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tional variables and show that it precisely agrees with the Ryu-Takayanagi formula includ-
ing quantum corrections. As a corollary, this gives a novel, CFT derivation of the JLMS
formula for arbitrary subregions in the vacuum, without using the replica trick. Finally, we
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the Ryu-Takayanagi formula for arbitrary subregions, then it must necessarily satisfy the

non-linear Einstein equation.
KeEyworDS: AdS-CFT Correspondence, Conformal Field Theory

ARrRX1v EPRINT: 1802.10103

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP05(2018)147


mailto:lewkow@stanford.edu
mailto:parrikar@sas.upenn.edu
https://arxiv.org/abs/1802.10103
https://doi.org/10.1007/JHEP05(2018)147

Contents

1 Introduction 1
2 Preliminaries 4
2.1 Perturbative approach to entanglement 4
2.2 Shape deformations 6
2.3 Hollands-Iyer-Wald formalism 12
3 Integrating in the modular hamiltonian 13
3.1 Calculation 14
3.2 Results 18
4 Discussion 19
A Gaussian normal coordinates 22
B Extremality condition in Gaussian normal coordinates 23
C Details of the symplectic 2-form and boundary terms 26

1 Introduction

A lot of progress has been made in recent years in understanding the gravity dual of en-
tanglement entropy in holographic conformal field theories [1-7]. So far, much of this work
has focussed on using the replica trick (except for [3], which leverages the symmetries of
ball-shaped regions in the vacuum), which in quantum field theories requires putting the
theory on a different background with a conical deficit at the entangling surface, together
with other subtle operations such as analytic continuation in the replica index. It is desir-
able to gain further understanding of holographic entanglement entropy using more direct
techniques, given that it should be computable directly within the original Hilbert space.
There are several motivations for this — firstly, it could potentially provide a clearer un-
derstanding of the meaning of subregions in quantum gravity (in AdS) and could provide
further insight into the microscopic origin of the Bekenstein-Hawking entropy, perhaps in
terms of counting of edge modes [8, 9]. Another motivation would be to give a more direct
derivation of the Ryu-Takayanagi (RT) formula, without using the replica trick. Finally,
there has been much work in recent years suggesting a deep connection between the emer-
gence of spacetime geometry and entanglement in the AdS/CFT correspondence [10-13].
For instance, it was shown in these papers that any asymptotically AdS spacetime which
computes the entanglement entropies for ball-shaped regions in the CFT using the Ryu-
Takayanagi formula for up to first order state deformations around the vacuum, necessarily



satisfies the linearized Einstein equation around AdS. It is likely that understanding this
connection further will involve essentially new techniques.

One approach along these lines is entanglement (or modular) perturbation theory,
where one studies the entanglement entropy (or correlation functions of the modular Hamil-
tonian) perturbatively around a background state, for small deformations in the state or
shape of the subregion. This approach was first explored in [14], and later improved upon
in [15]. Since then, there have been many advances, especially when the perturbations
are shape deformations [16-29]. In addition to being computationally useful, entanglement
perturbation theory has found several interesting applications. For instance, [22] derived
the averaged null energy condition (ANEC) in Minkowski spacetime from the monotonicity
of relative entropy together with entanglement perturbation theory for shape deformations
(see also [30] for another proof of the ANEC using OPE techniques). Entanglement per-
turbation theory was also used [31, 32] to derive the gravitational equations of motion
from entanglement to second order around AdS. Importantly, much of this work so far has
focussed on special symmetric situations, such as for instance, deformations around ball-
shaped regions in the CFT vacuum, which in the holographic context only probes small
deformations around AdS spacetime. Further progress necessitates moving away from such
special cases.

In this paper, we will take the first steps in this direction by studying the shape
deformations of entanglement entropy for a general region R and a general state ¢ (with
a smooth AAdS dual geometry g) in a holographic conformal field theory with Einstein
gravity dual (although our techniques can also be applied to higher-curvature theories).
More precisely, we will be interested in a double-deformation ddy S of the entanglement
entropy, where dy denotes a shape deformation of the subregion, while  denotes a state
deformation around the reference state. From the CF'T point of view, we have the following
boundary expression for this double deformation of the entropy:

. & ds —is/2m is/2m
86y S = lim / ?{ V“n”5< s/ p > 1.1
v B—0 J_, 4Sinh2(%) ORp Pr w - PR (1.1)
where ORp is a small (Euclidean) tube of radius B which surrounds the entangling surface,
and V is the vector field parametrizing the shape deformation. This formula essentially
follows from the setup in [22] and will be explained in more detail in section 2, but at
this point we would like to highlight a few of its salient properties. Firstly, it contains

/2m involving the density matrix of ¢ reduced over R, which

the evolution operator piRS
generates what is commonly called modular flow; this is crucial for the right hand side
to have a non-trivial limit as B — 0. Secondly, it depends on the integral of the stress
tensor on a co-dimension one surface ORp (which naively becomes co-dimension 2 as B —
0), which greatly facilitates rewriting it in terms of bulk gravitational variables. Finally,
equation (1.1) provides a purely field-theoretic constraint on a particular deformation of
the entropy (on the left hand side) in terms of the stress tensor expectation value (on the
right hand side), which we will see has an interesting manifestation in the bulk.

Indeed, for holographic theories dual to Einstein gravity, we expect this double-

deformation of the entanglement entropy to be computed by the change in the area of



the bulk extremal surface:
00y Aext

Ten (1.2)

One of the goals of this paper is to derive (1.2) from (1.1). In fact, we will also derive

0oy S =

the quantum corrections to the above formula coming from the bulk entanglement en-
tropy [33], but these have been omitted here for simplicity. Our derivation below will use
two main ingredients: (i) a purely gravitational identity from the Hollands-Iyer-Wald for-
malism [34, 35] (which can be thought of as the gravitational equivalent of Gauss’ law),
which, upon using the extrapolate dictionary, allows us to rewrite the right hand side of
equation (1.1) in terms of bulk geometric quantities, and (ii) we will assume that for the
original (i.e., undeformed) reference state ¢ and subregion R, boundary modular flow is
equivalent to bulk modular flow.! These two ingredients, along with the bulk equations
of motion (linearized around the background geometry) will directly lead to a derivation
of equation (1.2). Since R and 01 were arbitrary, this equation can then be bootstrapped
to large shape-deformations. For instance, as a corollary to equation (1.2), we can give a
novel, perturbative, CFT derivation of the JLMS formula [36] for an arbitrary subregion
(with the topology of a ball) in the vacuum state, without using the replica trick.

In fact, we can also go in the opposite direction — assuming that the bulk geometry
satisfies equation (1.2), we will be able to give an argument that it must also satisfy the lin-
earized Einstein equation around the background g. Since g can be taken to be an arbitrary
AAdS solution to the Einstein equation, this then implies that any asymptotically AdS
spacetime which satisfies the Ryu-Takayanagi formula for arbitrary subregions, necessarily
satisfies the non-linear Einstein equation! Earlier papers on this subject [10-13, 31, 32]
derived the linearized Einstein equation around AdS (corresponding to vacuum state in
the CFT) where modular flow is local, and subsequently, this was pushed to second order
around AdS. But to our knowledge, the present work is the first discussion in the context
of the equations of motion from entanglement which deals with general bulk geometries
(corresponding to general coherent states in the CFT), where the modular hamiltonian
is non-local. Indeed, as we will see in more detail later, our derivation will involve an

interesting interplay between the equations of motion, extremality and modular flow.

Summary of results. For clarity, we will presently state our results and the assumptions
we will use to derive them. We will work with a general subregion and state (with a smooth
bulk dual) in a holographic conformal field theory. We will throughout assume: (i) the
extrapolate dictionary near the asymptotic boundary, and (ii) the equality between the
background (i.e., corresponding to the undeformed state and subregion) bulk and boundary
modular flows. With these assumptions, we can re-write the purely CFT expression (1.1) in
terms of bulk gravitational variables, as discussed in section 3. This general bulk expression
then has the following properties:

e If we assume the linearized bulk equations of motion around g, then we obtain a
derivation of the RT (JLMS) formula (for small state variations), upon requiring

IThis is very natural as it essentially amounts to a matching of bulk and boundary symmetries in the
background.



the perturbed surface to be extremal. For the special case of the vacuum, since
the equality between bulk and boundary modular flows for ball-shaped regions was
derived in [3], this is a first-principles derivation of the perturbative RT formula for
an arbitrary region (with the topology of a ball) in the vacuum. For more general
states, our resuts imply the perturbative RT formula for an arbitrary region assuming

the equality between modular flows for a reference region.?

e If we assume that the equality between bulk and boundary flows continues to hold
even for the shape-deformed subregion (together with the bulk equations of motion),
then we obtain a derivation of the extremality condition.

e On the other hand, if we do not assume the equations of motion and instead assume
the RT formula (or equivalently JLMS), then the bulk expression for (1.1) is only
compatible with JLMS if the linearized equations of motion around g are satisfied
along the RT surface. This gives a derivation of the linearized equations of motion
around an arbitrary AAdS background.

