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ABSTRACT: The present techniques for the perturbative solution of quantum spectral curve
problems in N’ = 4 SYM and ABJM models are limited to the situation when the states
quantum numbers are given explicitly as some integer numbers. These techniques are
sufficient to recover full analytical structure of the conserved charges provided that we
know a finite basis of functions in terms of which they could be written explicitly. It
is known that in the case of N/ = 4 SYM both the contributions of asymptotic Bethe
ansatz and wrapping or finite size corrections are expressed in terms of the harmonic sums.
However, in the case of ABJM model only the asymptotic contribution can still be written
in the harmonic sums basis, while the wrapping corrections part can not. Moreover, the
generalization of harmonic sums basis for this problem is not known. In this paper we
present a Mellin space technique for the solution of multiloop Baxter equations, which
is the main ingredient for the solution of corresponding quantum spectral problems, and
provide explicit results for the solution of ABJM quantum spectral curve in the case of
twist 1 operators in sl(2) sector for arbitrary spin values up to four loop order with explicit
account for wrapping corrections. It is shown that the result for anomalous dimensions
could be expressed in terms of harmonic sums decorated by the fourth root of unity factors,
so that maximum transcendentality principle holds.
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1 Introduction

In the past time following the discovery of AdS/CFT duality [1-4] we faced a lot of progress
in the study of integrable structures behind the quantum field theories with extended
supersymmetry in dimensions greater then two, see for a review and introduction [5-10].
The most well understood theories are given by N' = 4 SYM in four and N/ = 6 super
Chern-Simons theory in three dimensions. The latter theory is more known as ABJM
model [11]. In particular, different techniques from the world of integrable systems, such as
worlsheet and spin-chain S-matrices [12-20], Asymptotic Bethe Ansatz (ABA) [16, 21-26]
and Thermodynamic Bethe Ansatz (TBA) [27-30] as well as Y and T-systems [31-37] were
shown to be very useful for the computation of conformal spectrum of these theories. The
integrability based methods were also applied to the study of quark-antiquark potential [38—
41], expectation values of polygonal Wilson loops at strong coupling and beyond [42-47],
eigenvalues of BFKL kernel [48-50], structure constants [51-54] and one-point functions of
operators in the defect conformal field theory [55-57].



Recently, the detailed study of TBA equations for ' = 4 SYM and ABJM models
resulted in the discovery of very effective Quantum Spectral Curve (QSC) formulation for
these models [58-63]. The latter gives an alternative reformulation of TBA equations as a
nonlinear Riemann-Hilbert problem. The iterative procedure for perturbative solution of
the mentioned Riemann-Hilbert problems for these theories at weak coupling was finally
proposed in [64, 65]. However, the presented technique is limited to the situation when
the states quantum numbers are given explicitly as some integer numbers. It is sufficient
for the recovery of full analytical structure of the conserved charges in the respective spin
chains provided that we know a finite basis of functions in terms of which they could be
written explicitly. It is known that in the case of N/ = 4 SYM both the contributions
of asymptotic Bethe ansatz and wrapping or finite size corrections for twist-2 and twist-3
operators are expressed in terms of the harmonic sums [66-76]. However, in the case of
ABJM model it was possible to express in the harmonic sums basis only the asymptotic
contribution, while the wrapping corrections part misses such a representation. Moreover,
the generalization of harmonic sums basis for this problem is not known at present [65, 77—
82]. In this paper we present a Mellin space technique for the solution of multiloop Baxter
equations, which is the main ingredient for the solution of corresponding quantum spectral
problems, and provide explicit results for the solution of ABJM quantum spectral curve in
the case of twist 1 operators in sl(2) sector for arbitrary spin values up to four loop order
with explicit account for wrapping corrections. The results for anomalous dimensions we
obtained could be further expressed in terms of harmonic sums decorated by the fourth
root of unity factors.

The present paper is organized as follows. In the next section we remind the reader
the formulation of ABJM quantum spectral curve. Section 3 contains the solution of
ABJM QSC in the case of twist 1 operators in si(2) sector up to four loop order. Next, in
section 4 we present the details of solution of corresponding Baxter equations with Mellin
space technique. Section 5 contains the discussion of our results for anomalous dimensions
of twist 1 operators up to four loop order and for arbitrary values of spin variable. Finally,
in section 6 we come with our conclusion. Appendices and Mathematica notebooks contain
some details of our calculation.

2 ABJM quantum spectral curve

ABJM is a three-dimensional N/ = 6 Chern-Simons theory with product gauge group
U(N) x U(N) at levels +k. The field content of the theory is given by two gauge fields A,
and /lu, four complex scalars Y4 and four Weyl spinors 4. The matter fields transform
in the bi-fundamental representation of the gauge group. The global symmetry group
of ABJM theory for Chern-Simons level k& > 2 is given by orthosymplectic supergroup
OSp(6]4) [11, 83] and the “baryonic” U(1), [83]. In the present paper we will be interested
in anomalous dimensions of sl(2)-like states given by single-trace operators of the form [84]:

tr [Di(ylyj )L] . (2.1)



In fact in what follows we will restrict ourselves with only twist 1 (L = 1) operators. It
should be noted that these operators characterized by Dynkin labels [L + S,S; L, 0, L] do
not form a closed subsector by themselves but belong to a wider OSp(2|2) subsector. At
the moment the most advanced method to deal with spin chain spectral problems arising
in the study if AdSyy1/CFT4 duality is offered by quantum spectral curve (QSC) method.
For the case of ABJM theory QSC formulation was introduced in [62, 63|, see also [65].

