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1 Introduction

In a recent paper [1] Camanho, Edelstein, Maldacena, and Zhiboedov (CEMZ) have con-

sidered higher-derivative corrections to the Einstein-Hilbert action of the type

S =
1

16πG

∫
ddx

√−g(R+ l22R
2 + l44R

3) , (1.1)

where the R2 (R3) corrections actually stand for precise four (six) derivative corrections

that guarantee the absence of second-order time derivatives, and l2, l4 denote new length

scales below which such corrections become non negligible. Moreover, they assumed that

l2 and l4 are much larger than the Planck length lP = (G~)1/(d−2) to ensure that there is

an intermediate energy regime where the higher derivative corrections are important, but

the theory is still weakly coupled.

CEMZ argued that, through their modification of the three-graviton vertex, these

corrections can easily lead to short-distance violations of causality by inducing (Shapiro)

time delays of the wrong sign for some carefully chosen gedanken experiments. They go on

to show that this problem cannot be fixed unless one assumes that the full theory contains

an infinite number of states extending to arbitrarily high spin. They finally use results

about high energy scattering in superstring theory [2] to illustrate this possible way out of

the causality problem.

The Gedanken experiment chosen by CEMZ is the high-energy scattering of a polarized

“probe” graviton off a coherent state “target” consisting of N -polarized gravitons. The

regime is chosen so that the full S matrix becomes the Nth power of an almost trivial
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elastic two-body S-matrix. In a suitable large-N limit the S-matrix exponentiates and

builds up an eikonal-like phase 2δ(E, b) (where E is the probe-graviton energy and b the

impact parameter) from which it is easy to compute the time delay as

∆t = 2∂Eδ(E, b) = (∆t)EH

(
1± c2

l42
b4

± c4
l84
b8

)
, (1.2)

where c2, c4 are some numerical constants and the ± sign choices depend on the relative

orientation of the helicities of the probe and of the target. Because of these sign choices it

is always possible to choose the relative polarizations in such a way that, at b ≪ l2, l4, the

time delay has the opposite sign of the usual (Einstein-Hilbert) time delay (∆t)EH. This

is, in a nutshell, the causality violation claimed in [1].

The string theory counterexample presented in [1] is the high energy collision of two

gravitons at small impact parameter and at sufficiently small string coupling for the

Schwarzschild radius RS associated with the center of mass energy to be much smaller

than the string-length parameter ls. As it is well known, R2 and R3 corrections are both

absent in the case of the maximally supersymmetric string theory. The heterotic string

has only R2 corrections, while the bosonic string has both R2 and R3 corrections. For

this reason in this paper we analyze in detail the Shapiro time delay in the bosonic string

case. This is possible since the closed string tachyon present in the spectrum is harmless

in the Regge limit as briefly discussed in section 4. We expect the analysis of string-string

scattering in the heterotic case to be very similar.

In order to make the connection with CEMZ as close as possible, we will consider the

case of a probe graviton scattering on a heavy target consisting, in our case, of a stack of

N ≫ 1 Dp-branes. In the superstring case this process has been studied recently in [3–6]

(see also [7]) where the main aim was to recover classical phenomena such as gravitational

deflection and tidal excitation in the large-b regime.

Here, besides switching to the bosonic string case, we also look (again in order to make

contact with CEMZ) at the b ≪ ls regime and with small enough string-coupling (Newton

constant) for the radius Rp of the brane geometry to be smaller than ls. This set up will

allow us to illustrate in a simple and transparent way the emergence of the CEMZ causality

problem in a properly defined field theory limit as well as its resolution in the full-fledged

string theory. The rest of the paper is organized as follows.

In section 2 we derive, for the critical closed bosonic string, the tree-level elastic scat-

tering amplitude of a massless string (a graviton, a dilaton or a Kalb-Ramond boson)

impinging on a stack of Dp-branes and analyze its Regge asymptotics. We then argue

that, in analogy with what was already shown for the superstring [3, 6], open string loop

corrections lead to a unitary S-matrix in the form of an operator eikonal expression.

In section 3 we discuss an appropriate QFT truncation of the results described in

section 2 corresponding to a field theoretic gravity theory with higher derivative corrections

containing, besides a graviton Gµν , an antisymmetric (Kalb-Ramond) field Bµν and a

dilaton φ. We then show that such a theory suffers from the causality (and equivalence

principle) violations pointed out in [1].
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In section 4 we show in detail how the above mentioned problems are neatly avoided

when the full structure of string theory (in particular its Regge behavior) is taken into

account. Section 5 gives a summary of our findings as well as some short conclusions.

Appendix A contains a sketch of the calculation of the tree-level amplitudes presented

in section 2 while appendix B gives a check of the operator eikonal exponentiation at one-

loop order (annulus diagram). In appendix C we give, for the sake of completeness, the

derivation of the Shapiro time delay for the processes discussed in this paper.

2 Bosonic string amplitudes in presence of D-branes

In this section we study the scattering of closed bosonic string states from a stack of Dp-

branes. In particular we consider disk and annulus amplitudes with external tachyonic and

massless states. The vertex operators describing the emission of a closed string tachyon VT

and the massless states1 VG are

VT =
κ26
2π

eipX , VG =
κ26
2π

2

α′
Gµν i∂X

µ i∂̄XνeipX , (2.1)

where κ26 is the gravitational constant in the critical dimension for the bosonic theory

(d = 26).

The disk amplitude contributing to the scattering of a tachyon off a stack of N coin-

cident Dp-branes is

ATT
1 = CS2κ26

α′

8π
N

∫
d2z1d

2z2
dVabc

〈B|VT(z1)VT(z2)|0〉 , (2.2)

where the boundary state |B〉 describes the D-branes and the sphere normalization CS2 is

given by CS2

(
κ26

2π

)2 α′

8π = 1. Each insertion of a boundary state is accompanied by a factor

of κ26, a propagator (B.2) and a factor of N . A brief summary of our conventions, of the

main steps in the evaluation of (2.2) and of the other string amplitudes discussed in this

section can be found in appendix A, while here we list just the main results. From (2.2)

we obtain2

ATT
1 =

κ26Tp

2
N

Γ(−1− α′s)Γ
(
−1− α′

4 t
)

Γ
(
−2− α′s− α′

4 t
) , (2.3)

where
√
s is the energy3 of the incident (or outgoing) closed string state

√
s = p01 = |p02|

and t is related to the momentum exchanged between the probe and the Dp-branes: t =

−q2 = −(p1 + p2)
2. In the Regge limit s ≫ |t| we have4

ATT
1 ∼ κ26Tp

2
Ne−iπ α′t

4 (α′s)1+
α′t
4

Γ
(
−α′t

4

)

