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1 Introduction

Much of the power and appeal of holography [1] rests on features of conformal field theories
which find natural analogues in gravity. There are several of these features of holographic
field theories which are universal and can be captured without reliance to a specific theory.
Examples of these include thermodynamic features like the Cardy formula [2] and entan-
glement entropy [3, 4]. Moreover, it is of substantial interest to identify and explore the
‘universality class’ of CFTs which admit a holographic description [5-12].

The evaluation of correlation functions by decomposing into conformal blocks is a mini-
malistic and powerful approach to extract very general features of CFTs [13—16]. This direc-
tion, recently harnessed by the conformal bootstrap programme, has led to strong results on
anomalous dimensions of operators [17-19] and bounds on central charges [20]. In the AGT
correspondence, conformal blocks of Liouville theory (or more generally Toda theories) are
related to the instanton partition functions of 4-dimensional ' = 2 SCFTs [21, 22].

Conformal blocks also play an important role in the context of holography since they
serve as the CFT detectors of bulk locality and gravitational scattering [5, 6, 23-27]. Con-
junctively, there has also been very strong evidence that conformal blocks are intimately
related to geodesics in AdS [28-33]. One of the important objects in this context, for a
2d CFT, is the correlator of two heavy operators with two light operators [25, 28-35].!
As ¢ — oo, the ratio of the conformal dimension with the central charge remains fixed
for heavy operators, whilst that of light operators is much smaller than unity. One can

!See references [36-44] for further interesting aspects of conformal blocks in 2d CFTs.



think of these heavy operators being responsible for creating an excited state after a global
quench [45, 46]. On the gravity side, this excited state corresponds to the conical defect
background [46]. It has been shown that the conformal block of this correlator is precisely
reproduced from holography from an appropriate worldline configuration in this bulk ge-
ometry [28, 30]. Moreover, the correlation functions in this excited state mimic thermal
behaviour if the conformal dimension of the heavy operator exciting the state is greater
than ¢/24 [34, 35]. This is an example of a pure microstate (with a sufficiently high energy
eigenvalue) behaving effectively like a mixed state being a part of the thermal ensemble.

In this work, we evaluate conformal blocks of two heavy operators and arbitrary num-
ber (m) of light operators. We work in the heavy-light approximation and utilize the
monodromy method to derive the (m + 2)-point conformal block. We expand the correla-
tion function in a basis which involves pairwise fusion of the light operators (see figure 1).
In the strict heavy-light limit and at large central charge, we show that, for this class of
OPE channels:

e The conformal block having an even number of light operators and two heavy opera-
tors factorizes into a product of 4-point conformal blocks of two heavy and two light
operators.

e The conformal block having an odd number of light operators and two heavy operators
factorizes into a product of 4-point conformal blocks of two heavy and two light
operators and a 3-point function involving one light and two heavy operators.

Our monodromy analysis is developed mostly based on the work [32] which made use of the
accessory parameters of the 4-point conformal block as a seed solution in order to obtain
those for the 5-point conformal block. Although the factorization we observe is special
to the OPE channel configurations we have chosen, the conformal blocks in other bases
can be related to ours by performing linear operations. Furthermore, since the correlator
itself is a basis independent object, all bases of conformal blocks are on an equal footing.
We shall demonstrate this picture by using the correspondence relating CFT correlators to
punctured Riemann surfaces.

Our results for conformal blocks from the CFT are reproduced from the bulk by consid-
ering suitable generalizations of the worldline configurations considered in [30]. The choice
of OPE channels in the CF'T are in one-to-one correspondence to geodesic configurations in
the bulk. This implies that these higher-point conformal blocks can be fully recast in terms
of bulk quantities. This outcome nicely fits within the notion of emergence of locality from
a conformal field theory [6] and serves as an explicit demonstration of the same not only
for higher-point correlation functions but also for non-vacuum states. It was also shown
previously that correlation functions of free theories can be rewritten in terms of closed
string amplitudes in AdS [47-49]. Although our correlator is in a very different regime
of the parameter space of couplings, it bears in the same spirit the pertinent analogue of
admitting an Einstein gravity description instead of the stringy one for free theories.

This circle of ideas finds a natural home in the context of entanglement entropy of
heavy states [46]. The light operators then correspond to twist operators, with conformal
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Figure 1. The OPE channel which we shall consider here for the conformal block of an even number
light operators and two heavy operators. The conformal dimensions are scaled as ¢; = 6h;/c. Note
the pairwise fusion of the light operators into operators of conformal dimension in which are same
in the intermediate channels shown in the figure — this provides a major simplification for the
monodromy analysis.

dimension ¢/24 (n — 1/n), (which implement the replica trick) in the limit n — 1, where
n is the replica index [3]. One can then utilize the higher-point conformal block to ob-
tain the entanglement entropy of an arbitrary number of disjoint intervals. Our choice of
monodromy contours, similar to those used in [50, 51], are well-suited to computing entan-
glement entropy. Furthermore, these results can be straightforwardly used to evaluate the
mutual information of two disjoint intervals, A and B, which is defined as

I(A,B) = S(A) + S(B) — S (AUB).

On the holographic side, the Ryu-Takayanagi prescription [4] instructs us to calculate
minimal areas (or geodesics for the case of 3d gravity). Our CFT results for entanglement
entropy of disjoint intervals agree precisely with that obtained from the bulk using the
minimal area prescription. Furthermore, we show that for two or more disjoint intervals,
there are multiple geodesic configurations which are possible in the bulk and these are in
one-to-one correspondence with various OPE channels or monodromy contours which one
chooses to consider in the CFT.

The outline of this paper is as follows. In section 2, we introduce the correlation
function whose conformal block we wish to evaluate and specify the regime of validity of our
analysis. The relation of CF'T correlators with punctured Riemann surfaces is reviewed in
this section. Section 3 contains the explicit evaluation of the conformal block. We consider
the 5- and 6-point conformal blocks before generalizing the result to arbitrary odd- and
even-point blocks. Specializing to the case of light primaries being twist operators, we
evaluate the entanglement entropy and mutual information in section 4. In section 5, we
consider worldline configurations in the bulk and reproduce the CFT result for odd- and
even-point blocks. This section also contains the analysis of the holographic entanglement
entropy using the Ryu-Takayanagi formula. We describe the moduli space of the conformal
block in section 6. Finally, section 7 has our conclusions along with some future directions.



2 On heavy-light correlators and Riemann surfaces

Consider the following p-point correlation function of primary operators O;, each located
at the points (z;, z;) on a plane. By inserting (p — 3) number of complete sets of states
equivalent to the identity (figure 1), we can expand in terms of the conformal partial

waves as

(01(21,21)02(22, 22) - Op(2p, ) = Y dpjy 1 F (2, iy ha) F (24, hiy ). (2.1)
{hi}

The complete set of states |h;), running in the (p — 3) intermediate channels, is labelled
in terms of representations of the Virasoro algebra which includes the primaries as well as
their descendants. Here, d (7} A€ constructed out of the structure constants c;;, of the
algebra of operators in the theory. In what follows, we shall be interested in the following
(m + 2)-point correlator of two heavy operators and m light operators?

m+1

(Ou(z,21) [] 0Lz, 2) On(zmi2, Zmia)). (2.2)
i=2

We shall work with CF'Ts, which in the ¢ — oo regime, admit a holographic description
in terms of Einstein gravity. We make use of the property that, in this regime, the p-point
conformal blocks are expected to exponentiate as [14, 15, 52]

- ¢ )
]:(p)(zivhi»hi) = exp _6f(p)(zi7€ia€i)] . (2.3)

Furthermore, the points z1, 2o and 2,42, in (2.2), can be sent to 0o, 1 and 0 respectively
via the projective transformation

(zmt2 — 2i)(22 — 21)

(zmt2 — 22)(zi — 21) (2.4)

Ty =

Upto factors of the Jacobians arising from usual rules of conformal transformations of
primary operators, the correlator of interest is now expressed in terms of the cross-ratios,

Z;, as

m+1

(0 () [oL<1> 11 om»] 0 (0)). (25)
=3

We shall be interested in contributions of Virasoro conformal blocks, JF, (x4, hy, iLZ), to the
above correlation function. In addition to the ¢ — oo limit, we shall also work in the

heavy-light limit, for which the dimensions of the operators scale as

_ 6hy

6h,
€EH = =

~O1), =L« (2.6)

C C

2In this section and the next we move back and forth between using p and m. p = m + 2.



In words, the ratio of the conformal dimension with central charge of the heavy operators
remains fixed and is of order-one in the ¢ — oo regime whilst that of the light operators
much lesser than unity.® By referring to this as the ‘heavy-light limit’, we mean to consider
contributions to the conformal block to the leading order in €,.

The four-point version of the above conformal block was considered in [25] and the
five-point in [32]. The conformal block was used to calculate the entanglement entropy of
a single interval in heavy states in [46].