The QSC method is another reformulation of Thermodynamic Bethe Ansatz (TBA)
as a set of functional equations, such as Y or T-systems. The QSC method or Pu-system
is special in a sense, that it involves only a finite number of objects satisfying a set of
nonlinear matrix Riemann-Hilbert equations. The Pu-system for ABJM consists of six
functions P,,a = 1,...,6 and an antisymmetric 6 X 6 matrix uq. Both P, and pgp
are functions of spectral parameter u. The P, functions are defined on a Riemann sheet
with a single cut running from —2h to +2h (h is ABJM QSC coupling constant), while
functions pqp have an infinity of branch cuts at intervals (—2h, +2h) +in,n € Z and satisfy
a simple relation

laab(u) = Mab(u + i)a (22)

where f here and in the following will denote a function f analytically continued around
one of the branch points on the real axis. It is important to mention that, in contrast to
N =4 SYM, ABJM QSC coupling constant h is a nontrivial function of ABJM t’Hooft
coupling constant A [25, 85], which scales as h ~ A at small and as h ~ m at strong
coupling constant. An important conjecture for the exact form of h(\) was made in [86, 87]
by a comparison with the structure of localization results. The functions P, and p, satisfy
the set of nonlinear constraints

PsPs = 1+ PyP3 — PPy, (23)
pxux =0, (2.4)

where nonzero entries of 6 x 6 symmetric matrix y are given by
X14 — X41 — _1, X23 — X32 — 1’ X56 — X65 — _1 (25)

The fundamental Riemann-Hilbert relations for P, and pu4; functions are written as

Pa = Pa - ,UfabXbcPca (26)
Hab — flab = _Palsb + be)a' (27)

It should be noted that, similar to the N” = 4 SYM there is a complementary set of functions
satisfying their Riemann-Hilbert relations, so called Quw-system [62]. The Quw-system is
similar to Pu-system (2.3)—(2.7) with replacements

Pa — Qa y Hab — Wab - (28)

The Q and w functions have different cut structure however, see for details [62, 63] and [58,
59]. In the case of ABJM model it is convenient to parametrize pg, matrix in terms of 8



functions v;, 7,1 = 1,...,4 as [62, 63]:

0 140%] Vols VolV3 — V1V4 120%) V19
- 0 VolV3 + V14 V33 V13 v1U3
o —Voly —Uol3 — V14 0 Valy —Uol/y —Uoly
Hab = V4 — Dol3 —V3U3 — U4y 0 —Us3l/y —V3ly
—V1lg —V1U3 Doly Vsly 0 Vol — ol3
—V12 -3 Voly V34 Vo3 — Ual/3 0

(2.9)
with an additional constraint: 1104 — V1vy = o3 — o3, Here v; and v; satisfy already
periodic/anti-periodic constraints (o = £1):

v = 0-1/[2] = 01/[2}
T (2 - 7 0

(2.10)
where here and in what follows fI" (u) = f (u 4 in/2). To describe anomalous dimensions
of sl(2)-like states (2.1) it is enough to consider Pu-system reduced to symmetric, parity
invariant states. The reduced P pu-system is identified by constraints Ps = Pg = Pg, v; = 15

and is written as [62, 63, 65]:

U = =Py x*up, (2.11)
P, — Py = vivj — v;i, (2.12)
where
0 —P; —Py Py 00 0-1
O 2] B PP PR
Po P; Py O 1000
and
(Py)? = 1 — PP, + P,Ps. (2.14)

In addition to the above constraints it is required [65], that P and v functions have no poles
and stay bounded at branch points. The quantum numbers of the states we are interested
in, that is twist L, spin S and conformal dimension A are encoded in the behavior of P, v
functions at large u [62, 63, 65]:

0 -L —L—-1 L+1 L
Po_y =~ (Agu”, Aju™", Asu , Agu™EH ATl

A-L+S)A-L-S+1)(A+L—-S+1)(A+L+S)

Aidy = - L2(2L + 1)
. (A=L+S-1)A-L-S)(A+L—-S+2)(A+L+S+1)
Azdly = L+ 2L+ 1) » (219)
and
Vi ~ (uA_L, uA+1,uA,uA+L+1) . (2.16)

The anomalous dimension « is given by y = A — L — S.



3 Perturbative solution of ABJM QSC

For the perturbative solution of ABJM quantum spectral curve we use the same set of
equations as in [65]. The latter easily follow! from fundamental Pv-system (2.11)—(2.12)
and are given by

3 -1 1 -1 1 -1
ZR ]_J P, Py’ L Py py’ L (3.1)
P[ll} P[l—u P[11] P[1_1] 1 P[ll} P[l—l} 2 )
3 -1 1 -1 1 -1
v v ]+ P, Py S p; Py o (3.2)
pll ~ pCU T\ p T BT 2 T plT T T ) '
1 1 1 1 1 1
and
JV}Q] = Pov1 — Povs + Piug, (33)
JV%Q] = —Poro + P31 + Py, (34)
P,—Py=0 (VgVF] — 1/11/:[,,2}) , (3.5)
f’l - P1 =0 (1/21/?] - 1/11/£2}) y (36)
(1/1 + UI/P) (po — (hx)L) = po (1/2 + al/g}) - p1 (1/3 + UVE) , (3.7)
(1/2 + 01/£2]) (po + (hx)L) =p3 (1/1 + O'Z/F}) + p1 (1/4 + auﬁ) , (3.8)
where
N/ T
r=x(u) = W (3.9)

is the Zhukovsky variable parameterizing the single cut of P functions on the defining
Riemann sheet. In addition from the analytical structure of v;(u) functions on the defining
Riemann sheet it follows, that the following combinations of functions

vi(u) + 7i(u) = vi(u) + o (u),

~—

. | 2
vi(u) — vi(u _ vi(u) — ov;" (u) (3.10)

Eoa | ViR

are free of cuts on the whole real axis. Similar to [64, 65] we will parametrize the P(u)

functions entering the solution as

L L S 0 R
P, = (zh)Fp1 = (xh) L [ 1+ ZZch? : (3.11)
k=1 1=0
o o h © W h2l+k
Py = (wh)™"py = (sh) ™" | —+ ZZ%7 , (3.12)
k=2 1=0

!See [65] for details.



