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1 Introduction

During the last decades, neutrino experiments that have shown that neutrinos have non-
zero masses [1, 2], also suggest that the first three mass eigenstates are very light with
masses ~ 1eV, and the mixing between flavour and mass eigenstates is characterized
by the Pontecorvo-Maki-Nakagawa-Sakata Matrix, Upyns [3]. Therefore, if these light
masses are produced by means of some see-saw mechanism [4, 5], the existence of one or
more heavier neutrinos is needed. The current experimental uncertainties in the Bpyns
matrix elements allow introduce these new heavy neutral leptons called sterile neutrinos
(SN) [6-10], however the small values of these uncertainties imply a strongly suppressed
interaction between standard model (SM) particles and SN. In addition, due to the fact
that neutrinos are massive particles, a fundamental question arises: are neutrinos Dirac or
Majorana particles?, If neutrinos are Dirac particles, the reactions in which they participate
must preserve the lepton number (AL = 0). On the contrary, if neutrinos are Majorana
particles, they are indistinguishable from their antiparticles, and the lepton number can
be violated in two units (AL = 2). On the other hand, Neutrino oscillations (NOs)
experiments have confirmed that 63 angle of Bpys is non zero [11, 12], thus, the possibility
of C'P violation in the light neutrino sector is still open; nevertheless, extra sources of C' P
violation are needed in order to explain Baryogenesis via Leptogenesis [13]. Recent studies
explored the C'P violation and the phenomenology of SN neutrinos in the context of rare
meson decays [14-21], however, in this work we will focus in the phenomenology of the rare
tau decays in the framework of tau factories, such as Super Charm-Tau Factory (CTF) in
the Budker Institute of Nuclear Physics (Novosibirsk, Russia), [22, 23] making it possible
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Figure 1. Feynmann diagrams for the process 7+ — M1+ M2Jr . Left side: direct channel D.
Right side: crossed channel C.
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Figure 2. Feynmann diagrams for the process 7= — M; M, ¢*. Left side: direct channel D.
Right side: crossed channel C'.

to extend the SN searches to tau decay processes. In this letter we focus in the rare decays
of tau leptons into two scalar mesons and one charged lepton (¢ = e, i), via two on-shell
intermediate neutrinos N, and look for the possibility of detection of CP asymmetries
in such decays. The relevant processes are the lepton number violating channels 7+ —
]\/.I'leMQjEEjF where M7,Mo= w,K and £ = e,u. We also show that the branching ratios are
very small,! but could be appreciable enough and could be measured in future 7 factories
where huge numbers of taus will be produced [23, 24], if the heavy-light neutrino mixing
elements are sufficiently large but still lower than the present upper bounds.

The program of this paper is the following: in section 2 we present the notation and
formalism for the rare tau decay; in sections 3 we present the relevant expression for the
branching ratio calculations; in sections 4 we present the relevant expression for the C'P
asymmetries calculations; in sections 5 we present the results of the relevant parameters
for the future searches; finally, in section 6 we present the summary and conclusions.

2 Process and formalism

As we stated above, we are interested in studying the AL = 2 rare tau decays mediated by
two on-shell heavy (0.140 < My < 1.638 GeV) Majorana neutrinos with the expectation
of obtaining C'P violating signal in the neutrino sector. The relevant Feynman diagrams
of the studied processes are presented in figure 1 and figure 2 for 7+ — Mfr M;r £~ and
77 — M M; (", respectively.

!Both the branching ratio as C'P asymmetries are proportional to the product of square mixing elements
| B [*|Ben |,



In order to write down the amplitude and all the relevant quantities, we first define
the neutrino flavor state as:

