnkQsYAQrLbmZSzBHnXyU2fmoWjPrl62G7TSQWTfNpmVbBbGbzoWDLK0UqMEK3VH13R3HJA1ppAjHUg4tM1FehoVihNO84qaSJpjM8IQONY1wSKWXLW7O0ZlWxiiIha5IoYX6fSLDoZTz0NedIVZT+dsrxL+8YaqClpexKEkVjchyUZBypGJUBIDGTFCi+FwTTATTtyIyxQITpWOq6BC+PkX/kzu7bml+49TaV6s4ynACp3AOFjShDdfQhR4QSOABnuDZSI1H48V4XbaWjNXMMfyA8fYJ+XyRpA==</latexit>
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Figure 4. Sketch of the upper-half complex w plane for the asymptotically locally AdS7 × S4

solutions with metric in eq. (2.1) with the h and G of eq. (2.6). We show an example in which

G has four branch points on the Re (w) axis, ξ1, ξ2, ξ3, ξ4. The geometry has two S3’s. On the

Re (w) axis, in each red segment one of these S3’s collapses to a point while the other does not,

while in each blue segment the behavior of the two S3’s is switched. The geometry thus has three

non-contractible 4-cycles, C1, C′1, and C2. The 4-cycle C3 = C1 + C2 can be continuously deformed

to r → ∞, and indeed, in that region becomes the S4 of the asymptotically locally AdS7 × S4

region. Taking the product of a non-contractible 4-cycle in which one S3 collapses with the S3

that does not collapse defines a non-contractible 7-cycle. Each pair of branch points thus defines a

non-contractible 4- and 7-cycle.

replaced by closed string degrees of freedom). As explained in ref. [26], from these fluxes we

can recover an ordered partition ρ and hence a Wilson surface representation R, as follows.

How do we identify closed, non-contractible 4- and 7-cycles in the geometry eq. (2.1)

with the h and G of eq. (2.6)? As an example, figure 4 shows the upper-half complex w

plane for n = 1, that is, with 2n + 2 = 4 branch points on the Re (w) axis, ξ1, ξ2, ξ3,

ξ4. Figure 4 also shows that geometry’s three independent non-contractible 4-cycles, the

curves C1, C′1, and C2, and a single, non-independent 4-cycle, C3, obeying C3 = C1 + C2.
However, unlike the other 4-cycles, C3 can be continuously deformed to r →∞.

To see why the curves C1, C′1, and C2 determine closed, non-contractible 4-cycles, recall

from section 2 that the geometry has two S3’s, and that regularity requires h = 0 and

G = ±i on the Re (w) axis. At each point on the Re (w) axis one of the two S3’s collapses

to a point, while the other does not. Specifically, from eqs. (2.1), (2.4), and (2.5) we see

that h = 0 and G = +i implies f2 = 0 while f3 6= 0, and so one S3 collapses to a point while

the other does not. Conversely, h = 0 and G = −i implies f2 6= 0 and f3 = 0 interchanging

the behavior of the two S3’s. When we cross a branch point ξj , G flips sign from G = ±i
to G = ∓i, which implies that different S3’s collapse to a point on the two sides of ξj . As a

result, any curve in the upper-half complex w plane that begins on the Re (w) axis, jumps

over two branch points, and then ends on the Re (w) axis, when combined with the S3 that

collapses at the curve’s endpoints, forms a closed, non-contractible 4-cycle. In contrast,

a curve jumping over an odd number of branch points does not define a closed 4-cycle.
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Each closed, non-contractible 4-cycle also defines a closed, non-contractible 7-cycle: given

a 4-cycle in which one S3 collapses, simply take the product with the S3 that does not

collapse. In short, every consecutive pair of branch points defines a closed, non-contractible

4-cycle and 7-cycle.6

As mentioned above, in figure 4 the 4-cycle C3 can be decomposed as C3 = C1 + C2,
and can be continuously deformed to r → ∞. As mentioned below eq. (2.9), fixing u

and sending r →∞ takes us to the asymptotic AdS7×S4 boundary a distance u from the

defect, and so we identify the 4-cycle at r →∞ as the S4 of the asymptotic local AdS7×S4.

The total number of non-contractible 4-cycles in these geometries is 2n + 1, i.e. the

number of branch points minus one. The number of non-contractible cycles thus matches

the number of free parameters in the solution: as mentioned in section 2.1, we can fix one

of the 2n+ 2 branch points using translations, leaving 2n+ 1 free parameters.

Integrating F4 over a non-contractible 4-cycle yields a charge that we interpret as a

number of dissolved M5- or M5′-branes. We will not write the explicit form for F4, which

appears in ref. [26], but we will need the explicit forms for these charges in terms of the

locations of branch points ξj . In the upper-half complex w plane and starting from the

left-most cycle, let Ca, with a = 1, 2, . . . , n + 1, denote the independent non-contractible

4-cycles all involving the same collapsing S3. In the n = 1 example above these are the

4-cycles C1 and C2. Anticipating their role in a partition ρ, we refer to the integrals of the

4-form flux over Ca as Ma, i.e.

Ma ≡
1

2(4π2GN)1/3

∫

Ca
F4, (2.20)

with GN the 11d Newton’s constant. For γ ∈ (−1, 0), Ma turns out to be proportional to

(minus) the distance between two consecutive branch points [26]:7

Ma = − 1

c31

(1 + γ)3

γ

(2π)4/3

G
1/3
N

(ξ2a − ξ2a−1) . (2.21)

We have chosen an orientation so that for positive c1 and γ ∈ (−1, 0), the Ma are positive.

In the upper-half complex w plane and starting from the left-most cycle, let C′b, with

b = 1, 2, . . . , n, denote the independent non-contractible 4-cycles that all involve the same

collapsing S3 orthogonal to the S3 that collapses in the Ca cycles. In the n = 1 example

above, this is the 4-cycle C′1. Since the S3 that collapses in the C′b is orthogonal to that of

the Ca, we refer to the integral of the 4-form flux over C′b as M5′-brane charge, which we

denote M ′b. We define M ′b with the same conventions as eq. (2.20). For γ ∈ (−1, 0), M ′b also

turns out to be proportional to the distance between two consecutive branch points [26],

M ′b =
1

c31

(1 + γ)3

γ2
(2π)4/3

G
1/3
N

(ξ2b+1 − ξ2b) . (2.22)

6A word of caution: in ref. [26] the notation Ca refers only to a curve in the upper-half w plane, while

in this paper it refers to a 4-cycle, i.e. the curve times the S3 that collapses at the curve’s endpoints.

Correspondingly, in this paper a 7-cycle will be denoted Ca × S3.
7As mentioned below eq. (2.5), these solutions are invariant under simultaneous re-scaling of c1 and

h = −i(w − w). Re-scaling h clearly means re-scaling w and hence the branch points ξj . As a result, the

charges Ma, M ′b, and Na in eqs. (2.21), (2.22), and (2.26), respectively, are invariant under the re-scaling.
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Again, we have chosen the orientation so that for positive c1 and γ ∈ (−1, 0), the M ′b are

positive. Such M5′-brane charge presumably arises from brane polarization, a.k.a. the

Myers effect [57]: the M2-branes source C3 in a background with non-zero F4 from the M5-

branes, so that the Wess-Zumino (WZ) term ∝
∫
C3 ∧ F4 ∧ F4 in the 11d SUGRA action

produces non-trivial F4 flux orthogonal to that of the M5-branes, i.e. M5′-brane flux.8

The 4-cycle at r → ∞ identified as the S4 in the asymptotically locally AdS7 × S4

region can be decomposed as
∑n+1

a=1 Ca. Correspondingly, the 4-form flux through that cycle

determines the total number of M5-branes, M =
∑n+1

a=1 Ma. Using eq. (2.21), we can relate

M to the coefficient m1 defined in the Legendre polynomial expansion of eq. (2.7),

m1 ≡
n+1∑

a=1

(ξ2a − ξ2a−1) = −c31
γ

(1 + γ)3
G

1/3
N

(2π)4/3
M. (2.23)

Plugging eq. (2.23) into eq. (2.10) we thus recover the usual relation between M and the

radius LS4 of the asymptotic S4,

L3
S4 = − 1

c31

(1 + γ)3

γ
m1 =

G
1/3
N

(2π)4/3
M. (2.24)

In contrast to the 4-form flux, the integrated 7-form flux, which we interpret as the

number of dissolved M2-branes, is ambiguous: due to the WZ term ∝
∫
C3 ∧ F4 ∧ F4

in the 11d SUGRA action, when F4 6= 0 we cannot define 7-form flux that is simulta-

neously local, conserved, quantized, and invariant under large gauge transformations of

C3 [59]. At best we can define 7-form flux that has three of these properties but not the

fourth. Following ref. [26] we will use the 7-form flux that gives the Page charge, which

is local, conserved, and quantized, but not gauge invariant. Explicitly, we will integrate

?11dF4 + 1
2C3 ∧ F4 over a closed, non-contractible 7-cycle, where the C3 ∧ F4 term comes

from the WZ term, and clearly produces a M2-brane charge that is not invariant under

large gauge transformations of C3.

With that choice, to extract a fixed value of M2-brane charge we must fix a gauge of

C3, which we do as follows. In the solutions of ref. [26], C3 can be written as a sum of

three terms, one with legs along AdS3, and two with legs along the two S3’s, respectively.

Let C ′3 denote the term with legs along the S3 that collapses in a 4-cycle C′b but not in a

4-cycle Ca. To gauge-fix, we demand that C ′3 = 0 when the S3 collapses at one endpoint

of one of the C′b.9 Since the geometry has n 4-cycles C′b, each with two endpoints, we have

n + 1 choices of such endpoints, namely the left end-point of each 4-cycle plus the right

endpoint of the right-most 4-cycle. For any such choice, in the solutions of ref. [26] the

M2-brane charges are ordered from smallest to largest as we move from left to right in the

upper-half complex w plane, but generically include negative values. Of the n + 1 gauge

8The presence of M5′-branes is also related to the fact that totally anti-symmetric representations can

be described by a probe M5′-brane in AdS7 × S4, wrapping AdS3 ∈ AdS7 and S3 ∈ S7 [58].
9Regularity demands that C3 vanish whenever it wraps a vanishing cycle, so our gauge choice simply

enforces regularity. However, due to the presence of M5-branes we can make C3 well defined only on a

patch. The entire geometry can be covered with n+ 1 patches corresponding to n+ 1 gauge choices.
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choices for C ′3, only one allows for the M2-brane charges to be all positive: choosing C ′3 = 0

at the right endpoint of C′n produces all positive M2-brane charges, with the right-most

M2-brane charge vanishing. To see why, deform all the Ca to lie along the real axis and

note that ?11dF4 vanishes along the real axis since it wraps a vanishing 7-cycle. The only

contribution then comes from the WZ contribution C3 ∧ F4. Since we have set C ′3 = 0

along the cycle Cn+1, the WZ contribution also vanishes along this cycle.

With C3 gauge-fixed, and anticipating their role in a partition ρ, we denote the integrals

of 7-form flux through Ca as MaNa, which we interpret as the total number of M2-branes

ending on the M5-branes associated with Ca,10

MaNa =
1

4(4π2GN)2/3

∫

Ca×S3

C ′3 ∧ F4. (2.25)

For the solutions in ref. [26], and using eq. (2.22), Na turns out to be the sum of M5′-brane

fluxes on all 4-cycles from C′a to C′n,

Na =

n∑

b=a

M ′b =
1

c31

(1 + γ)3

γ2
(2π)4/3

G
1/3
N

n∑

b=a

(ξ2b+1 − ξ2b) , (2.26)

and where the vanishing of the right-most 7-form flux implies Nn+1 = 0.

Validity of the SUGRA approximation requires curvatures to be small compared to

the Planck scale. This requires the branch points (ξ2b, ξ2b+1) to be far apart for all b, and

therefore Na � Na+1 for all a, and also Nn � 1 (recall the Na are ordered). However,

with AdS7 × S4 asymptotics, when the Na are of order unity the system should be well-

described by probe branes. Taking the probe limit in our results for b6d indeed reproduces

calculations using probe branes, so our results seem to apply over a wider regime than

might be expected. Similar statements about the range of validity of our results apply to

what follows (i.e. the N ′b in eq. (2.31)).

The total number of dissolved M2-branes is the sum of 7-form fluxes of all the Ca,
N =

∑n
a=1MaNa. Eq. (2.26) shows that the 7-form fluxes through the non-contractible

7-cycles is fixed by 4-form fluxes, and hence are not independent parameters. The total

number of free parameters thus remains 2n+ 1, though we have a choice to package some

of them as either the M ′b or the Na. In what follows we will choose the latter.

In short, eqs. (2.21) and (2.26) allow us to extract the 2n + 1 free parameters of a

partition ρ, namely the sets of n distinct non-zero integers {Na} and the n + 1 distinct

degeneracies {Ma}, from the 2n + 1 free parameters, i.e. the branch points ξj , of the

asymptotically locally AdS7 × S4 solutions. We therefore identify the same partition ρ

determining the brane intersection, the 11d SUGRA solution, and the Wilson surface’s

representation R.

For a Wilson line in Yang-Mills theory all observables are invariant under the combined

operations of complex conjugation of the representation, R → R, and orientation reversal

of the Wilson line. We expect the same to be true for a Wilson surface in the M5-brane

theory. Indeed, we can demonstrate that these combined operations can be realized in

10Our MaNa in eq. (2.25) was defined as Na in ref. [26].
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these 11d SUGRA solutions by the combined operations of a gauge transformation of C3,

which produces all negative M2-brane charges, followed by an orientation reversal of the

7-cycles, which flips the M2-brane charges back to being positive.

To implement these combined operations in the geometry, we start with a geometry

parametrized by a partition ρ corresponding to a representation R. We perform the unique

gauge transformation of C ′3 that makes all the M2-brane charges negative, namely requiring

C ′3 = 0 at the left endpoint of C1. Under this gauge transformation, the Na are all shifted as

Na → Na−N1. The shifted Na are thus all negative, and of course the shifted N1 vanishes.

To obtain positive M2-brane charges we reverse the orientation of the 7-cycles, thereby

flipping the signs of the shifted Na. We can do so for example by reversing the orientation

of the two S3’s and the direction of integration in the upper-half w plane (reversing the

arrows in figure 4). Finally, it is convenient, but not necessary, to make the coordinate

transformation Re (w)→ −Re (w). This yields a geometry parametrized by a set of branch

points ξcj ≡ ξ2n+3−j in the same gauge we defined above eq. (2.26). Computing the M5-

and M2-brane charges via eqs. (2.21) and (2.26), respectively, then reveals that the charges

have been shifted as Ma →Mn+2−a and Na → N1−N2+n−a. From eq. (2.19) we recognize

this shift as complex conjugation of the representation, R → R.

Crucially, the geometry is invariant under these combined operations. As we review in

section 3, the CFT’s EE is proportional to the area of a minimal surface in the dual geom-

etry [60–62] (eq. (3.1) below). That surface only “knows” about the geometry, and hence

is invariant under any operations that leave the geometry invariant. Indeed, our results for

EE, and in particular b6d, are invariant under R → R, as mentioned below eq. (1.1).

The operations leading to complex conjugation in these 11d SUGRA solutions have a

simple interpretation in the corresponding brane intersection, as Hanany-Witten moves [63].

