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ABSTRACT: The infrared dynamics of generic 3d A/ = 4 bad theories (as per the good-
bad-ugly classification of Gaiotto and Witten) are poorly understood. Examples of such
theories with a single unitary gauge group and fundamental flavors have been studied
recently, and the low energy effective theory around some special point in the Coulomb
branch was shown to have a description in terms of a good theory and a certain number of
free hypermultiplets. A classification of possible infrared fixed points for bad theories by
Bashkirov, based on unitarity constraints and superconformal symmetry, suggest a much
richer set of possibilities for the IR behavior, although explicit examples were not known.
In this note, we present a specific example of a bad quiver gauge theory which admits
a good IR description on a sublocus of its Coulomb branch. The good description, in
question, consists of two decoupled quiver gauge theories with no free hypermultiplets.
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1 Generalities and summary of results

The notion of good, bad and ugly theories was introduced by Gaiotto and Witten [1] in
order to classify 3d N' = 4 theories according to their expected IR behavior. A bad theory
is defined as one for which the IR scaling dimensions of certain BPS monopole operators
violate the unitarity bound. Such a theory cannot flow in the IR to an SCFT whose
R-symmetry matches with the R-symmetry of the UV description, and therefore the IR
behavior of these theories require more careful treatment. Good theories, on the other
hand, have monopole operators which strictly obey the unitarity bound, and therefore flow
to an IR SCFT whose R-symmetry can be directly read off from its UV description. Ugly
theories have some monopole operators which saturate the unitarity bound and flow in
the IR to a standard SCFT (i.e one whose R-symmetry is visible in the UV) plus some
additional free hypermultiplets.

In particular, for a U(IV,) theory with Ny flavors, one encounters a bad theory for Ny <
2N, — 1, while the condition for good and ugly theories are Ny > 2N, and Ny = 2N, — 1
respectively. In [2], certain Seiberg-like good duals were proposed for these bad theories
with N. < Ny < 2N, — 1 using sphere partition functions. For N. = N, the proposed
dual is a collection of Ny free twisted hypermultiplets, while for N. < Ny < 2N, — 1 the
proposed dual is a U(Ny — N.) theory with Ny flavors. This claim was confirmed in [3]
by studying spaces of supersymmetric vacua of N/ = 2* theories with the same gauge
and matter content as well as in [4, 5] by working with superconformal index and vortex
partition functions.

Recently, careful algebraic analysis of [6] motivated by [7-9] showed that the proposed
duality is not an exact duality: the moduli spaces of the proposed duals are different
globally. The good ‘dual’ theory should be thought of as the correct low energy description



at a very special point on the moduli space of the bad theory. However, turning on
an Fayet-Illiopoulos parameter for the U(1) factor of the gauge group lifts the Coulomb
branch of the bad theory aside from this special point, and in this case the proposed duality
becomes exact.

IR dynamics of bad theories analyzed in [2, 6] involve a single interacting SCFT and
free hypermultiplets. Fairly general considerations based on the superconformal algebra
and unitarity constraints led the author of [10] to propose the following classification of IR
SCFTs which can be realized as IR fixed points of UV bad theories:

1. Interacting N' = 4 SCFT whose flavor symmetry group G has several SU(2) sub-
groups, i.e. SU(2)F € G for some integer k.

2. Trreducible N' = 8 SCFT.
3. Free N' = 4 hypermultiplets.

4. Union of free hypermultiplets and/or interacting N' = 4 SCFTs, in particular, all
sectors may be interacting.

Aside from the example described above, very little is known about the IR dynamics of
bad theories. In particular, explicit examples of bad theories which flow in the IR to a
set of decoupled interacting SCFTs are not known. In this paper, we present a specific
example of a bad theory whose IR description belongs to class 4. above — it consists of
two decoupled interacting SCFTs each of which has a quiver description in the UV, with
no free hypermultiplets. A more systematic analysis of bad quiver gauge theories will be
the subject of a future work.
The main results of this paper are summarized as follows:

e The bad theory and the proposed good dual! are given in figure 1. The good dual
consists of two decoupled quiver gauge theories on the right of the figure. The duality
holds only when the masses and FI parameter of the U(1) theory with two flavors
are set to zero. The integer N does not play a very important role in the analysis,
and we will take N = 4 for most of the paper to simplify the computation.

