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1 Introduction

In the previous work [1], we provided analysis of algebraic framework describing gauge
invariances of superstring field theories, which we call the Wess-Zumino-Witten-like struc-
ture, and showed that there exist (alternative) WZW-like actions which are off-shell equiv-
alent to An/Loo actions given by [2]. In this paper, we focus on the NS-NS sector and
present details of analysis and its characteristic properties: some implicit or missing parts
and several important properties which remain unclear in [1] will be clarified. Through
these analysis, we will see that a pair of nilpotent products, which we call an L, triplet,
induces WZW-like framework and thus ensures the gauge invariances of superstring field
theories of [1-12].1

Formulation of superstring field theory has developed with understandings about how
we can obtain gauge-invariant operator insertions into string interactions. Particularly,
in [1-9], gauge invariant actions are constructed by operator insertions using first two
of (£(2),n(2);¢(2)), fermionic superconformal ghosts. Insertions of 7(z) are very simple
because it has conformal weight 1 and is just a (nilpotent) current: on the basis of it,
a gauge-invariant action which has a WZW-like form was proposed by Berkovits in an
elegant way [3]. However, at the same time, these n-insertions enlarges the gauge symmetry
of the theory, and two nilpotent gauge generators appear. Insertions of £(z) are rather
complicated but also possible: using it with nonassociative regulators for [13, 14|, Erler,
Konopka, and Sachs constructed an A, action [4]. This theory does not necessitate to

'Potentially, it goes for [10-12] and other earlier proposals. See the footnote 8 in section 5 and section 6.
Note that for the NS sector, its WZW-like structure is induced by a pair of commutative (cyclic) Aoo/Loo
products.



extend gauge symmetry. However, to be gauge invariant, a state ® appearing in the action
must satisfy the constraint equation: ¢n(z)® =0.

In the NS-NS sector, the situation becomes somewhat complicated: there exist three
nilpotent generators of gauge transformations, and we have to impose two constraint equa-
tions. To see this extended gauge symmetry, let us recall the kinetic term of an NS-NS
action, which was given by Berkovits based on his /' = 4 topological prescription [5],

S[\I/]:—%(\Il,@vyﬁtll>+..., (1.1a)
where @ is the BRST operator and (A, B) = (A|c,|B) is the BPZ inner product with
cy = %(CO — ¢p)-insertion. An NS-NS string field ¥ is total ghost number 0, left-moving
picture number 0, right-moving picture number 0 state in the left-and-right large Hilbert
space.2 We write 7, 7, &, and € for the zero modes of 1(2), 7j(Z), £(2), and £(Z), respectively.
As one expects from its construction, it is invariant under the gauge transformations

U =nQ+7Q+QA+..., (1.1b)

where Q,(Z, and A denote gauge parameter fields. We thus have three nilpotent gauge
generators. When we include all interacting terms, three nonlinear extensions of these
nilpotent generators appear [1, 8, 9]. Then, a full action has a Wess-Zumino-Witten-like
form. To see constraints, it is helpful to consider the kinetic term? of the L, action [2],

S[(I)]:—%<§§~<I>,Q<I>>+.... (1.2a)

An NS-NS string field ® is total ghost number 2, left-moving picture number —1, and
right-moving picture number —1 state satisfying two constraint equations: n® = 0 and
71® = 0. One can find that if and only if ® satisfies constraints, the action has gauge
invariance under

5O =QA+..., (1.2b)

where the gauge parameter \ also satisfies constraints: n A = 0 and 7 A = 0. In [2], starting
from Zwiebach’s bosonic string products [15] and finding appropriate gauge invariant (&;§)-
insertions, they constructed suitable NS-NS products which satisfy (cyclic) Lo relations,

LNS’NSI Q, L2('7')7 L3('a'7')7 L4("'>°7')7 Tt

and gave a full action whose interacting terms satisfy L., relations. When we include all
interactions, to be gauge invariant (or to be cyclic), a state ® appearing in the L., action
must satisfy two constraint equations: n® = 0 and 7® = 0. From these analysis, we

’In this paper, we often call the state space whose superconformal ghost sector is spanned by
(€(2),m(2); ¢(2)) and (£(2),7(2); $(2)) as the left-and-right large Hilbert space H. Likewise, we call the
state space consists of states belonging to the kernels of both 7 and 7 as the small Hilbert space Hs. We
always impose (bo — Bo)\ll = (Lo — zlo)\I/ =0 for all closed superstring field W.

3Note that these two free actions are equivalent each other with linear partial gauge fixing or trivial

up-lift. For example, recall that ¥ of (1.1a) is obtained by an embedding of ® of (1.2a) such as nf ¥ = .



achieve an idea that a triplet of three nilpotent objects determines the gauge structure of
the NS-NS theory: by identifying two of them as constraints, one can construct a gauge
invariant action.

Actually, on the basis of this idea, one can generalise or rephrase the construction of
the Lo action as follows. Let ¢ be a dynamical string field. We first consider a state
®,5(], which will be a functional of ¢, satisfying two constraint equations,

N Pyale] =0,
flq)nﬁ[@] =0.

Then, using this ®,5[¢], a gauge invariant action whose on-shell condition is given by

n

Q Pyile] +Z%Ln(¢'nﬁ[ﬁp], o Pile] ) =0
n=2

can be constructed: all properties we need are derived from constraint equations for ®,,;[].
The resultant action has a WZW-like form and one can prove its gauge invariance via a
WZW-like manner without using specific properties of . As we will see in section 5, by
taking ¢ = ® of (1.2a), it reduces to the original Lo, action of [2]. Namely, Lo, formulation

LNSNS) | Likewise, every known

is completely described by a triplet of Lo, product (n,7;
actions for NS-NS superstring field theory potentially have their WZW-like forms described
by their Lo, triplets. For the most general form of the WZW-like structure and action, see
section 6 and appendix A.

Furthermore, there exist a dual triplet for this (1, 7 ; LN3N9) which has the completely
same information about the gauge structure of the NS-NS theory. Using this dual triplet,
one can construct alternative WZW-like action, which is our main focus. First, in section

2, we find that the NS-NS superstring product LNSN5 has two dual L., products:
La: «, ['7']aa [.’_7.]047 [.7.’.’.]04’ (04:77777)

We will see that as well as 17, 77, or LNSNS these Lo, products have nice algebraic properties.
Then, one can consider the constraint equations provided by these L and L7 :

n
o0

n\I/nf][QD] +Z%[\Pnﬁ[gp], cey \IJT]ﬁ[(PHn =0,
n=1

PWaalel + 3 [Toalel - Tl |7 = 0.
n=1

Using a state W,,5[¢] satisfying these constraint equations, which will be a functional of some
dynamical string field ¢, we construct a gauge invariant action whose on-shell condition is

Q ‘Pnﬁ[So] =0.

It also has a WZW-like form and one can prove its gauge invariance without details of ¢,
which we explain in section 3. The Lo, triplet (L7, L7 Q) determines this WZW-like struc-
ture and action. All necessitated properties can be derived from the constraint equations



for ¥,5]p], and we give two explicit forms of this key functional W,;[p] in section 4. As
we show in section 5, these WZW-like actions described by (L™, L7 ; Q) and (n, 7 ; LNSNS)
are off-shell equivalent, which would be an interesting aspect of the WZW-like structure.
Through these analysis, we would like to show that a triplet of mutually commutative Lo
products completely determines the WZW-like structure of NS-NS superstring field theory,
which is our main result.

In section 5, we present detailed properties of our WZW-like action. Firstly, we show
that as well as that of the NS sector, our WZW-like action of the NS-NS sector has a
single functional form which consists of single functionals ¥, 5[¢] and elementally operators.
Secondly, using this single functional form, we prove the equivalence of two constructions
given in section 4. Thirdly, we clarify the relation to L, theory: we find that our WZW-like
action and the L, action are off-shell equivalent. Then we give a short discussion about
off-shell duality of equivalent L., triplets. Finally, we discuss the relation to the earlier
WZW-like theory proposed by [9]. With a brief summary of the WZW-like structure, we
end with conclusion in section 6. In appendix A, we discuss the WZW-like action based
on a general (nonlinear) Lo, triplet (L¢ L%;LP). We show that as well as other known
WZW-like actions, it also satisfies the expected properties.