1 + α′t
4

≡ A1(s, q) . (2.4)

1Although we shall consider the full set of massless states (graviton, dilaton and antisymmetric tensor)

we shall often refer to the external state as the graviton.
2We do not explicitly write the momentum conservation (2π)p+1δp+1(p1+p2) common to all amplitudes.
3We choose to work in a frame where the energy is the only non-zero component of the closed string

momentum along the D-brane.
4The combination 1

2
κ26TpN is given in terms of the radius Rp of the brane geometry in (C.4).
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Similarly the tree-level scattering of a massless state is given by the disk amplitude with

two massless vertex operators

AGG
1 = CS2κ26

α′

8π
N

∫
d2z1d

2z2
dVabc

〈B|VG(z1)VG(z2)|0〉 . (2.5)

The explicit expression of the full amplitude, when written in terms of the polarizations,

is somewhat lengthy because several Lorentz structures are present. However it simplifies

considerably in the Regge limit. As discussed in detail in [6], the simplest method to derive

the asymptotic form of a generic string amplitude is to use the Reggeon vertex [8–10]. For

the amplitude (2.5) the result is:

AGG
1 ∼ −κ26Tp

2
Ne−iπ α′t

4 (α′s)1+
α′t
4 Γ

(
−1− α′t

4

)
(2.6)

×
(
(ǫ1ǫ2)−

α′

2
(ǫ1q)(ǫ2q)

)(
(ǭ1ǭ2)−

α′

2
(ǭ1q)(ǭ2q)

)
,

where, as usual, we split the closed string polarization into its holomorphic and anti-

holomorphic part Gµν = ǫµǭν . Notice that the quantity in the first line in (2.6) is just the

elastic scattering of a tachyon on a D-brane (2.4).

This amplitude can be compared with the one for the type II superstring theories (see

for instance eq. (2.12) of [3])

AII
1 ∼ (ǫ1ǫ2)(ǭ1ǭ2)

κ10T
II
p

2
NΓ

(
−α′t

4

)
e−iπ α′t

4 (α′s)1+
α′t
4 ≡ AII

1 (s, q) . (2.7)

Apart from the overall factor which involves the 10D gravitational constant κ10 and the

boundary state normalization T II
p (which is given by (A.3) for d = 10), the two amplitudes

have two main qualitative differences. The first is that the leading Regge trajectory in-

cludes the tachyonic (ground) state of the bosonic theory. The second is that even in the

high energy Regge limit the bosonic amplitude has a non-trivial dependence on the polar-

ization tensors, see the second line in (2.6). As discussed in detail in [1], this is a direct

consequence of the modification of the three-graviton vertex in the bosonic theory which

yields a quadratic (Riemann2) and a cubic term (Riemann3) in the effective action, while

in the maximally supersymmetric case these corrections are forbidden by supersymmetry.

Because of this, the Lorentz structure in (2.6) is the same as the one appearing in [1], see

for instance eq. (3.17) therein.5

In the point-particle limit, the superstring result (2.7) becomes

AII
1 → (2E)2δ(s, q) = (ǫ1ǫ2)(ǭ1ǭ2)

κ10T
II
p

2
N

4

q2
s . (2.8)

We can construct the elastic c-number eikonal as the Fourier transform of δ(s, q) in the

d − (p + 1) − 1 dimensional space (with d = 10 for the superstring) transverse to the Dp-

brane and the direction of the incident state. In the superstring case the tidal excitations

5The only difference between the two setups is that in the tree-level graviton-brane scattering there is a

single three-point vertex, while in the graviton-graviton scattering the same vertex appears twice (and so

in [1], the Lorentz structure in the second line in (2.6) appears twice).
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of the closed string are accounted for by replacing the c-number eikonal by an eikonal

operator [2] given by6

2δ̂II(s,b) =

∫ 2π

0

dσ

2π

∫
d8−pq

(2π)8−p

AII
1 (s,q)

2E
: eiq(b+X̂(σ)) : , (2.9)

where the operators

X̂I(σ) = i

√
α′

2

∞∑

n=1

(
aIn
n
einσ − aI−n

n
e−inσ +

ãIn
n
e−inσ − ãI−n

n
einσ

)
, I = 1, . . . , d− 2 ,

(2.10)

are the string coordinates in a light-cone gauge aligned to the collision axis, as discussed

in [6]. A similar eikonal operator 2δ̂(s,b) can be introduced in the bosonic case, simply by

changing the critical dimension to d = 26 and by using the amplitude A1 in (2.4)

2δ̂(s,b) =

∫ 2π

0

dσ

2π

∫
d24−pq

(2π)24−p

A1(s,q)

2E
: eiq(b+X̂(σ)) : . (2.11)

By construction, the matrix element of the operator 2δ̂(s,b) between two vacuum states

of the Fock space of the aIn in (2.10) gives the high-energy limit of the elastic scattering

amplitude of a tachyon off a stack of Dp-branes in the impact parameter representation

〈0|2δ̂(s,b)|0〉 =
∫

d24−pq

(2π)24−p

A1(s,q)

2E
eiqb . (2.12)

Let us verify that the same holds in the case of two gravitons, which are naturally repre-

sented by |ǫ, ǭ〉 = ǫI ǭJa
I
−1ã

J
−1|0〉

〈ǫ1, ǭ1|2δ̂(s,b)|ǫ2, ǭ2〉 = 〈ǫ1, ǭ1| 2δ̂(s,b) |ǫ2, ǭ2〉 (2.13)

=

∫
d24−pq

(2π)24−p

A1(s,−q2)

2E
eiqb

∫ 2π

0

dσ

2π
〈ǫ1, ǭ1| : eiqX̂(σ) : |ǫ2, ǭ2〉 ,

where the last matrix element is equal to

∫ 2π

0

dσ

2π
〈ǫ1, ǭ1|

(
1− 1

2
: (qX̂(σ))2 : +

1

24
: (qX̂(σ))4 :

)
|ǫ2, ǭ2〉 = (2.14)

(ǫ1ǫ2)(ǭ1ǭ2)−
α′

2
(qǫ1)(qǫ2)(ǭ1ǭ2)−

α′

2
(qǭ1)(qǭ2)(ǫ1ǫ2) +

(α′)2

4
(qǭ1)(qǭ2)(qǫ1)(qǫ2) .

By using this result in (2.13), one immediately obtains the Fourier transform of the ampli-

tude in eq. (2.6) (apart from the usual factor of 2E).

