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1 Introduction and summary

The Gross-Neveu (GN) model [1]

LGN = ψ̄i/∂ψ
i +

g

2
(ψ̄iψ

i)2 (1.1)

is a classic example of quantum field theory of interacting fermions. Here ψi, i = 1, . . . , Nf

denotes a collection of Nf Dirac fermions, so that the theory has a manifest U(Nf ) global

symmetry. When studied as a function of dimension d, there is evidence that the GN

model describes a unitary interacting CFT in 2 < d < 4, which corresponds to a non-

trivial UV fixed point of (1.1). Despite the fact that the quartic interaction is irrelevant,

the model is formally renormalizable in the framework of the 1/N expansion [2, 3], and

this approach can be used to compute various physical quantities at the interacting fixed

point as a function of d (with d = 3 being the physically interesting dimension), see [4] and

references therein for a comprehensive review. Another approach to the Gross-Neveu CFT

is the Wilson-Fisher ǫ-expansion: in d = 2 the four-fermi interaction is renormalizable,

and working in d = 2 + ǫ one finds UV fixed points which are weakly coupled for small
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ǫ. Critical exponents at these fixed points can be computed by usual perturbation theory

for finite Nf . In [5, 6], it was suggested that the fermionic CFT in 2 < d < 4 admits yet

another perturbative description near d = 4, in terms of the Gross-Neveu-Yukawa theory

LGNY =
1

2
(∂µσ)

2 + ψ̄i 6 ∂ψi + g1σψ̄iψ
i +

1

4!
g2σ

4 . (1.2)

Working in d = 4− ǫ, one finds stable IR fixed points for any Nf , and there is considerable

evidence that these fixed points correspond to the same CFT defined by the UV fixed

point of the GN model. The information from the various perturbative approaches to the

fermionic CFT can be used to obtain estimates for critical exponents and other physical

quantities in the physical dimension d = 3, see for instance [7–10].

When the interactions are turned off, the theory of Nf massless fermions defines a

unitary CFT in any dimension d. Being a free CFT, it enjoys an exact higher-spin (HS)

symmetry and corresponding exactly conserved currents of all spins which are constructed

from fermion bilinears. In general d, the spectrum of these currents is more involved than

that of the free scalar CFT. There are totally symmetric currents, but also currents in

mixed-symmetry representations of SO(d) that are obtained using the totally antisymmet-

ric products γν1...νk of gamma matrices. Their explicit construction will be discussed in

section 2 below. In the free CFT, all these currents are conserved; they have exact scal-

ing dimension ∆ = d − 2 + s, where s is the spin, and belong to short representations

of the conformal algebra. When interactions are turned on, the currents acquire anoma-

lous dimensions and are no-longer exactly conserved (except for the stress tensor or spin 1

currents corresponding to the global symmetry):

∂ · Js ∼ gKs−1 , (1.3)

where g is a parameter that controls the HS symmetry breaking. In the large N expansion

we have g ∼ 1/
√
N , and in the ǫ-expansion g is a power of ǫ, so that the HS symmetry is

weakly broken at large N or small ǫ. In the above equation, Ks−1 denotes an operator of

spin s − 1 and dimension d − 1 + s + O(g): this is the primary operator of the unbroken

theory (g = 0) which recombines with Js to form a long multiplet in the interacting theory.

As reviewed in section 3.1, the non-conservation equation (1.3) can be used to deduce the

anomalous dimensions of the broken currents to leading order in g, by computing correlators

in the unbroken theory [11, 12]. This method was applied recently in [13, 14] to the scalar

O(N) model in its large N and ǫ-expansions, and in [15] it was also used to extract the

1/N anomalous dimensions of HS currents in the bosonic and fermionic 3d Chern-Simons

vector models of [16, 17]. In this paper, we will apply the same method to the critical GN

model, both in the large N expansion for any d, and in the ǫ-expansions near d = 2 and

d = 4, and extract the anomalous dimensions of weakly broken currents to leading order.

At large N , we reproduce known results obtained long ago by diagrammatic methods [18].

In d = 2 + ǫ and d = 4 − ǫ, as far as we know, our results are new. In all cases, we find

precise matching of ǫ-expansions and large N (including the recent 1/N2 results of [19])

in their overlapping regime of validity, which provides a nice cross-check of the various

approaches to the interacting CFT.
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In the context of the AdS/CFT correspondence, the free fermionic CFTd (restricted to

its U(Nf ) singlet sector) should be holographically dual to the so-called “type B” higher-

spin gravity theory in AdSd+1, which includes towers of massless higher-spin gauge fields

in one-to-one correspondence with the conserved currents in the boundary CFTd.
1 In this

context, the critical Gross-Neveu CFT can be thought of as a “double-trace” deformation

of the free theory, and it follows from general arguments [25] that the AdS dual of the

UV fixed point should be the same higher-spin gravity theory, with the choice of alternate

boundary condition (∆ = 1 instead of ∆ = d − 1) on the bulk scalar field dual to the ψ̄ψ

operator, in analogy with the original conjecture [26] in the case of the O(N) model. With

alternate boundary conditions in the bulk, the higher-spin fields are expected to acquire

masses at loop level, corresponding to the fact that the anomalous dimensions start at

1/N -order on the CFT side. The role of the Higgs field in the bulk [27] is played by a

two-particle state with the appropriate quantum numbers, which should correspond to the

operator appearing on the right-hand side of the non-conservation equation (1.3). In the

large N CFT this operator is indeed of the double-trace type, and we will determine its

explicit form in section 3.2. Schematically,

∂ · Js ∼
1√
N

∑

s′<s

∂nB(s′,1)∂
mJ0 , (1.4)

where B(s,1) denotes the mixed-symmetry current in the representation [s, 1, 0 . . . , 0] (dual

to the corresponding mixed-symmetry field in the bulk), and J0 denotes the scalar operator

with ∆ = 1+O(1/N). In particular, this equation implies that the relevant bulk one-loop

diagrams responsible for the anomalous dimensions involve the cubic coupling of a totally

symmetric field, a mixed-symmetry field, and a scalar. It would be interesting to fix the

form of these couplings directly in the bulk. Note that in d = 3 the mixed-symmetry

fields are in fact related to the totally symmetric fields, due to γµν = iǫµνργρ, but this

is not so in general d, and it would be interesting to study more generally the 3-point

couplings involving mixed-symmetry fields in the bulk. Note also that (1.4) contains more

information than just the anomalous dimensions of Js: for instance, it implies that the 3-

point functions 〈Js(x)B(s′,1)(y)J0(z)〉 break the Js current conservation (for s > s′) already

at leading order in N .

The methods we use to fix the HS anomalous dimensions, based on the idea of multiplet

recombination, are closely related to the approach put forward in [28], see [29–38] for

subsequent related work. In this approach, the leading order anomalous dimensions of

various composite operators in the ǫ-expansion of O(N) or GN models were fixed using

conformal symmetry and the required form of multiplet recombination (essentially dictated

by the classical equations of motion) of the nearly free fields φ or ψ. In section 4.1, we

apply a similar approach to fix the scaling dimensions of some scalar composites in the

1Such type B theory is known at non-linear level only in the case of AdS4 in the form of Vasiliev

equations [20], see [21–23] for reviews with a focus on AdS/CFT applications. In general d, one can

construct the spectrum and free equations of motion of the bulk theory, and in principle reconstruct

interactions order by order in perturbation theory, but fully non-linear equations of motion of the Vasiliev

type [20, 24] are not known.
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critical GN model at large N , as well as in the GNY model in d = 4− ǫ. We also show how

similar methods can be used in the case of the large N expansion of the scalar O(N) model.

In particular, this appears to lead to a relatively simple derivation of the 1/N anomalous

dimension of the scalar singlet operator (with ∆ = 1+O(1/N) in GN and ∆ = 2+O(1/N)

in the O(N) model) compared to the traditional diagrammatic expansion (see e.g. [39–41]).

In section 4.2, we move on to study a different type of operators with spin, namely the

“double-trace” operators ∼ σ∂sσ built ouf of the scalar singlet σ ∼ ψ̄ψ. These operators

have twist 2+O(1/N) at large N , and for general d they are not almost conserved currents.2

We compute their anomalous dimensions in section 4.2 directly from Feynman diagrams

in 1/N perturbation theory. The general d result is given in (4.38), and in d = 3 it reads

∆σ∂sσ − s− 2∆σ =
32

π2(2s+ 1)

1

N
+O(1/N2) . (1.5)

From the AdS point of view, the anomalous dimension defined by the right-hand side

has the interpretation of the interaction energy associated to the two-particle state of

two bulk scalar fields with orbital angular momentum s. Perhaps surprisingly, we find

that this quantity is positive, corresponding to an effective repulsive interaction, for all

spins in 2 < d < 4.3 In section 4.2.1 we compare this result, as well as the one for the

analogous operators (with σ ∼ φ2) in the O(N) model [43], to the analytic bootstrap

analysis [44, 45] (see [46–55] for relevant related work) of the large spin expansion of the

anomalous dimensions of double-trace-like operators of the form O∂sO. The OPE data

needed for the bootstrap analysis is obtained in appendix A from that of the free theories

using the AdS/CFT dictionary for double-trace flows [25, 26]. We find that the σ∂sσ

anomalous dimensions in the GN and O(N) model can be exactly reproduced in the analytic

bootstrap approach, provided one suitably regulates the sum over the exchange of the

infinite tower of nearly conserved currents of all even spins. Even though the contribution

of each nearly conserved even spin current to the σ∂sσ anomalous dimension is negative,

the regularized sum over the HS tower appears to yield a final positive result in the GN

model in agreement with (1.5), and a vanishing result for the d = 3 O(N) model, in

agreement with [43] (see also [56]). More generally, the arbitrary d results can also be

reproduced in the same way. As a consistency check of the regularized sum over spins, we

also show that it correctly implies vanishing of the anomalous dimensions of the double-

trace operators in the free fermionic and scalar CFT in any d. Finally, in section 4.2.2 we

use the same analytic bootstrap approach to compute the anomalous dimensions of the

same type of double-trace operators in the bosonic and fermionic vector models coupled to

Chern-Simons gauge theory in d = 3 [16, 17], working to leading order in 1/N but exactly

in the ‘t Hooft coupling λ. In the CS-fermion model, the anomalous dimensions vanish to

the order 1/N for all λ, and in the CS-scalar model they are given by an expression that

2They become conserved in the d → 4 limit, where they correspond to one of the two towers of exactly

conserved HS operators in the GNY model (1.2) at the d = 4 trivial fixed point g1 = g2 = 0. The two

towers non-trivially mix in d = 4− ǫ, as explained in section 3.4.
3This result is not in violation of Nachtmann’s theorem [42], because in d < 4 the operators ∼ σ∂sσ are

not the leading twists in the σσ OPE, due to the presence of the nearly conserved HS currents with twist

d− 2 +O(1/N).

– 4 –
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smoothly interpolates between the free scalar at λ = 0 and the critical GN model at λ → 1,

in agreement with the conjectured 3d bosonization duality [57, 58].