2 Two triplets of L,

In this section, we present two triplets of mutually commutative Lo, products. The Lo

triplet completely determines the WZW-like action: its form, gauge structure and all

algebraic properties. As we will see, it gives the most fundamental ingredient of NS-NS

superstring field theory because every known actions potentially have the WZW-like form.
We write the graded commutator of two co-derivations Dy and D> as

[[Dl, DQ]] = D1 D2 — (—)D1D2D2 D1 .
Note that it satisfies Jacobi identity exactly (without L., homotopy terms):

[ D1, [ D2, Ds]] + (—)P*®P=P3)[ Dy, [ Dy, D3]]
+ (—)PDDA [ Dy [ Dy, D3]] = 0.

Original L., triplet: (n,7;LNSNS), As we explained, the constraint equations and
the of-shell condition of the L, action is described by a triplet of mutually commutative
Loo-products (1,77 ; LNSNS)which is the first one of two L triplets. The other L.
triplet is its dual and has the completely same information. Before considering its dual,

LNSNS was constructed. In [2], they introduced a

let us recall how this L., product
generating function L(s, §;¢) for a series of Lo products, and required that L(0,0;0) = Q
and L(1,1;0) gives Zwiebach’s string products of bosonic closed string field theory [15]. To
relate this L(s, §;¢) with operator insertions, it is helpful to consider another generating
function p(s, §;t) which has all information about operator insertions and will implicitly
determine the gauge invariance. They called this p(s,5;t) as a gauge product. The NS-

NS Lo products LNSNS is included in this generating function L(s,3;t). By imposing or



solving the recursive equations,

0 0 - -

S (35t = [m, mls,5:0) ], 2 Ls,5:) = [, u(s5;0)]

with the initial conditions, one can obtain an appropriate L(s, §;t) from u(s,$§;t), and
vice versa. This L(s,§;t) is a series of L products with operator insertions satisfying
[L,n]=0and [L,n] =0. As shown in [2], explicit forms of L(s, §;t) and u(s,5;t) can
be determined by solving the recursive equation,

gtL(s,§;t) = [L(s.5:0), m(s.5:0)]

which ensures Ly, relations [L,L] = 0. Using these L(s, 5;t) and p(s, §;¢), the NS-NS

LNS,NS

superstring Lo, products is given by the s =0, § = 0, and ¢ = 1 value of L(s, §;¢):

LNSNS = T(s = 0,5 =0yt = 1).
We write L,, for the n-th product of LNSNS as follows,

Lo(Ar, ooy Ay) =m LN (A0 LU0 4,).

Note that this p(s, §;t) has all information about gauge-invariant operator insertions
and thus about how to construct the NS-NS products. Once we determine p(s,§;t), how
to gauge-invariantly insert &, €, and picture-changing operators, the NS-NS L, product

LNSNS g oiven by the ¢t = 1 value solution of the linear differential equation

0

a LNS,NS (t) _ [[LNS’NS(t) ’ ,Lb(t)]]

with the initial condition LNSNS(t = 0) = Q, where u(t) = pu(s = 0,5 = 0;t). Hence, we
can solve it by iterated integration (with direction) and have the following expression,

t

LYSNS _ D oy [— /Ot dt u(t)] Q Pexp [/O dt u(t)] .

For brevity, we write G for this iterated integral with direction and write LNSNS —

é_lQé:

G="Pexp [/Otdtu(t)] .

It is a path-ordered exponential of coderivation p, and thus a natural cohomomorphism of
Lo algebras. In this form, L., relations look trivial: (L)? = G71(Q)?G = 0. Using this
form, we find two dual L., products for LNSNS and a dual of the L triplet (n, 77 ; LNSNS)



Dual L triplet: (L7, L7; Q). By construction, the NS-NS product LNSNS commutes
with two Lo, products n and 77: [1,LNSNS] =0 and [7,LNSN5] = 0. Thus, there exist
two dual Lo products for LNSNS | Using path-ordered exponential map é, one can obtain
these dual L, products as follows,

L"=GnG ', (2.1a)
LT=GifG!. (2.1b)

One can quickly find that these products satisfy Lo relations (L%)? = G (a)2G~! = 0
because of (a)? = 0 for a = n, 77, and have Q-derivation properties

QL*=G(G!'QG)aG!'=-Ga(G'QG)G'=-L*Q

because of [LNSNS o] = 0 for a = 1, 7, which will provide nonlinear extensions of con-
straint equations. Hence, as well as (1, 77 ; LNSNS) | the triplet of Loo-products (L7, L7 ; Q)
is nilpotent and mutually commutative. Note that we found the correspondence of the
commutativity:

[, LNN] =0 «—= [L*,Q]=0, (a=mn7). (2.2)

It is owing to an invertible cohomomorphism (A}, and thus the L triplet (L7, L7 : Q) has
the completely same information as (n,7; LNSNS), We thus call (L7, L7; Q) as the dual
Lo triplet. When G is cyclic in the BPZ inner product, this correspondence provides the
equivalence of WZW-like actions governed by equivalent Lo, triplets (See section 5.). In
this paper, we write the n-th product of L® as follows,

(A1, .. A =mGaG YA A A4, (a=mn,7).

Nilpotent relations and derivation properties

For later use, we present explicit forms of algebraic relations satisfied by (L7, L7; Q) and
some details of related properties. The dual Lo, product L* for a = n,n satisfies L.o-
relations, (L%*)% = 0. In terms of the n-th component, we have

Z Z(_)|‘7| [[Ai0<1)7 .. ,Aig(k)]a, Aia(k+1)7 ... ,Aig(m]a =0, (23&)
o k=1

where o runs over all possible permutations and (—)"’ | denotes the sign of the corresponding
permutation. Likewise, L* Q + QL® = 0 implies that we have @)-derivation properties ,

n—1
Q[A1, .. A"+ (—)y M A Ay QA .. An]T =0, (2.3b)
=1

where the upper index of (—)# means the grading of A, namely, the total ghost number of
A. The commutativity L7 L7 + L7 L" = 0 provides

Z Z Z(—)|U| [[Ag(l), N ,Ag(k)]al 5 Aa(k+1)7 e ,Ag(n)}OQ =0. (238)

ai,ag=nn 0© k=1



The lowest relation of (2.3¢) is just n7 + 71 = 0, which would be very familiar. One can
quickly find that the second lowest relation of (2.3c) is given by

n[A,B]"+ [nA,B]"+ (=) [A,nB]"+i[A,B]"+ [74,B]"+(=)*[A,7B]" =0,

which is the matching of (crossed) Leibniz rules. Similarly, one can derive any higher
relations of (2.3c). It may look a little complicated, but it is powerful and exact.

Maurer-Cartan element and shifted L.,. There is a special element of the Lo
algebra of L for a = 7,7,

MCra(A)=aAd+) —[4A,. .. A]%

which we call the Maurer-Cartan element for L®. As we will see, this element plays central
role in WZW-like theory: it appears in the constraint equations, in the on-shell condition,
and in the WZW-like action. Likewise, we often refer MCq(A) = QA as the Maurer-Cartan
element for Q. There is an natural operation, a shift of the products, in L, algebras. For
any state A, the A-shifted products are defined by

« = 1 ’_L a
[Bi,....Bu|3 =Y —[A,...,A,B1,...,B,]".

A |
n.
n=0

Note that the Maurer-Cartan element MCra(A) behaves as the A-shifted 0-th product.
One can check that with MCpra(A), the A-shifted products satisfy weak Lo, relations:

n
[0
Z Z(_)|U| |:|:BO'(1)7 s 7Ba(k‘)]jv Bo‘(k,’—i—l)a s 7Ba(n)} A = - [MCLO‘ (A)7 Blv <o 7Bn]j
o k=1

(2.4a)
It implies that when given state A satisfies the Maurer-Cartan equation MCpra(A) = 0,
then the A-shifted products exactly satisfy the L., relations. Similarly, one can consider
the shift of (2.3c) and obtain the weakly commuting relations of two A-shifted products:

a2

>, 2. [[B«r(l) v Bog 145 Bogrrn) s - -,Bm)h

ap,ae=nn o k=1

= —[MC(A),Bi,..., By ] = [MCLi(A),Bi,...,B,]".  (2.4b)

We thus find that two A-shifted products commute if and only if given state A satisfies both
of the Maurer-Cartan equations MCprn(A) = 0 and MC7(A) = 0. Using these relations,
we prove the gauge invariance of the WZW-like action for NS-NS superstring field theory.