Following [4, 6], one can generalize this result and show that the matrix elements of

the eikonal operator 2δ̂ (2.11) between generic light-cone states of the bosonic string give

the Regge limit of a generic two-point function on the disk. This can be proved by studying

6From now on we will use the boldface to indicate the light-cone momenta. The physical polarizations of

the massless states live naturally in d−2 space dimensions and the momentum exchanged q has a vanishing

small component along the direction of the incident state. See [6] for a general discussion of the light-cone

states also at the massive level.
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the full set of inelastic scattering amplitudes at tree level, either using the Reggeon vertex

and the DDF operators or taking the Regge limit of the light-cone three-string vertex.

It is also natural to assume that the bosonic eikonal operator 2δ̂ exponentiates when

one includes the leading contribution at high energy of the amplitudes with h boundaries.

As in the superstring case [2], one can argue that at the leading order in the Regge limit

the string amplitudes with many boundaries are dominated by an integration region in

the moduli space where the worldsheet looks like a (half) ladder diagram, with gravitons7

connecting each boundary to the line representing the external energetic state. In formulae,

this means that the leading contribution to tachyon scattering from the amplitude ATT
h

with h boundaries should be a convolution of h copies of the disk result (2.4)

ATT
h

2E
∼ ih−1

h!

∫ h∏

i=1

d24−pki

(2π)24−p

A1(s,ki)

2E
〈0|

h∏

i=1

2π∫

0

dσi
2π

: eikiX̂(σi) : |0〉δ
(∑

ki − q
)
. (2.15)

These convolutions become just products after the Fourier transform to the impact param-

eter space. Thus in the Regge limit the S-matrix takes the form

S = e2iδ̂(s,b) , (2.16)

which is obtained from (2.15) by summing over h and removing the two vacuum states

that project the operator onto the ground (tachyonic) state. The eikonal operator in (2.16)

correctly describes the tidal effects (inelastic excitations) at the leading order in the small

Rp/b expansion. This was discussed in the maximally supersymmetric context of the

graviton-graviton scattering in [2] and in [3] for the string-brane case. A check of the

validity of (2.15) in the bosonic case is given in appendix B where the leading energy

contribution to the two-tachyon amplitude at the one-loop (annulus) level is calculated.

3 Causality problems in field theory

The results of the previous section show that the Regge limit of a generic two-point function

on the disk is given by the matrix element of the eikonal operator 2δ̂ (2.11) between

the corresponding light-cone states. Sewing together different copies of this operator one

finds the leading contribution of the ladder diagrams. In this section we shall study the

field theory truncation of the string amplitudes, restricting both the external and the

intermediate states to the massless sector.

The projection of 2δ̂ on the massless sector is given by (2.13), with α′ set to zero in

the function A1

2δftIH,JK(E,q) = κ26TpN
E

q2

(
δIJ − α′

2
qIqJ

)(
δHK − α′

2
qHqK

)
, (3.1)

and describes the transition from the state aI−1ã
H
−1|0〉 to the state aJ−1ã

K
−1|0〉. By gluing

together h copies of this operator with h − 1 high-energy propagators one immediately

7Actually the whole leading Regge trajectory contributes at the string level.
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obtains the field theory version of (2.15), where only massless fields propagate. This is

most easily done after diagonalising the operator (3.1). In the impact parameter space

we have

2δftIH,JK = K0δIJδHK +K2 (δIJΠHK + δHKΠIJ) +K4ΠIJHK , (3.2)

where

K0=
κ26NTpEΓ

(
D−2
2

)

4π
D
2 bD−2

, K2=− α′

b2

κ26NTpEΓ
(
D
2

)

4π
D
2 bD−2

, K4=

(
α′

b2

)2 κ26NTpEΓ
(
D+2
2

)

4π
D
2 bD−2

,

(3.3)

and the tensors Π are trivial whenever one of the indices is along the p-dimensional space

parallel to the D-branes, while in the D = 24− p space where b lives are8

Πij =

(
δij −D

bibj

b2

)
, (3.4)

Πijhk = δhkδij + δhjδik + δjkδih −
D + 2

b2

(
bhbkδij + bhbjδik

+bibhδjk + bjbkδih + bibkδjh + bibjδhk − (D + 4)
bibjbhbk

b2

)
.

By constructions the Π’s are completely symmetric and traceless in all indices since they

are obtained by taking derivative of 1/bD−2, the Green function of the Laplacian in the

impact parameter space.

It is then straightforward to check that the massless states split into several groups

with distinct eigenvalues (we are subtracting below the common term K0 present in all the

eigenvalues)

• p2 states of eigenvalue zero corresponding to the metric and B-field polarizations

Ga1a2 , where a1, a2 are along the p space directions of the Dp-branes.

• 2p(D−1) states of eigenvalueK2 corresponding to the metric andB-field polarizations

Ga1ĵ
, where the hatted indices, such as ĵ, are perpedicular to both the D-branes and

the impact parameter vector b.

• 2p states of eigenvalue (1−D)K2 corresponding to the metric andB-field polarizations

G
a1b̂

, where b̂ indicates the direction along the impact parameter.

• (D − 1)(D − 2)/2 states of eigenvalue 2K2 corresponding to the polarizations Bîĵ of

the B field.

• (D − 1) states of eigenvalue (2−D)K2 corresponding to the polarizations B
î b̂
.

• (D− 1)(D− 2)/2 states of eigenvalue 2K2 + 2K4 corresponding to the metric polar-

izations Gîĵ with î 6= ĵ.

• (D − 1) states of eigenvalue (2 − D)K2 − 2(D + 1)K4 corresponding to the metric

polarizations G
îb̂
.

• (D − 2) states of eigenvalue 2K2 + 2K4 corresponding to the metric polarizations

Gîî −Gî+1î+1, where î can take only the first D − 2 values.

8When p = 22, we have D = 2 and the leading eikonal phase K0 is proportional to lnb2.

– 7 –



J
H
E
P
0
5
(
2
0
1
5
)
1
4
4

• The remaining two eigenstates are a mixture of the states |v1〉 = Gîĵδ
îĵ/

√
D − 1 and

|v2〉 = G
b̂b̂

. In the subspace generated by these two vectors the shift in the eikonal

operator can be represented by a 2 × 2 matrix M (2) whose elements are M
(2)
11 = a,

M
(2)
22 = b, M

(2)
12 = M

(2)
21 = c, where

a = 2K2+(D+1)K4 , b = −2(D−1)K2+(D2−1)K4 , c = −(D+1)
√
D − 1K4 .