It is important to note, that there are several choices of OPE channels along which
one can expand a CFT correlation function. Each of these channels correspond to different
basis choices of the conformal blocks to rewrite the correlator. The correlation function is
a single-valued real analytic function of the coordinates z; and z;. However, this is not true
for the conformal blocks themselves (due to presence of branch cuts) and the correlation
function is, therefore, independent of the basis of conformal blocks. It can be shown
that conformal blocks in different bases are related by the linear operations of braiding,
fusion and modular transformation [26, 53-55]. These operations have finite-dimensional
representations for rational CF'Ts but can, nevertheless, be performed on conformal blocks
of a generic CFT since these are duality transformations purely arising from associativity
of OPEs (crossing-symmetry) and modular invariance.* In this paper, we shall work in a
specific basis in which light operators fuse in pairs. As we shall show, this basis admits
a generalization to higher point conformal blocks and is geared towards the analysis of
entanglement entropy of disjoint intervals [50, 51]. The OPE channel considered for the
5-point function in [32] is different from the one we are about to use but is, however, related
to ours by a series of fusion operations.®

The statements above can be manifestly portrayed if one associates, a Riemann sphere
with p punctures, ¥ ,, with a p-point CFT correlation function on the plane [26, 53-56].
Strictly speaking, there is a vector space of conformal blocks H(X) associated to every
Riemann surface ¥ [57]. The different bases of conformal blocks (or OPE channel choices)
are the various ways in which this Riemann surface can be sewn from 3-holed spheres
(or as is graphically called ‘a pair of pants’). Stated differently, the decomposition of the
correlator into conformal blocks is equivalent to the pant-decomposition of the punctured
sphere. The intermediate channels in the conformal blocks correspond to the states passing
through the sewed holes. The number of intermediate sewings necessary for the p-punctured
sphere is (p — 3).

Moreover, a p-point CFT correlation function on the plane is related to a moduli space,
M,p, (corresponding to the Riemann surface X ,) [53, 56, 57]. For our correlator (2.5) on
the sphere, this is Mg ;42. There are (m — 1) complex moduli formed by the cross-ratios
{z;}. This picture will turn out to be relevant later on in section 6.

3In section 4, we specialize to the case of the light operators being twist operators with conformal
dimension ¢/24 (n — 1/n) in the limit n — 1. Here, n is the index for the number of replicas.

4See, for example, [26] which explicitly constructs the duality transformations in terms of quantum 6-
symbols for Liouville theory. Quite intriguingly, the authors also show that the braiding matrix is related
to gravitational scattering amplitudes.

®See figure 18 of [53] to relate the basis used in [32] to the one used here.



3 Monodromy problem for conformal blocks

In this section we briefly review the monodromy method to evaluate the Virasoro conformal
block. The discussion closely follows [25, 58]. We then proceed to use it for calculating 5-
and 6-point conformal blocks and then generalize to blocks with an arbitrary number of
light operator insertions.

Let us consider the correlation function we started with, (O;(z1)02(22)03(23) -
Op(2p)). As mentioned before, in order to decompose this p-point correlator into a sum of
products of 3 point functions we need to insert p — 3 resolutions of identity. In terms of
these intermediate states, a typical conformal block would read as®

Fip)(2is hiy hi) = (01(21) O2(22) | ) (] O3(23)[8) (B1O4(24)|7) - - - (| Op—1(2p-1)Op(2p)). (3.1)

Now, one can insert into this conformal block an additional operator, ¢)(z), whose conformal
dimension remains fixed in the ¢ — oo limit. This defines the following quantity

U(z,2) = (01(21)02(22)|a) (] )(2)O3(23)[B) -+ (C|Op—1(2p—1) Op(2p))-

It can then be argued [25] that the insertion of @@ changes the leading semi-classical be-
haviour of the conformal block just by multiplication of a wavefunction

\I/(Z,Zz) = w(z,zz)f(p)(zl,hz,fbl) (3.2)
We can now choose that the operator 1& obeys the null-state condition at level 2.
3 . cs0 19
Log— i I? = th, hy "= —= — —. :
Acting U(z, z;) by (L_g — m%MLgl), therefore, leads to
|:L_2 + %Lz_l} U(z,z;)=0. (3.4)

Translating this into a differential equation by using the differential operator realization of
Virasoro generators, one arrives at a Fuchsian equation

d*y(2) ¢ [( € ¢

5 TT()(x) =0, with, T(z) = > P D e (3.5)
i=1 ! !

Here, €; = 6h;/c and ¢; are the accessory parameters related to the conformal block as

Of ) (zis €, &)

o (3.6)

C; = —

The function f(,) is the same as the one appearing in the exponential in equation (2.3)

and forms the essential ingredient of the conformal block. Equation (3.6) implies that the

following integrability condition should be satisfied
802- - aCj
82]' a 822' '

(3.7)

SHenceforth, we focus attention on the holomorphic part.



The asymptotic behaviour T'(z) ~ 1/2%, at z — oo, imposes the conditions

p p p

Zci =0, Z(czzz +¢) =0, Z:(c,zl2 + 2¢;%) = 0. (3.8)

=1 =1 =1

We shall now work in the coordinate system x; as defined in (2.4) and also consider two
heavy operators at 0 and oo and (p — 2) light operators at 1,23, -- ,2,—1. Using the above
three relations, we can re-express ci 2, in terms of other accessory parameters cs3 ... ,—1 and
cross-ratios as

p—1 p—1
¢ :Z(xi— Dei+ (p—2)er, cy = —inci— (p—2)er, cp =0. (3.9)
i=3 =3

Substituting (2.6) and (3.9) in the expression for T'(z) we get

(2) _en e +Z €r _(p—2)6L+le 2i(1 — ;) o (3.10)
22 (2 —1)2 5 (z — ;)2 z2(z—1) e 2(z—=1)(z —x) '

One can solve for the accessory parameters, ¢;, by using the monodromy properties of the
solution v (z) around the singularities of 7'(z). The main ingredient of the conformal block
fw) (x4, €;,€;) can, in turn, be obtained from the accessory parameters upon integrating,
c¢i = —0fp)/0x;. Thinking of the conformal block F,(z;, hi, h;) as a partition function
dominated by the saddle-point action (c/6) f(,) (i, €, €;), the accessory parameters c; serve
as conjugate variables for the cross-ratios x;.” As emphasized in [30], the saddle-point
action dominating the conformal block is closely related to the worldline action in AdS.
The accessory parameter can then be identified as the momentum along the geodesic.

As mentioned earlier, we shall focus in the OPE channels in which the light operators
fuse in pairs. Since we are interested in universal properties of CFTs which have a holo-
graphic dual as classical Einstein gravity, we shall assume that fusion channel of two light
operators (the vertical channels in figure 1) is dominated by the exchange of the Virasoro
identity block. This consists of operators dual to graviton fluctuations in the bulk which
have conformal dimensions much lesser than the light operators (whose conformal dimen-
sion scales as the central charge). An explicit example of this is that of twist operators,
which become light in the n — 1 limit and the contribution in their fusion channel is
dominated by the identity block [73]. The identity block includes the stress tensor and its
descendants (T, 9T, TT,0*T,---) which have conformal dimensions which scale as O(1)
as opposed to O(c) for the heavy and light operators. This is the only assumption on the
spectrum we shall make in our following analysis.

We shall now consider two warmup examples of the 5- and 6-point conformal blocks
to gain some intuition before analyzing the arbitrary p-point case. Let us reiterate the

"It was pointed out in [26] that the corresponding Teichmiiller space inherits the complex structure
(zi,7;) from the punctured Riemann sphere. The authors had also studied quantization arising from the
conjugate variables z; and ~;. The wavefunction ¥(z, z;) in (3.2) can then be thought to be living in the
associated Hilbert space.



notation for the number of insertions of operators

total number of operator insertions = p,
number of light operator insertions = m,
number of heavy operator insertions = 2.
Therefore, p = m + 2. The variable n is reserved for the replica index which will appear in

the context of entanglement entropy. Along the way, we also mention the procedure to be
used and fix the notation and conventions further.

3.1 Warmup examples
Warmup example I: 5-point conformal block

Let us consider the conformal block of the 5-point function
<OH(OO)OL(I)OL(m'g)OL(x4)OH(O)>. (3.11)

This is the case of m = 3 or p = 5.

Perturbative expansion of the monodromy equation

We shall solve for the unknown accessory parameters c3 4 in perturbation theory in the
parameter €7, which is the scaled conformal dimension of the light operator (2.6). We shall
be following the procedure used in [25, 30, 32]. However, as mentioned earlier, unlike [32]
which studied the 5-point block in much greater detail, our choice of monodromy contours
will be different and we shall be working only up to linear order in €7 which is the light
parameter of all our light operators.

The quantities in the monodromy equation (3.5) can be expanded implicitly in powers
of the light parameter, e, as

9(z) =90 ) +¥O ) + 9O+
T(z) =T + TV (2) + TP (2) 4 - - (3.12)
ci(z) = cgo)(z) + cl(l)(z) + 01(2)(2) +---, fori=3,4,...,m+1.

For the case at hand, m = 3. Following [32], we also assume that the expansion of the
accessory parameters starts at linear order in €7, and hence cgo) = 0. The equation (3.5) at

the first two orders is

d2p0) (2
w +TO )0 (2) = 0, (3.13)
d2ypM (2
72%” +TO (2)pM (z) = —=TWyO)(2). (3.14)
From (3.10), the stress-tensor at these orders is
70 (2) :671;7 (3.15)
3€
T () — €L L L 3 1
S PO s P LN Sy R Sy (8.16)
powsl-as) ) wal-w)

2(z—1)(z — a:4)c4 '



(1)

As in [32], we shall also supress the superscript of ¢;’ and simply call it ¢; since the

accessory parameters at the linear order are sufficient information for the heavy-light limit.
In other words, we shall confine our attention to the linear order in €;, which is the extreme
heavy-light limit.