3 WZW-like action

Once we have a triplet of mutually commutative Loo-products (L, L7 Q), by using these
to provide constraints or on-shell equations, we can construct a gauge invariant action,
which we explain in this section. We would like emphasis that one can achieve the gauge
invariance without using detailed properties of a dynamical string field of the theory. All
we need are two functional fields and their algebraic relations.



Algebraic ingredients

In our WZW-like formulation of the NS-NS sector, two Lao-products L™ and L7 are used
to define constraint equations for (functional) fields, the other Lo,-product Q is used to
give the on-shell condition, and their mutual commutativity ensures the gauge invariance.

A functional field ¥, [¢] satisfying these constraint equations plays the most important
role, which we call a pure-gauge-like (functional) field. With this functional W¥,;[¢], the
commutativity of L..-products induces key algebraic relations, WZW-like relations. They
make possible to prove the gauge invariance without details of the dynamical string field
o of the theory.

WZW-like functional field. Let ¥,z = ¥, 3] be a Grassmann even, ghost number 2,
left-moving picture number —1, and right-moving picture number —1 state in the left-and-
right large Hilbert space: 7 V,5 # 0. We call this ¥,5 a pure-gauge-like (functional) field
when W, satisfies the constraint equations:

oo
1
N+ Y [V U ]" =0, (3.1a)
=1
TLOO 1 .
ﬁ‘ynﬁ+Zﬁ[\Pnﬁ"'~a‘I’nﬁ]n:0- (3.1b)
n=1 "

In other words, ¥,;[p] gives a solution of the Maurer-Cartan equations for the both dual
products (2.1a) and (2.1b). Therefore, two ¥, 5[¢]-shifted products again have L, relations
and commute each other. One can define two linear operators D, and Dy acting on any
state A by

n

(%S)
1 ~
DQAEOéA‘FZE[\Ijnﬁa"-aanﬁ>f4:|aa (04:"7’77>a
n=1

and two bilinear products of any states A and B by

n

« « d 1 «
[A’B]‘I/nﬁE[A’B] +ZE[W77777)\IJ7777)A7B:| ) (a:TZ)ﬁ)
n=1

Then, as the first identity of (2.4a), one can quickly find that D, and Dj are nilpotent,

(Da)?A=0, (a=n,7). (3.2a)
As the second identity of (2.4a), the bilinear product satisfies Liebniz rules,
« « \A o
Do[A,B]y, + [DaA, Bl +(=)"[A,DaB]y, =0. (3.2b)

Likewise, as the first identity of (2.4b), we have the (anti-) commutation relation,
(D, D;+ D5 Dy,)A=0, (3.2¢)
and as the second identity of (2.4b), we can find matching of crossed Liebniz rules,

D, 14, Bl +[DyA, Bl + ()[4, D,B]}

+D; [A, By +[DzA, Bl + ()[4, D; By =0. (3.2d)

mn

nmn



WZW-like relations. Let D be a derivation operator for both L..-products L" and
L7 : namely,
(_)D D [Ala cee >An]a = Z(_)D(A1+"'+Ak_l) [Al, DA, An]a ) (Oé =, 77)
k=1

holds for any states A1,..., A, € H. For example, since the BRST operator @, a partial
differential 0; with respect to any formal parameter ¢t € R, and the variation § of the
dynamical string field satisfy the Leibniz rule for these Lo.-products L7 and L7, one can
take D = @, Oy, or §. By acting this D on the constraint equations (3.1a) and (3.1b), we
find D, (D ¥,;) = 0 and D3(D V,;) = 0. Nilpotent properties (D;)? = 0 and (Dj)? =0
imply that with some (functional) state Up[¢] belonging to the left-and-right large Hilbert
space H, we have

—(=)P D V,5l¢] = D, D ¥ply], (3.3)

which is the most important relation in the WZW-like formulation of the NS-NS sector,
the WZW-like relation. Note that the existence of the (functional) state Upl¢p] is ensured
by the fact* that both D;-complex and Dj-complex are exact in the left-and-right large
Hilbert space H . We call this ¥p[p] satisfying (3.3) as an associated (functional) field.

When the derivation operator D has ghost number g, left-moving picture number p,
and right-moving picture p, the associated field Up[p] has the same quantum numbers: its
ghost number is g, left-moving picture number is p, and right-moving picture number is p.

We started with the Lo, triplet (L7, L7; Q) and obtained the above algebraic ingre-
dients by using two of it as constraints of theory. What is the use of the last L,.7 As we
will see, its Maurer-Cartan equation gives a constraint describing the mass shell with the
above W,5(p]:

Q Wyl = 0. (3.4)

Note that this (3.4) is also a special case of (3.3). Thus, the above three relations (3.1a),
(3.1b), and (3.3) are fundamental, and we often call them as Wess-Zumino- Witten-like
relations in NS-NS superstring field theory.

Action, equations of motion, and gauge invariances

Let ¢ be a dynamical NS-NS string field and ¢(¢) be a path satisfying ¢(0) = 0 and
©(1) = ¢, where t € [0,1] is a real parameter. Once we obtain W,z[¢] and ¥Up[y] as
functionals of given dynamical string field ¢, we can construct a WZW-like action for
NS-NS string field theory:

Suili] = /0 dt (T4 (8)], Q Wilo(1)]), (3.5)

4In section 5, we will see this fact again.



where U [¢(t)] denotes Up[p(t)] with D = d;, the t-differential associated (functional)
field. As we will see, using the variational associated (functional) field Up[p] with D = 4,
the variation of this action is given by ¢-independent form:

3Syile] = (¥slel, @ Yyilel)- (3.6)
Then, the WZW-like relation (3.3) implies that the gauge transformations are given by
Uslp] = Dy Q+ D Q4+ QA. (3.7)
The equation of motion is given by t-independent form
Q Wyl = Dy Dy Uqlp] = —Dig Dy W] = 0. (3.8)

One can quickly find these facts by using only WZW-like relations, (3.1a), (3.1b), and (3.3),
which we explain in the rest.”

Variation of the action

Let us recall basic properties of Ls.-products and the BPZ inner product. The inner
product (A, B) includes the ¢y -insertion.® Hence, for D’ = D, Dy, or Q, we have”

(D'A, B) = (-)P4(A,D'B), (3.92)
and for a = n, 7, we can use the following cyclic and symmetric properties:
(A.[B,CT )= (1*(B.[4.C3 )= (-"*O(B, [0, 45 ). (390)

For D = 4, J, or ), because of the derivation properties of L%, we find

mn

(—)PD (Do A) = Do(DA) = [DUyz, Ay, =0, (a=mn7). (3.9¢)
In particular, note that with setting A = ¥; and B = D, ¥, the relation (3.2d) provides
_ Ul _ n Ul _B —
Dy (Dy[ A, BYy , + (DA Bl + [DyA By +[A DBl ) =0 (3.0)

We prove that when we have WZW-like functional fields ¥, 5[] and ¥p[p] which
satisfy (3.3), our NS-NS action S,;[¢] has topological ¢-dependence of (3.6). We carry out
a direct computation of the variation of the action:

il = | ({8 ole) QWalolt)) + (Wl (B 3(Q Wuslel)]))

®These computations are similar to those of the earlier WZW-like action [9].

In the left-and-right large Hilbert space, the inner product (A, B) vanishes unless the sum of A’s and
B’s total ghost, left-moving picture, and right-moving picture numbers are 3, —1, and —1, respectively.

"The prime denotes that we focus only on the BPZ property and we do not require the derivation

property.

