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ABSTRACT: We study the behavior of the scattering amplitudes of the bosonic string in-
volving a soft massless state (graviton, dilaton and Kalb-Ramond antisymmetric tensor)
and closed string tachyons or other closed string massless states. For a soft graviton we con-
firm the results, obtained in ref. [37] using just gauge invariance, up to terms of O(q') for
external tachyons and up to terms of O(q") for external massless closed string states. Fur-
thermore, we also derive the behavior of the scattering amplitude when a dilaton or a Kalb-
Ramond field becomes soft. These results are new and cannot, to our knowledge, be derived
by using gauge invariance. It turns out, in the cases examined, that the soft amplitude for
a dilaton or for an antisymmetric tensor is obtained by saturating the tensor, M, derived
from gauge invariance for gravitons, with their respective polarization tensors. Thus extra
terms that could have appeared in M), in the case of a soft dilaton, in fact do not appear.
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1 Introduction and results

Soft theorems have a long history and were studied already in the 1950s and 1960s, espe-
cially for Compton scattering of photons and gravitons on arbitrary targets (for a discussion
of low-energy theorem for photons see chapter 3 of ref. [1]). They were recognized to be
important consequences of local gauge invariance [2-10]. For photons, Low’s theorem [5]
determines the amplitudes with a soft photon from the corresponding amplitudes without
a photon, up to terms of order O(q"), where ¢ is the soft-photon momentum. The univer-
sal leading behavior of a soft-graviton was first discussed by Weinberg [6, 7]. Non-leading
terms were then discussed in refs. [11, 12]. More recent discussions of the generic subleading
behavior of soft gluons and gravitons are given in refs. [13-15].

In the 1970s soft theorems for the string dilaton were discussed by Ademollo et al. [16]
and by Shapiro [17] for tree diagram scattering amplitudes involving only massless par-

I Gauge invariance does not in general determine the soft behavior of the string

ticles.
dilaton, because of the potential presence of gauge invariant terms at order O(¢"). It was
nevertheless found in ref. [16] that such terms are not present in the bosonic string, if the
amplitude involves only massless closed string states. They do, however, appear if massless
open string states are also involved.

Interest in the soft behavior of gravitons and gluons has recently been renewed by
a proposal from Strominger and collaborators [20-23] showing that the soft-graviton be-
havior follows from Ward identities of extended Bondi, van der Burg, Metzner and Sachs
(BMS) symmetry [24-28]. This has stimulated the study of the subleading soft behav-
ior in amplitudes with gluons and gravitons. In four spacetime dimensions, Cachazo and
Strominger [23] proposed that tree-level graviton amplitudes have a universal behavior
through second subleading order in the soft-graviton momentum. These considerations
have since been extended to gluons in arbitrary number of dimensions in various ways at

tree level [29-35].

See also refs. [18, 19] for the study of the soft dilaton behavior in string field theory.



Poincaré and gauge invariance as well as a condition arising from the distributional
nature of scattering amplitudes have been used in ref. [36] to strongly constrain the soft
behavior for gluons and gravitons, while in ref. [37] gauge invariance is shown to completely
fix the first two leading terms (up to terms O(q")) in the case of a gluon, and the first three
leading terms (up to terms O(q')) in the case of a graviton, for any number of space-time
dimensions (g being the soft momentum). More specifically, in ref. [37] it was shown that
by imposing the conditions

@M} = M), =0, (1.1)

one could determine for small ¢ the behavior of the on-shell amplitude M#il containing a
graviton and n scalar particles:?

"1 i i i 9 d
M = PR DY g R — Dt VP v e _ O kP T
i “d; kiq {k R T (k T 81@'”)} !

n . .
1 1 1 1 >
=1

1 0
- . [T 70N A 139 Z- A N N e 7N i N 2
+ 2((/%61)(77 q" —q"n"") —ki'q"q )8,{?] T, + O, (1.2)

where Lorentz contraction of two vectors is here and throughout this work denoted by
pq == n""puq,. where T, is the amplitude of n scalar particles and J! is the angular
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J;P =1 <k1 Dk, K% Bkm> . (1.3)

momentum operator

Actually, as we will see later, the conditions in eq. (1.1) are in general not correct, because
the right hand side can contain a term proportional to the momentum ¢. However, in the
case of a graviton, this extra term is irrelevant.

Before proceeding further note that next-to-leading soft-graviton theorems in arbitrary
number of dimensions were also studied in refs. [38-42] and that soft gluon and graviton
behaviors are in general modified by loop corrections, as discussed in refs. [37, 43-45].
Finally, soft gluon and graviton behavior were also studied in the framework of superstring
theory in refs. [33, 46, 47]. In particular, in the previous papers it has been shown that
the string amplitudes reproduce the soft graviton behavior discussed above up to the first
subleading term in the soft momentum without any extra o’ corrections.

In this paper we concentrate on the closed bosonic string and we study the soft be-
havior of a scattering amplitude involving one soft massless state with the other states
being either closed string tachyons or other massless closed string states. The aim of this
paper is not only to check that in the case of a soft graviton, one obtains a soft behavior
consistent with what is required by gauge invariance, as discussed in ref. [37], but also and
especially to get the soft behavior for the dilaton and for the Kalb-Ramond field, which is
not obvious how to obtain in field theory.

%kaq is connected to Newton’s gravitational constant G;‘,i) by the relation kg = \/Sﬂ'GS\C]l), where d is
number of space-time dimensions.



The low-energy field theory action that in the string frame describes the interaction
between gravity, dilatons and Kalb-Ramond fields in d dimensions reads?

