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ABSTRACT: For all types of N' = 4 anti-de Sitter (AdS) supersymmetry in three dimen-
sions, we construct manifestly supersymmetric actions for Abelian vector multiplets and
explain how to extend the construction to the non-Abelian case. Manifestly N' = 4 super-
symmetric Yang-Mills (SYM) actions are explicitly given in the cases of (2,2) and critical
(4,0) AdS supersymmetries. The N = 4 vector multiplets and the corresponding actions
are then reduced to (2,0) AdS superspace, in which only A/ = 2 supersymmetry is man-
ifest. Using the off-shell structure of the N' = 4 vector multiplets, we provide complete
N =4 SYM actions in (2,0) AdS superspace for all types of N'= 4 AdS supersymmetry.
In the case of (4,0) AdS supersymmetry, which admits a Euclidean counterpart, the re-
sulting N' = 2 action contains a Chern-Simons term proportional to q/r, where r is the
radius of AdSs and q is the R-charge of a chiral scalar superfield. The R-charge is a linear
inhomogeneous function of X, an expectation value of the A/ = 4 Cotton superfield. Thus
our results explain the mysterious structure of N' = 4 supersymmetric Yang-Mills theo-
ries on S3 discovered in arXiv:1401.7952. In the case of (3,1) AdS supersymmetry, which
has no Euclidean counterpart, the SYM action contains both a Chern-Simons term and a
chiral mass-like term. In the case of (2,2) AdS supersymmetry, which admits a Euclidean
counterpart, the SYM action has no Chern-Simons and chiral mass-like terms.
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1 Introduction

Recently, Samsonov and Sorokin [1] have constructed N/ = 4 supersymmetric Yang-Mills
(SYM) theories on S2, both in terms of N = 2 superfields and component fields. In the
N = 2 superspace setting, such a theory describes coupling of the vector multiplet to a
chiral scalar multiplet of R-charge q, with g arbitrary.! The case ¢ = 1 was actually
considered at the component level three years earlier by Hama, Hosomichi and Lee [2],
although the structure of extended supersymmetry transformations was not clarified by
these authors. The remarkable feature of the A/ = 4 SYM theories on S3 constructed
in [1, 2] is the fact that the N' = 4 supersymmetry requires the action to include a Chern-
Simons term proportional to q/r, where r denotes the radius of S3. The presence of such
a Chern-Simons term calls for an explanation within a manifestly A/ = 4 supersymmetric
formulation of the theory.

Supersymmetric theories on S? may naturally be obtained from those defined on three-
dimensional (3D) anti-de Sitter space, AdSs, by Wick rotation.? There are three types
of 3D N = 4 AdS superspaces [3], in accordance with the existence of several versions of
N-extended AdS supergravity in three dimensions, the (p, ¢) AdS supergravity theories [4],
where p+ ¢ = N and p > ¢. These are the (4,0), (3,1) and (2,2) AdS superspaces.
Furthermore, there exist three inequivalent versions of (4,0) AdS superspace [3]:

X=0; (1.1a)
X#0, |X|#£2S; (1.1b)
1X| =25 (1.1c)

Here the paramaters X and S are constant AdS values of the A = 4 Cotton superfield
and one of the superspace torsion components respectively [5, 6].> The Cotton superfield
automatically vanishes, X = 0, for the (3,1) and (2,2) AdS superspaces [3]. The N' = 4
AdS superspaces are conformally flat if and only if X = 0 [3]. The (3,1) AdS superspace
has no Euclidean analogue.

Building on the off-shell formulation for general 3D N = 4 supergravity-matter sys-
tems given in [6], ref. [7] provided a powerful formalism* (off-shell supermultiplets, mani-
festly supersymmetric action principles etc.) to construct off-shell supersymmetric theories
in all the N' = 4 AdS superspaces, as well as to reduce these theories to N' = 2 AdS
superspaces [11]. However, the analysis in [7] was restricted to the case of the most general
N = 4 supersymmetric nonlinear sigma models, due to their remarkably rich geometric
structure and diverse physical properties associated with the different types of NV = 4

! As argued in [1], a natural bound on the values of the R-charge emerges, 0 < q < 2, if the spectrum of
the theory is required to be free of negative energy states.

2Since S® and AdSs have different topologies, Wick rotation is a rather formal procedure, and some
additional care is required in order to make it well defined.

3Tt is natural to think of S as a superspace analogue of the square root of the scalar curvature. However,
there is no obvious spacetime interpretation for X.

4This formalism is inspired by the projective-superspace approach to 4D A/ = 2 supersymmetric theories
in Minkowski space [8-10].



AdS supersymmetry. In the present note we apply the formalism of [7] to construct SYM
theories in the A = 4 AdS superspaces.

This paper is organized as follows. In section 2 we review the geometry of the various
3D N = 4 AdS superspaces. In section 3 we review the main results concerning the N = 4
vector multiplets in conformal supergravity and construct a new family of composite linear
multiplets in A/ = 4 AdS superspaces. The latter result is used in section 4 to construct
the N' = 4 vector multiplet actions in all the A' = 4 AdS superspaces. Sections 5 and 6 are
devoted to the reduction of the results obtained to (2,0) AdS superspace. Concluding com-
ments are given in section 7. The paper contains five technical appendices. In appendix A
we discuss the projective-superspace formulation for a 3D A = 4 Yang-Mills multiplet
in conformal supergravity. The isometries of A/ = 4 AdS superspaces are reviewed in
appendix B. The fundamentals of (2,0) AdS superspace are collected in appendix C. In
appendix D we present complete A" =4 SYM actions in (2,0) AdS superspace for all types
of N' = 4 AdS supersymmetry. Finally, in appendix E we relate the N' = 4 and N = 2
superspace formulations for N/ = 4 SYM theories in AdSs.

2 N =4 AdS superspaces

In this section we review the salient points of the geometry of the various N' = 4 AdS
superspaces constructed in [3].

According to the on-shell supergravity analysis of [4], there are three types of N =4
AdS supersymmetry in three dimensions. This implies the existence of three inequivalent
maximally symmetric and conformally flat (p,q) AdS superspaces

OSp(p|2;R) x OSp(¢|2; R)
_ =4 >q. 2.1
3a) = SL(2,R) x SO(p) xSO(g) " L TITH P=d 2.1)

AdS;

In accordance with the more recent analysis of [3], which was based on the use of the
off-shell formulation for 3D N = 4 conformal supergravity [5, 6], there exist two more
inequivalent versions of (4,0) AdS superspace. These superspaces are not conformally flat
and correspond to the choices (1.1b) and (1.1c¢). Their existence is due to the fact that for
N > 4 there exist more general AdS supergroups in the case p — N = ¢ = 0, than those
considered by Achicarro and Townsend [4].

All the N/ = 4 AdS superspace geometries may be described using covariant derivatives
of the general form:

. 1 __
Dy = (Da, DZ) = EAME)M + §QACndd + (I)AMLM + (I)AMRE[. (2.2)

Here the operators Ly, and Ry generate the R-symmetry group SU(2);,xSU(2)r and act
on the covariant derivatives as

L9, D] =Dl [RH, i) = Dl (2.3)



For each of the NV = 4 AdS superspaces, the covariant derivatives obey (anti-)commutation
relations of the form [3]:

{Df,pg} — 2ieeUD, 5 — i (S"ﬁj + 5”5558> Mag

+ 2ieape” (28 + X)L — e, 56 S Ly,

+ 2ie,56 (28 — X)RY — i, 36 SUHR ;| (2.4a)
{Daﬁ, D’;’f} -9 (5{“555 n S’“l’fl—) ey@Dl (2.4D)
[Da, Dy] = =4 5> My, (2.4c)

where the real tensor S = S(i)(@) ig covariantly constant, and the real scalars S, X and
S are constant. The parameter S determines the curvature of AdS;. Depending on the
superspace type, the parameters S, S¥% and X have the following explicit form [3]:

(4,0) AdS: §=5, S = 0, X arbitrary ; (2.5a)
1 P I

(81)AdS: S=28, SV = 5(5”5” - zw"wﬂ)s, X =0; (2.5b)

(22) AdS: S=0, 899 =195, X=0. (2.5¢)

In the (3,1) case, the covariantly constant tensor w" is real, w* = w; = gije;;w?’, and
normalized as

whw,y, = 85, wkgw,@ = 5% . (2.6)

In the (2,2) case, the real iso-triplets I¥ = 9% and r¥ = rJ% are covariantly constant and
normalized as

Ry =01, rihrgs = 6. (2.7)

We emphasize that X can appear in the algebra only in the (4,0) case. For general
values of X, the tangent space group of the (4,0) AdS supergeometry is the full R-symmetry
group SU(2)r,xSU(2)gr. For the two critical values, X =25 and X = —25, the SU(2)r or
SU(2)1, group, respectively, can be gauged away.