L-1

0 © 2+k
_(oan—Le (oL ()21, ! wh
Py = (ah) Lpo = (ah) 2 | 3 AVRE + 305 mOi + 30l |
1=0 =0 1=0 k=1 1=0
(3.13)
) 2L o p2l+k
P3:($h)fL ZA( B2k, 2L+1+sz h21u3+z Cg)k
j=01=0 11=0
(3.14)

where we have accounted for correct polynomial asymptotic of P functions at large values of
spectral parameter u (2.15). We may always assume that on the defining or first Riemann
sheet |x(u)] > 1 and thus the above expansions are justified. Due to gauge symmetry of
QSC equations?

vi — Rvj, Py — R'PyyR] (3.15)

where R is any 4 x 4 constant matrix satisfying R'xR = x the coefficients my), k:]@ in

the above parametrization at twist L = 1 are left undetermined. The coefficients A((]l),

Agl) and c(l,)C are some functions of spin S only, otherwise they are just constants. Here we
have also used the mentioned gauge freedom to set A; = 1 and A, = h%. Since x tends to

x(u) = urivAT—u® V;;LLQ_” and z_(u) = 1/x (u) = L=V~ W on the upper and lower bank of

the cut, correspondingly, the values of the functions P, (u) on the two banks are related as

P.(u — i0) = P,(u + 90)|

oy (u)—=1/z(u)

Therefore, in a sufficiently small vicinity® of the cut on the second sheet of u-plane (the
inner vicinity of unit circle in z-plane) we have

L
-~ x - -
P,=P, = (h) Pas Pa = Pa ) (3.16)

z—1/x

z—1/x

Next, the expansion of v;(u) functions in terms of QSC coupling constant h is given by

o0

vi(u) = Z hZZ_LVZ-(l)(u) . (3.17)

1=0
3.1 Leading order

From now on we consider the case of L = 1 operators. First, from egs. (2.15) and (2.14)
at large values of spectral parameter u we get

A = 5(25 +1). (3.18)

Next, we take LO approximation of the first Baxter equation (3.1). The solution of the
latter, as described in detail in the next section, is given by

() = QY (S, u), (3.19)

2See for details [65].
3The vicinity is such that the substitution « — 1/x retains the convergence of (3.11)—(3.14).



where Q(S, u) is LO Baxter polynomial defined in eq. (4.8) and « is some spin S dependent
constant to be determined later. In general for the details of the solutions of Baxter
equations (3.1)—(3.2) we refer the reader to next section. Here we will just use the results
obtained there. Next, from equation (3.3) we determine the expression for 1/3()0) (u) and
substitute it in the equation (3.5). Expanding the latter at u = 0 up to O(u?) we get the
expression4 for constant a:

L= —4iBy(S),  Bi(S) = ()~ HA(5). (3.20)

(0)

Also from the requirement of absence of poles in combinations (3.10) for vy’ we may
determine the value of ¢ = (—1)°. Knowing the expression for Vgo) (u) we may determine

I/éo) by solving second Baxter equation (3.2):

© _ al 1 3(8+2)(S+1) C 38743541 )
[ 4‘43( 513 ¢ 2w —2ma e (S )

35 (S—1) i . _
2; — )1 (s - 2,u)> + §k§0) [Q[ DS+ 1,u) = 650Q7 1 (5~ 1,u)
1
+k§0)25+1Q[ U (S,u)]. (3.21)

Next, from equation (3.6) expanded at u = 0 up to O(u) we get the value of A:(,)O) constant:

AO _ —g(zs +3)(25 = DBL(S). (3.22)

In addition, from the same expansion we get the following values of coefficients
Y =0, % =o. (3.23)
Note, that if we account for dgo term in the Véo) solution then the value of kgo) coefficient

turns out to be fixed. So, the analytical continuation in spin S allows us to fix extra
gauge freedom.

3.2 Next-to-leading order

Before starting actual NLO calculation it makes sense to determine as many required
constants as possible with the information on LO solutions we already have. Performing
small u expansion of (3.6) up to O(u?®) we get

¢’ = 4B1(S) — B1(S)? — 2Bs(5). (3.24)
Next, equation (3.7) expanded at u = 0 up to O(1) terms gives us the value of c(()?l)
coeflicient:

o_ _ok” | ioS(1+S)

O1T 91128 T 3(1+29)a? (3:25)

4See appendix B for definition of B-sums.



Substituting the expression for Vio) from (3.4) into equation (3.8) and expanding the latter

at small v up to O(1) terms we get the value of 03?1 coefficient:

(o) _ o(28(1+5) + 3i02k\”)(12i(1 + 29)a? — 0(25(1 + ) + 3iak")) (326)
$17 36(1 + 25)2a4 ' ‘

Finally, the expansion of (3.5) at u = 0 up to O(u*) terms gives us the values of cgg and

(0)

¢y 4 coefficients:

=0, o} =4ia®(B1(S)Ba(S) + Bs(5)) - (3.27)

Now, we are ready to proceed with the solution of NLO Baxter equations. As is
explained in the next section the solution of the first Baxter equation (3.1) at NLO is
given by

{Q[ 1] (S,u) (vg +log2 — iny(u)
1

S + k
—H(S) + im coth(mu) +Z F(s — ku)}
=1

S
) LR (5, (5415 — 1) Q1 1(S — k)
perQ[ 1](5 u) perfpl( )Q[—l}(s’ U) . (328)

(1)

The absence of poles in combinations (3.10) for v, allows us to determine the values of

coefficients A(() ) e

and
Aél) =20 (3425)B1(9), ?,elr = —2iaB1(S). (3.29)

Next, the expansions of (3.5) at u = 0 up to O(u?) terms fixes the value of ¢

3B5(S) + 2Hs(S) — 2H_
1

per — a{§31<s>2+32<s>+ ol 3(5) —2Bl<s><1+2log2>}. (3.30)

Now we are ready to solve the second Baxter equation at NLO (3.2). The details of
the solution could be found in the next section. In terms of q( )( ) (4.45) the expression

for I/él)( ) is then given by

v (w) = g5 (u—i/2). (3.31)

Requiring the absence of poles in combinations (3.10) for l/él) allows us to fix coefficients
¢per and ¢ant1

b0 =0, ¢35 =4iaBy(S). (3.32)