The solution to the zeroth order ODE in (3.13) is straightforward

O (2) = L0%a)/2 o =1 4deg. (3.17)

Let us calculate the monodromy of this first order solution about the points 0 and oco. It
can be easily seen that taking z to e*™z, results in

(0) (g2mi, eTia 0)¢,
<ZEE])E€2W¢Z;> = ( 0 e—?ria) <ZEE])EZ§> . (318)

The 2 x 2 matrix above is therefore the monodromy matrix for a contour containing the
point z = 0. In a similar fashion the monodromy around z = oo can also be seen by
performing the transformation y = 1/z

0 Iy —TiQ 0
ey _ e 0 ) (wP(w) 210
0)/ 2mi - 0 T (0) : ( . )
" (e*y) € " (y)
Since a = y/1 — 4ey7, the monodromies above detect the conformal dimensions of the heavy
operators inserted at 0 and oo.

The first order corrections (3.14) can be obtained by the standard method of variation
of parameters. The Wronskian is W (z) = a. We have

w6 = 006 [ @T0EE) - 260 [T e e)
o) = 06 [ @T0E0E) - 1600 [T e )
(3.20)

Monodromy conditions

T(l)(z) has three singular points at 1, x3 and x5 i.e. at the location of the light operators.
Our choice of contours shall involve one contour enclosing a pair of points and another one
enclosing the remaining single point. There are three such possibilities

e Q: 7 enclosing {1,z3} and 72 enclosing {x4}
e Q: 7 enclosing {1,z4} and 73 enclosing {x3}
e Q3: 7 enclosing {x3, x4} and 7, enclosing {1}

These contour configurations are in one-to-one correspondence with the OPE channel along
which one chooses to expand. For instance, for €21, we consider the OPE, O (1)Or(x3).
We shall elaborate on this further below.



The monodromy matrix upto first order in €y, is

7B )
M(v) =T+ I(+,§ I(+,5 , (3.21)
_+ —_

where, the IISZ) are contour integrals

1 1
1= f TV (z), 1 == f dz O ()T ()0 (2)
Tk Yk
=2 74 a0 T (), 19 = 74 20T ()00 (2)  (3.22)
Tk Vi

Note that, IJ(:Z)r = —I(_k)

The monodromy conditions we shall impose are [25]

- €+7riA 0
M(yg) = — < 0 e_m.A> ) A=./1-4¢, . (3.23)
In words, the above equation means that the monodromy matrix picks up the conformal di-
mension, l~1p = c€,/6, of the operator O, which arises upon fusing the operators living inside
the contour. The tilde on M above denotes that this diagonal form of the monodromy ma-
trix is related by similarity transformations to (3.21). Comparing the eigenvalues of (3.21)
with that of M(v;) we get the condition

2
X = (1) + 121 = —ane, (3.24)

Here, we have defined X'[yx] as the monodromy condition for the contour 7 at the linear
order in e;,. We shall now impose this condition for each of the contours in the configura-
tions, £;. It is worthwhile remarking at this point that, these configurations of monodromy
contours are in one-to-one correspondence with the OPE channels. The residues provide
information about the singular structure due to the operators residing within the contours.

1 channel

The ©; channel — figure 2 — corresponds to case when we consider the fusion of the light
primaries O, (1) and O (x3). The monodromy conditions for this configuration is

Am2g; )
Xm]=— Tg[GL(Oé — 1+ (a+1)z3) + (25 — 1)ases]
X [ep(a—2+ (a+2)x]) + (2§ — 1)(czzs + cazq)] = —47‘(’2612), (3.25)

and
X[yo] = —4n’e] = —4n?el. (3.26)

The last equation above is fairly obvious. The residue merely picks up the conformal
dimension of the single operator O (z4) living inside the contour ;. Hence, €, = €r,
which is consistent with the conformal block diagram shown in figure 2.

~10 -
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Figure 2. OPE channel and monodromy contours for €2y for the 5-point block.

We are now presented with the task of solving (3.25) for the accessory parameters cs
and c4. This is the point where one can utilize the method of seed solutions introduced
in [32]. The idea behind this method is that, in order to solve the monodromy problem for
the conformal block having m light operators, accessory parameters can be inherited from
a lower point conformal block having (m — 1) light operators. More precisely, for the block
with m light insertions one uses the accessory parameters of the block with (m — 1) light
insertions as zeroth-order solutions and then deforms these by the light parameter €y.

Following [32], we choose a seed solution for the accessory parameter c3 to be the same
of that of the 4-point conformal block [25].

*GL(a*1+x§(a+1))+€paz§/2a 9

PEEY +O(E). (3.27)

C3 =

(Since, we shall be working the heavy-light limit — i.e. A9 (3.12) — we shall drop the

7

O(e2) from now on for brevity.) Substituting this in (3.25) we get

€L
T4

Cqp = (328)

The integrability condition (3.7) is trivially satisfied.

It is crucial to note that in [32] an additional expansion was considered in their pa-
rameter e3 corresponding to one of the light operators.® In our case, all light parameters
have the same conformal dimension €;. One can still consider a correction term of the
form e ch(,,corr) to c3 above. However, it can be explicitly seen that cécorr) = 0 because (3.27)
and (3.28) are indeed the solutions to linear order in €y, for the monodromy condition (3.25).
Hence, unlike [32], there are no additional corrections to (3.27) and the seed solution for c3
fully captures the accessory parameter in the heavy-light limit. This simplifying feature is
special to the OPE channels or the corresponding monodromy contours we have considered
and is also due the fact that all the light operators here have the same conformal dimension.

8See equation (3.5) of [32].

- 11 -



We can now use (3.6) to obtain the conformal block. Upon integrating the accessory
parameters, we get

1— a5 N 1425
fe) (@3, wa5€en,em;€6p) = |ep | (1 — a)logzs + 2log + 2€,log 4a71 e
— x5
+ €1, log x4
= fy(L,z3;€L, €3 &) + €, log 24. (3.29)

The integration constants are chosen to be such that fi) ~ (2¢; — €,)log(1 — x3) for
w3 — 1 [25, 30].Y Here, f(a) is the function appearing in the exponential of the conformal
block (F4) = exp(—cf(4)/6)) of the 4-point function (O (00)Or(7;)OL(z;)0n(0)) [25].

x?—x? ~ x?/2+x?/2
fay (@i, zj5 e, emsep) = e | (1 — a)logziz; + QIOgT + 26, log |da————
€T.

‘ /2 _ x?/Q
(3.30)
We now use the exponentiation of the conformal block (2.3) to obtain
~ c N _
Fy(L, w3, 245 €1, €15 €p)a, = €xp _Ef(4)(1ax3§€L;€H§€p)} x x, "
= Fay(L,z3; €L, €5 &) X thL. (3.31)

The first factor here is the conformal block of the 4-point function
(05(00)OL(1)OL(23)05(0)). The second factor of x;™ is due to the 3-point func-
tion of (O (0c0)Or(24)0g(0)) normalized by (O (00)Og(0)).

It is worthwhile noting that this factorization shown above is true only at the level of
conformal blocks — and not correlators — for a generic Oy. This is because not much is
known about precise spectrum at low conformal dimension. In order to make a rigorous
statement on the correlation function, one would require information about the structure
constants cy,rq-

However, for the light operators being twist operators o,,, 7, in the limit n — 1 (rele-
vant for entanglement entropy) the factorization (3.31) shown above can be independently
seen (at the level of correlation functions) in terms of the OPE in the regime 23 — 1. This
was previously shown in [59]. Tt is known that twist operators fuse into the identity [3, 60]'°

on(V)an(zs) ~ T+ O((1 —a3)"), reZ* (3.32)

This means that €, is 0 in the intermediate channel after fusion of two light operators.
Moreover, the only operators which will arise in the intermediate channel are the identity
and its descendants — this includes the stress tensor and operators made of the derivatives
and powers of the stress-tensor [46].

9This follows from (3.1) and considering the behaviour of the 3-point function (OL(l)OL(xg)(Bp(O» in
the limit z3 — 1.
10WWe shall be implicitly working in the n — 1 limit to ensure the operators are light.
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Oe

€H

Figure 3. OPE channel and monodromy contours for €23 for the 5-point block.

Let us insert a complete set of states in the 5-point function and make use of the
OPE (3.32)

O (00)0n(1)0n(23)0n(24) O (0)) 251
n(3) ) (alon(24)Om (0)). (3.33)

[
»[M]
<
=
3
S)
3
=
QI

Since the leading term in the OPE (3.32) is the identity operator, the only non-zero con-
tribution will arise from |a) = |Og), due to orthonormality of states. Hence, just a single
term in the above sum contributes and we have the factorization

(Om(00)on(1)on(3)on(24)O0H(0))as—1

= (On(00)on(1)Gn(23)0H(0)) (O (00)on(24) 01 (0)). (3.34)
The 4-point function above will receive contributions solely from the identity block ow-
ing to (3.32).
Q5 channel

The contour configuration for this case is equivalent to that of €27 upon the replacements
r3 <> x4 and c3 <> ¢4. The analysis for this channel is therefore exactly the same as that
of €21 with these exchanges. The final result for the conformal block in this channel is

Fiy(L,z3, w4560, €35 6p), = F(1,245€r, €13 €p) X x?:hL (3.35)

Q3 channel

This is the OPE channel which considers fusion of the light primaries O (x3) and O (z4).
The monodromy contours are shown in figure 3. The monodromy conditions (3.24) for the
two contours are

Xm] = —dn’e} = —4r’e (3.36)
and
471'21'_&/2(13_&/2
X[e) = — —————lella = Daf + (a+ 1)a5) + (25 — 2])wscs]
X ler((a — 1)z§ + (a+ Dag) + (2§ — 2§)z4c4] = —47r2€?1. (3.37)
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Eq. (3.36) gives €, = €. Inspired by the accessory parameters of the €; and € channels,
one can make an educated guess for the seed solution cg

o _ —eu(af(o — 1) ag(a+ 1) + Gy g (338)
’ vy — af) | |

Substituting this in (3.37) we obtain

—ep (2§ (0 — 1) + af(a+ 1)) + i g/’

zq(z§ — 2%)

(3.39)

Cq —

The integrability condition (3.7) is non-trivally satisfied in this case. Integrating the ac-
cessory parameters, we obtain
B T — o 3 1 xa/2 4 l’a/Q
fi5) (L, 23, 245 €L, €113 €p) =L ((1—04) log 374 + 2log 34) + 2€, log *ﬁ
o da o' — g
(3.40)

This result can also be written in terms of fy) appearing in the 4-point conformal
block (3.30)

fey(Las, xaser, em; €p) = fay(1, 23, 245 €, €15 &) + € log 1 (3.41)

The second term is obviously zero but we have retained it to preserve the structure we
found in the previous channels. Exponentiating the above expression using (2.3), we get

Fy (L, w3, w456, €15 €p); = F (23, Ta5 €1, €15 €p) X (1)*}”. (3.42)
which is the same factorization observed in the channels €27 and 5.
Warmup example II: 6-point function
Our second example is the conformal block of the 6-point function
(O (00)O0L(1)O0L(23)O0L(x4)O0L(25)O01(0)). (3.43)

This is the case of m = 4.