~10 -



For brevity, we omit ¢(t)-dependence of functionals: we do not need it in computations.
Using (3.8) in addition to (3.2) and (3.3), we find that the second term can be transformed
into (W5, 0:(Q¥,5)) plus extra terms:
(U1, 0(Q Wyg)) = (¥, Q Dy Dy W)
= (U, DDy QUs) — (¥, QWi DyWsl} )+ (Wi, D3[QUy5, Wll )
= — (U5, QDD %) — (QWys, [We, DyWsly ) — (QWys, [Dy¥e, W5y, )
= (U5, 0(QWy5)) + (¥, DDy (%4, Dysll, + [D5¥s, Wl )
= <‘1/57 at(Q\I/nﬁ» + <\I’Qv (D Dy s, ‘Ijé]gl,,ﬁ>
+ (Vg Dy(Dy[Ws, DyW4lY, + [Dg¥s, DyWsly, ). (3.11a)
Likewise, we find the first term of the variation becomes (0;¥s5, QW¥,5) plus extra terms:
(004, QUys) = —(D5Dyd 0y, W)
- _<5(DﬁDn‘1/t)’ Vo) + <[5‘I’nﬁ7Dn‘I’t]g/nﬁ? Vq) + (Dj[0Wys, ‘I’t]gnﬁv Vo)
= —(0(6y7), W) + (W, [DyWs, 6WyslG,  + Dy, 605 )
= —(0(D3DyV5), Wq) + (Vq, [DyWs, DyDyWsly, -+ DyWe, DyDy¥sly, )
= (D Dy Vs, ¥q) — {0z, DyWslyy .+ Dild Wy, Uslyy . Vq)
+(Vq, [Dy ¥, DyDyWsly, -+ Dy ¥, DDy sl )
= (3105, DyDy¥q) — (Vq, [DyDy s, DyWsll, 4 Dy DDy, Uyll, )
+(Vq, [Dy ¥, DyDy 5]y, -+ Dy¥e, DDy sl )
= <at‘1157 Q ‘I’nﬁ> + <\IJQ’ [Dn D5 ¥4, ‘Ijé]gnﬁ>
+ <\I/Qv Dﬁ([Dn\I’h Dn‘l’a]@nﬁ + [, DﬁDn\I’ﬂg}nﬁ»' (3.11b)

If and only if the sum of these extra terms vanishes, the action (3.5) has a topological
t-dependence. However, (3.10) ensure the cancellation of these extra terms, and we find

(3.11a) + (3.11b) = {0y W5, Q Vi) + (s, 0:(Q W) )-

Using ¢(0) = 0 and ¢(1) = ¢, it concludes our proof of (3.6):

1
3Sualel = [ dt 5o (Wslplt)), QWialiott))) = (Walel, @ Uplel)

In summary, for fixed Lo triplet (L, L7 ;Q), we first consider a functional VU, 5 satis-
fying constraint equations (3.1a) and (3.1b) defined by two of it, L and L7. Next, using
this W,5, we estimate the WZW-like relation (3.3) and derive the other functional ¥p,
which gives a half input of the action. Lastly, using ¥,7, we consider the Maurer-Cartan
element of the remaining Lo, product Q, which provides the on-shell condition (3.4) and
thus the other half of the action. Then, combining these, we can obtain a gauge invariant
WZW-like action (3.5).
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4 Two constructions

As we showed in section 3, when two states W, [¢] and ¥p[y] satisfying (3.3) are obtained,
one can find the WZW-like action (3.5). Therefore, the construction of actions is equivalent
to finding explicit expressions of these functionals in terms of the dynamical string field ¢.

In this section, we present two different expressions of these ¥, 7, Up using two different
dynamical string fields ® and V. It gives two different realisations of our WZW-like action,
which we call small-space parametrisation S,;[®] and large-space parametrisation Sy;[¥].

Through these constructions, we also see that once we have W,;]p] explicitly as a
functional of ¢, the other functional Up[p] can be derived from ¥,5(¢]. It would suggest
that ¥, is the fundamental ingredient in WZW-like theory, which we will discuss in the
next section.

Small-space parametrisation: ¢ = &

We write ® for a NS-NS dynamical string field belonging to the small Hilbert space: n® = 0
and 71® = 0. This ¢ is a Grassmann even, total ghost number 2, left-moving picture number
—1, and right-moving picture number —1 state.

Pure-gauge-like (functional) field ¥, 5[®]. As a functional of ®, the pure-gauge-like
field ¥, 5 = W,5[®] can be constructed by

V78] = 1 G (e"?). (4.1)

Note that co-homomorphism G preserves the total ghost, left-moving picture, and right-
moving picture numbers and this ¥,5[®] has correct quantum numbers as a pure-gauge-
like field. Thus, to show it, we have to check that (4.1) indeed satisfies the constraint
equations (3.1a) and (3.1b).

Recall that in coalgebraic notation, we can write (3.1a) and (3.1b) as follows:

T ch(el\‘lfnﬁ[‘:p]) = O7 (a = 77717)
Since W,5[®] is given by using the group-like element, the following relation holds:
Nnil®] — AmG(en?) _ é(e/\é).

Because of (2.1a) and (2.1b), one can quickly find that (4.1) satisfies

~ ~

La(e/\\If,,;,[CD]) _ (a‘.aG_l) (/i(e/\q’) = Ga(e/\q>) =0, (a=mn,7),

which provides a proof that (4.1) gives a pure-gauge-like (functional) field. In the last
equality, we used the properties of the dynamical string fields: n® = 0 and 3¢ = 0.
Thus, in this small-space parametrisation ¢ = @, it is the origin of all algebraic relations
of WZW-like theory.
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Associated (functional) field ¥p[®]. Similarly, as functionals of ®, the associated
(functional) field ¥p = ¥p[®] with D = 9; or D = § can be constructed by

Up[@] = mG(EED D AN, (4.2a)
and the associated (associated) field Wg[®] can be given by
Vo] = ™G Qgé(e/\@) , (4.2b)

where Qgé is a coderivation operation which we will define below.

Recall that W, satisfies the constraint equations (3.1a) and (3.1b), and thus D ¥,,, =
D, -exact = Dj-exact holds, which implies the existence of ¥p satisfying (3.3). One can
derive an explicit form of the functional Up[®] from W,;[®] in this manner.

Using the graded commutator of two coderivations D1 and Do,

[D:, D;] = D, D, — (-)P'P°D, Dy,

we can write [L®, D] = 0 for the mutual commutative properties of L* = G a G~! for
a =n,7n. Note that Iff D is linear, the mutual commutativity [ L, D] = 0 gives just the

D-derivation property. Then, we notice the following correspondence of the commutativity:
[[éaé_l,D]]zo = [[a,é_lDé]]zo.

Namely, the co-derivation G ! DG commutes with both n and 17. Hence, because of
n-exactness and 7-exactness, there exist a coderivation D€£~ such that

é_lDé:_(_)D[n7 [[ﬁ?Dgé]”]

Note that any derivation D can be lift to the corresponding coderivation, for which we also
write D, because it is a linear map. For example, when D = 9; and D = §, the above
coderivation Dgg" is just the operations assigning gé D on each slot because of DG = G D.
Using Dgf and the properties of the dynamical string field, n® = 0 and 7 ® = 0, we find

(—)DDG (e/\@) =-G [[77, In, DgéH (e/\@) = —anﬁDsg(eM’)
= -L"L7G Dz (e"?)
=-L" (TFlLﬁ (711(A} D.g (") A e/\mé(em)) A e/\mé(ew)> .
Note that with (4.1), the linear operator D, for & = 1,7 can be written as
Do = mLE(IA MG (a=n,7).
We thus find that if we define the associated field Wp[®] by the following functional of @,
Up[®] = mG D ('),

which reduces to (4.2a) and (4.2b), the Wess-Zumino-Witten-like relation (3.3) in-
deed holds:

(—)°D ¥,5[®] = ~D,, D; ¥p|®].
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Large-space parametrisation: ¢ = ¥

We write U for a dynamical NS-NS string field which belongs to the left-and-right large
Hilbert space: n¥ # 0, n¥ # 0, and n¥ # 0. This ¥ has total ghost number 0, left-moving
picture number 0, and right-moving picture number 0.