In the non-critical case, |X| # 25, the isometry group of (4,0) AdS superspace is
isomorphic to®

D(2,1;a) x SL(2,R), a#—1,0, (2.8)

for some o € R. Here D(2,1; ) is one of the exceptional simple supergroups, see, e.g., [12]
for a review. As is known, not all values of the real parameter « lead to distinct su-
pergroups. The point is that there is a finite group G (of order 6) of fractional linear
transformations of RP! = R U {oo}, the compactified real line, with the property that
any transformation g € G maps a — o = g(«) such that D(2,1;«) and D(2,1;a’) are
isomorphic [12]. The subset {—1,0, 00} proves to be fixed under the action of G. Up to an
isomorphism, it suffices to restrict a to the range 0 < o < 1. The case o = 1 corresponds
to the conformally flat (4,0) AdS superspace, for which X = 0. The isometry group of this

SWe are grateful to Igor Samsonov and Dima Sorokin for this observation.
SVarious supercosets based on the exceptional supergroup D(2,1; a) were considered in [13].



superspace is OSp(4]2) x SL(2,R). In general, there is a correspondence between « and the
(4,0) AdS parameter g = 1 + %, which will play an important role in this paper. These
parameters may be identified in the domain 0 < o < 1. The choice o = 0 corresponds to
q = 0, which is one of the two critical (4,0) AdS cases.” The isometry group of this (4,0)
AdS superspace degenerates to SU(1, 1]2) x SL(2,R), see also the discussion in [13].

For the (3,1) and (2,2) AdS geometries, the R-symmetry sector of the superspace
holonomy group is a subgroup of SU(2);, x SU(2)g [3]. For the (3,1) supergeometry, the
relevant subgroup is SU(2) 7 generated by

T = Ly + wkkwllR%z, or Ji= wk];:wll*Lkl + Ry = wk,;wll*jkl . (2.9)

The generators Jj; and Jj leave wit invariant, jklwﬁ = J,;fwﬁ = 0. Since the R-symmetry
curvature is spanned by the generators of SU(2) 7, it is possible to choose a gauge in which
the R symmetry connection takes its values in the Lie algebra of SU(2)7; in this gauge,
the parameter w® is constant.
In the (2,2) case, the R-symmetry sector of the superspace holonomy group is the
Abelian subgroup U(1)1, x U(1)r of SU(2)1, x SU(2)R generated by
L:=0"Ly,, R:=r"Ry. (2.10)
This subgroup leaves invariant the covariantly constant parameters [* and ¥ TIn the
remainder of the paper, we choose a gauge in which only this subgroup appears in the (2,2)

lkl

covariant derivatives. In this gauge the parameters I* and r*' are constant.

3 Vector multiplets in N/ = 4 AdS superspaces

There are two inequivalent N = 4 vector multiplets in three dimensions, left and right
ones.® In a curved A/ = 4 superspace [6], they may be described in terms of gauge-invariant
field strengths, W% = Wi = Ww and Wi = Wit = I/Viﬁ7 which transform under the left
and right subgroups of the supergravity R-symmetry group SU(2)r, x SU(2)g, respectively,

and obey the inequivalent analyticity constraints®

DUk =, (3.1a)
DWW = 0. (3.1b)

A real symmetric isospinor W% under the constraint (3.1a) is called a left linear multiplet.
Similarly, eq. (3.1b) defines a right linear multiplet.

The field strengths introduced may be interpreted as special examples of the covariant
projective N/ = 4 supermultiplets studied in [6]. Let us introduce left and right isospinor

"The two critical (4,0) AdS superspaces, which are characterized by the choices ¢ = 0 and q = 2, have
isomorphic isometry groups.

8The existence of two inequivalent 3D A = 4 vector multiplets was first discussed by Brooks and
Gates [14]. The modern off-shell formulation for these multiplets was given by Zupnik [15] in the rigid
supersymmetric case. In the locally supersymmetric case, these multiplets were described in [6].

9Here we focus our attention on the Abelian vector multiplets. In appendix A we elaborate on the
non-Abelian case.



variables, vr, := v* € C2\ {0} and vg := v’ € C2\ {0}, and use them to define two different
subsets, Do})Z and D&l)l, in the set of spinor covariant derivatives D%

Dg}ﬁ = vﬂ)g, Dg)i = vﬂ)g, (3.2)
as well as the index-free superfields

W = oo, w =w® W = oW = W@ (3.3)

associated with the left and the right linear multiplets, respectively. Now, the con-
straints (3.1a) and (3.1b) turn into the generalized chirality conditions

DM =0, (3.4a)
PR = 0. (3.4Db)

The superfield W (v1,) is called a left O(2) multiplet. Similarly, W (vg) is called a right
O(2) multiplet.

All results concerning left vector multiplets may be related to the right ones by applying
the so-called mirror map [6, 15]. Therefore we restrict our analysis to the case of left vector
multiplets.

As shown in [6], the constraint (3.1a) may be solved in terms of an unconstrained
gauge prepotential that is a right weight-zero tropical multiplet Vg (vg). The most general
solution to the analyticity constraint (3.1a) is

. i == . d U;U7 -
W = i (D“” — 418””) f (UR’QWUR) (on u;)Q Vi (vR), (VR, uR) = v'u;, (3.5)
’y M

where we have defined
D . Da(i(ipé)j) ) (3.6)

The right-hand side of (3.5) involves a constant isospinor ug = u' constrained only by the
condition (vg,ur) # 0 which must hold along the closed integration contour . It can be
shown that (3.5) is invariant under an arbitrary infinitesimal variation of ur, which may
be represented as dur = aur + fuvr, with a, 8 € C. Thus W% is independent of ug. The
right-hand side of (3.5) is invariant under gauge transformations

SV = i (XR _ )\R> , (3.7)

where the gauge parameter Ag(vR) is a right arctic weight-zero multiplet, see [6] for more
details.

It is important to point out that the field strength of the left vector multiplet, WI(JQ) (vr),
is a left projective multiplet. However, its gauge prepotential, Vg (vgr), is a right projective
multiplet.

All previous results in this section hold for the general curved N' = 4 superspace as
defined in [6]. The specific feature of the AdS geometries is that a composite right O(2)



multiplet may be constructed starting from the left vector multiplet. Consider the tensor
superfield

Wi = —épiﬁwﬁ , (3.8)
which can equivalently be realized as the right isotwistor superfield
Wg) (vR) = WUEWE =w® (3.9)
Making use of the algebra
{D&Di, Dy } = —2iSDT M5 — 2iease"SPH Ly + 2ease7 (28 — X)RD | (3.10a)
S@ii = vgv;Siﬁ;, R® = y:0;:RY (3.10b)

in conjunction with the equations

[R@),Dg})i] =0, ROwi=0, Diwit= %Eiupglwkﬂ, (3.11)
it is a short calculation to prove that
DIWP =0 «— Dliwh =0, (3.12)

Therefore, W is a right linear multiplet.'® This superfield and its mirror image will be

our crucial building blocks to construct N'= 4 SYM actions in AdSs.

It is possible to express Wg) in terms of the gauge prepotential Vg. The result is

R, do .
Wg)(UR) = Af{*) j{ _(Or, dig) AR)QVR(UR)- (3.13)
27 (vR, OR)
Here we have introduced the right analyticity projection operator
@ _ L s@u (p@ _ 4@ _ 1 (p@k _ @k p@
AR = D@ (DY — 4isP) = — (DO —4is®H) DY) (3.14)

It is obtained from the projection operator Ag) defined in the curved-superspace case [6]
by switching off those torsion tensors which vanish in the AdS superspaces.!!
For any supergravity background, there is an alternative procedure [16] to construct a

composite right linear multiplet, Gﬁ, from the left vector multiplet:

G _ 1 (g7 qiciiii) (Wi .: GV
G 4(1) +8iS )(WL L W= WiEW, (3.15)

It is applicable only in the case when W7, is nowhere vanishing, Wr, £ 0. The superfield G
proves to be primary under the super-Weyl transformations [16]. Unlike G , our composite
linear multiplet (3.8) exists only in the AdS superspaces. Its definition does not require
W% to be nowhere vanishing. These results are similar to those derived many years ago
by Siegel for the 4D A = 2 tensor multiplets [17].

OStarting from Wﬁ, we can construct a left linear multiplet, and so on and so forth. As a result, we
have a procedure to generate higher-derivative left and right linear multiplets.

"The fundamental property of Agg is that Qg” = A?Tﬁni@ is a right weight-n projective multiplet
for any right isotwistor superfield Tf{l“” (vr), see [6] for more details.



4 SYM actions in N/ = 4 AdS superspaces

To start with, we recall the locally supersymmetric action principle in N = 4 matter-
coupled supergravity [6]. In general, the N' = 4 supersymmetric action may be presented
as a sum of two terms, the left St and right Sg ones,

S =51+ Sk (4.1)
The right action has the form
1 _
Sp = %f (vg, dvg) /d% dBoEc Ly, B =Ber (EJM),  (4.2)
R

where the Lagrangian [,g ) (vr) is a real right projective multiplet of weight 2. The action

involves a model-independent primary isotwistor superfield CP({_4) (vr) defined to be real

with respect to the smile-conjugation and obey the differential equation'?

AW — 1, (4.3)

with Ag) the covariant right projection operator. In AdS superspace, Ag) is given by

eq. (3.14).
To describe the dynamics of an Abelian left vector multiplet in a given N/ = 4 AdS
superspace, it suffices to make use of the right action only, such that Sy, = 0. We choose

1 i . i o

where the composite right O(2) multiplet is given by (3.9). The action defined by egs. (4.2)
and (4.4) is manifestly invariant under all the isometries of the N' = 4 AdS superspace under
consideration.

By applying the relations (3.13) and (4.3), the action defined by egs. (4.2) and (4.4)
may be rewritten in the form:

1 N 1
S[VR] = 871_2%(1)1%(10}{) f(URjdvR)/d?deSOEA

(UR, UR)2 VR(UR)VR(ﬁR) . (45)
This is similar to the action for the Abelian N' = 2 vector multiplet in four dimensions
constructed first in the rigid supersymmetric case [18] (see also [19]) and later in super-
gravity [20].