2 Free fermions

Let us consider the free CFT of Nf massless Dirac fermions. For general d, the spectrum

of bilinear primary operators is more complicated than that of the free scalar CFT. In

addition to a tower of totally-symmetric conserved tensors Jµ1···µs , as in the free scalar

theory, and the scalar operator J0 = ψ̄ψ of dimension ∆ = d − 1, we have towers of

conserved tensors of mixed-symmetry Bµ1···µs,ν1···νk and a finite number of anti-symmetric

tensors Bν1···νk that are not conserved currents, see e.g. [59, 60].

2.1 Totally symmetric higher-spin currents

It is convenient to introduce an auxiliary null vector zµ in order to contract the indices of

a symmetric traceless tensor

Ĵs(x, z) = Jµ1...µs(x)z
µ1 . . . zµs . (2.1)

One may restore the explicit indices on the currents by acting with the differential operator

in z-space (sometimes called Thomas derivative) [12, 61–63]:

Dµ
z ≡

(

d

2
− 1

)

∂zµ + zν∂zν∂zµ − 1

2
zµ∂zν∂zν . (2.2)

The explicit form of the currents can be conveniently given as

(Ĵs)
i
j = fs(∂̂1, ∂̂2)ψ̄j(x1)γ̂ψ

i(x2)
∣

∣

∣

x1,2=x
, s ≥ 1 , (2.3)

where ∂̂1,2 ≡ z · ∂1,2, and fs(u, v) is a homogeneous function of total degree s − 1. Here

i, j = 1, . . . , Nf are the flavor indices, and we can of course decompose (Js)
i
j into the U(Nf )

singlet part, and the adjoint (traceless) currents (JA
s )ij ∼ ψ̄j ∂̂

s−1γ̂ψi − 1
Nf

δijψ̄∂̂
s−1γ̂ψ. In

the remaining of this section we will mostly omit flavor indices for simplicity.

Imposing the conservation condition ∂µD
µ
z Ĵs = 0 and using the free Dirac equation

one finds for fs(u, v):
(

d

2
(∂u + ∂v) + u∂2

u + v∂2
v

)

fs = 0 . (2.4)

The solution is given by

fs = (∂̂1 + ∂̂2)
s−1C

d/2−1/2
s−1

(

∂̂1 − ∂̂2

∂̂1 + ∂̂2

)

, (2.5)

which takes the same form as the free scalar CFT (see e.g. [13, 14]), up to the shifts

s → s− 1, d → d+ 2. Alternatively, we can obtain the same differential equation (2.4) by

imposing that (2.3) is a conformal primary (see e.g. [62]). Of course, these operators have

exact dimension ∆s = d− 2 + s in the free CFT.

– 5 –
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2.2 Mixed-symmetry currents

The currents constructed above are totally symmetric, corresponding to the representation

(s, 0, 0, . . .) of SO(d). In general dimension d, there also exist conserved tensor primaries

of the symmetry (s, 1, . . . , 1, 0, . . .), corresponding to the Young diagram

s

... (2.6)

All such mixed-symmetry currents can in principle be extracted from a simple generating

formula [60]

B̃ν1...νk(x) = ψ̄(x+ y)γν1...νkψ(x− y)
∣

∣

∣

y=0
, (2.7)

where γν1...νk ≡ γ[ν1 . . . γνk] is the totally anti-symmetrized product of γ-matrices. One

can easily show that it generates conserved currents except for the case of the totally

anti-symmetric primaries (1, . . . , 1)

ψ̄γν1...νkψ , k > 1 , (2.8)

which are not conserved and should be AdS/CFT dual to anti-symmetric massive fields.

However, the simple generating function (2.7), when expanded in y, does not give conformal

primaries, but a mixture with descendants (the expansion of (2.7) does not produce irre-

ducible tensors). To obtain the primary operators, let us look for the generating function

Bν1...νk =
∑

s

1

s!
Bµ1...µs,ν1...νkz

µ1 · · · zµs (2.9)

where, as for the totally symmetric tensors, we use a null polarization vector to contract

all the symmetric indices. The mixed-symmetry primaries have to obey a number of irre-

ducibility conditions:

B(µ1...µs,µs+1)ν1...νk = 0 , δρσBµ1...µs−2ρσ,ν1...νk = 0 , (2.10)

∂λBµ1...µs−2λ[ν0,ν1...νk] = 0 . (2.11)

Here symmetrization over all µ indices and anti-symmetrization over all ν indices is implied,

which is indicated by the brackets. The first condition imposes (s, 1, . . . , 1, 0, . . .) symmetry;

the second one tells that the tensor is traceless in all the indices provided the first condition

is satisfied; the third one implies that the divergence projected onto the (s−1, 1 . . . , 1, 0, . . .)

symmetry vanishes (there are two independent divergences: (s, 1, . . . , 1, 0, . . .) and (s −
1, 1, . . . , 1, 0, . . .) and only the latter is the primary that needs to be decoupled). The most

general ansatz for the generating function reads:4

Bν1...νk(∂̂i; z) = F1ψ̄(x1)γν1...νkρz
ρψ(x2) + F2ψ̄(x1)γ[ν1...νk−1

zνk]ψ(x2)+

+ F3∂[ν1ψ̄(x1)γν2...νk−1ρz
ρzνk]ψ(x2) + F4ψ̄(x1)γ[ν1...νk−2ρz

ρzνk−1
∂νk]ψ(x2) ,

(2.12)

4In principle, one can introduce auxiliary anti-commuting variables as to hide the ν indices and work

out the super-symmetric Thomas derivative. Fortunately we will need only the simplest mixed-symmetry

currents.
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where again anti-symmetrization over ν indices is implied. Functions F1,2,3,4 depend on

∂̂1,2. The usage of the null polarization vector zµ takes away the traces in the µ indices.

However, the trace with respect to one symmetric and one antisymmetric index δµν needs

to be subtracted by hand. Altogether, the Young, the conservation and the tracelessness

conditions, when expressed in terms of the generating function, give:

zρBρν1...νk−1
= 0 , ∂µD

µ
zD

z
[ν1

Bν2...νk+1] = 0 , Dµ
zBµν1...νk−1

= 0 , (2.13)

where in the second expression the anti-symmetrization over all ν’s is implied. The trace

with respect to z and a free index µ has to be taken with the help of the Thomas deriva-

tive (2.2).

In the following we would like to compute the anomalous dimensions of the totally-

symmetric higher-spin currents. The non-conservation operator of those, as will be shown

below, contains no more than two gamma-matrices. Therefore it will only involve the

simplest mixed-symmetry primaries with symmetry of the hook diagram

s . (2.14)

A simplification occurs in this case and only two terms of (2.12) survive

Bµ = F1ψ̄(x1)γµνz
νψ(x2) + F2ψ̄(x1)zµψ(x2) . (2.15)

The Young condition is trivial here and the conservation/tracelessness can be read from

∂µD
µ
zDz[ν1Bν2] = 0 , Dµ

zBµ = 0 . (2.16)

Solving these equations, we find that the result for the (s, 1) mixed-symmetry currents is

Bµ(x, z) = F1ψ̄(x1)γµνz
νψ(x2) + F2ψ̄(x1)zµψ(x2)

∣

∣

∣

x1,2=x
, (2.17)

F1 = (∂̂1 + ∂̂2)
s−1C

d/2−1/2
s−1 (w) , F2 = (∂̂1 + ∂̂2)

s−1C
d/2−1/2
s−2 (w) , (2.18)

where w = (∂̂1 − ∂̂2)/(∂̂1 + ∂̂2), and it is understood that x1,2 → x after taking all deriva-

tives. Let us give few examples. The s = 1 case is trivial — it is not a current:

Bµ = ψ̄γµνψz
ν . (2.19)

The simplest genuine mixed-symmetry current is (2, 1) (see also [60] for the index form):

Bµ = (d− 1)(∂̂1 − ∂̂2)ψ̄γµνz
νψ + (∂̂1 + ∂̂2)zµψ̄ψ . (2.20)

Note that while the divergence of the mixed-symmetry current ∂µBµµ2,...µs−1[ν0,ν1] that

has (s− 1, 1) symmetry does vanish, but the divergence with respect to the ν index is not

zero. It defines a descendant

∂νBν = Fd(∂̂1, ∂̂2)ψ̄ψ , (2.21)

Fd(u, v) = (v − u)(u+ v)s−1C
d/2−1/2
s−1

(

u− v

u+ v

)

+ (u+ v)sC
d/2−1/2
s−2

(

u− v

u+ v

)

, (2.22)

which will be shown below to naturally enter the non-conservation operator of totally

symmetric currents in the interacting CFT.
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2.3 Two-point functions

The two-point functions of the totally-symmetric currents can be computed as in [13,

14] by using the Schwinger representation for the two-point function 〈ψψ̄〉, which in our

conventions reads

〈ψi(x1)ψ̄j(x2)〉 = δij
Cψψ/x12

(x212)
∆ψ+

1

2

, Cψψ =
Γ
(

d
2

)

2πd/2
, (2.23)

so that we can write

〈ψ(x)ψ̄(0)〉 = −Γ (d/2− 1)

4πd/2
/∂

1

(x2)d/2−1
= −/∂

∫ ∞

0

dα

4πd/2
αd/2−2e−αx2

. (2.24)

Using this, one finds after integration over the Schwinger parameters

〈Js(x, z)Js(0, z)〉 = Css ×
(z · x)2s

(x2)d+2s−2
, (2.25)

Css = N
π2−2d+2s+1Γ(d+ s− 2)Γ(d+ 2s− 3)

πdΓ
(

d−1
2

)2
Γ(s)

, (2.26)

where N = Nf tr1 is the total number of fermion components. The non-singlet currents

have tr1 instead of N .

Also, we will need the two-point functions of the hook currents and their descen-

dants (2.21), which are given by a two-by-two matrix:
(

〈Bs
νη

νBs
µη

µ〉 〈∂νBs
νB

s
µη

µ〉
〈Bs

νη
ν∂µBs

µ〉 〈∂νBs
ν∂

µBs
µ〉

)

= NCs ×
(z · x)2s−2

(x2)d+2s−2
× (2.27)

×
(

η2(z · x)2 − 2(z · x)(η · x)(z · η) + (d+2s−4)
2(d+s−3)x

2(z · η)2 (z · x)(z · η) s(d−2)
d+s−3

(z · x)(z · η)−s(d−2)
d+s−3

2(d−2)s(d+2s−2)
d+s−3

(z·x)2
x2

)

,

where we introduced an additional vector ηµ to hide the index ν away. The overall factor

is the Cs, (2.26), from the two-point function of the symmetric currents.