Perturbative expansion of the monodromy equation

Once again, we start with the perturbative expansion in the parameter e, for ¥ (z), T(z)
and ¢;(z) (3.12). The zeroth and first order equations are the same as that of (3.13)
and (3.14). The stress-tensor at the first two orders is

0 _ tH
TO(2) = = (3.44)
4e
T(l) _ €l, €r, €r, €L o L 4
S P A P LM FEF Y I e o e y (349)
r3(l —x3) (0 r4(l—24) (0 r5(1 —x5) (0

* 2(z—=1)(z — x3)63 * z2(z—=1)(z — x4)c4 * z2(z—=1)(z — x5)c5
The solution to the zeroth order ODE in (3.13) remains the same

@Df)(z) _ (1xa)/2. a=1—4eg. (3.46)

Similar to the 5-point case, we proceed to study monodromy constraints of the first order
solution 1" (z) which in turn is obtained by the method of variation of parameters (3.20).
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Figure 4. The OPE channel and contour configuration of €2, for the case of the 6-point block.

Monodromy conditions

There are three choices of contours in this case
e Q: 7 enclosing {1,z3} and 7, enclosing {x4, x5}
e Q9 7 enclosing {1, x5} and 72 enclosing {x3, x4}
e Q3: v enclosing {1, 24} and 72 enclosing {x3, x5}

The above channels are often referred to as s, t and u respectively. The monodromy contour
and the corresponding OPE channel for €2; are shown in the figure 4.

The monodromy matrix for the contours 7, above upto first order in ¢;, has the same
form as the one which we encountered in the 5-point block case (3.21) with the elements
given by the contour integrals in (3.22). Furthermore, we impose the same monodromy
condition X[y;] for each of the contours in the configurations above (3.24).

1 channel

For the contours of the € channel we have

4%
] = = Ty ler(a — 1+ 2§(a+ 1)) + csa(af — 1)
X lep(a—3+ 2§ (a+3) + (2§ — 1)(csx3 + cazs + c525))] = —47r2€123, (3.47)
Amla; Y@
K] = = T (e (o= 1)ag o+ (o 1)) + wa(af — 28)e]
x [ep(a — 1)ag + (o + 1ag) — csas(a§ — 2f)] = —4n’el. (3.48)
We shall focus on the case when the conformal dimensions of the operators in the channels
right after fusion with the light primaries are the same. That is, €, = €;. This is a major
simplification, which was also used in [32], to facilitate the analysis. We use the result
of the accessory parameter cs from the 4-point (or 5-point) conformal block as the seed
solution. As we had seen in the previous subsection, this seed solution is
—er(a—1+28(a+1))+ wg/Qaép
w3(z§ — 1) ‘

C3 = (349)
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Substituting this into the monodromy conditions (3.47) and (3.48) we have two simultane-
ous equations in ¢4 and c¢; which can be solved
—e(2§(a—1) + x4< +1)) + 25808,
z4(x§ — 22) ’
1)

—er(zf(a—1)+2g(a+1)) + a:4a/2:c§/2aep

Cr = . 3.51
: r5(g — 13) (3:51)

4 = (3.50)

It can be verified that the integrability condition (3.7) is satisfied.
We can now use (3.6) to obtain the conformal block.

fo)(x3, w4, w55 €L, €5 €p)

1 e 1 04/2
= |er <(1 — a)log x3 + 2log 3 ) + 2€,log 4a+7xi/2 ] (3.52)
1— a4

xy — g a/2 + g/Q
+ |er ((1 — a)logz4z;5 + 2log a) + 26 log |4 m '

The structure of each of the terms in square brackets is yet again of the same form as that
of 4-point conformal block case (3.30). We now use the exponentiation of the conformal
block (2.3), to obtain

5 c 5
Fe)(1, 73,74, T55 €L, €113 €p)a, = €xp [_éf(zl)(lax?);eLafH;fp)}
C ~
X exp [—gf(4)(9€4,$5; €L, €H; 6(1)}
= Fa)(L,z35 €L, €5 &) Fray(Ta, T55 €L, €015 €g).- (3.53)

The 6-point conformal block, therefore, factorizes into a product of two 4-point ones.

Note that this factorization is not due to a decoupling of equations involving accessory
parameters and is therefore not a mere doubling of the reduced problem for a single con-
formal block. In particular, equation (3.47) contains all the accessory parameters and it is
not a priori obvious from the monodromy method that this factorization will happen.

Just like the case of the 5-point conformal block this factorization can be anticipated
for the special case of twist operators (in the limit n — 1). Inserting a complete set of
states in the 6-point function and using the OPE channels (3.32) relevant in the regimes
xr3 — 1 or x4 — x5 we have

(Om(00)on(1)an (23)on(24)0n(25) O (0))s—1 and/or 24—as
= {0n(00)an(1)an(x3)|) {alon(4)a(25) 0 (0)). (3.54)

Due to orthonomality of the complete set of states inserted, the only contribution will arise
from |a) = |Oy), leading to the factorization

<OH(OO)O'n(l)a‘n(xg)O'n(iL‘4)5‘n($5)OH(0)>$3_>1 and/or x4—z5
= (05 (00)on(1)an(23)01(0)) (O (00) o (24)Tn (25) 01 (0)). (3.55)
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Qs and Q23 channels

The analysis in the 25 and 3 channels proceeds exactly in the same manner as that of
the €7 channel with the replacements x3 <> x4 and x3 <> x5 respectively. We obtain the

factorizations
Fe)(1, 3, 24, 255 €1, €13 €p) 2y = Fay (L, 245 €L, €5 €p) Fay (w3, ¥55 €1, €15 €g) (3.56)
Fey (1,23, 04, T55 €L, €15 €p)ag = Fa)(1, 55 €L, €15 €p) Fay (T4, T35 €1, €15 &) (3.57)

3.2 Conformal block for an arbitrary number of light operator insertions

Equipped with the examples considered above, we now come to the discussion of the
correlator

m-+1
<oH(oo> [om) 11 oL<xi>] oH<0)> (3.58)

=3

which has an arbitrary (even or odd) number of light operator insertions.

Perturbative expansion of the monodromy equation

We are interested in studying the monodromy properties of the ODE (3.5) with T'(z) given

in (3.10). Just like the warmup examples considered above, we start with the perturbative

expansion in the parameter e, for the quantities ¢ (2), T'(2) and ¢;(2) (3.12). The zeroth

and first order equations are the same as that of (3.13) and (3.14). The stress-tensor at
the first two orders is

€H
TO(2) = = (3.59)
(1) €1, il €, mey, il 1“(1—.%“)
T = —=— - ‘ ‘ : 3.60
(2) (z—1)2 N Zj (z—x)? z2(z—1) * ; z2(z—1)(z — x,-)cz (3:60)

1=

The solution to the zeroth order ODE in (3.13) is
1/);0)(,2) = (12)/2 a=+1—4ey (3.61)

We now consider the monodromy constraints of the first order solution (1) (z) which is
obtained by the method of variation of parameters (3.20).

Contour configurations and their enumerations

The analysis of the 5- and 6-point conformal blocks posits that the choice of contour
configurations is slightly different for even or odd m.

For the case of an even number of light operator insertions, we can form contours
containing a pair of points each in 15" = m! /(2™/2(m/2)!) ways. Each contour contains

two light operators located within. The contours fall under two major classes.
® (1) containing the points 1 and z, with r > 3.

® 7(pq): containing the points x; and x; with p # ¢ and p,q > 3.
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oofor

Figure 5. OPE channel and monodromy contours for €2; for the 8-point block.

We use ; as a label for the ith contour configuration which includes information of all
(4)

the contours 7,

Q= | - (3.62)
{(p,9)}

See figure 5 for an example involving 6 light operators and 2 heavy operators.

When an odd number of light operators are present there are m(qud) = ml!/ (2(’”*1)/ 2
((m—1)/2)!) such contour configurations. For each contour configuration, there is a single
contour containing just one light operator. All the other contours enclose a pair of light
operators. The classes of contours in this case are four.

® 7(1): containing the point 1

Y(s): containing the point x5 with s > 3
® (1) containing the points 1 and z,
® 7Y(pq): containing the points x;, and x, with p # ¢ and p,q > 3

The set of contour configurations are of two types

Q%A:’Y(T)U U pr,q) and QzBZV(l)U U 7%1?41)’ (3.63)
{(p.0)} {(p.a)}

An example of the A-type contour configuration is €21 for the 5-point case shown in figure 2
whereas the €23 shown in figure 3 is a B-type configuration.