As a simple example, consider a brane intersection of the type in figures 1 and 2, with N

M2-branes ending on N distinct M5-branes (out of the M total number of M5-branes), pro-

ducing a totally anti-symmetric representation of rank N . Imagine we move an M5′-brane

from infinity on the left to a finite value of x2, to the left of the M5-branes. If we send this

M5′-brane to infinity on the right, then when the M5′-brane passes through the stack of

M5-branes the N M2-branes will be destroyed and M −N anti-M2-branes will be created

between the M5′-brane and each M5-brane that did not have an M2-brane ending on it. An

orientation reversal x2 → −x2 then maps the anti-M2-branes to M2-branes, while the M5-

and M5′-branes are not mapped to anti-branes. Clearly the total number of M2-branes

is ambiguous, as in the 11d SUGRA solutions above. Moreover, such a Hanany-Witten

move clearly corresponds to complex conjugation of the representation, which for a totally

anti-symmetric representation of rank N indeed acts as N →M −N .

2.3.2 Asymptotically locally AdS4 × S7 solutions

Similar to the asymptotically locally AdS7 × S4 solutions, in the asymptotically locally

AdS4 × S7 solutions reviewed in section 2.2 no explicit M2- or M5-brane sources appear.

However the solution does have non-zero 4- and 7-form fluxes supported on non-contractible

4- and 7-cycles, respectively, representing dissolved M2-, M5-, and M5′-branes. We can ex-

tract an ordered partition ρ from these fluxes in a fashion very similar to the asymptotically

locally AdS7 × S4 solutions in section 2.3.1.
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w
<latexit sha1_base64="sGagZRpsBDQQXLOTtGoRB0Vi9Sc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1SQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5LeM+w==</latexit><latexit sha1_base64="sGagZRpsBDQQXLOTtGoRB0Vi9Sc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1SQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5LeM+w==</latexit><latexit sha1_base64="sGagZRpsBDQQXLOTtGoRB0Vi9Sc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1SQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5LeM+w==</latexit><latexit sha1_base64="sGagZRpsBDQQXLOTtGoRB0Vi9Sc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1SQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5LeM+w==</latexit>

⇠1
<latexit sha1_base64="xMa2q6MHPQYwrP8VkRrEnnZN4T0=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLb/3JPpev1pz6+5cZBW8AmpQqNmvfvUGCctirpBJakzXc1MMcqpRMMmnlV5meErZmA5516KiMTdBPl92Ss6sMyBRou1TSObu74mcxsZM4tB2xhRHZrk2M/+rdTOMroNcqDRDrtjioyiTBBMyu5wMhOYM5cQCZVrYXQkbUU0Z2nwqNgRv+eRVaF3UPcv3l7XGTRFHGU7gFM7BgytowB00wQcGAp7hFd4c5bw4787HorXkFDPH8EfO5w+C4Y55</latexit><latexit sha1_base64="xMa2q6MHPQYwrP8VkRrEnnZN4T0=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLb/3JPpev1pz6+5cZBW8AmpQqNmvfvUGCctirpBJakzXc1MMcqpRMMmnlV5meErZmA5516KiMTdBPl92Ss6sMyBRou1TSObu74mcxsZM4tB2xhRHZrk2M/+rdTOMroNcqDRDrtjioyiTBBMyu5wMhOYM5cQCZVrYXQkbUU0Z2nwqNgRv+eRVaF3UPcv3l7XGTRFHGU7gFM7BgytowB00wQcGAp7hFd4c5bw4787HorXkFDPH8EfO5w+C4Y55</latexit><latexit sha1_base64="xMa2q6MHPQYwrP8VkRrEnnZN4T0=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLb/3JPpev1pz6+5cZBW8AmpQqNmvfvUGCctirpBJakzXc1MMcqpRMMmnlV5meErZmA5516KiMTdBPl92Ss6sMyBRou1TSObu74mcxsZM4tB2xhRHZrk2M/+rdTOMroNcqDRDrtjioyiTBBMyu5wMhOYM5cQCZVrYXQkbUU0Z2nwqNgRv+eRVaF3UPcv3l7XGTRFHGU7gFM7BgytowB00wQcGAp7hFd4c5bw4787HorXkFDPH8EfO5w+C4Y55</latexit><latexit sha1_base64="xMa2q6MHPQYwrP8VkRrEnnZN4T0=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLb/3JPpev1pz6+5cZBW8AmpQqNmvfvUGCctirpBJakzXc1MMcqpRMMmnlV5meErZmA5516KiMTdBPl92Ss6sMyBRou1TSObu74mcxsZM4tB2xhRHZrk2M/+rdTOMroNcqDRDrtjioyiTBBMyu5wMhOYM5cQCZVrYXQkbUU0Z2nwqNgRv+eRVaF3UPcv3l7XGTRFHGU7gFM7BgytowB00wQcGAp7hFd4c5bw4787HorXkFDPH8EfO5w+C4Y55</latexit>

⇠2
<latexit sha1_base64="W8iUL/aqBY3A4S7G5F3poU2BGEQ=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmu2mXbjZhdyKW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8e2s3n7k2ohEPeAk5UFMh0pEglG0lt97Ev16v1J1a+5cZBW8AqpQqNmvfPUGCctirpBJakzXc1MMcqpRMMmn5V5meErZmA5516KiMTdBPl92Ss6tMyBRou1TSObu74mcxsZM4tB2xhRHZrk2M/+rdTOMroNcqDRDrtjioyiTBBMyu5wMhOYM5cQCZVrYXQkbUU0Z2nzKNgRv+eRVaNVrnuX7y2rjpoijBKdwBhfgwRU04A6a4AMDAc/wCm+Ocl6cd+dj0brmFDMn8EfO5w+EZY56</latexit><latexit sha1_base64="W8iUL/aqBY3A4S7G5F3poU2BGEQ=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmu2mXbjZhdyKW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8e2s3n7k2ohEPeAk5UFMh0pEglG0lt97Ev16v1J1a+5cZBW8AqpQqNmvfPUGCctirpBJakzXc1MMcqpRMMmn5V5meErZmA5516KiMTdBPl92Ss6tMyBRou1TSObu74mcxsZM4tB2xhRHZrk2M/+rdTOMroNcqDRDrtjioyiTBBMyu5wMhOYM5cQCZVrYXQkbUU0Z2nzKNgRv+eRVaNVrnuX7y2rjpoijBKdwBhfgwRU04A6a4AMDAc/wCm+Ocl6cd+dj0brmFDMn8EfO5w+EZY56</latexit><latexit sha1_base64="W8iUL/aqBY3A4S7G5F3poU2BGEQ=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmu2mXbjZhdyKW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8e2s3n7k2ohEPeAk5UFMh0pEglG0lt97Ev16v1J1a+5cZBW8AqpQqNmvfPUGCctirpBJakzXc1MMcqpRMMmn5V5meErZmA5516KiMTdBPl92Ss6tMyBRou1TSObu74mcxsZM4tB2xhRHZrk2M/+rdTOMroNcqDRDrtjioyiTBBMyu5wMhOYM5cQCZVrYXQkbUU0Z2nzKNgRv+eRVaNVrnuX7y2rjpoijBKdwBhfgwRU04A6a4AMDAc/wCm+Ocl6cd+dj0brmFDMn8EfO5w+EZY56</latexit><latexit sha1_base64="W8iUL/aqBY3A4S7G5F3poU2BGEQ=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WvXisYNpCG8pmu2mXbjZhdyKW0N/gxYMiXv1B3vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8e2s3n7k2ohEPeAk5UFMh0pEglG0lt97Ev16v1J1a+5cZBW8AqpQqNmvfPUGCctirpBJakzXc1MMcqpRMMmn5V5meErZmA5516KiMTdBPl92Ss6tMyBRou1TSObu74mcxsZM4tB2xhRHZrk2M/+rdTOMroNcqDRDrtjioyiTBBMyu5wMhOYM5cQCZVrYXQkbUU0Z2nzKNgRv+eRVaNVrnuX7y2rjpoijBKdwBhfgwRU04A6a4AMDAc/wCm+Ocl6cd+dj0brmFDMn8EfO5w+EZY56</latexit>

⇠3
<latexit sha1_base64="eEX6zHtZCPFU+Ea9nHejMRri9V4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxgqmFNpTNdtMu3WzC7kQsob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aJkk04z7LJGJbofUcCkU91Gg5O1UcxqHkj+Eo5tp/eGRayMSdY/jlAcxHSgRCUbRWn73SfTOe9WaW3dnIsvgFVCDQs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKRnTAOxYVjbkJ8tmyE3JinT6JEm2fQjJzf0/kNDZmHIe2M6Y4NIu1qflfrZNhdBXkQqUZcsXmH0WZJJiQ6eWkLzRnKMcWKNPC7krYkGrK0OZTsSF4iycvQ+us7lm+u6g1ros4ynAEx3AKHlxCA26hCT4wEPAMr/DmKOfFeXc+5q0lp5g5hD9yPn8AhemOew==</latexit><latexit sha1_base64="eEX6zHtZCPFU+Ea9nHejMRri9V4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxgqmFNpTNdtMu3WzC7kQsob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aJkk04z7LJGJbofUcCkU91Gg5O1UcxqHkj+Eo5tp/eGRayMSdY/jlAcxHSgRCUbRWn73SfTOe9WaW3dnIsvgFVCDQs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKRnTAOxYVjbkJ8tmyE3JinT6JEm2fQjJzf0/kNDZmHIe2M6Y4NIu1qflfrZNhdBXkQqUZcsXmH0WZJJiQ6eWkLzRnKMcWKNPC7krYkGrK0OZTsSF4iycvQ+us7lm+u6g1ros4ynAEx3AKHlxCA26hCT4wEPAMr/DmKOfFeXc+5q0lp5g5hD9yPn8AhemOew==</latexit><latexit sha1_base64="eEX6zHtZCPFU+Ea9nHejMRri9V4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxgqmFNpTNdtMu3WzC7kQsob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aJkk04z7LJGJbofUcCkU91Gg5O1UcxqHkj+Eo5tp/eGRayMSdY/jlAcxHSgRCUbRWn73SfTOe9WaW3dnIsvgFVCDQs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKRnTAOxYVjbkJ8tmyE3JinT6JEm2fQjJzf0/kNDZmHIe2M6Y4NIu1qflfrZNhdBXkQqUZcsXmH0WZJJiQ6eWkLzRnKMcWKNPC7krYkGrK0OZTsSF4iycvQ+us7lm+u6g1ros4ynAEx3AKHlxCA26hCT4wEPAMr/DmKOfFeXc+5q0lp5g5hD9yPn8AhemOew==</latexit><latexit sha1_base64="eEX6zHtZCPFU+Ea9nHejMRri9V4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxgqmFNpTNdtMu3WzC7kQsob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aJkk04z7LJGJbofUcCkU91Gg5O1UcxqHkj+Eo5tp/eGRayMSdY/jlAcxHSgRCUbRWn73SfTOe9WaW3dnIsvgFVCDQs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKRnTAOxYVjbkJ8tmyE3JinT6JEm2fQjJzf0/kNDZmHIe2M6Y4NIu1qflfrZNhdBXkQqUZcsXmH0WZJJiQ6eWkLzRnKMcWKNPC7krYkGrK0OZTsSF4iycvQ+us7lm+u6g1ros4ynAEx3AKHlxCA26hCT4wEPAMr/DmKOfFeXc+5q0lp5g5hD9yPn8AhemOew==</latexit>

⇠4
<latexit sha1_base64="FbNJ+k21EGN1idF9vDEzIhJCFFY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLb/3JPqX/WrNrbtzkVXwCqhBoWa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXYuKxtwE+XzZKTmzzoBEibZPIZm7vydyGhsziUPbGVMcmeXazPyv1s0wug5yodIMuWKLj6JMEkzI7HIyEJozlBMLlGlhdyVsRDVlaPOp2BC85ZNXoXVR9yzfX9YaN0UcZTiBUzgHD66gAXfQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx85nz+HbY58</latexit><latexit sha1_base64="FbNJ+k21EGN1idF9vDEzIhJCFFY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLb/3JPqX/WrNrbtzkVXwCqhBoWa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXYuKxtwE+XzZKTmzzoBEibZPIZm7vydyGhsziUPbGVMcmeXazPyv1s0wug5yodIMuWKLj6JMEkzI7HIyEJozlBMLlGlhdyVsRDVlaPOp2BC85ZNXoXVR9yzfX9YaN0UcZTiBUzgHD66gAXfQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx85nz+HbY58</latexit><latexit sha1_base64="FbNJ+k21EGN1idF9vDEzIhJCFFY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLb/3JPqX/WrNrbtzkVXwCqhBoWa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXYuKxtwE+XzZKTmzzoBEibZPIZm7vydyGhsziUPbGVMcmeXazPyv1s0wug5yodIMuWKLj6JMEkzI7HIyEJozlBMLlGlhdyVsRDVlaPOp2BC85ZNXoXVR9yzfX9YaN0UcZTiBUzgHD66gAXfQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx85nz+HbY58</latexit><latexit sha1_base64="FbNJ+k21EGN1idF9vDEzIhJCFFY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutmE3YlYQn+DFw+KePUHefPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3ItRGJesBJyoOYDpWIBKNoLb/3JPqX/WrNrbtzkVXwCqhBoWa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXYuKxtwE+XzZKTmzzoBEibZPIZm7vydyGhsziUPbGVMcmeXazPyv1s0wug5yodIMuWKLj6JMEkzI7HIyEJozlBMLlGlhdyVsRDVlaPOp2BC85ZNXoXVR9yzfX9YaN0UcZTiBUzgHD66gAXfQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx85nz+HbY58</latexit>
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Figure 5. Sketch of the upper-half complex w plane for the asymptotically locally AdS4 × S7

solutions with metric in eq. (2.1) with the h and G of eq. (2.11). We show an example in which

G has five branch points on the Re (w) axis, ξ1, . . . , ξ5. Like the asymptotically locally AdS7 × S4

solutions (i.e. the example in figure 4), each pair of branch points defines a non-contractible 4- and

7-cycle. In this example we labeled the four independent non-contractible 4-cycles C1, C′1, C2, and

C′2. However, unlike the asymptotically locally AdS7 × S4 solutions, in these solutions at r → ∞
the geometry is asymptotically locally AdS4 × S7, which has the non-contractible 7-cycle S7 and

no non-contractible 4-cycle except AdS4.

The procedure to identify closed, non-contractible 4- and 7-cycles in the asymptotically

locally AdS4 × S7 solutions is nearly identical to the asymptotically locally AdS7 × S4

solutions in section 2.3.1, with one crucial difference: where the latter solutions had an

even number of branch points, the asymptotically locally AdS4×S7 solutions have an odd

number. Explicitly, the G in eq. (2.6) involves a sum over 2n+ 2 of the branch points ξj ,

while the G in eq. (2.11) is a sum over 2n+ 1 of the ξj . As an example, figure 5 shows the

upper-half complex w plane for n = 2, meaning 2n+1 = 5 branch points on the Re (w) axis,

ξ1, . . . , ξ5. Figure 5 also shows the geometry’s four independent closed, non-contractible

4-cycles, namely C1, C′1, C2, and C′2. By exactly the same arguments as in section 2.3.1,

each consecutive pair of branch points defines a closed, non-contractible 4- and 7-cycle.

Another key difference with the asymptotically locally AdS7×S4 solutions is that none

of the non-contractible 4-cycles can be continuously deformed to r →∞, as obvious in the

example of figure 5. Indeed, as r →∞ these solutions are asymptotically locally AdS4×S7,

which has no non-contractible 4-cycles (besides AdS4) and one non-contractible 7-cycle, S7.

The latter cannot be decomposed into the other 7-cycles, Ca × S3 and C′b × S3, which have

the topology of S4 × S3 and hence have non-contractible 4- and 3-cycles, unlike S7.