The action defined by eqs. (4.2) and (4.4) is valid for all the N' =4 AdS superspaces.
It turns out that alternative forms for the supersymmetric action exist in two special cases:
(i) the (2,2) AdS superspace; and (ii) the critical (4,0) AdS superspace with 25 + X = 0.

In the case of (2,2) AdS superspace, the theory can be described using a left action
only, such that Sg = 0. The left Lagrangian is

2 2
£(2>_1WL()WL()
LT @

L

4 (o) == dv;,  DERI =0, (4.6)

2In conformal supergravity, the field (3’1({4) (vr) has to be primary of weight —2 under the super-Weyl
transformations [6].



for some background covariantly constant real symmetric spinor d”. The covariant con-
stancy of d” implies that d” oc [*/| with [%/ one of the parameters of (2,2) AdS superspace,
see eq. (2.5¢). Without loss of generality, d/ and [/ may be identified. The Lagrangian (4.6)
admits a trivial extension to the non-Abelian case:

o) = —5u(wPw). (4.7)

2d\%)

In the case of (4,0) AdS superspace with 25 + X = 0, the SU(2);, curvature vanishes,
according to egs. (2.4) and (2.5a), and there exists a covariantly constant real symmetric
spinor d” such that Df;’;dij = 0. As aresult, in this case we can again use Lagrangians (4.6)
or (4.7) to describe SYM theories.

In conclusion, we comment on two different schemes to extend our results to the non-
Abelian case for any N/ =4 AdS superspace. Similar to the 5D discussion in [21], a SYM

action may be defined by its variation'?
1 _ —
oSsvulV] = - 7{ (vr, dvr) / Bzato B tr(AV : Wf)) : (4.8)

where we have defined
AV :=eVseV, Wf) = e W e w® = —ﬁ’Dﬁ?ﬁﬂ” : (4.9)

Here 20% denotes the non-Abelian field strength, and de¥" an arbitrary variation of the non-
Abelian tropical prepotential. For more details, including the definition of €2, the reader
should consult appendix A. The projective superfields AV and Wf) take their values in

the Lie algebra of the gauge group and transform only under the A-group as follows:

. . SN 5
AV =rave ™, (W) = ctw e, (4.10)
Now, making use of (A.33) and the expression for the analyticity projection operator (3.14),
we obtain .
2 1 2 i A@ [ = -3
w? = _Ep§j>ggg ——ial (e 24 5 2)eQ+) . (4.11)
As a result, the variation (4.8) can be rewritten in the form
6Ssym[V] = —2i jf (vR, dug) / A%z d%0 E tr [Ave—9+a<—§>eﬂ+] . (4.12)
™
It may be shown that this variation (4.8) is integrable. The action Sgyy[V] is gauge
invariant, since an infinitesimal gauge transformation (A.14) corresponds to the choice'*
AV:i(X—A) L X=X, A=, (4.13)

for which the variation (4.8) proves to vanish. However, we have not yet been able to
integrate it in a closed form in terms of N = 4 superfields. An alternative approach to
obtaining a closed-form expression for the SYM action is to make use of the superform
construction, see [16] and references therein. In appendix E, we explicitly integrate the
variation (4.8) upon its reduction to (2,0) AdS superspace.

13T avoid cluttering of the equations, here we use notation V for the right tropical prepotential V.
Y The transformations (4.10) and (4.13) are classical and quantum realizations of the gauge transformation
within the background-quantum splitting, see e.g. [22].



5 Reduction to (2,0) AdS superspace

Suppose there is a rigid supersymmetric field theory formulated in a given N' = 4 AdS
superspace. As shown in [7], such a dynamical system can always be reformulated as a
supersymmetric theory realized in (2,0) AdS superspace, with two supersymmetries hidden.
In this section we give a brief review of the superspace reduction N' = 4 AdS — (2,0)
AdS, concentrating mainly on the decomposition of the N’ = 4 AdS isometries into the (2,0)
AdS isometries and additional non-manifest symmetries. In the next section the reduction
procedure will be applied to reformulate the N' = 4 theories in (2,0) AdS superspace.

We start by reminding the reader that the algebra of N’ = 4 AdS covariant derivatives,
eq. (2.4), involves a covariantly constant tensor Siii = S Tts explicit form is given
by (2.5). For all the N' = 4 AdS superspaces, it may be seen that applying an R-symmetry
transformation allows us to choose several components of this tensor to vanish,

Slli? _ 81211 _ Sllii _ 822§Q _ 0, (51)
as well as to have the property
S+S8t*i=g. (5.2)

The proof of these claims was given in [7], and it will be reiterated below. In this gauge,
the operators D,, DL and <—D§?> form an algebra!® which is isomorphic to that of (2,0)
AdS superspace, eq. (C.2), provided the U(1)g generator is identified with

. X .
J=J+ 52, (5.3)

where we have defined the operators
J=(L2+r?),  Z:=(L2-R?), [7.2]=0 (5.4)
with the properties
(7.0 =Dt [7,(-p2)| = (-pZ) (5.5)
(ﬂ ~0, [Z (—ng)} ~0. (5.5b)
The generator J defined by (5.3) coincides with J for all conformally flat N' = 4 AdS
superspaces.
Given an N = 4 tensor superfield U(z,0,;), we define its projection to (2,0) AdS

superspace by
Ul :=U(2,0.5)|0,5=0,;=0 - (5.6)

By definition, U| depends on the Grassmann coordinates 6* := 9’1‘I and their complex
conjugates, 0" = 0h;. We will refer to U| as the bar-projection of U. For the N'= 4 AdS

1?Given a tensor superfield U of Grassmann parity e(U), the operation of complex conjugation maps
DU to DYU = —(~1) D10 = ~(-1) " DU
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covariant derivatives (2.2) the bar-projection is defined as'6
1 -
'DA‘ = EAM|8M -+ §QAbC’MbC + CI)AM‘LM + @Akl|Rl‘€l‘. (5.7)

Since the algebra of operators (Da, Dg, —Dg?) is isomorphic to that of the (2,0) AdS
superspace, eq. (C.2), the freedom to perform general coordinate, local Lorentz and R-
symmetry transformations may be used to choose a gauge in which

DI =D, —D??| =D, (5.8)

where D, and D,, are the spinor covariant derivatives of (2,0) AdS superspace (C.1).

In the coordinate system defined by (5.8), the operators DS| and Dg?| involve no
partial derivative with respect to 6,3, 657. Therefore, for any positive integer k, it holds
that (’D&l"'deU)‘ = Da,| - Da,|U|, where Dy = (D}E,—Dg?) and U is a tensor
superfield. This also implies that D, | coincides with the vector covariant derivative of (2,0)
AdS superspace. The latter will be denoted by the same symbol D,. We hope that no
notational confusion will occur for the reader.

Let us fix an V' = 4 AdS superspace and consider its Killing vector field ¢ specified by
egs. (B.1)—=(B.3). We introduce the bar-projections of the parameters involved:

r= g, =gl =gl =i (A2HAR) =1, = A" (5.99)

= —ghl, =gl b=i(A2-A) =6 (5.9b)
. Ln R ST T S | _ 1 »
fLi=—pghl, en=— AT r=— AL er = AT (5.9¢)

The parameters (7’“, 7Y T, L, t“b) describe the infinitesimal isometries of (2,0) AdS super-
space. This may be proved by computing the bar-projection of the equations (B.2a)—(B.2e).

The parameters (%, &4, G, €1, &L, €R, €r) generate those N/ = 4 AdS isometries which
are not manifest in the (2,0) AdS setting. These include two rigid supersymmetries and the
residual R-symmetry transformations. Depending on the N/ = 4 AdS superspace chosen,
these parameters obey different constraints. Let us spell out these constraints for the
various cases.

5.1 AdS superspace reduction (4,0) — (2,0)

For the reduction from (4,0) to (2,0) AdS superspace, we find a set of differential relations
between ¢4, €1,, er and their complex conjugates:

Daéﬁ = 4‘96065 €L, ﬁa€5 - _4S€aﬁ €L, (510&)
'Daa?g = —4S€a5 R, @aég = 4S€a5 €R , (5_10b)

. X L X
Dact, = Dacr =0, Dacer, =icq <1 + 25,) , Daer = —ié, (1 - 25) . (5.10¢)

5Depending on the choice of parameters S, 894 and X , the R-symmetry connection may take its values
in a subgroup of SU(2),xSU(2)r. This point was discussed earlier.
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The action of the U(1)r generator (5.3) on these parameters is

Jea:—isa, jeL:—<1—|—£)eL, jeR:—<1—£>5R. (5.11)

28 28 28

The real parameter &, corresponding to one of the residual R-symmetries, can be shown
to obey

5= X4 = comst (5.12)
g 25 = const. .

A finite U(1) transformation generated by the constant parameter (6 —tX/25) does not act
on the (2,0) AdS superspace. It will be more convenient to parametrize this transformation

X
=0 ——t 5.13
o= (o= 56t) (513)
suchthatt%—(}:(l—i—%)t—i—a.