2.4 Some OPE coefficients

It is in principle straightforward to work out 3-point (or higher) correlation functions by

similar methods. As an example, the 3-point function of the totally symmetric currents

and two fermions is found to be (omitting flavor indices for simplicity, and denoting by

α, β the spinor indices)

〈Js(x1, z)ψα(x2)ψ̄β(x3)〉 = C2
ψψCsψψ

(

/x12z · γ /x13
)α

β

(

z·x12

x2
12

− z·x13

x2
13

)s−1

xd12x
d
13

,

Csψψ =
(−1)s2s−1Γ

(

d
2 + s− 1

)

Γ(d+ s− 2)

Γ(d− 1)Γ
(

d
2

)

Γ(s)
,

(2.28)

and similarly one may derive the 3-point functions with mixed-symmetry operators. In the

following, we will also need the 3-point function of Js with two ∆ = d− 1 scalar bilinears.
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A short calculation using the Schwinger representation and the generating function for Js
yields

〈Js(x1, z)ψ̄ψ(x2)ψ̄ψ(x3)〉 = Cs00

(

z1·x13

x2
13

− z1·x12

x2
12

)s

xd12x
2(d−2+s)
13 x

2(d−2+s)
23

,

Cs00 = 2s−1NC3
ψψ(1 + (−1)s)

Γ
(

s+ d
2 − 1

)

Γ
(

d
2

)

Γ (d+ s− 2)

Γ (d− 1) Γ (s)
.

(2.29)

It is instructive to compare this result with the conformal block expansion of the 4-point

function of the ψ̄ψ operator. An explicit calculation yields

〈ψ̄ψ(x1)ψ̄ψ(x2)ψ̄ψ(x3)ψ̄ψ(x4)〉 = N2C4
ψψ

g(u, v)

(x212x
2
34)

d−1
, u =

x212x
2
34

x213x
2
24

, v =
x214x

2
23

x213x
2
24

,

g(u, v) = 1+ud−1+
(u

v

)d−1
+

1

N

(u

v

)d/2
(

u
d
2 −u

d
2
−1(1+v)+

(1−v)(1−v
d
2 )

u
−(1+v

d
2 )

)

(2.30)

The function g(u, v) has the conformal block expansion g(u, v) = 1+
∑

τ,ℓ aτ,ℓgτ,ℓ(u, v), with

τ = ∆ − ℓ the twist of the intermediate state, and aτ,ℓ are related to squares of the OPE

coefficients. In the limit u → 0, gτ,ℓ(u, v) reduces to the so-called collinear conformal blocks

gτ,ℓ(u, v) ≃ uτ/2
(

−1

2

)ℓ

(1− v)ℓ2F1

(τ

2
+ ℓ,

τ

2
+ ℓ, τ + 2ℓ; 1− v

)

. (2.31)

The term of order u(d−2)/2 in the small u expansion of (2.30) should be reproduced by the

sum over the exchanged conserved currents Js of all even spins, with τ = d− 2. Using the

OPE coefficients in Cs00, and as = C2
s00/(CssN

2C4
ψψ) (see the appendix), we have verified

that indeed

∑

ℓ

aℓ

(

−1

2

)ℓ

(1−v)ℓ2F1

(

d−2

2
+ℓ,

d−2

2
+ℓ, d−2+2ℓ; 1−v

)

=
1

N

1

vd/2
(1−v)(1−vd/2) .

(2.32)

3 Weakly broken currents in fermionic CFT

3.1 Generalities

In this section we review the derivation of the formula which relates the anomalous di-

mensions of operators in the conformal field theory to the two-point function of the corre-

sponding non-conservation operators [11, 12]. Let us begin by noticing that in an arbitrary

interacting theory, the operator ∂µD
µ
z no longer annihilates the currents (2.3), but instead

defines the non-conservation operator:

∂µD
µ
z Ĵs = K̂s−1 . (3.1)

Now recall that the two-point function a spin-s primary operator of dimension ∆s is fixed

by conformal invariance to be

〈Ĵs(x1, z1)Ĵs(x2, z2)〉 = Css

(

z1 · z2 − 2z1·x12z2·x12

x2
12

)s

(x212)
∆s

, (3.2)
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where z1, z2 are two polarization vectors. Writing ∆s = d − 2 + s + γs and taking the

divergence on x1 and x2 on both sides of this equation and setting z1 = z2, one may derive

the following formula for the anomalous dimension, valid to leading order in the breaking

parameter

γs = − 1

s(s+ d/2− 2)(s+ d/2− 1)(s+ d− 3)

(z · x)2〈K̂s−1(x, z)K̂s−1(0, z)〉0
〈Ĵs(x, z)Ĵs(0, z)〉0

, (3.3)

where the subscript ‘0’ means that the correlators are computed in the “unbroken” theory.

Although for simplicity we have omitted flavor indices, this formula applies in the same way

for singlet and non-singlet currents. In the following we will denote by γs the anomalous

dimension of the singlet currents, and γAs the one of the non-singlets (adjoint).

To derive the explicit formula for the non-conservation in the various models we con-

sider below, we act with an operator ∂µD
µ
z on the currents (2.3), which gives terms pro-

portional to the “descendant operators” ∂µψ̄γµ, /∂ψ and ∂2ψ̄, ∂2ψ, which are non-zero in

the interacting fermion theory:

∂µD
µ
z fs(∂̂1, ∂̂2)ψ̄(x1)γ̂ψ(x2) = (3.4)

=
[

/∂1qs(∂̂1, ∂̂2) + /∂2q̃s(∂̂1, ∂̂2) + γ̂∂2
1hs(∂̂1, ∂̂2) + γ̂∂2

2 h̃s(∂̂1, ∂̂2)
]

ψ̄(x1)ψ(x2) ,

qs(u, v) =

((

d

2
−1

)

fs+v(∂vfs−∂ufs)

)

, q̃s(u, v)=

((

d

2
−1

)

fs+u(∂ufs−∂vfs)

)

,

hs(u, v) =

(

d

2
∂ufs +

u− v

2
∂2
ufs + v∂uvfs

)

, (3.5)

h̃s(u, v) =

(

t
d

2
∂vfs +

v − u

2
∂2
vfs + u∂uvfs

)

Explicitly carrying out the differentiation and using recurrence relations for Gegenbauer

polynomials we may represent the functions introduced above as:

qs(u, v) ≡ qds (u, v)=(u+v)s−1

[(

d

2
−1

)

C
d/2−1/2
s−1

(u−v

u+v

)

− 2(d−1)v

u+v
C

d/2+1/2
s−2

(u−v

u+v

)

]

,

q̃s(u, v) = (−1)s−1qds (v, u),

hs(u, v) = (d− 1)qd+2
s−1 (u, v) , (3.6)

h̃s(u, v) = (d− 1)(−1)s−1qd+2
s−1 (v, u) .

3.2 Large N expansion

One begins with the action of the Gross-Neveu model

S =

∫

ddx

(

ψ̄/∂ψ +
1

2
(ψ̄ψ)2

)

(3.7)

and introduces the Hubbard-Stratanovich field σ as

S =

∫

ddx

(

ψ̄/∂ψ +
σ√
N

(ψ̄ψ)− 1

2
σ2

)

. (3.8)

The auxiliary field acquires an induced (non-local) kinetic term via fermion loops

Sσ = −1

2

∫

ddxddyσ(x)σ(y)〈 1√
N

ψ̄ψ(x)
1√
N

ψ̄ψ(y)〉0 +O(1/N) , (3.9)
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where we have dropped the quadratic term in (3.8) as it does not contribute in the UV

limit. Inverting the induced quadratic term, one finds the σ 2-point function to leading

order in 1/N to be

〈σ(x1)σ(x2)〉 =
Cσσ

x212
, Cσσ = −2(d− 2)Γ(d− 1) sin

(

πd
2

)

πΓ
(

d
2

)2 , (3.10)

so that σ ∼ ψ̄ψ is a scalar primary with ∆ = 1 +O(1/N) at the UV fixed point.

The anomalous dimensions of ψ and σ to leading order in the 1/N expansion are

well-known [40, 41, 64, 65]:5

∆ψ =
d− 1

2
− 1

N

(d− 2)Γ(d− 1) sin
(

πd
2

)

πdΓ
(

d
2

)2 , (3.11)

∆σ = 1 +
1

N

4Γ(d) sin
(

πd
2

)

πdΓ
(

d
2

)2 . (3.12)

Since ψ is a nearly free field at large N , the leading anomalous dimension of ψ can be

readily obtained using the equations of motion

/∂ψ = − 1√
N

ψσ , ∂µψ̄γµ = +
1√
N

ψ̄σ, (3.13)

in the spirit of [28], but with 1/N playing the role of the small parameter (a similar

calculation in the large N scalar CFT was carried out in [13, 14]). In the interacting

theory, the fermion ψ must have the two-point function

〈ψiψ̄j〉 = δij
Cψψ /x12

(x212)
∆ψ+

1

2

(3.14)

with ∆ψ = (d − 1)/2 + γψ. Applying the Dirac operators /∂1 and /∂2 on this two-point

function, one gets

/∂1/∂2〈ψiψ̄j〉 = −2γψ(d+ 2γψ)δ
i
j

Cψψ /x12

(x212)
∆ψ+

3

2

, (3.15)

which can be compared with the insertion of (3.13)

− 1

N
〈ψiσψ̄jσ〉 = − 1

N
Cσσδ

i
j

Cψψ /x12

(x212)
∆ψ+

3

2

. (3.16)

This yields to the leading order in 1/N :

γψ =
Cσσ

2dN
, (3.17)

which, using (3.10), can be seen to be in full agreement with (3.11). Interestingly, the

anomalous dimension of σ can also be reconstructed by using the equation of motion

method, by considering the 3-point function 〈ψψ̄σ〉. We will carry out this calculation in

5∆ψ is known up to 1/N3 [40, 65] and ∆σ up to 1/N2 [40, 64].
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section 4.1 below, and proceed here with the analysis of the weakly broken higher-spin

operators.

To find the non-conservation operator for the higher-spin currents, we need to plug the

equations of motion (3.13) into the master formula for the non-conservation operator (3.4).

As a result we find two type of terms: with two gamma-matrices and without gamma-

matrices:

Ks−1 =
1√
N

(

k1(∂i)ψ̄(x1)ψ(x2)σ(x3) + k2(∂i)ψ̄(x1)γµνψ(x2)∂
µ
3 z

νσ(x3)
)

(3.18)

where
k1 ≡

[

qds (∂̂1 + ∂̂3, ∂̂2) + (−1)sqds (∂̂2 + ∂̂3, ∂̂1)
]

+

+ (d− 1)∂̂3
[

qd+2
s−1 (∂̂1 + ∂̂3, ∂̂2) + (−1)sqd+2

s−1 (∂̂2 + ∂̂3, ∂̂1)
]

,

k2 ≡ (d− 1)
[

qd+2
s−1 (∂̂1 + ∂̂3, ∂̂2)− (−1)sqd+2

s−1 (∂̂2 + ∂̂3, ∂̂1)
]

.