1 _ 1
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The corresponding action in the Einstein frame becomes:*
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where ¢ is the dilaton field (canonically normalized)® and
Hywp = 0uBup — 0y Bup + 9By, (1.6)

which is antisymmetric under the exchange of the three indices since B,,,,, the Kalb-Ramond
field, is also antisymmetric. From these actions it is not obvious at all that there is a gauge
invariance determining the soft behavior of amplitudes with a soft dilaton, similar to the
one for gravitons. It is also not clear how to get a low-energy theorem for the Kalb-Ramond
field by using its gauge invariance; i.e. in the case of the graviton amplitudes, the subleading
behaviour of the amplitudes in the soft momentum expansion, is related to the leading one
by gauge invariance. For the Kalb-Ramond field, however, the leading term is absent and
this procedure apparently seems to fail.

The reason why this is instead possible in string theory, is due to the fact that the scat-
tering amplitudes involving a graviton or a dilaton or a Kalb-Ramond field with momentum
q and other particles with momentum k;, are all obtained from the same two-index tensor
MM (q; k;) by saturating it with a polarization tensor satisfying respectively the following
conditions:

Graviton (g,,) == €V =€V ; nue’ = (1.7a)
Dilaton (¢) = €}’ = 7 —q"q" (1.7b)

Kalb-Ramond (B,,) = ¢y = —cj' (1.7¢)
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where ¢ is, similarly to ¢, a lightlike vector such that ¢ - ¢ = 1. This is also what one
gets, at least in the field theory limit, by applying at tree level the KLT relations [48] or
in general the BCJ rules [49, 50] according to which one also obtains a common M*"” that
contains the soft behavior for the graviton, dilaton and Kalb-Ramond field. This is another
example, where the scattering amplitude tells us more than the original Lagrangian.
Furthermore, the tensor M*"(q; k;) satisfies in general the following conditions:

¢" (M (g3 ki) — f(@ski)mw) =0, ¢ (M (g ki) — (g ki)muw) = 0. (1.8)

3In this paper we keep the number of space-time dimensions d arbitrary, but for the bosonic string it is
implied that d = 26.

4The relation between the metric in the string and in the Einstein frame is given by Juv = e7ﬁ¢GW.

5¢ is related to ¢A> by the relation gi; = %& while k2 = /#2e?<9>.




In the case of a graviton and of a Kalb-Ramond field, the term with the metric tensor 7,
is irrelevant and the previous conditions reduce to those in eq. (1.1), which in the case of a
graviton fix the three leading terms in the limit of small ¢, as given in eq. (1.2) when the
other particles are scalars. The extra term in eq. (1.8) is, however, relevant in the case of
the dilaton. Thus in general the soft limit for the dilaton cannot be obtained as in the case
of the graviton. One can, however, explicitly compute the scattering amplitude involving
one soft dilaton and see if the extra terms proportional to 7,, are appearing or not. From
ref. [16] it is already known that such extra terms are not present, up to terms of O(q°), if
the other states are massless closed ones. On the other hand, they are present if there are
massless open string states.

In this work, we first study the soft behavior of a massless closed string state in an
amplitude involving an arbitrary number of closed string tachyons. By explicitly performing
the soft limit, we show that the amplitude for small ¢ behaves as follows:
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where T), is the amplitude with n closed string tachyons:
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with the factor in front providing the correct normalization for the n-tachyon amplitude.®
Notice that eq. (1.9) has precisely the same form as eq. (1.2) without any additional term
proportional to n*¥ and o’ corrections.

In the case of a graviton (ej” symmetric and traceless), we can neglect the last three

terms in the squared bracket of eq. (1.9) and we get
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which, of course, agrees with the soft theorem for the graviton derived in section 3 of
ref. [37].
In the case of the dilaton, using egl’ given in eq. (1.7b), one gets instead:
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SThe overall normalization in eq. (1.10) corresponds to choosing A’z = 2d(Rez)d(Imz) and also

d*z = 2d(Rez)d(Imz).



where m? = —% is the squared mass of the closed string tachyon. The dilaton contains

terms O(¢~!) when the other particles are massive, because the three-point amplitude
involving a dilaton and two equal particles with mass m is proportional to m?.

In the case of the Kalb-Ramond field we get zero simply because it is not coupled to
n tachyons. This is due to the fact that the closed bosonic string is invariant under the
world-sheet parity 2 that leaves invariant the vertex operators of the tachyon, dilaton and
graviton, while changes sign of the vertex operator of B,,, .

The most important result of our analysis is that eq. (1.2), which was derived in
ref. [37] for a graviton from egs. (1.1), also gives the correct amplitude for a dilaton when
it is saturated with ¢,” given in eq. (1.7). This means that extra gauge invariant terms
proportional to 7,,, do not appear in the matrix M, in eq. (1.9).

We have then studied the soft behavior of a massless closed string state in an amplitude
involving an arbitrary number of other massless closed string states. In this case we have

performed the calculation up to the O(q%), and for the symmetric part of M, uw We get:

y U (KRR — SV gt — Lklq,J!”
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where M, (k;,€;) is the amplitude with n massless states,

T =L 4 S G (1.14)
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Note that in the previous expressions we have written the polarizations of the massless

closed string states as a product of the polarizations of two massless open string states,
namely € = el'e.

By saturating eq. (1.13) with the polarization of the graviton, one gets the soft graviton
behavior, which agrees with what was obtained from gauge invariance in ref. [37]. If we

instead saturate it with the polarization of the dilaton we get:

M, + O(q), (1.16)

- 0
Mpy1 =kq |2= ) kipm—

which agrees with the result obtained in ref. [16]. Note that we do not get any terms of
O(q™1), as we got for the amplitude with external tachyons, since the external states are
now massless.

The soft theorem for the dilaton can be written in a more suggestive way [16] by
observing that, in general, M,, has the following form:

8T [ Kg\"—2 1 g, is i
My == (%) Fa(Va'k;), kg = S 5 (2m)" (Va7 (1.17)

where F;, is dimensionless and obviously satisfies the equation:

- ) )
kin——F, = Vd F, . 1.18
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Using these equations, the soft theorem for the dilaton becomes [16]:

0 d—2 0
+——09s7—| M+ O(q) . 1.19
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Mn+1 = R{q —\/(?