3 n
vy = ZB&I/Z' —I—ZBgNij, (2.1)
i=1 =1

where By, are the elements of the PM NS matrix? (heavy-light neutrino mixings elements)
which are define as follow
By, = |Bun, e (2.2)

the left side of eq. (2.1) stand for light neutrino sector and the right side for the heavy

neutrino sector. The amplitude for a general process involving n sterile neutrinos is®

iMy =iM(rt — MM = MY + M (2.3a)
= G2 fat, a2, Var, Var Byw, Bin, Pi(D) LY + G far, fara Var,Var Boxe, Bin, Pi(C) LY |
MP M
iM_ = iM(r™ — M7 Myt = MP + mC© (2.3b)
* * * D * * * c
= G%‘fleMQ‘/AflVM2B£NjBTNij(D) L* + G%‘fMlfM2VM1V]\4QB£N]‘BTN]‘PJ-(C)L77
MP ME

where f; and fo are the meson decay constants of Mli and M;, and Vyy,, Vi, are the
mixings elements of CKM matrix corresponding to mesons M; and Ms, respectively. The
factors ﬂi and Li contain the information related to the kinematics and are given by

LY = a(pe)p,p, Py (D)L + s ulpr) 5 LS = ape)p g, P (C) (L +5)ulps),  (24)

D _ C _
LZ = ape)pyp, Pi(D)L +s)ulpr) 5 L2 = a(pe)p,p, P (O) (1 +y5)ulpr),  (25)
and finally the factors P;(D) and P;(C) are the heavy Majorana neutrino propagators
" My, n My,

P;(D)= i . P(C)= i ,
]( ) ; (pT*pl)Z—M?Vj+lFNjMNj J( ) Jz; (pT7p2)27M]2Vj+,LFNjMNj
(2.6)

here I'y; is the total decay width of the intermediate neutrinos, and can be approximated

as follow -
G MY,

M
P =R g

(2.7)
where
K@= K;(My,) = N,j |Ben, > + N,yj | Bun,|* + Ny | Brn, |2 (2.8)

the factors N, ; being effective mixing coeflicients and are presented in figure 3 for our mass
range of interest.

*Experimental limits for | By N; |? in our mass range of interest are presented in figure figure 7.
3The definitions ME and MY can be understood as the amplitude for the direct channel and for
the crossed one, respectively. Furthermore, the squared amplitude probability for the process will be

IMy]? = [MP)? + M2+ MEMSET + MBTME .
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Figure 3. Effective mixing coefficients. The dashed line (online red) is for N, solid line (online
blue) for NV,; and the dotted one (online black) for N-;.

The decay with of the process is given as follow
1 1 —_—
I(r* — MM () =T(r%) = 52— <5MIMQ)m / IMy|? ds (2.9)

where 2;(2 — 6ar,0,) is the symmetry factor that counts for identical particles in the final
states, d3 denotes the number of states available per unit of energy in the 3-body final state.*
_ &P P P
2E1(ph) 2E5(p2) 2E4(pi

here, p; and p2 denote the momenta of M; and Ms respectively, and p, the momentum of

ds )5(4) (pr —p1 — D2 —Dr) (2.10)

the charged lepton (see figure 1 and figure 2).

3 Branching ratio of 7+ — MliNj — MliMziE:F decays

In a scenario with n = 2 sterile neutrinos, the decay widths presented in eq. (2.9) can be
written as the double sum of the contributions of N; and Nj (4,5 = 1,2), with the mixing
elements factored out

2 2
1 *
L) = (2 = Sanan) Y Y kK

ol
i=1 j=1

x [T (DD*)s; + T (CC*)ij + Ty (DC¥)y5 + Trs (CD*)i5] (3.1)

here I”s are the canonical decay widths (without heavy-light explicit mixing), and k](-i) are
parameters which contain the corresponding mixing factors and are presented in eq. (3.2).

K =By Biy,, k) = (k) (3.2)

4The decomposition of the 3-body phase space is presented in appendix B.



Due to the fact that ]ﬂﬂ? = |l?\2 and |ﬁ$|2 = |l€|2, we can omit the subscripts +
in the contribution terms fT(DD*)Z-j and fT(CC*)ij in eq. (3.1). The canonical decay
widths Ty (X Y*);j, where X,Y stand for direct and crossed channel (X,Y = C, D) and
(i,j = 1,2), are given by