In the critical cases, | X| = 25, the parameters are further constrained as follows:

using the constant parameter

X =25: A =ep =0,  Dues =Daés =0; (5.14a)

X=-25: Afl=¢, =0, Daeg=Dués=0. (5.14b)

5.2 AdS superspace reduction (3,1) — (2,0)

In order to carry out reduction from (3,1) to (2,0) AdS superspace, a local R-symmetry
transformation can be applied to choose w® of the form:

w''=w? =0, w?=1, w!=—-(w?2)=-1. (5.15)
As a result, the conditions (5.1) and (5.2) hold. In the gauge chosen we have
AR = 555%“ , E, =ER :=€. (5.16)

Computing the bar-projection of (B.2a)—(B.2e) gives

Dagﬁ = —Dagﬁ = 435&6 g, @a{fﬁ = —ﬁag_ﬁ = _4S€aﬁ€7 (517&)
Dye =0, Dae = 5 (ea —Za) (5.17b)

These imply
Do (e + &) = Du (65 +€5) = 0. (5.18)

The real parameter & proves to vanish.

5.3 AdS superspace reduction (2,2) — (2,0)

In order to carry out reduction from (2,2) to (2,0) AdS superspace, a local R-symmetry
transformation can be applied to bring [ and 7%/ to the form:

M=2=0, PM=r2=0, P=—i, r2=i. (5.19)
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As a result, the conditions (5.1) and (5.2) hold. We then have
ep =A? =0, eg=A?=0. (5.20)
Computing the bar-projection of (B.2a)—(B.2e) gives

Docp = Dacp = 0. (5.21)

The real parameter & is constant.

6 AN = 4 vector multiplet theories in (2,0) AdS superspace

In this section we reduce all results, which were obtained in sections 3 and 4 within the
manifestly N’ =4 AdS supersymmetric setting, to (2,0) AdS superspace.

6.1 The field strength

We recall that the left vector multiplet is described by the gauged-invariant field strength
W4 which is a left linear multiplet. It can equivalently be described by the left O(2)
multiplet W3 (vy) := v;v; W4, with v’ the homogeneous complex coordinates for CPL. Tt
is useful to introduce an inhomogeneous complex coordinate (1, for CP' by the rule

(L = - S C, (61)

which is defined in the north chart of CP!. Then we can represent the (2,0) AdS projection
of W@ (vy) as

W (u)] =G, (”1)2 Wi, W) = —%(I) + G —i(L®, (6.2)
L
where we have introduced the N’ = 2 superfields
d:=W?=2|,  G:=2WY, =W, (6.3)

By projecting the analyticity constraint Dgink) = 0 to (2,0) AdS superspace, it is not
difficult to prove that ® is chiral and G = G is a real linear superfield,

Dy® =D, ® =0, DG =DG=0. (6.4)
The generators of the R-symmetry group SU(2); x SU(2)y act on W% by the rule
LWk = iyl 4 ek Riwk =g (6.5)
Bar-projecting the first relation to (2,0) superspace gives

L'® =iG, L2 =-®, L*?0=0, (6.6a)
LG =—2i®, L?G=0, L?*G=2d. (6.6b)
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The fields ® and G are neutral under the right R-symmetry group SU(2)g. This observation
tells us that the U(1)g generator of (2,0) AdS superspace, eq. (5.3), acts on the superfields
introduced as follows:

Jb=—q0, Jb =qd, JG =0, (6.7)
where we have defined
=1+ £ (6.8)
q: 55 - .

Given an isometry transformation of the N' = 4 AdS superspace (see appendix B for
the details), the transformation laws of the field strength W% is

W = KW = €*DyW + £, DEFW 4 206, ik (6.9)

We now project this transformation law to (2,0) superspace. Using the analyticity condition
D&”Wj k) — 0 and the results of section 5, we obtain

ok® = (14 itT) ® +1(e%Dy — 45e1) G — ic®, (6.10a)
6xG = 7G —1(6%Dy — 852L) ® — i (e°Dy — 85er) @
=7G + 1Dy (E°®) 4 iD, (e°®) . (6.10b)

We recall that the parameters 7 = 79D, 4+ 7Dy + ToD® and t describe the isometry of
(2,0) AdS superspace. The relations (6.10) are universal in the sense that they hold for
all the A/ = 4 AdS superspaces. All information about a concrete N' = 4 AdS superspace
is encoded in the Killing parameters 1, €, and o, which satisfy different constraints as
described in the previous section.

6.2 The tropical prepotential

The left field strength W% is constructed in terms of the right weight-zero tropical prepo-
tential Vg (vR) according to eq. (3.5). We introduce an inhomogeneous complex coordinate
(r for CP! by the rule

s 1 v
vl =0l(1,¢R), (= S € C. (6.11)
We also choose the isospinor u; in (3.5) to be
u; = (1,0). (6.12)
Then the relation (3.5) becomes
i rd - -
Wil = ;%;j (D”” - 415”11) Vi(Cr) - (6.13)

Here the right weight-zero tropical prepotential is described by the Laurent series

+oo
Va(r) = Y &)V,  Vi= (-1, (6.14)

k=—o00
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The analyticity constraint (A.11) projected to (2,0) AdS implies
DEV(G)| =GPV (@l DEV(G)| = ~ =PV (G- (6.15)
The N =4 AdS transformation law of the tropical prepotential [6] is
SV = (gaDa + e DR ¢ AﬁR;j) Vi, (6.16)

where B ) i i B

ARV = —AP9 Vg, AP = ATy, (6.17)
and the operator -2 is defined according to (A.26). Projecting the transformation
law (6.16) to (2,0) AdS superspace gives

SeVa(Gr)l = (7 +itT) ViG] — CRe“DaVia ()| + ;s-awvmcm

1
+1 [4iSer ? — 0 + 4iSeRr(r CRacRVR(CR)‘ . (6.18)
R

Note that the action of J on V(Cgr) is

TVe(GR) = (2 - ORZVR(GR) = (2 — @)¢rde Vi (Cr) - (6.19)

For the coefficients in the Laurent series expansion of V|, eq. (6.14), the transformation
law (6.18) leads to
V| = (7‘ + itj)Vk| — 1ok Vy|
— <€aDa +4(k — 1)5?}{) Vie—1| + (éaﬁa —4(k + 1)58[{) Viet1] - (6.20)
Evaluating the contour integral in (6.13) and making use of the analyticity

condition (6.15), it is possible to obtain the expression for ®, ® and G in terms of V;|. The
results are:

1 _ 1, P
o= DV, ®=— DV = DV, G- %DQDQVOI. (6.21)

These relations show that the components of the gauge-invariant field strength are con-
structed in terms of only three components of the tropical prepotential: Vi, Vi and Vp. It
is easy to see that the other components of the tropical prepotential, V5, Vs, ..., are purely
gauge degrees of freedom.

Let us first compute the isometry transformation of V;| by applying (6.20):

SVal = (T +itT)Vi| — e*DaVo| + (€4 D™ — 8Ser) Va| —ioVi]. (6.22)
This is equivalent to

SVl = (7 +1tT)Vi| — e*DaVo| — i0Vi| + D (£°V5]) (6.23)
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The last term is a pure gauge transformation that does not contribute to ® = %132‘/1|.
From eq. (6.23) we deduce

5k® = (7 +itT) P — i@?(gapavon Cio®. (6.24)

This may be seen to be equivalent to (6.10a).
Next we compute the isometry transformation of Vp| using (6.20)

5cVol = 7Vo| + (24D — 48er) Vi| + (e*Dy — 4Ser ) Vi |- (6.25)

This can be rewritten, with the aid of the identities

1 - 1
= ——D,&", ‘R = — oo D%, 2
ER 59 g ER 59 € (6.26)
as follows
_ 1 -
oxVol = Vol + {éaDo‘Vl! +5 (Do) Vi| + c.c.} : (6.27)

This transformation law is valid for all the N’ = 4 AdS superspaces.

6.2.1 (4,0) AdS supersymmetry

In the case of (4,0) AdS supersymmetry with q # 0, the following relations hold:

o = —-Daer,, Fo= -Dacy. (6.28)
q q

Then the transformation of Vj, eq. (6.27), can be rewritten as

2i _ i i _
= — 2 (5.® — e ®) + —D? (& - —D? . 2
oxcVo| = Vo 4 (EL.® — @) + 54 (eLvil) 54 (eLV1]) (6.29)

The last two terms generate a pure gauge transformation and can be omitted.
In the case of critical (4,0) AdS supersymmetry, X + 2S5 = 2S5q = 0, we have ¢, = 0.
Here e, can be expressed in terms of a real parameter p such that

£a = —iDap, D?p=8iSer, p=p. (6.30)
The parameter p is defined up to an arbitrary constant shift of the form
p — p+, J =0, 1) = 1) = const . (6.31)

Using p, we can rewrite the transformation of Vp|, eq. (6.27), as

1

OcVol = 7Vo| = 2p(® — @) + 3

{i (D*pV4]) + C.C.} . (6.32)

The last term generates a pure gauge transformation of V|, and so does the shift (6.31).
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6.2.2 (3,1) AdS supersymmetry

In the case of (3,1) AdS supersymmetry, we can introduce a complex parameter p such that

i
Dap=5(eatéa), JTp=-p, Dp=0. (6.33)

The existence of this representation follows from eqs. (5.17a) and (5.18). The parameter p
is defined modulo arbitrary shifts of the form

p— pt+v, Jb=—¢, Dup=0. (6.34)

Due to egs. (5.17b) and (6.33), the spinor parameter ¢, can now be expressed in the form

eq = —iDy(e + p) = =Dy (€ — D), Eq =1Dy(E+ p) =1Du(e — p) . (6.35)

Using this representation allows us to rewrite the transformation law (6.27) as

oxVol = 7Vo| — 21(E+ p)® + 2i(e + p)®
=
+ {2D2 ((5+ ﬁ)V1|> + c.c.} . (6.36)
The expression in the second line generates a pure gauge transformation and can be omit-

ted. It should be pointed out that any shift of p defined by (6.34) leads to a pure gauge
transformation of Vj|.