Therefore, the emission of a dilaton with zero momentum is obtained from the amplitude
without a dilaton by a simultaneous rescaling of the Regge slope o/ and the string coupling
constant gs. This is the same rescaling that leaves Newton’s constant invariant:

0 d—2 0

as can be checked from its definition in eq. (1.17).

In order to explore the possibility of formulating a soft theorem for the antisymmetric
tensor, it is convenient to keep distinct the holomorphic and anti-holomorphic sectors
coming from the factorized structure of the vertices in closed string theory. According to
such a separation the amplitude M, (k;, €;; k;, &), on which the soft operator acts, becomes
a function of the holomorphic, k;, and anti-holomorphic, k;, momenta. This separation is
only an intermediary trick of the calculation; the momenta must at the end be identified
as required by the BRST invariance of the theory. Because of this splitting, however, we
have to also introduce the anti-holomorphic angular momentum operator

_ ., 0 =, 0
LY =i <I<:§‘ B k;’) , (1.21)
Ok;y Okip

In terms of these operators, the soft behavior for the antisymmetric tensor reads:
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As expected from Weinberg’s general argument, we do not get any term of O(q~!), cor-
responding to a long range force, but there are several terms of O(q”). By construction,
eq. (1.22) reproduces the soft behavior of the antisymmetric tensor, but it is not a real soft
theorem as in the case of the graviton and dilaton because, due to the separation of k and
k, the amplitude M, is not a physical amplitude.

The paper is organized as follows. In section 2 we discuss the soft behavior for the
graviton and the dilaton coupled to n closed string tachyons. In section 3 we turn to the
case where all external states are massless closed string states. Section 4 is devoted to some
conclusions and outlook. The details of various calculations are given in the appendix.



2  One massless closed string and n tachyons

The scattering amplitude involving a massless closed string state and n closed string
tachyons is given by:”

’r-L_ dQZ' Mo o
M, ~ / L H |2i — zj|* hiki Spv s (2.1)

dVabc i<j
where
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The quantities z;, with 7 = 1, ..., n, are complex coordinates parametrizing the insertion on

the world-sheet of the vertex operators associated to the tachyon states. The coordinate z,
without index, is associated to the massless closed string state.

In order to find a soft operator S such that My = S'Mn, we first need to compute
S, for small g. This calculation is performed in the appendix. For the ‘diagonal’ terms,
i.e. terms in the sum where ¢ = j, the result is given in eq. (A.32) and one gets:

n N2
. o .
SglVag =27 Z Kipki, | log A+ (2) Z(kﬂ) log? |2 — zj| + o
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J7F JF i

The integral of the ‘non-diagonal’ terms, i.e. where 7 # j in eq. (2.2), is given by eqs. (A.34)
and (A.43) and is equal to

Sﬁﬁ“‘dl&g =27 Z e ; I {o/ llog A —log |z — zj|]
i
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This is only the symmetric part of the non-diagonal contribution. The antisymmetric part
is zero after integrating over the n complex coordinates z;, as shown in the appendix. As
explained in the introduction, this is a consequence of the 2 parity invariance, which does
not allow the coupling of one Kalb-Ramond field to n tachyons.

Each of the two previous contributions is divergent when |z| goes to infinity, which
is why we have introduced a cutoff A. After summing the two contributions, however,

"In this and in the next section we omit to write the overall normalization factors discussed in the
introduction.



the divergent terms cancel due to momentum conservation and we are left with a finite
expression. In conclusion, eq. (2.1) is equal to
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It is easy to see that the three terms of order (a/)? and (a/)! (equivalently ¢—* and ¢°) can
be written in the following compact form:

kz kw w () 7 P vp 2 1 o
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where the last integral is the amplitude M, of n closed string tachyons, given with the
correct normalization in eq. (1.10), and

S 9 0

We are left with the terms of order (o/)? (i.e. O(q)) in eq. (2.5) which read
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and which can be written as
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It is easy to check that the first term of the previous expression is equal to the first term of
eq. (2.8), the last term in eq. (2.9) is equal to the second term of eq. (2.8), and finally the
third and fourth terms in eq. (2.9) are equal to the other two terms of eq. (2.8). Eq. (2.9)
can also be written as:
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Thus, in total, we get the following soft behavior:
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For the graviton we can forget the last three terms in the squared bracket and we get:
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In the case of the dilaton it is more convenient to rewrite the squared bracket in eq. (2.11)
as in the first line of eq. (1.2). The amplitude for the emission of a soft dilaton is then

equal to:
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where m? = —% and we used conservation of the angular momentum " , JEL) = 0.



In conclusion, with an explicit calculation of the soft dilaton and graviton behavior in
an amplitude with closed string tachyons in the bosonic string, we have shown that both
behaviors come from the same amplitude in eq. (2.11), which is equal to the one derived in
ref. [37] from gauge invariance and the conditions in eq. (1.1). This is the first time that
the universal soft-behavior up to the second subleading order has been obtained from a
string amplitude involving an arbitrary number of closed string states.

3 One soft and n massless closed strings

In this section we consider the amplitude with n + 1 massless closed string states and we
study its behavior in the limit in which one of the massless states is soft.
In order to extract the soft behavior, it is convenient to write the vertex operator of

the massless closed string state in the following form:

Viz 7) = (z’e~ azX(Z)ei\/gkX(z)) (iE- ag)g(i)eiﬁk.x(z))
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where we assume that 6,0, ¢, € are Grassmann variables. Then, the amplitude involving
n + 1 massless closed string states is given by
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Here €4, = €4,€4, is the polarization of the soft-particle. Using the contraction:
(XH(2) X" (w)) = =" log(z —w) (3:3)

we get
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The Grassmann integrals over § and @ can be performed yielding:
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We can formally write this in two parts:
M1 =M, xS, (3.6)

where by * a convolution of integrals is understood, and where
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is the part describing the soft particle, with momentum ¢ and polarizations €, and €;, while
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is the amplitude, without the soft particle, of n massless states with momentum k; and
polarizations ¢; and €;.