Finally, expanding equation (3.6) at u = 0 up to O(1) terms gives us the value of A:(gl)
coeflicient:

16 _ _ _ _ _ _
AW = —5 (25— 1)(25 +3) (3111271 —2H g;—H gy —H 1 _o+2H 15— H 15

—6H; 9+ 12H, 9, — 6H; 2 — 6Ho; 1 + 4Hoi; + 2Ha;1 — Hy —o + 2Hy 9
—Hy9+3Hs 1 —2Hs; — Hoy +2H_1; 1 —2H 1,1 +8H; 11

—12H; 1, +4H; 11— 16H;; 1+ 16H;;; + 4H;1 1 —4H;1,; +2Hy; 1
_ 1 4 2 12
—2H17i,1 — 531(2 — 3(5 + 205 + 4S8 )Bl . (333)
where Ha,... = H, (2S) is defined in (5.4). The reason behind the appearance of sums
different from harmonic is related to the fact that solutions of Baxter equations at NLO
contain Baxter polynomials Q(S, ) under different summation signs with various weights.
For example, in the case of homogeneous solution of second Baxter equation Z(S,u) en-

tering the expression for qél)(u) (4.45) its expansion at uw = /2 is given by

i .
z(s, u+ 2) = —i(=1)%[S_1(S) + In2] + u(—=1)° [=B1(S) In2 + V(S) + (2/2] + O(u?),
(3.34)
where V(S) =322, 1 k - S Bl(k — 1) could be further rewritten in terms of generalized
harmonic sums (5.4). Also, the necessity of the argument 25 could be promptly realized
after examining the denominators of the rational numbers entering the results for large
enough S and observing the appearance of prime numbers in the interval [S+1,25) among
their factors.
We would like to mention, that in the simplification of the coefficients expressions the
use of HarmonicSums mathematica package [88-94] was helpful.

4 Solution of Baxter equations with Mellin transform

In the previous section we have seen that the most complicated part of the QSC solution is
the solution of two inhomogeneous Baxter equations at each perturbation order. To solve
these second order finite difference equations we will employ Mellin transform technique
to convert them to ordinary differential equations. The latter was originally applied to the
solution of Lipatov’s reggeon spin chain [95] by Faddeev and Korchemsky in [96]. Later
this technique was used to solve asymptotic Baxter equation in A" = 4 SYM up to three
and four loops [97, 98]. In order to iteratively search for the perturbative solution of
equations (3.1)(3.8), we expand eqgs. (3.1), (3.2) up to h* and obtain the inhomogeneous

equations for qik) <V£k2)>[ } in the following form
(u+/2)¢ (u+14) — (28 + 1)gl® (u) = (u —i/2)¢{? (u — i) =1 | (4.1)
(u+/2)a (u+1i) + (28 + 1)l (u) — (u —i/2)gd" (u — i) =V . (4.2)



Here Vl(k) depends on q% with [ < k, and VQ(k) depends in addition on q%k). Applying

Mellin transformation® to eqs. (4.1) and (4.2), we get

(z—2) 0.9V (2) + 250 (2) = iVP (2) (4.3)
(-2 0.9V () =25+ 1) WP (2) = iVP (2) (4.4)

where ‘Ifgk% = /\/l_l[qb)] and 171(2) = ./\/l_l[Vl(Z)]. The integration of equations (4.3)
and (4.4) is straightforward and is given by

W@ =i(-2)° [ (-2 @)z, (4.5)

W (2) = i(z - 25 / (2= 25 TM (2) d . (4.6)

Note that, when passing to the Mellin space, we silently assumed that \Ilng) (z) are finite

at z = 0 and z = 1. In general it might be not so due to the appearing logarithms of z

and z. Therefore, the approach based on Mellin transformation, should be used with great

care, in particular the results obtained within this approach should be transformed back

to u-space and directly checked against the equations (4.1) and (4.2). These complications

may be viewed as disadvantages of the Mellin-space approach. Nevertheless, we find it

advantageous to use Mellin transformation technique, at least, up to the next-to-leading
order considered in this paper.

4.1 Homogeneous solution

The solution of homogeneous first Baxter equation (4.3) in Mellin space is easy and is
given by®
0 _
v = (z-2)%. (4.7)

Its Mellin transform to spectral parameter u-space is given by

Q(S,u) = 2F1 (—S, % +iu;1;2>

_ (DT (5 +iw)
~ SIP (3 +iu—S9)

o F <—S,;—|—iu;;+iu—8;—1> . (4.8)
Moreover, &% (u)Q(S,u) and ®F* (u)Q(S,u), where ()" (u) and dF*(u) are arbitrary
periodic and anti-periodic functions of spectral parameter u, are also solutions of homoge-
neous first (4.1) and second (4.2) Baxter equations correspondingly.

To find second solutions of homogeneous Baxter equations let us consider second Bax-
ter equation (4.2). Making the ansatz ¢2(S,u) = Q(S,u)b" (S, u) similar to [64, 65] the
homogeneous Baxter equation (4.2) could be rewritten as

Vi wQQv_p) =0, (4.9)

®See appendix A for more details and notation.
5The arbitrary constant in front of solution is dropped.

~10 -



where V, f = f — f@ and V_f = f + f%. From equation (4.9) it follows then, that”

. 1
To solve this difference equation we will use the empirically guessed identity
15
1 (=1 . s 1
= +i(—1) E —_—
11Ol-1 _
w1 U — S—k

Q(S—-1-2ku—1) Q(S—1-2ku+3) i1l
( Q-3 aEa+ry )

Then we see, that

155 i
b(u) + b(u+ 1) = (_i)s +i(-1)% Y 5 i - @ (SC;(ls_u%’}L)_ ) +(u— u+1)
k=0 ’ 2
(4.12)

=SS e () s

where ¥ (u) is polygamma function and noting, that

n-1(w) + n-1(u+1) = % (4.14)

we see that the solution for b(u) function is given by
LSEIJ 1 1
1 Q (S 1—-2k,u 2)

b(uw) = (=1)%n_1 (uv) +i(=1)° .
() = (%) i1 3 g

(4.15)

Finally the expression for second solution with polynomial asymptotic, which we will denote
by Z(S,u) is given by®

53]
1
Z(S,u) =io ﬂQ (S —1—=2ku)+on_1(u+1i/2)Q (S,u) . (4.16)
k=0
Once this solution is found, one can check directly that it satisfies the homogeneous part
of eq. (4.2), using the generating function found in appendix B.