6.2.3 (2,2) AdS supersymmetry

It remains to consider the case of the (2,2) AdS supersymmetry. In accordance with (5.21),
we can introduce a complex parameter p such that

€a = —iDyp, Jp=—p, D3p=0. (6.37)

As in the (3,1) case, this parameter is defined modulo arbitrary antichiral shifts of the
form (6.34). Then the transformation law (6.27) can be rewritten as

SVl = TVl — 2i (50 — pB) + {;@2 (Vi) + C.c.} | (6.38)
Here the third term generates a pure gauge transformation and can be omitted.

6.3 The composite right linear multiplet

One of the main aims of the present section is to reduce the action for N'=4 SYM to (2,0)
AdS. It involves the composite right O(2) multiplet Wg), which is defined by (3.9) and
can be represented as

N2 _ _ : __ __
W — it (vl) w2, wieg) = _ﬁwﬂ + oAW1 iy wil (6.39)

,17,



Computing the bar-projection of the superfields on the right gives

W= D0+ 8210, W= D6+ 8", (6.40a)
__ 1 B
W= -3 (Dapa + 4iq8)G. (6.40b)
The values of $2211 and S22 corresponding to the various types of N = 4 AdS supersym-
metry are:
(4,0) AdS: S22 = 51122 — (6.41a)
(3,1) AdS: 8P =512 = _g. (6.41b)
(2,2) AdS: S2I =812 — . (6.41c)

6.4 The N = 4 vector multiplet actions

It was proven in [7] that the reduction of the right action, eq. (4.2), to (2,0) AdS superspace

is given by
Sp = / A3z d%0d%0 E 7{ der B(w),  E':i=Ber (EaM), (6.42)
© 2micr
2 . - . (2) . 1\2 A2
where Ly is related to the original Lagrangian by the rule £’ (vr) = iCr (v ) Ly (Cr)-

In the NV = 4 SYM case, the Lagrangian is given by (4.4). Its reduction to (2,0) AdS
superspace is

£Bl= 2 (VW) (6.3

It is now a simple exercise to compute the contour integral in the action defined
by (6.42) and (6.43). We obtain

R o - 1 _
S = /d% 20420 E gvl(p%p — 4i8"2|0) — 1Vo(iD"Da — 45q)G

n éf/l (D2<1> n 415221'@) (6.44)
This is equivalent to
S = /d% d%0d*0 E |® — %GQ +SqVG
+ % /d% 42081292 — ;/d% 420 & 821192 . (6.45)

We see that the action involves a Chern-Simons term for g # 0 and a mass-like chiral term
for S1122 £ .

In the (2,2) AdS case, the SYM theory can equivalently be described by the left
Lagrangian (4.7). Let us prove this claim in the Abelian case by comparing the two
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different actions upon their reduction to (2,0) AdS superspace. Upon this reduction, the
action associated with (4.7) becomes

5 d¢r, 1 2 1r5[2
(2,2) _ 3. 12912 2]y /(2]

Here WIEQ](CL)| is given by eq. (6.2). We remind the reader that d” is proportional to [%/

and the latter has the only non-zero component ['? = —i. By choosing
i L 2]
d7:—§l1, e =-1, (6.47)

it is trivial to compute the contour integral in (6.46). The resulting action is
~ = 1
S22 — / d3zd*0d*0 E [fb@ - 2(;2} : (6.48)
This coincides with the action (6.45) in the (2,2) AdS case.

7 Concluding comments

In this paper we have constructed the pure N' = 4 SYM theories in three dimensions for all
types of AV = 4 AdS supersymmetry.!” In the Abelian case, these theories were described
within the manifestly N = 4 supersymmetric setting as well as in (2,0) AdS superspace
where only V' = 2 supersymmetry is manifest. In all the N' = 4 AdS superspaces, the vector
multiplet action has the universal form given by egs. (4.2) and (4.4). This is an example of
the right linear multiplet action involving a special composite linear multiplet, eq. (3.9).1
All specific details of the theory are encoded in the type of N' = 4 AdS supersymmetry
chosen. These differences become explicit when the theory is reformulated in (2,0) AdS
superspace in which the N' = 4 vector multiplet decomposes into the NV = 2 vector multiplet
described by a real linear superfield G and the chiral scalar ® and its conjugate ®. The
latter multiplets are equivalently described by unconstrained gauge prepotentials X' := V|
and V := V| = V such that ® = %152/1’ and G = %Do‘ﬁal). Let us now summarize the key
properties of the theory for all types of N' =4 AdS supersymmetry.

In the case of (4,0) AdS supersymmetry with ¢ = 1+ X/2S # 0, the non-manifest

supersymmetry transformations are!?
_ 1~ 1 -
5.0 =i(c*D, — 4 = —-D*("DyV) = ———D? (g 1
1(5 SsL)G 1 (e V) 22— q) (erG) , (7.1a)
2i =
5.V = _51 (EL® — e1®) (7.1b)

YA brief discussion of off-shell A/ = 4 hypermultiplets coupled to the vector multiplet is given in
appendix A.

8The left and right linear multiplet actions [6] are known to be universal in the sense that the action of
any off-shell ' = 4 supergravity-matter system may be realized as a sum of left and right linear multiplet

actions [16].

19Tn the critical case with X = 2S5 and g = 2, the last expression in (7.1a) is not defined. In this case
0:® can be represented as 0.® = %@2 (w@). Here the real parameter w is such that ¢, = —iDaw and
D?w = —8iSer..
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and therefore
6:G = —i(8°Dq — 85eL,) @ + c.c. = iDqy (E°®) 4 c.c. = %Dazﬁa 5V (7.1c)
The parameters €1, and ¢, are defined in section 5.1. The invariant action is
540 — / A3z d?0d%0 E [cicp - %Gz + SqVG| . (7.2)

This is exactly the AdS analogue of the Abelian A/ = 4 SYM theory on S? recently
constructed in [1]. The Chern-Simons term in (7.2) is generated due to the non-zero
curvature of AdSs. It disappears in the flat-superspace limit. Thus our results explain the
mysterious structure of A" = 4 supersymmetric Yang-Mills theories on S? discovered in [1].

In the case of critical (4,0) AdS supersymmetry with X + 2S5 = 25q = 0, we have
er, = 0 and the non-manifest supersymmetry transformations are

5.0 = ie"D,G = —i@z(eamw : (7.3a)
6.V = —2ip(® — ), (7.3b)

and therefore
5:G = —iE*Dy® + c.c. = iDy(E*®P) + c.c. = %Daﬁaéav. (7.3¢c)

The action is given by (7.2) with ¢ = 0.
In the case of (3,1) AdS supersymmetry, the non-manifest supersymmetry transforma-

tions are
5 = ("D, — 456)G = — DHE"DaY) = D2((e — 7)C), (7.4a)
6V = —2i(E+ p)® + 2i(e + p) @, (7.4Db)
and therefore
6.G = —i(E"Dy — 8SE) P + c.c. = iDa(E%®) + c.c. = %Daﬁa 5V (7.4c)

The invariant action is
SBD — / d®z d*0d%0 E [&xp - %cﬂ + ;SVG} — %S {1 / d3z d%60 € 92 —i—c.c.} . (7.5)

This theory possesses a chiral mass-like term, which is a new feature as compared with the
N =4 SYM on S3 [1].

In the case of (2,2) AdS supersymmetry, the non-manifest supersymmetry transforma-

tions are20

_ 1_
6.0 =ie"DyG = 52)2 (pG), (7.6a)
6.G = gDy ® + c.c. = DDy (p® — p @) . (7.6b)

20Tn this case we do not need to consider the transformation of V since it does not appear in the action.
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Here the parameter p is defined by (6.37). The invariant action is
- — 1
522 — / d3zd%0d*0 E [(IXD — 202} : (7.7)

No Chern-Simons term shows up because the theory is formulated entirely in term of the
field strength W% in N = 4 AdS superspace, see eq. (4.7).

The chiral mass-like term appears only in the (3,1) AdS case. In all other cases it is
prohibited by the rigid U(1) symmetry

5® = —iod . (7.8)

In the non-Abelian case, we defined the N' =4 SYM action by its variation, eqs. (4.8)
and (4.9), induced by an arbitrary variation of the tropical prepotential.?! So far we have
not yet been able to integrate this variation in a closed form in terms of N' = 4 superfields.
However, there are three obvious ways to obtain closed-form expressions for the NV = 4
SYM action for all types of N' = 4 AdS supersymmetry. Firstly, it may be achieved us-
ing the superform construction in complete analogy with the Chern-Simons results of [16].
Secondly, we may start with the N' = 4 tropical prepotential Vg (vr) and the gauge co-
variant field strength 20% and then reduce their N’ = 4 isometry transformations to (2,0)
AdS superspace. Using the explicit structure of the non-manifest supersymmetry transfor-
mations derived, there is a standard procedure to reconstruct a closed-form expression for
the N' =4 SYM action in N = 2 superspace.?? This procedure is explicitly implemented
in appendix D in which we present complete N' =4 SYM actions in (2,0) AdS superspace
for all types of N' = 4 AdS supersymmetry. Thirdly, we may reduce the variation of the
SYM action, egs. (4.8) and (4.9), to (2,0) AdS superspace, in which the variation may be
readily integrated. This is explicitly done in appendix E.