We eventually want to find a soft operator S up to order ¢° such that SM,, = M,, * S ,
and thus need to compute S up to the same order. We do this by expanding .S for small
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q and keep terms in the integrand up to the order ¢, since higher orders of the integrand
cannot yield terms of order ¢" after integration. It is useful then to divide S in four parts:

4
S=)_S+0(q), (3.9)

where the first term defined by

n

k - o —v
-5/ ZH DL - Al = s, 60
J :

j=1

is simply given by S, in eq. (2.2) already computed for the case of the tachyons in the
previous section.
The second term is defined to be the higher-order one of Sy, i.e.:

Sy = S * (— 02/) Z (ka(e_qu)k + ék Z(E—qu)k>

k=1
« - ( k) - /
— d2 J o o’ qk;
2/ Zz—zzz—ijlljlz g
o\~ () (ra) 5 (ea)
><< 2);(9k2_Zk+0kz_Zk , (3.11)

Furthermore, the third and the fourth terms are defined to be

s[5 [y [(feey) (122) « (“2) ()

i=1 j=1
Xf[lk—?fda,qké[ [ Z( j_’“qzk k(_’“q)kﬂ (3.12)

54_/d2 Z( ZE_qZ )Z(%%)ﬁu—w’m

j=1

(
[VEE (e )]

These terms provide all contributions to the O(g"). The computations to this order are

provided in the appendix. For S; we get from eqgs. (2.3) and (2.4):

- kiukiu

S| = 2mwel'e”
b kiq

q-q

kil/qp
o> g (081 2l (Rikip = highyu) | +0(q). (3.14)
i=1 g

JF

For Sy we get from the appendix eq. (A.48):

/ kiukiv  kjukjy
) = —2mele i4) (”‘ W im >+cc +0 3.15
el Zz,—z] o kg (q)- (3.15)

— 12 —



For S5 we get from the appendix eq. (A.49):

_ . o (kj)bic!  (0je;0)(0scl) | (KY K
S3 = 27T6qM€qV Z [\/; % — 2 + (Zi — Zj)2 Hq qu +c.c. + O( ) . (3.16)

i#]

Finally, it turns out that Sy to O(q°) is zero (cf. eqs. (A.13) and (A.15)), i.e
Sy=0+0(q). (3.17)

Collecting all terms, up to the order O(q%), we get:

L Y 4 L L
My, xS = M, * 2meq,€q Z +a Z o log |z; — zj] <k1 ki, — kipkj>
i=1 g#i !

[o/ Z i(eia) (KiK. KR . Oileiq) (KK KRS
Z\z kg K Zi—zj \ ke kjq
RV i — 5 D bl - 1
Z ‘ quzl—z] Z : 2z — % (3.18)
LS gkt /2576 s
Z €% kiq z; — Z; Z Z;

=S (05¢;9) (0se}) <k§/ B kf) -y (O5659)(0i) (K5 K +O(q)
oy (zi —2;)% \kjqa kg oy (zi —2;)? \kjq  kiq

Notice that, if we act with g, or ¢, on the two-index tensor in the squared bracket of this
equation, we get zero. In other words, this tensor satisfies egs. (1.1).

In order to obtain also the soft theorem for the antisymmetric tensor, we have to
make a step back and slightly modify the amplitude M,, by introducing, together with the
momentum k for the holomorphic part, also a momentum & for the anti-holomorphic part:®

M, (kufz:kzafz /sz‘/lvai “i / [Hd@ Hd9] H |: — zj)%,kikj (21‘ — 2],)%]2 ik;

i=1 i#£]
0;0; e
X exp —fz elej Z p——
L Z#J T j_
X exp —% @) )5 Z ZZ_ZJ . (3.19)

This separation is quite natural in string theory because the string vertex operators are
usually written as the factorized product of an holomorphic and anti-holomorphic vertex.
Here, we are keeping this separation and the identification of the holomorphic and anti-
holomorphic momenta is imposed only at the end of the calculation.

8 Actually this is not strictly needed for the part of the amplitude not containing 6; and 6;.
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Let us then also introduce L and L given by:

0 0 = = 0 =, 0
o — i (kY o = (kR 2 3.20
2 i <kl 8/<:W kl 8kzp,> ’ 1 t <kl aku/ ki 8]%”) ) ( )

in analogy with S and S given by:

0 2\ - 5 5
2 H _ v o o
Si =1 <€i aEiV €; 861'#) ) Sz (3 <62 aé“/ €; 861-#) . (321)

The soft operator that reproduces the soft behavior in eq. (3.18) is equal to

Myt = (5*(0) + S(1>) M, + O(q) | (3.22)
where .
50 = ¢S kﬁ‘}f&’ | (3.23)
= 1%
and

(3.24)

n v , \pp o (L; + S:)vP -
SOM, ~ —iey ki p(Li + 51) + ki 4p(Li + 5i) My (ki, e ki &) .
q k=k

— qk; qk;
1=

The previous notation means that k; and k; are kept distinct from each other before act-
ing with L; and L;, but are identified at the end of the process. By symmetrizing and
antisymmetrizing one gets:

n kl/ B
SO, ~ —ied Z i 4 [(Li + Si)*° + (L + Si)“p] M, (ki, €3 ki, €)

T £~ qk;
=1

n

— ZEqB;w Zl qquzp [(LZ + Si)*? — (L; + Si)“p] M, (ki, €5 ki, €) et (3.25)
1=
where e 4e E _ _
€on€ay + EqvE €qu€ar — €qu€
eqSW _ Sautq . avCap ng _ Sautq 5 avap (3.26)