The contour configuration for the odd case (m = 2j + 1) is equivalent to that of the
even case (m = 27) with an additional contour enclosing the extra point. Moreover, it can
be seen that Véj-ven) = I/é?i(i). (This number is 3 for both the 5- and 6-point cases.)

It can be seen that there is a one-to-one mapping between the contour configurations
2; and the paired fusions of the light operators whose OPEs we consider to calculate the
conformal block. We label this set of pairs as {(p,q)}. Often, we shall denote this map

between the contour configurations and the set of fusions as

Q= {lpa}.
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Monodromy conditions

The monodromy conditions are the same as the ones which we had imposed for the 5- and
6-point blocks. The final constraint is X[y;] in equation (3.24). We shall now consider
the even and odd number of insertions of light operators separately. Additionally, we shall
perform the analysis for the specific case of the conformal block in which the resulting
intermediate channels from all pairwise fusions of light operators give the operators with

the same conformal dimension.

Case I: even number of light operator insertions

Consider a specific contour configuration €2;. The monodromy condition for a contour

enclosing 1 and x, with r = 3,4,5,--- ,m is
47T2 —Q « (0%
Xhanl == —go"lella=1) +(a+1)av) + (a7 — Dera] (3.64)
m+1
X le((a=m+1)+ (a+m—1)zy) + (2 — 1) Z cizi| = —4m%E,.
i=3
and that for a contour enclosing x,, and z, is
X ——ﬁ @ — D 1)zg e 3.65
D) == —5 (@)™ [en((@ = Dag + (a0 + 1)ag) + (@) — 2, %) cpry (3.65)
x [er((a— Dy + (a+ 1D)ag) + (zg — x;o‘)cq:pq] = —4n?g,

As mentioned above, we shall set €, = €, = €.

Unlike the case of conformal blocks involving only an even number (m) of light oper-
ators considered in [50], the system of monodromy conditions with the additional heavy
operators does not decouple into m/2 independent monodromy problems. It can be seen
that the monodromy condition (3.64) involves all the accessory parameters.

The analysis of the 6-point conformal block strongly suggests a guess for the solution
of the above coupled equations

—ep(a—14+2%(a+1))+ x?maép

. S : (3.66)

., _ —alegla =1 +apat D) + () ey (3.67)
ffp(l‘zof - 333)

. —er(zp(a—1) + 25 (a+ 1)) + (z42p) Pae (3.68)
zq(xg — )

This obeys the integrability condition d,,c, = 9;,¢p. Also, all other integrability conditions
get trivially satisfied.

Let us now verify this is indeed a solution to the coupled monodromy constraints (3.64)
and (3.65). It can be easily seen that X[y, )] is obeyed by ¢, and ¢, above. Consider the
monodromy condition X[y ;)] in (3.64) in which one of the contours contain 1 and z,. This
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monodromy condition involves all the accessory parameters. Note that, equations (3.67)
and (3.68) give

Cpp + Cqg = —2€,. (3.69)

From (3.69) and (3.66), we have

m+1
Z ciri = cpxy — (M — 2)eg,
i=3

B —eL((a—m+1)+(a+m—1):c$)+x?/2a€p (3.70)
N (e —1) ' ‘

The first equality follows from (3.69) and the fact that there are (m—2)/2 pairs of contours
other than the one containing 1 and x,. Note that r is fixed and there is no sum over r
in the first term c,z,. It can then be very explicitly checked that substituting (3.70) along
with (3.66) in the Lh.s. of equation (3.64) satisfies it giving —4n?€2 (with &, = €p).

We can now use (3.6) to obtain the conformal block by integrating the accessory
parameters (3.67), (3.68) and (3.66). The integration constants are fixed in the same
manner as the warmup examples, by demanding the expected behaviour (2e7, —€,) log(x), —

)

Tq) as T, — Tq.

fHxi} e, en; €p)

xd — o a/2 | a2
= Z <6L(1 — ) log zpzy + 2€1, log £__4d 2¢, log l4aw
«a

a/2 a/2
Qi—{(p,0)} xp/ —;vq/
= Z f(4)($paxq;€L7€H;gp)‘ (371)

Here the sum is over the set of m/2 contours containing a pair of light operators located at
xp and x4 respectively. This set also includes the contour containing 1 and x,.. Equivalently
the set {(p, q)} is also the OPE channel along which we perform the conformal partial wave
expansion.

Equation (3.71) upon exponentiation clearly shows the factorization of the (m + 2)-
point conformal block into m/2 4-point blocks.

B c s
Fimo)({zi}sen, em; &) = H exp [_gf(4)(xp7xq;€L76H;Ep)
Qi—{(p,9)}

= I FoGprgeemé). (3.72)
2-{(p.a)}

This proves that the (m + 2)-point conformal block, in the specific classes of OPE chan-
nels analysed above, factorizes into 4-point conformal blocks. This is a central result of
this paper.
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Case II: odd number of light operator insertions

As noted before, the contour configurations for an odd number of insertions, m, is the sum
of the even number contour configurations for m — 1 light operator insertions plus another
contour enclosing a single point.

For the contour configuration of the first kind (3.63), the monodromy conditions are

42
) = = T len((a— 1)+ (a+ 1)a) + (o = e, (373)
m—+1
X lec((a—m+1)+ (a+m—1)z) + (= — 1) Z cixi| = —4r%é,,
i=3
and that for a contour enclosing x,, and x, is
X ——ﬁ e — 1D s S —x @ 3.74
[V(p,q)] - O£2 (fvaq) [GL((OZ )xq + (Oé + )xp) + ('rp xq )Cpxp] ( . )
X [GL((Q — 1)%; + (a4 1)xg) + (332‘ — x;a)cqmq] = —4r2g,.
For the contours enclosing the single points, they are
X[y r] = —An’e], = —An?eZ, (3.75)
X[y)] = —4ne], = —4n%e. (3.76)

X[y(s)] and X[y(y)] imply that the conformal dimension of the operator living within the
contour is picked by the residue.

Similar to the previous cases, we shall now set €, = €, = €,. For the configuration of
the first kind, Qf‘ in (3.63), consisting of the contours Y(r)s Vip,g) 0 Y(1,7), the solutions
for the accessory parameters are

—er(a—142%(a+1))+ J:g/QaEp

e = e T : (3.77)
. —er(zgla—1) +ap(a+ 1))+ (2p2) ag, (3.78)
P Tp(xg — ) ’ '
. —er(rp(a—1) +ag(a+1)) + (z42p) ag, (3.79)
q_ $q(5'3¢? - 55%) 7 ‘
o= _fL. (3.80)

The above accessory parameters can be integrated (3.6) to obtain the function appearing
in the exponential of the conformal block.

fHmi}sern, em; &)

7% g0 xa/Z + xa/Z
=erlogas + Z eL(l—a)logxpxq—l—%Llog%—|—2€plog 4aﬁ
28 ={(p.9)} Tp Tt

= e logws + Z fay(Tp, x5 €r, € €a)- (3.81)
Q2= {(p.)}

- 21 —



This upon exponentiation gives

. e c .
Fonrry({mitien en; &) = (ws)™F  J[  exp |:_6f(4)($p7xq§ €L €H; Ep)}
Qi={(p.9)}

= () JI  Folwpager eué). (3.82)
Q2 ={(r,9)}

This shows the factorization of the (m + 2)-point block with odd m into a 3-point function
(without the structure constant) and (m — 1)/2 number of 4-point conformal blocks.
For the second kind of contour configuration, QF in (3.63), consisting of Y1y and Y(p.q)
we have
/2 =
() = ZLEH D 350+ 1) + )0y )
.’L’p(l‘ ﬂsq)
—ep(z(a— 1) + 2§ (a + 1)) + (z42,)* 20,

— . 3.84
“ xq(fﬂa - x;‘;) ( )

Integrating these, we obtain (3.6)

fHzi}sern, em; &)

PTG 5 rp
=erlogl+ E eL(l—a)logxpasq—l—%LlogT+26plog 4am
27 ={(p.9)} p Ta
=e€rlogl + Z fay(@p, Tgs e, € €a)- (3.85)
QP ={(p.0)}
Exponentiating this to obtain the conformal block using (2.3), we have
. e c N
Faneo({aidiesemé) = (™ [ exp |2 fon(apagien emiéa)]
QP ={(p.0)}
= (1)~ H Fa)(Tp, Tgs €L, €115 €a).- (3.86)
QP —={(p.0)}

Hence, the factorization is also clear for the contour configuration, Qf.

As we had seen the 5- and 6-point examples, the factorization for an arbitrary number
of light operator insertions can be expected for the light operators being twist and anti-
twist operators. Since, twist operators fuse into the identity (3.32), the correlator with
2N number of twist and anti-twist insertions will factorize into N 4-point functions each
having two heavy and two twists. This factorization will occur only in specific regimes in
the space of {x;} where one can use the OPEs within the correlator.