(3.5)

The eigenvalues λ± and the eigenstates |v±〉 of the matrix M (2) turn out to be

λ± =
a+ b

2
± 1

2

√
(a− b)2 + 4c2 , |v±〉 =

(λ± − b)|v1〉+ c|v2〉√
(λ± − b)2 + c2

. (3.6)

The states listed above diagonalize the S-matrix in the Born approximation. It seems

reasonable to assume that the most general interaction describing the scattering of massless

states off a heavy target and consistent with the assumptions mentioned after (1.1) has the

same form of (3.1), but with arbitrary coefficients for the q2 and q4 terms related to l2 and

l4 in (1.1). In this basis it is easy to resum the half-ladder diagrams constructed by gluing

together many vertices of this type together with the high energy propagator 1/(2E): one

obtains a convolution in momentum space and so a power of vertex (3.2) in the impact

parameter space. In the eigenstate basis then the S-matrix is elastic and the half-ladder

diagrams reconstruct the exponential S = exp(iλO) for each eigenvalue λO.

For each eigenstate, deflection angle9 and time delay [1, 11] can be computed by the ap-

propriate derivatives of the corresponding eikonal phase. It is clear that the above results

lead to causality violations in some particular channels, independently of the particular

expressions we have for K2 and K4. Causality violations arise for instance for the compo-

nents Ga1ĵ
and Gîb̂ of the metric and for the components Ba1ĵ

and Bîĵ of the Kalb-Ramond

field. We conclude that our truncation of string theory leads to arbitrarily large causality

violations for sufficiently small values of
l2,4
b (but still with b > Rp and Rp sufficiently

small).

From the result above it is clear that the dilaton, defined as the trace in the light-cone

space |w1〉 = (Ga1a2δ
a1a2 + Gîĵδ

îĵ + G
b̂b̂

)/
√
D + p, is coupled to the metric components

involving the diagonal elements Gîî and Ga1a1 . We can make this explicit by starting from

the eikonal matrix in the space generated by |v0〉 = Ga1a2δ
a1a2/

√
p, |v1〉 and |v2〉, and

rewriting it in a basis defined by the dilaton |w1〉 and other two vectors, |w0〉 and |w2〉,
representing pure metric fluctuations

|w0〉 =
√

D

D + p
|v0〉 −

√
(D − 1)p

D(D + p)
|v1〉 −

√
p

D(D + p)
|v2〉 ,

|w1〉 =
√

p

D + p
|v0〉+

√
D − 1

D + p
|v1〉+

1√
D + p

|v2〉 , (3.7)

|w2〉 = − 1√
D
|v1〉+

√
D − 1

D
|v2〉 .

9Following [1], in order to avoid the deflection of the probe particle one could discuss the propagation

of a closed string between two equidistant stacks of Dp-branes.
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We can decouple the dilaton, so as to obtain the result for pure gravity, as follows: we

consider the 3×3 matrix M (3) obtained by adding a row and a column of zeros representing

the state |v0〉, then we write the eikonal phase in the new |wi〉 basis (3.7), and finally we

eliminate the second row and column that correspond to the dilaton |w1〉. The eigenvalues
of the new 2× 2 matrix obtained in this way correpond to the pure gravity eigenstates in

the space spanned by10 |w0〉 and |w2〉.
We conclude this section with a comment on the maximally supersymmetric case.

Although in Type II supergravity the graviton three-point coupling does not receive any

correction, the causality problem identified in [1] can arise if one considers the propagation

of a higher spin massive particle. For instance the first massive level of the superstring

spectrum contains a class of states that transform in the tensor product of two totally

symmetric traceless tensors of rank two. Their scattering amplitudes on a stack of D-

branes in the Regge limit can be evaluated using the methods introduced in [6]. For states

polarized in the directions transverse to the branes and to the collision axis the result is

proportional to a polynomial in the polarizations and the momentum transfer which is

essentially the same as the one in (2.14)

(ǫ1,ijǫ
ij
2 )(ǭ1,klǭ

kl
2 )−

α′

2
(ǫ1,ijq

j)(ǫ2
i
sq

s)(ǭ1,klǭ
kl
2 )−

α′

2
(ǫ1,ijǫ

ij
2 )(ǭ1,klq

l)(ǭ2
k
rq

r)

+
(α′)2

4
(ǫ1,ijq

j)(ǫ2
i
sq

s)(ǭ1,klq
l)(ǭ2

k
rq

r) , (3.8)

where we split the rank-four polarization tensor into its holomorphic and anti-holomorphic

parts Sµνρσ = ǫµν ǭρσ. Therefore if we were to allow only the propagation of massless

states in the transverse channel or even if we were to include a finite number of higher

spin massive fields, a causality problem would arise. This is not as compelling as the one

in [1] because a simple field theory description of the consistent interactions of a massive

higher spin particle with the gravitational field is still lacking and therefore we are forced

to work in the context of string theory from the very beginning. It is however interesting

to note that generic non-minimal couplings of a higher spin field to the graviton would lead

to negative Shapiro time delays.

4 String theory resolution of the causality problems

In this section we study how the causality problem that arises in the field theory limit is

solved when one takes into account the complete string dynamics. Paralleling the treatment

in [2] let us start with the superstring case where, in the Regge limit,

A1(s,−q2)

2E
=

1

2
NTpκ10 Γ

(
−α′t

4

)
(α′s)

2E
e

α′t
4

Ȳ , Ȳ = Y − iπ ≡ log(α′s)− iπ . (4.1)

10This procedure allows one to check that for p = 0, D = 2 (an unphysical case for the bosonic string

since D+ p should be 24) there is no correction proportional to K2. This follows from the fact that, in the

case of pure gravity, the R2 correction is a total derivative (Gauss-Bonnet) in four-dimensions [1].
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In impact parameter space we find

A1(s,b)

2E
≡

∫
d8−pq

(2π)8−p

A1(s, t)

2E
eiqb

=
1

2
NTpκ10 Γ

(
1 +

α′

4
∇2

)

×
∫

d8−pq

(2π)8−p

4s

2Eq2
exp

(
−α′

4
q2Ȳ + iqb

)
, t = −q2 =

∂2

∂bi∂bi
≡ ∇2 .

