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1 Introduction

The tensionless limit of string theory on AdS is believed to be dual to a free (or nearly
free) conformal field theory [1-3], where string theory is expected to contain a higher spin
theory [4]. At this point in moduli space the large symmetry algebra underlying string



theory (see [5—7] for indirect evidence) is expected to become visible. This is also the place
where the integrability of the theory should be most easily discerned.

In the context of AdSs, the emergence of a higher spin symmetry at the tensionless
point was recently seen quite explicitly in [8], see also [9, 10] for attempts to observe this
directly from a world-sheet perspective. In that case, the dual 2d conformal field theory
of string theory on AdSs x S? x T4, the symmetric orbifold of T4, was shown to contain a
Weo symmetry algebra. This is the hallmark of the duality between higher spin theories
on AdSs and 2d CFT’s [11-13], see [14] for a review.

On the other hand, there has also been progress in understanding the integrable struc-
ture of string theory on AdSs [15-18], and it would be very interesting to relate the higher
spin and integrable symmetries. Integrable theories are usually distinguished by having
a Yangian symmetry, and one may therefore try to identify the relevant Yangian in the
explicit higher spin description. This was recently done [19, 20] for the bosonic toy model
of [13], where the generators of W [A], the symmetry algebra of the higher spin theory,
were explicitly identified with those of the affine Yangian of gl;. (The underlying isomor-
phism was first noted in [21, 22], generalizing the construction of [23], and independently
by [24] and [25-27], see also [28] for further generalizations. The affine Yangian of gl is
also isomorphic to the spherical degenerate double affine Hecke algebra SH® of [29], and
was also constructed independently in [30].)

In this paper we show how to construct the Yangian algebra corresponding to the
N = 2 superconformal generalisation of W,,. Our approach is partially inspired by the
fact that the underlying higher spin algebra shs[\] contains two commuting bosonic higher
spin subalgebras hs[A] @ hs[1 — A]. Subsequently, it was suggested in [31, section 11.1] that
this relation may also be true for the full W(NZQ) [A] algebra. We begin by showing that
wi=2 [A] actually has this structure, i.e. that it contains two decoupled Wy [ algebras.
(This analysis relies on the precise form of the defining structure constant of the Wéo =2) [A]
algebra that was identified in [32].) We then show that the additional generators that have
to be added to the two bosonic W, algebras in order to generate the full Wéé\/ =2) [A]
algebra transform in what one may call bi-minimal representations with respect to the two
Wso algebras. (This is to say, they transform as a minimal representation with respect to
one, and as an anti-minimal representation with respect to the other; here “anti-minimal”
means that it is the conjugate representation to the minimal representation.) The basic
idea of our construction is then to add generators to the two affine Yangians of gl; that
have these transformation properties.

The main technical difficulty of this approach comes from the fact that the descrip-
tion of conjugate minimal representations in terms of the affine Yangian was not known.
The affine Yangian viewpoint gives rise to an elegant description of representations in
terms of plane partitions [19], see also [33], but this language only applies to the “box”-
representations, but not to those made of “anti-boxes”. However, the bi-minimal repre-
sentations that are relevant for the above extension always involve also anti-box represen-
tations. We propose a general formula for the description of anti-box representations in
terms of plane partitions, see section 3.2. With this insight we can then propose some
of the commutation relations of the two sets of affine Yangian generators of gl; with the



additional modes, and thus undertake the first steps towards defining the supersymmetric
generalisation of the affine Yangian.

The paper is organized as follows. In section 2 we show that the W(gé\/ =2) [A] algebra
contains (and can be built up from) two commuting bosonic W, algebras. We identify
the additional generators that need to be added, and in particular, their representation
properties with respect to the two bosonic W, algebras. In section 3 we review the
relevant minimal representation of the affine Yangian, and explain how to describe the
conjugate representation. In section 4 we analyze the N = 2 construction for A = 0,
where the Wéév =2) [A] algebra has a free field realization, in terms of which also the two
bosonic W, algebras can be identified. In particular, we can make an explicit ansatz
for the additional generators that need to be added and compute their commutation and
anti-commutation relations for A = 0. In section 5, we then deform these relations away
from the free field point (A = 0), using as a guiding principle our insight into the correct
description of the minimal and conjugate minimal representations. We furthermore test our
ansatz by comparing to the free field limit, and by showing that the additional generators
lead to states in the correct representations. Our conclusions and avenues for future work
are outlined in section 6. There are two appendices: in appendix A, we have spelled out
some of the free field relations that we did not want to put in the main part of the text,
and in appendix B we have summarized the defining relations of the supersymmtric affine
Yangian we have found.

Note added: as we were in the final stages of this work we were made aware of [39]
which contains some overlap with section 2 of our paper.

2 Building up the N = 2 W, algebra

In this section we explain that the Wwi=2) [A] algebra contains two bosonic Wx[11] algebras

as mutually commuting subalgebras, one at © = A and one at ¢ = 1 — A. Note that it
is known, see e.g. eq. (202) in [14], that the N' = 2 higher spin algebra can be written in
this manner

shs[\](P°%) = hs[\] @ hs[1 — )] . (2.1)

However, it is not obvious whether this will also be true for the full quantum Wéé\/ =2) [A]

algebra.! This viewpoint will be important below because it will allow us to construct the

full Wéév =2) [A] algebra starting with these bosonic subalgebras.

2.1 Decoupling the bosonic subalgebras

In order to understand how this comes about, it is convenient to parametrise the chév =2) [A]

algebra as W](VAQZZ), i.e. to express both A and ¢ in terms of N and k as

(NV=2) 3Nk N

= = — A= —— 2.2
€= Nk N+k+1’ N+k+1’ (2:2)

1For the case of the N’ = 2 Wj algebra this was already noted in [34, 35]; however, for general A this is
not known.



)

see e.g. [32] for our conventions. As is also explained there, the W]%:z algebra contains two

spin h = 2 fields: the stress energy tensor T, and the primary spin h = 2 field W = W20,
W is also primary with respect to the u(1) current J, but 7' is not; however, we can define

the decoupled spin 2 field via

" 3
T=T- :JJ:. (2.3)

The modes of these two fields then satisfy the commutation relations
S ~ c—1

[Ty Wi] = (m — n)Wiin (2.4)

m(m? — 1) . —n

2no - €222 na 2
my VVn| = - 7Tm n —Wmin - -1 m,—n
(Wi, W] = (m —n) <(c—1) +n+ 5 W+>+6m(m ) Om,

where we are using the same conventions as in [32], and the last identity is directly read
off from eq. (2.14) of that paper. To find the two commuting Virasoro algebras, we make
the ansatz

Tw=0a"L} +a"L,, Wyu=b"LI+bL,, (2.5)
and demand that L® commute with one another and each lead to a Virasoro algebra with
central charge ci where ¢y > ¢_. In particular, it follows that

(c—=1)=cqy+c_, 0=btey +bc . (2.6)

These two conditions fix the coefficients a® and b uniquely, and one finds that the two
solutions are

+ 4+ Cao 1 N9
=1 b= = - 2432 . 2.7
a ) 1 ¥4\/(022,2) + -1 (2.7
The corresponding central charges are then
~(e—=1)b" _ (e—1)bt
=TT =TT (2.8)

Upon plugging in the formulae for b* and using the explicit expression for v = (ca29)?
from [32], one finds that ¢+ equals cy i and ¢ v, respectively, where

N(N+1)
(N + k)N +k+1)
is the central charge of the bosonic Wy, algebra (without the additional u(1) current).

Note that the full (decoupled) stress energy tensor T, defined in eq. (2.3), is indeed the
sum of L™ and L,

eng = (N —1) [1 - (2.9)

Ton =L} + L, (2.10)

as also follows from (2.7). In particular, this implies that the total central charge of the
N = 2 algebra must equal — the “+1” comes from the u(1) factor we have divided out —
Bk—1)N —k—1 3NE  (w=2)

].: 1:7_
cNk + CceN + Noikol + Nkl CNE

(2.11)

as is indeed true.



For each integer spin s > 3, the wi=2 [A] (or W(N )) algebra contains at least two
Virasoro primary fields. It seems plausible that among these spin s fields, we can always
find two fields W (*)* such that?