(3.19)

The non-conservation operator Ks−1 must be a conformal primary of the unbroken theory6

In particular it should be possible to decompose it as

Ks−1 =
∑

a,c

Bs
a,c∂̂

a(Bs1
µ ∂µ

3 )∂̂
cσ +

∑

a,c

Cs
a,c∂̂

a(∂µBs1
µ )∂̂cσ +

∑

a,c

As
a,c∂̂

a(ψ̄ψ)∂̂cσδa+c,s−1 ,

(3.20)

where the summation range and the spin s1 of the operators Bs1
µ in the sums are fixed by

the spin and conformal dimension counting: s1 + a + c + 1 = s in the first two sums and

a+ c+ 1 = s in the last one.

First of all, we observe that we need the hook currents, i.e. the ones with (s, 1) sym-

metry, as these contain two gamma matrices while the usual totally-symmetric currents do

not contribute at all. It is also important to take the descendant ∂µBµ into account since

it does not vanish. The last terms involving the ψ̄ψ-singlet appears only in the case of

singlet currents of even spins. Note that at the large N UV fixed point, this term should

be projected out due to the σ equation of motion, which is formally ψ̄ψ = 0 (σ replaces

ψ̄ψ at the UV fixed point).

Taking notice that the γ-part of the non-conservation operator is exactly like in the

large-N bosonic model [13, 14], we immediately find

Bs
a,c = −2(a+ c+ 1)!(a+ c− ν − s+ 1)(a+ 2c+ 1− 2(s+ ν))!

a!c!(c+ 1)!(a+ c− 2(s+ ν))!
, (3.21)

which is assumed to vanish for a+ c even. The formula works both for even and odd spins.

Note that everything depends on s+ ν only (ν = (d− 3)/2). Analogously,

Cs
a,c =

2(a+ c+ 1)!(−a− c+ ν + s− 1)(a+ c− 2(ν + s) + 1)(a+ 2c− 2(ν + s))!

a!(c!)2(a+ c− s+ 1)(a+ c− 2(ν + s))!
,

which is assumed to vanish for a + c even or a + c > s − 2. The only new part is due to

the (ψ̄ψ)-terms

As
a,c =

(

ν + s
2

)2
(2ν + s− 1)!

(a+ 2ν + 1)!

4(−1)as ((1− s)a)
2

Γ(a+ 1)Γ(s)
, (3.22)

6This can be seen by acting with the special conformal generators on the non-conservation equation, see

for instance [17, 66].
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which is assumed to vanish for s odd or unless a+ c = s− 1. The fact that the decompo-

sition (3.20) is possible is a check of the non-conservation operator (3.18).

Examples. Let us consider a few explicit low spin examples. The first nontrivial example

is the spin-two singlet current, for which we find (omitting an overall factor)

Ks=2 ∼ (∂̂1 + ∂̂2 + (1− d)∂̂3)ψ̄ψσ = (∂(ψ̄ψ)σ + (1− d)(ψ̄ψ)∂σ) , (3.23)

which is conserved upon projecting out ψ̄ψ, the operator that is replaced by σ in the

large-N treatment. The spin-three non-conservation contains an anti-symmetric tensor:

Ks=3 = 2(∂̂1 − ∂̂2)(−∂̂1 − ∂̂2 + (d+ 1)∂3)ψ̄ψσ + (2(∂̂1 + ∂̂2))− d∂3)ψ̄γabψz
a∂bσ

= [dBa,u∂
u∂aσ − 2∂aBa,u∂

uσ − 2(d+ 1)∂uBa,u∂aσ + 2∂a∂
uBa,uσ] z

aza .

The spin-four non-conservation contains a genuine mixed-symmetry current:

Ks=4 = [5Baa,u∂
u∂aσ − 2∂aBaa,u∂

uσ − 6∂uBaa,u∂aσ + ∂a∂
uBaa,uσ] z

azaza

+

[

8

3
(ψ̄ψ)∂a∂a∂aσ − 12∂a(ψ̄ψ)∂a∂aσ + 8∂a∂a(ψ̄ψ)∂aσ − 2

3
∂a∂a∂a(ψ̄ψ)σ

]

zazaza

where the formula is written in d = 3 to simplify the coefficients and the last line displays

the contribution of the ψ̄ψ operator that needs to be dropped for the singlet currents. As

a result one sees the formula from [15, 57].

In principle, one can use the decomposition (3.20) to directly compute the two-point

function in (3.3) and thus the anomalous dimensions. However, the sums which appear are

quite involved to calculate, and in practice we find more convenient to compute 〈Ks−1Ks−1〉
directly in terms of the form (3.18). To do this, one can start with the Schwinger repre-

sentation (2.24). Note that, using this representation, we can trade derivatives at point 0

in (3.3) to x-derivatives by flipping their signs. The action of the projected derivatives on

the integral is trivial: ∂̂ne−αx2

= (−2αx̂)ne−αx2

since ∂̂x̂ = 0. Owing to this, the differ-

ential operators in the descendant are replaced with a polynomial in α parameters. The

derivatives which are not contracted with the null polarization vector require a bit more

work, but after some manipulations it is not difficult to see that the calculation eventually

reduces to evaluating some integrals over α parameters, which can be performed using the

properties of Gegenbauer polynomials. Following this procedure to compute 〈Ks−1Ks−1〉,
and using the master formula (3.3), we arrive at the following result

γAs = 2γψ

(

1− (d− 2)d

4(s+ d
2 − 2)(s+ d

2 − 1)

)

, (3.24)

which is valid for the non-singlet currents of all spins (and for odd spin singlets, which

coincide with odd spin non-singlets). To the best of our knowledge, this result was first

obtained in [18] (using a standard Feynman diagram approach).

For singlet currents of even spins, the above result is not correct, because one has to

subtract by hand the piece of the descendant (3.20) involving the scalar singlet ψ̄ψ, as
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explained above. Subtracting from (3.24) the contribution of the last term in (3.20)

∑

a,b

Aa,s−1−nAb,s−1−b(∂̂)
a+b(−1)b〈ψ̄ψψ̄ψ〉(∂̂)2(s−1)−a−b(−1)s−1−b〈σσ〉 (3.25)

we obtain the final result for even spin singlets:

γs = 2γψ

(

1− (d− 2)d

4(s+ d
2 − 2)(s+ d

2 − 1)
− Γ(d+ 1)Γ(s+ 1)

2(d− 1)(s+ d
2 − 2)(s+ d

2 − 1)Γ(d+ s− 3)

)

,

(3.26)

where the last term is due to the subtraction of (3.25). This result is again in agreement

with [18]. Interestingly, the structure of this result, as well as (3.24), is identical to the

ones in the critical large N scalar model [13, 14, 43, 67], up to overall factor of γψ replacing

γφ. In particular, note that the large spin expansion of (3.26) reads

γs = 2γψ

(

1− (d− 2)d

4

1

s2
− Γ (d+ 1)

2(d− 1)

1

sd−2
+ . . .

)

. (3.27)

The leading spin independent term agrees, of course, with the general expectation that

∆s ∼ 2∆ψ + s at large spin. Naively, following the arguments in [44, 45, 68], one might

have expected a term of order 1/s corresponding to the exchange of the scalar operator

σ with ∆ = 1 + O(1/N), however we see that such term is absent. Expanding at large

spin the recent 1/N2 result in [19], we find that the anomalous dimensions include terms

of order 1/sd−2, 1/s2, log(s)/sd−2 and log(s)/s2, but no terms of order 1/s. It would be

interesting to understand this by generalizing the analysis of [44, 45, 52], or the approach

of [53, 54], to the case of 4-point functions of fermionic operators.

3.3 Gross-Neveu in d = 2 + ǫ

The Gross-Neveu model in dimension d is defined by the action:

S =

∫

ddx

(

ψ̄/∂ψ +
1

2
g(ψ̄ψ)2

)

(3.28)

where ψ̄ψ ≡ ψ̄iψi and the action enjoys U(Nf )-symmetry. The one-loop results for the

β-function and the anomalous dimensions of the lowest lying operators ψ and ψ̄ψ are well

known (see e.g. [4] for a review):

β = ǫg − (N − 2)
g2

2π
+ . . . , g∗ =

2π

N − 2
ǫ , (3.29)

γψ =
N − 1

16π2
g2 =

N − 1

4(N − 2)2
ǫ2 , ∆ψ =

d− 1

2
+ γψ , (3.30)

γψ2 = − 1

2π
g = − ǫ

N − 2
, ∆φ = d− 1 + γψ2 . (3.31)

Note that N here is Nf tr1 the total number of the field components. The equations of

motion take the following form

/∂ψ = −gψ(ψ̄ψ) , ∂µψ̄γµ = +gψ̄(ψ̄ψ) . (3.32)
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Following similar methods as in [28], it is possible to use these equations to derive the

above anomalous dimensions, as well as the dimension of higher order composite scalar

operators [31, 32]. Here, we use a similar approach to fix the leading order anomalous

dimensions of the weakly broken higher-spin currents.

The calculation of the divergence of the currents follows similar steps as in the previous

sections. We find

Ks−1 = g
(

k1(∂i)ψ̄(x1)ψ(x2)ψ̄(x3)ψ(x4) + k2(∂i)ψ̄(x1)γµνψ(x2)(∂
µ
3 + ∂µ

4 )z
νψ̄(x3)ψ(x4)

)

(3.33)

where
k1 ≡

[

q2s(∂̂1 + ∂̂3 + ∂̂4, ∂̂2) + (−1)sq2s(∂̂2 + ∂̂3 + ∂̂4, ∂̂1)
]

+ ∂̂3
[

q4s−1(∂̂1 + ∂̂3 + ∂̂4, ∂̂2) + (−1)sq4s−1(∂̂2 + ∂̂3 + ∂̂4, ∂̂1)
]

,

k2 ≡
[

q4s−1(∂̂1 + ∂̂3 + ∂̂4, ∂̂2)− (−1)sq4s−1(∂̂2 + ∂̂3 + ∂̂4, ∂̂1)
]

.

(3.34)

To find the anomalous dimension according to the formula (3.3), we have to calculate a

two-point function of four fermionic operators at points x and 0. There are three different

ways to contract the spinor and U(Nf ) indices, pair by pair or “threading” through all 8

operators. The first diagram, obtained by contracting the first pair at point x with the

corresponding one at point 0, gives a contribution

Nǫ2

2(N − 2)2
. (3.35)

The second diagram is obtained by contracting the first pair at point x with the second

pair at point 0. It is non-zero only for even singlets and gives a contribution to γs

− 1 + (−1)s

2

Nǫ2

2(N − 2)2
. (3.36)

Finally, the third diagram is the one where spinor and U(Nf ) indices make a single loop

threading all 8 fermions, and yields a contribution

− 1− (−1)s

2

ǫ2

(N − 2)2
. (3.37)

Summing these results up we get for the non-singlets:

γAs =
Nǫ2

2(N − 2)2
, s even ,

γAs =
(N − 2)ǫ2

2(N − 2)2
=

ǫ2

2(N − 2)
, s > 1 odd ,

(3.38)

and γAs=1 = 0 in accordance with the exact U(Nf ) symmetry. For the even spin singlets,

we obtain7

γs = O(ǫ3) , s ≥ 2 even . (3.39)

7The result for odd spin singlets is the same as for odd spin non-singlets.
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Note that, to this order, all these results are independent of the spin (except for the

vanishing of γAs=1). One can check that they match precisely the expansion of the 1/N

values (3.24) and (3.26) near d = 2 + ǫ. Including also the recent 1/N2 results in [19], we

find that the 2 + ǫ expansion of the available large N results is

γAs>1 = ǫ2
(

1

2N
+

3 + (−1)s

2N2

)

+ ǫ3

(

1
s−s2

− 1

4N
+

1 + 2
s−s2

− 2(−1)s(ψ(s) + γ)

4N2

)

+O(ǫ4),

γs = ǫ3
(

4

s
− 4

s− 1
− 2 + 4(ψ(s) + γ)

)(

1

8N
+

3

8N2
+ . . .