e We present evidence for the proposed duality in figure 1 from three-dimensional
mirror symmetry in section 2. In a Type IIB brane construction [11], the bad quiver
arises as the mirror of an affine D, quiver with fundamental matter (as shown in
figure 2). Localization computation, on the other hand, leads to a good mirror of
the affine D4 quiver — the quivers on the right in figure 1. This suggests that these
quivers might constitute a good dual of the bad quiver.

'We would like to emphasize that the moduli spaces of the bad and the proposed good theory, defined
on a flat space-time, are not isomorphic. Instead, there is a special sublocus on the moduli space of the
bad theory, where the low energy effective field theory factorizes into an SCFT (U(1) with two flavors with
masses and FI parameters tuned to zero) and the Coulomb branch of an SU(2) gauge theory with N flavors.
This is the sense in which we call the theories dual.
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Figure 1. The quiver on the left-hand side is a bad theory. We claim that the quiver on the
right-hand side — constituted of two decoupled quivers — is a good realization of the bad theory

on the left.
ORNOSE

Figure 2. Doubly framed 134 quiver.

e In section 3, we study the Coulomb branch of the bad quiver as an algebraic variety
along the lines of [6, 9] and show that there exists a sublocus of the moduli space for
which the good dual description is valid. We explicitly demonstrate by choosing the
proper coordinates that the Coulomb branch of the bad theory factorizes into two
components on this sublocus.

e In section 4 we show how the good description arises from an appropriately regularized
partition function on a three-sphere.

2 Evidence from 3d mirror symmetry

It was shown in [11] using a Type IIB brane construction with orientifold planes that the
quiver on the left in figure 1 appeared as the three-dimensional mirror dual of the quiver
theory in figure 2 (where we take N = 4 for concreteness), which is an affine Dy quiver
with framing at one of the external nodes. A good mirror of the latter quiver theory was
derived in [12] using three-sphere partition functions. We give a very brief review of the
result here and refer the reader to section of [12] for details.

The starting point of the derivation is the pair of linear quivers in the top row of
figure 3 which are mirror dual to each other. Both theories are good quivers and have
straightforward realization in terms of a D3-D5-NS5-brane system [13]. In the next step,
we gauge the U(2) flavor symmetry on the middle U(2) gauge node of the top left quiver
as a U(1) x U(1) gauge group which leads to the affine D4 quiver in the lower left corner.
On the dual side, this translates to an ‘ungauging’ operation on the top right quiver which
breaks the As linear quiver into two A; quivers, as shown in the lower right of figure 3.
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Figure 3. Mirror dual framed linear quivers (top row) and the new mirror pair after applying
gauging procedure.

Therefore gauging/ungauging of the auxiliary mirror pair of quiver theories yields a
good mirror directly, bypassing the bad quiver in figure 2. This naturally suggests that the
quiver in the bottom left corner of figure 3 is a good dual of the bad theory in figure 1. As
an additional check, one can compare the Higgs branch Hilbert Series of the two theories
which count the half-BPS chiral operators built out of hypermultiplets. This was done in
section 4 of [12] and they were shown to agree. It was pointed out in [14] that the splitting
of the moduli space into a product of two hyper Kéahler spaces is a general feature when a
flavor node is attached to the affine node of any extended Dynkin diagram.

3 Coulomb branch analysis

Consider the theory on the left in figure 1. On the right we provide the dual description
of the same theory which is a disjoint union of two good theories each of which flows to
an interacting SCFT. These theories were first studied together in [12]. Our goal in this
section is to explain how this theory arises.

Although the computation presented in this section can be easily generalized to any
N, we will focus on N = 4 for simplicity. In particular, the treatment of the bad node
remains essentially the same for larger N.

