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1 Introduction

The finite temperature behavior of non-abelian gauge theories has been of interests to physi-
cists over the years (see [1-12] and references therein). Of particular interest is the behavior
at strong coupling where we have a powerful tool in the AdS/CFT correspondence [13-16].
This correspondence has been used in various areas ranging from Relativistic Heavy Ion
Collider (RHIC) to condensed matter physics. The study of non-local observables (e.g.
two-point function, Wilson loop, entanglement entropy) at finite temperature for strongly
coupled gauge theories using the AdS/CFT correspondence is an interesting problem in its
own right. One of the questions we focused on, is the regions in the bulk that contribute
most significantly to these observables of the ‘boundary’ gauge theory in the different limits.
This led us to construct analytic expansions both at high and low temperature.

In this paper, we will mainly consider strongly coupled large-N gauge theories in d-
dimensions that are dual to AdSzy1. As mentioned above, our goal is to understand
analytically the behavior of non-local observables like equal time two-point function, spatial
Wilson loop and entanglement entropy in the low and high temperature limits. We will
henceforth develop a systematic expansion using the AdS/CFT dictionary. All of these
observables of the boundary gauge theory, associated to a region A can be computed by
calculating the area of the bulk extremal surface anchored on the boundary of A (for the
two-point function the relevant quantity is the geodesic, for what follows we will use the
label ‘extremal surface’ for the sake of simplicity). As a consequence of conformal invariance
the dimensionless parameter of interest is T'l, when we are computing some observable with
length scale [ at temperature 7.

We develop separate expansion techniques at low and high temperature. At low tem-
perature, i.e. T' < 1/l, the extremal surface is restricted to be near the boundary region
and thus the leading contribution to the area comes from the AdS-boundary. This contri-
bution is just the zero temperature result which has been thoroughly investigated and well
understood in the literature. Finite temperature corrections correspond to the deviation
of the bulk geometry from pure AdS. At low temperature, these corrections are small and
can be computed perturbatively. On the other hand, at high temperature, i.e. T > 1/I, the
physics is completely different and more interesting. As the thermal fluctuations become
more and more significant, the extremal surface associated with the observable approaches
the horizon.! At high temperature, the extremal surface tends to wrap a part of the horizon
and the leading contribution comes from the near horizon region of the surface. This has
following consequences: 1) the equal time two-point function decays exponentially; 2) the
leading contribution to the entanglement entropy (spatial Wilson loop) is proportional to
the volume (area) of the associated region. The sub-leading terms are more complicated
because they receive contributions from full bulk geometry. The sub-leading terms in var-
ious observables, in particular the entanglement entropy, may possibly contain important
information about these gauge theories.

! As recently discussed in [21], extremal surfaces of any dimensionality and anchored on arbitrary shaped
region on the boundary at constant time can not penetrate the horizon in any static spherically sym-
metric space times. At high temperature, we will show that the extremal surface approaches the horizon
exponentially fast but it always stays finite distance above the horizon.



Fascinating question arises when one considers the high temperature regime of the
field theory. At weak coupling, it is known that the high temperature behavior of the
gauge invariant correlation functions (e.g. (trF7, (I)trF75,(0)), spatial Wilson loop) is given
by classical statistical mechanics [1], this obviously does not apply to thermodynamic
quantities like the specific heat. Indeed, one expects on the gauge theory side, that the
leading contributions to the gauge invariant correlation functions with dependence on one
length scale [ come from modes with wavelength ~ [. As the system is heated the modes
with wavelength ~ [ become more and more populated. Therefore, equal time two-point
functions and the spatial Wilson loops should behave classically at high temperature (7' >
1/1). Tt is tempting to speculate that at strong coupling an analogous statement can be
made. This raises a puzzling question. On the one hand, the high temperature behavior
is given by the near horizon geometry and on the other hand we have speculated that it
is given by classical statistical mechanics. Can we then conclude that the near horizon
contribution corresponds to classical statistical mechanics on the boundary?