In this paper we have focused our attention on the N' = 4 left vector multiplet.
Analogous results for the right vector multiplet can be obtained by applying the mirror
map [6, 15].

In this paper we have studied the A' = 4 SYM theories. In [3, 7] the off-shell formalism,
which was developed for general 3D N = 3 supergravity-matter systems [6], was applied
to the (3,0) and (2,1) AdS cases. Using these techniques allows one to construct N' = 3
SYM theories for both types of N'= 3 AdS supersymmetry, along the same lines as in the
present paper.
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A N =4 SYM and projective superspace

In this appendix we consider a left A/ = 4 Yang-Mills supermultiplet in a conformal su-
pergravity background [6] and uncover the origin of a tropical prepotential Vg (vg). Our
consideration is similar to that given by Lindstrom and Rocek in the case of 4D N = 2
SYM theory [10]. Only right projective supermultiplets appear in this section. For this
reason we consistently avoid using a subscript ‘R’ and simply denote Vi by V etc.

A.1 Tropical prepotential

To describe a left Yang-Mills supermultiplet, we introduce gauge covariant derivatives
Dpa=Dyp+iA4, (A1)

where D4 denotes the N' = 4 supergravity covariant derivatives [6], and the connection
A4(z) takes values in the Lie algebra of the gauge group. The fact that we are dealing
with the left vector multiplet, is encoded in the anti-commutation relation:

{PE DY} =+ 200557207, (A.2)
where the ellipsis denotes the purely supergravity terms. The SYM field strength 209 =
207 is Hermitian, (20%7)" = 20,;, and obeys the Bianchi identity

(it = 0. (A.3)

Under the gauge group (to be referred to as the 7-group), the covariant derivatives and
any covariant matter superfield multiplet U(z) transform as follows

Dy =D e, U =e"U, r=r11, (A.4)

with the Lie-algebra-valued gauge parameters 7(z) being Hermitian and otherwise uncon-
strained. In particular, the field strength transforms as

W' = W (A.5)

Using an isospinor v := v* € C2\ {0}, which provides homogeneous coordinates for
CPI, we introduce gauge covariant operators

@Q” = v;@ff , (A.6)

in complete analogy with (3.2). It is easy to see that the anti-commutator {@S)", ”Dg)j}
coincides with the right-hand side of (3.10a), i.e. it does not involve the gauge field. This
(1)

means that we may represent Dal " in the form:

Di eQ+Dg)ie*Q+ ) (A.7)

o =

where we have introduced a Lie-algebra-valued bridge superfield

Q)= (", (= (A-8)
n=0

’Ui.
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Another representation for ng)i follows by applying the smile-conjugation to (A.7) (see,

e.g., [6] for the definition of the smile-conjugation). The result is

. . 1
oY =D (=) ()"l

n=0

Introduce a Lie-algebra-valued superfield V' (¢) defined by
o/ i=eet, V()= ) V", V= ()"

It may be seen from (A.7) and (A.9) that V is a covariant projective multiplet,
DIy = 0.
It follows from (A.4) and (A.7) that the gauge transformation law of Q4 is

o4 (0) = T 24(0)g=iAC)

)

where the new gauge parameter \(¢) is a covariant weight-zero arctic multiplet
=\ . o
DYA=0,  AQ) =) A"
n=0

The gauge transformation law of the tropical prepotential is
oV — gV e—ir

We see that V' transforms under the A-group only.

A.2 Polar hypermultiplets

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

N = 4 supersymmetric matter may be described in terms of gauge-covariantly arctic

multiplets and their smile-conjugate antarctic multiplets.
A gauge-covariantly arctic multiplet of weight n, Y™ (v), is defined by

o@ir® =g, YA (y) = (vi)” i Yck.
k=0

It can be represented in the form

Y™ (p) = 2+ O™ () |

(A.15)

(A.16)

where Y™ (v) is an ordinary covariant arctic multiplet of weight n (see [6] for more details),

k=0
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A gauge-covariantly antarctic multiplet of weight n, Y™ (v), is defined by

— 00
A7) (1) (@ 2\" 1
Y™ oing >(U>:(U2) }:(_1)’@;?]@. (A.18)
k=0

It can be represented in the form
Y () = T (1)e?-© (A.19)

where T(™(v) is an ordinary antarctic multiplet

B o n X 1
pDiT®) =, T (v) = (v? —1)" Y] — . A.20
o) = (+*) 2 UG 20

The gauge-covariantly arctic multiplet of weight n, Y™ (v), and its smile-conjugate
antarctic one, Y(n) (v), constitute the gauge-covariantly polar multiplet of weight n. The
gauge transformation laws of XY™ (v) and Y™ (v) are

YW (o) =" XP (), X)) =T P (). (A.21)

The gauge transformation laws of Y™ () and T (v) are

¥

T (p) = AT () YO () = T () MO (A.22)

In the case of weight n = 1, a gauge invariant hypermultiplet Lagrangian can be con-
structed. It is
£ =ixOx® = iy rM (A.23)

A.3 Arctic and antarctic representations

Here we show that the SYM gauge connection 204 may be expressed in terms of the tropical
prepotential V'(¢), modulo the T-gauge freedom. Our analysis in this subsection is inspired
by the famous paper by Zupnik [23].

Let us introduce a new isospinor u; € C? \ {0}, which is only required to obey the
inequality (v,u) := vgug +£ 0. Since v’ and u' are linearly independent vectors, we can
construct a new basis for the gauge covariant spinor derivatives that includes @&Di and the

following operators:
1

(-T)i ._ _mi
D, " .0 u; O . (A.24)
It can be seen that ) N
{@&m, g(ﬂilh} - 25aﬂmij ) (A‘25)

where the ellipsis denotes the purely supergravity terms.
We introduce the first-order differential operators

- o 5 .
(2) = 2 _ (72) — 3 = A2
0 (v,u)v i 0 (v,u)u 5 (A.26)
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such that

ov' ou'
These operators are invariant under the 7-group. It is easy to see that
[6(_2),®&i)i] =i, (A.28)

When dealing with polar hypermultiplets, it is useful to introduce an arctic represen-
tation defined by the transformation

O—= 0, =0, U—sU = U (A.29)

applied to any operator O and covariant superfield U. In the arctic representation, any
gauge-covariantly arctic multiplet Y (™) (v) becomes the ordinary arctic one, T (v),

YD) = TPy, YV w) = T )V (A.30)
The gauge covariant derivatives @Q)i turn into the AdS spinor covariant derivatives,
DMi 5 pli, (A.31)
The important point is that the projective derivative 92 turns into the operator
0D 5 (D = 9D 4 o (a<—?>e9+) , (A.32)
which transforms as a covariant derivative under the A-group. Then making use of (A.25)

in conjunction with [33(—5),@23”} = @5;1”, we read off

Wi = %(D(i)” - 415@”') (e*ma(*%m) . (A.33)

It may be seen that Qﬂfﬁ is independent of uz, 8(2)%1;{ = 0. It also satisfies the property
D2’ =0, (A.34)

since in the original representation 20% is independent of vi. The field strength obeys the
Bianchi identity o
gyt — ¢ (A.35)

If the gauge group is Abelian, then 20% = Qﬁfﬁ and (A.33) turns into
api — i(p@w —4iS®9) 920, (A.36)

Since €24 is a homogeneous function of vg of degree zero, we have Q4 (vg) = Q4 (¢) and
1
(v1)?

Taking into account the fact that 20% is independent of ¢, we end up with the expression

020 (0r) = =502+ (€) - (A.37)

D) —%(Diﬂ? - 4i3iﬁ?) O = % (D” I_ 41317'11) Q. (A.38)

This expression may be shown to be equivalent to (6.13).
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In complete analogy with the arctic representation, eq. (A.29), one can introduce the

antarctic representation defined by
O—-0_ =0, U—U_:=e"U. (A.39)
In this representation, the SYM field strength takes the form
Y = (D 4is@0) (D). (A.40)
Comparing the above with (A.33) gives
W = Ve V. (A.41)
B Isometries of N' = 4 AdS superspaces

In this appendix we review the structure of the Killing vector fields of a given N’ = 4 AdS
superspace following [7].