Pure-gauge-like (functional) field ¥, 5[¥]. Let us consider the solution W,s[7; ¥] of
the following differential equation,

0
5, UnilTs W] = Dy(7) Dy(7) ¥ (4.3)
with the initial condition W, 57 = 0; ¥] = 0, where for any state A € H, we define

o 1 a _
Da(T)AEozA+ZE[\IIm7[T;\II],...,‘Ifnﬁ[T;\If],A] , (a=mn,7).
n=0

A pure-gauge-like (functional) field ¥, 5[] is obtained as the 7 = 1 value solution
gl 0] = Wyl = 1101, (4.4)

Note that (4.3) has the same form as the defining equation of a pure gauge field in bosonic
string field theory [16], which is the origin of the name pure-gauge-like (functional) field.
We check that this W,;[¥] satisfies (3.1a) and (3.1b). For this purpose, we set

0o n
1

MCra(T) = aV,57; V] + Z o [\IJW[T; Ul ..., W U] }a, (a=m,7).
n=1

Because of the initial condition W,;[0; ¥] = 0 of (4.3), it satisfies MCra(0) = 0. Using (4.3)
and (2.4a), we obtain the following linear differential equation

9 MCpa(r) = Da(r) 0, Wl 0]

or
(0%
= (=) [ MCpa(T) ,Dd(r)w]%[ﬂl] , (4.5)
where (=)l denotes —1 for a = 1 and +1 for a = 7. The initial condition MCra(7) =0
provides that we have MCra(7) = 0 for any 7, which ensures (4.4) indeed satisfies (3.1a)
and (3.1b) and gives a proof that (4.4) is a pure-gauge-like (functional) field. By the
iterated integral of (4.3), one can quickly find that a few terms of (4.4) are given by

1

W[V =?777‘1f+§([nﬁ‘1’,77‘1/]"+n [nﬁ\lf,\lf]ﬁ> T

In this parametrisation, the properties of the dynamical string field n 7 ¥ # 0 makes possible
to use W itself just like a gauge parameter of the nilpotent transformations generated by
L7 and L7, and to have a pure-gauge-like field ¥, ;[¥] as a functional of ¥. (Note that
they are not the gauge transformations of our theory; it only reminds us those of other
theories.)
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Associated (functional) field ¥p[®]. We consider the following differential equation

il W] = ()PD W+ Dy pfrs W] [V, Dyl U]l

(4.6)

with the initial condition Up[0; U] = 0 up to D, -exact or Dj-exact terms. An associated
(functional) field Up[¥] is obtained by the 7 = 1 value solution of (4.6),

Up[¥] = Up[r = 1;9]. (4.7)

As D, -exacts and Dj-exacts does not affect in the first slot of (3.5), this Up is determined
up to these. To prove (4.7) satisfy (3.3), we set
Z(7) = DyD; Up[r; V] + (—)P D W, 5(7; ¥].
Note that iff we prove Z(7) = 0 for any 7, it implies we have an appropriate associated
field ¥p[¥]. Using (3.2) and (4.3), we find
a ~
- L(7) = [0: Wz, D]y, + Dy[0:-Wy;, Uy, + DyD5 0:-¥p + (=)PD 0 Uy
= [DyDy¥, Dy¥ply, + Dy[DyDy¥, ¥ply +DyD;d-¥p + (=)PD D, Dy¥
n n Ul
—{ = D,[D39, Dy¥p]} -+ [D3¥,D,D5¥p]y |~ Dy[Dy¥, Dy¥py,
{[D Wi, Di \I'] Ui + Dy [( )°D ‘I’nn’\l'] m,}
+ DDy (8, ¥p + (-)PD ¥ + [D, ¥, Up];, )
_ n 7
= [Da%, Z(7)]y,  + Dy[¥.Z(7)]y, .
+ DDy (8, ¥p + (=)PD W + [D, 0, p]y, + [w,D;¥p]] ). (4.8)
From the third equal to the forth equal, we used the following identity:

~Dy[Dy¥, Dy¥ply, = DyDs[¥, Dy xI/D} + D, [D; ¥, D;Up]!

il . W
[ } 7 + (Dn) [‘I’vDﬁ‘I’D]mnn
[\I/ D, Dy \I/D]

il

= D,D;[V¥, Dy¥p],,
7
+ Dn([Dﬁ‘I’aDﬁ‘I’D]qunﬁ + [‘I’anDﬁ‘l’D]\pnﬁ)
When Up[7; U] satisfies (4.6) up to D, -exacts and Dj-exacts, we have

8
87‘ {\II I }\I/

which is the same type of differential equations as (4.5), where {A, B}y, . is defined by

n 77

{4.B}y o = [Ds(m)A, B} i+ Dy(r)[A.B]]

Wy (73 9] Woplr 0]
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The initial condition Z(0) = 0 provides that we have Z(7) = 0 for any 7, which gives a proof
that (4.7) satisfies (3.3). For example, one can quickly find a few terms of W;[¥(t)] are

w[w(0)] = -0 + 5 ([ (D), 0w+ [¥(0), 70w(1)]") + ..

On the D,-exacts and Dj-exacts. We found a defining equation (4.6) of Up[¥]. Since
it is up to Dj,-exacts and Dj-exacts, one can find another expression. Note that we have
the following identity

([Dn\p JUply + [m,pﬁmp]gw) + ([Dﬁtp, Uply, + [T, Dn‘IfD]ZW)

— D, [v. )]~ Dy[v.wp]]

7
Ui
which provides another expression of (4.8):

0

S-I(1) = {0, 2(r)}y, () + DuDy (0,%D + (-)PD W= [Dy ¥, ¥p ]}, —[¥.D,¥p]], ).

nn (T) nn

It ensures that as a defining equation of ¥p|[7; ¥], we can also use
D n Ul
0-Up = —(=)"DV + [Da¥, ¥ply _+ [V, Dy¥ply, . (4.9)

The difference between (4.6) and (4.9) is just D,-exacts plus Dj-exacts, which does not
affect WZW-like relations and the resultant action: it is just the gauge invariance generated
by D, and Dj. Note also that since we have D,(7)D;(1) = —Djz(7)Dy(7), one may
compute as

%1(7—) = 0-(— DsD;, ¥p) + (-)PD o W,y
_ [DW\II’I(T)}Z’M) - D; [\IJ,I(T)]Z;W

+ DyD; (9, ¥p + (-)PD W — D0, ¥py — [W,D,¥p]}, ). (4.10)

n

However, we have the following identity

(a2 215, + Dy, Z0)5, ) + ([, Z0], + Dal 2. TG, )
= [, D, (75, — [W.DZ(7)]], .

Comparing (4.8) and (4.10) with (4.9), we also find
Ul n D 7 D n
0= [¥,DyZ(r)]y, +[¥,DiZ(7)]y, = [¥.(=)°DyD Wy +[T,(=)° DD U]y,
These term can appear or vanish in computations of 9:Z(7) = {¥,Z(7)}y, . (r)-

On the small associated fields

We constructed two functionals ¥, 5[¢] and ¥ply]. It is sufficient to give a WZW-like
action explicitly. However, one can consider small associated (functional) fields defined by

U,ple] = Dy ¥nly]l,  ¥pgle] = Di ¥ply). (4.11)
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The WZW-like relation (3.3) provides that they satisfy the following relations

Talel = Di¥yple] = ()PD Wysle] =0, TFle] = Dy¥nile] + (—)PD ¥ylp] = 0.
(4.12)

One may prefer these because of the analogy with the NS sector. For example, us-
ing (-)PDV,; = D,Vp; = D;¥,p with derivations Dy and Dy satisfying DDy =
(—)P1P2Dy,Dy, one can find®

DyUp,; — (—)P 22Dy 0y 7 — (—)P [Up,5, Upys] ZI",-, = D,-exact,

Dl\I]’IDQ - (_)D1D2D2‘l’nD1 - (_)Dl [\PnDlv ‘l’an]n

= Dj;-exact.
7 1

On the basis of these functionals and relations, one can obtain another check of the gauge
invariance of the action. For details in this direction, see appendix E of [1]. In the rest of
this section, we explain how one can construct explicit forms of these as functionals of ®
or V.