For the symmetric part one can identify k; with ki q,(LY” + LEP) M, (Ki, €5 kiy €) )i =
qp Lt M, (K, €55 ki, €) | ,—) which implies:

n

kY q, JHP
1 _ - S 1 1P R
S( )MTL = 726(]#1/ Z WMTL(]CZ, E’L? k’L? 61)
i=1
, " k¥q - & -
—zefw Z qk-p [(Li + Si)HP — (Li + Si)*? | My (ki €53 ki, €) ' (3.27)
i=1 t
where
JZ!“’ = Lfi‘” + SZW + S‘ZW . (3.28)

Therefore, if we deal with the graviton or dilaton, we do not need to introduce k, while
this is necessary for the antisymmetric tensor.
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If we use the polarization of a graviton, given in eq. (1.7a), we get the soft behavior for
a graviton in agreement with the result of ref. [37]. In the case of the dilaton we get instead:

- 0 q€; 0 q€; 0
(0) &(1) 9 _ D D2 S S D S M 2
(S +S5 ) [ g : <kw Ok, kiqkw Deip kiqkw 8@’“)] n (3.29)

1=

where we have used conservation of the total angular momentum:

Z JOM, =0. (3.30)
i=1
The last two terms in eq. (3.29) can be neglected because the amplitude is gauge invariant;
i.e. these terms essentially substitute the polarization of a particle with its corresponding
momentum, while all other indices are saturated with their corresponding polarization vec-
tors. Gauge invariance implies that one gets zero. In conclusion, the soft behavior of a
dilaton in an amplitude with massless closed string states is given by:

M, + O(q), (3.31)

M,y = (g(o) X g(l)) M, + O(q [ kaak

in agreement with the result of ref. [16].
Finally, in the case of the Kalb-Ramond field, the term S (0) does not contribute because
it is symmetric in the index g and v. One gets only the next term:

)
~ —ieB . Y R <AV ek E
e D 2\ (Li+ 8 = (Li + Si)"| Ma ki, €33 i, &)

i=1

M1 = SYM, +0O(q

~+0(q). (3.32
0. (33

Although it is at the present stage not clear how to get the soft operator of the antisym-
metric field by directly using its own gauge symmetry, as it has been done for the graviton,
it is nevertheless easy to show that it is gauge invariant. Under a gauge transformation for

the Kalb-Ramond field, eq w €q w4 Xv — ¢”Xxy, the amplitude changes as follows

SWM, — SOM, +igpx Y [(Li + Si)# — (Li + i) | My (i, €3 ki &)| . (3.33)
The extra term vanishes as a consequence of the identity
> (Li+ Si)" My (ki €33 ki, &) T > (Li+ S0 My (ki €3 ki &)| (3.34)

i=1 - i=1

which can be proved by a direct calculation, ensuring gauge invariance of the amplitude.

4 Conclusions

In this paper we have computed the behavior of the scattering amplitudes of the bosonic
string involving massless states; i.e. gravitons, dilatons and Kalb-Ramond antisymmetric
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tensors, and tachyons when the momentum of one massless particle is very small. In the
case of a soft graviton our results agree, as expected, with the behavior found in ref. [37]
up to terms of O(q) when the other particles are tachyons, and up to terms of O(¢q°) when
the other particles are massless.

We also derived the soft behavior for the dilaton and for the two-index antisymmetric
tensor, which is not obvious how to obtain using the methods developed in ref. [37]. The
basic reason why this is instead possible in string theory, is due to the fact that the
amplitudes for the emission of a massless particle are all obtained from the same tensor
M,,, by saturating it with the corresponding polarization vector. It turns out that the soft
behavior of M, is exactly the one obtained in ref. [37], using just gauge invariance before
saturating it with the polarization vector of the graviton.

What one learns from these calculations is that, in the cases examined, there is a
common quantity M,,, whose soft behavior is determined by imposing the conditions in
eq. (1.1), that provides the soft theorem for all massless states by saturating it with their
corresponding polarization vector. This is also what one gets when applying the rules of
BCJ duality [49, 50], according to which one can obtain the scattering amplitudes for an ex-
tended version of gravity, including the dilaton and the Kalb-Ramond field, from the gluon
scattering amplitudes. One also knows, however, from ref. [16] that this is not the full story
for the dilaton, because with open massless states one gets extra terms proportional to 7.

Many things remain to be done. One is to include terms of O(q!) in our analysis for
the scattering amplitudes involving only massless states, and to extend it to the case in
which massless open strings are involved. Another thing is to extend our analysis to the
case where the other particles are arbitrary string states. Finally, one should extend all
this to the case of superstring theory and to the loop level. For the superstring we do not
expect drastic changes from the results that we got for the bosonic string and we hope to
report on this in a future publication [51].%
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A Computational details

In this appendix we lay out the procedure for computing the integrals in eqs. (2.2) and (3.7),
discuss the caveats, and provide a detailed computation of the quantity in eq. (2.2) up to

9Work will include the sub-sub leading soft behavior of massless states in closed string theory.
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O(q). The integrals in eq. (3.7) to the O(¢") can be computed in a similar way (with one
exception, which will be discussed), and we thus leave out the details here. We plan to
present the computations of S in eq. (3.7) up to the O(q) in a future work [51].

From egs. (2.2) and (3.7) it is evident that we must compute integrals of the type:

R = / d*z i |2 — " . (A.1)
(2= 2i)(2 = 2ip) -+ (2 = 2jx) (2 = Z3) -+
These integrals can generically be evaluated after an expansion in ¢ by a substitution of
the form z — z; + pe?®. Note that since we use the convention d?z = 2dRe(z)dIm(z),
we have that d?z = 2pdpdf. It can be useful to substitute further ¢ — w, such that
027r df---— §dw---, enabling use of Cauchy’s integral formula over the unit circle. Note
that the expansion in ¢ of the integrand does not correspond to the same order of the
integral: in fact a term of order ¢" of the integrand generically yields a result of the
integral of the form A¢"~! + Bq™ + --- where A, B, ... are the coefficients of integration.
Special care must, however, be taken, when dealing with special pole structures such as:

1

|2 = zif*z — 2]

(A.2)

as we shall discuss in a moment.