The rest of the paper is organized as follows. In section 2 we will introduce the
necessary background material and set up notation. In section 3, we will present our results
about the gravitational dual of (1.1). We will then use it to prove equation (1.2), and also
explain the various implications for JLMS, extremality, bulk equations of motion etc. We
finish with some closing comments in section 4. In order to avoid cluttering the main body
of the paper, we defer most of the detailed calculations to the various appendices.

2 Preliminaries

In this section, we will review some of the prerequisite background material and set up
notation which will be used through the rest of the paper.

2.1 Perturbative approach to entanglement

Let us begin by considering a general state ¢ in a relativistic quantum field theory, and let
R be a general subregion on a Cauchy surface ¥. Assuming that the Hilbert space of the
theory on X factorizes, the reduced density matrix corresponding to i on the subregion R
is given by

py,r = Trre|) (. (2.1)

The entanglement entropy is then defined as the von Neumann entropy of this density ma-
trix:

S(py,r) = —Trr (py,r In py.R) - (2.2)

It is also convenient to define the modular Hamiltonian as

Hy r = —log py,r; (2.3)

2As we will explain later, the equality between modular flows is a statement about the locality of the
holographic mapping and it doesn’t require any reference to the area of the surface.



in terms of which the reduced density matrix takes the thermal form py g = e Hvr In
special circumstances, the modular Hamiltonian is local, i.e. its action on local operators
is local and geometric. For instance, if R is a half-space in the vacuum of a relativistic
quantum field theory, then

i [Hy,R, Opy oo i ()] = ()00 Oy oo () + 00 Oy o p (), (2.4)
where £ is the vector field corresponding to boosts around the entanglement cut, and we
is the modular weight of the operator O. Consequently, in this case pfjgﬂ = ¢ o un

generates a geometric modular flow. Note however, that this is only true in very special
situations, and for the case of general ¥ and R which is of interest in the present paper,
the modular Hamiltonian is not local. Nevertheless, modular evolution maps the algebra
of operators inside R into itself. In order to avoid cluttering notation, we will henceforth
drop the subscript ¥ on the density matrix and simply write pg.

Entanglement perturbation theory is a useful tool for computing the entanglement
entropy perturbatively for small deformations around a reference state/subregion [14]. For
example, given a small deformation of the reference state d|i)) (and the corresponding
change dppr in the reduced density matrix), the first order change in the entanglement
entropy is given by

08 = TI‘R ((S/)R HR) = <HR>51[,. (25)

This is known as the first law of entanglement entropy, and has found many interesting
applications [12, 37, 38]. Consider now, a second order variation of the entropy d1625,
where d; and d2 denote the two (generically different) variations. From the definitions (2.2)
and (2.3), we obtain:?

01025 = (HR) 5,650 + (01HR) 6559 (2.6)

The first term on the right hand side is similar to the contribution we found at first order.
The latter containing 41 H is more subtle and interesting. In fact, this term is equal to the
relative entropy between the two density matrices pr = pr + d1pr + d2pr and pg:

Sret(PRIPR) = (HR) 8165y — 0102S(pr) = (61 HR) 55 (2.7)

and as such is symmetric between d; and do, despite appearances. Relative entropy in
quantum field theory is generally expected to be free of the ultraviolet (UV) divergences
typically found in the entanglement entropy. Because of this fact, we expect terms of the
form (81 HR)s,y to be UV finite, which is an extra motivation to study them. Such terms
will be our central focus in the present paper.

In order to proceed, we need to compute d Hg in terms of dpr. Since Hr = —In ppg,
we can use the Baker-Campbell-Hausdorff formula to compute dHp (see [22]):

1 —is/2m  _ is/2
SHp = ds——s—— /% p=ls n oiS/2T 2.8
f /Oo 4 sinh? (—S';“) Pr PR OPRPR (28)

%Note that we want the state to be normalized, which is equivalent to tr(pdIn p) = trép = 0, for any J, so
there is no such contribution in the expansion. In equation (2.6), we have used this after the first variation.



The parameter s denotes “modular flow” — when the modular hamiltonian is local, for
instance in the case of a half-space in the vacuum, s parametrizes Rindler-time evolution.
More generally, this internal evolution is very non-local and hard to compute explicitly,
but it is nonetheless a useful construct [39], among other reasons because it is a well
defined operation even in the continuum limit. This can be seen by considering the full
modular hamiltonian:

H},=Hp - Hpe. (2.9)

This operator is well defined: it does not present the ambiguities near R which the
entropy has and the modular flow is more generally defined as being generated by the full
modular Hamiltonian:

O(s) = ¢13x Hor O ¢35 Hir,| (2.10)

With equation (2.8), one can in principle re-write and compute (2.6) in terms of cor-
relation functions in the reference state 1, provided the modular evolution in (2.8) can be
carried out explicitly, as was done, for instance, in [15, 21]. However, since we are interested
in the general situation where modular flow is not local, we will not have this luxury. In
order to make progress in this situation, we will consider the particular case where one of
the variations — which we will henceforth call §;y — is a deformation of the shape of the
entangling surface. The other variation — which we will simply call § — will be taken to be
a state deformation, which in the holographic context corresponds to a small deformation
of the bulk geometry.

2.2 Shape deformations

In this section we review several details about the shape dependence of entanglement
entropy and modular Hamiltonians, first for a general CFT and then from a gravitational
perspective for holographic CFT’s with Einstein gravity duals.

CFT perspective: as was discussed, for example in [16, 22], we can think of a shape
deformation in terms of shifting the background metric by a pure diffeomorphism; we will
now briefly review this argument. We can construct the reference state 1 by performing the
0

Euclidean path-integral on the lower half-space in Euclidean signature (2° < 0, where 2 is

Euclidean time), with some (not necessarily local*) operator insertion ¥ away from x° = 0:

B(20=0,%)=¢(x)
(o)) = / [Dgle—Sertlél g, (2.11)

where ¢ collectively denote the elementary fields which are integrated over in the path-
integral, and ¢ denote the boundary conditions on the Cauchy surface 2° = 0 (with x
being spatial coordinates on this surface). Note that for states in holographic CFTs dual
to smooth bulk geometries, it might be more natural to consider coherent states, where we
turn on (not necessarily small) sources for single-trace, primary operators in the Euclidean

0

path-integral [40-42]. As long as the sources only have support far from z” = 0, our

4For instance, we could choose ¥ = >0 €aOa (mg,xa), where 2 < —t, V «, or even consider states
prepared by turning on Euclidean sources for certain operators.



arguments carry over in this case as well. The reduced density matrix pr can then be ob-
tained by gluing this path-integral with its image under time-reversal along the complement
region R¢:

1 [9=0" x)=¢} (x)
(rlorleh) = 5 [ (Dgle-Serridl e, (212)
P(z0=0",x)=pp(x)

where now cpfﬁ are boundary conditions over and under the cut along R, and Z normalizes
the density matrix. Let V denote the vector field which parametrizes the deformation of
the entangling surface; V' is a priori defined on R, but we can pick some smooth extension
to a neighborhood of dR. Now, by performing a diffeomorphism z# — x#* — V#, we can
map the deformed entangling surface to the original one. Of course, the diffeomorphism
acts non-trivially on the background metric:

(5ng, = 28(uvy)7 (2.13)

and so in this way we can trade the shape-deformation of the entangling surface with a
metric deformation:

PR+év R = UTPReréng (2.14)
where U is a unitary map from the Hilbert space of the subregion R + dy R to the hilbert
space in the subregion R. Consequently, the variation of the modular hamiltonian has two
contributions: (i) from the variation of —1In pg ;15,4 coming from the change in the metric
dvg, and (ii) from the unitary transformation U (which also depends on V).