L, WO = (s = )m—m)Wiikn, (L, W9F] =0, (2.12)

m—+n

Since all W&t fields commute with L™, the same must be true for their commutator, and
hence the VOA generated by LT and the W®)* fields must close. (Obviously, a similar
statement also holds for L~ and the W)~ fields.) Furthermore, the commutator of W (*)+
with W~ must vanish since, with respect to LT, say, W®~ behaves like the identity
field and hence does not give rise to a non-trivial commutator. Thus, if for each spin s
there are two fields such that (2.12) holds, it follows that the W= )[)\] algebra contains
two commuting bosonic Wy [] algebras, one generated by the fields L™ and the W+,
and the other generated by L™ and the W)=, Given that their central charges equal cy g
and ¢y n, it is very plausible that the relevant W, algebras are just the bosonic Wy and
Wi, v algebras, respectively, i.e. that

WY D Wivs & Wi - (2.13)

In order to confirm this we would have to construct the relevant fields and determine
their C33* structure constants, but we have not attempted to do so here. Note that this
structure also nicely reflects the Zs C Zg X Zo symmetry of the W(N 2)

realized by N + k.

algebra that is

2.2 Character analysis

Next we want to understand the additional generators that need to be added to the two

S

bosonic W [p] algebras in order to generate Wx . For the following it will be con-

W

venient to add a single free boson field to Wx =2) [A]. Then the corresponding vaccum
character equals

) n+
H Lt 1 ) , (2.14)
since the vacuum character of the W(N 2) algebra is

(1+q¢"
i 2.15)

s=1n=s

and a single free boson contributes
(2.16)

vl

We want to organise this character in terms of Witoo[A] @ Witoo[l — A]. The vacuum

(1-4q")

character of each Wiy [ algebra is described by a plane partition, see e.g. [19, 20]

[e.e]

Xpp = H (1n ) (2.17)

L5 (1—g")

2We have checked explicitly that this is the case for spin s = 3.



and hence the two algebras account precisely for the denominator of xo(q) in eq. (2.14).
The numerator of (2.14) corresponds to the fermionic excitations, and is accounted for in
terms of bi-minimal representations of the two algebras® together with their tensor powers.
Since for each representation R of Wiyoo[u] the character is of the form

X% () xpp () (2.18)

this amounts to the condition that

H 1 + qn+ Z (wedge) [)\] . X%";‘fdge) [1-A] (q) , (219)
n=1 R

where R runs over all representations that appear in finite tensor powers of the two bi-
minimal representations, and R’ is the conjugate representation to R”, with T denoting
the transpose of R. Since R involves in general box and anti-box representations, and since
the wedge character of such a mixed representation is simply the product of the wedge
character of the box representation and that of the anti-box representation, the above

identity follows from

[T +ygrz Z YIS Gets P (g) et 4 gy (2:20)
n=1

where S runs over all Young diagrams (labelling say box-representations), S is the trans-
pose Young diagram (labelling now anti-box representations), and |S| denotes the number
of boxes in S. The first few cases are explicitly (see [36] for the general method for how to
derive them)

X(Dwedge) (Q) _ lq_ . (2.21)
(wedge) , \ _ 2
(@) = i—00-0 (2.22)
(wedge) . q2h+1

X (q) = A=g0=a (2.23)
(wedge) . q3h

R Tr ) Ty (2.24)

X598 (g) = [ (2.25)
= (1-9q)*(1—¢%) '
o) g) = (220

1-ql-¢*)1-¢)

3The bi-minimal representations that are relevant here are “minimal” with respect to one factor, and
“conjugate-minimal” with respect to the other. There are therefore two such representations, namely
“minimal”—“conjugate-minimal” and “conjugate-minimal”—“minimal”.



It is then straightforward to check (2.20) explicitly,* provided that we take the box repre-
sentations of Wi\ and Wi4o[1 — A] to be the ones with conformal dimensions

h:%(HA), ﬁ:%(u(l—x)), (2.27)

respectively, so that the total conformal dimension equals
1 1
h+h= (1+)\) 2(1+(1—/\)):7, (2.28)

thus reproducing the conformal dimension of the supercharge.

3 The minimal and conjugate minimal representation

As we have seen in the previous section, the additional generators that need to be added
to the two bosonic Wi, algebras transform in bi-minimal representations with respect to
these two algebras. For the following it will be important to describe these representations
from the viewpoint of the affine Yangian.

Recall from [19, 20] that the defining relations of the affine Yangian can be written as

e(2) flw) — flw)e(z) = -~ LE =) (3.1)

o3 zZ—w

and

e(w) ~ @3(z —w)e(w)e(z) (3.2)
fw) ~ ¢3'(z —w) f(w) f(2) (3-3)
P(2)e(w) ~ @3(z —w)e(w)y(z) (3-4)
fw) ~ 3 (z —w) fw)9(2), (3.5)

where ‘~’” means equality up to terms that are regular at z = 0 or w = 0. Here the fields
are expanded in terms of modes as

)= G j0=Y B we=1+ed Y 69
§=0

Jj=0 Jj=0

and the function @3(z) is defined by

(24 M) (z4+ho)(z+h3) 2P+ 022403

= = . 3.7
232 = =) —hs) 2+ 02z — o5 (3:7)

The h; parameters satisfy hy + ho + hy = 0, and we have defined
09 = h1hs + hohg + hihg, o3 = h1hshs . (38)

The structure of these OPEs can be summarised by the diagram of figure 1.

4We have done this up to ¢'°. It should not be too hard to prove this analytically, but we have not
attempted to do so.
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Figure 1. The OPE relations of the affine Yangian.
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In terms of the conformal field theory language, the h; parameters and 1)y can be
expressed as,

Yo=N (3.9)

N4k +1 N+k 1 (3.10)
V NTE “VNTE+D VIN+E)(N+k+1)"

see egs. (3.51) and (3.52) of [20].
As is explained in [19, 20], the different states of the vacuum representation are de-

scribed by plane partitions where the eigenvalues of ¥; on the configuration A are given by

Pa(z) = < %03) H p3(z — (D)), (3.11)

where
h(0) = h1z(0) + hoy(O) + hsz(D) (3.12)

with z(0) the z-coordinate of the box, etc. Furthermore, the representations of the affine
Yangian are parametrised by non-trivial asymptotic box stackings, and the charges of the
corresponding states are still given by (3.11), except that now the infinite product (over the
infinitely many boxes defining the asymptotic configuration) must be suitably regularized.

3.1 The minimal representation

The simplest non-trivial representations are the minimal representations whose asymptotic
box configuration consists of a single row of boxes extending along either x1, x5 or x3. For
our analysis above, the minimal representation corresponding to an asymptotic single box
in the xo direction will play a central role.” Its ground state has the charges

v = (1+ 1”0”3) I pste i)

B o3 w(u + ha)
() e )

Expanding out in inverse powers of w, this is of the form

Yoos _ Mahs | hihs(he — doos)

U u? u3

Y(u) =1+ +O(u™) . (3.14)

°Tt is the one whose conformal dimension equals (2.27) in the classical limit. Note that selecting out 2
breaks the S3 symmetry of the affine Yangian to Zs.



Comparing with (3.6) we read off

1 ho — haostho — h? — hahy — h2
SRS Bk VNN o 2 e (3.15)
h2 h2 h2

Y =

3.2 Charges of the conjugate representation

As will become clear from the free field analysis of the next section, the above minimal rep-
resentations will not suffice. In fact, the bi-minimal representations that appear in (2.19)
have the property that they are minimal with respect to one W, algebra, but conjugate
minimal (or anti-minimal) with respect to the other. Thus in order to describe these gen-
erators we also need to understand how to describe the conjugate minimal representation
from the affine Yangian perspective. In the following we shall make a general proposal for
how this works.

Given a box representation described by ¢(u) (where again p(u) does not include
the vacuum factor ¥o(u)), we claim that the corresponding conjugate representation has
charges given by

0 (—u — oo3) . (3.16)

The signficance of this shift is that it turns the vacuum factor ¥y(u) = (1 + %) into
wo(—u — wodg) e ¢0_1(u) . (3.17)
Thus the full eigenvalue function of the anti-box representation is

Yo(u) o H(—u — Yoo3) = (1[)0(11) gp(v))_l , where v = —u — Ygo3 , (3.18)

and therefore indeed just the inverse of ¥ (u) = ¥o(u)p(u). (Note that the shift (and
sign) transformation from u to v is just the spectral flow (and scaling) automorphism of
the affine Yangian, see e.g. sections 2.2 and 2.3 of [19].)