First, let us analyze the theory on the left in figure 1 in more detail. This is indeed a
bad theory, since the naive computation of the scaling dimensions of monopole operators
in the IR lead to unitarity violating answers. The monopole operators are labelled by
GNO charges associated with each gauge node — let us label them as H; = (p, —p) (for
the gauge node with SO(2N) flavor symmetry) and Hy = (n, —n). The scaling dimension
formula for the monopole operators (which is the UV U(1) R-symmetry charge for a given
monopole operator — this is the R-symmetry on the Coulomb branch preserved by these
BPS operators) reads:

1
Ap(N=4)= - > )" !a(Hz)!+5Z > Ip(H) (3.1)
=12 acA+ i, R peA(R)
= (—2|n| —2|p|) +4|p| + [n — p| + |n + |,
= 2[p| = 2|n| + [n — p| + |n + pl. (3.2)



Evidently, for p = 0, one encounters unitarity violating scaling dimensions Agr = 0, for all
n (as one expects in an SU(2) theory with two flavors), which implies that the theory is
bad. For generic N, we have

Ar(N) = (N =2)[p| = 2|n| + |n —pl +[n +pl, (3-3)

which again gives unitarity violating scaling dimensions for p = 0, and for any n. If N < 2,
there are additional unitarity violating monopole operators for all n, p such that n = +£p.

We can see that the theory is bad due to the second SU(2) node of the quiver on the
left of figure 1. It is obvious that monopole operators charged under the first SU(2) group
satisfy the unitarity bound. The first SU(2) group plays a role of the global symmetry for
the second SU(2) group. In other words, the bad sector of this bad theory behaves the same
way as an SU(2) theory with two flavors. The Coulomb branch of the latter theory has
quaternionic dimension one, and is given by the cone C?/Zs in the IR limit. It was argued
in [15] that this moduli space is associated with an interacting SCFT, as opposed to a free
N = 4 hypermultiplet with a gauged discrete symmetry group. The interacting SCFT can
be thought of as the IR fixed point of a U(1) theory with two flavors (the Coulomb branch
of which is also C2/Zs). This is the reason why the U(1) theory with two flavors appears
on the right of figure 1.

In the rest of the section we shall confirm this claim by studying singular loci of the
Coulomb branch of the bad theory in question.

3.1 Abelianized Coulomb branch chiral ring relations

Let us now analyze the Coulomb branch of the gauge theory on the left in figure 1 as an
algebraic variety following [9] based on the formalism developed in [6]. Recall that the
Coulomb branch of a 3d N' = 4 gauge theory with gauge group G is parameterized by
VEVs of the vectormultiplets which consist of triplets of real scalars and the dual photon
(¢L, ¢2, 92, 74), where a = 1,...,tkG. These degrees of freedom can be rearranged into
complex scalars and monopole operators which in the classical description are combinations
of the dual photon 7, and the remaining scalar

) 2 .
Yq = (b,ll + 1¢Z7 uf =exp £ (2¢g + z'ya> , (3.4)
Iym

where the monopole operators u;S obey the relations:

ulu, =1, Va. (3.5)

a

Due to the periodicity in v direction the classical Coulomb branch is a cylinder
C ~ (C x C*)™*¢ /Weyl, (3.6)

modulo the action of the Weyl symmetry. Quantum corrections deform the Coulomb
branch and the classical relations (3.4). It was shown in [9] that the quantum-corrected
Coulomb branch and the relations between monopole operators can be described using the
“abelianized” description, i.e. in terms of Weyl-invariant polynomials of ¢, and u}. In



particular, the quantum-corrected Coulomb branch can be realized as a complex algebraic
variety in variables ¢, and u}. For example, given an SQCD with gauge group U(N) and
Ny flavors the classical relations (3.4) are replaced by the following quantum-corrected ones:

N
u$u;H(@a—wb)2:@ivf, a=1,...,N. (3.7)
b#a
The Coulomb branch relations of the non-Abelian theory are obtained by rewriting the
above relations in terms of operators in the non-Abelian theory, which in turn can be
written in terms of Weyl-invariant polynomials of ¢, and uF (this was referred to as the
“abelianization map” in [9]).