There is one additional caveat to our monodromy analysis. A curious feature of the
above conformal blocks is that they are apparently independent of the conformal dimensions
of operators in other intermediate channels — the horizontal channels g g,... in figure 1 and
figure 6. Let us evaluate the conformal dimensions of the operators in these intermediate
channels. Consider, € in figure 6. This can be obtained by evaluating the monodromy
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2(0,1,23,74,25)

Figure 6. Monodromy contours to calculate €g and €g.

around the contour containing O (0), Or(1) and Or(x3) — ¥(0,1,24) in figure 6. At the
leading order (€7) the only contribution arises from z = 0. This is equation (3.18). At
the linear order in €r, there is a vanishing contribution from the residue at z = 0 and
the monodromy is effectively the same as that of the contour 1 in figure 2 and leads to
equation (3.25). Hence, from (3.18) and (3.21), we have

em’oc 0 I(k) I(k) )
M0100)) = - ( ) ) + (@Ejj; i 83) . with o= VI~ deg. (387)
Therefore, comparing (3.87) with (3.23) for the contour (g 1,4,) Which has A = /1 — 4éq,
results in ég = ey + O(€,). Here, the O(€,) term arises from the second term in (3.87) or
equivalently from the contour ~; in figure 2 as explained above.

We shall now make the only assumption on the spectrum and OPEs which was men-
tioned earlier in section 3. This is, the intermediate operator (€,) appearing after fusion of
two light operators has €, < €1, (and this automatically implies, €, < €f). Furthermore,
we would be interested in the regime of holography in which the CFT’s dual description
in terms of a classical gravity approximation. The modes dual to the graviton fluctuations
in the bulk corresponds those built of the stress-tensor (and its descendants) in the CFT.
In other words, this is the Verma module of the vaccum which contain states (or equiva-
lently operators) with conformal dimensions which are O(1) and do not scale as the central
charge unlike the light and heavy operators and therefore satisfies €, < er. Hence, the
dominant contribution to this monodromy (3.87) comes from the heavy operator at z = 0.
This shows that in the heavy-light regime, this intermediate channel €¢ is dominated by a
heavy operator exchange eg.!!

In order to obtain €g, one can repeat the above exercise by considering the monodromy

of the contour containing 0, 1, x3, x4 and x5 — Y(0,1,2, ) in figure 6. Once again, the

T4,T5
dominant contribution will arise from the heavy operator at z = 0, which leads to ég = €g.

"This fact is also supported by |a) = O (0)|0) in equations (3.33) and (3.34). We shall also see the bulk
counterpart of €, < e, in section 5 which was also previously used in [30].
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Continuing in this fashion, it can therefore be seen, that all the horizontal intermediate
channels in figure 6 are dominated by heavy operator exchanges in the heavy-light limit.'?
The dependence on the conformal dimension of these channels then enters the conformal
block via the relation €ég = €g = - -- = €. Therefore, the assumption, €, < €r, is necessary
to have the heavy exchanges in the horizontal channels which results in the factorization
of the higher-point block into 4-point blocks.

It is worthwhile mentioning that there are other branches of solutions to the mon-
odromy constraints for the accessory parameters. This point was emphasized in [32]. It
was shown in [32] that only one of these branches matches with the one obtained from
gravity. In our analysis above, we have restricted our attention solely to the branch which

is relevant to make contact with holography in section 5.

4 Entanglement entropy and mutual information of heavy states

The results on conformal blocks obtained in the previous section can be utilized to evaluate
the entanglement entropy of disjoint intervals in states excited by the heavy operator Oy;.
The single interval entanglement entropy of heavy states was considered in [46]. Using the

state-operator correspondence, these ‘heavy states’ can be obtained from the vacuum as'?

) = 0x(0)0) and (Y| = lim 22H22hH(0|0y(2, 2).

2,2—+00

We briefly review the definitions of entanglement entropy and the replica trick used
to calculate it. The entanglement entropy is defined as the von-Neumann entropy corre-
sponding to the reduced density matrix p4

Sa = —trapalogpa (4.1)

whilst the Rényi entropy is obtained from the moments of py

SG = ———log tra (pa)" (4.2)

1—n
The reduced density matrix is, in turn, obtained by tracing out the Hilbert space lying
outside A, i.e. pg = trap. The full density matrix p in our case in terms of the excited
state is p = |1)(¢|. The Rényi entropies are a convenient computational tool, as it can be
used to obtain the entanglement entropy by the analytic continuation to n — 1. It can be
shown via the path integral [3] that the quantity tr4 (p.4)™ can be written in terms of the
partition function of the n-sheeted Riemann surface (with each copy glued along A) as

Zn
Gn=tra(pa)" = ) (4.3)
1
'21t is reassuring to observe that this also gives the same spectrum of eigenvalues for M(Y(0,1,25,..- 2., )

and M(v(e0)) — as one should expect from the Riemann sphere.
13There is a slight abuse of notation here. The 1 or ¥ appearing in this section is neither the same nor
related in any way to 1 or ¥ which appeared in section 3.
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Figure 7. Configuration of disjoint intervals on a line.

where, we have defined the normalized partition function G,. The replica trick can be
implemented by means of the twist operators, o, &,, which impose the required boundary
conditions as one moves from one sheet to another. The conformal dimensions of the
(anti-)twist operators are

c 1
h’O'n = ha—n = ﬂ <n - 7’1,> . (44)

Hence, these operators become light in the limit relevant for entanglement entropy, n — 1.
We shall focus on the case in which the sub-system 4 is made of IV disjoint intervals
ie. A = UpA;.'*  As shown in figure 7, these intervals are located at [1,z3], [z4,z5),
.[zan, xan+1]. In this setup, ; < z; for all ¢ < j. This ordering of the locations reduce
the number of possible OPE channels. Also, the OPEs are non-vanishing only for a twist
with an anti-twist operator and vanishing for a pair of twists (or a pair of anti-twists). The
number of allowed OPE channels for N disjoint intervals is actually, given by the Fibonacci
number Fyy_1. (This is discussed further in section 6.)
For heavy states, the partition function on the n-sheeted Riemann surface is the fol-
lowing correlation function of twist operators

Gn<xz’7 H_JZ) = (\I/]an(l)5n(mg)an(m)&n(a:5)an(x6)6n(a:7) - Un(.%'QN)&n(.%'gN+1)’\I/>. (4.5)

Here, the state |¥) is the state in the n-sheeted replica which has insertions of Oy through-
out all its copies. That is,

n

U =[[(On)i, and hy =nhgy. (4.6)
=1

The correlator (4.5) can be rewritten as

2N
Gn(2i,%;) = (0] ¥(00) 0n(D)n(zs) [[ on(@i)an(zisa) ¥(0) |0). (4.7)

1=4,6,-

One can evaluate this correlation function by decomposing into conformal blocks. As
argued in [46], for a CFT at large central charge with a sparse spectrum of low-dimension
operators, the dominant contribution to this correlator will arise from the identity block.
We can therefore use the results derived in the previous section for the conformal block

11t might be worth mentioning here, that the replica geometry for N disjoint intervals is a surface of genus
(n—=1)(N — 1) from the Riemann-Hurwitz theorem [51]. However, since we are interested in entanglement
entropy (which is the n — 1 limit of the Rényi entropy, Sf:)) this is the limiting case of genus-0 or a sphere.
We are therefore allowed use the results for correlation functions on the plane.
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with an arbitrary even number of light operator insertions. However, it is important to
remember that the number of OPE channels in this case will be reduced for reasons we
mentioned earlier. We denote these allowed OPE channels by Q; (which is a subset of
the channels €; in the case of even number of light insertions considered in the previous
section). Thus, from equation (3.72), we have, with €, = 0 for the identity block

Gn(2i, i) ln—1 = Fanto)({zi}; er, €5 0) Fany2)({Ti}s er, €3 0)

nc nc
= H exp [_E.f@l)(xpuxq; 5L76H30)} exp [_Ff@)(i'pai’q;elnefﬁo)]
Qi—{(p.a)}

= H Jr(4)($p7$q§€L;€H§0) ﬁ(4)(i'p,.fq;€L,€H;0). (4.8)

Note that the central charge above is nc owing to n replicas of the original theory. The
essential object here is the function f(4) given by (3.30). For this specific case, we have

¢ @
fey (i, zjien, em;0) = 26 log ———2. (4.9)

a(xiz;) 2
For the twist operators, e, = %, from (4.4). Using the above relations in the limit
n — 1, the entanglement entropy is given by

«

Sy = lim 9 = ijn{ S logW}. (4.10)

n—1 3 i _
Boolpgy  *TpTa) 2

This is the final result for the entanglement entropy of N disjoint intervals in the heavy
state. The minimal condition above implies that one need to pick the relevant OPE channel
(€2;) depending on the values of the cross-ratios z; (cf. [50]). The cross-ratios above are
taken to be real (x; = ;) since in the Lorentzian picture the intervals are spacelike and
one can consider them to be lying on the time slice ¢ = 0 without any loss of generality.
The above result is the excited state analogue to the one for vacuum derived in [50, 61].1°

For the case of two intervals, the mutual information can be straightforwardly calcu-
lated from (4.10). Its definition is

Tagn; =S4, + Sa; — Saua;- (4.11)

Without any loss of generality, we can choose the two intervals to be [1,z3] and [z4,x5].
From the channels € 3 for the 6-point block (consisting of 4 twists and 2 heavy operators)
considered in subsection 3.1, we have

0 for s-channel or 4
Lasa: = ¢ 11— x§||z§ — 2] (4.12)
' 31174 5
3 log 1= 22|28 — o] for t-channel or 23

15This result was independently derived in [34] in the lightcone OPE limit. This requires the light
operators O, to be far from the heavy operators Og.
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5 Conformal blocks and entanglement entropy from holography

In this section, we shall reproduce the conformal blocks considered in section 3 from the
gravity dual. This will involve a simple generalization of the bulk picture developed in [30].
As we had noticed before, the heavy operators in the CFT creates an excited state. In the
bulk, this state can be thought in terms of a deformation of global AdS3 into a conical defect
geometry. From the conventional holographic dictionary, the primaries in the CFT are dual
scalar fields in the bulk. However, since the conformal dimension of these operators scale
as the central charge, the mass of the bulk scalar also scales as ¢ (M = y/hr(hy — 1) ~
¢ > 1) and can be approximated by worldlines of point-particles. It was shown in [30],
that the momenta along these worldlines are equal to the accessory parameters of the
conformal block.