Small-space parametrisation. It is easy to obtain these in terms of ® because the
analogy with the NS sector exactly works. We find that small associated (functional) fields
Ups and ¥,p are given by

Ups[@] = mG(Dee"®),  Wyp[®] = mG(Dge?),
where we used coderivations D¢ and Dg’ such that
S-1 A D A1 A D[ =
G 'DG=—(-)"[n,D¢]., G 'DG=—(-)"[n, Dg].
It is consistent with (4.11). Note that D G=GD for D =9,,5, but QG = G LNSNS,

Large-space parametrisation. The situation becomes somewhat complicated in the
large-space parametrisation. One can construct small associated (functional) fields Wpg;[¥]
and V,p[¥] as the 7 = 1 value solutions,

Ups¥] = Ups[r = 1;0], VY p[¥]=V,plr=1;9],
of the following differential equations

0

5, VoilT U] = D Dy(r) ¥ + [Dy(m) ¥, Upj[7; W] R—
0 _

_E\PHD[T; U] =D Dy (1) ¥ + [Dy(1)¥, ¥ypT; \IIHZJ,,,;[T;\I/}’

8They follow from direct computations

DDy ¥,; = (*)Dle(Dn‘I’Dzﬁ) = ()PP (DnDl‘Iszﬁ + [D1¥,3, ‘I/Dzﬁ]gnﬁ)
= (_)D1+D2 (Dn D.¥p,q + (_)D1 [Dy¥p, 5, \I/Dzﬁ}({,nﬁ),
(5P DD, W,y = (—)Pr PPz (Dn Dy Up, 5 + (=) [Dy Up, 4, \IIDlﬁ]g’nﬁ)

= (—)DHDﬁDlDQ{Dn (D2‘I’D1ﬁ = ()72 [py,a, ‘I’Dlﬁ]({/nﬁ) + [\PDzﬁan\I’Dlﬁ}n\pnﬁ}
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with the initial conditions ¥pgz[r = 0;¥] = 0 and ¥,p[r = 0; ¥] = 0. The minus sign
of the second equation comes from the ordering of D, and Dj in the definition of (4.3).
One can also check these satisfy (4.12) using (4.3) in the same manner as the NS sector:
the equation

Or Ty = [Dy D ¥, ‘I’nD]ﬁ + D0 Wyp — (—)DD Dy D5 ¥
= D;(0,yp + (D)W, Wyp]7 + DDy ) = [DyW, Dylyp — (~)PD W7

with J,,(0) = 0 provides J,,(7) = 0 for any 7. Likewise, we find J;(7) = 0 for any 7.

We can therefore obtain ¥,p and Vpj; satisfying (4.12) without using ¥p and (4.11).
When we start with ¥p and (4.6), does D, Up or D, ¥Up of (4.11) satisfy the above differen-
tial equation? The answer is yes; it gives correct solutions up to D, -exacts and Dj-exacts:

0

5= (Dy(7)¥plr: W)) = =D (D, Up) — [Dy¥, (D, Up)]§, _+ Dy[Dy¥, Up]},

Wiy nmn

Conversely, when we set D, A = W, p[¥] and start with these differential equations, can we
derive the fact that this A satisfies (4.6)7 The answer is again yes; we can re-derive (4.6)
up to Dy-exacts and Dj-exacts. Thus large and small associated fields both work well.

On the D,-exactness and Dj-exactness. We can only specify the large associated
(functional) field ¥p up to D,- and Dj-exact terms, and these ambiguities do not con-
tribute in the action. Therefore, in principle, one could set these any values by hand. We
have operators F'¢ and ﬁé defined by

n ~

F¢ = i [g(n — Dn)}ng, Fé= i [é(ﬁ — Dﬁ)} , (4.13)

which satisfy D, F§+F¢ D, =1 and Dj; FE+FE Dj; = 1, respectively.? See also [1, 17-19).
These F¢ and ﬁé consist of the pure-gauge-like (functional) field ¥, ;[¢] and operators L™,
L7, 5, 7, € and €. Using these pieces, one can construct ¥p[p] via U, plp] and ¥psle]
as follows,

Uply] = FEUp;lyp] = —FEW,p[y)].

This ¥p quickly satisfies (3.3), and thus, for example, one can check that (4.3) holds up to
D,-exacts and Dg-exacts in large-space parametrisation. Note that as well as that of the
NS sector, the form of F' or F is not unique. In the NS-NS sector, this type of ambiguities
of (4.13) can be crossed over between left-moving and right-moving sectors. Although F¢
and ﬁé do not exactly commute under the above choice of (4.13) and the equality holds
up to Dj-exacts or Dj-exacts, we can have the strict commutativity and equality, which
we see in the next section.

9Tf you prefer, you can use the coalgebraic notation: F&(A) = a[eG_l(q’"ﬁ) AT 6@71(6/\\1/"77 NA).
The author thanks to T.Erler for comments.
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5 Properties
Single functional form

As we found, two or more types of functional fields ¥, 5[], ¥p[p]| appear in the WZW-like
action (3.5). Their algebraic relations make computations easy, but, at the same time, give
constraints on these functional fields: the existence of many types of (functional) fields
satisfying constraint equations would complicate its gauge fixing problem. It is known that
in the NS sector, (alternative) WZW-like actions have single functional forms [19]. We
show as well as NS actions, our NS-NS action S,5[¢] has a single functional form which
consists of the single functional ¥,5[¢| and elementally operators. It may be helpful in the
gauge fixing problem.

Recall that in the left-and-right large Hilbert space H of the NS-NS sector, because of
néE+&n=1and ﬁé—l— gﬁ =1, the n-complex and 7-complex are both exact:

o H D e s L (exact), I VI Y N YRR N (exact).

Furthermore, since n7 +7n = 0, 77£N+£~17 =0,néE+€&En =0, and §£~—|—£~§ = 0 hold, we
have the direct sum decomposition of the large state space H as follows:

H=niHOnEHOTEH B EEH.

Likewise, the existence of (4.13) satisfying D, F€+ F& D, = 1 and Dy FE+ FE Dy = 1
implies that the both D,-complex and Dj-complex are also exact in this large state space H:

D D D D D; D; . D .. Dj
b= H S H 5 H —5 ... (exact), ...—H —H —SH ... (exact).

However, we saw (4.13) do not exactly commute each other. Does there exist a direct sum

decomposition using these exact sequences? To achieve this, we consider
> ~ ~ ~ o~ ~ ~
F=) [FEmF ' = F'D))"F, Fl'=ntF ' +¢F'D,.
n=0

One can quickly find that as well as (4.13), this 7 and its inverse F~! also provide
Dy=FnF~ ', Dj=FpF '
and it makes possible to have the following decompositions of the identity,
_ —1 _ i1

Dy Fe+FeDy=1, Dﬁfg—{—ngﬁ:l, (]:5:]:5.7: , fg:fff ).

Furthermore, now, these operators all are constructed from single F, we have
D, Dj + Dy Dy, = 0, Dﬂf§+‘F§DU =0, DjFe+ FeDj =0, fgfg—f-fgfg =0,

which give us the desired direct sum decomposition of the large state space H :

7‘[:DnDﬁH@anéﬂ@Dﬁng@ffféﬂ.
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Since QV,5 = DanDﬁFé(Q\Ilnﬁ) and DD, V; = 0;¥,, using this F, we find

1
Sulel= [ at(le(o]. QUple(t)
1
- /0 dt (00l (D], FeFe Q Wanlip(t)])- (5.1)

It consists of the single functional ¥,;[p] and elementary operators L7, L7, n, & 7, §~ , and
Q. One can also check that this (5.1) has topological ¢-dependence using (3.3) and the
commutation relation [D, F¢] = —F¢[D, D,|F§ + Dy, FED F¢].

Equivalence of two constructions

In section 4, we presented two constructions of the WZW-like action. We explain these two
actions are equivalent and derive a field redefinition connecting these. By construction, the
equivalence of S,;(®] and S,5[V] follows if we consider the identification

W[ @] = W[ 9] (5.2)

It is trivial from the fact that the WZW-like action (3.5) has the single functional form (5.1)
which consists of ¥,; and elementally operators. Since both actions have the same

WZW-like structure, one can impose this identification and solve it as a field relation.
See also [1, 19-22].