Let us now describe the procedure explicitly for a linear quiver gauge theory with
unitary gauge groups, where the i-th gauge node has rank N;, and has M; fundamental
hypermultiplets. The non-Abelian Coulomb branch relations can then be obtained from
the following polynomial equation:

Qi(2)Qi(2) + U (2)U; (2) = Pi(2)Qi-1(2)Qis1(2) = 0, (3.8)
where, for each gauge node ¢ with number of colors N; and number of flavors M;, we
introduce the following generating functions

Q’l(z) = H('Z - SDi,a) ’ Uzi(z) = Zuita H(Z - gp’i,b)v
a=1 a=1 b#a
Qi(2) = [[(z - %ia) Py(z) = 2", (3.9)
a=1
where N; = max(N; — 2, M; — N; + N;_1 + Nj+1). As discussed in [9, 16], the Coulomb
branch is generated by a subset of BPS monopole operators with magnetic charges (0, ..., 0)
and (£1,0,...,0). For our purposes it will be more convenient to work with these gauge

invariant Coulomb branch operators, which are related to the abelian operators in the
following fashion:

Bin= > @D n=1.. N (3.10)
a1<...an
3 (i)
£ _ + ‘ (4)
Vin =D e DL Ou - (3.11)
=1 by,
a b1§l7g§b
In terms of the gauge invariant operators, Q;(z), Q:(z), and UZ(2) is given as:
N;
Qi(z) = > (1)l N, (3.12)
~ NZ ~ ~
Qi(z) = Y _ (—1mf) N, (3.13)
N;i—1
Ui (z) = ) (1) 2Nt (3.14)
n;=0



where Cféi) = 1. Therefore, the non-Abelian Coulomb branch relations can be read off

from (3.8) after solving for the auxiliary variables EIVJSZ .

3.2 U(2) and SU(2) theories with two flavors

To begin with, let us analyze the case of a U(2) gauge theory with two flavors, which is
a bad theory. We will need this analysis later for the bad quiver from figure 1. In terms
of (3.8) this theory has a single node whose Coulomb branch relations are generated by

QQ() + Ut (U (2) = 2. (3.15)

Here @(z) = (f)o is a constant, all other polynomials are of degree two. We obtain the
following

VotVy + @9 =1,
VIV VT 4 @190 =0, (3.16)
ViV + @ = 0.

One solves the first equation with respect to ®, to obtain the system of equations for the
Coulomb branch. For an SU(2) gauge group, we have

Do=1, =1+ (—p1) =0, Py=0i(—p1)=—p] = —¢*, (3.17)

since @2 = —¢1.

The Coulomb branch relations for the SU(2) theory can be obtained from the ones
for the U(2) theory (as given in (3.16)) by imposing the following constraints. Firstly, one
needs to impose the vanishing trace condition (3.17) on the complex scalars. Secondly, the
Coulomb branch operators for the SU(2) theory must be invariant under the action of the
topological U(1); symmetry.? Recall that, in the U(2) theory, the monopole operators Vki
have charges £1 respectively, while the complex scalars are invariant, under this symmetry.
We will find it convenient to write the chiral ring relations for the SU(2) theory in terms
of the following U(1) j-invariant operators Vj;:

Vig :==V,'V, ™. (3.18)

From the above expression it is clear that operators Vj; are not independent. Indeed,
one needs to impose

dety Vo =0, (3.19)

for any 2 x 2 minor of the matrix Vy;.