We define the closed, non-contractible 4-cycles as in section 2.3.1 by the collapse of

one or the other S3, denoted Ca and C′b with a, b = 1, 2, . . . , n. The total number of such

Ca and C′b in these geometries is 2n. The number of non-contractible 4-cycles thus matches

the number of free parameters in the solution: as mentioned in section 2.2, we can fix one

of the 2n+ 1 branch points using translations, leaving 2n free parameters.
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Integrating F4 over a non-contractible 4-cycle gives us 4-form charge, which we again

interpret as a number of dissolved M5- or M5′-branes. As in section 2.3.1, Ma is defined as

the integral of the 4-form flux over Ca in eqs. (2.20), and similarly for M ′b and C′b. In these

solutions the expressions for Ma and M ′b in terms of the ξj are in fact identical to those in

eqs. (2.21) and (2.22), respectively.

As in section 2.3.1, and again following ref. [26], we will use the 7-form that gives the

Page charge, ?11dF4 + 1
2C3 ∧F4. We thus need to fix a gauge for C3. Following ref. [26] we

make the unique gauge choice in which the gauge potential C3 vanishes in the asymptotic

region and produces regular 7-form flux through the S7 at r →∞, whose integral represents

the total number of dissolved M2-branes, N . Specifically, with C ′3 defined in section 2.3.1,

we demand that C ′3 = 0 at the left end-point of C′1, and that the part of C3 with legs along

the S3 that collapses in a 4-cycle Ca vanishes at the right endpoint of Cn. With these gauge

choices the WZ contribution vanishes and

N =
1

2(4π2GN)1/3

∫

S7
?11dF4. (2.27)

Additionally, with these gauge choices the expression for Na, the 7-form flux through a

7-cycle Ca × S3, is identical to eq. (2.26). We interpret Na as the number of M2-branes

that end on the M5-brane associated with Ca. A crucial difference from section 2.3.1,

however, is that now all of these 7-form charges are non-zero, and in particular there are

only n independent charge Na, as opposed to the n+1 independent charges of section 2.3.1.

Although the S7 is not a sum of the 7-cycles Ca × S3, the total number N of M2-branes

nevertheless turns out to be the sum of 7-form charges, N =
∑n

a=1MaNa [26].

Using eqs. (2.21), (2.22), and (2.26) for Ma, M
′
b, and Na, respectively, we can relate

N to the radius LS7 of the r → ∞ asymptotic S7 in eq. (2.14). In particular, we need

−m2
1−m2, with the coefficients m1 and m2 defined via the Legendre polynomial expansion

of G in eq. (2.12),

−m2
1−m2 = 2

n∑

a=1

n∑

b=a

(ξ2a−ξ2a−1)(ξ2b+1−ξ2b) = 2c61
(−γ)3

(1+γ)6
G

2/3
N

(2π)8/3

n∑

a=1

MaNa. (2.28)

Plugging eq. (2.28) into eq. (2.14) and using N =
∑n

a=1MaNa, we recover the usual relation

between N and the radius LS7 of the asymptotic S7,

L6
S7 =

16

c61

(1 + γ)6

(−γ)3
(−m2

1 −m2) = 32
G

2/3
N

(2π)8/3
N. (2.29)

In short, eqs. (2.21) and (2.26) allow us to extract the 2n free parameters of a partition

ρ, the sets of n distinct non-zero integers {Na} and n degeneracies {Ma}, from the 2n free

parameters of the asymptotically locally AdS4 × S7 solutions, the branch points ξj .

In contrast to section 2.3.1, only n degeneracies {Ma} appear because the geometry

has only n 4-cycles Ca. In particular, as mentioned below eq. (2.19), we cannot determine a

value for Mn+1 from these solutions, and hence cannot determine M =
∑n+1

a=1 Ma. However,∑n
a=1Ma < M will be non-zero, implying M 6= 0. Analogous statements apply for the M ′b
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and M ′. In 11d SUGRA terms, these solutions have no asymptotically AdS7 × S4 regions

that would allow us to fix Mn+1 or M ′n+1. As a result, we will not be able to identify

su(M) or su(M ′), so while we will have a partition ρ and corresponding Young tableau, we

will not be able to identify a representation R.

Also in contrast to section 2.3.1, the M5-branes and M5′-branes appear here on equal

footing: no 4-cycle in the asymptotic r → ∞ region selects one over the other. As a

result, instead of labelling the solutions by the partition ρ defined by the charges Na and

Ma coming from the Ca cycles, we could have labeled the solutions by another partition ρ̂

defined by the charges M ′b and N ′b coming from the C′b cycles,

ρ̂ = {N ′n, N ′n, . . . N ′n︸ ︷︷ ︸
M ′n

, N ′n−1, N
′
n−1, . . . N

′
n−1︸ ︷︷ ︸

M ′n−1

, . . . N ′1, N
′
1, . . . N

′
1︸ ︷︷ ︸

M ′1

}. (2.30)

The M ′b are defined as in eq. (2.22) and the N ′b are defined by an analogue of eq. (2.26),

N ′b =
b∑

a=1

Ma = − 1

c31

(1 + γ)3

γ

(2π)4/3

G
1/3
N

b∑

a=1

(ξ2a − ξ2a−1) . (2.31)

Requiring the branch points to be well separated so that the SUGRA approximation is

reliable, we find the condition N ′b+1 � N ′b for all b. The 2n free parameters of these

solutions are fully determined by either ρ or ρ̂, hence the two must be related. To see how,

we use the fact that we can fix any 2n free parameters we like, and hence can determine ρ

using {Ma} and {M ′b}. In that parametrization, the M ′b are the degeneracies of columns,

as shown on the left in figure 6. In the transposed partition, ρT , the M ′b become the

degeneracies of rows, as in ρ̂, so we immediately identify ρT = ρ̂.

Indeed, we can show that the solution determined by ρ and γ is identical, up to a

choice of orientation, to the solution determined by ρ̂ = ρT and γ−1, as follows. As

mentioned above, taking γ → 1/γ leaves f1 and Ω invariant but maps f2 ↔ f3, effectively

interchanging the geometry’s two S3’s and hence swapping the M5- and M5′-branes. (The

transformation of the 4-form fluxes under γ → γ−1 is consistent with this statement.)

Performing two operations, namely γ → γ−1 followed by trading the two S3’s, and hence

the M5- and M5′-branes, is thus a symmetry of the solution. However, the orientation of

the 7-cycles, and hence the sign of the M2-brane fluxes, is reversed in the process. The sign

can be reversed by an overall orientation reversal, as in the AdS7 × S4 case. The effect on

ρ is to map ρ → ρT , which because the M5- and M5′ were swapped, we identify as ρ̂. In

short, the solution determined by ρ and γ is identical to the solution determined by ρ̂ = ρT

and γ−1, up to an overall orientation reversal, as advertised. We will see in section 4.2

that our result for EE, and in particular for b3d, is indeed invariant, up to an overall sign,

under the simultaneous operations γ → γ−1 and ρ→ ρT = ρ̂.

This symmetry should appear in the holographically dual BCFT. Of course, as men-

tioned in section 1, the exact BCFTs dual to these 11d SUGRA solutions remain unknown.

However, the symmetry relating solutions determined by ρ or ρ̂ suggests that the BCFTs

arise from M2-branes ending on both M5- and M5′-branes, as in the brane intersection of

section 1. If we separate the M5-branes from one another (the Coulomb branch), then a
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5

<latexit sha1_base64="6hUizxrdODloxGMnJe923zETDmo=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquKHosevFYwX5Au5RsOtvGZpMlyQql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1RwY33/21tZXVvf2CxsFbd3dvf2SweHDaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh7bTefEJtuJIPdpRimNC+5DFn1Dqr0UEhupfdUtmv+DORZQhyKEOuWrf01ekpliUoLRPUmHbgpzYcU205EzgpdjKDKWVD2se2Q0kTNOF4tu2EnDqnR2Kl3ZOWzNzfE2OaGDNKIteZUDswi7Wp+V+tndn4OhxzmWYWJZt/FGeCWEWmp5Me18isGDmgTHO3K2EDqimzLqCiCyFYPHkZGueVwPH9Rbl6k8dRgGM4gTMI4AqqcAc1qAODR3iGV3jzlPfivXsf89YVL585gj/yPn8AOy6O4w==</latexit><latexit sha1_base64="6hUizxrdODloxGMnJe923zETDmo=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquKHosevFYwX5Au5RsOtvGZpMlyQql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1RwY33/21tZXVvf2CxsFbd3dvf2SweHDaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh7bTefEJtuJIPdpRimNC+5DFn1Dqr0UEhupfdUtmv+DORZQhyKEOuWrf01ekpliUoLRPUmHbgpzYcU205EzgpdjKDKWVD2se2Q0kTNOF4tu2EnDqnR2Kl3ZOWzNzfE2OaGDNKIteZUDswi7Wp+V+tndn4OhxzmWYWJZt/FGeCWEWmp5Me18isGDmgTHO3K2EDqimzLqCiCyFYPHkZGueVwPH9Rbl6k8dRgGM4gTMI4AqqcAc1qAODR3iGV3jzlPfivXsf89YVL585gj/yPn8AOy6O4w==</latexit><latexit sha1_base64="6hUizxrdODloxGMnJe923zETDmo=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquKHosevFYwX5Au5RsOtvGZpMlyQql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1RwY33/21tZXVvf2CxsFbd3dvf2SweHDaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh7bTefEJtuJIPdpRimNC+5DFn1Dqr0UEhupfdUtmv+DORZQhyKEOuWrf01ekpliUoLRPUmHbgpzYcU205EzgpdjKDKWVD2se2Q0kTNOF4tu2EnDqnR2Kl3ZOWzNzfE2OaGDNKIteZUDswi7Wp+V+tndn4OhxzmWYWJZt/FGeCWEWmp5Me18isGDmgTHO3K2EDqimzLqCiCyFYPHkZGueVwPH9Rbl6k8dRgGM4gTMI4AqqcAc1qAODR3iGV3jzlPfivXsf89YVL585gj/yPn8AOy6O4w==</latexit><latexit sha1_base64="6hUizxrdODloxGMnJe923zETDmo=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquKHosevFYwX5Au5RsOtvGZpMlyQql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1RwY33/21tZXVvf2CxsFbd3dvf2SweHDaMyzbDOlFC6FVGDgkusW24FtlKNNIkENqPh7bTefEJtuJIPdpRimNC+5DFn1Dqr0UEhupfdUtmv+DORZQhyKEOuWrf01ekpliUoLRPUmHbgpzYcU205EzgpdjKDKWVD2se2Q0kTNOF4tu2EnDqnR2Kl3ZOWzNzfE2OaGDNKIteZUDswi7Wp+V+tndn4OhxzmWYWJZt/FGeCWEWmp5Me18isGDmgTHO3K2EDqimzLqCiCyFYPHkZGueVwPH9Rbl6k8dRgGM4gTMI4AqqcAc1qAODR3iGV3jzlPfivXsf89YVL585gj/yPn8AOy6O4w==</latexit>

`
M
�
1

<latexit sha1_base64="HXiwsGwZ3UscZatlzB1+eU9sPz0=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YsXoYL9wDaUzXbSLt1swu5GKKH/wosHRbz6b7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lg9mnKAf0YHkIWfUWOuxi0L0srszb9IrV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezjSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjI9n/S5QmbE2AJlittdCRtSRZmxIZVsCN7iycvQPK96lu8vKrXrPI4iHMExnIIHl1CDW6hDAxhIeIZXeHO08+K8Ox/z1oKTzxzCHzmfPwUVkHk=</latexit><latexit sha1_base64="HXiwsGwZ3UscZatlzB1+eU9sPz0=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YsXoYL9wDaUzXbSLt1swu5GKKH/wosHRbz6b7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lg9mnKAf0YHkIWfUWOuxi0L0srszb9IrV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezjSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjI9n/S5QmbE2AJlittdCRtSRZmxIZVsCN7iycvQPK96lu8vKrXrPI4iHMExnIIHl1CDW6hDAxhIeIZXeHO08+K8Ox/z1oKTzxzCHzmfPwUVkHk=</latexit><latexit sha1_base64="HXiwsGwZ3UscZatlzB1+eU9sPz0=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YsXoYL9wDaUzXbSLt1swu5GKKH/wosHRbz6b7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lg9mnKAf0YHkIWfUWOuxi0L0srszb9IrV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezjSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjI9n/S5QmbE2AJlittdCRtSRZmxIZVsCN7iycvQPK96lu8vKrXrPI4iHMExnIIHl1CDW6hDAxhIeIZXeHO08+K8Ox/z1oKTzxzCHzmfPwUVkHk=</latexit><latexit sha1_base64="HXiwsGwZ3UscZatlzB1+eU9sPz0=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YsXoYL9wDaUzXbSLt1swu5GKKH/wosHRbz6b7z5b9y2OWjrCwsP78ywM2+QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbwehmWm89odI8lg9mnKAf0YHkIWfUWOuxi0L0srszb9IrV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezjSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjI9n/S5QmbE2AJlittdCRtSRZmxIZVsCN7iycvQPK96lu8vKrXrPI4iHMExnIIHl1CDW6hDAxhIeIZXeHO08+K8Ox/z1oKTzxzCHzmfPwUVkHk=</latexit> `
M

<latexit sha1_base64="c+tsfLzjHrN9DB6VxUziM8fXTbY=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevEiVLAf0C4lm862sdlkSbJCKf0PXjwo4tX/481/Y9ruQVtfCDy8M0Nm3igV3Fjf//ZWVtfWNzYLW8Xtnd29/dLBYcOoTDOsMyWUbkXUoOAS65Zbga1UI00igc1oeDOtN59QG67kgx2lGCa0L3nMGbXOanRQiO5dt1T2K/5MZBmCHMqQq9YtfXV6imUJSssENaYd+KkNx1RbzgROip3MYErZkPax7VDSBE04nm07IafO6ZFYafekJTP398SYJsaMksh1JtQOzGJtav5Xa2c2vgrHXKaZRcnmH8WZIFaR6emkxzUyK0YOKNPc7UrYgGrKrAuo6EIIFk9ehsZ5JXB8f1GuXudxFOAYTuAMAriEKtxCDerA4BGe4RXePOW9eO/ex7x1xctnjuCPvM8fX46O+w==</latexit><latexit sha1_base64="c+tsfLzjHrN9DB6VxUziM8fXTbY=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevEiVLAf0C4lm862sdlkSbJCKf0PXjwo4tX/481/Y9ruQVtfCDy8M0Nm3igV3Fjf//ZWVtfWNzYLW8Xtnd29/dLBYcOoTDOsMyWUbkXUoOAS65Zbga1UI00igc1oeDOtN59QG67kgx2lGCa0L3nMGbXOanRQiO5dt1T2K/5MZBmCHMqQq9YtfXV6imUJSssENaYd+KkNx1RbzgROip3MYErZkPax7VDSBE04nm07IafO6ZFYafekJTP398SYJsaMksh1JtQOzGJtav5Xa2c2vgrHXKaZRcnmH8WZIFaR6emkxzUyK0YOKNPc7UrYgGrKrAuo6EIIFk9ehsZ5JXB8f1GuXudxFOAYTuAMAriEKtxCDerA4BGe4RXePOW9eO/ex7x1xctnjuCPvM8fX46O+w==</latexit><latexit sha1_base64="c+tsfLzjHrN9DB6VxUziM8fXTbY=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevEiVLAf0C4lm862sdlkSbJCKf0PXjwo4tX/481/Y9ruQVtfCDy8M0Nm3igV3Fjf//ZWVtfWNzYLW8Xtnd29/dLBYcOoTDOsMyWUbkXUoOAS65Zbga1UI00igc1oeDOtN59QG67kgx2lGCa0L3nMGbXOanRQiO5dt1T2K/5MZBmCHMqQq9YtfXV6imUJSssENaYd+KkNx1RbzgROip3MYErZkPax7VDSBE04nm07IafO6ZFYafekJTP398SYJsaMksh1JtQOzGJtav5Xa2c2vgrHXKaZRcnmH8WZIFaR6emkxzUyK0YOKNPc7UrYgGrKrAuo6EIIFk9ehsZ5JXB8f1GuXudxFOAYTuAMAriEKtxCDerA4BGe4RXePOW9eO/ex7x1xctnjuCPvM8fX46O+w==</latexit><latexit sha1_base64="c+tsfLzjHrN9DB6VxUziM8fXTbY=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevEiVLAf0C4lm862sdlkSbJCKf0PXjwo4tX/481/Y9ruQVtfCDy8M0Nm3igV3Fjf//ZWVtfWNzYLW8Xtnd29/dLBYcOoTDOsMyWUbkXUoOAS65Zbga1UI00igc1oeDOtN59QG67kgx2lGCa0L3nMGbXOanRQiO5dt1T2K/5MZBmCHMqQq9YtfXV6imUJSssENaYd+KkNx1RbzgROip3MYErZkPax7VDSBE04nm07IafO6ZFYafekJTP398SYJsaMksh1JtQOzGJtav5Xa2c2vgrHXKaZRcnmH8WZIFaR6emkxzUyK0YOKNPc7UrYgGrKrAuo6EIIFk9ehsZ5JXB8f1GuXudxFOAYTuAMAriEKtxCDerA4BGe4RXePOW9eO/ex7x1xctnjuCPvM8fX46O+w==</latexit>
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(a
)