For contributions of type (i), the variation of the density matrix d,pr with respect to
the Euclidean metric deformation (2.13) can be read off from equation (2.12):

- . | oa0=0t)=pt, sl [ o ;
(@rl0gprleR) = - a0 [Dole 5 | o dvg™ (@) : Ty : (2) TIT, (2.15)
xV=0— =¢r

where we have defined
:0:=0—(0)y. (2.16)

The upshot of this discussion is that inside the path-integral, we can make the following
replacement for p}}légppbz

PR 0gpR = /ddx oMV (x) Ty« (), (2.17)

where note that T}, is inserted in Euclidean time, and hence should be interpreted as a
non-local, Heisenberg operator in terms of the operator-algebra on R. Now we can integrate
by parts in . In [22], it was shown that this gives two contributions: one from a (d — 1)
dimensional tube dRp of radius B which surrounds the entangling surface, and another
contribution from the cut along the region R on the 2° = 0 slice (see figure 1). In fact, this
latter contribution coming from the cut exactly cancels the contribution of type (ii) above,
coming from the unitary transformations U. Therefore, the final change in the modular
hamiltonian is given by:

ds —is/2m

Sy Hp)sy = li R A— VhnY T (B,0,9) 05 Vs, (2.18
(O0vHr)sy Blglo/_ooélsinhz(sg“) ORp PR ot v)on ey (218)
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Figure 1. An illustration of the Euclidean path integral representation of the reduced density
matrix. The solid blue line denotes the region R, the dashed blue line is R°, and the solid black
dot is OR. Also shown are the cylindrical tube surrounding the entangling surface dRp, and the
cut at 8 = 0.

where y denotes the coordinates along the entangling surface, R, and 6 is the angular
coordinate around the tube (see figure 1 for an illustration). Note that ORp has a cut
along # = 0 (i.e. ¢ < 6 < 27 — ¢) and B should be regarded as much smaller than any
of the curvature scales in the CFT, because, we are interested in the limit B — 0. Note
that equation (2.18) is true for general subregions and does not require a U(1) rotation
symmetry around the entanglement cut (although reference [22], where it was derived,
focused on situations where such a symmetry is present®).

Additionally, there is an extra contact term at the entangling surface that should
be added to the dy Hr operator, which is discussed in appendix A of [22]. This term is
important and it is the only contribution to the change in the entropy due to a shape
deformation [16]. However, since our double-deformation is unambiguous, it should not
depend on this contact term; in other words, we expect this contact term to be state-
independent.® Further, this contact term should cancel out in the case of the full modular
Hamiltonian 6y H g > While the right hand side of (2.18) will survive even in the full mod-
ular Hamiltonian.

Coming back to (2.18), naively it might seem that this term vanishes in the B — 0 limit,
but in fact the s-integral gives an enhancement from the integration regions s ~ +1In B,

5We are using a definition for dy Hr where this operators live in the hilbert space of the subregion
R+ 0v R, which is more convenient for our purposes. In particular, (§v H), # 0 and this term is responsible
for the change in the entropy, via the contact term described in the next paragraph. This definition of v Hr
is directly connected with the area operator, since it is a state independent operator, but its shape variation
is non-zero (it changes the boundary conditions).

5This contact term is related with the T}, Hg OPE. In holographic theories, we can rewrite this term
in terms of bulk gravitational variables (by using techniques to be discussed later), and the only way it can
survive is if we encounter bulk UV divergences to counter the suppression in the B — 0 limit. However,
since Hg is a UV finite operator from the bulk point of view, we expect this not to happen. From the point
of view of the change in the area, we can understand this state independence as the fact that there is a
boundary term in the asymptotic AdS boundary which is non-zero in the background state but vanishes
upon doing a state deformation, see appendix B for more details.



thus leading to a finite result [22].7 To see this in more detail, let us consider a general
integral of the form

00 ds 2

Liy oy, = lim Bdg e p P O, (B, 0,y) P (2.19)

i By Ty
We now wish to perform the 6-integral, which looks like a daunting task in a general
reference state ¢¥. However, note that operator O is approaching the entangling surface in
the B — 0 limit, and we can therefore use the following important fact: in an infinitesimal
Euclidean neighborhood of the entangling surface (much smaller than the scale associated
with the extrinsic curvature of the entangling surface, or other scales associated with 1)),
we can treat Euclidean modular evolution as being local, even for a non-trivial state and
subregion! See [39, 43] for discussion about this.® In other words, in the B — 0 limit we
can approximately re-write the operator O, ... ,.,.(B,0,y) as:

—i —0/2 6/2
Ol‘l"':/»’fm (B’97y) =e ngpR / ﬂ—OlJ'l"'uU‘m(B70?y>p; / T(’ (220)

where w is the modular weight of O, which can be defined in terms of holomorphic and
anti-holomorphic coordinates = = re®" near the entangling surface, as the number of +
indices minus the number of — indices on O. By shifting the s contour by s — s+ if, we

can rewrite equation (2.19) as

e’} 21
1 ) . )
I =1 ds B Ao ———i-wEDo ls/zﬂ@ B,0 Zs/27r. 2.21
tw Blino oo 5 ]g 4 sinhQ( sgw) € PR M1 um( ,0,9) PR ( )

We can now perform the 6 integration, by using

2
1 .
[ — U VS LU TE ) R NP 2.22
0 4sinh2(#) (9) ( )
where the - -- denotes potential contact terms which have delta function support at s = 0,

and will not be relevant presently, as these contributions vanish in the B — 0 limit. Now
let us specialize to a two-index tensor O,,,,,. To see the potential enhancement, consider,
for instance, I_ ,,—_o which corresponds to O__:

I o = 27 lim / ds Be *pr"*" O__(B,0,y) p3/*". (2.23)
B—0 0

"For instance in the case of a half-space in the vaccum of a relativistic quantum field theory, equa-
tion (2.18) becomes dv H = —27 [, , VYT, + 27 J3- VT T-— ,where H?T are respectively the future and
past Rindler horizons corresponding to the half-space. This fact, together with the monotonicity of relative
entropy, was used in [22] to prove the averaged null energy condition in general relativistic quantum field
theories on Minkowski spacetime.

8 A heuristic argument for this is that in the B — 0 limit, we can zoom-in to an infinitesimal neighborhood
of the entangling surface (much smaller than the scale of extrinsic curvature of the entangling surface, and
away from the other sources and operator insertions in the path-integral). In this region, £ = Jp is a
symmetry of the Euclidean path-integral. We thank Tom Faulkner for multiple discussions about applying
the methods of [22] to non-local modular hamiltonians.



Using locality of modular flow for Be® < ¢k (where (i is the length-scale associated with
the extrinsic curvature of the entangling surface), the modular flow on O gives a Jacobian
factor of €%, resulting in an overall Be® inside the integral, which becomes O(1) when
s ~ In B. Hence, the s-integral gives an enhancement in this limit. Of course, we have
no control over modular flow beyond this region of integration, and therefore we cannot
do the integral explicitly — but at the very least, the above enhancement is guaranteed
to give a finite contribution from the region s ~ In B, Be® <« {i. We can similarly argue
that I ,=12 (corresponding to Oy ) also gets enhanced. On the other hand, we find
that all the other components of O (such as O4_, O4;, O;;) do not show enhancement
in the accessible region of integration, and we expect that they do not receive enhanced
contributions from the non-local region Be® > (f either.” At any rate, for now we will
leave equation (2.18) as it is, without performing the 6-integral etc. — the purpose of
the above discussion was only to convince the reader that the operator dy Hg is in general
non-vanishing in the B — 0 limit. However, the above enhancement arguments will be
crucial in section 3, where will apply them to bulk modular flow in the holographic setup.
A couple of further comments are in order. Firstly, note that the authors of [22]
included the unitary in the definition of the state while we consider it to be part of the
definition of the modular hamiltonian. With this definition dyv = 0, because the state
doesn’t change under a surface translation and we get that the entropy variation is just:

66y S(pr) = (6v HR)sy- (2.24)

Secondly, we emphasize that while the shape deformation of the entangling surface is
implemented by a Euclidean deformation of the metric, equation (2.18) ultimately yields a
Lorentzian operator — the Euclidean angular dependence, 8, should be interpreted in the
Heisenberg picture, and so T(B, §,y) represents a non-local operator on R, at z° = 0.

Bulk perspective: we now turn to shape deformations of the entangling surface for a
holographic CFT with an Einstein gravity dual. In the bulk, this quantity is simple to
compute — using the Ryu-Takayanagi formula and its covariant generalization, it is given
by the second variation of the area of the extremal surface:

6 (pr) = 700y Acxi (2.25)
N

where as before, dy represents the shape deformation of the boundary entangling surface,
and now J represents the change in the bulk geometry as a result of the state deformation
in the CFT. In computing the right hand side, it is important that we account for the
fact that the bulk extremal surface changes under a shape deformation, because we are
simultaneously also considering a metric deformation. Let g be the asymptotically AdS bulk
metric dual to the state 1, and let S be the original bulk extremal surface corresponding
to the boundary region R. Further, let v/(y") be the bulk vector field (a priori defined
on §) which parametrizes the deformation of the bulk extremal surface under a shape

9This follows from the usual expectation that correlators decay at large modular flow, see [39] for example.
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deformation V of the boundary subregion. The vector field v! satisfies the extremality

condition!? (see appendix A for further details):

(5ij = —n[JVijviVjUJ + ’Yini(I;L)ij — K[;iniij = O, (2.26)

on the original extremal surface at S, and approaches V! at the asymptotic boundary and
Kf] is the extrinsic curvature of S. It is in principle possible to solve the above differential
equation on S subject to the asymptotic boundary condition to obtain v’ in terms of V7.