We are now ready to discuss the Coulomb branch of the SU(2) theory with two flavors.
Since in the U(2) theory we only have VOi and Vli monopole operators then (3.19) gives a
single relation:

Ry = VooVi1 — Vo1 Vio =0, (3.20)

2We thank Benjamin Assel for pointing this out to us.



while relations (3.16) will read as follows after eliminating By:

Ry :==Vio+ Vo1 =0, (3.21)

R3s :=Vi1 + (I)Q(l — VOO) =0. (3.22)

Note that we have three relations {R;} given by (3.20)-(3.22) in terms of five variables
{0:;} = (Voo, Vo1, Vio, Vi1, P2). The singular loci of the moduli space will correspond to

points where the Jacobian matrix Jil = % has rank less than three. Explicitly, the
matrix is given as:

Vit 0 —®y
~Vipl 0
Jo=-Vau1 0 : (3.23)
—Voo 0 1
0 0 (1- V)

Now, we would like to study the singular loci of the Coulomb branch. The analysis can be
simplified by eliminating the variables V;; and Vj( using the relations (3.20) and (3.21), so
that we have three variables (Vyo, Vo1, ®2) and a single relation:

R = ®Vgo(1 — Vi) — V& = 0. (3.24)

The singular loci, which correspond to vanishing of the Jacobian J? = %, wheret =1,2,3

(i.e. a rank zero Jacobian), is given by the following set of equations:
Voo(1 — Vo) =0,
$y(1 —2Vpo) =0,
Vo1 =0. (3.25)

Therefore, the singular loci on the Coulomb branch consists of two distinct points, corre-
sponding to the two solutions of the above equations:

(1): Voo=0, Py =0, Vo =0,
(2): Voo=1,®,=0, Vo1 =0. (3.26)

In the vicinity of the above singularities, we consider small fluctuations of the fields and
parametrize them as follows:

(1): Voo=wv, P2=u, Vou =w,
(2): ‘/00:1—1}, (I)Q:u, Vm:w, (327)

where u, v and w are small. In both cases, the relation (3.24) (or the relations (3.20)-(3.22))
gives the equation for an A; singularity to the leading order in fluctuations:

uv = w?. (3.28)

Therefore we conclude that the Coulomb branch of a 3d N' = 4 SU(2) theory with
two flavors has two distinct singular points where the moduli space is locally isomorphic
to C?/Zs as an algebraic variety.®

3The SU(2) theory is a representative of a family of Sp(k) theories with SO(2N) global symmetry for
k = 1. Bad theories of this class will be analyzed in an upcoming paper [17] by the authors of [6].



3.3 SU(2) theory with four flavors
Let us now describe Coulomb branch of a good theory — SU(2) with four flavors, which
will be used in what follows. Generating relation (3.8)

QR)Q() + U (U (2) = 24, (3.29)
after eliminating auxiliary fields from Q(z) and switching to SU(2) variables, which we
described above, we get the following

Volovlll - V0/1V1/0 =0,
V1/0 + V0/1 =0,

Vi — ®5(P5 + Vo) = 0, (3.30)
where we put primes to distinguish these operators from those of the previous subsection.
Using the second relation to eliminate the variable V,, we have the reduced set of equations:

VooVii + (Vg1)? =0,
Vi — @5(®5 + Vo) = 0. (3.31)

3.4 Bad linear quiver

Finally we can proceed to analyze the linear quiver on the left hand side of figure 1. For
the right node of the quiver (3.8) reads?

Q()Q() + UM (U (2) = Q' (2). (3.32)
and yields the following equations
ViV + =1,
VIV + VTV 4+ @8 =0, (3.33)
Vi Vi @y = @5,
where 50 is auxiliary variable, which is a part of the abelianization procedure and ®/ is the
scalar operator of the form (3.10) for the left SU(2) node of the quiver. One solves the first
equation with respect to ®g to obtain the system of equations for the Coulomb branch.

Since both gauge groups are of the quiver are SU(2) then ¢y = —p1 and @) = —¢f,
therefore the scalar operators read as follows

Do=1, ®1=p1+(—p1)=0, Po=01(—p1) =—p]=1—¢>, &h=—¢? (3.34)

By taking the above formulae into account and switching to U(1) s-invariant variables (3.18)
we get the following relations from (3.33) (after eliminating Vip and ®):

VooVir + Vi =0,
Vi1 + (I)Q(l — Vbo) = (bIQ , (335)

4To avoid index cluttering we shall use primes for operators charged under the left SU(2) node of the
quiver.