We work with asymptotically AdSs space in the global co-ordinates in which the dual
CFT lives on a cylinder. The metric of the geometry dual to the heavy state is given
by [30, 31, 33]

2

ds® =

1
<—dt2 + galp2 + sin?p d¢2> ,  with a =+/1—24hg/c. (5.1)

Depending on whether a? > 0 or a? < 0 the metric represents a conical defect with the

cosZp

singularity at p = 0 or a BTZ black hole with the event horizon at p = 0, respectively.
The boundary is at p = 7. To avoid potential divergences, we use the regularization
cos p poIT = A~ (where A is the UV cutoff in the dual field theory for momenta or
energies). We shall work with a constant time slice of (5.1) which is a disc with radial and
angular variables as p and ¢ respectively.

The motion of the particle on the background above is described by the worldline

action

As 5 :
S = M/ d)\\/gttt2 + gpp[)2 + g¢¢qb2 . (5.2)
s

We restrict our attention to the constant time slice ¢ = 0. The required geodesic seg-
ments between any two points on the disc can be obtained by extremizing the worldline
action (5.2). If we choose the parameter \ as the proper length, the geodesic equation
reads [30, 31]

2

Py o
—cot“p=1 5.3
acot’p=1, (5.3)

1

=h+
cos?p

where, pg = a? tan? pqﬁ, is the conserved momentum conjugate to ¢. The solution to the
geodesic equation is

1 1

/1 +p?¢/a2 cosh A’

Using these relations one can compute the regularized length of geodesics which will be

cos p = (5.4)

shown to reproduce the corresponding conformal blocks.
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Figure 8. Bulk picture of the 3-point function (left) and 4-point conformal block (right) in CFT.
Two of the operators are heavy which deform the background geometry (from the vacuum AdS
to the conical defect) and the other light operators are described by geodesics of massive probe
particles.

In what follows, we illustrate the worldline configurations corresponding to the 3-point
function and the 4-point conformal block in the CFT. Then we shall generalize the bulk
picture for conformal blocks with arbitrary number of odd and even operator insertions.

Worldlines corresponding to 3-point function

Let us consider the bulk realization of the 3-point function (Og(00)Or(2)Ox(0)). This
is effectively a 1-point function in an excited state. In terms of the cylinder coordinates
on the CFT, (w = —ilog z), this is realized in the bulk as a radial geodesic from the
point of insertion of the light operator to the singularity (see figure 8). The corresponding
conformal block can be computed by determining the regulated length of the geodesic from
the position of defect p = 0 to the boundary i.e, cos p| /2 = AL

cos p=A~—"1 (P
lLZ/ dp ~ log sm(zp)—i—c?s(
0 COS p COS (5) —Sln(

The contribution to the correlator is given by

) cos p=A~"1
] =1log(2A) + O(A™2) . (5.5)

)

N (D

G(w) = e MElt ~ (20) 7 (5.6)

This function is independent of w and just depends on the cut-off A. However, this is still
a result on the cylinder. To obtain the conformal block on the plane, we use the standard
exponential map z = e’ to obtain

G(z) = z*hLG(wH = (202) M o 27 (5.7)

w=—1 log z

There are no additional bulk worldlines possible in this case unlike the higher point func-
tions as we shall see below. Equation (5.7) precisely reproduces the z dependence of the
normalized 3-point function, (O (c0)Or(2)0(0))/(Om(c0)Ox(0)), which is fixed by con-

formal invariance.
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Worldlines corresponding to 4-point conformal block

The conformal block of the 4-point function (O (00)Or(2;)Or(x;)O(0)) is described in
the bulk by the geodesic configuration shown in figure 8 [30]. The configuration consists
of a geodesic anchored at the points of insertion of light operators, namely w; and w; on
the cylinder.'® In addition to this, there is another geodesic — which represents exchange
of primary operator with conformal dimension Bp — stretched between the singularity
(p = 0) and the former geodesic (see figure 8). The point of intersection of the geodesic
segments can be determined by minimizing the worldline action [30]. For the case we are
considering, in which the two light operators have same conformal dimensions, the dotted
worldline joins the mid-point of the geodesic connecting w; and w; (see figure 8). Therefore,
the worldline action becomes

S =e¢ply, + gplp, (5.8)

Here, I, is the length of the geodesic joining the light operators at the boundary whilst [,
is the length of the other geodesic joining the singularity and the mid-point of the former
geodesic. We also assume €, < €r,, such that the radial geodesic does not backreact to the
other one [30]. Recall, that in our CFT analysis, the same assumption €, < €r, led to the
dominant contribution by heavy operators in the horizontal intermediate channels. For the
er, geodesic (here, w;; = w; — wj), we have

5P = T osh A ’
The regulated €7, and €, geodesic lengths are given by
I (wij) = 2 — 2 log (sin ™YY 4 2 1og (2 5.10
) =y s =2 (0 ) 20 (A) )
cos p=sin m;ij dp QWs
Ip(wij) = /0 oy = o8 (tanT”> . (5.11)

The limits of integration for [, are the ones corresponding to the singularity and the mid-
point of the e, geodesic. The (w; dependent) contribution to the correlator is given by [30]

(tan“%)"™

G(wi, w;) = o 68(wiswj) _ p—hrly(wij)—hp lp(wij) _ )
iy Wy . ow;i;i\2hr
( J
sin— )

(5.12)

Once again, to obtain the conformal block on the plane we need to perform the conformal
transformations, z; = "¢ and ;= e

Fay (i, ) = x;th;hLG(wi,wj)

(5.13)

w; j=—1 log x; ;"

16This geodesic is same as the Ryu-Takayanagi one.
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The extra prefactor comes due to the conformal transformation of the light operator Or ().
In terms of the following function

f(xi, ;) = |erlog(zix;) + 2€r log (sinawij> — €plog <tan%)}
2 4 wi,j:—i logzi,]-

e — s x?/2+x9/?
=2 €r, log 7{)11 -+ gp lOg ﬁ s (514)
(izj) = z;' " -y
the conformal block F4)(w;, ;) is then given as
Fy(xi, xj) = exp(—cf(xi,2;)/6) . (5.15)

which indeed agrees with the CFT result (3.30) up to the constant (€,log4a — 2¢y, log o).

Worldlines corresponding to higher-point conformal blocks

Largely motivated by the Ryu-Takayanagi proposal for disjoint intervals, the worldline con-
figurations above can be extended to conformal blocks of arbitrary (m + 2)-point functions
of two heavy operators and an arbitrary number (m) of light operators

m—+1

(04(c0) [oLu) I1 OL(aci)] 01(0))
=3

The basic constituents of the holographic representation of these higher conformal blocks
are the worldline configurations for the 3-point function and the 4-point block. One then
needs to add up lengths of the geodesic segments in the bulk (I,), weighted with the
corresponding scaled conformal dimensions (¢,), to obtain the worldline action

S(wi) = ely (5.16)

v

and the conformal block is given by exp[—§S(w;)]. Additionally, we need to perform a
conformal transformation to go from the cylinder to the plane. Like the 3- and 4-point
examples considered above, we shall mostly concern ourselves with the dependence of
conformal block on the cross-ratios (z;). We now describe the bulk pictures of the two
distinct cases.

Odd number of light insertions

Let us consider a [(2k + 1) + 2]-point function in the CFT where two of them are heavy
operators whereas an odd number 2k + 1 of them are light (k € N). Generalizing the
previous bulk descriptions, we can see that amongst these 2k + 1 points, 2k points of light
operator insertions will pairwise form k geodesic segments (see figure 9). These worldlines
joining a pair of points in the boundary will also have an additional geodesic segment rep-
resenting the intermediate exchange of primaries of dimension }sz whose common origin is
the singularity and each one ends on the mid-points of the boundary-to-boundary geodesic
segments. There is another geodesic segment originating from the remaining (or unpaired)
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Figure 9. Worldline configuration corresponding to [(2k + 1) + 2]-point conformal block (with
k = 2 above). There are k geodesics connecting 2k points of light insertions of the CFT whereas
one geodesic segment connects the remaining point of insertion to the singularity. Also, there are
intermediate exchanges described by the dotted geodesics from the singularity to mid points of the
boundary-to-boundary geodesics.

light operator insertion will anchor into the singularity at the centre (p = 0). This is
precisely the factorization of [(2k + 1) + 2] point conformal block into k 4-point blocks and
a 3-point function. After summing the geodesic lengths, the net contribution to correlator
is (here, |j] = [T"% ;" is the factor arising from the conformal transformation from the
cylinder to the plane z; = e!¥s)

Farrnya) = 1IG (i) = |jle™ 850200 = [jleheiva T ehelutoe=lnlstn)
Qi—={(0:5)}

= w;hL H .7:(4) (xz-,xj) . (5.17)
Qi—{(i.5)}

The prefactor ;% represents any one of the points of insertion which is left over after
connecting the others pairwise by the boundary-to-boundary geodesic segments. The choice
of pairings via the geodesics in the bulk is in one-to-one correspondence with OPE channels,
Q;, in the CFT.!" Therefore, the above equation (5.17) precisely matches with the CFT
result for odd-point blocks — (3.82) or (3.86).