T (XY= K2 —— AL /d3 Yy LIELT, (3.3)

where

From now on, we will pay our attention in a scenario where both mesons are equal, then
M = Ms = My and the constant K2 = Kﬁ presented in eq. (3.4) becomes K2 = G% f,‘% 4—
when the mesons are pions and K2 = =G4 f e 4 when they are kaons. The canonical decay
width has been evaluated numerically by means of Monte-Carlo integrations using Vegas
algorithm [25].> Furthermore, the evaluation were implemented using small I’ N; = 102 in
the heavy neutrino propagators. The numerical results can be summarized as follows:

i) The contributg)n of (DD*);; and (CC*);; channels are approximately equal, thus

ii) The contribution of (DC*);; and (CD*);; channels are approximately equal, thus
FT(DC*)Z‘]' ~ FT(CD*)ij.

iii) The terms fT(DD*)jj x 1/T',,% while fT(DC*)jj and fT(DC*)ij are approximately
independent of I'y;.

iv) When I'y, = 1073, the terms fTi(DC*)m and fTi(CD )i are suppressed by a factor
~ 1073, besides taking into account the latter point iii), the terms T,s (DC );; and
FTi(DC )ij are negligible in all cases, in comparison with r +(DD*);; and r H(CC¥)j;.

v) The contribution of (DD*);; and (CC*);; channels are approximately equal, and can

reach the same order of magnitude than the (DD*);; and (CC*);; contributions.”

5The integration were performed in two different languages Pyhton and Fortran in order to reduce the
uncertainties.

®It is important to note that the dependence I';(DD*);; o 1/Tn; is in agreement with the fact
that sterile neutrino are weakly interacting particles and therefore the narrow width approximation

Ny S T §(p% — M) is valid
(P?\]*A/I?VJ)Q‘F(MNJ-FN]-)Q FNj (pN Nj) 1S valid.

"The effect of this kind of interference will be studied later in detail.




Thus, under the above considerations and taking into account that My = My = M, Mg,
we rewrite the eq. (3.1) only in terms of the dominant contributions, as follows

2 2
1 * - * - *
L(r*) :Ezzkgi)ky(i) x [[-(DD)ij + T7(CC")yg] (3.5a)
Ti=1 j=1
— 1By, 1B, P (DD")11 + [ By, 1B, PE- (DD ")z
+ 2By, By, || B, [ B, [T (D D7) 11 cos(612)d12
n(y)

F 2| By, | Bon, || By || By, [T (DD*) 11 sin(f12) , (3.5b)

here 619 = W measures the effect of N; — Ny overlap,® the factor % will be
T 11

discussed later, however, their values are presented in figure 4 and 612 = ¢¢n, —Pen, +Or N, —
¢rn,- The diagonal canonical decay widths, presented in eq. (3.5b), can be implemented

by means of the narrow width approximation

- K2 M2 M2
[.(DD*);; = M A/2, =L M Z(M.. My, My, M 3.6
( )Jj 12871—2M§MNJ-FNJ- X ,MJQ\T’ M]2V X ( Ty VAN VEM @)7 ( )

where the functions Z(a, b, c,d) and A(z,y, z) are kinematical functions, which are defined
in appendix B. The branching ratio for the process 7+ — Mli]\@iﬁ1 is

I'(r%)
Br(r¥) = ———— 3.7
() T(r= — all)’ (3.7)
where I'(7F — all) is the total decay width for 7% lepton and is given by
GZM?2
+ _ YFr
I(r= —all) = 192.3 ° (3.8)

In order to have a more realistic discussion, we must consider the acceptance factor, which
is defined as the probability of the neutrino N; decay inside of a detector of length L

L LTy,
PN. ~ ~ N

~ ~ 3.9
7NN BN, NG B (39)

where 7y, is the Lorentz time dilation factor in the Laboratory frame and 3 is the neutrino
speed.? Therefore, the effective branching ratio'? is

Breﬂ(Ti) — PNJ.BI'(Ti) — FeH(Ti) _p F(Ti)

N AP A 3.10
T(rE S all) MI(rE = all) (3.10)

8R stand for the real part.

%In this work, we will provide IN; ~ 2, B~ 1and L =1 mts.

10T e Breﬁ(Ti) correspond to the real branching ratio, while Feﬁ(Ti) correspond to the effective decay
with, whose can be measured in an experiment.