Field relation. Note that the identification of states (5.2) provides the identification of
their Fock spaces

6/\\1}7”7[@] o 6/\\117177[\14 ,
Under the identification (5.2), by acting 0;, we have
U, [®] = U, [¥] + D,-exacts + Dj-exacts. (5.3)

Note that these Dj-exact or Dj-exact term does not contribute in the action. We thus
consider

Uil Ol A, [0 ()] = Nl O A Uy [D(1)] = G <eA‘1>(t> A fé&@(t)).
The ambiguity appearing in (5.3) is completely absorbed into the gauge transformations:
5<6A\I/nf;[<ﬂ}) — A Tnilel /\555\117,77[@] — A Tnilel AéE(QA +D,Q+ D;,fl)
Since cohomomorphism G is invertible, we obtain the following field relation

1
d=—mni / dt G! (e/\‘l’nﬁ[‘l’(t)] A \Ift[\I'(t)])
0

1
—m / dtG’1<eA‘I’"ﬁ[‘I’(t)] A DﬁDn\I't[\I/(t)]) .
0
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By using the WZW-like relation (3.3), it reduces to the following expression
1 R
o =m / dtG™! (8t gA‘I’nﬁ[\I’(t)]> —mG! <6A‘Il,],7[\11]> 7
0

which can be directly derived from (5.2).

Relation to L, theory

We write ® for the small-space dynamical string field considered in section 4, and write
@’ for the dynamical string field of the Lo, action proposed in [2]. As well as @, this &’
belongs to the small Hilbert space: n®" = 0 and 77 @' = 0. Recall that using the small-space
dynamical string field ®, we constructed an action

S,ya[®] = / L (mG (géatcb(t) A eAq’“)), OmG <eA‘I><t>)> .
0

We will show that this S,,[®] is exactly off-shell equivalent to the L, action,

n

—
Sr.[® 7<§§(I>/ Q<I>I> + s Lpi1(®, ..., <I>/)> . (5.4)

Let ®'(¢t) be a path connecting ®'(0) = 0 and ®'(1) = @, where t € [0,1] is a real
parameter. We write Sy_ [®/(¢)] for the function given by replacing @’ of (5.4) with ®'(¢),
which satisfies Sp_ [®'(1)] = Sz [®'] and Sr_ [®'(0)] = S [0] = 0. Then, we have

1
SLOo / dt — SLoo ( )] = / dt <€fatq)/(t), 7_{_1LNS,NS e/\@'(t)> )
0
Using coalgebraic notation and LNSNS _ G- Q G we find
1 ~ / R R /
Sro.[2] = / at (m1 (£60,0'(1) A D), MG QG (D))
0

:/Oldt <ﬁ1@(§§~3t¢’/(t)/\e/@/(t))’ lef;(e/\@’(t)»_

In the second equality, we used the fact that Gisa cyclic Lyo-isomorphism compatible
with the BPZ inner product. This just gives one realization of our WZW-like action (3.5)
in small-space parametrisation. Hence, with the (trivial) identification of the string fields,

o =P,

we obtained a proof that the Lo, action Sz, [®] proposed in [2] is equivalent to our Sy;[®].
It implies that since S,;[¥] has the same WZW-like structure as S,;[®], WZW-like actions
Syi[®] and Sy;[¥] both are equivalent to that of Lo, formulation. See also [1, 22]
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WZW-like reconstruction of L, action. In the L., action, the L., triplet is given
by (n,7;LNSNS). We thus consider a functional ®,;[p] which satisfies two constraint
equations defined by n and 7,

m ("l

TN (eA(D”ﬁM)

[¢]
]

Il
3
S

i 0, (5.5a)
0.

o
o (5.5b)

Il
Al
;ST

I

n

By acting derivation D satisfying both [D,n] = 0 and [D,7] = 0 on these, we find
n(D®,;) = 0 and 7 (D®,;;) = 0. It implies that with some functional ®p[p], we have the
WZW-like relation,

(—)PD @,50¢] = —n i Py (5.6)

The existence of ®p is ensured because n-complex and 7-complex are both exact in the left-
and-right large Hilbert space. Using ®,5[¢], we can consider the Maurer-Cartan element
for the remaining Lo, products LNSNS

n

) =1
w1 LNSNS (e®ilel) = Q @, 2 [0] + Z ELn(q)nﬁ[ga] U SR
n=2

Note that there also exists an associated field ®[p] such that

7 LNSNS (A ®malely — i @[]

According to our recipe, utilizing these ingredients, we can construct a WZW-like action:!?

Srolel = /01 dt <‘I)t[<p(t)], T LNS,NS(6A¢UT~,[¢(,¢)])>

1
_ /O dt (Dyfo(1)), 07 ®Lp()]). (5.7)

One can check this action (5.7) has topological t-dependence and gauge invariance in the
WZW-like manner. In particular, since n and 77 are linear L, products, their shifted prod-
ucts are themselves. Thus, one can compute it with truncated versions of (3.11b) or (3.11a).
We notice that if we set ¢ = ® satisfying n ® = 1 ® = 0, it naturally induces a trivial form
of the functional, ®,;[®] = ®, because of the triviality of #- and 7-cohomology. Similarly,
if we use ¢ = W, it also implies ®,,[¥] = n7 ¥. While its small-space parametrisation is
just the Lo, action given by [2], its large-space parametrisation is just a trivial up-lift of
small-space one.

Off-shell duality of L., triplets. As we mentioned, when G is cyclic in the BPZ
inner product, (2.2) ensures not only the equivalence of Ly, triplets but also the off-shell

"The NS-NS actions given by [10, 12] also has this kind of WZW-like structure and WZW-like form of
the action. Its Loo triplet is quickly obtained by replacing LNSNS of (n,7n; LNS’NS) with the Lo products
appearing the action of [10, 12] because of their small-space constraints.
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equivalence of resultant WZW-like actions. To see this, it is useful to consider the Maurer-
Cartan-like element in the correlation function :

(Hl AL [ATTA.

(MCa(A)) =3

n=1

Note that the above sum starts from n = 1, namely, two-inputs is the lowest. In the
correlation function (...), the BPZ cyclic property of G is just (G(...)) = (...). We
thus obtain

(MCQ(A)) = (G- MCQ(A)) = (MCL(A)), (58)

where MCp(A’) is the Maurer-Cartan element for LNSN5 and A’ is a state satisfying dual
constraints for 4. Note that when the state A satisfies MCpa(A) = MCpi(A) = 0, the
state A’ satisfies MC,(A") = MCz(A") = 0.

Let us introduce a Grassmann variable ¢ satisfying (#)% = 0, and write A[p] = Ui 0]+
t U:[p]. Using a measure factor d = dt - 97, we can express the WZW-like action (3.5) as

Sui = [ d(MCo(A). (5.9)

which reminds us the Chern-Simons form and its geometrical quantity. Likewise, using
A'¢] = @pil] + £ Pe[e], the WZW-likely extended Lo action (5.7) can be written as

S, = / d(MCL(AY). (5.10)

Then, the equality (5.8) of the Maure-Cartan elements in the correlation function con-
cludes the off-shell equivalence between our WZW-like action (3.5) based on the Lo triplet
(L",L7;Q) and the (WZW-likely extended) L., action (5.7) based on the L triplet
(n,7; LNSNS) | Note that this off-shell equivalence does not necessitate detailed informa-
tion about dynamical string fields. It is a powerful and significant consequence of the
WZW-like structure.

Relation to the earlier WZW-like theory

The L triplet of the earlier WZW-like action is given by (L™NS, 4:n). In this WZW-like
NS-NS theory of [9], a solution of both Maurer-Cartan equations for L—NS and 7 plays
the most important role. We write ¢’ for a dynamical NS-NS string field and consider
a functional Gy, = G [¢] of this string field. Let G;, be a state which has ghost number
2, left-moving picture number 0, and right-moving picture number —1 state in the large

Hilbert space. When this Gj, satisfies

> 1
ngzlw[gh..,gh% =0, (5.11a)

nGrL =0, (5.11b)
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we call Gr, a pure-gauge-like (functional) field. Let D be a derivation operator of L—N%
and 7: namely DL™NS — (-)PL=ND = 0 and D# — (—)PA D = 0. For example, one
can take D = 7, 0y, and 6. Once the above pure-gauge-like (functional) field Gy, is given,
we consider

(—-)PDGL = —Qg, i1 ¥p, (5.12)

which we call the (earlier) WZW-like relation. Here, ¥y = ¥[¢'] is a functional of the
dynamical string field, which has the same ghost, left-moving-picture, and right-moving-
picture numbers as d. We call this W[¢'] satisfying (5.12) as an associated (functional)
field. Note that Qg,, the first Gp-shifted L—NS | satisfies Qg,n + 1Qg, = 0 because
of (5.11a) and (5.11b).