)

+O(ǫ4) , s even ,

where ψ(s) is the digamma function and γ the Euler-Mascheroni constant. Note that to

leading order in ǫ these precisely agree with the results derived above. Note also that a

non-trivial spin dependence, including terms of order ∼ log(s) at large s, appears at the

next-to-leading order in the ǫ-expansion.

3.4 Gross-Neveu-Yukawa in d = 4 − ǫ

The Gross-Neveu-Yukawa (GNY) action is defined as:

S =

∫

ddx

(

ψ̄i(/∂ + g1σ)ψ
i +

1

2
(∂µσ)

2 +
g2
24

σ4

)

(3.40)

This model has a perturbative IR fixed point in d = 4− ǫ which is in the same universality

class as the UV fixed point of the GN model, and thus provides a different description

of the same interacting fermionic CFT [4–6]. The one-loop beta functions yield the fixed

point couplings

(g∗1)
2 =

16π2ǫ

N + 6
, g∗2 = 16π2Rǫ ,

R =
24N

(N + 6)[(N − 6) +
√
N2 + 132N + 36]

,
(3.41)

and the leading anomalous dimensions of ψ and σ are

γψ =
(g∗1)

2

32π2
=

ǫ

2(N + 6)
, (3.42)

γσ =
N(g∗1)

2

32π2
=

Nǫ

2(N + 6)
. (3.43)

The equations of motion are
/∂ψi = −g1σψ

i ,

∂2σ = g1ψ̄iψ
i +

g2
6
σ3 .

(3.44)

From the abstract CFT point of view, these equations describe the multiplet recombination

which makes ψ and σ into long representations of the conformal algebra with ∆ψ > (d−1)/2

and ∆σ > d/2− 1, and can be used to fix the leading order anomalous dimensions. Since

the ψ equation of motion formally coincides with the large-N equation (3.13), one arrives

at the same relation (3.17), with d = 4:

γψ =
1

8
Cσσ(g

∗
1)

2 =
(g∗1)

2

32π2
, (3.45)
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where we have used Cσσ = 1
4π2 , since σ is now a canonically normalized (near) free field. As

for the σ anomalous dimension, one can see that to leading order in the breaking parameter

we can neglect the σ3 term in (3.44), and by a calculation similar to the one in the scalar

φ4 theory [13, 14, 28], one finds (setting d = 4 which is appropriate to leading order):

γσ =
1

32Cσσ
(g∗1)

2x612〈ψ̄ψ(x1)ψ̄ψ(x2)〉0 , (3.46)

which yields

γσ =
NC2

ψψ(g
∗
1)

2

32Cσσ
=

N(g∗1)
2

32π2
, (3.47)

in agreement with (3.42). The relation between g∗1 and ǫ can also be reconstructed with-

out input from Feynman diagrams and beta functions by applying the equations of mo-

tion (3.44) to the 3-point function 〈ψψ̄σ〉, as will be explained in section 4.1 below.

Let us now turn to the weakly broken higher-spin currents of the model (focusing on the

totally symmetric operators only). By applying the general non conservation formula (3.4),

the divergence of the fermion bilinear currents (flavor indices omitted)

Ĵs,ψ = (∂̂1 + ∂̂2)
s−1C3/2

s

(

∂̂1 − ∂̂2

∂̂1 + ∂̂2

)

ψ̄(x1)γ̂ψ(x2)
∣

∣

∣

x1,x2→x
(3.48)

is found to be

K̂s−1,ψ = g1

(

k1(∂i)ψ̄(x1)ψ(x2)σ(x3) + k2(∂i)ψ̄(x1)γµνψ(x2)∂
µ
3 z

νσ(x3)
)

(3.49)

and is almost identical to the large-N limit, with k1 and k2 given now for d = 4 by

k1 ≡
[

q4s(∂̂1 + ∂̂3, ∂̂2) + (−1)sq4s(∂̂2 + ∂̂3, ∂̂1)
]

+

+ 3∂̂3
[

q6s−1(∂̂1 + ∂̂3, ∂̂2) + (−1)sq6s−1(∂̂2 + ∂̂3, ∂̂1)
]

,

k2 ≡ 3
[

q6s−1(∂̂1 + ∂̂3, ∂̂2)− (−1)sq6s−1(∂̂2 + ∂̂3, ∂̂1)
]

.

(3.50)

For the non-singlets and odd spin singlets, the fermionic bilinear currents do not mix with

other operators, so the calculation of the anomalous dimensions proceeds exactly as in the

1/N expansion, with Cσσ in the latter replaced now by 1
4π2 (g

∗
1)

2, and we find

γAs =
(g∗1)

2

16π2

(s− 1)(s+ 2)

s(s+ 1)
= 2γψ

(

1− 2

s(s+ 1)

)

. (3.51)

Note that this vanishes for s = 1, as it should. Expanding this result at large N to the

order 1/N2, we find agreement with both (3.24) and the result of [19]

γAs = ǫ

(

1

N
− 6

N2
+ . . .

)(

1− 2

s(s+ 1)

)

+O(ǫ2) . (3.52)

In the case of even spin singlets, a novelty compared to the large N calculation is the

appearance of mixing with the scalar bilinear higher-spin currents

Ĵs,σ = (∂̂1 + ∂̂2)
sC1/2

s

(

∂̂1 − ∂̂2

∂̂1 + ∂̂2

)

σ(x1)σ(x2)
∣

∣

∣

x1,x2→x
, s = 2, 4, 6, . . . (3.53)
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The divergence of these currents, which we denote K̂s−1,σ, has two pieces according to

equations of motion. However, to lowest order in ǫ we may ignore the piece coming with

g2 since g∗1 ∼ √
ǫ whereas g∗2 ∼ ǫ. To the lowest order, the descendant is then:

K̂s−1,σ = 2g1q
4
s(∂̂1 + ∂̂2, ∂̂3)ψ̄i(x1)ψ

i(x2)σ(x3) . (3.54)

It is evident that this term induces the mixing between the Ĵs,ψ and Ĵs,σ since there are

non-zero off-diagonal 2-point functions 〈K̂s−1,σK̂s−1,ψ〉.8 The calculation can be carried

out using the Schwinger representation of the propagator, and using (3.3) we find the

mixing matrix

(g∗1)
2

16π2





(s−1)(s+2)
s(s+1)

−2
√
N√

s(s+1)

−2
√
N√

s(s+1)
N



 . (3.55)

This leads to the anomalous dimensions:

γ±s =
g21

16π2

−2 + (N + 1)s(1 + s)±
√

4 + s(1 + s)(−4 + 20N + (N − 1)2s+ (N − 1)2s2)

2s(1 + s)
(3.56)

The eigenvalue γ−s corresponds to the tower of weakly broken currents with twist near

d − 2 which is present in the large N treatment of the CFT. Indeed, one may check that

γ−s=2 = 0, indicating that the corresponding eigenstate is the conserved stress tensor of the

CFT. The large N expansion of the anomalous dimensions reads

γ−s =
ǫ

N

(s− 2)(s+ 3)

s(s+ 1)
− 2ǫ

N2

(s− 2)(s+ 3)(3s2 + 3s+ 2)

s2(s+ 1)2
+ . . . , (3.57)

which again agrees with the expansion around d = 4− ǫ of the 1/N value (3.26) and 1/N2

results from [19].

The second eigenvalue γ+s should instead correspond in the large N approach to the

“double-trace” operators σ∂sσ ∼ (ψ̄ψ)∂s(ψ̄ψ). This is suggested by expanding (3.56) at

large N , which yields

∆+ = d− 2 + s+ γ+s = 2 + s− 2
ǫ

N

3s2 + 3s− 2

s(1 + s)
+O(1/N2) , (3.58)

corresponding to an operator with twist 2 + O(1/N). In section 4.2, we will compute

the scaling dimensions of the σ∂sσ operators in the large N theory as a function of d, and

explicitly verify agreement with (3.58). This provides a non-trivial test of the identification

of the IR fixed point of the GNY model with the UV fixed point of the GN model.

Let us also give the large spin expansion of the anomalous dimensions (3.56). Writing

the result in terms of γψ and γσ, we find

γ−s = 2γψ

(

1− 6N − 2

(N − 1)s2
+

6N − 2

(N − 1)s3
+ . . .

)

,

γ+s = 2γσ

(

1 +
4

(N − 1)s2
− 4

(N − 1)s3
+ . . .

)

.

(3.59)

8A similar mixing of two towers of nearly conserved higher-spin currents takes place in the cubic O(N)

scalar field theory in d = 6− ǫ [14].
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Note the absence of 1/s terms, as observed above in the large N results.

The case N = 1 is special and deserves a separate comment. Since N = Nf tr1, this

corresponds to a formal analytic continuation which should yield a CFT with a single 2-

component Majorana fermion in d = 3. It has been argued that the IR fixed point in this

case displays emergent supersymmetry [10, 69–73]. Indeed, we can see that for N = 1 the

dimension of σ and ψ in (3.42) coincide. Further checks, including higher orders in the

ǫ-expansion, can be found in [10]. Note that for N = 1 the square roots in (3.56) simplify,

and we get the results

γ−s = 2γψ

(

1− 2

s

)

, γ+s = 2γψ

(

1 +
2

s+ 1

)

. (3.60)

It would be interesting to study the half-integer higher-spin operators ∼ σ∂s−1/2ψ, and

check how the operators organize into supersymmetric multiplets.

4 Composite operators in fermionic and scalar CFTs

In this section we will calculate the dimensions of various composite operators in fermionic

U(N) theories and also in the bosonic O(N) model. Mostly, we will be interested in the

large-N results for operators built from the auxiliary field σ: σ itself, σk and σ∂sσ.