(4.2)

We can compute the integral in the second line as follows

4s

2E

∫ ∞

0
dT

∫
d8−pq

(2π)8−p
e
−q2

(
T+α′

4
Ȳ
)
+iqb

=
4s

(4π)
8−p

2

∫ ∞

0
dT

(
T +

α′

4
Ȳ

) p−8

2

e
− b

2

4(T+α′
4

Ȳ )

=
2E

(4π)
8−p

2

∫ ∞

α′

4
Ȳ
dT̂ T̂

p−8

2 e−
b
2

4T̂ =
2E

(4π)
8−p

2

(
b2

4

) p

2
−3 ∫ b

2

α′Ȳ

0
dt t2−

p

2 e−t . (4.3)

The last integral gives an incomplete gamma-function

γ(s;x) =

∫ x

0
dtts−1e−t =

∞∑

k=0

xs+ke−x

s(s+ 1) . . . (s+ k)
=⇒ xs

s
+ . . . , for x ≪ 1 (4.4)

and therefore

A1(s,b)

2E
=

1

2
NTpκ10 Γ

(
1 +

α′

4
∇2

)
2E

(4π)
8−p

2

(
b2

4

) p

2
−3

γ

(
3− p

2
;
b2

α′Ȳ

)
. (4.5)

At high energy and small impact parameter b ≪
√
α′Y

A1(s,b)

2E
∼ 1

2
NTpκ10 Γ

(
1 +

α′

4
∇2

)
2E

(4π)
8−p

2

×
(

4

α′Ȳ

)3− p

2 1

3− p
2

(
1 +O

(
b2

α′Ȳ

))
.

(4.6)

For the bosonic string we start from (2.6). Neglecting for the moment the polarization

dependent prefactor and proceeding exactly as before, we obtain instead of (4.5)

A1(s,b)

2E
=

1

2
NTpκ26

Γ
(
1 + α′

4 ∇2
)

1− α′

4 ∇2

2E

(4π)
24−p

2

(
b2

4

) p

2
−11

γ

(
11− p

2
;
b2

α′Ȳ

)
, (4.7)

which, for b ≪
√
α′Y and at high energy, becomes

A1(s,b)

2E
∼ 1

2
NTpκ26

Γ
(
1 + α′

4 ∇2
)

1− α′

4 ∇2

2E

(4π)
24−p

2

(
4

α′Ȳ

)11− p

2 1

11− p
2

(
1 +O

(
b2

α′Ȳ

))
.

(4.8)
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The above tree-level scattering amplitudes in impact parameter space are expected to

exponentiate in an operator form when higher loop corrections are included. This is checked

to be the case at the annulus level in appendix B. The elastic scattering amplitude will

be suppressed both by the imaginary part contained in (4.6) and (4.8) (through Ȳ ) and

by the replacement of the c-number eikonal by an operator eikonal. The former effect is

connected to the possibility of producing open strings living on the brane system and will

be discussed in a forthcoming paper [12]. The latter phenomenon is related to tidal-force

excitation of the incoming closed string, a process already discussed in detail in [6].

For the purpose of this paper we ignore these absorptive effects and concentrate our

attention on the real part of the c-number eikonal where we replace Ȳ by Y ≡ log(α′s).

If we further notice that the operator α′∇2 acts on a function of x ≡ b2

α′Y , we see that,

effectively, α′∇2 ∼ Y −1∂2
x. Such an observation allows us to approximate at large Y the

differential operators appearing in (4.6) and (4.8) with the identity operator. In particular,

for the bosonic string even the tachyonic pole at ∇2 = 4
α′ becomes harmless11 and we

simply obtain

Re (A1(s,b))

2E
∼ 1

2
NTpκ26

2E

(4π)
24−p

2

(
4

α′Y

)11− p

2 1

11− p
2

(
1 +O

(
b2

α′Y

))
. (4.9)

The eikonal phase for the elastic scattering of a graviton can be obtained by acting on the

previous expression with the Fourier transform of a polynomial in the momenta and the

polarizations. As shown in section 2, for the bosonic string this polynomial is

(
(ǫ1ǫ2)−

α′

2
(ǫ1q)(ǫ2q)

)(
(ǭ1ǭ2)−

α′

2
(ǭ1q)(ǭ2q)

)
. (4.10)

In sharp contrast with the QFT limit discussed in the previous section, terms containing

the momentum transfer q (which in the impact parameter space corresponds to ∂
∂b) are

parametrically small at high energy, being suppressed by inverse powers of Y with respect

to terms of the same order in |b|. Since the leading (Einstein-Hilbert) term respects

causality, the Shapiro time delay is positive for all possible choices of the polarizations of

the graviton, the Kalb-Ramond form and the dilaton.

At this point we could ask how essential is the Regge behavior of the string amplitudes

for the resolution of the causality problem. We could for instance include all the string

corrections except for those related to Reggeization. Since the appearance of Y in the

transverse momentum cut off (and therefore in its b-transform) is due to Regge behavior,

we could consider what happens if we replace Y by a constant. It is easy to see that this

would not be sufficient to eliminate completely the danger of causality violations since the

corrections to the EH time delay are of order one. This is much better than the QFT

situation discussed in the previous section but not as good as the result obtained in this

section by taking into account the full dynamics of string theory.

11This is essentially due to the fact that tachyon exchange is suppressed by two powers of the energy

with respect to graviton exchange and therefore it is negligible in the high-energy limit.
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5 Conclusions

The main aim of this paper was to illustrate, in the context of string theory, a recent obser-

vation by Camanho et al. [1] that adding to the Einstein-Hilbert action higher derivative

corrections at scales lower than the Planck energy leads generically to short-distance viola-

tions of causality via negative time delays. To this purpose, we considered the high-energy

collision of the massless modes (graviton, dilaton and antisymmetric tensor) of perturba-

tive closed bosonic string theory (where such corrections to the EH action are present) off

a stack of a large number of coincident Dp-branes.

We restricted ourselves to the small-deflection-angle regime (corresponding to impact

parameters b much larger than the gravitational radius Rp induced by the branes) for which

string corrections are under control (see e.g. [6] and references therein) even if b < ls =√
α′. Within this regime we considered different truncations of the full theory and checked

whether the potential causality problems pointed out in [1] appear at each truncation level.

At the most drastic level, corresponding to a QFT limit with higher derivative terms

in the effective action, we find that causality violations do emerge in certain channels

defined by the relative orientation of the projectile polarization and the impact parameter

vector. In this case the violations, corresponding to an increasingly negative time delay,

become parametrically large (with respect to the positive Shapiro time delay) as b becomes

increasingly smaller than
√
α′.

Within a somewhat milder truncation, which just replaces Regge behavior s1+α′t/4 by

a QFT-type fixed-power s, we find that causality-violating terms are of the same order as

the causality-preserving ones. Generically, causality violations of order one will then occur

in some channels. Finally, when the full Regge behavior is taken into account, the causality

violation terms are suppressed by inverse powers of Y = log(α′s) and no violation occurs,

as already pointed out in [1].