We can check this proposal explicitly by checking whether the first few W{ charges
change correctly — recall that for the conjugate representation the charges of the odd spin
W generators must have the opposite sign, while the even spin generators are the same.
Suppose then that ¢(u) describes a given representation with eigenvalues 1);, i.e. we have
the expansion

Y103

Yoo3 oo3  1P303
A+ 2P pw) =1+ ==+ — + g+ g+ (3:19)

Then, according to the above proposal, the power series expansion of the conjugate repre-
sentation is

(1 n 7/1003> o (—u— oos) = 1+ 1/1(;03 _tos V203

U u? u?
. _ 2
L os(=s wiiﬁ203+¢103)+m (3.20)

This predicts that the conjugate representation has the charges

Yo = v, P = —1, Yo =g, Y3 = =13 — Poihaos + Yios . (3.21)



Together with the form of the spin s = 3 charge from [20]
o3¢0

WE = s — P00, 4 Ty (3.22)

it follows that the value of Wg on the conjugate representation equals

1- 031#0

w = —§¢3 — by + 2 ¢1¢1
= —é(—% — Potaos + pios) — 31/}01/1 +2 wﬂh
= gt~ B, 1+ Pyu] = —w, (323)

as expected. This is a fairly non-trivial consistency check of this proposal.
In particular, for the conjugate minimal representation from above we find

- 1

Y1 = Ty Y2 =1 — hihsio, Y3 = ha (1 — hihgibo) 2, (3.24)

while for s > 3 we find the simple closed form expression
s = hi % (1 — hyhato) St . (3.25)

3.3 The conformal dimensions at finite N and k

As an aside, the above analysis now allows us to check the finite N and k corrections
to the conformal dimension (2.28). According to [19, 20], the conformal dimensions with
respect to the coupled theory (where the u(1) generator has not been removed) equals, see
eq. (3.15)

1 1 N
h = 51/12 = 5(1 — tohihg) = <1 + N+k> (3.26)

where we have used the dictionary (3.10). Note that this is true both for the minimal
representation, as well as the anti-minimal representation, see eq. (3.24). We should also
mention in passing that the decoupled conformal dimension is then, see eq. (5.67) of [19]

1 ¥ (V-1 N+1
— = = 14 - 2
haee = 5 2 = 20 ON tNTR) (3.27)

and hence agrees indeed with the conformal dimension of A(f;0) in the coset, see, e.g.,
eq. (2.13) of [13].

For the problem at hand, however, we should work with the coupled conformal dimen-
sion (since we are dealing with Wi rather than just W,). Furthermore, for the N/ = 2
construction, we consider two plane partitions that correspond to A and 1 — A, i.e., for the
second Wo, algebra we should exchange the roles of N and k. Note that, according to the
dictionary of eq. (3.10), this only affects 1y, but not the values of h;. Thus we shall work
with the same values of h; for both affine Yangians, but distinguish the two affine Yangians
by setting

Yo=N, tho=k. (3.28)

~10 -



Note that, using (3.10), this relation can be written as

N k .
hih =——=—-14+——=-1—hih 3.29
1hatbo N1k N 1hsvo , (3.29)
or equivalently as
o3y = —hg — o3t . (3.30)

If we then add (3.26) to the corresponding expression with N <> k, we find altogether

1 1 N 3
hiot = 5(1 — tohihs) + 5(1 — thoh1hs) = 3 (3.31)

as desired. This is another highly non-trivial consistency check for this construction to
work also at the quantum level.

It may also be worth noting that the Zy X Zs symmetry of the Wéé\/ =2) algebra [32]
has a nice geometric interpretation in this setting. First of all, the S3 symmetry of each of
the two affine Yangians is broken down to a common Zs symmetry that exchanges the x;
and x3 direction. In addition, there is the symmetry exchanging the roles of the two affine
Yangians, which corresponds to the N < k transformation.

3.3.1 Representations

One can similarly understand how the two minimal N = 2 representations appear from
the above bosonic viewpoint. The relevant representations have conformal dimensions
N k

h(tO,N) = —— and  A(0:f,~(N +1) = 5

2IN+k+1)’ (N+Ek+1)’ (3:32)

see, e.g. eq. (3.9) of [32]. From the above perspective, these representations correspond
to the representation that has an infinite row of boxes along the z; direction for either
of the two plane partitions. Indeed, it follows from [19, 20] that the relevant conformal
dimensions are (cf. eq. (3.26))

1 k+1
pU = —(1 = ohghs) = ————— 3.33
min = 5 (1 = vohahs) 2(N +k +1) (3.33)
and
1 . N+1
W3 = —(1 = 4johghs) = ——— | 3.34
min = 5 (1= tohahs) 2(N +k +1) (3.54)

Note that these conformal dimensions are higher than those in (3.32), with the difference

in both cases being equal to
1

T2N+k+1)
This is the contribution of the overall u(1) generator that was added in (2.16). In general,

Sh (3.35)

the representations of the N/ = 2 affine Yangian will therefore be described by infinite box
configurations extending in the z; and x3 direction for both plane partitions. (The repre-
sentations where the boxes extend along the x3 direction are again the non-perturbative
representations, in analogy to what happens in the bosonic case, see [37].)

- 11 -



4 The Yangian at the free field point

For the following it will sometimes be important to compare our ansatz with an explicit
free field realization. Recall that at A =0 (or A = 1), the Wéév =2) algebra has a free field
construction in terms of free complex fermions and bosons. More explicitly, the neutral

bilinears in the fermions, i.e. the fields of the form
> o omy (4.1)
J
generate W 1[0], while the neutral bilinears in the bosons, i.e. the fields of the form

D ol ome (4.2)
J

give rise to Wxo[1]. (Here x7 and ¥’ are the complex fermions, and ¢/ and ¢’ are the
complex bosons.) On the other hand, the fermionic generators are linear combinations of
the form

YN org  and > Iy oM. (4.3)
J J

From the viewpoint of the two bosonic Wy, algebras, i.e. W11 [0] and Wxo[1], these gener-
ators transform in the ‘bi-minimal’ representation. Indeed, the fermion field 7 corresponds
(with respect to Wi40[0]) to the representation (f;0) in the coset language, while the bo-
son field d¢’ describes (with respect to Wao[1]) the representation (f;0). Thus the two
fermionic fields above correspond to the states in

(f;0)® (f;0)  and  (f;0) ® (f;0), (4.4)

respectively. (Here we have used that the complex conjugate fermion transforms in (f;0),
and correspondingly for the complex conjugate boson.)

In terms of the description in terms of plane partitions, this means that the first
fermionic generators act as an addition of an infinite row of boxes with respect to the
first plane partition — the one corresponding to Wi1[0] — while it acts as an addition
of an infinite row of anti-boxes with respect to the second plane partition — the one
corresponding to Weo[1].

4.1 The affine Yangian generators at A =0

We can use this free field realisation to construct the relevant affine Yangian generators for
this special case, and work out their commutation and anti-commutation relations. In the
next section we shall explain how to modify these relations as we move away from A = 0.
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We recall from [20] (see also [19]) that for the bosonic Wi1[0] algebra, the corre-
sponding affine Yangian generators can be defined as

b= X S((mmog) —(mmag) ) X (45)

meZ+y
1\" . ,
(== 3 S (meg) (4.6
m€Z+% i
1\" : A
= X R (mtg) (47)
meZ+y

where the free fermion modes are denoted by x!, and x!,. As was shown there, these
generators satisfy the affine Yangian algebra of [19] for 09 = —1 and o3 = 0 with o319 = 0.
In terms of the h; parameters, this corresponds to the case

hy=-1, hy=1, h3=0, (4.8)

see eq. (3.10) above. We also need a description for the affine Yangian generators associated
to Wx[1], and they are given as

o= 3 S (m+1)(=my 24 (cm+ 1)) sal,al (4.9)

meZ i
ér = Z Z(_m)r—l : di—l—mafn : (410)
meZ i
== (-m+1)"" ral 0l (4.11)
meZ i

This leads to the affine Yangian with h; being given by (4.8); the only difference to the
case of Wao[0] above is that now o3thg = —1. On the face of it, these definitions only make
sense for é,, fr with » > 1 and 1&,1 with r > 2. However, we can at least formally extend
these definitions to include also ép and 1&1 by setting o = 0, i.e., by dropping the term
with m = 0 from all of these expressions. (Similarly, we could define fo by setting ah=0.)
The generator ég is then the —1 mode of a non-local field with spin 1. One checks by an
explicit calculation that it satisfies the correct commutation relation with the 1@ modes,
in particular (see eq. (4.13) of [20])

[th1,é0] =0, [1h2, 0] = 2¢0 , [1h3, é0] = 661 — 2¢0 . (4.12)

For the fermionic generators we now make the ansatz
2= S (~m—1"7 ¢, al:, (4.13)

and

To= DY (m+1)"73 X5 (4.14)

~13 -



where s = %, %, ..., and we define the generating functions by
o (o.9)
x(z) = Z x2S Y2, z(z) = Z Toz 57V2 (4.15)
s=1/2 s=1/2
Note that
ps e WO and m W) (4.16)

i.e. the term with s = % corresponds to the supercharge, etc. Obviously, the algebra also

contains the corresponding +3/2 modes, which we may define via conjugation as

Ys = Z Z(m — 1)5_% X5 al, (4.17)

meZ

ol

and

1 . .
Js= > > (1-m)" 2 : X O (4.18)

meZ 1

where the corresponding generating functions are

y(Z) = Z yS 27871/27 :g(Z) = Z gS 27371/27 (419)

s=1/2 s=1/2

and
x;r =ys, and :El =75 . (4.20)

Their treatment is similar to that of the x, and Z, generators, and is therefore relegated
to appendix A.