4.1 Some scalar operators

Let us consider the traceless (adjoint) scalar operator (OA)ij = ψ̄jψ
i − δij

N ψ̄ψ in the large

N critical fermion theory. Its leading order anomalous dimension can be fixed by starting

with the 3-point function

〈ψi(x1)ψ̄j(x2)(O
A)lk(x3)〉 =

(

δljδ
i
k −

1

N
δijδ

l
k

)

CψψO /x13 /x23

x
2∆ψ−∆O+2
12 x∆O+1

13 x∆O+1
23

, (4.1)

where the structure on the right-hand side is completely fixed by conformal symmetry, for

general ∆ψ and ∆O. Acting with the Dirac operators /∂1/∂2 on the right-hand side, we find

(2∆ψ +∆O − d)(2∆ψ −∆O)

(

δljδ
i
k −

1

N
δijδ

l
k

)

CψψO
/x13 /x23

x
2∆ψ−∆O

12 x∆O+1
13 x∆O+1

23

+ . . . , (4.2)

where we have omitted terms proportional to the identity in the spinor space, which will not

play a role in the following leading order calculations. After writing ∆ψ = d/2− 1/2+ γψ,

∆O = d−1+γO, and expanding to leading order in the anomalous dimensions, the prefactor

above becomes

(d− 2)(2γψ − γO) (4.3)

and hence this correlator can be used to fix γO in terms of γψ. Indeed, inserting the equation

of motion /∂ψ = − σψ√
N

on the left-hand side of (4.1), we get, to leading order at large N

− 1

N
〈ψiσ(x1)ψ̄jσ(x2)(O

A)lk(x3)〉 = − 1

N
〈σ(x1)σ(x2)〉〈ψi(x1)ψ̄j(x2)(O

A)lk(x3)〉 =

= − 1

N

(

δljδ
i
k −

1

N
δijδ

l
k

)

CσσCψψO /x13 /x23

x212x
d
13x

d
23

.
(4.4)
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This gives:

γO = 2γψ +
Cσσ

N(d− 2)
=

4(d− 1)

d− 2
γψ . (4.5)

In d = 3, this agrees with the result obtained in [73] via a standard Feynman diagram cal-

culation. As far as we know, the general d result was not given elsewhere in the literature.

The same calculation can be applied in the case of the GNY model in d = 4− ǫ, where

following the similar steps we arrive at

γO = 2γψ + Cσσ
(g∗1)

2

d− 2
=

3ǫ

N + 6
. (4.6)

Analogously, we can fix the anomalous dimension of the scalar singlet σ starting from

the 3-point function

〈ψi(x1)ψ̄j(x2)σ(x3)〉 = δij
Cψψσ /x13 /x23

x
2∆ψ−∆σ

12 x∆σ+1
13 x∆σ+1

23

. (4.7)

Direct application of two Dirac operators yields

(d− 2)(2γψ + γσ)δ
i
j

Cψψσ /x13 /x23

xd12x
2
13x

2
23

+ . . . (4.8)

where we used the formula (4.2) with the O replaced by σ, together with the expansion

∆σ = 1 + γσ. Inserting equations of motion, one gets

− 1

N
〈ψiσ(x1)ψ̄jσ(x2)σ(x3)〉 = − 1

N
〈σ(x1)σ(x2)〉〈ψi(x1)ψ̄j(x2)σ(x3)〉+ . . .

= − 1

N

CσσCψψσ

xd12x
2
13x

2
23

+ . . . ,
(4.9)

where we used that the three-point function 〈σσσ〉 vanishes, and in the second step we

have selected only the relevant contraction that gives the tensor structure in (4.8). The

final result is then

γσ = −2γψ − Cσσ

N(d− 2)
= −4γψ

d− 1

d− 2
, (4.10)

which agrees with the result quoted earlier (3.11). It is interesting to repeat the above

calculation in the GNY model. Using (4.2) and ∆σ = d/2− 1+ γσ, to leading order in the

anomalous dimensions we find the relation

2
(

2γψ + γσ − ǫ

2

)

= −Cσσ(g
∗
1)

2 = − 1

4π2
(g∗1)

2 . (4.11)

Combining this with (3.45) and (3.47) obtained from the ψ and σ 2-point functions, we see

that we recover the correct fixed-point coupling given in (3.42).

It should be possible by similar methods to fix the scaling dimensions of higher order

composites of σ and ψ. We will not pursue this in detail here, and just use a shortcut

to obtain the result for a simple class of operators, namely the composites σk with twist

k + O(1/N) (see also [73] for this calculation in the case d = 3). We note that the

diagrammatic expansion suggests that, to leading order in 1/N , ∆σk is at most a quadratic
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function of k. More precisely, there are two diagrams, which connect the σ legs pair by

pair, so the k dependence for these is k(k − 1). There are also leg corrections, which go

like k. So, overall, we should have:

∆σk = k +
Ak2 +Bk

N
+O(1/N2) . (4.12)

We can then use the known results for k = 1 and k = 2 [41] to get:

∆σk = k +
2k(d− 1)(d(k − 1)− 2)

d− 2
γψ . (4.13)

Note that we may also write this result as

∆σk − k∆σ =
k(k − 1)

2

4d(d− 1)γψ
d− 2

=
k(k − 1)

2
(γσ2 − 2γσ) , (4.14)

where the right-hand side has the interpretation of interaction energy for the multi-particle

state in AdS which is dual to σk.

We may also apply the same method to the bosonic O(N) model in the 1/N expansion,

which can be developed using the action for the scalar field φi and the auxiliary field σ:

S =

∫

ddx

(

1

2
∂µφi∂

µφi +
1

2
√
N

σφiφi

)

. (4.15)

The σ field acquires an effective non-local propagator upon integrating out φi9

〈σ(x1)σ(x2)〉 =
Cσσ

(x212)
2
, Cσσ =

2d+2Γ(d2 − 1
2) sin(πd/2)

π
3

2Γ(d2 − 2)
, (4.16)

so that σ, which replaces the scalar operator φiφi, is a primary operator of dimension

2+O(1/N) at the interacting fixed point. Systematic perturbation theory can be developed

using this effective propagator, the canonical propagator for φi and the σφiφi vertex, with

1/
√
N playing the role of the coupling constant. The equation of motion for φ is

∂2φi =
1√
N

σφi (4.17)

can be used [13, 14] to readily derive the leading anomalous dimension of φ

γφ =
Cσσ

4Nd(d− 2)
+O(1/N2) . (4.18)

Similarly to the fermionic calculation above, we can fix the anomalous dimension of the

traceless scalar Oij = φ(iφj) − δij

N φ2. One can study the following three-point function

〈φi(x1)φ
j(x2)O

kl(x3)〉 =
(

δikδjl + δilδjk − 2

N
δijδkl

)

CφφO

x
2∆φ−∆O

12 x∆O
13 x∆O

23

(4.19)

9The quadratic term in the resulting σ effective action is just proportional to the two-point function

〈φiφi(x)φjφj(y)〉0 in the free theory. The σ propagator can be obtained by Fourier transforming to mo-

mentum space, inverting, and transforming back to x-space.
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as constrained by the conformal symmetry. The dimensions of operators are power series

in 1/N : ∆φ = d/2−1+γφ, ∆O = d−2+γO. One can then act on this three-point function

with the Laplacians �1 and �2 at points 1 and 2 respectively. Explicit differentiation gives,

to the leading order in 1/N :

2(d− 2)(d− 4)(2γφ − γO)

(

δikδjl + δilδjk − 2

N
δijδkl

)

CφφO

x412x
d−2
13 xd−2

23

, (4.20)

where we replaced the dimensions of the operators with the tree-level values where possible.

Now, inserting the equation of motion (4.17) in the correlation function, we get

1

N
〈σφi(x1)σφ

j(x2)O
kl(x3)〉 =

1

N
〈σ(x1)σ(x2)〉〈φi(x1)φ

j(x2)O
kl(x3)〉

=
1

N

(

δikδjl + δilδjk − 2

N
δijδkl

)

CσσCφφO

x412x
d−2
13 xd−2

23

(4.21)

and so to the lowest order in 1/N we obtain:

γO = 2γφ − Cσσ

2N(d− 2)(d− 4)
= − 8γφ

d− 4
= −2dΓ

(

d−1
2

)

sin
(

πd
2

)

π
3

2Γ
(

d
2 + 1

)

. (4.22)

Now the calculation for the σ operator is slightly more complicated although the general

idea is the same. We begin with the three-point function:

〈φi(x1)φ
j(x2)σ(x3)〉 = δij

Cφφσ

x
2∆φ−∆σ

12 x∆σ
13 x∆σ

23

. (4.23)

Expanding ∆σ = 2 + γσ, and acting with the operators �1 and �2 gives:

2δij(d− 2)(d− 4)(γσ + 2γφ)
Cφφσ

xd12x
2
13x

2
23

+ . . . , (4.24)

where we omitted two other terms which do not contain γσ, and have a different coordinate

dependence. Inserting the equations of motion and working to leading order at large N ,

we get:

1

N
〈σφi(x1)σφ

j(x2)σ(x3)〉

=
1

N

(

〈σ(x1)σ(x2)〉〈φi(x1)φ
j(x2)σ(x3)〉+ 〈φi(x1)φ

j(x2)〉〈σ(x1)σ(x2)σ(x3)〉+ . . .
)

=
1

N

(CσσCφφσ + CφφCσσσ)

xd12x
2
13x

2
23

+ . . . ,

(4.25)

where we have only kept the relevant structures that match (4.24). Comparing the two

results, we obtain the relation

γσ = −2γφ +

(

Cσσ +
CφφCσσσ

Cφφσ

)

1

2N(d− 2)(d− 4)
, (4.26)
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where Cσσσ and Cφφσ are the 3-point function coefficients, which both start at order 1/N .

Their ratio is known to be, to leading order at large N [74]

Cσσσ

Cφφσ
=

2(d− 3)Cσσ

Cφφ
, (4.27)

so finally we find

γσ = −2γφ + (Cσσ + 2(d− 3)Cσσ)
1

2N(d− 2)(d− 4)
=

4(d− 1)(d− 2)

d− 4
γφ , (4.28)

which is the correct result [39].

The result for σk operators for arbitrary k was obtained in [43], and is again constrained

to be a quadratic function of k to leading order in 1/N . It reads

∆σk = 2k +
2k(d− 1)((k − 1)d2 + d+ 4− 3kd)

d− 4
γφ +O(1/N2) . (4.29)

We can also express this result in terms of “binding energies”

∆σk − k∆σ =
k(k − 1)

2

4d(d− 1)(d− 3)γφ
4− d

=
k(k − 1)

2
(γσ2 − 2γσ) . (4.30)

Quite interestingly, these vanish in d = 3, so that ∆σk = 2k + kγσ = k∆σ, as pointed out

in [56]. In other words, from a bulk point of view, the interaction energy of the k-particle

states of the AdS scalar field appear to vanish to leading order in 1/N in the special case

d = 3. We will comment on this further below.

4.2 Spinning double-trace operators

In this section we turn our attention to the spinning operators constructed from the σ fields,

σ∂sσ in the bosonic O(N) model and the large-N Gross-Neveu model. The anomalous

dimensions of σ∂sσ and many other operators in the critical vector model were computed

by Lang and Ruhl in [43]. Analogous results for the GN model are not available to the

best of our knowledge. While an extensive discussion of the GN model can be found in

many places, see e.g. [40, 64, 75], we will follow the conventions used in [19] and collect

below only the necessary ingredients. The momentum space propagators for ψ and σ are:

Dψ =
/p

p2
, Dσ =

C̃σσ

(p2)d/2−1+δ
, C̃σσ = − 2dπd/2Γ(d− 1)

Γ
(

1− d
2

)

Γ
(

d
2

)2 , (4.31)

where δ is a regulator and the only interaction vertex is 1√
N
ψ̄ψσ. Let us write the full

conformal dimension of Os ∼ σ∂sσ as

∆σ∂sσ = 2∆σ + s+ γs = 2 + s+ 2γσ + γs . (4.32)

Note that in this and in the next subsection we adopt this definition of γs, which is naturally

interpreted as an interaction energy from AdS point of view.