Returning to equation (2.25), the change in the area of the extremal surface under the

I

deformation v* is captured by the extrinsic curvature (up to boundary terms which are not

important for our discussion):

Sy A= / Aty Kol KD =492 5. (2.27)
S

In this way, the second variation §dy Aext of the area of the bulk extremal surface is given
by!!(see appendix A for further details):

60y Aext = / d =ty oK vl (2.28)
S

where v’ satisfies equation (2.26).

So far we have only considered the classical Ryu-Takayanagi entropy, but in what
follows we will also be considering quantum deformations. In this case, the quantum
corrections to Ryu-Takayanagi should be included:

_ Sy A
4Gy

(55\/8([@,3) + 55\/S(pbu1kﬂn), (2.29)
where r is the bulk subregion enclosed between the boundary subregion R and the extremal
surface S, and S(ppuk,r) is the von Neumann entropy of the bulk quantum fields in 7. Using
arguments similar to those given around (2.24), we therefore arrive at

00y A
4G N

(OvHR)sy = + (Ov Hiulk,r) §4br e (2.30)

where dy,u denotes the change in the quantum state of the bulk fields resulting from the
boundary state deformation d1. Of course, this is equivalent to the JLMS formula [36]

10We are using Gaussian normal coordinates (z',1") adapted to the original extremal surface S in the
bulk. Here, y* (i = 1,--- ,d — 1) are coordinates along S and 2’ (I = 1,2) label directions orthogonal to
it. In these coordinates, the original extremal surface S sits at 2’ = 0. Additional details can be found in
appendix A.

"More explicitly, we have

00y Aext = / ddily\f'y (%’ViijVIdgij + 'Yij(sgljvivl) )
s

which is equivalent to equation (2.28) up to unimportant boundary terms.
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relating the boundary modular Hamiltonian to the sum of the bulk modular Hamiltonian

and the area operator:'?

A
Hp=——+ H, . 2.31
R el + Hpulk,r ( )

This formula is valid to order G%; and should be thought as being evaluated in states 1+ 5y
which are small deformations around a background state. At this point it might be worth
noting what we mean by 1. In this setting, we have in mind deformations of the state
which are semi-classical — these deformations can involve turning on a boundary source

13 or other fields or just inserting some particles, as long as

directly for the stress tensor
the overall change in the boundary stress tensor is small compared with ﬁ If we focus
on classical gravity, we want 6(Tpqy) ~ )\GJ_VI, A < 1, but we might also consider quantum
corrections, whose energy is O(1). Given any semi-classical change in the state, we will have
a corresponding classical change in the metric dg. In [36], it was also argued from (2.31)
that the boundary modular flow in R and the bulk modular flow in r are equivalent, a fact
which will play a crucial role in section 3.

The goal of this paper is to prove equations (2.29), (2.30) from equation (2.18), without
using the replica trick. The reason why this will be possible is that in (2.18), the stress
tensor is integrated on a codimension-1 surface (instead of on the whole spacetime), which
leads to a simple holographic dual for this operator. To understand how this works, we

need one last ingredient — a gravitational identity from the Hollands-Iyer-Wald formalism.

2.3 Hollands-Iyer-Wald formalism

In order to make further progress in understanding the bulk-dual of (2.18), we will need to
recall the Hollands-Iyer-Wald (HIW) formalism [34, 35] (see also [44]), which can be used to
relate “gravitational” quantities in the boundary CFT (i.e., involving the boundary stress
tensor) with bulk quantities. Let €p,,...m,, be the (d +1 — n)-form

1
Crmmn = m@ Eml"’mnmn+1"'md+1dxmn+1 ARERRA dxde’ (2'32)

where we will use boldface notation for differential forms. For our purposes, the most im-
portant aspect of the HIW formalism is that the symplectic form w of the bulk gravitational
theory satisfies the following purely gravitational identity:

/E (59, Lxg) = /a X(09.X) - /E B(g,59,X). (2.33)

where ¥ is an arbitrary codimension-1 Cauchy surface in the bulk, and X is an arbitrary
vector field. Further, x is a (d — 1) form (to be defined below), and we have

E(9,09,X) = —X¢€,0g% Enp(g) + 2X°5 (Eab(g)eb> , (2.34)

2The statement tr6Hp = 0 is still true for the JLMS hamiltonian: Hg ., = Ayl + f \ﬁfy“b(%b — ffyj’b).
However, note that this operator is state independent, it stays the same under a shift in the background:
0Hp.y = 0Ay — [ 7y*007Y, =0, s0 (6Hy), = trdp = 0.

13For simplicity we want to keep the boundary metric at z° = 0 fixed.
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where E,;(g) is proportional to the non-linear equation of motion (including the cosmo-
logical term) for the bulk metric g. Equation (2.33) expresses gravitational quantities on
3 in terms of the gravitational “charge” on 9% and is the analog of Gauss’ law for gravity.
At no point have we used the equations of motion here. The bulk surface ¥ is in principle
arbitrary. Finally, note that since this whole equation is linear in dg, we can write it as an
operator equation by changing dg — Sg.

In this paper, we will set up formalism which works for a holographic CFT with a
general gravity dual, but for concreteness we will focus on the case of Einstein gravity in
the bulk. In this case, we can give explicit formulas for the various quantities appearing
in equation (2.33). The covariant gravitational symplectic 2-form density w in Einstein
gravity is given by!?

w(01g,029) = £, PN g) (0196¢Vad2gef — 0296cVadiges) (2.35)

167G N
where P is the following tensor built out of the background metric:
1 1 1 1
Pabcdef[g] _ gdcgeagfb _ §gdagebgfc _ 5goicgefgab _ §gdfgeagbc + igdagefgbc. (236)
The (d — 1)-form x given by

X(6g,X) =6Qx —ixO(dg) (2.37)

1 1
= —— e [ g%V . X" — Z6¢°. VX + XV064°, — XOV.0¢% + XPV54°, ) ,
167G N 2

where, as before, X is an arbitrary vector field. Finally, we have

1
167Gy

1
Eq <Rab - iRgab + Agab> : (2.38)

In the next section, we will see that by picking > to be a suitable cylindrical tube
which ends on ORp at the asymptotic boundary, we can “integrate in” equation (2.18) into
the bulk, thereby constructing a bulk-dual for i Hg.

3 Integrating in the modular hamiltonian

In this section, we will present our main calculation. As explained previously, we consider
a general (not necessarily ball-shaped) subregion R in a general state ¢ of a holographic
CFT dual to a smooth AAdS bulk geometry g. We will now prove equation (2.30):

1

ovH =
(6v H ) oy 1Gn

Oy Aext + (Ov Houlk,r) 4, e (3.1)

where as before, dy denotes the shape deformation and dv is a state deformation (such that
the backreaction in the bulk is small). In proving equation (3.1), we are going to assume:

!4 This is equivalent, up to unimportant boundary terms, to the canonical symplectic form [45], which is
essentially the gravitational version of the usual symplectic form w = (d1p d2z — d2p 1) in classical me-
chanics.
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Figure 2. In the left panel is an illustration of the setup for constructing the bulk-dual of dy Hp.
The cylindrical tube ¥ surrounds the extremal surface S (red curve) in the bulk. The solid blue
line is the subregion R in the boundary. The dashed blue line is the cut along 7 = 0 on X; its upper
and lower boundary is ¥ and ¥ _ respectively as shown in the magnified picture in right panel.

(i) the extrapolate dictionary near the asymptotic boundary, and (ii) that the boundary
modular flow of R for the reference state 1 is equivalent to the bulk modular flow in the
bulk region 7 for ¥pyik.

We emphasize that (ii) is only an assumption about the background modular flow
and in particular is weaker than the RT formula, since we do not need to mention the
area: the modular flow is generated by the full modular hamiltonian, in terms of which
the assumption reads H g r=H gr wuik- For the special case of a ball-shaped region in the
vacuum, this assumption is the usual matching of bulk and boundary symmetries [3], and
for more general states and subregions was shown to follow from RT in [36]. However,
our approach here is to take this equality of the background bulk and boundary modular
flows as a starting point, and use it to prove equation (3.1). To highlight how weak this
assumption is, this is a property that can be checked completely in the realm of bulk
perturbation theory: it is a statement about an equivalence in the code subspace, while
the area contribution is not something calculable just from the code subspace, see [46]
for some discussion about this. In other words, it is a property similar to bulk locality,
in the sense which is present as long as there is a holographic dual, independently of the
corresponding gravitational theory.?