It is now straightforward to work out the commutation and anti-commutation relations
of these generators. For example, one finds

0 = [¥ri2,2s] = 2[Yr41, Tsi1] + [r, Tsto] + [Yri1, Ts] — [P, Ts41] (4.21)

0= [er—&—lvxs] - [efraxs—H] + [67‘7 xs] (422)

0= [fr«H,fEs] - [fraxSJrl] ’ (423)
as well as

0= [wr—l—% js] - 2[¢T+1a i's+1] + [¢ra i’s+2] - [wr—l—l, fs] + [wm -fs—s—l] (424)

0 = [er+1,Zs] — [€r, Ts+1] — [€r, Ts) (4.25)

0= [fr+1,%s] = [fr, Tsta] - (4.26)

On the other hand, the commutation relations with the hatted modes are

0= [@Z)T—i-% J:S] - 2[@;1“—&-17 553-1—1] + [7/;7“; xs+2] - 3[@;%&-17 xs] + 3[1&1”7 ms—i-l] + 2[1[’“ 355] (4-27)
0=[ér41,Ts] — [ér, Tst1] — 2[ér, x5] (4.28)

0= [fT+17$S] - [fr71’8+1] - [fr,l‘s] (4.29)
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and

0= [J’r—i—%i’s} - 2[1;7"—1—17 fs—&-l] + [1;7"7 js+2] + [J’H—hfs} - [72)7“7@5—&-1] (4‘30)
0= [érs1,Zs] — [érs Tor1] + [6r, 5] = O (4.31)
0= [fT+1a:fs] - [frai'erl] =0. (432)

In addition, there are the initial conditions

[%7 xs] 0 [¢17 xs] = —Ts

[1/307 js] 0 [1417 js] = Ts .

(o1, 5] = s [, ws] = 2m5 + 2w511 [V03,25] = dws + Tosp1 + 3tz
W)lvi'S] = —Ts [7;[)235%3] = 2Ts — 2Ts11 W)?ni's] = —2T 4+ 5Ts41 — 3Tsy2 -

(4.33)
Note that the hatted generators only start with @@2, i.e. the modes @ZA}O and 1&1 are initially
not defined in (4.9). We have added the mode ¥, by hand — the result also agrees with
what one obtains upon extending the definition of zﬁ,« in (4.9) to r = 1, see the comments
above — and defined it so that it satisfies (4.27) and (4.30) for » > 1. However, (4.27)
and (4.30) are then not compatible with [, 2] = 0 and [¢)g, Zs] = 0. The reason for this
will become clear below: the deformed relations, see appendix B.2, contain an additional
contribution that survives (for r = 0) since o3thy = —1. With this correction term the
above results are then also compatible with the recursion relations of appendix B.2 for
r = 0. For the unhatted modes, these problems do not arise, and in fact the commutator
with 19 is determined using (4.21) and (4.24) with » =0 as

[11)27 xs] =T — 2Ts41, WJZ» i’s] =Ts+2Ts41 . (434)

Finally, for the anti-commutator of the zs and Z, we find

0 =A{wir2, T} — 2{wivr, Tja} +{ws, i} + {winr, 75} — {4, 71} — 2{wi, 7} . (4.35)

It is also convenient to define
{xrv ys} - Pr—l—s ) (436)

with the initial condition that
1 N 3
Pr= 5 (v +92) + 591+ N, (4.37)

where N is the number of complex free bosons and fermions. The P, modes satisfy a
number of relations that are also spelled out in appendix A.

4.2 Identifying the representations

The discussion around eq. (4.4) suggests that the fermionic generators transform in a
minimal representation with respect to one W, algebra, but in the conjugate minimal
with respect to the other. We can now verify this also more explicitly.

Let us first analyse the generators described by x. The eigenvalues of 1, on the state
Xi_l /2\O> — this is the relevant state for the description of x/5|0) — equals

P = -1, P =1, 3 = -1, (4.38)
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where the first few v, generators are explicitly, see eq. (4.5)

dr=— D> > XX (4.39)

m€Z+% i
= > > 2mo XX (4.40)
m€Z+% i
1 o
so= = 305 (ot ) (1)
mezZ+1 i

Using that hy = —1, he = 1 and hg = 0 (with o319 = 0) this agrees then with the charges
of the minimal representation, see (3.15).

On the other hand, the charges of the state x" /2|0> (that is relevant for the description
of zs) are

wl(i‘) =1, Yﬁg(i’) =1, ¢3(i‘) =1. (4.42)

These are not the charges of the minimal representation, but rather that of the conjugate
minimal representation. Indeed, evaluating (3.24) for hy = —1, he = 1, hg = 0 with
o31hp = 0 we find 1)1 = 1, ¥y = 1 and 93 = 1, which reproduces indeed (4.42).

Incidentally, the situation is precisely reverse with respect to the hatted modes. In
that case, we need to evaluate the charges

oy =2) Y alal, (4.43)

meZ 1

Py =Y ) (1-3m):a,al,: . (4.44)

meZ i

First consider the state &’ |0) (that is relevant for the Z; modes), for which we find

Uo() =2,  Ps(@)=—2. (4.45)
This is then of the form (3.15) with h; = —1, hs =1, hg = 0 and 031[10 = —1; thus the z,
generators transform in the minimal representation with respect to the hatted modes. On
the other hand, on the state a’ ;]|0) that is relevant for the description of the zs modes,
see eq. (4.13), the charges equal

() =2,  dy(z)=4. (4.46)

Now, this does not correspond to the minimal representation, i.e. it does not match (3.15)

with hy = —1, ho = 1, hg = 0 and 0312}0 = —1, but rather corresponds to the conjugate
minimal representation, i.e., it agrees with (3.24) for hy = —1, he = 1, hg = 0 with
o319 = —1. The situation for the y and g generators is similar; we have summarized the

representation properties of these generators in the table 1.

5 The Yangian at generic parameters

Next we want to make a proposal for how the algebra should be deformed away from the
special point A = 0, see eq. (4.8). Our guiding principle is that, with respect to the two
bosonic affine algebras, denoted by Y and y respectively in the following, the fermionic
generators sit in “bi-minimal” representations.
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generator | unhatted modes ) | hatted modes )
T minimal conj minimal
T conj. minimal minimal
Y conj. minimal minimal
Y minimal conj. minimal

Table 1. The representation properties of the fermionic generators.

5.1 The generators in minimal representations

Let us begin with studying the generators that transform in minimal (rather than con-
jugate minimal) representations. As we have seen above, the generator z; transforms in
the minimal representation of ). By analogy with the construction of the bosonic affine
Yangian, the operation of adding x5 should therefore change the eigenvalue of the 1) modes
by — this is ¢(u) in eq. (3.13) without the “vacuum” factor vo(u) = (1 + %)

B u(u + ho)
P2 (u) = (= ) (u— ) (5.1)
This then suggests that (4.21) should become
P(z) x(w) ~ @2z — w) z(w)y(z), (5-2)

whose modes — this can be deduced as in [20], see the discussion around eq. (2.12) there
— then satisfy

(Wrs2, 0] = 20, o] + W, wara] + ha([Yran, 2] = [, 2e]) + hibstyrz, = 0. (5.3)

Note that this reduces to (4.21) for he = 1 and hihs = 0.