7Of course, b(u) is defined up to arbitrary multiplicative periodic and additive anti-periodic constants
which is taken into account in egs. (4.17), (4.18).
8For a rigorous proof that Z(S,u) is a solution see appendix B.

- 11 -



The general solutions of first and second homogeneous Baxter equations are then
given by

@M (S, 1) = 1 perQ(S, 1) + P1anti Z(S, u) (4.17)
GOM(S, 1) = P antiQ(S, u) 4+ Do per Z(S, 1), (4.18)

where ®; ,or and ®; e, are arbitrary periodic and anti-periodic functions in spectral param-
eter u. Otherwise they are arbitrary functions of spin S to be determined from consistency
conditions as described in previous section. We will parametrize their u dependence similar
to [64, 65] with the basis of periodic and anti-periodic combinations of Hurwitz functions
defined as

Pr(u) = ng(u) + nk(i — u) = sgn(k)Pr(u+1i), k#0€Z, (4.19)

where

— (sgn(a))*
a(u) = ; , (4.20)
" kzo (u+ ikl

and bar over 1 denotes complex conjugation. Note that Pr(u) can be expressed via ele-

mentary functions:

—9y) ¥t [ 7eoth(ru) k>0
Pr(u) = GO p i i . (4.21)
([ =D 7/ cosh(ru) k<0
Then the functions ®5° and ®2"" are written as
(I)per _ per + Z¢per u 7 q)antl Z ¢ant173_ (4.22)

where A is a cutoff dependent on the order of perturbation theory.

4.2 Inhomogeneous solution

Let us now proceed with the solution of inhomogeneous Baxter equations.

4.2.1 LO

At leading order Vl(o) = 0 and LO order solution of the first Baxter equation is given by
the solution of homogeneous equation:

v =az-2)%, 4" (w) = 0Q(S), (4.23)

with « given by equation (3.20). The leading order second Baxter equation is already
inhomogeneous with VZ(O), after substitution of the anzats for P-functions, given by

@m:wﬁg»@ﬁ_i)+%9u+@ﬂ¢m, (4.24)
- 1
Va(z) = io [Agf) (3@2 - 4> + 260+ kgﬂ o0 (4.25)
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and the particular solution for \Ilgo) is given by (4.6):

w@g):_a@—@‘9{/@—zf[4@(&?—i)+%§%+k@}w@@

= —ca(z—z) 5" / (2 —2)° [Ago) (3&2 - i) +2kP4 + k§0)} (z—2)%dz.
(4.26)
Acting by @ operator (see eq. (A.7)), we obtain
1 1
w@@):aa@—zr&ﬂ/d@—w)@—zf[—4A9(3w+aﬂs+1xz—@$ﬂ

_2p@+35+1Nz—@5+3sw—4uz—@34)

+M9[@+&ﬂ§—@a4—8@—zf4]+%m@—2f}

S5+2

—apacE- 7= a0 (s + 2540 G

_ S = 5-2
_9[2g2 (2 —2) _nE=2)
2[38%+35+1] 5511 +35(5—1) 55— )

. - S
20 [5 NS+ 2 _\S-1 0 (2 —2)
2 kS (- 2) (2= 2)%7] + K 25+1}. (4.27)

(0)
2

The requirement that \Ilgo)(z) is polynomial fixes constant C' = %k 85,0 and we finally get’

o a[ 1A§o><3<5+2><s+1>Q(5+27U)_2352+?»9+1Q(5,u>

@2 =75 25 +3 25 + 1

35(5—1 '
2(51)Q (5 - 2v“)> + %kéo) [Q (S + L) = d520Q (S — 1, u)]
0_ 1
th" e Q (S,u)] . (4.28)

4.2.2 NLO

At NLO the inhomogeneous part of the first Baxter equation after substitution of the
anzats for P-functions is given by

0
4 2 2
‘/1(1) — M + <c§(g + ) q§0) (u+1i)— <Cg(7)i + H) (AO) (u—1)

1+ 4u? 2u+1 2
e 4i 0 0 (0 0
to {ZA(() - T2 (cht = eiim§ ))} a” (). (4.29)
To convert it to Mellin space we need the following expressions
q(o)/(;jr i) 1| % s 1 o s 1
111—1-72'/2 = «aliz0,z]” [—Z (z—2) —}—z] = i;az—lz—l [(2 _ )5 - Z]
_ zj/o dg [(a? _ ) - ;@71} _ z% nz+G (S, 2), (4.30)

9The homogeneous piece at this order is zero as could be seen from the consistency constraints considered
in previous section.
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W = alfizd,2] ! {— g (z - z)S+j = —iaz 17! E (z—2)% - ]

= —w% Inz+G (S 2) , (4.31)

where

x
_ [Fdx g, s o112 S
= /0 . [(w x) 1} =0, 2 [(z 2) 1} . (4.32)
The introduced G-function satisfies the following recurrence relation
z 1
G(S,2)—G(S—1,2) = —2/ dr (1205 = S (-2 =1) . G(0,2) =0.
0

(4.33)
So, we may write it as

Zj ( - 1) (4.34)

J=1

(0)

The contribution of the term proportional to g, (u) is determined using partial fractioning

43 1 1

T+4uZ w—14/2 u+i/2’ (4:35)
so that
4i5(\5/»u)__- RPN “1.-1] (5 _ .\S
i z{( 1+20,) =z (1420,) % ](z z)

= — {z*lG (S,2)+02'G(S,2)+z ' Inz+oz ' Inz+ (2 ' +27 o) By (S)} .
(4.36)