<latexit sha1_base64="BKGr7biD8bs6vR07uqIRaFmeSsY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nqo0vN+ueLW3LnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh5lu8vK/WbPI4inMApVMGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwCIrY1K</latexit><latexit sha1_base64="BKGr7biD8bs6vR07uqIRaFmeSsY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nqo0vN+ueLW3LnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh5lu8vK/WbPI4inMApVMGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwCIrY1K</latexit><latexit sha1_base64="BKGr7biD8bs6vR07uqIRaFmeSsY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nqo0vN+ueLW3LnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh5lu8vK/WbPI4inMApVMGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwCIrY1K</latexit><latexit sha1_base64="BKGr7biD8bs6vR07uqIRaFmeSsY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nqo0vN+ueLW3LnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh5lu8vK/WbPI4inMApVMGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwCIrY1K</latexit>

(b)
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(a) (b)

Figure 1: (a) An example Young tableau illustrating how the parameters
describing the brane embedding map to the representation of the Wilson sur-
face. (b) An illustration of how the Young tableaux for a representation and
its conjugate fit together. The upper polygon represents the Young tableau for
a representation (for concreteness I have chosen n = 3), and the lower polygon
is the tableau for the conjugate representation, rotated by ⇡. Together they
form a rectangle of width N1 and height M .

Here Ma is the number of M5-branes which have Na M2-branes ending on them. The
index a runes from 1 to n + 1, with Nn+1 = 0. These numbers are related to the Young
tableau of the representation of the Wilson surface operator in the dual field theory, as
depicted in figure 1a. The total numbers of M2- and M5-branes are given by

N =

nX

a=1

MaNa, M =

n+1X

a=1

Ma. (5.2)

The Young tableaux corresponding to a representation R and its conjugate R̄ fit together
to form a rectangle of with N1 and height M [12], as illustrated in figure 1b. The param-
eters of R̄ are given in terms of those of R by

M̄a = Mn+2�a, N̄a = N1 �Nn+2�a. (5.3)

A rectangular Young tableau corresponds to n = 1 (which implies N1 = N/M1 and
M2 = M �M1). In this case, the central charge (5.1) simplifies to

c =
24

5

N1M1(M �M1)(M �N1/8)

M
. (5.4)

This central charge is manifestly invariant underM1 ! M�M1, corresponding to replacing
the representation with its complex conjugate.
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(a) (b)

Figure 1: (a) An example Young tableau illustrating how the parameters
describing the brane embedding map to the representation of the Wilson sur-
face. (b) An illustration of how the Young tableaux for a representation and
its conjugate fit together. The upper polygon represents the Young tableau for
a representation (for concreteness I have chosen n = 3), and the lower polygon
is the tableau for the conjugate representation, rotated by ⇡. Together they
form a rectangle of width N1 and height M .

Here Ma is the number of M5-branes which have Na M2-branes ending on them. The
index a runes from 1 to n + 1, with Nn+1 = 0. These numbers are related to the Young
tableau of the representation of the Wilson surface operator in the dual field theory, as
depicted in figure 1a. The total numbers of M2- and M5-branes are given by

N =

nX

a=1

MaNa, M =

n+1X

a=1

Ma. (5.2)

The Young tableaux corresponding to a representation R and its conjugate R̄ fit together
to form a rectangle of with N1 and height M [12], as illustrated in figure 1b. The param-
eters of R̄ are given in terms of those of R by

M̄a = Mn+2�a, N̄a = N1 �Nn+2�a. (5.3)

A rectangular Young tableau corresponds to n = 1 (which implies N1 = N/M1 and
M2 = M �M1). In this case, the central charge (5.1) simplifies to

c =
24

5

N1M1(M �M1)(M �N1/8)

M
. (5.4)

This central charge is manifestly invariant underM1 ! M�M1, corresponding to replacing
the representation with its complex conjugate.
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Figure 6. The asymptotically AdS4 × S7 solutions are fully characterized by a partition ρ that

can be specified by the sets of M2- and M5-brane charges {Na} and {Ma}, respectively, with

a = 1, 2, . . . , n, as shown on the left in figure 3. However, ρ can also be specified by the sets of M5-

and M5′-brane charges {Ma} and {M ′
b}, with b = 1, 2, . . . , n, as shown on the left above. In that

parametrization, the M ′
b are degeneracies of columns. In the transposed partition ρT , shown on the

right above, the M ′
b are degeneracies of rows, as they are in ρ̂ in eq. (2.30), hence we identify ρ̂ = ρT .

partition ρ will determine which M5-brane each M2-brane ends on. Alternatively, if we

separate the M5′-branes from one another (the Higgs branch), then the partition ρ̂ = ρT

will determine which M5′-brane each M2-brane ends on. Simultaneously separating both

M5- and M5′-branes (moving onto the Coulomb and Higgs branches simultaneously) should

not be possible. The BCFT should have a duality that simultaneously swaps the separated

M5-branes with separated M5′-branes, sends γ → γ−1, and sends ρ→ ρT = ρ̂.

3 Holographic entanglement entropy

In this section we calculate b6d and b3d holographically from EE, following Ryu and

Takayanagi’s (RT’s) prescription [60–62]. A very similar calculation for the asymptoti-

cally locally AdS7×S4 solutions appears in ref. [34]. In this section we will follow ref. [34]

very closely.

To compute EE in a QFT vacuum we fix time t, separate space into two regions by an

“entangling surface,” and trace out states outside the entangling surface, thus obtaining

a reduced density matrix for the region inside. The EE is this reduced density matrix’s

von Neumann entropy. Generically EE diverges due to strong UV correlations near the

entangling surface, so to extract physical information we must introduce a UV regulator.

Holographically, in an asymptotically AdS geometry, RT’s prescription for the EE for

a sub-region of the CFT is

SEE =
A

4GN
, (3.1)
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where A is the area of the minimal surface in the holographically dual geometry that

approaches the entangling surface at the AdS boundary. Computing SEE is thus a two-

step process. First, determine the minimal area surface by writing the area functional

and solving the associated Euler-Lagrange equations. Second, plug that solution back into

the area functional and integrate to obtain A. The UV divergences of SEE appear as

divergences in A near the AdS boundary. In AdS spacetime, the standard regulator is thus

a cutoff on the FG holographic coordinate: rather than integrating to the AdS boundary

z = 0 we integrate only to z = ε > 0.

In AdS3 eq. (3.1) reproduces known results for 2d CFTs [35, 36, 60–62]. For example,

when the entangling surface consists of two points a distance ` apart, the minimal surface

in AdS3 is a semi-circle at fixed t with diameter ` centered on the AdS3 boundary. In that

case eq. (3.1) gives

S2d
EE =

c

3
ln

(
`

ε

)
+O

(
ε0
)
, (3.2)

with CFT central charge c. Henceforth, we will use a superscript to distinguish SEE in

different dimensions, such as the superscript 2d on S2d
EE. Crucially, re-scaling the cutoff ε

changes the O
(
ε0
)

terms, while the coefficient of ln
(
`
ε

)
, namely c/3, is cutoff-independent

and hence physical. In AdS4 eq. (3.1) produces the form expected for a 3d CFT [60–62].

For example when the entangling surface is a circle of radius `, the minimal surface in

AdS4 is a hemisphere at fixed t with radius ` centered on the AdS4 boundary. In that case

eq. (3.1) gives

S3d
EE = c1

`

ε
+ c0 +O (ε) , (3.3)

where c1 and c0 are constants. Re-scalings of the cutoff change c1 but not c0, so only

the latter is physical. Indeed c0 is proportional to minus the logarithm of the Euclidean

CFT partition function on S3 [64]. The AdS4 × S7 solution of 11d SUGRA gives c0 ∝
−N3/2 [11, 12]. In AdS7 eq. (3.1) produces the form expected for a 6d CFT [60–62]. For

example, when the entangling surface is an S4 of radius `, the minimal surface in AdS7 is

a five-dimensional hemisphere at fixed t with radius ` centered on the AdS7 boundary. In

that case eq. (3.1) gives

S6d
EE = c4

`4

ε4
+ c2

`2

ε2
+ cL ln

(
`

ε

)
+O

(
ε0
)
, (3.4)

where c4, c2 and cL are constants. Only cL is invariant under re-scalings of the cutoff,

hence only cL is physical. Indeed, cL ∝ −a, where a is a central charge of the 6d CFT [64].

The AdS7 × S4 solution of 11d SUGRA gives cL ∝ −a ∝ −M3 [46–48].

Following refs. [32–34], in our (B)CFTs we choose (hemi-)spherical entangling surfaces

centered on the 2d defect or boundary, as follows. For the 11d SUGRA solutions reviewed

in section 2.1, dual to the M5-brane theory with a Wilson surface, our entangling surface

will be an S4 of radius ` centered on the Wilson surface, as shown in figure 7(a). For

the 11d SUGRA solutions reviewed in section 2.2, dual to cousins of the ABJM BCFT,

our entangling surface will be a semi-circle centered on the CFT’s boundary, as shown in

figure 7(b).
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Figure 7. Schematics of our entangling surfaces. (a) For the M5-brane theory with a Wilson

surface, the blue square represents R5 at fixed t, the vertical black line represents the Wilson

surface, and the black circle represents our entangling surface, an S4 of radius ` centered on the

Wilson surface. (b) In cousins of the ABJM BCFT, the blue rectangle represents half of R2 at fixed

t, denoted R2
+, with the boundary at left, and our entangling surface is the semi-circle of radius `

centered on the boundary.

As mentioned above, the first step in the holographic calculation of SEE is to find

the minimal surface in the holographically dual geometry at fixed t that approaches our

entangling surface at the asymptotic boundary. Luckily, this first step has already been

done for us in refs. [32, 33]. Actually refs. [32, 33]’s results are much more general: for any

holographic dual of a CFT with conformal defect or boundary, and for a (hemi-)spherical

entangling surface centered on the defect or boundary, refs. [32, 33] found the solution for

the global minimum of the area functional.

We can immediately adapt the solution of refs. [32, 33] to our case: the minimal surface

at fixed t wraps both S3’s and the upper-half complex w plane, and in the AdS3 subspace

is given by x2‖ + u2 = `2. A quick check of this solution is that for r → ∞ and fixed u,

which takes us to the asymptotic boundary at x⊥ = u, the surface becomes x2‖ + x2⊥ = `2,

which is indeed the equation for an S4 in R5 or semi-circle in half of R2. For fixed r and

u→ 0, which takes us to the AdS3 boundary, the surface reduces to x‖ = ±`, representing

the endpoints of an interval of length ` on the 2d defect or boundary.

As mentioned above, the second step in the holographic calculation of SEE is to plug

the solution for the minimal surface into the area functional and then integrate to obtain

the minimal area and hence SEE. In our cases, plugging the solution for the minimal surface

into the area functional produces

SEE =
2 Vol

(
S3
)2

4GN

∫
dw dw

(
Ω2

f21
f31 f

3
2 f

3
3

)∫
du `

u
√
`2 − u2

, (3.5)

where Vol
(
S3
)

= 2π2 is the volume of a unit-radius S3, and the integrals are over the

upper-half complex w plane and u ∈ [0, `], resdpectively. The latter integration only covers

one branch of the minimal surface x‖ = ±
√
`2 − u2, hence the overall factor of 2.

If we switch to the FG coordinates of eq. (2.8) or (2.13) and introduce an FG cutoff

z = ε, then the SEE in eq. (3.5) exhibits ε→ 0 divergences, as expected. In particular, SEE
for the asymptotically locally AdS7 × S4 solutions looks like the EE of the 6d CFT, of the

form of S6d
EE in eq. (3.4), plus a contribution from the 2d defect that has the form of S2d

EE in

eq. (3.2). This structure is common in holographic calculations of EE for CFTs with defects
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or boundaries [32–34]. As mentioned in section 1, following refs. [33, 34] we will subtract

the 6d CFT’s contribution (using the same cutoff) and then extract the coefficient of any

remaining logarithmic term. In other words, we will extract the change in the coefficient

of the logarithmic term due to the Wilson surface. In SUGRA terms, we will subtract the

area of the minimal surface in AdS7×S4 bounded by a sphere of radius ` on the boundary

of AdS7, described above. Stated precisely, we will compute

b6d = 3 `
d

d`

(
SEE − S6d

EE

)
, (3.6)

where because SEE − S6d
EE is of the form of S2d

EE in eq. (3.2), ` d
d` extracts the coefficient

of the logarithmic term, and the factor of 3 simply accounts for the normalization of the

central charge in eq. (3.2).

For the asymptotically locally AdS4 × S7 solutions our result for SEE looks like half

the EE of a 3d CFT, meaning 1/2 times the S3d
EE in eq. (3.3), plus a contribution from

the CFT’s 2d boundary of the form of S2d
EE in eq. (3.2). Intuitively, in CFT terms the

1/2 factor appears because introducing the boundary “cuts off” half of the 3d CFT, or in

SUGRA terms because these solutions are only asymptotic locally to “half of” AdS4×S7, as

discussed in section 2.2. Again following refs. [33, 34], we will subtract the 3d contribution

(using the same cutoff), and then extract the coefficient of the logarithmic term. In other

words, we will extract the change in the coefficient of the logarithmic term due to the

CFT’s 2d boundary — which of course comes entirely from the 2d boundary, since S3d
EE

has no logarithmic term. In SUGRA terms, we will subtract 1/2 the area of the minimal

surface in AdS4×S7 that approaches a circle of radius ` at the boundary, described above.

Stated precisely, we will compute

b3d = 3 `
d

d`

(
SEE −

1

2
S3d
EE

)
. (3.7)

The FG cutoff z = ε preserves the symmetry of a Minkowski slice at fixed z, dual to

the CFT’s Poincaré symmetry. However in our CFTs the 2d defect or boundary breaks

Poincaré symmetry to the subgroup that leaves the defect or boundary invariant. In what

follows we will thus not use the FG cutoff z = ε, rather we will use the cutoff prescription

of refs. [33, 34] for the u and w coordinates, which preserves the reduced symmetry.