which, after eliminating Vig, give a single relation:
DLVoo — PoVoo(1 — Vo) + V@G = 0. (3.36)

We can now derive the equations for the left (good) node of the bad quiver in figure 1.
Equations (3.8) read (here primes correspond to the operators of the good node)

Q' (2)Q'(2) +UT(2)U'~(2) = 2*Q(2) . (3.37)

This relation generates six nontrivial equations which describe scalars and monopole oper-
ators for the first node of the quiver. It is easy to see that only in one of those equations
(coming from z* term) there will be a contribution from the bad node in terms of operator
®5. One now needs to use the remaining five equations to solve for tilded variables. Having
done these calculations we get the following equations in gauge invariant variables

ViiVo + (Vo1)* =0,
Vi — @5V = X', (3.38)
where we define X’ as
X0 = X207 := 02(y — D)), X% = (B, — D). (3.39)
We can now redefine all primed monopole operators from (3.38) as follows
=V X2 (3.40)
Then these equations will read
Vi1V + (‘70,1)2 =0,
‘71/1 - q)/szo/o = ‘1>/2 ) (3.41)
which coincides with (3.31) upon identification 1~/a’b with V. Recall that system (3.31)

describes the Coulomb branch of SU(2) theory with four flavors. The above two equations
can be combined to one relation

D (Tgo)? + ()T + (V) =0 3.42
o(Voo)™ + (@5)“Vgo + (Vo1 ) =0. (3.42)

In order to analyze singular behavior of equations (3.36) and (3.42) we again look at
the locus where the corresponding Jacobian vanishes. There are two algebraic relations for
six variables V), 170'0, Dqy, DL, Vi, 170’1, so the Jacobian is a 2 x 6 matrix. All its 2 X 2 minors
must vanish in order to define the singular locus. After a simple computation we obtain
two singular loci for unprimed variables.

((D5)% + 205 Vo) (@) — Pa(1 — 2Vo) = 0,
Voo(1 = Voo) ((Vgo)? +2@5V,) =0,

‘731%0 = 0,
%0((‘70/0)2 + 2(I’szfolo) =0,
Vo1 ((®5)? + 205 Voo) = 0. (3.43)

~10 -



The first singular sublocus is
Voo = 0, @5 = ®g, Vo1 =0, (3.44)

and the other primed variables are only constrained by (3.42). Small fluctuations around
the above singular point

Voo = v, @2 = u, <I>/2 = Ul, Vor=w (345)

lead to the equation for A; singularity

v = w?, r=u—u. (3.46)

The second singular sublocus reads
Voo = 1, @) = =By, Viu =0, Vg, =0, (Vgy)® + 205V = 0, (3.47)

which after substituting to (3.36) gives
Voo =1, @) = &y =0, Viy = 0. (3.48)

In other words, only fluctuations around the above locus give the equation for the A;
singularity, instead of having an entire complex line in (3.44). Other primed variables also
obey (3.42). Analogously to the previous case we conclude that small fluctuations around
that locus describe the A; singularity.

Note that there is a difference between the above two cases. In (3.44) the Coulomb
branch of the given quiver theory is a direct product of the A; singularity and the Coulomb
branch of the SU(2) theory with four flavors described by (3.31). However, singular-
ity (3.48) is of higher codimension and in its vicinity the Coulomb branch decomposes into
the A; singularity and a singular sublocus of the Coulomb branch of the SU(2) theory with
four flavors.

3.5 Matching UV and IR R-symmetries

Having a good description of the bad theory allows us to see the explicit relationship
between the UV Coulomb branch R-symmetry SU(2)¢ and the IR R-symmetry based on
the above calculation. Indeed, since for good theories R-symmetries do not change along
the renormalization group flow, we can use the theory from the right in figure 1 to read off
the IR R-symmetry of the sought bad theory.

According to (3.21)—(3.22) and (3.46) the UV operators Vj are neutral under U(1)c C
SU(2)¢. In other words Vjyo violates the unitarity bound and in the good description of
the theory they will acquire some positive R-charge.