Given a particular N' = 4 AdS superspace, its isometry group is generated by Killing
vector fields, & = £°D, + f%ij, obeying the Killing equation

1 —
0=[K,Da], K:=¢+ imww + AP Ly + AMRy; . (B.1)

This equation is equivalent to

Diiéay = dica(ss)) (B.20)
Died = tug (6” €78 + 84 z;) + %Aaﬁéij €7 + Aele,g + Aele,g, (B.2b)
DiiAsy = Sica(sy)s; <3iﬁj * 5”5253) ’ (B-2¢)
DgAkz _ —2i6i(k§alﬁ(25 +X) - Qigaijskﬁj , (B.2d)
DIAM = —2ic'Fe, D (28 — X) — 2i€,,/STH (B-2e)
and
D&y = Aup, (B.3a)
Daffj =— (3‘5;3 + Sjkﬁcéﬁk%> ()2, (B.3b)
DoAY = 452 (535 - 535)) , (B.3c)
DuAF = DA = 0. (B.3d)

Some useful implications of the above equations are
Dzzagﬁv) = DELABV) =0,
DHig, 5 — 6igh | DA 5 = 12i€, 5 ( SU 4 £id 5) ,

2

)
)
Diiel); =Dleg ) =0, D)) =587, Diits)s=46apS +2hap, (BAc)
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Here we have written the results in a form valid for the (4,0), (3,1) and (2,2) cases. De-
pending on the NV = 4 AdS superspace under consideration, S, X and 55:”” are constrained
by (2.5a)-(2.5¢), while the SU(2), and SU(2)gr parameters A* and A* are restricted by

(4,0)  with X = 2S: A =0; (B.5a)
(4,0)  with X =-25: AM =0; (B.5b)
(3,1): AR = o AR (B.5¢)
(2,2) : AR =ML (A=A, A =yMAg. (Ag)=Ag. (B.5d)

C Geometry of (2,0) AdS superspace

In this appendix we collect the main results concerning the (2,0) AdS superspace
following [7, 11].
The geometry of (2,0) AdS superspace is encoded in its covariant derivatives

_ 1 .
D4 = (Da, Do, D%) = Ea™ O + 504 Mea +104T (C.1)

obeying the following (anti-)commutation relations:

{D.,Ds} =0, {D..Ds} =0, (C.2a)
{Da,Dg} = —2iDyop — 4iSeapd + 415 Myg, (C.2b)
[,Dav,Dﬂ] =5 (/7a),37D’Ya [,Dav,Dﬁ] =S (r)/a)ﬁ%[)’% (C'QC)
(D, Dy] = —4 5> My, . (C.2d)

The generator J in (C.2) corresponds to the gauged R-symmetry group, U(1)g, and acts
on the covariant derivatives as

[j7 Da] =Daq ) [j, @a] = _@a . (03)

The isometries of the (2,0) AdS superspace are described by Killing vector fields,
T = 79D, + 7Dy + 7o D%, obeying the equation

1
T+itT + §tbCMbc,DA =0, (C.4)

for some parameters ¢ and t?°. Choosing D4 = D, in (C.4) gives

Dt =0, (C.5a)
Dot = tap (C.5b)
D, = —STV(%)«/B, (C.5¢)
Dot = 452 (5;’76 - 5;’71’) : (C.5d)
Eq. (C.5b) implies the standard Killing equation
Dyt + Dp7e =0, (CG)
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while (C.5¢) is a Killing spinor equation. From (C.5b) and (C.5d) it follows that
DyDy1c = 45 (NabTe = NacTv) - (C.7)

Next, choosing Dy = D, in (C.4) gives

D73 =0, (C.8a)
Dot = 457, , (C.8b)
Dot? = —4iS ((M%’Y + Mfﬁ) , (C.8¢)
Dar™ = 21 (877 + 8,777 , (C.8d)
DorP = %taﬁ + 87,7 +10.5¢ . (C.8e)
These equations have a number of nontrivial implications including the following:
D(a78y) = Diatpy) =0, (C.9a)
DiaTp) = _Z_)(cﬁﬁ) = %taﬂ + 570, (C.9b)
o = %ﬁﬁraﬁ = %@ﬂm, (C.9¢)
D77 = -D7, = 2it. (C.94)

It follows from the above equations that the Killing superfields 7%, t and t% are given
in terms of the vector parameter 7¢. Its components defined by 7%|y—y and (—DbT“) lo=0
describe the isometries of AdSs. The other isometry transformations of the (2,0) AdS
superspace are contained not only in 7% but also in, e.g., the real scalar ¢ subject to the
following equations:

D%t =D?* =0, (iD*Dy —85)t =0, Dyt =0. (C.10)

At the component level, ¢ contains the real constant parameter t|p—o and the complex
Killing spinor D,t|g—g, which generate the R-symmetry and supersymmetry transforma-
tions of the (2,0) AdS superspace respectively.

D N =4 SYM theories in (2,0) AdS superspace

In this appendix we provide complete N' =4 SYM actions in (2,0) AdS superspace for all
types of N' = 4 AdS supersymmetry. These actions are natural extensions of the NV = 4
vector multiplet models derived in section 6. We start by recalling the structure of the
N =2 Yang-Mills supermultiplet [24, 25] as formulated in (2,0) AdS superspace.

D.1 N =2 SYM multiplet

To describe a Yang-Mills supermultiplet in (2,0) AdS superspace, we introduce gauge co-

variant derivatives?3

Dp=Dyp+iA4, (D.l)

Z3We use one and the same symbol, D4, to denote N' = 2 and N = 4 gauge covariant derivatives,
the latter have been introduced in appendix A. We hope no confusion may occur, since only the N' = 2
operators are used in the present appendix.
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where D4 stands for the covariant derivatives of (2,0) AdS superspace, and the gauge
connection A 4(z) takes values in the Lie algebra of the gauge group. The anti-commutators
of two spinor gauge covariant derivatives are constrained [24, 25] by

{90,953} =0, {Da,D5} =0, (D.2a)
{@a,@ﬂ} =+ ié‘ag@, (D.Qb)

where the ellipsis denotes the right-hand side of (C.2b). The SYM field strength & is
Hermitian, &' = &, and obeys the Bianchi identity

0=29%=9%6. (D.3)

The gauge group is defined to act on the covariant derivatives and any matter multiplet
U(z) as follows
Dy =D e, U =¢7U, r=r1", (D.4)

where the Lie-algebra-valued gauge parameters 7(z) is only constrained to be Hermitian.
The field strength transforms in the adjoint representation,

B =eTGe T, (D.5)

The gauge group will be referred to as the T-group.
The constraints (D.2a) are solved in complete analogy with the 4D N = 1 case (see,
e.g., [22]) as follows:
D, = eQ@ae_Q, Dy = e_mDaeQT . (D.6)

Here €(z) is an unconstrained complex Lie-algebra-valued bridge superfield. Its gauge
freedom is larger than the 7-group:

¥ = e DA =0. (D.7)

Under the A-transformation introduced, the gauge covariant derivatives (D.6) remain
unchanged.

Let ® be a gauge-covariantly chiral scalar superfield, ®,® = 0, transforming in the
adjoint representation of the gauge group. It may be represented in the form

® =0, D,d=0. (D.8)

Here the chiral scalar ® is independent of the gauge field. It is inert under the
T-transformations and changes under the A-transformations by the rule

' =P pe N, (D.9)

The Hermitian conjugate of ® is a gauge-covariantly antichiral superfield @ constrained
by ©,® = 0. Its explicit form is

$=0 =0l D, =0. (D.10)
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It is often advantageous to use a chiral representation defined by the transformation
O —=e 08, U—e WU, (D.11)

which has to be applied to any operator O and covariant superfield U. In this representa-
tion, the gauge covariant spinor derivatives look like

D, =e VD,ev, Do =Dy, (D.12)
and the adjoint multiplets ® and @ turn into
=07, & =cValeY. (D.13)
Here we have introduced the Hermitian Lie-algebra-valued prepotential V defined by
eV 1= el Vi=y. (D.14)

The virtue of the chiral representation is that the gauge field is described in terms of a
single prepotential, V, with the gauge transformation law

eV =M eVe it (D.15)
The 7-group is completely gauged away in this representation.
In the chiral representation, the constraint (D.2b) is solved as follows:

& = D (¢ VDuc”) (D.16)

The field strength & is no longer Hermitian. It obeys the modified reality condition
Bt =eVGe V.
In the remainder of this section, we will work in the chiral representation.

D.2 AN = 2 Chern-Simons and SYM actions

When dealing with the non-Abelian N' = 2 vector supermultiplet, it is useful to introduce
a covariant variation, AV, of the prepotential V following [22]. It is defined by

AV :=e VeV, (D.17)
and hence de” = e¥AV and de”Y = —AVe™V. Varying the field strength gives
56 = [&, AV] + %@QDQAV - % {D*AV, e VDyeV} (D.18a)

which is equivalent to . '
56 = %@a@amz = %@az‘)am/. (D.18b)

The N =2 SYM action in (2,0) AdS superspace is a minimal extension of the one in
Minkowski space [25],

1 _
S = 5 | CododoEu (6], (D.19)
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with ¢ the coupling constant. Its variation is given by
5SES) = ‘fgz / 432 d20d%0 B tr[AV DD, ] . (D.20)

We now turn to introducing a supersymmetric Chern-Simons (SCS) action in (2,0) AdS
superspace. In the case of Poincaré supersymmetry, the N’ = 2 SCS action was constructed
by Zupnik and Pak [25], and a few years later by Ivanov [26] in a more general form. Here
we follow Ivanov’s construction. Let us consider a one-parameter family of superfields V(t),
with ¢ € [0, 1], such that V(0) =0 and V(1)=V. Up to an overall constant, the SCS action is

1
S — / dt / APz d?0d®0 E tr [@(t)e—"“)atev(t)] . (D.21)
0
In the Abelian case this reduces to
1 _
SO i = 3 / 4’z d*0d*0 E tr[V&] . (D.22)

Zupnik and Pak [25] used the specific parametrization, V(t) = t).
It follows from the definition (D.17) that

§(e Vg,V V) = [e—"“)ate"(t), AV(t)} FOAV(L). (D.23)
Making also use of (D.18a), we compute the variation of the SCS action (D.21) to be
555 — / PPz d?00%0 Etr[AV &) | (D.24)

D.3 N =4 SYM theory with (4,0) AdS supersymmetry

We are now in a position to present N' = 2 superspace formulations for all N' =4 SYM ac-
tions which correspond to the different types of N' =4 AdS supersymmetry. The R-charge
of ® is universally defined by J® = —q®, where ¢ = 1 + % In the cases of (3,1) and
(2,2) AdS supersymmetries, X is equal to zero and q = 1.