In contrast, we found that it is easier to understand the high temperature behavior
of entanglement entropy, which is a fully quantum mechanical concept and does not have
a classical analog. At high temperature (7" > 1/1), the leading finite contribution to the
entanglement entropy comes from the near horizon region and it is just the thermal en-
tropy. Whereas, contributions arising from deviations away from the near horizon region
are responsible for the sub-leading terms, which actually measure quantum entanglement
between the region and its surroundings. This connection between the near horizon region
of the bulk and no quantum entanglement in the boundary theory is possibly a manifesta-
tion of UV/IR duality [17].

The rest of the paper is organized as follows. We start with a brief review of how
the temperature of the boundary gauge theory is related to the horizon of the bulk theory
in section 2. In section 3, we develop a systematic expansion for the equal time two-
point function at finite temperature. Then using that expansion we examine the high
and low temperature behavior of the two-point function. In section 4 and 5, we go on to
develop similar systematic expansions for rectangular spatial Wilson loop and entanglement
entropy of a rectangular strip respectively at finite temperature. Consequently, we obtain
analytic expressions for the spatial Wilson loop and the entanglement entropy at high
and low temperature limits. In section 6 we will generalize these techniques for non-
relativistic theories with hyperscaling violation and show that the physics is exactly the
same. Finally, we summarize all the results in section 7 by considering the prototype case
of four-dimensional A/ = 4 Super Yang-Mills gauge theory. Then we conclude in section 8
with future directions. Several technical details have been relegated to two appendices.

2 Gauge theories at finite temperature: Schwarzschild-AdS;,

In this paper, we will mainly consider strongly coupled large-N gauge theories in d—dimen-
sions that are dual to AdS;41. At nonzero temperature, all the thermal effects can be ana-
lyzed simply by introducing a black hole in the bulk. In other words, at finite temperature



AdSg41 should be replaced by Schwarzschild-AdSg;1
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where, R is the AdS radius. The temperature T is given by the Hawking temperature of
the black hole which can be determined by demanding that the Euclidean continuation of
the metric (2.1)
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is regular at the horizon. Near the horizon r = rp, the Euclidean metric looks like

2
dsr%ear horizon — p2d¢2 + dp2 + rR%dea (23)
where p and ¢ are defined as
RZ(’F — TH) ’I”Hd
p=2 T nd ¢ = TthE- (2.4)

Now ¢ must be periodic with period 27 in order to avoid a conical singularity at p = 0
(i.e. ¥ = rp). From equation (2.4) it is clear that Euclidean time ¢z is also periodic and
the period can be identified with 1/7". Therefore, the temperature of the d-dimensional
boundary field theory (after restoring h) is given by,
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(2.5)

3 Two-point function

We will compute the equal time two-point function of some gauge-invariant scalar operator
O(t,r) in the limit N > 1,A = ¢g&,,N > 1. According to the AdS/CFT correspondence,
in this limit, the calculation of two-point function [14, 15] of gauge-invariant operator
O(t,z) simply reduces to solving classical equation of motion for some bulk field that
couples to O(t, ). This prescription has been successfully generalized [18, 19] for the finite
temperature case (for a nice review see [20]).

For our purpose it is more convenient to use the alternate prescription proposed in [22].
Following [23] the equal-time two-point function (O(t,x)O(t,y)) can be represented as a
path integral that sums over all the paths that join the boundary points (¢, z) and (¢,y)

(O, 2)O(t, ) = / DPe-ALP) (3.1)

where L(P) is the proper length of the path and A is the conformal dimension of the
operator O. For operators with large conformal dimension, we can perform a saddle point



approximation?