Even number of light insertions

For an even number (2k) of light operator insertions (see figure 10), we can form k
boundary-to-boundary geodesics joining a pair of light operator insertions (k € N). Again
there are additional worldlines starting from the singularity and ending on the mid-point
of each boundary-to-boundary geodesic which geometrically describe the intermediate ex-
changes (in). This case is, therefore, effectively equivalent to the odd-point block upon

"It may be of potential concern that the worldlines in channels other than the s-channel may intersect
each other. Such issues can be avoided by suitably considering infinitesimally separated constant time slices
each containing contributions for 4-point block(s) or a 3-point function. In any case, the sum of lengths of
geodesics will not change.
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Figure 10. Worldline configuration corresponding to (2k + 2)-point conformal block (with k& = 3).
There are k geodesics connecting 2k points of light insertions on the CFT.

removal of the extra geodesic from the unpaired light insertion. The contribution to the
correlator is given once again in terms of the worldline action as

Fonpz) = [iG(wi(w:)) = [jle 85@@) = |j) - T e Prlelwalehollvi)

= I Fo@iz). (5.18)
Qi+{(14)}

(The factor |j| used here, once again, arises from conformal transformations from the
cylinder to the plane and is given by Hggl x7")) This agrees with the CFT result for
even point blocks obtained in (3.72).

It can therefore be seen that, the conformal blocks in the OPE channels we have consid-
ered bears a very natural interpretation in terms of bulk worldline diagrams. Furthermore,
the network of geodesics considered here are simpler compared to those in [31, 33] which
correspond to other OPE channels. Evidently, the basis, which we have chosen to work
with, admits the straightforward generalization to an arbitrary number of light operator
insertions.

Holographic entanglement entropy

The Ryu-Takayanagi prescription [4], prescribes that the entanglement entropy is given by
the minimal area of a surface in AdS anchored at the endpoints of the interval(s)

min[ya]

Sa= 4G N

For the case of AdSs, the minimal area surface is equivalent to a geodesic. For the case of
multiple intervals, there are several of these geodesic configurations, G;, which are possible
in the bulk, out of which we need to choose the one with the minimal length. Furthermore,
Gy is related to the central charge by the Brown-Henneaux relation ¢ = 3¢/2Gy [62].
For the metric (5.1), the length of the geodesic joining two points in the boundary
(CFT on the cylinder) has been calculated in (5.10) — see also [63] and appendix A of [46].
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Considering the CFT on the boundary to be living on a plane, the length of the bulk
geodesic joining the points x; and z; (both real) is

¥ — %
lij =2 log - J ‘77

I (5.19)
o(zizj) 2

Hence, summing over all the geodesics and applying the minimal-area condition, the result
for holographic entanglement entropy is

c Ty — o
Sq = 3mjn{ Z logpaql} . (5.20)
' Gi—{(p,9)} alzpry) 2

This agrees exactly with (4.10) — provided the bulk geodesic configurations G; are iden-
tified with the OPE channels €; in the CFT (cf. [50, 51, 61] for the vacuum case). Hence,
depending on the values of the cross-ratios x; the relevant OPE channel is chosen in the
CFT and analogously the geodesic configuration of minimal length is the one that repro-
duces the corresponding entanglement entropy of the heavy excited state.'®

6 Moduli space of the correlation function

As remarked earlier, the correlation function of m light operators and 2 heavy operators
on the plane is associated with the Riemann sphere with (m + 2) punctures, ¥ ;;,42. This
can also be seen by thickening the diagrams of the conformal blocks. The expansion in
terms of conformal partial waves is, then, the decomposition of this Riemann surface into
3-holed spheres. The moduli space of X ;12 is Mo m42 which has (m —1) complex moduli

The OPE channels, which involve the pairwise fusion of two light operators, located at
1,23, -+ ,Xmy1, describe the moduli space around some specific regions. For instance, the
6-point function in the s-channel, €21, is restricted to the disjoint regimes around zs3 — 1
and x4 — x5. Whereas, the t-channel, €25, describes the region around x5 — 1 and 3 — 4.
The u-channel or €23 describes the region around 4 — 1 and x3 — x5. The three worldline
configurations are the bulk duals equivalently describing these OPE channels. In general,
at large central charge, the (m + 2)-point correlation function switches from regions of one
OPE channel of Mg ;42 to another in the moduli space upon tuning the cross-ratios.
Furthermore, the worldline configurations in the bulk also correspond to each of the possible
ways of decomposing the punctured Riemann sphere into 3-holed spheres.

In the context of entanglement entropy of N disjoint intervals, the correlator has N
twist and N anti-twist operators in addition to two heavy operators. It was shown in [51],
that the number of Ryu-Takayanagi geodesic configurations, Ay, is given by the recursive
formula

Ny =3Nn_1 —Nn_o . (6.1)

18See [45, 64-70] for other results on entanglement entropy in excited states.
191 is worthwhile to note, that this jump is seemingly discrete since we are strictly working in the ¢ — oo

limit. In fact, it can be explicitly shown that quantum corrections to mutual information smoothen this
discrete jump [71]. We are grateful to Arnab Rudra for pointing this possibility.
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Interestingly, Ny above is given by the alternating Fibonacci numbers, Fon_1 [72]. As we
had seen, the geodesic configurations G; are in one-to-one correspondence with the contours
considered in the monodromy problem, ﬁz In fact, the contours in the CFT are smoothly
shrinkable into the bulk without ever crossing its corresponding geodesic [51]. Therefore,
Fyn—1 also counts the number of possible OPE channels of the conformal blocks (equaling
the number of allowed pant-decompositions of the (2N + 2)-punctured Riemann sphere)
in the basis of pairwise fusion of the twist and anti-twist operators. Each of these OPE
channels has its regime of validity in IV disconnected regions of the moduli space, 9,11 — 1

and xg; — Topp1. 20

7 Conclusions

In this work, we have studied higher-point conformal blocks of two heavy operators and an
arbitrary number of light operators in a CFT with large central charge. We focused our
attention to a specific class of OPE channels in which the light operators fuse in pairs and
the conformal dimension of the operator in the intermediate channels (after fusion of two
Ops) are the same. In the heavy-light limit, we have been able to show that these blocks
factorize into products of 4-point blocks. This was achieved using the monodromy method
and the exponentiation of the block at large central charge. These CFT results could be
reproduced from bulk worldline configurations using the methods presented in [30]. We
have also applied these results to study the entanglement entropy of an arbitrary number
of disjoint intervals for excited states. Hence, this work serves as a twofold generalization
of the results of [50, 61] to excited states and that of [46] to multiple intervals. If further
information about the spectrum (like structure constants and operator content) of large-c
theories is available, these results can be possibly used to know higher-point heavy-light
correlation functions in holographic CFTs.?!

It would be interesting to find subleading corrections both in the light parameter ef,
as well as in 1/c to the higher point conformal block [39, 40]. The 1/c¢ corrections would
lead to corrections in entanglement entropy as well. One can then try to see whether these
can be holographically reproduced by considering one-loop determinants in handlebody
geometries obtained from orbifolding the conical defect [71]. Moreover, it can then be seen
how 1/c effects smoothen the jumps in mutual information.

An immediate application of our results on higher-point conformal blocks is to study
time-dependent entanglement entropy of disjoint intervals and mutual information in local
quenches. The evolution of entanglement entropy of a single interval in this scenario
has been studied in [46] and also the mutual information for joining quenches have been
studied in [73].

As we had mentioned in the introduction, there is a fascinating connection between
conformal blocks (of a specific pant decomposition) and Nekrasov partition functions arising

20The twist operators (located at 1 and Zeven ) have non-vanishing OPEs with anti-twist operators (located
at Toad). The OPE of (anti-)twist with itself is zero. Moreover, the location of the endpoints of the intervals
are 1 < x3 < x4 < --- < Tm—1. This is the reason why the number of OPE channels gets reduced to Fan_1
from v\ = (2N)1/(2V N1).

21Gee [7, 8] for some progress along these lines.
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from the AGT correspondence [21, 22, 74]. This relation was utilized in [31] to derive results
for heavy-light blocks. Although, their conformal blocks are in a different basis and explicit
results exist only for the 4- and 5-point blocks, it would be interesting to precisely relate the
results of [31] to those found here via fusion transformations. Furthermore, it also known
that the one-point function of chiral ring elements in the 4d gauge theory are related to
CFT; conformal blocks with insertions of conserved charges [75]. This presents the exciting
prospect of utilizing this connection to find the entanglement entropy of heavy states in
presence of chemical potentials.??

Another intriguing direction is to see how the above results for higher-point conformal
blocks generalize to theories with additional conserved currents — these include super-
symmetric and higher-spin extensions. Our analysis suggests that the factorization could
happen for conformal blocks of these theories as well. For the case of CFTs which have
higher-spin gravity duals, the bulk Wilson line prescription [28, 58] may also suggest such
a factorization of the higher-point blocks.

Finally, it would be exciting to see to what extent our analysis of conformal blocks
have analogues in higher dimensions. From the holographic side, one can make use of the
geodesic Witten diagram prescription of [29]. In a related context, correlation functions
of heavy and light operators have also been considered in the context of N' = 4 super
Yang-Mills and also from the dual string theory [76-80]. The heavy operators correspond
to classical string solutions and the typically protected light operators correspond to super-
gravity modes. The heavy states can be expressed in terms of Bethe states in the spin-chain
description of the planar limit. The correlation function is then reduced to finding expec-
tation values of light operators in these states. Although the existing results (involving a
sufficiently intricate analysis) are mostly for the structure constant cppy, appearing in the
3-point function, it would be interesting to see a whether a higher point generalization of
the same shares any features with its lower dimensional counterpart considered here.
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