The main lesson to be drawn from our exercise is the apparent necessity of Regge

behavior for the resolution of the causality problem raised by CEMZ. Since Regge behavior

needs the contribution of an infinite number of t-channel partial waves, this conclusion goes

along very much with the one made in [1] where arguments were given for the necessity of

an infinite number of states of arbitrarily high spin exchanged in the t-channel. Although

in a generic Quantum Field Theory Regge behavior can be obtained without invoking such

a spectrum of single-particle states, their necessity looks inescapable in the weak coupling

situation we have considered where l2,4 ≫ Rp ≫ lP.

Note finally that Regge behavior automatically induces a new phenomenon related to

the branch cut associated with a non-integer power of s (which disappears in the QFT

limit). Its correct interpretation in string theory is well known from the very early days of

the dual resonance model: it corresponds to the production of very massive strings in the s-

channel. For string-string collisions these are heavy closed strings (discussed, for instance,

in [2] and [13]) while for the process at hand they are open strings attached to the branes.

In other words, at impact parameters smaller than the string length, the elastic amplitude

is strongly reduced in favor of converting the (very high) energy of the massless projectile

into (very) massive open strings. A detailed analysis of this process will be discussed in a

forthcoming paper [12].
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A Tree-level high-energy string-brane scattering

In this appendix we provide some details about the disk amplitudes discussed in section 2.

Beside the vertex operators the other main ingredient appearing in the disk amplitudes is

the boundary state |B〉

|B〉 = Tp

2
δ(d−1−p)(q̂)

∞∏

n=1

e−α−nR ᾱ−n |0, p = 0〉 , (A.1)

where R is the diagonal reflection matrix, whose elements are Rµ
ν = δµν when µ, ν = 0, . . . , p

and Rµ
ν = −δµν when µ, ν = p+ 1, . . . , 26. The string modes are defined as usual

Xµ(z, z̄) = qµ − i
α′

2
pµ ln |z|2 + i

√
α′

2

∞∑

n 6=0

(
αµ
n

n
z−n − α̃µ

n

n
z̄−n

)
. (A.2)

Finally, the Dp-brane tension τp = Tp/κ26 in the bosonic theory is obtained from κ26, given

in (C.3), and from

Tp =

√
π

2
d−10

4

(4π2α′)
d−2p−4

4 , with d = 26 . (A.3)

Starting from (2.2), we can use the boundary state to transform all the right moving

oscillators α̃−n into left moving oscillators and obtain a correlator of four open-string-like

vertices located in 1/z̄2, 1/z̄1, z1, and z2. Due to the residual SL(2, R) invariance, we

can fix three of these variables and then use the unintegrated form for the corresponding

vertices. As usual dVabc is proportional to the ghost correlator from the unintegrated

vertices. Introducing the cross-ratio

x =

(
1
z̄1

− z1

)(
1
z̄2

− z2

)

(
1
z̄2

− z1

)(
1
z̄1

− z2

) , (A.4)

we have

d2z1d
2z2

dVabc
=

(
1

z̄1
− z2

)2( 1

z̄2
− z1

)2

dx . (A.5)
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Then the disk amplitude with two closed string tachyons (2.2) is

ATT
1 =

κ26Tp

2
N

∫ 1

0
dx

(
1

z̄1
− z2

)2( 1

z̄2
− z1

)2


(

1

z̄1
− z1

)α′

2
p1Rp1 ( 1

z̄1
− z2

)α′

2
p1Rp2

(
1

z̄2
− 1

z̄1

)α′

2
p1p2

(z1 − z2)
α′

2
p1p2

(
1

z̄2
− z1

)α′

2
p1Rp2 ( 1

z̄2
− z2

)α′

2
p2Rp2


 (A.6)

=
κ26Tp

2
N

∫ 1

0
dx x−α′s−2(1− x)−

α′

4
t−2 ,

where we used CS2

(
κ26

2π

)2 α′

8π = 1 and

2p1p2 = −t+m2
1 +m2

2 , prRpr = −2s+m2
r , 2p1Rp2 = 4s+ t−m2

1 −m2
2 , (A.7)

with m2
1 = m2

2 = −4/α′. Then from (A.6) we immediately obtain (2.3).

The amplitude for the elastic scattering of a graviton on a disk is given by (2.5). The

full amplitude can be written in terms of three types of integrals over the cross ratio x,

depending on how many ∂X operators are contracted

AGG
1 =

κ26Tp

2
N (I1 + I2 + I3) . (A.8)

By using (A.7) with m2
1 = m2

2 = 0, after a straightforward though somewhat long calcu-

lation one finds the explicit form of the integrand in (A.8). The first contribution comes

from the contraction of all the ∂X operators among themselves

I1 =

∫ 1

0
dx x−α′s(1−x)−

α′

4
t

[
(ǫ1ǫ2)(ǭ1ǭ2)

(1− x)2
+

1

x2
(ǫ1Rǭ1)(ǭ1Rǫ2) + (ǫ1Rǭ2)(ǭ2Rǫ1)

]
. (A.9)

The term quadratic in the external momenta is

I2 =
α′

2

∫ 1

0
dx x−α′s(1− x)−

α′

4
t (A.10)

[
−1− x

x2
(ǫ1Rǭ1)ǫ2µ

(
2Eδµ0 + qµ

x

1− x

)
ǭ2ν

(
2Eδν0 + qν

x

1− x

)

+
1

x
(ǫ1ǫ2)ǭ1µ

(
2Eδµ0 − qµ

x

1− x

)
ǭ2ν

(
2Eδν0 + qν

x

1− x

)

−1− x

x
(ǫ1Rǭ2)ǭ1µ

(
2Eδµ0 − qµ

x

1− x

)
ǫ2ν

(
2Eδν0 + qν

x

1− x

)

−1− x

x
(ǭ1Rǫ2)ǫ1µ

(
2Eδµ0 − qµ

x

1− x

)
ǭ2ν

(
2Eδν0 + qν

x

1− x

)

+
1

x
(ǭ1ǭ2)ǫ1µ

(
2Eδµ0 − qµ

x

1− x

)
ǫ2ν

(
2Eδν0 + qν

x

1− x

)

−1− x

x2
(ǫ2Rǭ2)ǫ1µ

(
2Eδµ0 − qµ

x

1− x

)
ǭ1ν

(
2Eδν0 − qν

x

1− x

)]
.
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Finally the term with four momenta in the polarization contractions is given by

I3 =
(α′)2

4

∫ 1

0
dx x−α′s(1− x)−

α′

4
t

(
1− x

x

)2

ǫ1µ

(
2Eδµ0 − qµ

x

1− x

)
(A.11)

ǭ1ν

(
2Eδν0 − qν

x

1− x

)
ǫ2ρ

(
2Eδρ0 + qρ

x

1− x

)
ǭ2σ

(
2Eδσ0 + qσ

x

1− x

)
.