4 CP asymmetry of 7+ — MllLNj — MliMQiE:F decays
In this section we will calculate the size of CP asymmetry Acp, which is defined as follows

I(rt)—T(r7)

L(rt)+T(r)’ )

Acp =
The CP violation comes from the complex phases in the transition amplitudes eq. (2.3a),
and the observable effects only arise due to interference of at least two amplitudes. The
CP-odd phases are those that come from the Lagrangian of the theory, in other words
from the heavy-light mixing elements (Byy); these phases change sign between a process
and its conjugate. On the other hand, the CP-even phases appear as absorptive parts in
the propagators eq. (2.6) and do not change sign for the conjugate process. In order to
have a more phenomenological discussion about CP violation, it is useful define a new
quantity AcpBre®(r") which is the corresponding branching ratio for the CP-violating

asymmetry11

=
\]
j
|
—_

AC’P BTGH<T+) — (7—_) Brefr(7_+> ~ PN P(T+) — F(T_)

() 1 1) ot a2

The CP-violating difference T'(71) — I'(77) is proportional to the imaginary part of
I';(DD*)12 and can be written as'?

D(r%) = T(r7) & 41Bons || Bews || Bro || By | sin 61z [T (DD (4.3)

where we have neglected all the (DC*) and (C'D*) interference contributions , due to fact
that numerical simulation shows that they are strongly suppressed in comparison with
(DD*) and (CC*). The imaginary part of eq. (4.3) correspond to the imaginary part of
the off-diagonal elements in eq. (3.5)

{ +(DD* )12} = 0L /d3 S| Pi(D)Pa(D)* ]\ﬂ#z (4.4)

The imaginary part of the product of propagators (see eq. (A.7b) in appendix. A) can be
expressed using the narrow width approximation as
2 = M2 ) Ty My, — Ty My, (03, — M2
Iin (P (D)Po(D)") — PN = M) T Mo, = Doy My, (pv = M3%,) (4.52)
[(p%—M?V) +12, M2 } [(pg—MfV) +12, M2 }
T

2 2
My, — My,

%

[6(p% — MR,,) + 0(px — MR,)] (4.5b)

the validity of eq. (4.5b) strongly depends on the assumption I' y; < [AMy| = My, —My;, .
SMy = AMy__which
'y %(FN1+FN2)’

However, it is useful introduce the parameter n(y) where y =

"Tn eq. (4.2) we have used T'(77) +T'(17) = 2I'(7T).
12Here we assumed the fact that S[fT(DD*)IQ] R i}[ ~(CC*)y }



parametrizes any deviation of eq. (4.5a) when I'y, & [AMy]|

n(y) = %FT(DD*)H}NWA (4.6)

&

I(DD*)1,)

NUM

In eq. (4.6) the subscripts NW A and NUM stand for “Narrow Width Approximation”
and “Numerical”, respectively. The values of n(y) were evaluated numerically using finite
AMypy and their values are presented in figure 4 as a function of y = AMpy/T'n. The
general expression of eq. (4.4) including the n(y) parameter and under the assumptions
My, + M, = 2My is given by '3

C‘[f (DD*) } (v) s a2y Mi My Z(M,, My, Mg, My)
S 12| =Y 19872 MMy AMy M2 DM, 7o SN SEA T
(4.7)
finally, the CP-violating difference becomes
K31 Beny || Bews || Brvy || Brvs |
T + () ~ M 1 2 TN TN ino
() =T ~nly) =g o v B My Ay Sin F12
M? M3
1/2 4 M
x AV ( ’M?V’M?V) % Z(My, My, Mz, My) (4.8)

From eq. (4.1), eq. (4.8) and figure 4 we can conclude that the best scenario for simultaneous
maximization of ACP and Br(7), occurs when y = 1. From now on, we will focus in a
scenario where heavy neutrinos are almost degenerate AMy ~ I'y; within this context
we have assumed |Byn,| = |B¢n,| = |Ben|, where ¢ = e, pu, 7 and the mixing elements are
KM ~ e = KMa_ therefore, the C'P asymmetry becomes