The prescription of refs. [33, 34] actually involves two cutoffs. First is an FG cutoff in

AdS3, that is, in eq. (3.5) we perform the u integration from a cutoff u = εu > 0 to u = `,

∫ `

εu

du
`

u
√
`2 − u2

= ln

(
2`

εu

)
+O

(
ε2u
)
, (3.8)

so that the integral for SEE in eq. (3.5) becomes

SEE =
2 Vol

(
S3
)2

4GN

∫
dw dw

(
Ω2

f21
f31 f

3
2 f

3
3

)[
ln

(
2`

εu

)
+O

(
ε2u
)]
. (3.9)

We define I as the remaining integral,

I ≡ 2 Vol
(
S3
)2

4GN

∫
dw dw

(
Ω2

f21
f31 f

3
2 f

3
3

)
. (3.10)
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To write I explicitly we plug in Vol
(
S3
)

= 2π2,

Ω2

f21
=

1

2

c21
c2c3

|∂wh|2
h2

(GG− 1) , f1f2f3 = ± h

c1c2c3
, (3.11)

and in the second equation of eq. (3.11) we choose the sign to guarantee a positive integrand,

given that |G| < 1 as mentioned below eq. (2.4). Eq. (3.10) then becomes

I =
2(2π2)2

4GN

1

c1c42c
4
3

1

2

∫
dw dw |∂wh|2 h

(
1−GG

)
. (3.12)

Using h = −i (w − w) from eqs. (2.6) and (2.11), we have |∂wh|2 = 1. Introducing polar

coordinates w ≡ reiθ, so that dw dw = 2 dθ dr r and h = −i(w − w) = 2r sin θ, we find

I =
2(2π2)2

4GN

2

c1c42c
4
3

∫ π

0
dθ sin θ

∫ rc

0
dr r2(1−GG), (3.13)

where we have made the endpoints of integration explicit, including a large-r cutoff, rc.

The prescription of refs. [33, 34] is to choose rc in a way that preserves the subgroup of the

Poincaré group that leaves the 2d defect or boundary invariant. Crucially, a constant rc
does not preserve those symmetries, rather rc must be a more complicated function whose

form depends on the details of the 11d SUGRA solution. In the next two subsections we

will compute rc and then extract I in eq. (3.13).

As mentioned above, in principle we would like to extract b6d or b3d from a term in SEE
that is ∝ ln(`/ε), with FG cutoff ε. However, how do we do so using the cutoffs εu and rc?

The result for the integral I will be a sum of terms, including terms with positive powers

of rc, a term independent of rc, and terms with negative powers of rc. In eq. (3.9) these all

multiply ln(`/εu). The terms with positive powers of rc, which are clearly cutoff-dependent

and hence unphysical, will turn out to be identical to those of the undeformed AdS7×S4 or

(half of) AdS4× S7 solutions, and so will cancel in the background subtraction SEE− S6d
EE

or SEE− 1
2S

3d
EE. The terms with negative powers of rc clearly vanish as rc →∞ and so can

be safely ignored. We will thus be left with the term independent of rc, or more precisely

what remains of that term after the background subtraction, which still multiplies ln(`/εu).

Applying 3` dd` , as in eqs. (3.6) and (3.7), then extracts this coefficient of ln(`/εu), which is

thus our b6d or b3d. In short, we will apply eqs. (3.6) and (3.7) as advertised, though the

form of divergences will look very different in terms of εu and rc as compared to the usual

FG cutoff ε. For a more detailed comparison of these cutoffs, see ref. [34].

3.1 Asymptotically locally AdS7 × S4 solutions

For the asymptotically locally AdS7×S4 solutions reviewed in section 2.1 we follow ref. [34]

very closely, but with three major differences. First, where ref. [34] set γ = −1/2 we will

leave γ arbitrary as long as practicable. Second, where ref. [34] set m1 = 2, we will leave

m1 arbitrary. Third and most importantly, we will translate our result into the data {Na}
and {Ma} of a partition/Young tableau, as described in section 2.3.
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As discussed above, we implement the double cutoff of refs. [33, 34]. First, in the

asymptotic large-r region we put the metric in a form that makes manifest the symmetries

of the 2d defect,

ds2 = 4L2
S4


dv

2

v2
+
ds2AdS3

+ (1+γ)2

γ2
ds2S3

v2


+ L2

S4

(
dθ̃2 + sin2(θ̃)ds2S3

)
+ . . . , (3.14)

where asymptotically at large r,

v =
1 + γ√−γ

√
2m1√
r

(
1 +

(1 + 2γ)(−3 + cos(2θ))m2
1 + 12γm2 cos θ

48γm1

1

r
+O

(
1

r2

))
, (3.15a)

θ̃ = θ +
(1 + 2γ)m2

1 cos θ + 3γm2

6γm1

sin θ

r
+O

(
1

r2

)
, (3.15b)

where v ∈ [0,∞), θ̃ ∈ [0, π], and the ellipsis represent terms orthogonal to v and sub-leading

in 1/r. In these coordinates, we can approach the asymptotic local AdS7 × S4 boundary

in two ways. First is to fix u and send v → 0, where the latter is equivalent via eq. (3.15a)

to r →∞, which takes us to the asymptotically local AdS7×S4 boundary at a point away

from the 2d defect. For γ = −1/2 the dual field theory’s metric is that of AdS3×S3, which

is conformal to 6d Minkowski space, while for γ 6= −1/2 a conical singularity appears, as

in eq. (2.8). Second is to fix v and send u→ 0, which takes us to the AdS3 boundary, i.e.

to a point on the 2d defect.

The prescription of refs. [33, 34] is to introduce an FG cutoff for v, that is a cutoff

v = εv > 0, which translates to a cutoff rc that depends on εv and θ. Explicitly, in

eq. (3.15a) we set v = εv and then invert to find rc(εv, θ) in a small εv expansion,

rc(εv,θ) =
2(1+γ)2m1

−γ
1

ε2v
+

(1+2γ)m1

−8γ
+
m2

2m1
cosθ− (1+2γ)m1

−24γ
cos(2θ)

+

{
89m4

1+212γ(1+γ)m4
1+729γ2m2

2−576γ2m1m3

9216γ(1+γ)2m3
1

+
(1+2γ)m2

24(1+γ2)m1
cosθ sin2 θ

+
3m4

1+8γm4
1+8γ2m4

1−36γ2m2
2+80γ2m1m3

768γ(1+γ)2m3
1

cos(2θ)+
(1+2γ)2m1

3072γ(1+γ)2
cos(4θ)

}
ε2v

+O(ε4v), (3.16)

where we have kept an additional order as compared to eq. (3.15a), which will be necessary

to extract b6d from SEE. When γ = −1/2, eq. (3.16) simplifies considerably,

rc(εv,θ) =
m1

ε2v
+
m2

2m1
cos(2θ)+

(
4m1m3−m4

1−5m2
2

32m3
1

+
20m1m3−9m2

2+m4
1

96m3
1

cos(2θ)

)
ε2v

+O(ε4v). (3.17)
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Plugging the expression for G in eq. (2.6) into eq. (3.13) gives

I =
2(2π2)2

4GN

2

c1c42c
4
3

2n+2∑

j=1

(−1)j
∫ π

0
dθ sinθ

∫ rc(εv ,θ)

0
drr2

2(r cos(θ)−ξj)√
r2+ξ2j−2rξj cos(θ)

+
2(2π2)2

4GN

2

c1c42c
4
3

2n+2∑

j,k=1

(−1)j+k
∫ π

0
dθ sinθ

∫ rc(εv ,θ)

0
drr2

reiθ−ξj
|reiθ−ξj |

re−iθ−ξk
|reiθ−ξk|

, (3.18)

where rc(εv, θ) is the cutoff in eq. (3.16). The integrals in eq. (3.18) are performed in

ref. [34],11 and are very similar to those in the asymptotically locally AdS4 × S7 case

performed in the appendix, so here we only quote the result:

I = − 8(2π2)2L9
S4

4GNγ(1 + γ)

(
8(1 + γ)4

3γ2
1

ε4v
+

2(1 + γ)2(3 + 16γ)

15γ2
1

ε2v
− 85− 8γ(52 + 115γ)

5040γ2

+
m2

2

10m4
1

− 2m3

15m3
1

− 1

3m3
1

∑

j,k=1
j<k

(−1)j+k|ξj − ξk|3
)
, (3.19)

where we dropped terms that vanish as εv → 0. We will continue to do so in what follows.

If we set γ = −1/2 then eq. (3.19) becomes

I =
26π4L9

S4

3GN




1

ε4v
− 1

ε2v
− 3

40
+

3m2
2 − 4m1m3

20m4
1

− 1

2m3
1

2n+2∑

j,k=1
j<k

(−1)j+k|ξj − ξk|3


 . (3.20)

As expected, eq. (3.20) contains terms that diverge as εv → 0. To extract b6d using

eq. (3.6), we will need the result for I for the exact AdS7 × S4 solution, which we denote

I6d. As mentioned at the end of section 2.1, the AdS7×S4 solution has two branch points

at Re (w) = ±ξ. These can be eliminated by conformally mapping the upper half plane to

a semi-infinite strip via w = ξ coshZ, where Z = X + iY with X ∈ [0,∞] and Y ∈ [0, π].

In the semi-infinite strip coordinates,

h = −iξ
(
coshZ − coshZ

)
, G = −i

(
1 + 2

sinh(Z−Z2 )

sinhZ

)
. (3.21)

In semi-infinite strip coordinates the metric takes the form

ds2 = 4L2
S4

(
cosh2 X

2
ds2AdS3 + sinh2 X

2
ds2S3 +

dX2

4

)
+ L2

S4 ds
2
S4 . (3.22)

Mapping eq. (3.22) to the asymptotic form in eq. (3.14) gives at leading order v = 2e−X/2.
As a result, the cutoff εv maps to a cutoff Xc = −2 log(εv/2). Plugging eq. (3.22) into

eq. (3.10) and performing the integration with the cutoff Xc, we find

I6d =
26π4L9

S4

3GN

(
1

ε4v
− 1

ε2v
+

3

8

)
. (3.23)

11In ref. [34] the first and second lines of eq. (3.18) are denoted J1 and J2, respectively.
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Comparing eqs. (3.20) and (3.23), we see that all divergent terms cancel in I −I6d, as

advertised. Extracting b6d via eq. (3.6) then gives

b6d =
26π4L9

S4

GN




− 9

20
+

3m2
2 − 4m1m3

20m4
1

+
1

2m3
1

2n+2∑

j,k=1
j<k

(−1)j+k(ξj − ξk)3




. (3.24)

If we use the scaling symmetry to set m1 = 2, then eq. (3.24) reproduces the result of

ref. [34]. However, we can go farther, and write b6d of eq. (3.24) in terms of the partition

data {Na} and {Ma}, as follows. On the right-hand-side of eq. (3.24), we use eq. (2.23)

to replace the factors of m1 in the denominators with factors of M . Next we consider the

combination 3m2
2 − 4m1m3 in the second term on the right-hand side of eq. (3.24). While

m2 and m3 are not individually invariant under translations of the ξj , the combination

3m2
2−4m1m3 is invariant. That is important, since such shifts are equivalent to a coordinate

transformation, under which our final expression must be invariant. Using the definition

of the mk in terms of the ξj in eq. (2.7), we can write

3m2
2−4m1m3 =−

(
n+1∑

a=1

ξ2a−ξ2a−1
)4

−12

(
n+1∑

a=1

ξ2a−ξ2a−1
)(

n∑

a=1

n+1∑

b=a

(ξ2b−ξ2b−1)(ξ2a−ξ2a−1)
n∑

c=a

(ξ2c+1−ξ2c)
)

+12

(
n+1∑

a=1

ξ2a−ξ2a−1
)(

n∑

a=1

a∑

b=1

(ξ2b−ξ2b−1)(ξ2a−ξ2a−1)
n∑

c=a

(ξ2c+1−ξ2c)
)

+12

(
n∑

a=1

(ξ2a−ξ2a−1)
n∑

b=a

(ξ2b+1−ξ2b)
)2

−12

(
n+1∑

a=1

ξ2a−ξ2a−1
)

n∑

a=1

(ξ2a−ξ2a−1)
(

n∑

b=a

(ξ2b+1−ξ2b)
)2

, (3.25)

which can be proven using recursion. Using eqs. (2.21) and (2.22) to replace the ξj with

Ma and M ′b, and then using eq. (2.26) to replace the M ′b with the Na, we find

3m2
2−4m1m3 = c121

G
4/3
N

(2π)16/3
γ4

(1+γ)12

[
−M4+12γM

(
n∑

a=1

n+1∑

b=a

MbMaNa

)
(3.26)

−12γM

(
n∑

a=1

a∑

b=1

MbMaNa

)
+12γ2

(
n∑

a=1

MaNa

)2

−12γ2M
n∑

a=1

MaN
2
a

]
.
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All that remains in eq. (3.24) is the sum over (ξj − ξk)3. We decompose this sum as

2n+2∑

j,k=1
j<k

(−1)j+k(ξj − ξk)3 =

[(
n+1∑

a=1

(ξ2a − ξ2a−1)
)3

(3.27)

+ 6

(
n∑

b=1

(ξ2b − ξ2b−1)
n∑

a=b

(ξ2a+1 − ξ2a)
n+1∑

c=b

(ξ2c − ξ2c−1)
)

− 6

(
n∑

b=1

(ξ2b − ξ2b−1)
n∑

a=b

(ξ2a+1 − ξ2a)
b∑

c=1

(ξ2c − ξ2c−1)
)]

,

which can be proven using recursion. Again using eqs. (2.21) and (2.22) to replace the ξj
with Ma and M ′b, and then using eq. (2.26) to replace the M ′b with the Na, we find

2n+2∑

j,k=1
j<k

(−1)j+k(ξj − ξk)3 = −c91
GN

(2π)4
γ3

(1 + γ)9

[
M3 − 6γ

(
n∑

a=1

n+1∑

b=a

NaMaMb

)

+ 6γ

(
n∑

a=1

a∑

b=1

NaMaMb

)]
. (3.28)

Plugging eqs. (3.26) and (3.28) into eq. (3.24), using eq. (2.18), and setting Nn+1 = 0 and

γ = −1/2 then gives

b6d =
3

5

[
N2

M
−
n+1∑

a=1

(
MaN

2
a − 8

n+1∑

b=a

MaNaMb + 8

a∑

b=1

MaNaMb

)]
, (3.29)

which can be simplified by rearranging the summations to give our main result,

b6d =
3

5

[
8MN +

N2

M
+

n∑

a=1

(
8M2

aNa −MaN
2
a − 16

a∑

b=1

MbMaNa

)]
. (3.30)

3.2 Asymptotically locally AdS4 × S7 solutions

As in the previous case, in the asymptotic large-r region we put the metric in a form that

makes manifest the symmetries of the 2d boundary,

ds2 =
L2
S7

4

(
dv2

v2
+
ds2AdS3

v2

)
+ L2

S7

(
dθ̃2 + sin2 θ̃ ds2S3 + cos2 θ̃ ds2S3

)
+ . . . , (3.31)

where asymptotically at large r

v =
(1 + γ)

√
−m2

1 −m2

2
√−γ

1

r

(
1 +

−m3
1 +m3

3(m2
1 +m2)

cos θ
1

r
+O

(
1

r2

))
(3.32a)

θ̃ =
θ

2
+
−m3

1 +m3

6(m2
1 +m2)

sin θ
1

r
+O

(
1

r2

)
, (3.32b)
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where v ∈ [0,∞), θ̃ ∈ [0, π/2], and the ellipsis represent terms orthogonal to v and sub-

leading in 1/r. In these coordinates, we can approach the asymptotic local (half) AdS4×S7

boundary in two ways. First is to fix u and send v → 0, where the latter is equivalent via

eq. (3.32a) to r → ∞, which takes us to the asymptotically local AdS4 × S7 boundary at

a point away from the 2d boundary. Second is to fix v and send u→ 0, which takes us to

the AdS3 boundary, i.e. to a point on the 2d boundary.