(OF,2)0(ty) = Y e o5, (3.2)

geodesics

where L is the geodesic length of the geodesic between boundary points (¢, z) and (¢,y).
The geodesic length £ has a divergence that comes from the boundary. This divergence can
be removed by introducing a cutoff r, and then defining renormalized geodesic length by

Lien =L —21nmy. (3.3)

Note that the divergent piece is independent of both temperature and dimension. Finally,
the renormalized two point function is given by,

(O(t,2)O(t,y)) ~ e85, (3-4)

3.1 Finite temperature expansion

The bulk-metric is given by?

rd

ds® = —r? <1 — Tg) dt* + r2dz® + dr?. (3.5)

1
d
r2 (1 - :—2’)
We can choose our coordinates so that the two points are (t,x = —%,0, ...)and (t,z =

é, 0,...) respectively. Therefore, the relevant part of the Schwarzschild-AdS;, 1 metric is:

1

d
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d

ds® = r2daz? + dr?. (3.6)

(3.7)

f*:ir\/< —Z‘E)( —i{) (3.8)

where, 7. is an integral of motion associated with the Killing vector 9, and r = r. represents

the point of closest approach of the geodesic. We also have taken the affine parameter to
represent the geodesic proper length s. It is clear from equation (3.8) that each geodesic has
two branches, which we will denote as x4 (r) and x_(r), joined smoothly at (r = r.,x = 0).
In principle, r. can be determined using the boundary conditions:

x_(00) = —= x4 (00) = =. (3.9)

2Tt is important to note that for Lorentzian correlators this approximation should be used more care-
fully [24-26].

3For the sake of cleanliness, we will use AdS radius R = 1. We will restore R by dimensional analysis
whenever necessary.



Now using equations (3.7), (3.8), for the positive branch of the geodesic, we obtain

dr 73 72 ré,
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Integration of the last equation leads to

T 1-— :—5
1 1 d -1/2
L ude <1 - ”jud) . (3.11)
0 1—wu? Te

Unfortunately this integration can be performed analytically only for Schwarzschild-AdSs
(i.e. d = 2). For a general d, we can do a systematic expansion.

2 / MZ\FFHL] (rfyd“nd (312
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We should be more careful about the convergence of the series (3.13) before we use it. For
large n, the series goes as ~ 1 (rp/ r¢)"™ and hence the series converges for 75 /r. < 1. For
any finite temperature, it can be shown [21] that r. > rgy. Therefore, the sum (3.13) is
well-defined.

Next we will calculate the regularized geodesic length by using equation (3.8)

c=2f FO) |

Where, the factor of 2 comes because of the two branches of the geodesic. The equa-

(3.14)

tion (3.14) has a divergence that comes from the upper limit of the integration. This
divergence can be removed by introducing a cutoff 7, and then using equation (3.3) to
define the renormalized geodesic length. Now we will proceed to develop a systematic

expansion for Lye,
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where, we have used the fact that only n = 0 term is divergent. Finally, we have

Lren =210 ( ) + Z i + gﬁ;} <ij>nd (3.18)

n|l’
Again it can be shown that for large n, the infinite series in equation (3.18) goes as ~

Lry /r¢)"™ and hence the series converges for rz/r. < 1. In principle, the rest of the
procedure is very simple; we have to solve equation (3.13) for r. and then use that .
in equation (3.18) to get the renormalized geodesic length.* The renormalized two-point
function is then given by equation (3.4). But in practice, this procedure can be performed
exactly only for d=2. For d # 2, it is not possible to solve equation (3.13) analytically to
find r. as a function of . However at low temperature (i.e. rgl < 1), we can compute Lyep
perturbatively using equations (3.13), (3.18). And more interestingly, equation (3.18) can
also be used to determine the high temperature (i.e. rgl > 1) behavior of the two-point
function.

3.2 Two-point function: CFT in (1 + 1) dimensions

A trivial example, as mentioned earlier, is Schwarzschild-AdSs (i.e. d = 2). For d = 2,
equation (3.13) reduces to

I 1 1 [ry\2  tanh™! (%)
L AT T\ ) 1
2 rcgzn+1<rc> - (3.19)

Therefore,
(3.20)

()1
. [2(coshzfj{l) — 1)} . (3.21)
Therefore, .
(O(t, 2)O(t, y)) = 12 [2 o (:Hl) - 1)] (3.22)

where, | = |z — y|. Now using equation (2.5) we finally have

2 A
(O(t,2)O(t,y)) = ()2 Losh T J . (3.23)

4We would like to stress that the equations (3.13), (3.18) are valid for any temperature.