In order to derive these results, one needs to use momentum conservation along the longi-

tudinal directions of the D-branes

(1 +R)(p1 + p2) = 0 , (A.12)

and the transversality condition (ǫ1p1 = ǫ2p2 = 0) to rewrite scalar products such as ǫ1Rp2
in terms of q = p1 + p2 and (p1 + Rp1)

µ = 2Eδµ0. By assuming that the polarizations

of the gravitons have a vanishing time component, we recover the results of [14]. This

simplification is automatic in the Regge limit: the presence of the combination x/(1 − x)

in some terms of the integrand yields extra factors of α′s after the integration over x is

performed. Then in the combination 2Eδµ0 ± qµx/(1 − x) we can neglect the first term

(that scales like E) with the respect of the second (that scales like E2). Thus in the Regge

limit we have

I1 ∼ (−α′s)1+
α′t
4 Γ

(
−1− α′t

4

)
(ǫ1ǫ2)(ǭ1ǭ2) , (A.13)

I2 ∼ −α′

2
(−α′s)1+

α′t
4 Γ

(
−1− α′t

4

)
[(ǫ1ǫ2)(ǭ1q)(ǭ2q) + (ǭ1ǭ2)(ǫ1q)(ǫ2q)] ,

I3 ∼ (α′)2

4
(−α′s)1+

α′t
4 Γ

(
−1− α′t

4

)
(ǫ1q)(ǭ1q)(ǫ2q)(ǭ2q) .

In conclusion we obtain (2.6).

B Operator-eikonal exponentiation at annulus level

In the closed string channel the annulus amplitudes can be evaluated using two boundary

states. For instance the one-loop correction to the amplitude in (2.2) is

ATT
2 = CS2

1

4π
κ226

α′

8π
N2

∫
d2z1d

2z2〈B|VT(z1)VT(z2)P |B〉 , (B.1)

where P is the closed string propagator12

P =
α′

2
(L0 + L̃0 − 2)−1 =

α′

8π

∫
d2q

|q|2q
L0−1q̄L̃0−1 . (B.2)

The powers of κ26 and N count as usual the number of insertions and that of the borders,

while the extra factor of 1/(4π) follows from the residual symmetries of the annulus that,

as in [3], we decided not to fix.

12In our conventions d2z = 2dRe zd Im z; this is the origin of the factor of 4 on the second line of (B.8).
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The contribution of the zero modes qµ and pµ to (B.1) is

(2π)p+1δ(p+1)(p1 + p2)(2π
2α′λ)−(26−p−1)/2e

α′

2πλ

[
(s+ 4

α′ )
(
log

|z1|
|z2|

)2

−t log |z1| log |z2|

]

, (B.3)

where log |q| = −πλ. Again we used (A.7) with m2
1 = m2

2 = −4/α′. The contribution of

the non-zero modes has two effects. First it yields the usual annulus measure

dµ1 = 2πdλ
1

|q|2
∞∏

n=1

1

(1− |q|2n)24
. (B.4)

Then it transforms the disk Green function log(zi− zj) into the annulus one, which can be

expressed in terms of the prime form logE(zi, zj), where

E(zi, zj) = (zi − zj)
∞∏

n=1

(
1− |q|2n zi

zj

)(
1− |q|2n zj

zi

)

(1− |q|2n)2 , (B.5)

or in terms of the standard Jacobi θ-function

E(zi, zj) = 2πi eiπ(νi+νj)
θ1(νi − νj |iλ)

θ′1(0|iλ)
. (B.6)

With these modifications, the evaluation of the annulus amplitude proceeds in a similar

way to the disk amplitude in (A.6). In order to follow closely the superstring derivation

of [3] we introduce the variables

zi = e2πiνi ≡ e2πi(iλρ1−ω1) , zj = e2πiνj ≡ e2πi(iλρ2−ω2) . (B.7)

The result is

ATT
2 =

(
κ26TpN

2

)2 α′

16π
(2π2α′)−(25−p)/2(2π)4

∫ ∞

0

dλ

λ
21−p

2

1

|q|2
∞∏

n=1

1

(1− |q|2n)24
(B.8)

4

∫ 1

2

0
dρ1

∫ 1

2

0
dρ2

∫ 1

0
dω1

∫ 1

0
dω2 e−(α′s+2)Vs−

α′t
4

Vt
(θ′1(0|iλ))4 e4πλρ

2

(2π)4θ21(iλρ− ω|iλ)θ21(−iλρ− ω|iλ) ,

where

ρ = ρ1 − ρ2 , ω = ω1 − ω2 , ζ = ρ1 + ρ2 , (B.9)

and

Vs = −2πλρ2 + log
θ1(iλ(ζ + ρ)|iλ)θ(iλ(ζ − ρ)|iλ)
θ1(iλζ + ω|iλ)θ(iλζ − ω|iλ) ,

Vt = 8πλρ1ρ2 + log
θ1(iλρ+ ω|iλ)θ(iλρ− ω|iλ)
θ1(iλζ + ω|iλ)θ(iλζ − ω|iλ) . (B.10)

As in the superstring case, in our kinematic configuration (large E and small Rp/b), this

integrand is dominated by the region of small ρ and large λ. In this limit we have

ATT
2 ∼

(
κ26TpN

2

)2 α′

16π
(2π2α′)−(25−p)/2(2π)4

∫ ∞

0

dλ

λ
21−p

2

e2πλ
∫ 1

0
dζ

∫ 1

0
dω

2

∫ ζ

−ζ
dρ e2πα

′λsρ2e2πλζ(1−ζ)α
′t
4 (4 sin2 πω)−

α′t
4

exp
[
4α′s sin2(πω)

(
e−2πλζ + e−2πλ(1−ζ)

)] (
4 sin2(πω)

)−2
. (B.11)
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The last term in the last line comes from the last fraction in eq. (B.8). The integral over

ρ ∼ 0 is Gaussian (after a Wick rotation E → iEe). By writing the exponential in the

last line as a double series of terms proportional to e−2πnλζ and e−2πmλ(1−ζ) we obtain an

expression very similar to the integrand I1 in appendix A of [3]. Then the integral over ω

can also be performed and one obtains

ATT
2 ∼

(
κ26TpN

2

)2 α′

8π
(2π2α′)−(25−p)/2(2π)4

∫ 1

0
dζ

i√
2α′s

(α′s)24−
α′t
4

∞∑

n,m=0

1

n!m!