We introduce an FG cutoff εv, which we plug into eq. (3.32a) and invert to find

rc(εv, θ) =
(1 + γ)

√
−m2

1 −m2

2
√−γ

1

εv
− −m

3
1 +m3

3(m2
1 +m2)

cos θ +O (εv) . (3.33)

Plugging the expression for G given in eq. (2.11) into eq. (3.13) we obtain

I =
(2π2)2

4GN

4

c1c42c
4
3

∫ π

0
dθ sinθ

∫ rc(εv ,θ)

0
drr2


1−

2n+1∑

j,k=1

(−1)j+k
reiθ−ξj
|reiθ−ξj |

re−iθ−ξk
|reiθ−ξk|


 . (3.34)

These integrals are very similar to those in the asymptotically local AdS7 × S4 case. We

perform the integrals in the appendix, with the result

I =
(2π2)2

4GN

L9
S7

24

1

εv
− (2π2)2

4GN

8

3

1

c1c42c
4
3

2n+1∑

j,k=1
j<k

(−1)j+k(ξj − ξk)3. (3.35)

As expected, eq. (3.35) diverges as εv → 0. To extract b3d using eq. (3.7), we will need

the result for I for the exact AdS4 × S7 solution, which we denote I3d. In AdS3 slicing,

the AdS4 × S7 metric takes the form

ds2 = L2
S7

(
dx2 + cosh2(2x) ds2AdS3 + dy2 + sin2 y ds2S3 + cos2 y ds2S3

)
, (3.36)

where x ∈ (−∞,∞) and y ∈ [0, π/2]. By matching the large-|x| asymptotics of this

AdS4 × S7 metric to that of eq. (3.31), we find x ∈ (−xc, xc) with cutoff xc = −1
2 ln εv.

Plugging eq. (3.36) into eq. (3.10) and performing the integration with that cutoff, we find

I3d =
2(2π2)2

4GN

L9
S7

24

1

εv
. (3.37)

Comparing eqs. (3.35) and (3.37), we see that the divergence cancels in I − I3d, as

advertised. Extracting b3d via eq. (3.7) then gives

b3d = −(2π2)2

GN

2

c1c42c
4
3

2n+1∑

j,k=1
j<k

(−1)j+k(ξj − ξk)3. (3.38)

– 32 –



J
H
E
P
0
5
(
2
0
1
9
)
0
3
2

To rewrite this expression in terms of the partition data {Na} and {Ma}, we decompose

the sum in eq. (3.38) as

2n+1∑

j,k=1
j<k

(−1)j+k(ξj − ξk)3 = 3

[
− 2

(
n∑

b=1

b∑

c=1

(ξ2c − ξ2c−1)(ξ2b − ξ2b−1)
n∑

a=b

(ξ2a+1 − ξ2a)
)

+

(
n∑

b=1

(ξ2b − ξ2b−1)2
n∑

a=b

(ξ2a+1 − ξ2a)
)
−

n∑

b=1

(ξ2b − ξ2b−1)
(

n∑

a=b

(ξ2a+1 − ξ2a)
)2 ]

,

(3.39)

which can be proven using recursion. Using eqs. (2.21) and (2.22) to replace the ξj with

Ma and M ′b, and then using eq. (2.26) to replace the M ′b with the Na, we find

2n+1∑

j,k=1
j<k

(−1)j+k(ξj − ξk)3 = 3c91
GN

(2π)4
γ4

(1 + γ)9

[
−2

(
n∑

a=1

a∑

b=1

MbMaNa

)
(3.40)

+

(
n∑

a=1

M2
aNa

)
+ γ

n∑

a=1

MaN
2
a

]
.

Plugging eq. (3.40) into eq. (3.38) then gives

b3d =
3

2

c81
c42c

4
3

γ4

(1 + γ)9

[
−

n∑

a=1

M2
aNa − γ

n∑

a=1

MaN
2
a + 2

n∑

a=1

a∑

b=1

MbMaNa

]
. (3.41)

Using c1 + c2 + c3 = 0 and c2 = γc3, we find

c81
c42c

4
3

γ4

(1 + γ)9
=

(c2 + c3)
8

γ4c83

γ4

(1 + γ)9
=

1

1 + γ
, (3.42)

and hence we obtain our main result for b3d,

b3d =
3

2

1

1 + γ

[
−

n∑

a=1

M2
aNa − γ

n∑

a=1

MaN
2
a + 2

n∑

a=1

a∑

b=1

MbMaNa

]
. (3.43)

4 The central charge

In this section, we explore our results for b6d and b3d in several ways. In section 4.1 we

show that our result for b6d in eq. (3.30) can be written in the compact form of eq. (1.1),

that is, in terms of λ, the highest weight vector of the representation R, and %, the Weyl

vector of su(M). We also determine how b6d scales with M and N for some specific choices

of R. Similarly, in section 4.2 we determine how b3d scales with N for some specific choices

of partition ρ. In section 4.3 we briefly survey some previous calculations of self-dual string

central charges, and discuss how and why these results differ from ours.
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4.1 Wilson surface

Our first goal is to show that our result for b6d in eq. (3.30),

b6d =
3

5

[
8MN +

N2

M
+

n+1∑

a=1

(
8M2

aNa −MaN
2
a − 16

a∑

b=1

MbMaNa

)]
, (4.1)

can we re-written in the form of eq. (1.1),

b6d =
3

5
[16(λ, %)− (λ, λ)] , (4.2)

where λ is the highest weight vector of the representation R, % is the Weyl vector of su(M),

and (·, ·) is the inner product on the weight space. To show the equivalence between the

two expressions for b6d we will actually work backwards: starting from eq. (4.2) we will

re-write various sums until we reach eq. (4.1).

We start with the parametrization of the partition ρ = {`1, `2, . . .}, with integers

`1 ≥ `2 ≥ `3 . . ., where `q with 1 ≤ q ≤ M is the number of M2-branes ending on the qth

M5-brane, as illustrated on the left in figure 3. In this parametrization the inner products

in eq. (4.2) are simple to write in terms of the Dynkin indices of the representation R,

λq = `q − `q+1,

(λ, %) =
1

2

M∑

q=1

(M − q)qλq, (λ, λ) =
1

M

M∑

q=1

(M − q)λq


−qλq + 2

q∑

p=1

pλp


 . (4.3)

As is clear from the definition of λq, non-zero contributions to the sums in eq. (4.3) only

come from cases where the number of boxes in the Young tableau changes from one row

to the next. The non-zero contributions are thus more conveniently described using the

parametrization of the partition ρ in eq. (2.17), in terms of the set of distinct integers {Na}
with degeneracies {Ma} for a = 1, 2, . . . , n+ 1 and Nn+1 = 0. In this parametrization, the

non-zero contributions to the sums in eq. (4.3) come from λa = Na − Na+1, and the row

number can be written as q =
∑a

b=1Mb. Plugging these expressions into eq. (4.3) gives

(λ, %) =
1

2

n+1∑

a=1

a∑

b=1

(
M−

a∑

c=1

Mc

)
Mb (Na−Na+1) , (4.4a)

(λ, λ) =
1

M

n+1∑

a=1

a∑

b=1

(
M−

a∑

c=1

Mc

)
(Na−Na+1)

[
2

b∑

d=1

Md(Nb−Nb+1)−Mb(Na−Na+1)

]
.

(4.4b)

Expanding the sums in eq. (4.4) then leads to

(λ, %) =
1

2

n+1∑

a=1

(
MMaNa +M2

aNa − 2

a∑

b=1

MbMaNa

)
, (4.5a)

(λ, λ) =

n+1∑

a=1

MaN
2
a −

1

M

(
n+1∑

a=1

MaNa

)2

, (4.5b)
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which we simplify using the fact that the total number of M2-branes is N =
∑n+1

a=1 MaNa:

(λ, %) =
1

2
MN +

1

2

n+1∑

a=1

M2
aNa −

n+1∑

a=1

a∑

b=1

MbMaNa, (4.6a)

(λ, λ) =

n+1∑

a=1

MaN
2
a −

N2

M
. (4.6b)

Plugging eq. (4.6) into eq. (4.2) we find

3

5
[16(λ, %)− (λ, λ)] =

3

5

[
8MN + 8

n+1∑

a=1

M2
aNa − 16

n+1∑

a=1

a∑

b=1

MbMaNa −
n+1∑

a=1

MaN
2
a +

N2

M

]

=
3

5

[
8MN +

N2

M
+

n+1∑

a=1

(
8M2

aNa −MaN
2
a − 16

a∑

b=1

MbMaNa

)]

= b6d, (4.7)

as advertised. We can alternatively express b6d in terms of the quadratic Casimir of the

representation, Qλ ≡ 2(λ, %) + (λ, λ),

b6d =
24

5

(
Qλ −

9

8
(λ, λ)

)
. (4.8)

The inner product (·, ·) is invariant under the action of the Weyl group. These compact

forms of b6d thus make manifest that b6d is invariant under the action of the Weyl group on λ

and %, including in particular the Weyl reflection affected by the complex conjugation of the

representation, R → R. Such invariance is expected, given that the 11d SUGRA solutions

are invariant under R → R, as explained at the end of section 2.3.1. Such invariance is

also expected in the field theory: R → R combined with orientation reversal of the Wilson

surface must leave all observables invariant. The EE of our spherical region is invariant

under the orientation reversal alone, and hence must also be invariant under R → R alone,

not just under the combined operation. As a result, b6d is invariant under R → R.

These compact forms of b6d do not make immediately obvious how b6d scales with

the total numbers M of M5-branes or N of M2-branes. To see such scaling explicitly,

we consider two relatively simple examples of R. First, consider a totally symmetric

representation of rank N , which corresponds to a Young tableau with a single row of N

boxes. In terms of the partition data, M1 = 1, N1 = N , and Na = 0 for 2 ≤ a ≤ n + 1,

which describes all N M2-branes ending on a single M5-brane. In this case we find12

b6d =
3

5

[
8MN +

N2

M
−N2 − 8N

]
(symmetric) (4.9)

=
3

5

N

M
(8M −N) (M − 1) ,

12Note added. A natural question is whether the value N = 8M at which b6d in eq. (4.9) vanishes

has any physical significance. In particular, does b6d = 0 imply that the symmetric-representation Wilson

surface with N = 8M is somehow equivalent to a trivial-representation object, like a “baryon vertex”? We

suspect not, because as shown in eq. (1.3), b6d = c− 3
5
d2 with c and d2 defined as coefficients in the defect

trace anomaly eq. (1.2), and taking the values in eq. (1.4). In particular, both c and d2 are positive for the

symmetric representation with N = 8M , and b6d vanishes because of a cancellation between them, whereas

we would expect both of them to vanish independently for a trivial-representation object.
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where the second line helps facilitate probe limits. For example, the limit N � M2 gives

b6d ≈ 24
5 N (M −N/8). As shown in ref. [43], this probe limit result agrees with a calcula-

tion of EE using probe M5-branes in AdS7×S4 wrapping an AdS3×S3 submanifold inside

AdS7 and sitting at a point on the S4. This is true even when N ∼ O(1), in which case

we would expect the SUGRA approximation to break down, as discussed below eq. (2.26).

Our second example is a totally anti-symmetric representation of rank N , which corre-

sponds to a Young tableau with a single column of N boxes. In terms of the partition data,

M1 = N and N1 = 1, which describes N M5-branes each having one M2-brane ending on

them. In this case we find

b6d =
3

5

[
8MN +

N2

M
− 8N2 −N

]
(anti-symmetric) (4.10)

=
3

5

N

M
(M −N)(8M − 1),

where again the second line helps facilitate probe limits. For example, the limit N �M2

gives b6d ≈ 24
5 N (M −N). As shown in ref. [43], this limit agrees with a calculation of

EE using probe M5-branes in AdS7 × S4 wrapping an AdS3 submanifold of AdS7 and S3

submanifold of S4, again for all values of N . For a totally anti-symmetric representation

R, complex conjugation R → R acts as N ↔ M − N . Our result for b6d in eq. (4.10) is

clearly invariant under N ↔ M −N , as expected. Furthermore, a totally anti-symmetric

representation of rank M , meaning N = M , is equivalent to a trivial representation, and

indeed plugging N = M into eq. (4.10) gives b6d = 0.13

Assuming that b6d counts degrees of freedom localized to the Wilson surface, a näıve

expectation is that in the large-M and/or N limit b6d should scale with the number of

degrees of freedom of the M5- or M2-brane theory, M3 or N3/2, respectively [65]. We can

force our result for b6d to scale as M3 or N3/2 by choosing a representation such that N

scales as a certain power of M . For example, for a totally symmetric representation of

rank N ∝ M3/2, in eq. (4.9) at large M the term −8N2 ∝ −8M3 with all other terms

sub-leading. However, in general none of our results for b6d naturally scale as M3 or N3/2.

Instead, in our results for b6d most terms scale linearly or quadratically with M or N .

As displayed above, our result for b6d can become negative. For example, for a totally

symmetric representation of rank N > 8M , eq. (4.9) clearly shows that b6d < 0. In a

standard 2d CFT, unitarity and normalizability of the ground state require the central

charge to be non-negative. However, whether unitarity imposes a lower bound on b6d is

currently unknown. In similar cases, such as 3d BCFTs, unitarity allows negative values

of the boundary central charge. For example, in the free massless scalar 3d BCFT with a

Dirichlet boundary condition — a perfectly unitary theory — the boundary central charge

is negative [38, 39, 53]. More generally, for unitary 3d BCFTs ref. [55] conjectured a lower

bound on the boundary central charge that was negative. The fact that Wilson surfaces in

the M5-brane theory and their holographic duals have no other known violations of unitarity

leads us to suspect strongly that b6d < 0 does not necessarily signal unitarity violation.

13Note added. In terms of the trace anomaly coefficients c and d2 defined in eq. (1.2), b6d = c− 3
5
d2

vanishes for an antisymmetric representation with N = M because c and d2 each individually vanish in

that case, as expected for a trivial representation.
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4.2 Cousins of the ABJM BCFT

As discussed in section 2.3.2, in the asymptotically locally AdS4 × S7 solutions we cannot

identify M , so while we can identify a partition ρ and corresponding Young tableau, we

cannot identify su(M) or a representation R. We can thus write our result for b3d in

eq. (3.43),

b3d =
3

2

1

1 + γ

n∑

a=1

(
−M2

aNa − γMaN
2
a + 2

a∑

b=1

MbMaNa

)
, (4.11)

only in terms of N , and not M . As mentioned below eq. (2.11), we consider asymptotically

locally AdS4 × S7 solutions with γ ∈ (−1, 0).