The underlined term is integration constant chosen in order to get rid of singularities at
z =0 and z = 1. Using the above expressions together with the values of constants known
at this stage we get

’(vl) z )
Vi a( ) =3 (25 —-1)(z— )S+2—(25+3) (Z—Z)S(Z—Z)(O'—l)—f—(l—i—d)} B(lz(;)
FE ) (L 0)(E - 2+ (1-0) 00 (5,2) +ioAY G- (437)
where
S q_ , '
6G(S,2) = G(S, 2) =y ———(z-2). (4.38)
7=1
Rewriting the above expression as
%50(5, 2) = H(S,2) — H(S,5) + (i - i) Bi(S), (4.39)
250(5,2) = H(S,2) + H(S,2) + (i + i) Bu(S), (4.40)
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H(S,z)zZﬂ((f— 7 —1) :_22 Y {Bi(S)— Bi(k)},  (4.41)

we may get rid from z, Z in the denominator and the final expression for ‘71(1) (z) takes the
form (w =z — 2):

v s
Vlai(z) = wS(0AY) —2(25 ~ 1)B1() +2 > (1 + (~1)*) {By(S) + Bi(S — k)} w5 ",
k=1
(4.42)
Then the particular solution is given by (4.5):
v () =5 (aAé” —2(25 — 1)31(5)) wS log w
aZ “F{BI(S)+ Bi(S —k)} . (4.43)

k=1

For the Mellin transformed!'® to u-space particular solution plus homogeneous piece with

at maximum first order poles in u as required by QSC analyticity constraints we then get!!

0tV (w) = 5 (o4 — 225 - 1)B1()) {Q(S, u) (5 + log2 — im (u +/2)

2
, 51 (—1)k
—H1(S) + im tanh(7u)) + ; TQ(S — k,u)}
S _1\k
az”;”wl(sw&wkwsm)
k=1
+ @Yo Q(S, u) + o Pr(u +14/2)Q(S, u) . (4.44)

The solution of second Baxter equation at NLO goes along the same lines, but the
expressions become more cumbersome. So, here we will present only the expression for
(1)

¢ ' (u) without derivation. The latter including homogeneous piece with at maximum first
order poles in u as required by QSC analyticity constraints is given by

g" (u)

(6
_ (e (35 +35+1)Qs  30(9—1)5Qs-2 30(+1)(S+2)Qs12
- 4(28 +1) 8(25 — 1) 8(25 + 3)

2(25+3)B41(S) { <2LS+11J—1+0> Qs—2+ (1_0525_;11))625}—4BI(S)G3(S)
2

10See the details of transformation in appendix C.
Here we have dropped the piece with non-polynomial asymptotic in the particular solution contribution.

The latter is defined up to a homogeneous solution and we may use this freedom to ensure that the ansatz
for overall solution has correct polynomial asymptotics we are looking for.
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K025 +3)B1(9)Qs . [0(25-1)(29+3) (352+35+1) Bi(S) k%%
B (25 +1)2 3(25 +1) -~ 2(25+1)
x {2B1(8)Go(S) + Ga(S) — o~ BF7 ()@} + 1k (@51 — Ds0Qs 1)
_ %U(S ~1)S(25 + 3)B1(S) {(2B1(8)Co(S — 2) + Ga(S — 2) — 0~ B (u)Qs—2)
- %a(s+ 1)(5+2)(25—1)B1(S) {2B1(5) G (S + 2)+Ga(S + 2)—a '3 (1) Qs 42}

(65%-352-115-3) Qs  (29°—-35%2-235-22) Qg2
3(25+1)2 2(25 + 3)2

+a(251)(28+3)31(5)2{

(5—1)5(25 +3)@s-2 } . KYoQg

—1 ,per —1 janti 3
2025 — 1) 2(25+1)+a ¢27OZS+OZ ¢2,0 P_1 (U+2) Qs,
(4.45)

where Qg = Qs(u) = Q(S,u), Zg = Z(S,u) and the following functions were introduced:

25+1
G3(S) = Gs(S,u) = > 4= (_1)262’“‘5‘1(“) , (4.46)
k=S+1
S
Gu(5) = GaS.1) = — 3 LI 5,5y _ (51 (447
k=1
S
Go(S) = Go(S.u) =~ 3 LT (_1)Z)Q5—k(”) (4.48)

1

N

QS(U){WE +log2 — Hi(S) —im(u+i/2) + iwtanh(wu)} .
(4.49)

5 Anomalous dimensions

The expressions for the anomalous dimensions could be easily obtained from Aéo’l) with
the help of (2.15). This way, up to four loops we got the following results for anomalous
dimensions of twist 1 operators

Y(S) =7 (S)h? + vV (S)ht + ... (5.1)
where
YOUS) =4 (H, - H_1) (52)
F(8) = 16{3ﬁ—2,—1 —2H 5;—H 91 —H_y _9+2H 19— H_15—6H;
+12H;9; — 6Hi g — 6Hy; 1 + 4Hy;; + 2Hy; 1 — Hy —9 + 2H1 i — Hi 2
+3Hy 1 —2Ha; — Hyy +2H 15 1 —2H 1,1 +8H; 11— 12H; 1,
+4H; 11— 16H;; 1+ 16H;;; +4H;1 -1 —4H; 1, +2Hy; -1 — 2Hl,i,1}
+8(H-1— H1) (2, (5.3)
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and we introduced new sums

S
(S) = Mﬂb,...(k) , H, = Ha,...(S) , I_{a . =H,

Hab a
P klal

504000

(25), (5.4)

goee

so that for real indexes these sums reduce to ordinary harmonic sums. Note that the
conventional harmonic sums of argument S can be expressed via our extended basis (5.4).
In particular, we have fy(o)(S) =4(Hi—H_1)=14 (Hl +H | — 2[9'2-).