In the case of (4,0) AdS supersymmetry with g # 0, the non-manifest supersymmetry
transformations are

(a0 _ 1 N2/ =
6. =i(e%Dq — 45e1,) 6 = G—a) q)BD (Er®), (D.25a)
2i =
AV = _El (2L® — e1®) | (D.25b)
5.6 = —i(2°D, — 852)® + h.c. = D0 (6°®) + hoc. = %@C@OAEV. (D.25¢)

These transformation laws are non-Abelian extensions of (7.1).
The N =4 SYM action is

1
SEN = 912 / d*x d?0d?0 Etr | @® — %@2 + 2S¢ /0 dt & (e Dae’D| . (D.26)

It is invariant under the transformations (D.25). The action reduces to (7.2) in the
Abelian limit.
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Our N = 4 SYM action (D.26) is analogous to the one given in the Euclidean case
in [1]. There is, however, a minor technical difference. The point is that V(t) was chosen
in [1] to be of the form V(t) = tV. In our approach V(t) is an arbitrary function modulo
the boundary conditions V(0) =0 and V(1) =V .

In the case of critical (4,0) AdS supersymmetry with X + 25 = 2Sq = 0, we have
er, = 0 and the non-manifest supersymmetry transformations are

_ 1_
5. P = ic"D, B = —192(@@5) , (D.27a)
ALY = 2ip(® — D), (D.27b)
5.6 = —i2°D,® + h.c. = iD,(2°®) + hoc. = %@O@QAEV. (D.27¢)

These transformation laws are non-Abelian extensions of (7.3). The corresponding N = 4
SYM action is given by (D.26) with ¢ = 0. It is an instructive exercise to show that the
action is invariant under (D.27).

D.4 N =4 SYM theory with (3,1) AdS supersymmetry

In the case of (3,1) AdS supersymmetry, the non-manifest supersymmetry transformations

are
_ 1_
5P =i(c"Dy — 45¢)® = —5232((5 —-p)®), (D.28a)
ALY = =2i(E + p)® + 2i(s + p)®, (D.28b)
5.8 = iDa(5%®) + h.c. = %QQQQAEV (D.28¢)

These transformation laws are non-Abelian extensions of (7.4)
The N'=4 SYM action is

1 . . 1 !
SE = p / A3z 2040 E tr [cw — 582 +S / At &(t)e Y geV®
0
S (i
2 {2 /d% d*0E tr [®°] + c.c.} : (D.29)
It is invariant under (D.28) and reduces to (7.5) in the Abelian limit.

D.5 N =4 SYM theory with (2,2) AdS supersymmetry

In the case of (2,2) AdS supersymmetry, the non-manifest supersymmetry transformations
of ® and & are

_ 1_
5P =ic°D,6 = 5332 (p®) , (D.30a)
5.6 = —ig°Do® + hc. = DD, (P& — p @) , (D.30b)

where the parameter p is defined by (6.37). These transformation laws are non-Abelian
extensions of (7.6).
The N =4 SYM action is

1 N
SE2 — e /d% d%0d%9 E tr [<I><I> - 2@52] : (D.31)

It is invariant under the transformations (D.30).
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E Relating the N' = 4 and N = 2 superspace formulations for N' = 4
SYM theories in AdSs3

In appendix A, we described the projective-superspace formulation for the A" = 4 SYM
multiplet in a curved superspace of N' = 4 supergravity. Here we will specify the back-
ground superspace to be one of the N' = 4 AdS superspaces and show how to reduce the
formulation of appendix A to (2,0) AdS superspace. Using the results obtained, we will
integrate the variation (4.8) in (2,0) AdS superspace.

E.1 Relating the bridge superfields

In the N/ = 4 SYM formulation given in appendix A, the fundamental role is played by
the bridge 24, egs. (A.7) and (A.8), and its smile-conjugate Q_ defined by (A.9). It is
possible to represent

e+ (Cr) — eﬂer+(CR) 7 - (Cr) — eﬂf(CR)ng 7 (E.1)
where
. oo o . 0o . 1 .
Qp(Cr) =D (R)"Q, Q- ()= (-1) (CR)TLQ;[Z. (E.2)
n=1 n=1

It may be shown that 4, the leading coefficient in the Taylor series for Q+(CR), is related
to 1, the next-to-leading in the Taylor series for Q4 (Cr), as follows:

1
Oy = / dre Q™% (E.3)
0

The gauge covariant spinor derivative _@,@{ defined by eq. (A.6) may be represented as
@((11)1 = vlﬁgh, where Q[O}]Z = eQOeQ+D,[11]Ze_Q+e_QO is such that

@E]i — @f _ (Rgg — ereQJr(CR)Dfe—Q+(CR)e—Qo _ CRGQOQQ+(QR)DZ}G—QHCR)Q—QO . (E4)
We see that the (g-independent part of @E“ is
D2 = piZe—So (E.5)
Choosing here i = 2 and projecting to (2,0) AdS superspace gives

_ @gﬂ — —eQO‘D§§|e‘QO| — D =D, Q= Q. (E.6)

Here ®, denotes one of the N/ = 2 gauge covariant derivative, eq. (D.6). Taking the
Hermitian conjugate of (E.6) leads to

Dot . (E.7)
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E.2 Relating the SYM field strengths

Our next task is to reduce the NV = 4 SYM field strength to (2,0) AdS superspace. Making
use of (A.33), it may be shown that

g g 1 - oo\ A
W = e WY (g = 0) e = — e [(D”QZ - 415“22> Ql] e, (E.8)

4

It is convenient to represent the bar-projection of 20% in terms of the left projective su-
perfield 23 (vy,) = W5vv;, where v* = v'(1,(1). Tt follows that

WA ()] = i¢L ()W (), W) = —gL@ +6 i@, (E.9)

where we have introduced the following A = 2 superfields:

o = W, D,® =0, (E.10a)
® = 21", D26 =0, D26 =0, (E.10b)
o =wll, D, P =0. (E.10c)

The constraints on ® and & are direct consequences of the Bianchi identity obeyed by
20%. Since the reduction to (2,0) AdS superspace is characterized by the conditions (5.1),
from (E.8) we deduce that

1 (g 1 .
® = Lo <D291|) =D, Xi= e (E.11)

This is the non-Abelian extension of the first expression in (6.21).

Let us now express the covariantly real linear superfield ¢ := 2i20'2| in terms of
prepotentials. In this case it is simpler to work in the A" = 2 chiral representation defined
by egs. (D.11)—(D.14). Using (E.8), a short calculation gives

e 2@ = %ﬁm?fm . (E.12)

Note that the N' = 4 analyticity condition 0 = Dg]ieV(CR) = (—CRDf} + Df) eV (Cr) implies
the following constraint on Q4 and Q_:

e - (D}feQ*> — (re - (DgeQ*) = e+ (D}Ee_Q*) — (et (Dge_9+) . (E.13)

Picking the linear in (g term in the Laurent expansion of (E.13) and then bar-projecting
to (2,0) AdS superspace, we obtain the constraint

D20 | = e VDue" . (E.14)

Here the right-hand side is expressed in terms of the A = 2 SYM prepotential V' defined
by e¥ = e e?. Now we can make use of (E.14) in (E.12) to obtain

e Bt = %T)’Y (e_vDVev) , (E.15)

which is the N'= 2 SYM field strength in the chiral representation.
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E.3 Integrating the variation of the SYM action

To conclude this appendix, let us consider the (2,0) AdS reduction of the variation of the
N =4 SYM action, eq. (4.8). The bar-projection of (4.8) turns out to be

0Ssym = /dgﬂv d?0d’6 E ?{ dcr tr{ [eQOeQ+AQ+e_Q+e_Q° + e_Qge_Q*AQ,eQ*eﬂé
C

27iCR
+ eQOAVe_QO} w2 }\ : (E.16)
where we have defined
AQ, = e~ O+ 5ol , (E.17a)
AQ_ = (5eQ—) e (E.17b)
AV = e VieY =e e 47V <5em) e eV (E.17¢)

We recall that the non-Abelian composite superfield W is defined by (4.9). The super-
field W in (E.16) is

Wwi(cr) = _ﬁwﬁ + AW —iGgW it (E.18)

Computing the bar-projection of the superfields on the right gives

Wi = —i@2¢+522ﬁ<i>, W2 = 1928 + s 25 (E.192)

W~ |

- 1 _
w2 = —Z(Q%Q + 4igS)® . (E.19b)

Upon evaluation of the contour integral in (E.16) we derive
dSsyn = / d*z d*0d%0 Etr{ iax@% + iax*g% — e AVe (;@“@Oﬁi)
+28qe AVe 6 — iS1 P25 XD + iS”“M@} . (B.20)
It may be seen that this variation is generated by the action
Ssym = / A3z d20d%0 E tr [q‘@ — %@2 +28q /0 1 dt @(t)e_v(t)ﬁtev(t)]
+ {15“22/(13:5 d%0€ tr [®%] + c.c.} : (E.21)

2

This is indeed the correct action for all the types of N' = 4 AdS supersymmetry, as discussed
in the previous appendix. Action (E.21) is the non-Abelian extension of (6.45).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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