I'n sin 012 n(y) sin 12
s = 4.9
CP 77(3/) AMpy 14 012 cos0 y 1+ 612cosbis ’ ( )
consequently
L . 3rK?
Acp Bre(rt) ~ "(yy) o [BevF1Ben|*sinbia gaprgi
F T
MQ M2
w AV2 (1, 250 IV (N Moy, Mg, M) (4.10)
( TEANTE

There is just one caveat in the expressions above: we have disregarded the effect of
Nj — Ny oscillation, these type of oscillations have been studied in detail in ref. [19] and it

BDue to the fact that Ty ~ IC;V[“ ~ |B5N|2 the mass difference becomes AMy < 1, hence the assumption
Mn, + My, =~ 2My is reasonable In eq. (4.7).
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Figure 4. Solid line (online red) overlap function §;2. Dashed line (online blue) n(y) function.
Dotted line (online black) n(y)/y function.

is straightforward to show that the L dependent effective differential decay width is'*

d I = T
gl G st ) A T S TN o )
dL" © YNBN
2
AM
x { > 1Bun; P|Ben; 1 + 2| Bun, | B || Buis || Brv, | cos <L5NWNV + 912) } (4-11)
j=1

where T'(77 — 7tN) and T'(N — 7"u~) are kinematical functions presented in ap-
pendix A. In eq. (4.11) it is also possible to notice that the oscillation length is Los. =
278NN

Ay Then, the argument of cosine in eq. (4.11) can be written as 277& + 012, there-

fore, in order to integrate out there are two possible scenarios:

1. L > Lgs: in this regime we recover the main contributions of the L-independent
effective decay width (eq. (3.10)), because the oscillation term ~ cos (f(L) + 612)
gives a relatively negligible contribution when integrated over several Lgg..

2. L o Logc: in this scenario the integration of expression (4.11) is

2
> 1Bun, [*1Bey, 2
j=1

+912> — sin (9@)] , (412)

Fgf)fsc) (AT ar Ay Ty A RS T(rT =7 N)YD(N —=7tpu™)x

INBN

L 0sc

+7TL

. L
| Bun, || By || B || Br s | <sm (27rL

osc

in (4.12) we can see, immediately, that when Los. > L and Les. = L the oscilla-
tion effect disappear and we recover the L-independent main contributions of the
eq. (3.10). On the other hand, when L ~ Ly neutrinos have traveled enough to

MTn eq. (4.11) L is the distance between production vertex and detector; the quantities vy and Sy are:
Y~ = 2(yn, +n,) and By + 2 (B, + Bn, ), respectively.
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Figure 5. Effective branching ratios per unit of |B.y|?|B,n|?>. Here we use the following input
parameters: cosfio = 1/\/5, overlap factor d12 = 0.5, detector length L = 1 mts, neutrino speed
B =1 and Lorentz factor vy = 2.

have a well-defined oscillation, which means that neutrinos have not decayed yet (i.e.
Py < 1). Moreover, L ~ Los. means y = AI{\I/[VN ~ 12;.—; > 1 and then from figure 4

we notice that y > 1 destroy the effect of resonant CP violation. Therefore, the fact

that disregard the N; — Ny oscillation when we have chosen 7(y) ~ 1 is valid.

It is important to note that the oscillation effect is present when L ~ Lggc, therefore,
in general CP violating scenarios (i.e. when we are off CP resonant region) this must be
taken into account.

5 Results

In this section the main results obtained in this work will be applied in order to provide
a clue for future searches in tau factories. The result for the effective branching ratios
presented in eq. (3.10) are shown in figure 5 and figure 6.

The difference between the cases with Mjy; = m and Mj; = K in the final states is
mainly due to the elements of C K M matrix, whereas for pions V; ~ 0.97 and Vi =~ 0.22,
respectively. Moreover, the values of meson decay constant are fr ~ 0.13GeV and fx ~
0.15GeV, therefore K2/K% = 2 x 10%. In order to estimate the region of heavy-light
mixings elements |Byy|?| B, x|? which can be explored in future experiment'® we define the
following relation

AcpBrei(rT) x N, >1 = |Byy|2B.y|? > N _ : 5.1
cpBr(r) = [Ben | Bry| = LN, sin 0125 (My) (5.1)

here N, is the number of 7 lepton produced in an experiment and S(My) is given by

- K2 M2 M2
S(My) = ———M__ \12(q M) (M, My, My, M) . 5.9
(M) AGpMEMy TMZT M2 X Z (M, My, Mar, M) (5.2)

5The eq. (5.1) is presented in order to detect at least 1 event of difference between Br(r™) and Br(r7),
here we have chosen n(y)/y = 1/2.