(
4α′s

)(n−1)+(m−1)−α′t
4

1

π
B

(
1

2
, n+m− 2− α′t

4
+

1

2

)
(B.12)

Γ
(p
2
− 10

)[
−2πζ(1− ζ)

α′t

4
+ 2π(n− 1)ζ + 2π(m− 1)(1− ζ)

]10−p/2

.

This expression is very similar to the superstring case, except that n, m are shifted to

n−1, m−1, due to the presence of the tachyon pole (e2πλ) in the first line of (B.11) and of

the last factor (sin−4(πω)) in the final line of the same equation. We can trade the integral

over ζ for a momentum integral in D = 24− p dimensional space by using the identity

∫ 1

0
dζ Γ

(
p− 20

2

)[
−2ζ(1− ζ)

α′t

4
+ 2(n− 1)ζ + 2(m− 1)(1− ζ)

] 20−p

2

= (2πα′)
24−p

2

∫
d24−pk

(2π)24−p

[
2(n− 1) +

α′

2
k2

]−1 [
2(m− 1) +

α′

2
(k− q)2

]−1

. (B.13)

We can rewrite the sum as an integral

∞∑

m=0

1

m!

f(m)sm

m+ t
= −

∫

C

dm

2πi
e−iπmΓ(−m)

f(m)sm

m+ t
, (B.14)

where the contour includes all the poles in the Γ(−m) and not the other ones. We can

then deform the contour and focus on the poles of the propagators in (B.13), which are the

only ones that contribute to the leading term in the energy. We find

ATT
2 ∼

(
κ26TpN

2

)2 α′

8π
(2π2α′)−(25−p)/2(2π)4

iπ10−p/2

√
2α′s

1

4
(α′s)24−

α′t
4

(2πα′)
24−p

2

∫
d24−pk

(2π)24−p
Γ

(
−1 +

α′

4
k2

)
Γ

(
−1 +

α′

4
(q− k)2

)
eiπ

α′

4
k2+iπ α′

4
(q−k)2

(
4α′s

)−α′

4
k2−α′

4
(q−k)2 1

π
B

(
1

2
,−α′

4
k2 − α′

4
(q− k)2 − α′t

4
+

1

2

)
. (B.15)

By using eq. (2.4) and

1

π
B

(
1

2
+

α′

4
k(q− k),

1

2

)
= 2−α′k(q−k)〈0|

2∏

i=1

2π∫

0

dσi
2π

: eikX̂(σ1) : : ei(q−k)X̂(σ2) : |0〉 ,

(B.16)
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we can rewrite (B.15) as follows

ATT
2 ∼ α′

8π
(2π2α′)−(25−p)/2(2π)4

iπ10−p/2

√
2α′s

1

4
(2πα′)

24−p

2

∫
d24−pk

(2π)24−p
(B.17)

A1(s,k)A1(s,q− k)〈0|
2∏

i=1

2π∫

0

dσi
2π

: eikX̂(σ1) : : ei(q−k)X̂(σ2) : |0〉 .

Since the normalization on the first line is just i/(4E), we indeed obtain (2.15) for h = 2.

C Shapiro time delay

In this appendix we compute the Shapiro time delay for a probe particle moving in the

metric created by a stack of N Dp-branes. In order to include also the case of the Dp-branes

of the bosonic string we write the metric keeping an arbitrary space-time dimension d,13

ds2 = (H(r))−
d−p−3

d−2

(
−dt2 + dx2p

)
+ (H(r))

p+1

d−2dx2d−1−p , (C.1)

where

H(r) = 1 +

(
Rp

r

)d−p−3

, Rd−3−p
p =

2κdTpN

(d− 3− p)Ωd−p−2
. (C.2)

Tp is given in eq. (A.3) and κd is the gravitational constant in d dimensions

2κ2d =
1

2
d−10

2

g2s(2π)
d−3(α′)

d−2

2 . (C.3)

For d = 10 the metric reduces to that of the maximally supersymmetric Dp-branes in ten

dimensions. Using eqs. (A.3) and (C.3), we can write the combination appearing in the

amplitudes in section 2 in terms of Rp:

1

2
κdTpN =

π
d−p−1

2 Rd−p−3
p

Γ
(
d−p−3

2

) , Rd−p−3
p =

Γ
(
d−p−3

2

)

π
d−p−1

2

gsN

4

1

2
d−10

2

(2π
√
α′)d−p−3 . (C.4)

Let us assume that the probe particle moves along one of the transverse directions xd−1 ≡ z.

In general, moving in the metric of the branes, its trajectory will be deflected. However, if

the impact parameter is much larger than Rp the deflection angle will be very small and,

in the first approximation, we can neglect it and assume that the probe moves along z. In

this case we can also expand the metric for large r and keep only the dominant terms. We

then obtain the following relation between dt and dz

− dt2

(
1 +

d− p− 3

d− 2

(
Rp

r

)d−p−3

+ . . .

)
+ dz2

(
1 +

p+ 1

d− 2

(
Rp

r

)d−p−3

+ . . .

)
= 0 ,

(C.5)

13See refs. [15, 16] for a derivation of this metric. See also ref. [17].
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which implies

dt

dz
= 1 +

1

2

(
Rp

r

)d−p−3

+ . . . , (C.6)

where r2 = b2 + z2. From this expression we can immediately compute the Shapiro time

delay

∆t =
Rd−p−3

p

2

∫ +∞

−∞

dz

(b2 + z2)
d−p−3

2

=
Rd−p−3

p
√
πΓ

(
d−p−4

2

)

2bd−p−4Γ
(
d−p−3

2

) . (C.7)

On the other hand, if we compute the quantity in eq. (2.12) keeping only the pole of the

graviton we get

2δ(s, b) =

∫
dd−2−pq

(2π)d−2−p

A1(s,q)

2E
eiqb =

π
d−p−1

2 Rd−p−3
p 2E

Γ
(
d−p−3

2

)
∫

dd−2−pq

(2π)d−2−p

1

q2

=
Rd−p−3

p
√
πΓ

(
d−p−4

2

)

2bd−p−4Γ
(
d−p−3

2

) E , (C.8)

which implies the following relation between the phase shift and the Shapiro time delay

∆t =
∂

∂E
2δ(s,b) . (C.9)

In order to have a time delay without deflection, we could have studied, following [1], the

propagation of a probe particle between two equidistant stacks of Dp-branes, displaced for

instance from the origin only along the direction xd−2 (i.e. located at xd−2 = −b and at

xd−2 = b). The result would have been twice the value of the time delay derived in this

appendix.
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