Before we proceed further, we can test this proposal by working out the charges of
the state that is created by x5 from the vacuum. Recall that on the vacuum state the
bosonic and fermionic modes satisfy

ei|0) = d;0€0]0) 2;]0) = 6;1/221/2[0) z;0) = 6;,1/2 T1/210) - (5.4)

We want to confirm that the state z;/5|0) has the charges of the minimal representation of
Y. We postulate that the initial condition (4.33) is now modified to

1

[w(]v‘rs} =0 [1/)17588] = _hi Ts . (55)
2
Then it follows that
Yo x%|0> = Nm%|0> (5.6)
1
hr21]0) = —E$%|O> : (5.7)
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In order to determine the higher charges we deduce from (5.3) that

Yax1/2|0) = [th2, 71 /9]|0) = —ha[th1, x1/9]|0) — h1h3thox /2|0)

= (1 = h1hsh) 21 /2/0) (5.8)
[V3, 21/2][0) = [13,21/2]0) = —ha[th2, 21 /5]0) — hihsth12y/2(0)
= —ha(1 — h1hstho) 71 /2[0) + hlllim 71/2|0)
= <U3¢0 - h%_hglhg) z1/2]0) . (5.9)
Since hg = —(h; + h3), the last equation can now be rewritten as

2 2
h1+h1h3+h3>$;|0> ] (5.10)

@03%10) = (0’3%— I

These charges then agree precisely with eq. (3.15), thus confirming that our ansatz (5.2)
leads to states with the correct charges.
We also make the ansatz

where here and in the following
A=z—w. (5.13)

G(A) and H(A) are functions that will be constrained further below, see section 5.3.

5.1.1 Other minimal generators

The construction works similarly for the generators y,, which behave like the conjugate
operators to x,, i.e. they are like the f, modes relative to e, in the bosonic affine Yangian.
Because of that we expect them to satisfy the inverse OPE, cf. eq. (3.4) and (3.5)

V(2) y(w) ~ o3 (A) y(w)i(z) - (5.14)

Given the simple relation between (5.2) and (5.14), we postulate that also the y-analogues
of (5.11) and (5.12) only involve simple inverses. The structure of the OPEs of = and y
with respect to the unhatted fields can then be summarized by the diagram of figure 2.

The analysis is completely analogous for the two fields  and y with respect to the
hatted fields, and the structure of the corresponding OPEs can thus be similarly realized,
see figure 3.

5.2 The generators in conjugate minimal representations

A more interesting case are the OPEs of the unhatted fields with Z and ¢, or equivalently,
that of the hatted fields with x and y. For concreteness, let us describe the former case in
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Figure 2. The OPE relations involving x and y.

Figure 3. The OPE relations involving z and .

detail. Since the charges of the conjugate minimal representation are described by (3.16),
the natural ansatz for the OPE is thus

)(2) T(w) ~ g3 (A — o) T(w)i(2) - (5.15)

By the usual arguments, this then leads to the commutation relations

[rv2 3] = 21, Tor] + [V Toral + (=ha + 20005) (W41, 3] = [0, Tota])
+ ¢OU3(¢OUS - h2)[¢r7 -i's] —hih3 T =0, (5-16)
which reduces indeed to (4.24) in the free field limit. Again, before proceeding further, we

should check that this gives the correct charges on the corresponding states. In analogy
to (5.5) we now postulate

[wOJfS] =0 [1/}1,:?}5] = }jzxs . (517)
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Figure 4. The additional relations (in red and blue) together with some of the relations from
figures 2 and 3 for comparison.

Then we find, using (5.16)
1
Y1 T12/0) = hjfl/ﬂ@ (5.18)
Y2 Z12|0) = [Y2,Z12] [0) = (h2 — 2¢0003) [¥1, T1 2] |0) + h1hsthoZy 2 [0)
= (1 = h1h30)T1/2|0) (5.19)
VY3 Z1/2|0) = (ha — 29003) Y2, T1 /2] [0) — Yoo3(Yoo3 — h2) (1, 71 /2]|0)

= |(h2 — 2¢po03)(1 — h1hstho) — %03(1[};);3 ) Z1/2|0)

= (1 = hahsyo) (he — 20003 + 003) T1/2/0)
= ho(l — h1h3w0)2f1/2‘0> , (5.20)

thus giving the correct charges of the anti-minimal representation, see eq. (3.24). The
structure of the corresponding OPEs can therefore be summarized as in figure 4. The situ-
ation for the hatted fields with respect to x and y is completely analogous and summarized
in figure 5.

5.3 The OPEs with e and f

Since the 1) field appears in the OPE of the e and the f field, see eq. (3.1), we can also
deduce constraints on the OPE of the e and f field with  from that with . To this end,
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U
w3(A)

Figure 5. The additional relations (in red and blue) together with some of the relations from
figures 2 and 3 for comparison.

we recall the ansatz from egs. (5.11) and (5.12)
e(z) z(w) ~ G(A) z(w) e(2) (5.21)
f)z(w) ~ HA) z(w) f(z) . (5.22)

Note that, just like the identities of egs. (3.2) — (3.5), these relations cannot be exactly
correct, but are only true up to terms that are regular at either z = 0 or w = 0, see the
discussion around eq. (5.15) in [20]. Applying this identity twice we find that

e(z1) f(z2) x(w) ~ G(z1 — w) H(zo — w) z(w) e(21) f(22) (5.23)
f(z2) e(z1) z(w) ~ G(z1 —w) H(zo — w) x(w) f(z2)e(z1) - (5.24)

Subtracting the two equations from one another and using (3.1) we thus deduce that

Y(z1)z(w) — P(22)z(w) z(w) Y(21) — x(w) P(22) .

po—— ~ G(z1 —w) H(zg — w) po—— (5.25)
Next we apply (5.2) to the left-hand-side, from which we deduce that this equals
p2(21 — w)a(w) P(z1) = pa(z2 — w)z(w) P(z2) (5.26)
21— 22
Thus it follows that
p(21 —w) (2 —w) Gla—w)H(z—w) (5.27)

21 — 22 21— R2 21— 22
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Because these identities are only true up to regular terms, this implies that the functions
G(A) and H(A) have to satisfy the identity

G(A)H(A) = ¢2(A) . (5.28)

The most natural ansatz that is compatible with the free field limit (see below) is

A+ ho A
= H(A) = 5.29
e HE) (5.29)

G(A)
In terms of commutators this leads to

0= lert1,Ts] — [er, Tst1] — hiler, 5] + h3zs e (5.30)
0= [fr+1?x3] - [fT‘a l‘s+1] - thsz s (5.31)

which reduces indeed to the correct free field answers, see eqs. (4.22) and (4.23). However,
this ansatz cannot be right since there are two box-descendants of the state generated by
xq /2]0> — this follows from the bosonic structure of the minimal representation — and
hence the function G(A) must have two poles [38]. In fact, one can use the representation
theory to constrain the function G(A) (and hence H(A)) further, but this goes beyond the
scope of the present paper and will be described elsewhere [38].

5.4 The N = 2 algebra

Our starting point in section 2 was the Wéév =2) [A] algebra, and we can now try to identify

its generators with those of the supersymmetric affine Yangian. The vacuum character, see

eq. (2.14), contains two spin s = 1 fields: the u(1) generator of the N' = 2 superconformal

algebra, as well as the extra bosonic generator that we added by hand to the Wéé\/ =2) [A]

vacuum character (2.15). This free boson should be completely decoupled, and its zero
mode be identified with the central generator

Up =1 + 1[11 . (5.32)

Obviously, Uy commutes with all e, f,., - and fr generators, and because of the relations
we have imposed, it also commutes with the zs and zs generators.
We also know that the total Mobius generators correspond to

L_i=e +ér, Li=—fi— fi, LOZ%(%‘F@)? (5.33)
and it is thus natural to assume that the 1 modes of the decoupled boson are
Ui=eo+é, Ur=—(fo+fo) - (5.34)
The u(1) generator of the N/ = 2 algebra, on the other hand, should be identified with
Jo = (o3tho) ¢1 — (o3¢b0) 1 , (5.35)

and
J_1 = (a3th0) eo — (o310) €0 , Ji = —(o3%0) fo + (o3%0) fo - (5.36)
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Then [J,, Uyp] = 0 for m,n € {0,+1}, and we find
C(N:2)

Jm»!]n:
ons Tl = S

mém,,n N with C(NZQ) =3 (0'3)21/}0 1[10 (77[)0 + ’Lﬁo) . (537)

In terms of the dictionary of [20], this central charge then equals

C( [
N+k+1’

(5.38)
in agreement with the A/ = 2 central charge, see eq. (2.11). The other bosonic generators
can be similarly identified: for each integer s, there are two decoupled bosonic fields, see
the discussion below (2.12), and they can be identified with the affine Yangian generators
of the two bosonic affine Yangians, using the dictionary of [20].