We note that infrared divergences should not appear, since they will be regulated by
g > 0; i.e. the exponent o’k;q should not be expanded for those I’s for which z — 2 is a
simple pole of the integrand. Ultraviolet divergences instead can appear due to partitioning
of integrals, but must cancel in the final result.

In terms of eq. (A.1) we can write the relevant integrals of this work as follows:

o » n .
Sl = ?Ggﬁq Z kz/,tkjl/Isz (AS)
ij=1
o 3/2 . _ .
Sy = — <2> 6“6 Z kwk]z/< mGTrLQ)IiJm + (emEmQ)IZ‘]m> ) (A-4)
i,,m=1

n

Oé/
83 = \| 5 canfqv > [(9 eV T + (i€l )R T

,j=1

_ <02/>3/2 zn: ((9 €; )kv ((ememq”ijﬁ + (émgmq)lij%m>

m=1

+ (@Q”)kﬁ-‘((@memq)fﬁn + (gmﬁmQ)Ijﬂm)>] : (A5)

Sy = €quéqn »_ (0i€l')(0;¢ (I“ \/ Z (Omema) I, + wmemq)fifm)), (A.6)

i,j=1

Note that we only need to consider half of the terms, since by complex conjugation:

IJ1J2 _ I?lhm (A.7)

11%2.. Jij2..-
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Note also that the upper respectively lower indices of Ifllf.;'_'.' are totally symmetric. This

shows explicitly that So, ..., Sy are real valued. For S it is useful to separate its real part
from its imaginary part. Defining symmetric and antisymmetric polarization tensors as
follows: B . i »
=4 1= -V v
g €€ T €6 g €q€, — €.€q
eq,uu: q 5 q , quw: q 5 q 7 (AS)
we can rewrite S in the form:
o I+ﬂ o il
S1= et Z Kinkijv—=— " kaka/4 : (A.9)
i,j=1 i#]

In the case of eq. (2.2), where S; is integrated over the punctures z; of the n tachyons,
the integration involves the factor in eq. (2.1) that is symmetric in the exchange z; <> Z;.
In the above formula of S;, the (anti)symmetric part in g <+ v is also (anti)symmetric in
z; <> z;. Being the antisymmetric part integrated with a symmetric (real) quantity, one
gets a vanishing result. Therefore in the case of a massless state scattering on n tachyons,

only the symmetric part will contribute, i.e.:

o+1
e

/ n
S;achyons _ %65’“’ Z Kipkju (A.10)

ij=1

This is, as explained in the introduction, an explicit consequence of the world-sheet parity
Q) invariance that does not allow couplings between an uneven number of Kalb-Ramond
fields and tachyons.

The double pole structure of eq. (A.2) that appears in Sy requires more care. In this
case it is convenient to send one pole to infinity by the projective transformation

z — Z; Z Zj
— 7 = = dz= 7(1, A1l
2 E = -, z EESIE z ( )
Then one gets
jj 1 o |2/| ks o qky
I = = P d°z 7 H [(zi — 21) — 2/ (2 — 21)] , (A.12)
v I

. _\"n
where momentum conservation was used to reduce the factor: |1 —2/|~ 2i=1 % = 1. Now,
expand in ¢ and consider the first term:

1 1o qk; 1 A d 27 )
l/fz”' = / 3,/‘d%2w=o, (A.13)
|2i — 252 2 |2 = 2 Jo ptm R g

This shows that for i # j Iij%j in Sy does not contribute to the order ¢°.
For the diagonal part, one must make use of the following formula

o By\p(_1 - atB8
/d2Z’Z‘a|1—Z|B:TrF<1+Q)F(z—i_ )F( 1 JQF ) (A14)
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Thus

i = [ el st e - 5150 = [ dulul™ot 1 0(g)
J#i
T(—1+ S k)T (1 — $hiq)
T(Skiq)T(2 — Skig)T(0)

+0(q) =0+ 0(q), (A.15)

demonstrating that also I{ in Sy does not contribute to the order Q.

Computations for S with results for S; and S3. In the last part of this appendix

we compute the integral in eq. (2.2) up to the order O(q), also appearing in S; (egs. (3.10)

and (A.3)). The details of the computation also provides the procedure to compute the

integrals appearing in Sy and Sy, the results of which to the O(q°) are quoted in the end.
We consider first the diagonal part of Iij , appearing in eq. (A.3):

Il = /d2z H |z — zj|a/qu |2 — 2|92 (A.16)
J#i
By writing z = z; +p e, one gets (note that we use the convention d?z = 2dRe(z)dIm(z)):
) A , 21 ) ,
I = 2/ dp p" '”ql/ do T 1pe’ + 2 — 29 (A-17)
0 0 by
J#i

We have introduced a cutoff A because the integral is divergent for large p. Expanding the

previous expression around ¢ = 0 we get

A 2m
Il = 2/ dp pa/kiq_l/ o |1+ Z o/ (kjq) log |2 — zj + pe®|
0 0 oy
S S ks tos = — 25 + e log = — 2+ e + (A.18)
5 3q)(krq)log |z; — z; + pe'’|log |z; — 21, + pe AU .
i ki
It consists of three terms. The first gives:
A 27
! 2 /
I = 2/ dp p® ’%ql/ o = —— Ak
0 0 o'kiq
dm (1 / ()? 2 2
== <kiq+a logA—l—T(k‘iq)log A)+0(¢). (A.19)
The second term can be written as
A 27
I :Z o/qu/ dp po‘,kiq_l/ de (log(zi —zj+ pei?) +log(z — Zj + pe_w)) . (A.20)
i 0 0
Dividing the integration regions over p allows us to Taylor expand the logarithms yielding:

|2k — 2] , 27
I = Za’k‘jq{/o dp p* kiq_l/o de

JFi

if —i6
X [log(z,- —zj) + log (1 + P ) +log(z; — zj) + log (1 + ,pe )]