As explained at the end of section 2.3.2, the asymptotically locally AdS4×S7 solutions

are invariant, up to an orientation reversal, under the combined operations γ → γ−1 and

ρ→ ρ̂ = ρT . To see how these operations act on b3d, we re-write eq. (4.11) in terms of the

sets {N ′b} and {M ′b},

b3d =
3

2

1

1 + γ

[ n∑

b=1

M ′n+1−b

(
n∑

a=b

Mn+1−a

)2

− γ
n∑

a=1

Ma

(
n∑

b=a

M ′b

)2 ]

=
3

2

1

1 + γ

[ n∑

b=1

M ′bN
′
b
2 − γ

n∑

a=1

MaN
2
a

]
, (4.12)

which can be proven using recursion. Eq. (4.12) makes clear that the combined operations

of γ → γ−1 and ρ→ ρ̂ = ρT , which acts as Ma →M ′n−a and Na → N ′n−a, sends b3d → −b3d.
Equivalently, in the parametrization ρ = {`1, `2, . . .} and ρ̂ = ρT = {`′1, `′2, . . .},

b3d =
3

2

1

1 + γ


−γ

n∑

q=1

`2q +

n∑

q̂=1

`′q̂
2


 . (4.13)

In this parametrization, ρ→ ρ̂ = ρT acts as `q ↔ `′q̂, which when combined with γ → γ−1

clearly sends b3d → −b3d.
To see how b3d in eq. (4.11) scales with N we consider two examples of partitions

analogous to our two examples for b6d in eqs. (4.9) and (4.10). First, we consider the

analogue of the rank N totally symmetric representation, which corresponds to a Young

tableau with a single row of N boxes. In terms of partition data, this example has M1 = 1,

N1 = N , and Na = 0 for a ≥ 2, which gives

b3d =
3

2(1 + γ)
N (1− γN) . (“symmetric”) (4.14)

The large-N limit of eq. (4.14) gives b3d ≈ −3
2

γ
1+γN

2. As a second example, we consider

the analogue of a rank N the totally anti-symmetric representation, which corresponds to

a Young tableau with a single column of N boxes. In terms of partition data, this example

has N1 = 1 and M1 = N , which gives

b3d =
3

2(1 + γ)
N (N − γ) . (“anti-symmetric”) (4.15)
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The large-N limit of eq. (4.15) gives b3d ≈ 3
2

1
1+γN

2. Clearly in both cases at large N we

find that b3d scales as N2 rather than N3/2. Of course, as discussed in section 1, in these

cases the 3d BCFTs are only cousins of the ABJM BCFT, and in particular have a different

supergroup from that of the maximally SUSY ABJM BCFT. We therefore have no reason

a priori to expect b3d to scale as N3/2 at large N .

As with b6d in section 4.1, the b3d in eq. (4.11) can become negative. The examples in

eqs. (4.14) and (4.15) never are, because γ ∈ (−1, 0). However, as we saw that γ → γ−1

combined with ρ→ ρ̂ = ρT sends b3d → −b3d, so any partition ρ giving b3d has a correspond-

ing ρT giving −b3d within the same D(2, 1; γ) × D(2, 1; γ) super-group. For the reasons

discussed at the end of section 4.1, even if some choices of Ma and Na make eq. (4.11)

negative, we strongly suspect that b3d < 0 does not necessarily signal unitarity violation.

4.3 Comparisons to other calculations

In this sub-section we will review two previous calculations of the self-dual string central

charge, one by Berman and Harvey (BH) [66] in section 4.3.1 and one by Niarchos and

Siampos (NS) [67] in section 4.3.2. We will denote these as bBH and bNS, respectively. In

section 4.3.3 we will compute the central charge in the maximally SUSY ABJM BCFT in

the free limit, which we will denote as bfree.

Put simply, we find that none of the calculations of the central charge of the self-dual

string or Wilson surface—b6d and b3d, BH, NS, and free ABJM — agree perfectly with any

of the others, though some share certain features. Indeed, all of these calculations extract a

central charge from different quantities (EE, anomalies, and thermodynamic entropy), and

use different limits of M and N , and so we have little reason a priori to expect agreement.

Nevertheless, aside from the M3 and N3/2 scalings of the ambient CFTs, these are some

of the few readily available results that we have for comparison.

4.3.1 R-symmetry anomaly

In ref. [66] BH considered N M2-branes ending on M M5-branes and performed an anomaly

inflow analysis. In particular, BH demanded that the total R-symmetry chiral anomaly on

the self-dual string’s 2d worldsheet vanishes. Let us briefly review their arguments.

The 2d R-symmetry is SO(4)RT
×SO(4)RN

, where SO(4)RT
acts on the directions tan-

gent to the M5-brane, (x3, x4, x5, x6), and SO(4)RN
acts on the directions normal to the M5-

brane, (x7, x8, x9, x10). If we gauge each SO(4) ' SU(2)+×SU(2)−, where the ± subscripts

indicate 2d chirality, with corresponding field strengths F± = dA±, then the Euler class of

the gauge bundle over the 2d self-dual string worldsheet is χ = 1
4π2

(
TrF 2

+ − TrF 2
−
)
. Writ-

ten as an exact 4-form, χ = dΦ where the 3-form Φ has the gauge transformation δΦ = dφ

for some 2-form, φ. The 2d chiral R-symmetry has an anomaly that receives contributions

from both 2d and 6d degrees of freedom, the latter via anomaly inflow. An anomaly de-

scent calculation shows that the 2d contribution to the anomaly is 2πbBH

∫
(φ(AN )−φ(AT )),

where AT and AN are the SO(4)RT
and SO(4)RN

connections, respectively, on the normal

bundle to the self-dual string. BH define a central charge as the coefficient bBH. They

determine bBH by demanding that the total 2d chiral R-symmetry anomaly vanishes, i.e.

that the 6d anomaly inflow contribution cancels the 2d contribution.
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With a single M5-brane, M = 1, the 2d R-symmetry chiral anomaly is πN
∫

(φ(AN )−
φ(AT )), and so bBH = N/2. The SO(4)RN

anomaly, πN
∫
φ(AN ), is cancelled by a local

counterterm on the M5-brane’s wordvolume, −
∫
dA2 ∧ φ(AN ), where as in section 1, A2

is the M5-brane’s worldvolume 2-form gauge field. The SO(4)RT
anomaly, −πN

∫
φ(AT ),

is cancelled by the gauge variation of the self-dual string’s minimal coupling to A2.

With multiple M5-branes, M > 1, BH move onto the Coulomb branch, separating

some M5-branes out of the stack of M coincident M5-branes. In that case, the M5-branes’

effective action includes the Ganor-Intriligator-Motl term [68, 69], α
∫
dA2 ∧ φ(AT ), where

α is known. Starting from a stack of M5-branes with ADE Lie algebra g and breaking to a

subgroup with ADE Lie algebra h times u(1), α = 1
4(dim g−dim h−1). The pullback of the

Ganor-Intriligator-Motl term to the 2d self-dual string worldsheet produces a term with

an SO(4)RN
anomaly that must cancel the 2d contribution, which allows BH to identify

bBH =
1

2
Nα. (4.16)

If we separate a single M5-brane from the stack then g = su(M) and h = su(M−1) (as men-

tioned in section 1, we ignore the overall center-of-mass u(1)), so α = 1
2 (M − 1) and hence

bBH =
1

4
N (M − 1) for su(M)→ su(M − 1)× u(1). (4.17)

If we separate all M M5-branes from each other such that g = su(M) and h = u(1)M−1,
then α = 1

4

(
M2 −M − 1

)
and hence

bBH =
1

8
N
(
M2 −M − 1

)
for su(M)→ u(1)M−1. (4.18)

If we compare bBH in eqs. (4.17) and (4.18) to b6d of the totally symmetric or anti-

symmetric representations in eq. (4.9) or (4.10), respectively, then the only obvious sim-

ilarities are terms scaling as MN and N , with different numerical coefficients. However,

we can identify at least four reasons why b6d and bBH need not agree. First, whether b6d
and bBH are the same quantity is unclear. In a 2d CFT the chiral R-symmetry anomaly

coefficient is proportional to the central charge c [70], and BH assume the same remains

true for a 2d defect in a higher-d CFT. However, that has not been demonstrated, and

moreover, whether and how either quantity is related to the defect’s EE is unclear. Second,

we calculated b6d for any representation R. However, bBH seems to involve no data about

a representation. Which representation(s) are appropriate in comparing b6d and bBH (if

any) is unclear. Third, our b6d was computed at the conformal point where all M5-branes

are coincident, whereas bBH was computed on the Coulomb branch. Fourth, we computed

b6d in the SUGRA limit of large M , whereas the calculation of bBH is in principle valid

for any M . At best we might expect agreement between b6d and bBH’s large-M limit, and

indeed, both our results for b6d in eqs. (4.9) and (4.10) and the results for bBH in eqs. (4.17)

and (4.18) scale as MN at large M but with different numerical coefficients.

If we compare b3d of the totally “symmetric” or “anti-symmetric” partitions in

eqs. (4.14) or (4.15), then the only obvious similarities are terms scaling as N , with dif-

ferent numerical coefficients. However, as before, BH compute a different quantity, which
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appears to involve no information about a partition. We can also identify two further

reasons why b3d and bBH need not agree. First, as discussed in sections 1 and 2.3.2, b3d
arises from a case with both M5- and M5′-branes, while bBH arises from a case with no

M5′-branes. Second, as discussed in section 1 and 2.2, b3d arises in a case with super-group

D(2, 1; γ)×D(2, 1; γ) with γ ∈ (−1, 0), while BH presumably have γ = 1.

4.3.2 Blackfolds

In refs. [67, 71] NS found a blackfold description [72–74] of a fully localized intersection

of M2- and M5-branes. Specifically, in ref. [71] in an effective M5-brane theory they

found a 1/4-BPS “spike” solution representing N M2-branes ending on the M M5-branes.

In ref. [67] they generalized the spike solution to non-zero temperature T , in the limit

N �M2, and computed the thermal entropy density S. In the low-T limit, relative to the

system’s spatial size, they found

S =
8

135

Γ(13) Γ(16)
√
π

C8

N2

M
T +O(T 4), (4.19)

where the constant C ≈ 1.2 arises as a matching parameter when “gluing” the spike to the

M5-branes. NS then compare the term ∝ T in eq. (4.19) with the Cardy entropy density

of a 2d CFT, π
3 c T [75], and hence identify a central charge,

bNS =
8

45

Γ(13) Γ(16)

C8
√
π

N2

M
≈ 0.35

N2

M
. (4.20)

Our result for b6d shares at least one superficial similarity with bNS, namely b6d in

eq. (4.1) includes a term 3
5
N2

M ≈ 0.6N
2

M , similar to bNS. However, whether a limit exists

— including in particular NS’s limit N � M2 — in which that term dominates over the

others in b6d is unclear. Moreover, we can identify at least three reasons why b6d and bNS

need not agree. First, whether b6d and bNS are the same quantity is unclear. Specifically,

for a 2d defect there appears to be no universal relation between the defect central charge

defined from EE and any Cardy-like contribution to S [49]. Second, whether NS’s result for

S should be interpreted as a Cardy entropy is highly suspect: NS’s result is a low -T limit,

relative to the system’s spatial size, whereas Cardy’s result is the high-T limit. In a 2d

CFT modular invariance relates the high- and low-T limits of S, so that c determines both

limits. Whether that remain true for a 2d defect is unclear — especially since modular

invariance is generically absent for a 2d defect. Lastly, bNS seems to involve no data about

a representation, which again leaves open which representation(s) to choose in order to

compare b6d and bNS, if any.

The b3d of the totally “symmetric” or “anti-symmetric” partitions in eqs. (4.14)

or (4.15) does not appear to have any similarities with bNS. As in the comparison to

BH in section 4.3.1, b3d and bBH need not agree: they are different quantities, bNS involves

no information about a partition, NS’s solution has no M5′-branes, and NS’s solution at

T = 0 presumably has γ = 1 rather than γ ∈ (−1, 0).

Ref. [67] pointed out that if we define the combination

Λ ≡ M2

N
, (4.21)
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then the central charge (4.20) can be written

bNS ≈ 0.35
N3/2

√
Λ
≈ 0.35

M3

Λ2
, (4.22)

depending on whether Λ is substituted for M or N , respectively. Hence, for fixed Λ, bNS

scales both as N3/2, characteristic of M2-branes, and M3, characteristic of M5-branes.

However, the same is not true for our results, in general. For example, making the same

substitution in result eq. (4.10) for the central charge of a Wilson surface in an antisym-

metric representation, we find (using M � 1)

b6d =
3

5

(√
ΛN3/2 −N2

)
=

3

5

(
M3

Λ
− M4

Λ2

)
, (4.23)

which includes a term scaling as N3/2 or M3, but also another term scaling with a power

of N or M that is not necessarily subleading in the SUGRA approximation. Indeed these

terms are required to ensure that b6d = 0 for the antisymmetric representation with N = M ,

corresponding to a trivial representation.

4.3.3 Free limit of the ABJM BCFT

A Wilson surface has two equivalent descriptions. The first is from the M5-brane theory

perspective, as a non-local operator in the 6d N = (2, 0) SUSY CFT. The second is from

the M2-brane perspective, as the boundary of the ABJM BCFT with maximally SUSY

boundary conditions [76], and possibly coupled to 2d SUSY multiplets [77]. In this section

we will compute the boundary central charge for the maximally SUSY ABJM BCFT in

the free limit, which we denote bfree. We will assume no 2d SUSY multiplets are present,

that is, we will calculate the contributions to bfree only from the fields of ABJM.

As mentioned in section 1, the ABJM theory [9] is a 3d N = 6 SUSY U(N)k×U(N)−k
Chern-Simons matter CFT, and is the low-energy description of N M2-branes at a C4/Zk
singularity. When k = 1, 2 the SUSY is enhanced to N = 8. The field content is two N = 2

vector multiplets, two N = 2 adjoint hypermultiplets, and two N = 2 bi-fundamental

hypermultiplets in complex conjugate representations of the gauge group. The on-shell

degrees of freedom include, from the adjoint multiplets, the Chern-Simons gauge fields and

their fermionic super-partners, and from the bi-fundemental hypermultiplets, eight real

scalar fields describing the positions of the M2-branes in the eight transverse directions,

and their fermionic super-partners. The theory’s ’t Hooft coupling is N/k, hence the theory

becomes weakly-coupled when k � N and free when k →∞ with N fixed.

The maximally SUSY boundary conditions on the ABJM fields that describe M2-

branes ending on M5-branes appear for example in ref. [76], which we now briefly review.

Four of the scalars have Dirichlet boundary conditions, representing the fact that the M2-

branes cannot move away from the M5-branes in the directions (x7, x8, x9, x10). The other

four scalars obey a Basu-Harvey-type equation [78], which in the free limit k →∞ with N

fixed reduces to a Neumann boundary condition, representing the fact that the M2-branes

can move freely along the M5-branes in the directions (x3, x4, x5, x6). The bi-fundamental

gauge indices on the scalars must also encode the partition ρ describing which M5-brane
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each M2-brane ends on. The boundary conditions on the Chern-Simons gauge fields and

fermionic super-partners follow from SUSY.

We also want the boundary conditions to preserve conformal symmetry. In the free

limit, for scalar fields Dirichlet and Neumann boundary conditions each preserve conformal

symmetry. For Chern-Simons gauge fields conformal invariance requires a boundary term

producing a Wess-Zumino-Witten (WZW) model at the 2d boundary. For Dirac fermions

conformal symmetry requires acting with a projector that produces a single chiral fermionic

mode at the 2d boundary. The maximally superconformal boundary conditions ensure that

the WZW and 2d chiral fermion degrees of freedom together preserve parity. For what

follows we will need no further details about the boundary conditions.

For 3d BCFTs the central charge defined from EE appears also as a central charge

in the trace anomaly [37, 38], in essentially the same way as a 2d CFT. To be precise,

in a 3d BCFT the only non-zero contribution to the trace anomaly comes from the 2d

boundary [52], and includes a term b
24π

∫
R̂ localized at the boundary, where R̂ is the Ricci

scalar of the boundary’s induced metric. The coefficient of that Ricci scalar term obeys a

c-theorem for boundary RG flows, and hence serves as a measure of the number of degrees

of freedom localized at the boundary [39]. In 3d the contribution to the trace anomaly’s

2d Ricci scalar term is known for Chern-Simons gauge fields, free Dirac fermions, and

free scalars with Dirichlet and Neumann boundary conditions [38, 39, 53]. We can thus

calculate b for the maximally SUSY ABJM BCFT in the free limit simply by summing the

known results for the on-shell fields in the SUSY multiplets mentioned above.