The anomalous dimensions can be extracted by computing the 3-point functions

〈Osσσ〉. This is most conveniently done in momentum space, and it is sufficient to set
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Figure 1. Diagrams contributing to the anomalous dimension of σ∂sσ to order 1/N .

the momentum of the operator Os to zero. There are two diagrams, given in figure 1, that

contribute to the γs defined in (4.32) (the leg corrections only affect γσ), where the blob

corresponds to the operator insertion. Up to C̃σσ factors the integrals that correspond to

these diagrams are, denoting by l the external momentum of the σ legs:

I1 =

∫

ddp

(2π)d

∫

ddq

(2π)d
(z · q)str[/p(/p− /q)/p(/p− /l)]

(q2)d−2+2δ(p− q)2(p− l)2(p2)2
(4.33)

I2 =

∫

ddp

(2π)d

∫

ddq

(2π)d
(z · q)s

(q2)d−2+2δ

tr[/p(/p+ /q)(/p+ /q − /l)(/p− /l)]

p2(p− l)2(p+ q)2(p+ q − l)2
, (4.34)

where, as usual, we conveniently take z to be null, z2 = 0. The anomalous dimensions are

related to the 1/δ poles of these integrals. The second integral can be simplified by using

tr[/p(/p+ /q)(/p+ /q − /l)(/p− /l)] =
1

2

[

(p− l)2(p+ q)2 + (p+ q − l)2p2 − l2q2
]

(4.35)

and dropping the last term as it does not contribute to the divergent part. The integrals

are then standard and can be done with the help of

∫

ddq

(2π)d
(z · q)s

q2a(q − p)2b
=

Γ(d/2− b)Γ(a+ b− d/2)Γ(−a+ s+ d/2)(z · p)s
(4π)d/2Γ(a)Γ(b)Γ(−a− b+ s+ d)(p2)a+b−d/2

(4.36)

and similar formulae. The final results are:

γs=0 =
4(d− 1)d

d− 2
γψ , (4.37)

γs>0 = −2γσ
2d sin

(

πd
2

)

Γ
(

d
2

)2

π(d− 1)(d− 2)(d− 4)

Γ
(

s+ 2− d
2

)

Γ
(

s+ d
2

) . (4.38)

Note that the s = 0 result is not related to the s → 0 limit of the non-zero spin result.

This is because the residue of the 1/δ-pole happens to be discontinuous at s = 0. As far

as we know, the general spin result was not derived earlier in the literature. As a check,

we note that using the known anomalous dimensions of σ and σ2 [41]

γσ = −4(d− 1)

d− 2
γψ , γσ2 = 4(d− 1)γψ , γσ2 − 2γσ =

4(d− 1)d

d− 2
γψ , (4.39)
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we find agreement between γs=0 and the last expression in the above equation. A non-

trivial consistency check of the result (4.38) is the comparison with the 4− ǫ expansion of

the GNY model. Indeed, expanding (4.38) in d = 4− ǫ, we find

(2γσ + γs)
∣

∣

∣

d=4−ǫ
= −2

(

3s2 + 3s− 2
)

ǫ

s(s+ 1)
+O(ǫ4) , (4.40)

which precisely agrees with (3.58).

From (4.38), we can extract the large spin behavior of the anomalous dimensions

γs =
16 sin2

(

πd
2

)

Γ(d− 2)

π2(4− d)

1

sd−2
+ . . . , (4.41)

suggesting that the leading term is due to the exchange of a tower of operators with twist

d− 2, i.e. the nearly conserved currents of the model at large N . We will comment further

on this in the next subsection.

4.2.1 Comparison to analytic bootstrap approach

Let us discuss the relation of the results of the previous subsection to the general predic-

tions [44, 45, 52] for the anomalous dimensions of double trace operators O∂sO, where O is

a scalar primary of dimension ∆. One matches the anomalous dimension of the O∂sO op-

erators exchanged in the “s-channel” of the four-point function 〈OOOO〉 to the “t-channel”

exchange of low-twist operators and their descendants. The expansion organizes itself as a

function of conformal spin [47]:

J2 = (∆ + s+ γs/2)(∆ + s+ γs/2− 1) . (4.42)

The contribution of the operator with spin l and twist τ exchanged in the t-channel is then:

γJ(τ, l) = −c0(τ, l)

Jτ

(

1 +
∞
∑

k=1

ck
J2k

)

, (4.43)

where the coefficient c0 controlling the leading term in the large spin expansion is known

from [44, 45]:

c0(τ, l) =
C2
OOOτ

COτOτC
2
OO

(−1)lΓ(τ + 2l)Γ2(∆)

2l−1Γ2(∆− τ
2 )Γ

2(l + τ
2 )

. (4.44)

In our case, O = σ and ∆ = 1 + O(1/N), and to leading order in 1/N we can

study the exchange of the following operators in the t-channel: σ, the tower σ∂lσ of twist

2 + O(1/N), and the fermionic higher-spin currents ψ̄γ̂∂̂l−1ψ of twist d − 2 + O(1/N).

Now the contribution of the σ operator vanishes since the three-point function 〈σσσ〉 = 0

identically in the fermion model due to the parity symmetry. Further, we note that the

σ∂lσ would contribute to (4.44) only at the order 1/N2, since at tree level ∆ = 1, τ = 2

and we would have hit Γ2(0) in the denominator, which gets resolved by expanding all the

dimensions to the first order in 1/N .

Hence, the exchange of the higher-spin currents of the form ψ̄γ̂∂̂l−1ψ should be what

reproduces the answer for the anomalous dimensions (4.38). The relevant OPE coefficients
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that appear in (4.44) are explicitly computed in appendix A as a function of the spin of

the exchanged operator l and are of order 1/N . This is sufficient to reproduce the leading

large spin term in the anomalous dimensions. In [52], it has been shown how to sum

the contributions of the descendants in (4.43) for the exchanged operator with a twist

d − 2, which is the case at hand, and obtain the finite spin dependence of the anomalous

dimensions. The result is

γs(l) = −c0(d− 2, l)
Γ(s+ 1)Γ(2∆ + s− d

2)

Γ(s+ d
2)Γ(2∆ + s− 1)

. (4.45)

Notice that in our case ∆ = 1 is the tree-level dimension of the σ operator, and we have

to sum over the spin l of the exchanged tower. Using (4.44) and the coefficient acr.F,s
from (A.9), the sum we need to perform is:

∞
∑

l=2,4,6,...

16(2l + d− 3) sin2(dπ2 )Γ2(d− 2)Γ(l)

π2Γ(l + d− 2)
=

16 sin2(dπ2 )Γ(d− 2)

(d− 4)π2
. (4.46)

Note that this sum is power-like divergent for d < 4, and we have evaluated it by an-

alytic continuation in d, as usual in dimensional regularization. Putting it all together

using (4.45), we arrive at the same result (4.38), in a slightly different form:

γs = −16 sin2(dπ2 )Γ(d− 2)Γ(s+ 2− d
2)

N(d− 4)π2Γ(s+ d
2)

. (4.47)

In particular, in d = 3 we obtain

γs =
32

π2(2s+ 1)

1

N
+O(1/N2) . (4.48)

Note that the anomalous dimensions are positive in 2 < d < 4 for all spins. This may seem

surprising, since each even spin field exchange contributes, according to (4.43)–(4.44), a

negative amount to the anomalous dimensions (from AdS point of view, we expect attrac-

tive interactions due to each even spin l). However, the infinite sum in (4.46) is divergent,

and its regularization appears to yield a positive final result. The fact that this procedure

gives exact agreement with the direct diagrammatic calculation of the previous subsection

is a good check that the regularization of the sum makes sense.

Let us also include here some results for these operators in the scalar theory. The 1/N

result for γs has been obtained by Lang and Ruhl [43], and takes the form

γs = −2γσ
d(d− 3)

(d− 1)(d− 2)(d− 4)(s+ 1)(s+ 2)

(

d2 − 5d+ 6− 2Γ(d2)Γ(s− d
2 + 4)

Γ(4− d
2)Γ(

d
2 + s)

)

,

(4.49)

with γσ given in (4.28). Note that in d = 3 both of the spin-dependent contributions

vanish, and the function (4.49) just reduces to 2γσ, so that ∆σ∂sσ = 2∆σ + s in d = 3.

In other words, the “binding energy” of the corresponding two-particle state in the AdS4

dual theory vanish, similarly to what observed earlier for the σk operators. In the range
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2 < d < 6 where the scalar CFT is unitary, we note that that the anomalous dimensions

are positive in 3 < d < 4, and negative in 2 < d < 3 and 4 < d < 6.10 In general d, the

result (4.49) has the large spin expansion

γs = − 1

s2
2d(d− 3)3(d− 2) sin

(

πd
2

)

Γ
(

d−3
2

)

Nπ3/2(d− 4)Γ
(

d
2

) − 1

sd−2

128(d− 3) sin2
(

πd
2

)

Γ(d− 2)

Nπ2(d− 6)(d− 4)2
. (4.50)

Again, in light of the results of [44, 45, 52], we clearly see two different contributions in the

t-channel accounting for this behavior: the exchange of σ operator with twist 2, producing

the 1/s2, and the exchange of the higher spin tower φ∂lφ, accounting for the 1/sd−2. We

can reproduce the full spin dependence of the contribution generated by the higher-spin

tower by taking ∆ = 2 in (4.45) and using the bosonic OPE coefficients from (A.9):

Γ
(

s− d
2 + 4

)

(s+ 1)(s+ 2)Γ
(

s+ d
2

)

∞
∑

l=2,4,6,...

64(2l + d− 3) sin2(dπ2 )Γ2(d− 2)Γ(l + 1)

π2(d− 4)2Γ(l + d− 3)
=

=
128(d− 3) sin2(dπ2 )Γ(d− 2)

(d− 4)2(d− 6)π2

Γ(s− d
2 + 4)

(s+ 1)(s+ 2)Γ(s+ d
2)

, (4.51)

where we have again regularized the sum by analytic continuation. This is exactly equal to

the last term in the expression (4.49). The other contribution in (4.49), which is responsible

for the 1/s2 term in (4.50) at large spin, can be reproduced by using the known three-point

function coefficients 〈σσσ〉 [74]:

C2
σσσ

C3
σσ

=
1

N

8(d− 3)2Γ(d− 2)

Γ(3− d
2)Γ

3(d2 − 1)
. (4.52)

Plugging this into (4.44), we see that the resulting factor precisely agrees with the first

term in (4.50). Remarkably, the full spin dependence can also be reconstructed in this

case. This is because, for the special value ∆ = τ = 2, it follows from the analysis of [52]

that all higher order coefficients ck in (4.43) vanish, and the finite spin answer is simply

obtained from (4.50) by replacing 1/s2 with 1/J2 = 1/(s+ 1)(s+ 2).