Zi — Zj Zi — Zj
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A , 27
+ / dpp® 11! / do
|z — 2] 0
. » Z;
0J> +1log(pe ™) +log <1 + pe—w])] }

|2k —zi| e 2
= Za kiq / dpp® iq_l/ do
0

[log(p ¢”) + log (1 A

J#i
> ind e n . n,—inf
(=)™ prem (=1)" pe
x |2log |z; — zj| — - ——
[ Y ,;1 no (2= z)" ,; n (zi—z)"
1 A , 27
+= / dpp® kia—1 / do
2 |25 — 24| 0
[e.e]
(21 — 2)" (=D" (z — 2)"
21 — : . A.21
[ ogp— Z p n eind T; n pnefme ( )

. 2 ; . :
Since fo7r df ™% = ¢, the previous expression becomes:

|zi—2z;] A ,
I, = 4%204 k:]q{log\zZ —z]|/ dp p* 'kig— 1+/| dp p® k‘iqllogp}

jF#i zi— ;]
4 | yalk 1 |2 — 25| ki
= 47 kia AYF (og A — A.22
Z kiq (Og /kiQ> - a'kiq ( )
J#i
o 2 o 2 2
= 47rz log |z — zj| + E(kiq) log® |2z — zj| + E(k’q) log=A| + O(q%) .

J#i

Notice that by summing I; and I the log? A divergences cancel due to momentum conser-
vation and to the fact that the soft state is massless

2 2 A . 2A — _ 2 2N
I + I2‘10g2A ~ kiqlog” A + ijqlog A= Zk]qlog A=—q¢"log"A=0. (A.23)
JFi J=1
It remains to compute the last term in eq. (A.18) given by:
A 27
— @S sa)a) [ dp 0 [ dblogles — 2 4 pelog 1 - 2+ pe?).
0 0

J#U k#i
(A.24)

In order to evaluate this integral we assume that |z; — z;| > |z; — 2i|, and divide the
integration range in three regions:

(A lzi = 250) 5 (12 — 25l 12 — zl) 5 (l2e — 2], 0) (A.25)

In the first region we can write the integral part of I3 as follows:

1 /A , 2m L > 3.
4/ dp p® kiq_l/ de [2logp+ log <1 + 4 i;]> + log <1 4 —;)J>]
|zi—z;] 0 pe pe

X [2 log p + log (1 + Zl_wzk) + log (1 + & _;kﬂ : (A.26)
pe pe
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After expanding the logarithms the following three terms survive the integration over 6:

A 00
T 'kiq—1 2 (ZZ - Z]) Zi — Zk — Zk ZZ — Zj)
5 /| dp pa ! [4 10g P Z TL2 2n + Z TL2 on

zi—2j] n=1
(A.27)
Notice that, since I3 already explicitly contains two factors of ¢ and we are only interested

in the expression up to order ¢, we should only keep integrands with the power pa/kiqfl,
because this is the only way to get a 1/¢ contribution. Thus we can readily neglect the last
two terms. Also the first term can be neglected, since the 1/q contribution from the lower
integration region will cancel the 1/¢g contribution from the upper region after expanding

in powers of q. From this we learn the following useful lesson:

0(q°) b>a >0 and any n,m

b
dpp® ak;— "log™ p = A28
/a ﬁkj—i-O(qO) a=0,b>0, m=0, andn=1 ( )

This means that I3 over the second integration region will also vanish up to order O(q),
which we have checked explicitly.
In the third region we can write the integral part of I3 as follows:

1 |zi— 2| ’ 2 . —
/ dppo‘kiq_l/ do |:2]0g‘22_zj‘+10g <1+ pe > +log< + pe ﬂ
4 Jo 0 ] S

i0 —if
X [2log|zi — zi| + log (1 + - ) + log <1+ e ﬂ . (A.29)

Zi — 2k A

Also in this case one gets three terms after integration over 6, but from the above lesson,
we see that only the first one contributes to the order ¢:

R low |2 — 2:1log |2 —
(27r)log|zi—zj|10g]zi—zk\/ dp ka1 — (90813 Zﬂl‘ oslz =zl ) 50
0 o'kiq
In conclusion I3 reads:
2ma/
b= 21 3 Y o) () log = — 5[ logli = 5l + O(®). (A31)

JFE ki

In total, the “diagonal part” of Sy is given by

/ N2
. 1
%I; — 27|’ log A + (0‘2) > (kjg)log? |z — 2] + ol s o (kjq) log |z — ]
j#i ! j#i
(k;jq)(krq)log |z — zj| log |2 — 2| + O(qQ) . (A.32)
i ki

The logarithmic divergence must be cancelled by the remaining non-diagonal terms, which
we explicitly demonstrate below.
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The non-diagonal terms of S; are given by the integrals:

I];él d2 Hm 1 |Z — Z ’a kmq . (A33)
(z —2)(2 — %)

At the lowest order in g of the integrand we get after introducing the variables z = z;+ p €%

and @ = e~ :
e |2 — 2| @'kia _y A dp idw
Z( _ .)(*_ *A) - 1—a’kiq zz—z]
2= Z)\Z = % o P w +
A 'k; o'k
dp AOC zq_‘z._z,| iq
Z2i—2Zj 1

k.
=dr (logA —log|z; — a log? A — % log? |2 — Zj|> +0(¢%),

2

In order to evaluate the next term in the expansion we assume that |2z; — 2| < |2; — 2j]
and denote