3.1 Calculation

Our starting point will be equation (2.18) in the boundary CFT. In order to proceed, we
wish to rewrite equation (2.18) in terms of the bulk gravitational variables using equa-

5By locality we mean that perturbative o’ corrections give rise to an effective local bulk Lagrangian and
a local entangling functional. As is usual in this context, we work in the regime where we consider quantum
corrections, but not stringy corrections.
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tion (2.33):

/Ew(gg,ﬁvg)Z/ (69, v) /Egﬁg, (3:2)

where we have used linearity in dg to write this as an operator equation. For most of
the calculation below we can be general and take ¥ to be a cylindrical tube surrounding
some bulk surface S, and ending on dRp. Consistency with the boundary expression
requires S to be the codimension 2 surface invariant under modular flow and S satisfies
the condition that full boundary modular flow w.r.t. 9R is equal to full bulk modular flow
w.r.t. § (as stated previously); then v will be the deformation of & under the boundary
shape deformation V' (or more precisely, some smooth extension of this vector field around
S). Looking ahead, S will be the undeformed bulk extremal surface, but at this moment
we don’t need to impose this condition. We can describe this tube locally in Gaussian
normal coordinates adapted to S (see appendix A); in these coordinates the metric takes
the form:

g =dp* + p*dr? + ;i (y)dy'dy’ + - - (3.3)

where the surface S is located at p = 0, 7 is the angular coordinate around &, and we
have neglected to write the O(p) corrections for simplicity, but they are important for all
calculations and can be found explicitly written out in appendix A. In these coordinates,
the cylindrical tube ¥ will be taken to be the surface p = b, with a cut along 7 = 0
(i.e., e <7 <27 —¢). Let us first focus on the boundary term on the right hand side of
equation (3.2). The boundary 9% consists of three components: the piece at the asymptotic
boundary will be called ¥,'® while the two boundaries along S at 7 = ¢ and 7 = 27 — ¢
will be denoted by ¥ and ¥_ respectively (see figure 2). A simple calculation shows that
from Yo, we get

/ X(ngv) = % V'unu : TMV : (B,Q,y), (34)
Eo E0

and so we may rewrite equation (3.2) as

7{ VEnRY Ty 2 (b,0,y) Z/W(Sg,ﬁvg)—/ x(6g,v) /E 9,09,v) (3.5)
Yo b)) DINNE) I

Therefore, using equations (2.18) and (3.5), and picking ¥ to coincide with ORp, we can
re-write oy Hp as:

* d i .
ovitn =l [ e - [ X0+ [z
=5) TLUS_ D)

—0J_oo 4sinh? (&5
+/w(<§g,£vg)+/ E}pig/%, (3.6)
s s

where we have defined E = (E — o™ ,L%lke”). We have almost managed to rewrite equa-
tion (2.18) in terms of bulk gravitational variables, except for the CFT modular flow in the

16Tn Fefferman-Graham coordinates, we can put a cutoff in the radial direction and pick the asymptotic
boundary to be at z = z9. Then, we want the asymptotic component of 9% to match with ORp, which
requires B ~ zpb.
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above equation. At this point, we assume that in the background, CFT and bulk modular
flows are equivalent, i.e., the action of the CFT modular flow in equation (3.6) on bulk
operators is equivalent to bulk modular flow. With this replacement, it is immediately clear
that the second term on the right hand side is equal to dy Hpyk,. We therefore rewrite
equation (3.6) as

Oy Hr = v Hyui (3.7)

o ds , . ) N
Y e Ry N ROY v
b—0.)_oo 4sinh?(25i€) "7 Z+UE7><(9 ) . (0g,Ly9) LB

Now let us focus on the remaining terms individually. Firstly, the last term on the right
hand side above

& ds - ~
Efow = %igtl) /_oo m /E py 52T E piel?, (3.8)
is proportional to the equations of motion for the background metric g and the linearized
equations for d¢g (including the bulk stress tensor), and so clearly this term vanishes on-
shell. However in the interest of generality, we will keep this term as it is for now. Next,
let’s consider the term with w. Since this term is integrated over 3, naively it might appear
to vanish in the b — 0 limit; in fact, the only terms inside w which survive in the b — 0 limit
are terms which get enhanced by modular flow, coming from the region s ~ £1nb in the
s-integration. Following the discussion in section 2, the enhancement will only be sufficient
for terms which have 2 (or more) + or — indices on 59. Therefore, it suffices to only keep
track of the terms proportional to 3g++, VZ'(§9++, V+(§g++ and 3g__, VZ'Sg__, V_ég__; the
remaining terms vanish in the b — 0 limit. Note that we have assigned modular weights
to covariant tensors, which transform nicely under coordinate transformations.!” We will
present the details of this calculation in appendix B. The result is:

~ 1 - —iT § iT g
[ £09) = g [ ("o (VAR + €SBV (VIK)) 4 (39)
by TGN Jx

where 017 K4 can be written explicitly in terms of the original metric and v’ as in (2.26)
and --- denote terms which do not get enhanced and hence drop out in the b — 0 limit.
Crucially, the terms proportional to dg++ in equation (3.9) (which do survive as b — 0)
are proportional to the extremality condition for v*! Therefore, imposing the extremality
condition on v (and §) eliminates these terms. However, we will not impose extremality
at this stage — we will denote these two contributions collectively as 0y Sqow-

Next, we move onto the x terms in equation (3.7). A short calculation shows (see
appendix B for details)

7 ~ o o A
§,v) = dit OK_v™ — 0K vt +6g;; V! 3.10
L x@ = o [ a ot g Vi) (3.10)

For example, there is a term proportional to VIKI;ij’Yik’leVkégli in w, which when expanded out
contains a term proportional to dg++. However, we do not include this term because the covariant object
Vidgi+ has weight +£1 under modular flow.
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Im(s)
L’ Re(s) d - 0

Figure 3. The strip 0 < I'm(s) < 27 in the complex s-plane. The contour C is shown in blue. The
black dots are the poles of the kernel sinh ™2 (%)

where recall that (§K;) = §K; was defined in equation (2.26). Now once again using
the locality of bulk modular flow near S (i.e., using the fact that 7 = 27 corresponds to
s = 2mi), we can rewrite the two terms (on X4 and ¥_) as

> ds s R s /9
X — term = —/ 48111112(”)/2 L /275 (g, v)prt (3.11)
o0 =50 Jsyus

ds —is/?ﬂ'/ N i
— i 5 v +is/2m
/C4sinh2(sgw) " oy x(0g,v)pr

where C' is the following contour in the complex-s plane (see figure 3):
C = (—oo+ig,00+ie) U (co+i(2m —g),—00 +i(2m — €)) . (3.12)

Using analyticity in the strip shown in figure 3 together with the residue theorem, this
contour integral picks up the double pole of sinh_Q(%ie) as € — 0, whose residue is equal
to the commutator of Hy,x with the integrand inside the y-integral:

X — term = — | Hyui ) X(gga U)] (3.13)

Once again, the locality of the bulk modular flow near the RT surface implies that this
commutator is determined by the local boost weight, which is +1 for SKi,lg and 0 for 5gij,
so we get:

Cterm = [ gt SK v 4 6K o) = —— 60 AIS] - .
X term—4GN /E+d yﬁ(éK,v + 0K v >—4GN5VA[S}+ (3.14)

where - -- denote terms localized on & which vanish when we take S to be extremal.
In conclusion, putting everything together, we find that

1
(5\/HR = 75\/%1[8] + 5VHbu1k,r + .. (3.15)
4G N
where the --- correspond to terms that vanish when the equations of motion and the

extremality conditions are satisfied and we have promoted this to an operator equation,
because the state deformation was arbitrary, albeit with the standard caveat of small back-
reaction. It is also useful to write down the corresponding equation for the full modular

hamiltonian:

5VH{J;R = 5Vng,bulk + 5V8ﬁ0w,r - (5V8ﬂowf + gﬁow,r - 5ﬂow,f' (3-16)

8This can also be seen by expanding this object in covariant derivatives of Sg.
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We emphasize that so far, the only assumptions we have made are that for the original
region R and reference state ¢, the bulk and boundary modular flows are equivalent,
together with the extrapolate dictionary.