It is interesting to compare the above calculation to the case of the free fermionic and

bosonic vector models. In the free CFT, we of course expect no anomalous dimensions for

the double trace operators ∼ ψ̄ψ∂sψ̄ψ and ∼ φ2∂sφ2. But formally we can still apply the

above analytic bootstrap results, and we would then expect to recover the vanishing of the

anomalous dimensions from the sum over the infinite tower in the crossed channel. From a

bulk point of view, this would correspond to computing the tree level 4-point functions of

the bulk scalar, reading off the contribution to the binding energies of each diagram with a

higher spin exchange (as well as the quartic scalar vertex), and summing up over all spins.11

In the free fermion theory, using (4.44) and the OPE coefficients in A.3, we encounter the

10The negativity in 4 < d < 6 is consistent with Nachtmann theorem [42], since in this range the operators

∼ σ∂sσ, with τ = 2 +O(1/N), are the minimal twists in the σσ OPE.
11Right the opposite was recently done in [76]: the quartic scalar self-interaction vertex was reconstructed

in such a way that the full four-point function matches that of the free scalar CFT.

– 27 –



J
H
E
P
0
5
(
2
0
1
7
)
0
4
1

sum (we omit the l-independent overall factors, and recall that the ψ̄ψ 3-point function is

zero)
∞
∑

l=2,4,6,...

(2l + d− 3)Γ(d+ l − 2)

Γ(l)
= 0 , (4.53)

and in the scalar theory

∞
∑

l=0,2,4,6,...

(2l + d− 3)Γ(d+ l − 3)

Γ(l + 1)
= 0 . (4.54)

Both of these sums, when regulated by analytic continuation in d, vanish. In d = 3, one

may also evaluate them by Riemann zeta-function regularization, see the next subsection.

From the bulk perspective, the vanishing of the regularized sum over “binding energies” we

encounter here is reminiscent of the vanishing of the regularized sum over one-loop vacuum

energies found in [77, 78].

4.2.2 Chern-Simons vector models in d = 3

The analytic bootstrap results used in the previous subsection can be also readily applied

to the bosonic and fermionic 3d Chern-Simons vector models of [16, 17]. We consider

U(Nc) Chern-Simons theory at level k coupled to a fundamental scalar or fermion, in the

large Nc limit with λ = Nc/k fixed, and use the approach described above to compute the

anomalous dimensions of the spinning double trace operators ∼ φ̄φ∂sφ̄φ and ∼ ψ̄ψ∂sψ̄ψ.

Let us start with the scalar theory. The operators contributing in the t-channel, as

before, will be the higher-spin tower (which still has twist d−2+O(1/Nc), for any value of

the ’t Hooft coupling) and the scalar φ̄φ. The latter has dimension ∆ = d−2+O(1/Nc) =

1+O(1/Nc), so its contribution can be calculated exactly as a function of spin s using (4.45).

Using the results of [57] which follow from the weakly broken higher-spin symmetries, the

OPE coefficients we need still take the form (A.3), dressed with factors that depends on

the parameters Ñ and λ̃ defined in [57], which can be fixed [58, 79] to be

Ñ = 2Nc
sin(πλ)

πλ
, λ̃ = tan

(

πλ

2

)

. (4.55)

Explicitly, using the results of [57], one finds that the contribution of the higher-spin tower

acquires a factor 1/Ñ , and the scalar contribution comes with a factor 1
Ñ

1
1+λ̃2

. Putting all

the factors from (4.43), (4.44), (4.45), (A.3) together in d = 3, we get12

γφ̄φ∂sφ̄φ = − 2

2s+ 1





1

Ñ

∞
∑

l=2,4,6,...

32

π2
+

1

Ñ

1

1 + λ̃2

16

π2



 =
1

Ñ

λ̃2

1 + λ̃2

32

π2(2s+ 1)
+O(1/N2

c ) ,

(4.56)

where we used the Riemann zeta function to regulate the sum (alternatively, one can

regulate the sums dimensionally as in the previous section). Note that the answer goes

12Keep in mind that we define γφ̄φ∂sφ̄φ = ∆φ̄φ∂sφ̄φ − s − 2∆φ̄φ. The scalar scaling dimension is ∆φ̄φ =

1 + γφ̄φ, but γφ̄φ = f0(λ)/Nc +O(1/N2
c ) is not currently known to all orders in λ.
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to zero as λ̃ → 0, as expected since in that limit we recover the free scalar CFT, and for

λ̃ → ∞ it goes into the 3d Gross-Neveu result (4.48), as it should be in accordance with

the 3d bosonization duality.13

Let us now move to the fermionic theory. The calculation is almost the same, with

the difference that the scalar contribution vanishes, since the three-point function of the

scalar ψ̄ψ vanishes. As for the higher-spin tower (which acquires a factor 1/Ñ as above),

after plugging all the factors in d = 3, its contribution is proportional to the sum

∞
∑

l=2,4,6,...

l2 = 4ζ(−2) = 0 (4.57)

using the same zeta function regularization (equivalently, one gets the same result using the

dimensionally continued sum in (4.53)), and hence we conclude that γψ̄ψ∂sψ̄ψ = O(1/N2
c )

in the CS-fermion model. Note that this result is expected from the absence of anomalous

dimensions in the free fermion theory, because apart from the overall factor of 1/Ñ instead

of 1/N , the sum over the higher-spin tower is otherwise identical in the CS-fermion theory

and free fermion theory, and has to vanish in the latter. This also explains the vanishing

of the result (4.49) in the d = 3 critical scalar model: the scalar exchange contribution is

absent in this model as well (Cσσσ = 0 in the 3d critical O(N) model), and the higher-

spin tower contribution is the same up to the overall function of λ̃; this is because the

dimension of the external scalar is ∆ = 2 in both cases, and the relevant OPE coefficients

then coincide, see eq. (A.10). In this sense, the vanishing of the σ binding energies in the

3d critical O(N) model can be seen as a manifestation of the 3d bosonization duality.
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A OPE coefficients from AdS/CFT

AdS/CFT relates the OPE coefficients of the UV and IR duals, i.e. the duals of the same

bulk theory for different choice of boundary conditions within the unitarity window [25, 26].

We can use this fact to compute some of the OPE coefficients in the critical O(N) vector

13To be precise, at λ̃ → ∞ we get the result for the U(k −Nc) GN model, and one should keep in mind

that in (4.48) N = Nctr1 = 2Nc.
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model and Gross-Neveu model using the OPE coefficients of the free scalar and free fermion,

respectively.

The OPE coefficients we are interested in correspond to three-point function 〈JsJ0J0〉,
where J0 has scaling dimension ∆ = 2 for the critical model and ∆ = 1 for GN, and Js
are the totally symmetric (nearly) conserved currents with twist τ = d− 2 +O(1/N). We

define the normalized OPE coefficients as as

as ≡
C2
s00

CssC2
00

, (A.1)

where we the coefficients on the right-hand side are defined in our conventions by

〈J0(x1)J0(x2)〉 =
C00

x2∆12
, 〈Ĵs(x1, z1)Ĵs(x2, z2) = Css

(

z1 · z2 − 2z1·x12z2·x12

x2
12

)s

x2∆s
12

,

〈Ĵs(x1, z1)J0(x2)J0(x3)〉 = Cs00

(

z1·x13

x2
13

− z1·x12

x2
12

)s

x2∆−∆s
12 x2∆s

13 x2∆s
23

≡ Cs00〈JsO∆O∆〉 ,

(A.2)

where z1, z2 are null vectors. The OPE coefficients for the free fermion theory were given

in (2.29), and for the scalar can be found in [13, 76, 80, 81], and we obtain:

aB,s =

√
π2−d−s+7Γ

(

d
2 + s− 1

)

Γ(d+ s− 3)

NΓ
(

d
2 − 1

)2
Γ(s+ 1)Γ

(

d−3
2 + s

)

, (A.3)

aF,s =

√
π(−)s2−d−s+5Γ

(

d
2 + s− 1

)

Γ(d+ s− 2)

NΓ
(

d
2

)2
Γ(s)Γ

(

d−3
2 + s

)

. (A.4)

The three-point function of one higher-spin current Js and two scalar operators of

dimension ∆ comes from the unique cubic interaction vertex in AdS

gs

∫

Φm(s)∇m(s)Φ0Φ0 = gsb̃s × 〈JsO∆O∆〉 , (A.5)

b̃s =
2−5+2sπ−d/2(−3 + d+ 2s)Γ

[

−1 + d
2 + s

]3
Γ[−3 + d+ s]Γ[−1 + s+∆]2

Γ[−2 + d+ 2s]2Γ[∆]2
, (A.6)

where gs is the coupling constant of the bulk theory and bs is a nontrivial factor produced

by integrating the vertex on boundary-to-bulk propagators [82]. The coupling constant gs
can be chosen as to reproduce the OPE coefficients Cs00 for free scalar ∆ = d − 2 or free

fermion ∆ = d− 1. The results [13, 76] are

boson : gBs =
1√
N

π
d−3

4 2
1

2
(3d+s−1)Γ

(

d−1
2

)

Γ(d+ s− 3)

√

Γ
(

d−1
2 + s

)

Γ(s+ 1)
, (A.7)

fermion : (gFs )
2 = (gBs )

2 s

(d+ s− 3)
. (A.8)

Next, we can change the boundary conditions to ∆ = 2 and ∆ = 1, respectively, and

recompute the bulk integral, i.e. bs. The result should give the OPE coefficients for the

– 30 –



J
H
E
P
0
5
(
2
0
1
7
)
0
4
1

critical models:

acr.B,s =
2d−s+1Γ

(

d−1
2

)2
Γ(s+ 1)Γ

(

d
2 + s− 1

)

√
πNΓ

(

d−3
2 + s

)

Γ(d+ s− 3)
,

acr.F,s =
2d−s+1Γ

(

d−1
2

)2
Γ(s)Γ

(

d
2 + s− 1

)

√
πNΓ

(

d−3
2 + s

)

Γ(d+ s− 2)
.

(A.9)

The same result can, of course, be obtained on the CFT side by attaching two propagators

of the σ-field to the three-point functions of the free theories. As explained in [83, 84],

the procedure of attaching a σ line on the CFT side is in one-to-one correspondence with

changing the boundary condition on the bulk scalar propagator, and hence one is essentially

guaranteed to obtain the same result. Nevertheless, to double-check our results we have

explicitly computed (A.9) directly on the CFT side, and obtained the same result.

Note that in d = 3, when the leading large N dimensions of the scalar operator coincide

in free fermion/critical scalar and free scalar/critical fermion, we have

aF,s|d=3 = acr.B,s|d=3 ,

aB,s|d=3 = acr.F,s|d=3 .
(A.10)
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