This leaves us with the fermionic generators. The lowest fermionic generators are the
supercharge generators G, which, at the free point, can be identified with

1 _ 1
T1/2 = 2 GJ—F3/2’ 12 = NG G35 -

It would be natural to postulate this identification also for generic h;. However, there is

(5.39)

a problem with this proposal. The N/ = 2 generators should commute with the decoupled
free boson described by U,. But even at the free point one finds

. Lo i
leo + €0, T1/2] = Z Z n o X=5/2=n%n (5.40)
n#0 1

The origin of this problem is that the é; generator corresponds to the —1 mode of a non-

local field,
. L i
€y = — Z Z el LR (5.41)
m#0 ¢

see also the discussion below eq. (4.11). The fact that éy is non-local at the free point
is an artefact of the free limit — for generic A, both ey and €y describe the —1 mode of
local fields, as follows from the discussion in [20]. One may therefore suspect that the fact
that [Uy, x; /2] = 0 is purely a free-field artefact, but this is not the case: as we show in
appendix C, with the above identifications, this problem persists for generic A.

We believe that the resolution of this problem is that we need to correct the identifica-
tion (5.39) by (non-local) correction terms. The fact that such non-local correction terms
appear is maybe not surprising in view of the fact that also in the bosonic setting non-local
correction terms were required for the identification of the spin 3 and 4 fields, see [20]. The
relevant analysis is, however, rather cumbersome, and we leave it to future work.

6 Conclusions

In this paper we have found some of the defining relations of the Yangian algebra that

is expected to be isomorphic to wi=2) [A], the /' = 2 superconformal version of We[A].
We have extensively used the fact that wi'=2 [A] contains two commuting bosonic Wao[1]
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algebras, each of which in turn is isomorphic to an affine Yangian of gl;. The additional
generators transform in bi-minimal representations with respect to these two Weo[u] al-
gebras. We have shown how this translates into explicit commutation relations for the
additional Yangian generators — our main technical advance is the description of the con-
jugate representations, see section 4.2. This has allowed us to make a proposal for at least
some of the defining relations of the A/ = 2 superconformal affine Yangian. We have also
checked — in fact this was an important guiding principle — that these relations reduce
to the expected identities in the free field case (A = 0).

There are many open questions which we hope to address in the future. First of all,
it would be nice to construct the representation theory of this Yangian algebra, see [38]
for first steps in this direction; this will involve two plane partitions on which the various
generators should have some natural action. (The two affine Yangians of gl; act separately
on each, while the additional bi-minimal generators generate infinite rows of boxes (and
anti-boxes), connecting the two plane partitions.) Among other things, this would allow us
to prove the consistency of our construction and to find the remaining relations. It would

wi=? [A] algebra in more detail,

also be interesting to establish the dictionary to the
generalizing the construction of [20] to the current context, and to explore the various
duality symmetries this picture suggests. Note that the construction selects out one of the
three directions of each plane partition, thereby breaking the S5 symmetry [37] of each affine
Yangian of gl; to a Zy symmetry that exchanges the remaining two directions. Together
with the exchange symmetry of the two affine Yangians, the A/ = 2 affine Yangian therefore

has a Zs x Zo symmetry. We hope to come back to these questions in the near future.
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A Additional relations of the free field theory

In addition to the free field relations that were given in the main body of the text, see
egs. (4.21)—(4.33), the commutation relations of y, and y, are

0= WH—%?JS] - 2[¢r+1:ys+1] + Wm ys+2] + [wr—l-layS] - [wrays-i-l] (A'l)
0= [ert1,Ys] — [er; Yst1] (A.2)
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0= [fr41,ys] = [frs ysta] + [frs ys]
0 = [try2,Ys] = 2[¥rs1, Ust1] + [¥r, Usv2] — [Vri1,Us] + [Vr, Ust1]
0= [ert1,7s] — [er, Us+1]
0= [fr41,Us] = [frs Us+1] = [frs Us
as well as
0= wr+27 Ys| — 2[1&r+17 Yst1) + [17217“7 Ysta] — 3[772)r+17 ys| + 3[772% Yst1) + 2[72% Ys)
0= [ér41,Ys] — [ér, Yst1] — [ér, ys]
0= [f +1,Ys] — [fr,ysﬂ] _2[frays]
0= [Pri2, ¥s] — 20hrr1, Jor1] + [P, Tsga] + [rs1, U] — [hr, Psp]
0= [ér+1,Us|] — [Er, Ys+1]
0= [frg1,Ts] = [frs 1] + Lfr 5] -

The P, modes that were defined in eq. (4.36), and their corresponding barred version

are given explicitly by

P =

l\.')\r—t

as well as (for r > 2)

{1'7», ys} =

(¢2+¢2)+ ¢1+N

Pr+57 {frags} :P7"+57

(¢2 +4hy) — *”¢1 + N,

[\ \

3 1\ 1 C_
P 3 S () (ny) ot N et
mEZ-i—% i u€Z i
— 3 1 r=1 i —q r—1 7 —q
P = Z Z m—g)lm=5 :X_mxm:—l—ZZ(u—i—l) fal,l
meZ—I—% % ueZ 1
They satisfy
0= [Piy2, Tj] = 2[Pi1, Zja] + [P, Zjyo] + [Pita, Z5] — [P, Zja] — 2[F5, 2]
0= [Pi-i-Q)gj} - 2[PZ+17 y]+1] + []Diagj-‘v-Q] + [ Z-‘rlay]] [-Ij’ivgj-i-l] - 2[Pl)gj}
0 = [Pit2, €] — 2[Pit1, ej41] + [P, ej42] — ([Pig1, €] — [P, €j4+1])
0 = [Pit2, fj] = 2[Pita, fit1] + [Bi fi+2] = ([Pitas fi] = [P, fi1])
= [Piy2, €] = 2[Pi1, €541] + [Bi, j12] + 3([Pig1, 5] — [Pi; €541]) + 2[F;, 65
0= [Piy2, fj] = 2(Pis1, fial + [P, fiva) + 3([Pia, f] — [P, fisa)) + 2P, f]
and
0 = [Pry2, xj] = 2[Pps1, i1 + [Py xjq2) — [Pivr, 25) + [Biy 2] — 2Py, 2]
0= [Piy2,y;] = 2[Pir1, yj+1) + [Piyyjaa] — [Pivr, yj] + [Py yjea] — 2[P, )
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0 = [Pi+2,&5] = 2[Piy1, €j41] + [Pi, €j42] — ([Prv1, €5] — [Pr, €541])
0= [15+27fy] 2(Piy1, i1l + [Piy fiva) = ((Piyr, f5] = [Pi, fi1))
0= [Pi+2, €5 = 2[Piy1, ej1] + [Pi, eji2] + ([Prv1s 5] — [Pi ej41])
0= [P, fj] = 2[Pit1, ] + [P fia2] + ([P, fi] = [P fi]) -

B The defining relations

In this appendix we collect some of the defining relations of the supersymmetric affine

Yangian.

B.1 The OPE like description

2
©
>
b
=2
&
=
Y

B.2 The mode relations

In terms of modes, these identities are

[¢r+2a xs} - 2[¢r+1u xs—i-l] + [wru 5584-2] + ha ([¢r+1a xs} - [¢ru x5+1]) + hih3przs =0

[Wrs2,s] = 201, @] + [, @sgo] = (he = 20003) (Fhrn, 23] = [, s
+ (b1 + Y003) (hs + 1h003) [, 2] — hahg Ypzs = 0

[r+2, 7] = 21, Tosa] + [, Tosa) + (—ha + 20003) ([9r41, 7] — [, Tt
+ Y003(Yo0s — ha) [, Ts] — hihg Ty = 0

[1;7’—&—2; -fs] - 2[1/37’—&—17 j;s-l—l] + [1;7’7 j;s-‘,-Q] + h2 ([f&r—i—l; -fs] - [1;7‘7 -fs—l—l]) + hthr&r-fs =0

(42, 5] = 201, Yos1] + [ Y] + b ([0, 3] — [y, 9541
— hihzysir =0

[Brs2.9s) = 20, o] + v vl = (he = 20005) ([, 9] = [r ys])
+ Poos (o3 — ha)[thr, ys] + haha drys = 0
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(W2, 5] = 20brs, Goa] + [y, Boa] = (hz = 206003) ({1, 5] — s o]
+ 1/]00'3(1/)003 - h2)[wra gs] + hthdJTgs =0
[&7"4—2:@3] - 2[&7«4—1,@34—1] + [Qﬁr7gs+2] + h2([¢r+1ag8] - [7[}7“7 st—&-l]) + h1h3gs7&r =0.

For completeness, we also give the mode relations of the bosonic generators [19, 20], which
we write only for the unhatted generators (but which hold similarly also for the hatted

generators).