3.2 Results

Now we are ready to consider the various consequences of these formulas.

e Let us begin by assuming that the bulk equations of motion are satisfied (by both
g and dg), S is the undeformed extremal surface, and v satisfies the extremality
condition equation (2.26). In this case, the --- in equation (3.15) drop out, and
we get
1

4Gn

which is the JLMS formula for the shape-deformed region. In particular, equa-

dyHp = Oy Aext + 0v Hpulk (3.17)

tion (3.17) implies that if the bulk and boundary modular flows are equivalent for
some subregion R (in some reference state 1), and if the bulk geometry satisfies
FEinstein’s equations, then a small shape deformation of the modular hamiltonian
will satisfy JLMS. We want to highlight here the difference between JLMS and the
equality of modular flows,'” because in the equality between modular flows there is
no reference to the area term in the modular hamiltonian. In fact, from a quantum
field theory perspective such a term localized on & can be pretty subtle. However,
in our result, it pops-out naturally in the bulk (from the minimal assumption of
equality of background modular flows), and in particular is well-defined. Further-
more, equation (3.17) implies that the equality between bulk and boundary modular
flows continues to be true even for the deformed subregion. Importantly, since we
assumed no special properties about the original subregion R (for example, R need
not be ball-shaped in our arguments), we can now bootstrap this result to generate
large shape deformations as well. This leads to an important corollary: if v is the
vacuum state, then [3] implies the equality of bulk and boundary modular flow for
all ball-shaped regions; a ball-shaped region is therefore a natural candidate for the
background subregion R. Since we can generate any compact subregion (with the
topology of a ball) by deforming such a ball-shaped region, equation (3.17) therefore
implies the JLMS formula for such subregions of arbitrary shape in the vacuum.

e Alternatively, we could drop the assumption that v satisfies the extremality condi-
tion (2.26), and instead assume that the boundary modular flow is equivalent to bulk
modular flow even in the deformed region R + dyR. This implies that the dy Sqow
terms in (3.16) have to vanish — this is because it is clear from the enhancement
arguments given in section 2 that dySgow wWould give a non-local operator with sup-
port in the bulk of r, so the equality between bulk and boundary modular flows
necessarily implies

Sy K =0, (3.18)

YNamely, that we did not assume JLMS in the background, but merely the weaker statement that the
bulk and boundary modular flows are equal.
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i.e., extremality for the perturbed surface S 4+ dy'S. Since we can repeat these argu-
ments perturbatively in the boundary shape deformations, the equality of modular
flows does not allow for the corresponding deformations of the bulk surface S to
add extrinsic curvature with non-zero trace. We therefore expect that the extremal-
ity condition generally (for arbitrary subregions) follows from the equality between
bulk and boundary modular flows! This is certainly true for any subregion with the
topology of a ball in the vacuum, but for more general states we will leave it for
future study.

e Next, we drop the assumption that the equations of motion are satisfied by the bulk
metric deformation d¢g (while g still satisfies the background equation of motion),
but we assume that the JLMS formula is satisfied for arbitrary regions; equivalently
we may assume the Ryu-Takayanagi formula (including quantum corrections), which
implies JLMS. In this case, we deduce from equation (3.15) that we must have

ds ;
Elow = 1 —is/2m % AN nE is/2m _ 0, 3.19
ﬂ 1m / 481nh2(3+1€ / m T ( )

1)

where E,(nn is the linearized equation of motion, including the bulk stress tensor
term. On the other hand, the enhancement from modular flow guarantees that the
terms proportional to ESSJ)F and EY in (3.19) are a priori non-trivial in the b — 0
limit.?° Given that the subregion R is completely arbitrary, we expect that the only
way equation (3.19) can be satisfied is if the null-null components of the linearized
equation of motion are satisfied:

EY =o, (3.20)

although we have not attempted to prove this rigorously. If this can be shown, then
this would prove that any AAdS geometry which satisfies the Ryu-Takayanagi for-
mula (with quantum corrections) for first order state/metric deformations around
the background geometry g, necessarily satisfies the linearized equations of motion

E_Llj)c = 0 around g. Since the background geometry g can be taken to be an arbi-
trary (not necessarily AdS) asymptotically AdS solution to the Einstein equation,
this would then constitute a derivation of the full non-linear Einstein equation from
entanglement in holographic conformal field theories! We end with the remark that
this argument seems quite closely analogous to the original argument of Jacobson

deriving the Einstein equation from the first law of thermodynamics [47].

4 Discussion

In this paper, we have combined the techniques of [22] with a purely gravitational identity
from the Hollands-Iyer-Wald formalism to study the properties of entanglement entropy
for subregions of arbitrary shape in conformal field theories with holographic duals. Start-
ing from the equality between bulk and boundary modular flows in the background, we

*’For instance in the case of local modular flow, we would have Enow ~ — [, + vtEMN 4 Jou- v B
bulk bulk

where H |, are the bulk future and past horizons.
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derived (3.15) and (3.16), which upon the assumption of the equations of motion in the
bulk, gave us the extremality condition and JLMS for arbitrary shapes. In the reverse
direction, we were able to give an argument that any AAdS spacetime which satisfies the
Ryu-Takayanagi formula must necessarily satisfy the non-linear Einstein equation. More
precisely, we argued that the equation of motion integrated on an extremal surface should
vanish for equation (3.19) to be true, but we have not given a detailed argument for the
vanishing of the local equations of motion by “inverting” (3.19) — we leave this to future
work. Now, we would like to comment on some possible future directions or applications
of this work.

It from modular flow? In the previous section, we considered three cases where we
either assumed the bulk equations of motion and derived JLMS and extremality, or vice
versa. More generally, we expect the equality between modular flows in (3.16) to impose
6vShow + Efow = 0. It is not clear to us if this equation has any other solution other than
the two terms being individually zero. If there was a solution, it would be interesting to
understand it better. If there is none, then both extremality and the equations of motion
would follow form the equality of modular flows!

In a related but slightly different direction, if we focus on the leading order in Gy
contribution around the RT surface (imposing equations of motion but not extremality for
the shape deformation), it would seem that:

6VAext
4G N

(5\/1:13 = + 5V$‘ﬂow. (4.1)
This object is more bulk non-local than just the area operator and it might be possible to
determine that (5VSﬂOW is zero solely from comparing the properties of this object with the
boundary modular hamiltonian. For instance, this operator doesn’t seem to commute with
operators which are space-like separated from the RT surface. However, it seems hard to
make this statement more concrete.

At any rate, we seem to have a novel rewriting of the extremality condition in terms
of a certain modular flow integral of the symplectic flux in the bulk (somewhat analogous
to the discussion in [31]), and it would be interesting to explore its physical interpretation
further. Moreover, it is also of interest to give a more detailed derivation of the equations
of motion based on the argument given in this paper. Finally, at various points in this
paper we used the locality of modular evolution in an infinitesimal Euclidean neighborhood
of the entangling surface, for modular times which are large-but-not-too-large; it would be
useful to provide rigorous justifications.

Time dependent boundary time slices: we introduced the shape variation through
the Euclidean path integral, but we expect that in the boundary we can consider arbi-
trary Lorentzian Cauchy slices through analytic continuation. In these cases where the
Cauchy slice is not a Euclidean section, we expect that this analytic continuation carries
straightforwardly to the bulk: given a Lorentzian holographic mapping, we only need to
continue the neightbourhood of the fixed point of bulk modular flow slightly into euclidean
signature. We leave a more careful analysis of this for the future.
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Higher derivatives: our discussion above was quite general, and except for the explicit
computation of w and x, we expect that it might in principle be straightforward to gen-
eralize to other theories of gravity. This might provide an alternative derivation of the
formulas of [5, 6] which does not rely on the replica trick (see also [32] for progress along
these lines).

Quantum corrections: our discussion focused on the semiclassical regime, where gravi-
tons can be thought of as free, spin-2 fields. That is, we have been working to order O(G(J)\,)
in the entropy. Beyond that, we expect [48, 49] that the position of the surface is shifted
by a contribution proportional to the change in the bulk entanglement entropy. It would
be nice to understand these corrections from our approach. We also expect some correc-
tion to the equality between modular flows [49] and our approach could provide useful to
understand that better.

Bulk vs boundary contributions in the s integral: we would like to highlight a
feature of the calculation which might seem confusing at first.?! The boundary expression
for 0y H naively vanishes as B — 0 but this suppression gets compensated by an enhance-
ment at large modular time s ~ log B. In the bulk, there is a similar contribution from
w, 6y Hpuik, where large modular times give rise to finite terms. However, there is also the
contribution from y which is not suppresed in b, but, in the absence of modular flow, it
would be zero because the contribution from X4 would cancel. After modular flow, the
non-trivial contribution of x comes from the double pole (which occurs at small s). So,
when going from the boundary to the bulk, one finds that there is some mixing on which
modular times are contributing to the integral. This was already observed in [31] and
it might be related to the fact that the bulk solution might be “more regular” than the
boundary, in the spirit of [4]. This seems to be related with the fact that the area operator
is state independent, but we leave a more detailed analysis of this to the future.

Modular flow versus replica trick: our approach had some similarities with the replica
trick approach of [4] — there one assumed that the replica symmetry extended into the
bulk, and here we assumed that the modular flow extends naturally into the bulk. Our
surface S was defined in terms of the fixed point of this symmetry while in [4] the RT surface
is defined as the analytic continuation of the fixed point of replica symmetry. However,
when doing the replica trick, one considers variations of the metric which look very singular,
while our deformations have been rather mild, which makes it less constraining.