Let us look at (3.46) more closely

zv = w?, (3.49)
where x = u + u’. According to (3.45) the UV R-charges are

[zluv =2, [vJuv =0, [wluv=1. (3.50)

- 11 -



In the infrared z and v play the role of monopole operators for the U(1) theory with 2
flavors, while w is the VEV for the complex scalar. We can easily determine R-charges of
these operators, which for the quiver UV theory we have started with will play the role of
the IR R-charges

g =1, [lir=1, [wkr=1. (3.51)

Additionally the U(1) theory has a U(1); topological symmetry, which for this theory is
enhanced to SU(2);. This symmetry mixed with the IR R-symmetry should give the UV
R-symmetry

SU(Q)C = diag(SU(2)J X SU(Z)[R) . (3.52)

Based on the above considerations the assignments of the U(1) ; C SU(2) are the following
]y =1, [v]y=-1, [w];=0. (3.53)

Note that according to the assignments of the IR R-charges all generators x,v and w
can be thought of as a top components of the SU(2)r triplets. Their complex conjugates
Z,? and w are the bottom components. It is still to be determined what the middle compo-
nents with zero R-charge are. Nevertheless this observation is in one-to-one correspondence
with Bashkirov’s classification of 3d N' = 4 IR SCFTs. Indeed, this example corresponds
to the presence of flavor supercurrent multiplet F which carries triplet 3 of SU(2);z. We
have identified three such triplets.

4 Partition function analysis

In this section, we present a derivation of the good dual in figure 1 using partition function
on a three-sphere. It is well-known that the three-sphere partition function diverges for
bad theories. However, it was shown in [2, 18] that the three-sphere partition function of a
bad theory with U(N,.) gauge group and N, < Ny < 2N, — 1 flavors can be appropriately
regularized by turning on generic R-symmetry charges. Explicitly,

w

Z}F\‘;iNf {ma};m) = INC 2.2) </~La =5~ Mg, Vg =

w
5 + meg, —27’]|W1, WQ> )

1
I as Va, w1, w ds’ T
n,(2,2)(u |wi, we) = ( wiwo) 2n' /H H L (£(s9 — sF))

7j=1 1<j<k<n

mwidsd
xHeww@ HFh a— ) Th(ve + 7)), w:wl—;m,

(4.1)

where I'j, denotes a hyperbolic gamma function, the parameters {m,} are real mass param-
eters living in the Cartan subalgebra of U(Ny), and 7 is the FI parameter. C™ is generically
a contour on the complex plane which will be taken to be the real line for our purposes.
The complex numbers (w;,ws) take values (i,1) on a round three-sphere and (ib,i/b) on a
squashed three-sphere, while iw/2 is associated with the IR dimension of a chiral multiplet
(the canonical dimension being 1/2). We refer the reader to [18, 19] for further details.
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Starting from the partition function of an ugly theory and integrating out one flavor at
a time, the regularized partition function of the aforementioned bad theory can be written
in terms of the partition function of a good theory, i.e. a U(Ny — N.) theory with N
flavors, and that of 2N, — Ny free hypermultiplets [2], i.e.

re; b.g.
ZNiNf ({ma};n) = ZNf—Nc,Nf ({ma}; _77) ’ ZFIg ({ma}v 77)
2Ne—Ny—1 (4.2)

: Zhyper (nu) : H Zhyper (77]) ’
7=1

where the contributions for the hypermultiplets Zy per and background Fayet-Iliopoulos
Z]Foig' terms are given as

Zhyper (M) =Th (; + 77) Ty ((; - 77> : (4.3)
2P ({ma},m) = exp (;1122 ;ma> , (4.4)

and the parameters n,,7; are:

w N,
M =1—2Ne =Ny = 1)5, 05 ==+ (2Ne = Ny +1-2j) . (4.5)

The expression for the dual partition function of an SU(N.) with Ny flavors can be
obtained by integrating both sides of (4.2) w.r.t. the FI parameter 7, although the resultant
partition function does not factorize as cleanly as the U(N,) case. However, in the case of
N. = Ny, the equation (4.2) simplifies further as the r.h.s. of the equation reduces to the

contribution of N; free hypermultiplets, i.e.