3.3 Low temperature two-point function

At low temperature, r. > ry and hence the leading contribution to the geodesic length
comes from the boundary. The boundary is still AdS and we should get the zero tem-
perature two-point function as the leading term. Finite temperature corrections can be
computed by considering deviations from the boundary geometry. At low temperature
(Tl < 1), the corrections to zero temperature result are small and hence can be computed
perturbatively. From equation (3.13), keeping only few subleading terms, we get

_ Ly VAL G e\ 3VALd ) ()
z_rc [2+ QF(;) (T) + ST (d+9) <r> +oo] (3.24)

Solving the last equation perturbatively and then using that solution in equation (3.18),
we get a perturbative expression for Lo, (details of the calculation are relegated to ap-
pendix A). Finally using (2.5), for the d-dimensional boundary theory at low temperature
we obtain

d
(Ot 2)O(t,y)) = 140 (%TI—M)

d

27T | — 2d 27T | — 3d
+Co (”2“) +(’)<7T|§y|> . (3.25)
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where

(3.26)

* 12 /FAT()
)) - Lyt (327

Note that C; is negative as expected indicating a decrease in two-point correlation because
of thermal fluctuations.

Particularly for d = 4, using equations (A.5)—(A.7), at low temperature limit (7'|z —
y| < 1) we have

4
(O(t,x)O(t,y)) = |xly|2A [1 - 21§ (7rT|x2—y|)

L 2A(7A +26) <wT|:v—y|>8+@ (7TT|9”—9|>12] . (3.28)
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3.4 High temperature two-point function

At high temperature (i.e. Tl > 1), it is more difficult to do a systematic expansion for the
two-point function. Nevertheless, we can find out the asymptotic behavior of the two-point
function easily. At high temperature, the leading contribution comes from the near horizon



part of the geodesic and this piece is easy to compute. On the other hand, the full bulk
contributes to the subleading terms and hence they are more complicated.

At very high temperature, r. approaches rr. The obvious guess of taking the limit
re — rg in equation (3.18) does not work because the infinite series in equation (3.18)
converges only when r. < ry. But we can rewrite equation (3.18) in a way that allows us
to take the limit r, — ry without encountering any divergence.

connn(2) Sl (2)

1, nd
:21n<i)+;(1+”d>2%1 ]]Fé d? (H)d (3.29)

Now, using equation (3.13), we obtain

Lien =2In < ) b (red —2) + Z <nd) o iﬁ;{?:;ﬂ] (7{)” (3.30)

2

The term —2 in the last equation comes from n = 0 term of the series (3.13). The infinite
series in equation (3.30) converges even for r. = rpy and hence the limit r. — ry exists.
At high temperature, r. ~ rg and now the leading behavior can be determined by taking
the limit 7. — rp in equation (3.30)

2 X/ 1N\T[3+n|T 14+ %]
Lien ~2In | — ) + (ryl —2) + () 2 22, 3.31
<rH> (rit =2) nz::l nd) T[1+n]T [3+ 2] (3.31)
Therefore, the high temperature two-point function is approximately given by,
(O(t,2)O(t,y)) = Aga T2 e~ Arul, (3.32)

Where, the prefactor A, A is a constant that depends on the dimension d and the conformal
dimension A of the operator O
5]

_J1 >/ 1\TD[3+n]T[1+ A
Ad’A_{‘leXp [2‘2(716;) M [+ %) } ' (3.3

Finally, replacing rg by corresponding temperature, for the d—dimensional boundary the-

ory we obtain

47T\ %4
(O, 2)0(t,y)) = Aga <d> e~ 4mATlz=yl/d, (3.34)