In [9], using these G1[¢'] and Up[p], a WZW-like action was given by

1
Sl] = /0 at (T, (1), G0 (1)])- (5.13)

We write W}[¢/(t)] for the associated field W[¢/(¢)] with D = 0;, and ¢/(t) is a path
connecting ¢'(0) = 0 and ¢'(1) = ¢', where t € [0,1] is a real parameter. While the
dynamical string field is taken ¢’ = ¥ in the left-and-right large Hilbert space in [9], if one
prefer, one can consider the small-space parametrisation. But now, we would like to focus
on its WZW-like structure.

By its construction, we notice that the situation is parallel to the NS sector of heterotic
string field theory [7]: unfortunately, as [23], we do not have exact off-shell equivalence at
all order but only have lower order equivalence. For example, by taking the following
nonlinear partially gauge-fixing condition on ¢’ = ¥’ with the small-space string field @,

T = 5{5@ + %gL;NS (€D, ®) + % <§L3’NS (Qe®,6®,®) + €L, N5 (X0, @, <1>)>
4 _ _ _
b (G (@605 (€0,)) + 16155 (60,61, 552, 2)

_ ggLQ_’NS (e, L, N5 (co, @)))} +...,

the action (5.13) reduces to the Lo, action based on their asymmetric construction of [2].
Hence, WZW-like actions (3.5) and (5.12) relate each other via field redefinitions, at least
lower order.

6 Conclusion

We presented that a triplet of mutually commutative Lo, products (L¢, L¢; LP) completely
determine the gauge structure of the WZW-like action. As we showed, every known NS-NS
superstring field theory [1, 2, 9, 10, 12] potentially have the following WZW-like structure
and WZW-like form of the action, which is one interesting result: by using two of it as
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constraint equations,

) 1,
7y L€ eMNVeelel — ELn(\Ifcg[go], s Wly)) =0, (6.1a)
n=1
. i 1 -
) ¢ e/\‘lfcc[@} = EL; (\ché[@L EEER) \ché[@]) = 0’ (6'1b)
n=1

and introducing a functional W z[¢] of some dynamical string field ¢ satisfying these con-
straints, we constructed a gauge-invariant WZW-like action for the NS-NS superstring field

theory,
Seel] = / 4 (MCpo(A)) = /0 "t ()], m L Va0 (6.2)
whose on-shell condition is given by the Maurer-Cartan element of the other L.,
) B (Wl Welgl) = 0. (6.3)

One can prove its gauge invariance using the functional W .:[¢] and algebraic relations
derived from the mutual commutativity of the L., triplet (L¢,L¢;LP),!! without using
details of the dynamical string field ¢. Since each know NS-NS action has its WZW-like
form, one can say that to study its L triplet is equivalent to know the gauge structure of
NS-NS superstring field theory. In this paper, we focused on two Lo, triplets (L7, L7; Q)
and (n,7n; LNS’NS) which provide the L, action of [2]. Particularly, we presented detailed
analysis of the former and proved their off-shell equivalence with several general or exact
results. We also discussed the relation to the earlier WZW-like action of [9]. We showed as
well as the WZW-like action of the NS sector, our WZW-like action of the NS-NS sector
has a single functional form, which may be a new approach to the gauge-fixing problem of
WZW-like theory.
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A General WZW-like action based on (L¢,L¢;LP)

In section 6, we gave the general WZW-like action based on a general L., triplet
(L¢,L¢;LP). In this appendix, we prove that the general WZW-like action,

1
Sezlp] = /0 dt (W[ p(t)], mLPe M Veele®])

1 As we found, in the NS-NS sector, one or two Lo, of the triplet becomes linear. However, in general,
all Lo of the triplet can be nonlinear: when we include the Ramond sectors, it will be the case, which
is expected from the result of [19]. Actually, with deep insights, one can find a pair of (nonlinear) A
products plays such a role in WZW-like actions for open superstring field theory including the NS and R
sectors [24].
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has topological parameter dependence: its variation is given by
8S.ale] = <@6[¢]’ mLpeA\Ifce[@b.

Then, because of the nilpotency of Lo, triplet (L€, L¢;LP), the general WZW-like action
is invariant under the gauge transformations generated by L¢, L¢, and L”,

Usl] = m LeeVeel?l A Q 4 my Lo Veel?l A Q) 4y TP Veclel A A

Since W.z[p] satisfies Maurer-Cartan equations LeeVeel¥] = 0 and Lée¥eel?l = 0| for
any coderivation D commuting with L¢ and L¢, we find

(-)PD L MNVeild]l = 1€ eNYeile] A D NVeel?] = (d =¢,é).
Hence, since n- and 7j-cohomology are trivial, there exist a state ¥ pp| such that
—D.D;¥plp] = —m LLENY<W A W) = mp (—)PDeNVeeldl

where we defined Dy A = —m L e/NVeelel A A (¢ = ¢, ¢), for brevity. This is the WZW-
like relation for a general Lo, triplet (L€, L¢;LP), which provides 6V, = —D.D:VUs,
OV, = —D.D;¥, , mLPe/Ys = DDV, , and so on. For two coderivations Dy and Ds
which are mutually commute with L¢ and L¢, we find
71 D1 Dy e/\‘I’ca[sﬂ'] =D, e/\‘Pca[sﬂ] A 7T1(—)D2LC L¢ (e/\‘l’céM AUp, [(,0])
= (—)P2m LELE Dy Veel?l A U, [ ]
= (—)D27T1Lc L¢ (e/\‘lfca[ﬂ AmD; (e/\‘I’ca[GD]) AU, [gD])
+ (_)Dzﬂch Lé (e/\\I/ga[SO] A mD; (eA‘llca[SD] A \I}D2 [@])) .

It gives general versions of other useful identities derived from the mutual commutativity of
coderivations, which are used in the variation of the action. For example, §(my LPe/\Ve?) =
mLP(e"Vee A 6W,z), (3.2), and (3.9). Using these, we find a half of the variation is

(U, 6(m LPeVee)) = (g, m LP (V2 A D.D; Ws)) = —(Us, DzDemy LP (e"Vee A T,))
= (Us, Oy (m LPe"Vee)) + (5, mLLE (e A D Dz¥rp A Ty)).
(A.1a)

We notice that these computation can be carried out by replacing Q V,; = D,D;Vg
of (3.11a) with mLPe’ ¥ = D.D;¥» . Likewise, after short computations, we find
(60, m LPeMVee) = —(Dz D5y, Upp)
= (0y(DzDeVs), Urp) + ( mLLE (e A D.Dz¥s AWy), Upp)
= —(0yWs, DD;¥ 1) — (Vs, mLLE (Ve A DD AWY)).
(A.1Db)

Note that this term can be also obtained by replacing ¥ of (3.11b) with ¥r» . Hence, we
obtain the desired result

5{W[p(t)], mLPe Veelb®ly = (A.1a) + (A.1b) = 8; (Wslpp(t)], m LPe N Vecle®l)
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We would like to emphasise that the S.:[p] gives a gauge invariant action for any
Loo triplet (L¢,L¢;LP) in the completely same way. In general, field redefinitions U
drastically change the string vertices and state space in highly nontrivial manner. In
terms of L, algebras, it is just described by an L., morphism between two L., triplets,
U : (L¢,L¢;LP) — (L¢, L% ;L”). Hence, the general WZW-like action S.z[¢] is covariant
under any string field redefinitions. Thus, as a gauge theory, it may capture general field
theoretical properties of superstrings.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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