— o.|ofdki ] —
Z:o/qkm/d2 |2 = 2| o8]z = Zm| _ Zaqk (A.35)

oy (z —2)(Z — %) s

Then using the same substitution as before, we get

R e
7! :i/lz N a’q’w—lfdw og e — zml” +log (1 + 525 ) +log (14 225
0 w4 2

A ) 210gp+10g(1+w>+10g(1+%>
+i/ dpp® i1 %dw . (A.36)
|

Zi—2Z;
Z,L'*Zm‘ w + =4

By expanding the logarithms we see that only the second term in the first integral has poles
on the contour and is therefore nonvanishing. In the second integral we have to separate
the region [|z; — zm|, |2 — 2;|] from [|z; — z;|, A]. In the first region only the last term has
a nonvanishing residue. Thus:

|Zz'*2m| 1
1 — a "qk;—1 d
Izg Z/O j{ ’LUZ _ Zm)n (7 szz]
) |z —2;] o ghi—1 ‘m)”
—1 ‘ d dw E p e 27 (A 37)

Zi—2m| w +
A _ 0 (_1)71 v (ZL Zrn o OO ( n Zl Z'm)
+Z/ dppa/qkifl fdeIng anl n pnz — n 1" n PR
‘Zifzﬂ U) + fiT Ry
The residue formulas of the nonsimple poles read:
1 n
Resg— — | =- (— o _.> , (A.38)
wn<w+ lp]) Zz—ZJ
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1 n
Res _ Zi—%; = <—p) s (A39)
=T (w + A ZJ) Zi = Zj

showing that the contour integral over the last term of the last integral vanishes. It follows
by integration and then expansion in ¢ that:
oo

l(z—z |zi — 2]
1 _ 1 m 1 i
B e LA S LGS

n=1

2 2
+27 [log” A — log® |2 — 2] FZ n2 G —Zj e +O(q)

= 2mlog? A — 27 log? |z — 2| — 27 log _m _fj log 12 = 2]
Zi T Zj |Zi - Zm|
+7Liy <’"Z - Zm) iy <Zi - Zm> +0(g). (A.40)
% Zj Zi — Zj

where the Dilogarithmic function was introduced:

Lig(z Z - (A.41)

From momentum conservation and ¢? = 0 it follows that the first two terms yield
27 Z o/ gk, (log® A —log? |z; — zj|) = —2ma/qk; (log2 A —log? |z — zj]) , (A.42)
m£i

which cancel the last two terms in eq. (A.34). Thus, summing up, we have found:

psﬁl = 4drlog A — 4Arlog |z — zj| — 27 Z o' gk, log __Zj log |zi — zj]
-
Zm )
+7rZaqk: {ng( —z) LlQ(z—z->}+O(q)' (A.43)
m#£i,j J J

Notice that the last line involving the Dilogarithms is purely imaginary and will thus only
contribute to the antisymmetric part of S according to eq. (A.9). The third term can be
rewritten as a sum of real and imaginary parts, such that the real part of our result is:

R(Ifél) =dnlogA —4rlog|z; — zj| + 27 Z o' gk 10g |zm — 2zj|log |zi — 2| (A.44)

m#i,j
-2 Z o' gk log |zm — zj|log |z — 2| — 27 Z o' gk log |z; — zj|log |z — zm|,
m#j m#i
where momentum conservation is used to rewrite ) e km = —q- ki —q-kj. The

imaginary part, instead, is equal to:

(7 = Fom | L m ) g, (2 Em
( WZaq [12<z : ip -

-z
m#i,j v J

+ log |Zl ~ %] log <fm — fj ZZ — ZJ)] ) (A.45)
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In conclusion, we have found that S; in eq. (A.9), up to the O(q'), is equal to

n N2

o

S = 27re§“” g kinkiv [o/ log A + ( 2) g (kjq) log? |zi — zj]
i=1 i

1
-l—k— 1+az (kjq)log |z — Z]|+7ZZ (kjq)(krq)log |zi—z;|log |z — 2| ]
i i i kA

n /
a
+ 27re§“” Z kipkjvo llogA —log |z — 2| + 5 Z (qkm) log |zm — 2zj|1og |2i — 2m|
i#j m#i,j
o o/
Y > (k) 10g [zm — 25| log |2 — 2j| — B > (gkm)log |z — zj|log |2 — 2m)|
mj mai
Buv " o'\ ? — Zm Zi — Zm,
+ 27r6q“ Z Kiukju 5 (gkm) | Lig — Liy
L= Z — ZJ Zi — Zj
iFEjFm
+log |Zi — Zj| log <Zm —ZjZ — Zj>
— Zm] z e

|zi Zm — Zj % — %j

+0(¢%). (A.46)

It is evident that the logarithmic divergences cancel after using momentum conservation
twice on the non-diagonal terms:

Z Kipkjy = Z Kipkiv + qudu - (A.A7)
7]

The term q,q, can be neglected because it vanishes in any case when contracted with €, .
Thus, we have derived eq. (2.5) for the scattering with tachyons, where the antisymmet-
ric part vanishes after the integration over the punctures z; of the tachyons, and eq. (3.14),
evaluated only to order ¢°.
Finally, So and S3 are obtained to the order ¢° by repeating exactly the same procedure
followed to compute S7. In so doing we find the following results:

ezq k"u k'/ k‘y G_i(a-q)k:’-’ LM S
Sy = -2 A = B A
Tanc Z [ — zj ( kiq kﬂ) TEo5 \ke R

) of (kiq)0ie (kY kY of (k)0 (KK
Sa =9 ) OGO - L
3 T€q u€q Z [ 2z — zj kiq qu + 2 oz — Zj kzq k’jq

i#j
(05¢59) (Gie;) ( B ) (05¢;0)(Biey) (K kS
SR A VAN AP N A N e A AN (N B A | Y| A.49
(21 — 25)? kiq  kjq (2 — z;)? kiq qu - ( :

We have already shown at the beginning of the appendix that Sy vanishes to the order ¢°.
This ends the computations of this paper. We plan to compute and discuss S to the order
¢q in a future work [51].
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