Crucially, for a free Dirac fermion in 3d, b = 0, so in the maximally SUSY ABJM

BCFT in the free limit the fermion’s contribution to bfree is zero. For a free real scalar in

3d the values of b for Dirichlet and Neumann boundary conditions are equal and opposite.

In the maximally SUSY ABJM BCFT in the free limit, four scalars have Dirichlet boundary

conditions and the other four have Neumann, so the scalars’ net contribution to bfree is also

zero. As a result, bfree will be blind to the partition ρ describing which M5-brane each

M2-brane ends on. We are left with only the U(N)k ×U(N)−k Chern-Simons gauge fields,

whose contribution to bfree is two copies of the WZW central charge with the same N but

levels k and −k. Starting from a Chern-Simons theory with gauge Lie algebra g at level k,

the central charge of the corresponding WZW model is

cWZW =
k dim g

k + g∨
, (4.24)

where g∨ is g’s dual Coxeter number. For g = u(N), we have dim g = N2 and g∨ = N . The

maximally SUSY ABJM BCFT in the free limit therefore has a boundary central charge

bfree = lim
k→∞

[
kN2

k +N
+

(−k)N2

(−k) +N

]
= lim

k→∞
2 k2N2

k2 −N2
= 2N2, (4.25)

which indeed contains no information about a partition.

The only similarity between b6d and bfree is that b6d contains terms scaling as N2

at large N , though generically with different coefficients, as obvious in the examples of

eqs. (4.9) and (4.10). In some cases the N2 term in b6d dominates. For example, a totally
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symmetric representation in the large-M and N � M limits has b6d ≈ −3
5N

2, which

however clearly disagrees with bfree, even in sign.

Superficially, b3d is more similar to bfree than b6d is. Indeed, the examples in eqs. (4.14)

and (4.15) clearly scale as N2 at large N . In fact, the coefficient even agrees in one case,

namely b3d for the “anti-symmetric” partition in eq. (4.15), with γ = −1/4.

However, we can identify at least two reasons why b6d or b3d and bfree need not agree.

First, similar to the previous comparisons, for b3d the 3d BCFT has a different super-group

from the maximally SUSY ABJM BCFT. Second, we calculated b6d and b3d via holography,

and thus in the limit of large ’t Hooft coupling λ = N/k � 1 and hence N � 1, whereas

obviously we calculated bfree in the free limit. As a result, any agreement between b6d or

b3d and bfree is likely just a coincidence, and should probably be treated with skepticism.

5 Discussion and outlook

We used the 11d SUGRA solutions of refs. [23–26] to compute holographically the EE in two

cases. First was a spherical region centered on a Wilson surface in the M5-brane theory,

describing N M2-branes ending on M M5-branes at large M . Second was the EE of a

semi-circular region centered on the 2d boundary in cousins of the maximally SUSY ABJM

BCFT, also at large N . The Wilson surface or 2d boundary is characterized by a partition

ρ of N , which for the Wilson surface determines a representation R of the M5-branes’

worldvolume su(M) gauge algebra. From our result for EE we extracted a central charge,

b6d or b3d, as a contribution from the Wilson surface or 2d boundary to the coefficient of

the term logarithmic in the cutoff. Presumably b6d or b3d provides one measure of the

number of massless degrees of freedom on the Wilson surface or 2d boundary, respectively.

Our main result for b6d in eq. (1.1) is written compactly in terms of R’s highest weight

vector, λ, and the su(M) Weyl vector, %, and is manifestly invariant under the action of

the Weyl group, including complex conjugation, R → R. We found that neither b6d nor b3d
naturally scales with the number of degrees of freedom of the M5- or M2-brane theories at

large M or N , namely M3 or N3/2, respectively. Instead, for several examples of ρ we found

that b6d and b3d typically scale as M2 or N2. Our results also do not meaningfully agree

with previous calculations of self-dual string central charges by Berman and Harvey [66]

and Niarchos and Siampos [67] (nor do the results in those two references agree with each

other), and indeed we provided a long list of reasons why. For example, a chiral anomaly

was calculated in ref. [66] while ref. [67] computed thermodynamic entropy. The relation of

either of these quantities to EE for a 2d defect or boundary is unclear. Moreover, neither

of the previous putative central charges contain any information about the partition of N ,

and so it is unclear which ρ to chose for our comparisons.

Indeed, we know of several more promising possible comparisons, which could provide

more details about the origin and implications of our results. Examples include holographic

EE in the asymptotically locally AdS4 × S7 solutions dual to M2-branes ending on M5-

branes [26] (which have potentially dangerous singularities), elliptic genera of M2-branes

suspended between M5-branes [79], or the superconformal index of the M5-brane theory

compactified on S1 × S5 — where upon dimensional reduction along the S1 the Wilson
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surface reduces to a Wilson line of the effective 5d maximally SUSY Yang-Mills (SYM)

theory on S5 [22]. In some sense all of these should be counting the same massless degrees

of freedom that contribute to our b6d, though perhaps in different limits.

Our result for b6d in eq. (1.1) also suggests a tantalizing potential connection to Toda

CFTs. In particular, an AM−1 Toda CFT has primaries labeled by representations R
which have scaling dimensions 1

2 [2Q (λ, %)− (λ, λ)], with background charge Q. Our b6d is

functionally similar to that with Q = 8, but with an overall 3/5 factor instead of 1/2.

A natural question is thus whether we can reproduce our result for b6d via the AGT

correspondence [80]. Imagine compactifying M5-branes on a Riemann surface times a

squashed S4. The low-energy effective theory on the squashed S4 will be an N = 2 SYM

theory whose field content depends on the Riemann surface’s genus and punctures. The

AGT correspondence is the statement that the 4d SYM theory’s partition function on

the squashed S4, which can be computed via SUSY localization [81, 82], is equivalent to

a certain correlator in a Toda CFT on the Riemann surface, with background charge Q

determined by the S4’s squashing parameters. A 2d defect in the M5-brane theory that

descends to a 2d defect in the 4d SYM theory appears in the Toda theory as a degenerate

operator [83, 84]. A key question is thus whether and how the dimension of that degenerate

operator determines our b6d. In other words, can we reproduce our result for b6d, in whole

or in part, from a calculation either in the Toda CFT with degenerate operator or in the

4d SYM theory with 2d defect [85–87]? In particular, does the dimension of the degenerate

operator in the Toda CFT determine the EE of the 2d defect in the 4d N = 2 SYM? Or

is the similarity we found merely a coincidence?

We are currently investigating all of the above possible comparisons. However, more

generally we hope our results may help shed light on the mysterious degrees of freedom of

self-dual strings, the 6d N = (2, 0) CFT, and most of all, M-theory.
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A Integrals for the entanglement entropy

In this appendix we perform the integrals for I in the asymptotically locally AdS4 × S7

case, eq. (3.34), obatining the result in eq. (3.35). The integrals in eq. (3.34) are

I =
(2π2)2

4GN

4

c1c42c
4
3

∫ π

0
dθ sin θ

∫ rc(εv ,θ)

0
dr r2


1−

2n+1∑

j,k=1

(−1)j+k
reiθ − ξj
|reiθ − ξj |

re−iθ − ξk
|reiθ − ξk|


 ,

(A.1)
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with the cutoff rc(εv, θ) in eq. (3.33). We re-write the sums in eq. (A.1) as

2n+1∑

j,k=1

(−1)j+k
reiθ−ξj
|reiθ−ξj |

re−iθ−ξk
|reiθ−ξk|

= 2n+1+2
2n+1∑

j,k=1
j<k

(−1)j+k
(
r2+ξjξk−r cosθ(ξk+ξj)

)
√
r2+ξ2j−2rξj cosθ

√
r2+ξ2k−2rξk cosθ

.

(A.2)

After substituting, the integral eq. (3.34) becomes

I = −(2π2)2

4GN

8

c1c42c
4
3

∫ π

0
dθ sin θ

∫ rc(εv ,θ)

0
dr r2


n+

2n+1∑

j,k=1
j<k

(−1)j+k
reiθ − ξj
|reiθ − ξj |

re−iθ − ξk
|reiθ − ξk|


 .

(A.3)

We decompose the integral into the following pieces

I = −(2π2)2

4GN

8

c1c42c
4
3

(K0 +K1 +K2 +K3) , (A.4)

where

K0 ≡ n
∫ π

0
dθ sin θ

∫ rc

0
dr r2 = n

∫ π

0
dθ sin θ

r3c
3
, (A.5)

and we will not need to perform the θ integration because K0 will cancel against a term

in K1 +K2 +K3 (specifically a term in K1: see eq. (A.13)), where we define K1, K2, and

K3 as follows.

If we plug eq. (A.2) into eq. (A.1) then we obtain integrals nearly identical to those of

ref. [34]. In fact, our results will differ from those of ref. [34] only because we have 2n+ 1

branch points ξj rather than 2n + 2, we will leave m1 arbitrary rather than restricting

to m1 = 2, and our cutoff rc(εv, θ) will be different. Explicitly, if we plug eq. (A.2) into

eq. (A.1) then from the terms involving the sums over ξj and ξk we obtain the integrals

∫ π

0
dθ sin θ

∫ rc

0
dr r2

2n+1∑

j,k=1
j<k

(−1)j+k
(
r2 + ξjξk − r cos θ(ξk + ξj)

)
√
r2 + ξ2j − 2rξj cos θ

√
r2 + ξ2k − 2rξk cos θ

≡ K1 +K2 +K3,

(A.6)

where we define K1, K2, and K3 by expansions in Legendre polynomials, Pk (cos θ) ≡ Pk,

K1≡
2n+1∑

j,k=1
j<k

∫ π

0
dθ sinθ

∫ rc

|ξk|
dr

(−1)j+kr2(r2+ξjξk−r cosθ(ξk+ξj))

r2

∞∑

l,m=0

PlPm

(
ξj
r

)l(ξk
r

)m
,

K2≡
2n+1∑

j,k=1
j<k

∫ π

0
dθ sinθ

∫ |ξk|

|ξj |
dr

(−1)j+kr2(r2+ξjξk−r cosθ(ξk+ξj))

r|ξj |
∞∑

l,m=0

PlPm

(
ξj
r

)l( r

ξk

)m
,

K3≡
2n+1∑

j,k=1
j<k

∫ π

0
dθ sinθ

∫ |ξj |

0
dr

(−1)j+kr2(r2+ξjξk−r cosθ(ξk+ξj))

|ξj ||ξk|
∞∑

l,m=0

PlPm

(
r

ξj

)l( r

ξk

)m
.
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The integrals K1 and K2 are identical in form to those in ref. [34], though with sums up

to 2n+ 1 rather than 2n+ 2, while in K3 we correct a few typos in ref. [34], although we

still reproduce the subsequent equations of ref. [34]. Performing the integrals over r and θ

in K2 and K3, we find

K2 =−
2n+1∑

j,k=1
j<k

(−1)j+k
∞∑

l=0

2

2l+1
sign(ξk)

ξlj

ξl+1
k

(
ξ4k−ξ4j

4
+
ξ2k−ξ2j

2
ξjξk

)[
1− l+1

2l+3

(
1+

ξj
ξk

)]
,

(A.7)

K3 =
2n+1∑

j,k=1
j<k

(−1)j+k
∞∑

l=0

2

2l+1
sign(ξk)

ξlj

ξlk

{
ξ4j

ξk(5+2l)

[
1− l+1

2l+3

(
2+

ξk
ξj

+
ξj
ξk

)]
+

ξ3j
3+2l

}
.

(A.8)

Performing the integral over r in K1, we find

K1 =

2n+1∑

j,k=1
j<k

(−1)j+k
∫ π

0
dθ sinθ




∞∑

l,m=0
l+m 6=3

PlPmξ
l
jξ
m
k r

3−l−m

3−l−m

−cosθ(ξj+ξk)

∞∑

l,m=0
l+m 6=2

PlPmξ
l
jξ
m
k r

2−l−m

2−l−m +ξjξk

∞∑

l,m=0
l+m 6=1

PlPmξ
l
jξ
m
k r

1−l−m

1−l−m +




3∑

l,m=0
l+m=3

PlPmξ
l
jξ
m
k −cosθ(ξj+ξk)

2∑

l,m=0
l+m=2

PlPmξ
l
jξ
m
k +ξjξk

1∑

l,m=0
l+m=1

PlPmξ
l
jξ
m
k


 logr




rc

|ξk|

.

(A.9)

Let K1 ≡ K lower
1 +Kupper

1 , with K lower
1 and Kupper

1 representing the contributions from the

lower and upper endpoints of the r integration in eq. (A.9), respectively. The lower limit is

independent of the cutoff rc(εv, θ), hence upon performing the integration over θ our result

for K lower
1 is nearly identical to that of ref. [34],

K lower
1 = −

2n+1∑

j,k=1
j<k

(−1)j+k
∞∑

l=0

2

2l + 1
sign(ξk)

ξlj

ξlk

(
ξ3k

3− 2l
+

ξ2kξj
1− 2l

− ξk(ξk + ξj)
2(l + 1)

(2l + 3)(1− 2l)

)
.

(A.10)

As in ref. [34], miraculous cancellations occur, leading to a very simple expression for

K lower
1 +K2 +K3 =

1

3

2n+1∑

j,k=1
j<k

(−1)j+k|ξj − ξk|3. (A.11)
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For Kupper
1 we find

Kupper
1 =

2n+1∑

j,k=1
j<k

(−1)j+k
∫ π

0
dθ sin θ

(
r3c
3
− (ξj − ξk)2

sin2 θ

2
rc − (ξj − ξk)2(ξj + ξk) cos θ sin2 θ log rc

)
. (A.12)

The term involving r3c is independent of j and k. Using the fact that
∑2n+1

j,k=1
j<k

(−1)j+k = −n,

we find that the term in K1 involving r3c exactly cancels against K0. In the remaining

terms of Kupper
1 , we plug in rc(εv, θ) from eq. (3.33) and perform the θ integration, with

the result

K0 +Kupper
1 = −1

3

1 + γ√−γ
√
−m2

1 −m2

2n+1∑

j,k=1
j<k

(−1)j+k(ξj − ξk)2
1

εv
. (A.13)

We perform the sums over j and k using the definition of the mk in eq. (2.12),

2n+1∑

j,k=1
j<k

(−1)j+k(ξj − ξk)2 = −m2
1 −m2. (A.14)

We thus find

K0 +Kupper
1 = −1

3

1 + γ√−γ (−m2
1 −m2)

3/2 1

εv
. (A.15)

Using eq. (2.29) to replace −m2
1 −m2 with LS7 we find

K0 +Kupper
1 = −1

3
c91

γ4

(1 + γ)8
L9
S7

26
1

εv
. (A.16)

Plugging K0 +K1 +K2 +K3 into eq. (A.4), we thus find

I =
(2π2)2

4GN

c81
c42c

4
3

γ4

(1 + γ)8
L9
S7

24

1

εv
− (2π2)2

4GN

1

c1c42c
4
3

8

3

2n+1∑

j,k=1
j<k

(−1)j+k(ξj − ξk)3. (A.17)

Using eq. (3.42) to eliminate c1, c2, and c3 in the first term, we find

I =
(2π2)2

4GN

L9
S7

24

1

εv
− (2π2)2

4GN

1

c1c42c
4
3

8

3

2n+1∑

j,k=1
j<k

(−1)j+k(ξj − ξk)3, (A.18)

which we quote in eq. (3.35).
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