Also, note that the our double-deformation of the entropy with respect to the state
and shape morally resembles that of [49], where they studied the dual of a different double
deformation, i.e., a state variation together with a deformation of the Renyi parameter,
which could also be integrated into the bulk. However, the integral in [49] was on a
codimension-0 surface instead of codimension-1 because they had to integrate it in through
the action. Nevertheless, it might be fruitful to better understand the connections between
the two approaches.

21'We thank Tom Faulkner for discussions about this.
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A Gaussian normal coordinates

In the main text, we picked Gaussian normal coordinates adapted to the extremal surface
for the background metric; here we will list some further details about these coordinates.
Note that we are not fixing any particular gauge for the metric perturbations — these will
in general not preserve the form of the metric in Gaussian normal coordinates, but this
choice of coordinates for the background simplifies the calculations.

Given a codimension 2 surface S with intrinsic coordinates y’, we can denote the
geodesic distance away from this surface by p. For small p, constant p surfaces are tubes
which we can parametrize by an angle 7 and (d—2) coordinates y. Our choice of the metric
sets g,r = gpi = 0 everywhere on §. Furthermore, the fact that this is a codimension 2
surface, forces g, = p? + O(p*) and g-; = O(p?). It will be convenient to work with null
coordinates, % = pet'T.

In these coordinates, the metric takes the general form

g = 6rydxldz’? + a;(y)epjat (dx‘]dyi + dyide) + (y5(y) + 2:(}[[(];1‘]'(:1/)) dy'dy’

1 1 . .
- gR[K;JL(y)IEK.TLd.TIdZ'J + §RiK;LM(y)€U€LMa:IxK (da:‘]dyl + dylda:‘])
+ (—45[Ja,~aj + Ri([;])j (y) + K;UKJ;M> xlx‘]dyidyj + O($3) (Al)
where I, .J - -- = 4+, — denote indices perpendicular to S and i,j---=1,2,--- ,d— 1 denote
0 1/2
indices along S. Further, §;; = 1/2 (/] , and ;;(y) is the metric in the directions

parallel to S. The undeformed extremal surface is located at 2! = 0, with the extremality
condition imposing 7% K.;; = 0. (The calculation can be carried out more generally with-
out imposing this condition, but since we are ultimately interested in extremal background
surfaces, we will take ¥/ Kr,;; = 0 for simplicity).

Some useful Christoffel symbols evaluated at z* = 0 are:

' 15,0 =0,

I K
g, = @0 ek,

I 1
r ij‘z:O =0 Kj;ij
Tl o =7 K
. 1
U jkl,—o = Do = 57" g + 00 — Orvig) - (A.2)

2
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B Extremality condition in Gaussian normal coordinates

In this appendix, we derive the extremality condition and change in the area of the extremal
surface (to first order in the both the shape and state deformation) in Gaussian normal
coordinates for a general subregion in a general AAdS spacetime.

As explained in the main text, the shape deformation of the area and the extremality
condition under a shape deformation are equivalent to:

1 ..
8oy A = / dy\/y <5Kf + 27”5%}(1) v sv(yAK) =0 (B.1)
where if the background is of the previous form, the extrinsic curvature terms are given by:
i 1 . R 1 . . .
0K = —K[égij + 577 016gi; =7 Vidgir = 5V1dg; — Vidgp + Kijog? (B.2)

In particular, when 6gm, = 2V, vy, is a diffeomorphism, we can manipulate the covariant
derivatives to write it in terms of the extrinsic curvatures, Riemann tensor and covariant
derivatives of v in the tangential direction.

In this appendix, we will show this by explicit computation. In [50, 51], a similar
expansion of the area was also considered.

Extremality condition. Let us first derive the extremality condition. In the interest
of generality, we will begin by picking arbitrary coordinates (z7,y*) for now, with the only
requirement that the original extremal surface is located at ! = 0. Let the new extremal
surface be located at #/ = v!(y). The induced metric is given by

hij = g1 (v, )00 007 + 2905 (v, 9)Ijyv” + gi(v,y). (B.3)
We can expand the induced metric for small v as:
hij = grs(0,9) 00" 9507 + 2g;7(0,9)0jv” + 20K 95,10, y)v™ ;)07 + 9:5(0,y)
+ D550, 90" + LOD9i5 0, 9)0 v + - (B.4)

Note that we have dropped O(v?) terms above, because we are interested only in shape
perturbations to linear order. We can make the following gauge choice here for convenience:

9i7(0,y) = 0. (B.5)

This is always possible; for instance, this is one of the conditions satisfied in the Gaussian
normal coordinates we will use momentarily. Then the induced metric becomes

hij = g1.7(0,y)0iv" 9507 + 20k g(1.5(0, y)v™ ;v + gi;(0,y)
1
+ 0k 9i (0, y)0™ + iaKaLgij(Oa y)ol +. . (B.6)

In order to ensure extremality, we need to vary with respect to v; the change in the induced
metric is given by

Suhij = 2g1(0,)9:00" 007 + 20k 93,1 (0,)60™ ;)07 + 20k 9.5 (0, y)v™ 0607
+ 0K gij (0,9)60™ + 0K 01.gi; (0, y)dv v + - - (B.7)
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In addition, we also need the relations
hi = g — 0% (Orcginy)g g7 + - (B.)

1.
\/det hij = \/det Gij (1 + 59”8}(91']‘1)[( + - ) (B.Q)

From here, we obtain

oy A= /ddlyi\/(?tg{gij (291,]6@»51)18]-# + 28Kg(“51)K(9j)v‘7
+ 28Kg(UvK8j)5vJ + E)KgijévK + 8K8Lgij57)KvL)

1
—|-5(QwaKgiij)(leaLgklfva) 9" 7' O gij O griv™ Sv )} (B.10)

Clearly, requiring that v = 0 be an extremal surface requires g” 9 g;; = 0. This simplifies
the above expression, and we obtain

oy A= /dd Lyiy/det g { (291J8 ol 0; vl 4 28Kg(zj5v jyv 7
+ 28Kg(iJUKaj)5U + 8K8Lgij5vaL) — gikgjlﬁKgij 8Lgkvi5UL)}. (B.11)
Now using Gaussian normal coordinates, we get the following extremality condition:

— 2(5[J§2’UJ + 2"}/ij (81gu)8jv‘] — 27ij§j (aKgi[VK)
+79(010Lgi;)v" — v (0K 9ij) Orgre)v™ =0, (B.12)

where V is the intrinsic covariant derivative in the original extremal surface. We can now
covariantize the extremality condition by using

010195 = 2 (5KL€1K€JLaz‘aj + Ri(1.0); + Kf;jKI;if) +--
=2 (—45]](14'&]' + Ri(I;J)j + Kf;jKJ;Z[) + .- (B.13)

and we obtain
— 1y IV 0l + A Ry ot — K Kok = 0. (B.14)

This is the final form of the extremality condition we will work with.

Area. Next, we wish to compute 0y Acyr, i.e. the change in the area of the extremal
surface to linear order in the shape deformation and simultaneously linear order in the
bulk metric deformation. The area of the RT surface is

Aoyt = / di- 1y Vdet hij, hij = gmn(x(y))0ix™ 02" (B.15)
If we deform the background geometry slightly, then this changes as
1 y
e =5 / Aty /det h ' §h;; (B.16)
S
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Importantly, dh;; has two terms:

0hij = 0Gmn0;x™ 052" + (2P 0pgmn 0™ 052" + 2¢mn0;i0x™ 0;2"™) (B.17)
where the first term is the change in the induced metric on the original surface, while
the second term comes from the change in the minimal surface due to change in the bulk
geometry. At the order we are working, we can discard the second term, because the

original surface is extremal and so the change in the area coming from the second term
should vanish. So we find

1 g
0Aext = 3 / dd_ly Vdet h h'7dgpn0ix™ 0™ (B.18)
S
We actually want to compute the first shape-derivative dy-derivative of this term

1 g 1
Oy dAe = 5 / dyv/det b h 6y hijh* 6 g O™ O™ + 3 / dyv/det h 8y hF' 6 gpn Op ™ 0pz™

1
+3 / dyv/'det b h*' 618 grn Oz O™ + / dyv/det b h*' 8 gpn Oy 2" O™

(B.19)
where we have
8y 0Gmn = v 010 gmn (B.20)
dovhij = vl(‘?[gmn(‘?wmﬁjxn + lenf)ivl(?jx" = QUIK[;ij (B.21)
So we obtain (now using Gaussian normal coordinates)
Oy 0 Aext = ;/dy\/ﬁv[’y”Kﬁm’“’(ng - /dme1K§j5gi;’
+ % /dy\/@’yijvlaﬁgij + /dy detv*yijégjjﬁivf (B.22)

We can drop the first term because Tr K7 = 0. Finally, covariantizing the remaining terms,
we obtain