0= [, (B.9)
Ytk = [ej, fil (B.10)

os{ej ext = [ejr3, ex] — 3lejto, enqr] + 3[ejr1, enva] — [e), ers]
+oslejr1, ex] — o2lej, el (B.11)

—o3{fi, fe} = [fivss fil = 3[fj+2s frr1] + 3[f541, frra] — [fjs fras]
+oolfit1, fil = o2l frsa] (B.12)

os{vj,ex}t = [Vjts, ex] = 3[Yj2, €kt1] + 3[Yj41, enra] — [V, €xs]

—o3{vj, [k} = [Wj43, fi] = 3[Vj12, fur1] + 31, fraa] — (V) frts)]

[
+oolthjt1, ex] — 021, ex 1] (B.13)
[
+o2[jv1, fr] — o2y, fura] - (B.14)

In addition, they satisfy the Serre relations

Sym(ﬁ,jz,js)[eju [€js, €js+1]] =0, Sym(jl,j%jg)[fjl, (fjor fis1]] =0 . (B.15)
B.3 The initial conditions

The modified initial conditions, generalizing (4.33) are

WA}O,xs] =0 thxs] = _hg_l Ts
[¢O)xs] =0 W}lyl's] = hz_lxs
[Yo,2] = 0 V1.2 = hy' 7, (3-10)
[Y0,Zs] = 0 (Y1, %] = _hglfs
Furthermore,
[%ans] =0 ["@lays] = _h2 Ys
[%7 ys] =0 [1/117 ys] h2 ys B.17
[%ans] =0 leays] 2 ys ( ‘ )
(Y0, ys] =0 [1,ys] = —hy 'ys -
Finally, the initial relations of the bosonic generators are
(o, e5] =0,  [1,e] =0,  [thg, 6] =2¢;, (B.18)
and
[0, fi] =0, [v1, fi] =0, (2, fi] = =2f; . (B.19)
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C Supercharge constraints

We start by assuming that the decoupled u(1) generator commutes with the x /2 generator,
which we would like to identify with the supercharge, see eq. (5.39),

[60+é0,f1§'1/2] =0. (Cl)

We will deduce two identities from this assumption, using the commutation relations we
have postulated. First we consider

[[(v2 — P2), @1/a], (0 + é0)] = [[(b2 — 2), (e0 + €0)], x1/2] + [[(€0 + €0), T1 /2], (2 — ¥2)]
=4

= 2[(e0 — €0), 1 2] [eo, T1 /2] -
For the left-hand side we then use
(12, 1/0] = —h22$3/2 + (1 — hahsibo) 219 (C.2)
2, 21 /0] = hif?)/z + (1= hahsto) 21 /9 (C.3)
from which it follows, using again (C.1), that
[23/2, €0 + €0] = haz1/2, €0] - (C.4)

The other identity can be derived similarly, except that now we consider the commu-
tator with 3 + 13,

[[(¥3 + 3), @1 /a], (€0 + é0)] = [[(Wbs + 13), (e0 + €0)], z1/2] + [[(e0 + €0)], 71 /2], (¥3 + 3))]
[[(¢3 + 1[}3)7 €o + éO]? 1111/2] :

Now the relevant charge relations are
(V3 + 3, 21 2) = (10 + 2k hgtbo)az s + d 21 2 (C.5)
where d is some constant, and
15 + 93, €0 + 0] = 6(e1 + é1) + 203 e + 20390 € - (C.6)
This then leads to the identity

(10 + 2hy hatho) (w32, €0 + €] = 6[e1 + €1, 21 2] + 20330 €0, 71 /9] + 20380 [é0, 71 /2]
= 6[o3tho eo — o330 €0, 21 2] + 203800, 21 /2]
+20300[é0, 71 2]
= ha(4 — 4h1h3io) [1/2, €0] , (C.7)

where we have also used that

le1 + é1,@1 /0] = [Lo1,21)2] = [J_1, 21 /2] = 03800 €0 — 03t0 €0, 71 2] , (C.8)
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as follows from the fact that z;/p ~ GJ_F3 /2 is the mode of a primary field of spin 3/2 with

charge +1, i.e., from the relations of the N' = 2 superconformal algebra
G =G L GE = (5 7) G ©9)

The two identities (C.4) and (C.7) are only compatible provided that

N

(10 4 2h1h3t)) = (4 — 4h1hsio) , ie. hihsyy = N E

~1, (C.10)

which corresponds to the case A = 1. Given the usual symmetry A — 1 — A one may
wonder why A = 1 appears rather than A = 0. In fact, if one repeats the same analysis for
Z, instead of z,, the same analysis goes through, except that the compatibility condition
is then A = 0. This is also mirrored by the fact that, in the explicit free field calculation
at A = 0, the analogue of (5.40) vanishes, [eg + €9, Z1 /2] = 0.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] B. Sundborg, Stringy gravity, interacting tensionless strings and massless higher spins, Nucl.
Phys. Proc. Suppl. 102 (2001) 113 [hep-th/0103247] [INSPIRE].

[2] E. Witten, Spacetime reconstruction, talk given at the John Schwarz 60" birthday
symposium, November 3-4, California Institute of Technology, U.S.A. (2001).

[3] A. Mikhailov, Notes on higher spin symmetries, hep-th/0201019 [INSPIRE].

[4] M.A. Vasiliev, Nonlinear equations for symmetric massless higher spin fields in (A)dS(d),
Phys. Lett. B 567 (2003) 139 [hep-th/0304049] [INSPIRE].

[5] D.J. Gross, High-Energy Symmetries of String Theory, Phys. Rev. Lett. 60 (1988) 1229
[INSPIRE].

[6] E. Witten, Space-time and topological orbifolds, Phys. Rev. Lett. 61 (1988) 670 [INSPIRE].

[7] G.W. Moore, Symmetries and symmetry breaking in string theory, in the proceedingsof the
International Workshop on Supersymmetry and Unification of Fundamental Interactions
(SUSY 93), March 29-April 1, Boston, Massachusetts (1993), hep-th/9308052 [INSPIRE].

[8] M.R. Gaberdiel and R. Gopakumar, Higher spins & strings, JHEP 11 (2014) 044
[arXiv:1406.6103] [INSPIRE].

[9] M.R. Gaberdiel, R. Gopakumar and C. Hull, Stringy AdSs from the worldsheet, JHEP 07
(2017) 090 [arXiv:1704.08665] [INSPIRE].

[10] K. Ferreira, M.R. Gaberdiel and J.I. Jottar, Higher spins on AdSs from the worldsheet,
JHEP 07 (2017) 131 [arXiv:1704.08667] [INSPIRE].

[11] M. Henneaux and S.-J. Rey, Nonlinear Wy, as asymptotic symmetry of three-dimensional
higher spin Anti-de Sitter gravity, JHEP 12 (2010) 007 [arXiv:1008.4579] [INSPIRE].

~ 99 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/S0920-5632(01)01545-6
https://doi.org/10.1016/S0920-5632(01)01545-6
https://arxiv.org/abs/hep-th/0103247
https://inspirehep.net/search?p=find+EPRINT+hep-th/0103247
http://theory.caltech.edu/jhs60/witten/1.html
http://theory.caltech.edu/jhs60/witten/1.html
https://arxiv.org/abs/hep-th/0201019
https://inspirehep.net/search?p=find+EPRINT+hep-th/0201019
https://doi.org/10.1016/S0370-2693(03)00872-4
https://arxiv.org/abs/hep-th/0304049
https://inspirehep.net/search?p=find+EPRINT+hep-th/0304049
https://doi.org/10.1103/PhysRevLett.60.1229
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,60,1229%22
https://doi.org/10.1103/PhysRevLett.61.670
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,61,670%22
https://arxiv.org/abs/hep-th/9308052
https://inspirehep.net/search?p=find+EPRINT+hep-th/9308052
https://doi.org/10.1007/JHEP11(2014)044
https://arxiv.org/abs/1406.6103
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.6103
https://doi.org/10.1007/JHEP07(2017)090
https://doi.org/10.1007/JHEP07(2017)090
https://arxiv.org/abs/1704.08665
https://inspirehep.net/search?p=find+EPRINT+arXiv:1704.08665
https://doi.org/10.1007/JHEP07(2017)131
https://arxiv.org/abs/1704.08667
https://inspirehep.net/search?p=find+EPRINT+arXiv:1704.08667
https://doi.org/10.1007/JHEP12(2010)007
https://arxiv.org/abs/1008.4579
https://inspirehep.net/search?p=find+EPRINT+arXiv:1008.4579

[12]

[17]

[18]

[19]

[20]

A. Campoleoni, S. Fredenhagen, S. Pfenninger and S. Theisen, Asymptotic symmetries of
three-dimensional gravity coupled to higher-spin fields, JHEP 11 (2010) 007
[arXiv:1008.4744] [NSPIRE].