~10 -
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Figure 6. Effective branching ratios per unit of |B,n|?|B,n|?. Here we use the following input
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Figure 7. (a) Exclusion regions of |By|? taken from [26]. The dotted line (online black) stand
for |B,;n|? , solid line (online red) stand for |B,n|* and the dashed one (online blue) for |Bey|?.
(b): exclusion regions for the product of heavy-light mixings | B, x|?|Ben|?. The dashed line (online
blue) stand for |B,n|*|Ben|? and the solid one (online red) for |B,n|?|B,n|?.

The actual experimental limits for heavy-light mixing elements are given in ref. [26],
and we have summarized them in figure 7(a) for the range of mass of interest. On the
other hand, and due to the fact that our results depend on |B,y|?|Biv|?, we present in
figure 7(b) the product of the experimental limits of interest.

The CTF in Novosibirsk, Russia is expected to collect 10! pairs of 7% leptons after
few years of operation [23], therefore under the latter considerations we can estimate the
mixing region that can be explored in such experiment, this region is presented in figure 8.

It is important to point out that due to the C KM elements suppresion only channels
with pions in the final state offer real possibilities to constrain the heavy-light mixings
parameters.

- 11 -
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Figure 8. The shaded region (online green) show the limits over the mixings parameter which
could be reached in the future 7% factory [23]. Right side: limits for |B.y|?|B;n|?. Left side:
limits for |B,n|?|B;n|?. Here we use the following input parameters: n(y)/y = 0.5, N, = 109,
cosfip =1/v/2, L=1mts, 3=1and vy = 2.

6 Summary and conclusions

In this letter we studied the (AL = 2) rare tau decays 7= — MM (T, where M; and
My are pseudo scalar mesons (M, My = 7, K) and the charged lepton can be ¢ = e, u,
also we studied the possibility of C'P violation detection in future tau factories. We have
assumed that the decays occur via the exchange of two on-shell sterile neutrinos N; at tree
level, and we have shown that the amplitude of these processes is suppressed by the mixing
elements of the PMNS matrix |B;y|?|Bey|?>. The aforementioned CP violation effects
come from the interference between the Ny and Ny propagators and the complex phases
(CP-odd phases ¢¢n;, see eq. (2.2)) in the PMNS mixing matrix. Our results shows that
these signals of C'P violation could be detected in future tau factories for 7+ — 7tr®¢F
tau decays, where £ = e, u if there exist, at least, two sterile neutrinos in the on-shell mass
range, their masses are almost degenerate AMy ~ I'y, the CP odd phases sinfo <« 1
and the mixing parameters are in the allowed region of figure 7. In such a case, the CP-
violating difference I'(7+) — I'(77) becomes large and comparable with I'(7+) +T'(77) and
the corresponding C' P asymmetry Acp becomes Agp ~ 1. In addition, there exist several
models with quasi-degeneracy AMpy ~ 'y, between them it is worth to mention the well-
know ¥vMSM model [27, 28], where the quasi-degeneracy of the two heavy neutrinos (with
mass My, ~ 1GeV) is fundamental in order to get a successful dark matter candidate.
However, our results can be framed in the context of the ¥MSM model or more general
models [21, 29] with at least two quasi-degenerate neutrinos.
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A Amplitude and kinematic relations for 7+ — Mf—LM;Kq:

The amplitude for the process via two on-shell intermediate heavy neutrino is

WWAE = 52| [BuP\BAP (IPD)F 122 + 1RO 1ESP)

+ 1B B2 (IPAD)P KL+ PO IESP2)

+ 21 B || B.1|| Besl | Bra| cos 6 (R[P1 (D) Po(D) L P+ R[PA(C) Pa(C )]|L+|)