Ne—1
re b.g.
ZNcg;Nc ({ma}tsn) = Z5* ({ma}n) - Zyper (M) H Zhyper (15) - (4.6)
J=1

In this case, the dual partition function of SU(NN.) theory with N, flavors can be written as

N.—1

2%, (mad) = / a9 ZEE (ma} 1) Zvgper (1) - [ Zowper (), (47)
7j=1

w W
nuzn*(chl)g, nj:*nJF(Nchl—Q])g

For the specific case of N. = Ny = 2, we have:
re b.g. w w
g ({ma}) /dﬁ ZFIg ({ma}> 77) : Zhyper <77 - 2) : Zhyper( —n+ 2) (48)
~ w ~
= Zy),N;= 2({771@——2},77—27%), (4.9)

where {m,} and 7 are the mass and FI parameters of the U(1) theory with Ny = 2.
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One can now find a dual for the bad quiver in figure 1 in the following fashion. We
can think of constructing this quiver by starting out with an SU(2) gauge theory with
two flavors and then gauging the flavor symmetry node as an SU(2), followed by adding
N fundamental hypers to the new gauge node. The strategy is to write the regularized
partition function of the bad quiver, and insert the dual of the bad SU(2) node in the
expression, as discussed above. The dual of the bad quiver can then be read off from the
partition function after some simple manipulation. Explicitly, one can write the regularized
partition function as:

lr)(;%iqulver = /Hdma mq +m2) Zl(l§op,reg ({ a} {M }) reg Nfzg({ma})

= / E[dma5(m1+m2)21 OB IE ({ma}, {M}) (4.10)
: Z{Jeﬁ),zvfzz ({ﬁ?f = —;)}7772 za:ma>,

where Z17109P;re8 ig the 1-loop contribution of the good node to the quiver partition function
and N fundamental flavors, where the N mass parameters {M;} live in the Cartan of the
SO(2N) flavor symmetry group. Note that the mass parameters {m,} associated with
the bad SU(2) node have been identified with the chemical potentials of the good SU(2)
gauge node.

Finally, implementing the delta-function constraint on the second term in (4.10), we
have a factorization of the partition function into two terms:

re —loo ,re
2 e = L] a0 -+ ma) ZE 00 % (o (M)

% Z{Je(gl),Nfzz({me =0},7=0) (4.11)

= Zé%g(z) Ny=n ({Mi}) x Z{fg),Nf:Q({ﬁL[ =0},7=0),

where for the first equality we have also set the masses {m; = 0} by shifting the integration

® The above equation suggests that the duality in figure 1 only holds

variable 7 in (4.8).
when the masses and the FI parameters for the U(1) theory are all set to zero.

Our analysis suggest that factorization of the partition function in the above calcula-
tion, as well as factorization of the moduli spaces in section 3, is only possible for quivers
with SU(2) nodes. Indeed, only for N, = Ny = 2 in (4.9) we get such symmetric form of the
contributions from the hypermultiplets which leads to splitting of the partition function

n (4.11).

Generalizations. We expect to find more examples of 3d N' = 4 theories whose IR
SCFTs represent themselves a union of interacting sectors. An obvious generalization of

®One might worry if this shift of the integration variable, which essentially amounts to a contour shift
along the imaginary axis, requires adding/subtracting residues of poles which are being excluded/included as
aresult. In the present case, these residues are proportional to ) mq and therefore vanish on implementing
the delta function constraint. This is most easily checked in the case of a round three-sphere.
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the main example in the present paper figure 2 is to take a ‘star-shaped’ quiver with SU(2)
node with SO(2N) framing (/N > 4) in the middle and connect it with n SU(2) nodes. Each
of these SU(2) nodes yields a bad sector. Then the proposed good description will have n
decoupled sectors each of which describes an A; singularity together with the SU(2) theory
with SO(2N) global symmetry. In the future work we plan on studying such new examples.
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