Imaginary indexes correspond to the generalization of the harmonic sums with the
fourth root of unity factor (exp(ir/2))™. We would like also to point out the appearance of
argument 25 and note, that these new sums could not be further reduced to cyclotomic or
other generalized harmonic sums of [90, 91]. From this expression we see, that the maximal
transcendentality principle'? [70, 71] also holds for anomalous dimensions of ABJM theory
with the account for finite size corrections. Next, the obtained expression respects shift
symmetry [65, 77], that is maximum transcendentality parts ({2 pieces in our case) of
anomalous dimensions of operators with (L, S) = (1,2n) and (L,S) = (1,2n — 1), n € NT
are the same. It is also interesting to inspect the large spin S limit of our expressions. In
this limit we get

~FO(8) ~ 4log(S) + 4 (log2 + ) + O (;) : (5.5)

1(S) ~ ~8Calog(S) - 86 (og2 + 1) ~ 126+ O(ET ) 59

which is in agreement with [77, 82], where it was shown that wrapping correction scales
as log S/S.

Let us now make some comments on the size of the basis of generalized harmonic
sums (5.4) at NNLO and higher. At weight w the number of all such sums is given by
4571 (3.4%~1 if we take into account the real part operator in (5.4)). However, similar
to S-sums [90, 102] these sums should obey additional relations similar to those following
from quasi-shuffle algebra together with differentiation and generalized argument relations
for S-sums. Indeed at NLO with weight 3 we expect in total 100 (48) such sums. However,
only 29 of them appear in our final answer (5.3). Similarly, at NNLO with w = 5 in general
we should have 2500 (768) sums which are expected to further reduce to several hundreds.
Also, in the case of ABJM model compared to N' = 4 SYM the analyticity properties of
anomalous dimensions are fully unstudied at the moment and we can not use for example
such notion as Gribov-Lipatov reciprocity [103, 104] to further reduce sums basis, see for
example [76].

Finally, it is instructive to compare our result with previously known expression [77, 82]:

yE=1S = 4p? (Hy — H_4) — 160* (Hfg —H3+H 5 1 —H 1 +H 1 o—H 1

—Hy o+ Hip—Hy 1+Ho1+H 11 1—H 1 _11—Hi_1-1+ Hl,—l,l)
+4h* (Hy — H_1) W(1,S) + O(h®), (5.7)

12Similar considerations for the evaluation of Feynman diagrams first appeared in [99]. See also [100, 101].
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where

4LQ (q*i(lyfl))

W(L,S) = —% i(—nM Res

v =M (g2 1 2)LQ (%) 0 (q+i(12\/f—1)> 0 (qﬂ»(g@rl))
M-1 [ (= M-)+25
><j:o Cg(‘l"(le)>> <2j—i11—M_2(j+1)1_iq_M> (5.8)

and Q(u) = 2F1(—S,iu + 1/2;1;2). This expression is still too complex as it involves
“complex” hypergeometric functions and takes more time to get expressions for anoma-
lous dimensions compared to our representation in terms of generalized harmonic sums.
Moreover the representation in terms of sums makes the study of analytic properties of

anomalous dimensions much more simple.

6 Conclusion

In this paper we have shown how Mellin space technique could be used to solve multiloop
Baxter equations arising from A/ =4 SYM or ABJM quantum spectral curves. As a par-
ticular example we have considered anomalous dimensions of twist 1 operators in ABJM
theory up to four loop order. The result could be expressed in terms of harmonic sums
with imaginary indexes, so that the maximum transcendentality principle holds. The pre-
sented Mellin space technique for the solution of multiloop Baxter equations arising within
quantum spectral curve method could be extended to higher loops at twist 1. Moreover, it
could be also applied to the twist 2 operators. In the latter case we will have an inhomo-
geneous second order differential equation in Mellin space, which could be further solved
using Abel’s reduction of order to find second homogeneous solution'® and variation of
constants to determine particular solution of inhomogeneous equation. However, the main
technical difficulty within the presented approach is related to finding Mellin and inverse
Mellin transforms of arising functions. Our preliminary results on the solution of multi-
loop Baxter equations directly in spectral parameter u-space for arbitrary spin values show
that such a direct approach could be much more effective both for having results at higher
loops and twists. So, next we are planning to concentrate on developing corresponding
u-space techniques.

Finally, we would like to note that the presented techniques could be also applied
for solving twisted N' = 4 and ABJM quantum spectral curves, where P function will
have twisted non-polynomial asymptotic at large spectral parameter values. The latter
models are interesting in the connection with the recent progress with the so called fishnet
theories [105-112].
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13The first homogeneous solution is known for arbitrary spin values.
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A Mellin transformation

We define Mellin transformation and its inverse similar to [98], that is

~ 1 . 1 . 1 ~
F0) = Ml = s [ dzs i o) (A1)
F2)=Mfl(2) = % /Oo duz""2 2 (u) f () (A.2)
where -
K1(u):F(%+iu)F(%—iu):m, (A.3)

and Z = 1—2. Next, it is easy to see, that the introduced transformations have the following

properties
af ) () = if (2) = £ (2~ =+ 2:20.) F (2) (A1)
Ft i) =~ 2F (420 (/2) = -2 () + ) (A.5)
Fu—i)(e) = ~ 2F (@421 (~i/2) = -2 F () 427 (1) (A.6)

Egs. (A.5) and (A.6) are valid when f (u) does not have singularities in the strip 0 < Su < 1
and —1 < Qu < 0, respectively. It is also convenient to introduce the following shorthand
notations widely used in the main body of the paper

= % (Z—2+42220,) = Vzzi0,VzZ, (A.7)

() = f (u+in/2) . (A.8)

The Mellin transform and its inverse convert polynomials into polynomials. Moreover,
polynomials of degree k are converted into polynomials with the same degree. That is

1 bl et g TG +iu+ k)T (5 —iw)  (5+iu),
dzz"""2% 22" = = (A.9)
Kl (u) 0 K1 (u) k! k!
and .
o du 22N K (u)u® = a*1 = [; (z—2+422z0,)| 1. (A.10)
a —00

B Generating function and properties of Baxter polynomials

Let us define the generating function for Baxter polynomials as
oo
W(z,u) =Y QS u)z". (B.1)
S5=0