1 . g
OyoA = / d4ly\/det v <2’)/Z]UIVI(Sgij —i—’W{Sg[jVivI) . (B.23)
S

It is easy to see that this is equivalent to (B.2) up to integrations by parts in the
y-directions. When integrating by parts, there is a boundary contribution which vanishes
as long as the leading asymptotic of dg;; is fixed at the boundary (and thus the leading
contribution comes from turning on the stress tensor). This boundary term doesn’t vanish
if we had gr; instead of dgr; and it is in fact the only contribution to the shape deformation
of the entropy dy A (see for example equation (3.10) of [52]).
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C Details of the symplectic 2-form and boundary terms
In this appendix, we spell out the details of the w term and x term from equation (3.7).

w-term. Let us first consider the w term. Recall from section 2, that the gravitational
symplectic form density is given by

w(d19,029) = ea PN g] (8195 adages — 296cV ad1ger) (C.1)
167Gy
1 1 1
Pabcdef — gdcgeagfb 2gdagebgfc . 5gdcgefgab _ 2gdf ea be + gda ef bc (CZ)

We wish to integrate the symplectic form over the cylindrical tube ¥ (or radius b) sur-
rounding the HRRT surface, with dog = Ly g. It is convenient to rewrite this integral as

— 1 d—1 be be
/Ew(élg,égg) = 167TGN /7an bdod yﬁ <5lgb052H 52gbc(51H ) s (03)

where we have defined the covariant momentum
5Hbc _ Pr(bc)defvdégef _ P+deerd6gef + P bede f vd(sgef (04)

We are interested in the limit b — 0. Let us evaluate the various components of the
covariant momentum for small b:

STIT = 20V _§5g__ — 2¢% <V+5g + ;gijVégij> + O(b). (C.5)
Sl =2eV  6g,y — 2" <V_5g++ + ;gijV+5gij> + O(b). (C.6)
STIT— = %e’w (9"V_0gij — 2V;6g") + %eHO (99V48gi5 — 2Vi6g") + O(b). (C.7)
ST = gV ;59 — e (9”V+59—j — g7V _bgy; + gijgklvﬂgkz)

+g7° (e_wvfcsg—— - €+iev+5977) + O(b). (C.8)

oI = 6_2w<29k(igj)lvlégk —g* 'V _bgr — 297V 09— +2¢"V b9,
— 97" Vo9 + gijgklv—égm)
+ e;H (29k(igj)lvlég+k — g% "V g + 297V 1691 — 2¢7V b9,

— g7 gMV g1 + gY gleJgkz) +O(b) (C.9)

Note that in the second line of equation (C.8), we have kept an O(b) term as it is relevant
for our calculation (this term is O(b) because g~¢ = 2a‘z~), and neglected other O(b) as
well as higher order terms.
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Additionally, since one of the arguments of the symplectic 2-form is Ly g, it is also
convenient to work out the various components of Ly/g up to O(b?):

Lvgry = 010 VE + 6,50 VE + VE2L k0915 + O(b?)

= VKl 00915 + O(b?). (C.10)
Lvgir = 0k OiVE + aex/VE + aie a0 VE + 0k 0rgirz™VE + O(b?)
= 61K81-VK + CLZ‘EK]VK + aKaLgi[a?LVK + O(bz). (C.ll)

£Vgij = 2KK;ijVK + 8K3Lgijl‘LVK + aieLKIL‘LajVK + astKl'L@'VK + 0(52). (0.12)

We are now in a position to extract the terms in the symplectic form which get suffi-
ciently enhanced to survive in the b — 0 limit. These are terms which contain covariant
tensors of modular weight £2 (or higher), for e.g., dg+4, V;0g++ and Vidgyy etc. For
simplicity, let us focus on the — terms. We will use the notation h¥ = Ly-g for conve-
nience. We have two types of contributions in the symplectic flux density: (i) terms of the
type 8g__II,v and (ii) terms of the type h"1ls, (where we only keep objects with modular
weight —2). The first type of contribution is given by:

g T, — = 6g__ {2e+i9v+hK+ —2¢7% (v_hL - ;gifmhyj) }
=g {2 ("o nY, — e 0-nY,) — g7Vnl}
=209 <6+i93+<9K9++ - 6_i9878K9++) vE
—dg__g" <V18+819ij - 4thiKijVI + 4aiajV_>, (C.13)
where we have used
Vehi; = 0ph); — 2T% hjy — 2T hyy ¢

_ 1
= V]8+(9Igij + 2a(Z33)V — 4KE~_7(ZKIJ)]€VI — 4G(Z <

58')‘/_ — aj)V_) . (0.14)

The second type of contribution is of the type hVH592

hvﬂgg = hKJr (2e_i9V,5g,, —2e+i9V+5g,,> —|—2h‘ie—iegijvjég,, —e_wgijthJr(Sg,,

=VE2logorg. <267i08_ 0g—— —2e+i93+5g__> —e*wgijh};VJr(Sg__
1 o
+2 <28¢V—aiv> e g (V69 —2a;0g__). (C.15)

Note that we have also kept terms of the form Vdg__ for completeness, and in the last line,
the a; term comes from integrating by parts the second line of equation (C.8). Combining
all the terms together, we find that the dg__ contribution (or more precisely the weight —2
contribution) to the symplectic form is given by:

= 6g__ W( —V710,019ij + 4K [ K; V! — daja V™ + V5 (0,V ™ — 20,V ) )

=dg__ ’yi‘j( - V[8+8[gij + 4Ki_7iK]7jkVI + %j (an_ — QaiV_) — 24" ((%V_) ) (0.16)
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where note that we have integrated by parts along the 3* direction, and it can be checked
that the boundary term vanishes by the asymptotic boundary conditions. Finally, rewriting
0+01gi; in Gaussian normal coordinates, we find that the coefficient of dg__ is precisely
the extremality condition.

w-term using the canonical symplectic form. Above, we used the covariant version
of the symplectic form. There is a second, quicker way to arrive at the above result using
the canonical version of the symplectic form, which we now briefly explain. In the canonical
formalism, we have:

w = 51hmn52pmn - 52hmn52pmn (017)

where h,p are the induced metric and momenta in the tube 3 surrounding the extremal
surface §. The momentum is defined by:

P = V(K™ — hMKG,) (C.18)

where the b subindex denotes that this is the extrinsic curvature in the codimension 1 sur-
face.

In this case, the rule for enhancement is that we only have to keep the dh44,dp4+
terms. Since dyhis = 0, i.e., the surface translation doesn’t change the 7,7 component
of the metric, we only get a contribution from 8y p*®. For simplicity, let us work with
cylindrical coordinates, we have:

p = \ﬁb_l’YinbT,ij (C.19)
and thus its v variation will be given by:?
Syp™Th = 0y (VYKL )e' + Sy (VoK _)e T (C.20)

where we used that K;ij = K+,l-je” + K,J-je_”. In this way since dg;r = €*76g 1, +
e 27§g__ + 26g4_, the only contribution which gets enhanced will be:

w=0g-_6v(VTKi)e T + 69140y (VYK _)e + ... (C.21)

x-term. Now recall that

1
09,V) = ———eax”,
. (C.22)
y? = <5gacvcvb - 5<Sgccvavb + VeVPig®, — VOV 8g% + vaacsgcc) .
Let us first focus on the contribution coming from the cut 4. Here we get
1 i
86g,V) = dy' Ao ANdyTTEx — (xTT X C.23
x(09,V) = 5 m-Vady y X (T =X, (C.23)

22In (C.19) we plugged the background value for the components of the metric which are not changed
under dv: dvgrs =0, so dv K;; depends on both d¢ij,dgr;.
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where we have

X" = (0gTV VT + VVTSgT, — VT Vg + VTV TEgS,) (C.24)
= 0"V, VT + VIV gt —V Vgt — VTV sgT + VTV Tl + VTV Tag ),

and similarly,
X =09 VVT+ VIVt —VIVisg T = VIV6g T+ VIV TS, + VTV Tag')).

Combining equations (C.24) and (C), we find that the only terms which survive are given by

7 _

x(69,V) = ——vAdy' A+ Ndy™
I7G N

. 1 . . 1 , o (C.25)

X <5gZViV + §V7V_5gli — 5giViV+ — §V+V_5gli + 5g,~jvzv7>

which is the result used in the main text. Note that the v! K}j 0gij = Vivjdgij term
comes from the integration by parts of V;6g’~ term, since we are integrating by parts in
a codimension 2 surface.

Finally, the x term at the asymptotic boundary can be evaluated using Fefferman-
Graham coordinates. We use the asymptotic expansions:

dz? + dx,dx"
9=——>= F

. (C.26)

d—2 167TGN

UI:VI+"'> Sgle:z d

T i 4 (C.27)

Substituting in equation (C.22), we find that in the z — 0 limit the only contribution
comes from the v’ 2V 097 term which gives

/ x(gg,v):j{ VHEnY 2Ty, - (B,6,y). (C.28)
Yo Yo
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