M.R. Gaberdiel and R. Gopakumar, An AdSs dual for minimal model CFTs, Phys. Rev. D
83 (2011) 066007 [arXiv:1011.2986] [INSPIRE].

M.R. Gaberdiel and R. Gopakumar, Minimal model holography, J. Phys. A 46 (2013)
214002 [arXiv:1207.6697] INSPIRE].

O. Ohlsson Sax and B. Stefanski, Jr., Integrability, spin-chains and the AdSs/CFTs
correspondence, JHEP 08 (2011) 029 [arXiv:1106.2558] INSPIRE].

O. Ohlsson Sax, B. Stefaniski Jr. and A. Torrielli, On the massless modes of the AdSs/CFTs
integrable systems, JHEP 03 (2013) 109 [arXiv:1211.1952] [INSPIRE].

R. Borsato, O. Ohlsson Sax, A. Sfondrini and B. Stefaniski, The AdS; x S x S3 x 8!
worldsheet S matriz, J. Phys. A 48 (2015) 415401 [arXiv:1506.00218] [INSPIRE].

A. Sfondrini, Towards integrability for AdSs/CFTs, J. Phys. A 48 (2015) 023001
[arXiv:1406.2971] [INSPIRE].

T. Prochdzka, W-symmetry, topological vertex and affine Yangian, JHEP 10 (2016) 077
[arXiv:1512.07178] [iNSPIRE].

M.R. Gaberdiel, R. Gopakumar, W. Li and C. Peng, Higher spins and Yangian symmetries,
JHEP 04 (2017) 152 [arXiv:1702.05100] [INSPIRE].

O. Tsymbaliuk, The affine Yangian of gl,, and the infinitesimal Cherednik algebras, Ph.D.
thesis, MIT, U.S.A. (2014).

O. Tsymbaliuk, The affine Yangian of gl revisited, Adv. Math. 304 (2017) 583
[arXiv:1404.5240].

S. Gautam and V. Toledano Laredo, Yangians and quantum loop algebras, Selecta Math. 19
(2013) 271 [arXiv:1310.7318].

K. Miki, A (q,7) analog of the W1~ algebra, J. Math. Phys. 48 (2007) 123520.

B. Feigin et al., Quantum continuous gl : semi-infinite construction of representations,
Kyoto J. Math. 51 (2011) 337 [arXiv:1002.3100].

B. Feigin et al., Quantum continuous gls: Tensor products of Fock modules and W,
characters, ar¥iv:1002.3113 [INSPIRE].

B. Feigin et al., Quantum toroidal gl; algebra: plane partitions, Kyoto J. Math. 52 (2012)
621 [arXiV: 1110.5310].

T. Kimura and V. Pestun, Quiver W-algebras, Lett. Math. Phys. 108 (2018) 1351
[arXiv:1512.08533] [INSPIRE].

O. Schiffmann and E. Vasserot, Cherednik algebras, W-algebras and the equivariant
cohomology of the moduli space of instantons on A%, arXiv:1202.2756.

D. Maulik and A. Okounkov, Quantum groups and quantum cohomology, arXiv:1211.1287
[INSPIRE].

D. Gaiotto and M. Rapédk, Vertex algebras at the corner, arXiv:1703.00982 [INSPIRE].

C. Candu and M.R. Gaberdiel, Duality in N = 2 minimal model holography, JHEP 02
(2013) 070 [arXiv:1207.6646] [INSPIRE].

— 30 —


https://doi.org/10.1007/JHEP11(2010)007
https://arxiv.org/abs/1008.4744
https://inspirehep.net/search?p=find+EPRINT+arXiv:1008.4744
https://doi.org/10.1103/PhysRevD.83.066007
https://doi.org/10.1103/PhysRevD.83.066007
https://arxiv.org/abs/1011.2986
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.2986
https://doi.org/10.1088/1751-8113/46/21/214002
https://doi.org/10.1088/1751-8113/46/21/214002
https://arxiv.org/abs/1207.6697
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.6697
https://doi.org/10.1007/JHEP08(2011)029
https://arxiv.org/abs/1106.2558
https://inspirehep.net/search?p=find+EPRINT+arXiv:1106.2558
https://doi.org/10.1007/JHEP03(2013)109
https://arxiv.org/abs/1211.1952
https://inspirehep.net/search?p=find+EPRINT+arXiv:1211.1952
https://doi.org/10.1088/1751-8113/48/41/415401
https://arxiv.org/abs/1506.00218
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.00218
https://doi.org/10.1088/1751-8113/48/2/023001
https://arxiv.org/abs/1406.2971
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.2971
https://doi.org/10.1007/JHEP10(2016)077
https://arxiv.org/abs/1512.07178
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.07178
https://doi.org/10.1007/JHEP04(2017)152
https://arxiv.org/abs/1702.05100
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.05100
https://arxiv.org/abs/1404.5240
https://arxiv.org/abs/1310.7318
https://arxiv.org/abs/1002.3100
https://arxiv.org/abs/1002.3113
https://inspirehep.net/search?p=find+EPRINT+arXiv:1002.3113
https://arxiv.org/abs/1110.5310
https://doi.org/10.1007/s11005-018-1072-1
https://arxiv.org/abs/1512.08533
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.08533
https://arxiv.org/abs/1202.2756
https://arxiv.org/abs/1211.1287
https://inspirehep.net/search?p=find+EPRINT+arXiv:1211.1287
https://arxiv.org/abs/1703.00982
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.00982
https://doi.org/10.1007/JHEP02(2013)070
https://doi.org/10.1007/JHEP02(2013)070
https://arxiv.org/abs/1207.6646
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.6646

[33] S. Datta, M.R. Gaberdiel, W. Li and C. Peng, Tuwisted sectors from plane partitions, JHEP
09 (2016) 138 [arXiv:1606.07070] [INSPIRE].

[34] L.J. Romans, The N = 2 super W3 algebra, Nucl. Phys. B 369 (1992) 403 [InSPIRE].

[35] S. Datta and J.R. David, Supersymmetry of classical solutions in Chern-Simons higher spin
supergravity, JHEP 01 (2013) 146 [arXiv:1208.3921] [InSPIRE].

[36] M.R. Gaberdiel and R. Gopakumar, String theory as a higher spin theory, JHEP 09 (2016)
085 [arXiv:1512.07237] [INSPIRE].

[37] M.R. Gaberdiel and R. Gopakumar, Triality in minimal model holography, JHEP 07 (2012)
127 [arXiv:1205.2472] [INSPIRE].

[38] M.R. Gaberdiel, W. Li and C. Peng, Twin plane partitions and N = 2 affine Yangian, to
appear.

[39] T. Prochézka and M. Rapédk, Webs of W-algebras, arXiv:1711.06888 [INSPIRE].

~ 31—


https://doi.org/10.1007/JHEP09(2016)138
https://doi.org/10.1007/JHEP09(2016)138
https://arxiv.org/abs/1606.07070
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.07070
https://doi.org/10.1016/0550-3213(92)90392-O
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B369,403%22
https://doi.org/10.1007/JHEP01(2013)146
https://arxiv.org/abs/1208.3921
https://inspirehep.net/search?p=find+EPRINT+arXiv:1208.3921
https://doi.org/10.1007/JHEP09(2016)085
https://doi.org/10.1007/JHEP09(2016)085
https://arxiv.org/abs/1512.07237
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.07237
https://doi.org/10.1007/JHEP07(2012)127
https://doi.org/10.1007/JHEP07(2012)127
https://arxiv.org/abs/1205.2472
https://inspirehep.net/search?p=find+EPRINT+arXiv:1205.2472
https://arxiv.org/abs/1711.06888
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.06888

	Introduction
	Building up the N=2 W(oo) algebra
	Decoupling the bosonic subalgebras
	Character analysis

	The minimal and conjugate minimal representation
	The minimal representation
	Charges of the conjugate representation
	The conformal dimensions at finite N and k
	Representations


	The Yangian at the free field point
	The affine Yangian generators at lambda=0
	Identifying the representations

	The Yangian at generic parameters
	The generators in minimal representations
	Other minimal generators

	The generators in conjugate minimal representations
	The OPEs with e and f
	The N=2 algebra

	Conclusions
	Additional relations of the free field theory
	The defining relations
	The OPE like description
	The mode relations
	The initial conditions

	Supercharge constraints