+ (21By 2B PR[PUD) PL(C)] + 2/ B | Bo PR [Po(D) Po(C) | L ES
+ BuBL BB (PU(D)PAC) LT+ POV PoDY LELYT)
)

+ By By BBy (PR(D)PU(C) LIS + Py(C)P(D)*

M = K2 180 P B (1RO 2P + 1P (O 1)
+ 1Bl (IP2(D) L2 P2 + |Po(C) 2 1LEP2)
+2|B£1||Bﬂ’|342||372|‘305921(%[ 1(D)Po(D)*]| L2 P+ R[PL(C) Po(C )*]|L€|2)
+ (21Bu 1B PR[P(D)PLC)'] + 2/ B By ?R[Pz< > () 121
+ B} B BB (PUD)PC) LIS+ PO Pa(D) EEEPT)

+ BB 1By By (P2(D)P1(C)* LPLS + Py(C)Pi(D) LS ﬂDT>] (A.2)

The kinematical factors presented in eq. (2.3a), eq. (A.1) and eq. (A.2) are given by
R = L2 = 32(p1 - p2)(p2 - p) (p1 - pr) — 16M3 (p1 - pr) (p1 - )
— 16M{(p2 - pr)(p2 - pe) + 8M7 M3 (pe - ) (A.3)

B2 = 12917 = 32(p1 - p2)(p1 - po) (p2 - pr) — 16M 2 (pa - pr)(p2 - pr)
- 16M2 (Pl 'pr)(pl 'pé) + 8M1 M2 (PE 'pr) (A-4)

D ,C .
LR LS = F 16icp 00,90, (01 - D2) + 16ME(p1 - pr)(p1 - pe) + 16ME(p2 - pr) (P2 - o)

+16(p1 - p2)(pe - pr) — 16(p1 - p2)(p2 - pe)(p1 - pr) — 16(p1 - p2) (D1 - Pe) (P2 - P-)
(A.5)

P2 = (120 (A.6)

The product of propagators P;(X)P(X)* (where X = D, C) can be expressed as the
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sum of the real and imaginary parts
(P]%I(X) - M]2V1)(PJ%[(X) - MJ2\72) + I'ny vy Mv, M,
((P3(X) =3, 2+ 13, 03, ) (PR (X)— M2, )2+ T2, 03,

Py(X)Py(X)* =My, My,

Rear part

(A.7a)
(PR (X) = MR, )My, Iy — (PR(X) — M )My, I'y,
(P& (X)~03,)2+ T3, ME, ) (PR(X)~ M3,)2+ T%, M3, )

Imaginary part

(A.7b)
The partial decay widths presented in eq. (4.11) are:
— 1 1 M2 M}
+ +A7) — 2 (2117 (2 1/2 r My
F(T — N)—S?GFfﬂ.|V‘ )\/ ( Mg’Mg)X
[(Mf - M?V) — M? (ME + M}(,)] , (A.8a)
T(N - M:I:,n_i) — f2’V |2 1 )\1/2 M72r M€2
67 CF M2 M3
[(MN + MQ) ( — M2+ M2) - 4MNM2} . (ASD)
B Phase space relations
The integration presented in eq. (2.9) can be performed in the following way:
1
Y Z(9_ 2
I(r+) = 2!(2 (5M1M2)64 AL /]/\/li\ dFEy dFs ; (B.1)

the integration limits over Fy and E; for the (DD*) channel are

Ey > 2123 ((M Ey)(m3y + M3 — M3) — \/(E2 MQ))\(m23,M2,M2)> (B.2)

1
B < g (O = By 23 = 33) +\/(B7 — MPA3, M) ) (B3)
23

o M2+ M} — (M + Ms)?

M <FE B4
1 > 5H1 QMT ) ( )
where
m3s = M2 + M} —2M, F; . (B.5)
Finally, the kinematical functions A(x,y, z) and Z(a,b, ¢, d) are
Nz, y,2) = 22 +y* 4+ 22 — 22y — 222 — 22 (B.6)

Z(a,b,c,d) = ((b2 —d*)? - A(d* + b2)) ((a2 —v*)? -2 + a2>

X \/(a2 - c)2) (a2 — b+ c)2> (B.7)
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