In order to obtain the differential equation for W (x,u), we use the relation

—a®yF(a+1,b;a+b+1;—-1)+(a+b—1)(a+b)2Fi(a—1,bja+b—1;—1)
—(2b—1)(a+b)2Fi(a,b;a+b;—1)=0. (B.2)
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Putting a = =S, b= % + iu we obtain the relation between the Baxter polynomials'*

SQS—1Lu)—(S+1)Q(S+1,u) —2iuQ (S,u) =0. (B.3)
Multiplying the above recurrence relation with z° and summing over S, we obtain
x0paW (z,u) — O, W (z,u) — 2iuW (z,u) = 0. (B.4)

Solving this differential equation with the boundary condition W (0,u) = @ (0,u) = 1,

we have
—2i(u—1/2) arctanh

W (z,u) = (1 —2) "2t 4 )27 = & : : (B.5)
-
We will use this generating function W (z,u) for two purposes. First, let us prove that
2]
Z(S,u) =io m@ (S —1-2k,u)+on_1(u+1/2)Q (S, u) (B.6)
k=0

is a solution of the homogeneous part of the second Baxter equation (4.2), i.e., that
(u+1i/2)Z(S,u+1)+i(25+1)Z(S,u) — (u—1/2)Z(S,u —1i) =0. (B.7)

Substituting (B.6) in the left-hand side, we obtain

(u+i/2)Z(u+i)+i2S+1)Zuw) — (u—1i/2)Z(u—1i) =Q (S,u+1i) — Q(S,u—1)
S—1 1— (_1)k+s

+2i Y 5 [ i) Q (kuti) — (= i/2) Q(ku—19)] (BS)

k=0

We have used here the first Baxter equation to express Q(S,u) and Q(S — 1 — 2k, u) via
Q(S,u £ i) and Q(S — 1 — 2k, u % 7), respectively. We also used the identity n_i(u) +
n-1(u +14) = u~t. Now, to prove that the right-hand side of eq. (B.8) is zero, we sum it
over S with the weight z°. Then we have

> s of (B8)] = W (z,u+i) — W (z,u— i) (B.9)

S=0
+2"’Zﬁ [ +1/2)Q (hyu+ i) — (u—i/2) Q (kyu — )]
k=0

X i 5 (1—(—1)’“*5)

S=k+1
=W(x,u+i)—W (z,u—1)

2i/x [T dy
+ -7
1-— 3’:2 0 \/y

u—i-;) W (y, uti) — <u—;> W(y,u—i)} .
(B.10)

There is another way to find this relation by noting the formal symmetry of the definition (4.8) with
respect to the substitution —S <+ 1/2+4u and applying this substitution to the homogeneous part of Baxter
equation (4.1).
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Then, using the explicit form of W (z,u), eq. (B.5), we can check that the last expression
is zero.

Now, let us derive a closed expression for the derivatives of Baxter polynomials at
u =1/2. From (B.5) we have

(—2i arctanh )"
1-2z

RW (2,u) |y=ij2 = (B.11)

The coefficient in front of 2 is the n-th derivative of Q (S,u) at u = i/2. Using 1= = 3" 2"
we obtain

Q™ (S,i/2) = (—2i)" {(arctanh z)")g| _, , (B.12)
where 5
(k)
s =3 (B.13
=0

denotes the Taylor expansion of the function f(z) interrupted at S-th term. Using the
Taylor expansion of arctanh x, we have

QM (S8,i/2) = (- Y sz+ (B.14)

11 5eenyin

i1+.. “Fln\ﬂ

After a little algebra we obtain

S—n N]

"Q™ (S,i/2) = "IQMTY (N 40— 1,i/2) . (B.15)

OM

N+n

Since Q™ (S,i/2) = 0 for S < n, we can replace the lower limit with —n+ 1 and then shift
N — N —n. Then we have

- S N+n ‘n—1
n) 1 + (—1) 1 (n—l) _ .
n'Q (S,i/2) = P ¥ (n 1)!Q (N+n-—1,i/2) . (B.16)
Finally, we obtain
Q™ (8,i/2) = (=i)"n!Bn(S), (B.17)

where By(S) = 1, B1(S) = Hi(S) — H_1(S), and By~ is defined recursively by the
symbolic formula

By = (01 + (=1)"O_1) By—1, (B.18)
where Oy is a linear operator prepending index 41 to harmonic sums, i.e. O11Hg (S) =
Hi14(S). In particular, we have

By=(01+01)Bi=Hign+H 11 —H,1—H 11, (B.19)
B3 =(01—-0_1)By=Hyp1+Hy 11— Hi1 -1 — Hi—1,1
—H 11 —H 1 g +H 10, 1+H 11,1, (B.20)

where we omitted the argument S for brevity.
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C Mellin transformations of arising functions

Let us present inverse Mellin images of the functions which arise in z-space.

M [ws log [w]] = Q(S,u) [’7E+10g2_H1 (S)—im (u+ ;) — sinh(7ru)n_q (u+ ;)]

— (= S 1)k
—isinh(wu)z - ()" Q(S — k,u) +Zl+ Q(S —k,u),
k=1

28 —k+ 1
(C.1)
where w = z — z. Note that the combination f(u) = —in (u+ %) — sinh(ru)n_1 (u+ %)
appearing in the above formula is an even function, f(u) = f(—u).
Similarly we obtained

M [ 10g(1 — w)] = Q(S, u) [vE T log2 — iy < Cut 2) - H1<S>]

L (-1t
+; QS — k,u) (C.2)
and
. S
M [wslog(l +w)] = Q(S,u) |:'}’E +log2 —im <u+ ;) } Z% (S—k,u)
k=1
(C.3)

During the calculation we also needed the expression for inverse Mellin transform of

Py (u+ %)Q(S, u) = mtanh(wu)Q(S, u):

-1 : P s o L
M7 [rtanh(mu)Q(S,u)] =iln (1 +w)/(1 —w)) w” — i Z — v (C.4)
k=1
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