The exponential decay of the two-point function at high temperature can be understood
easily by looking at the geodesic for ryl > 1. The actual U-shaped geodesic can be
approximated by a curve that consists of x = —1/2,r = rg,x = [/2 (see figure 1). As ryl
is increased, the actual geodesic approaches the approximate one. But it can be shown
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Figure 1. At high temperature (rgl > 1), the actual geodesic (solid blue line) can be approximated
by the dashed red line curve that consists of @ = —1/2,r = rgy,z =1/2.

that the proper length of this approximate curve is always greater than the actual geodesic
and even in the limit ryl — oo, two does not coincide. However in the high temperature
limit, the most dominant contribution to the geodesic length comes from the near horizon
part which can be reckoned from the approximate curve. The length of the near horizon
part of the approximate curve is S ~ rgl. Therefore, it is expected that the two-point
function (O(t, 2)O(t,y)) ~ e 27l

We have computed the leading behavior of the high temperature (71 > 1) two-point
function by utilizing the fact that at high temperature, r. ~ rg. It is a good exercise to
figure out exactly how close to the horizon the geodesic can reach. As shown in appendix B,
r. approaches rp exponentially fast

_rH( ey eV ) (3.35)

where &; is a numerical constant given by,

&y = %exp [\[ {2 + Z < T FF[[T?:;? - \}g) }] : (3.36)

The geodesic always stays finite distance above the horizon which is consistent with [21].

Using equation (3.35), we can calculate the next order correction to the two-point function
(for details see appendix B). However, the subleading term is exponentially suppressed

\/7Agd 2\/>7rT\3: y\

4rT\*Y ATy
(O, 2)0(t,y)) = Aan | —— e Aty

9

d

(3.37)

,10,



where the dots represent the higher order correction terms. Therefore, at high temperature,
the two-point function is well approximated by equation (3.34).

4 Spatial Wilson loop

Wilson loops are another set of important gauge-invariant non-local observables in any
gauge theory. In a gauge theory, the Wilson loop operator is a path ordered contour
integral of the gauge field

W(C) = %Tr (Pefc A) , (4.1)

where the trace is over the fundamental representation and C denotes a closed loop in
spacetime. Expectation values of the Wilson loops are useful to understand the non-
perturbative behavior of non-Abelian gauge theories and have important applications to
confinement /deconfinement transitions and quark screenings in QCD-like theories.

In the AdS/CFT correspondence, the expectation value of the Wilson loop?® is related
to the string partition function [27]

W(C)) = / D) e=Sne(®), (4.2)

where we integrate over all the string worldsheets . with the boundary condition 9% = C
at the AdS boundary and Syg(X) corresponds to the Nambu-Goto action for the string
worldsheet

1
Sne = 5—; / dea\/det (GuOat D). (4.3)

Where g, is the bulk metric and 1/2ma’ is the string tension; z#(7, o) is the location of
the string worldsheet in this (d + 1)-dimensional spacetime. In the strong coupling limit,
o/ < 1 and we can perform a saddle point approximation, yielding

(W(C)) = e~ e, (4.4)
where Yo represents the minimal area surface with the boundary condition 9%y = C.

4.1 Rectangular Wilson loop: finite temperature expansion

In this section, we will consider spatial rectangular Wilson loops specified by = = 2! €
[—%,%], y=2%€ [-5,5] and t = 2 = 0 for i > 2 (see figure 2(b) for a pictorial
representation). And we will assume that L > [. The two dimensional worldsheet can be
parameterized by the coordinates o = (7,0). We will pick 0 = r, 7 = y as the worldsheet
coordinates. In the limit I — oo, the extremal surface is translationally invariant along the
y-direction. Therefore, only coordinate x = z(r) has a nontrivial profile and the induced

metric on the worldsheet is given by

1
ds? . = rdy* + |r’2? + ———— | dr? (4.5)

ws ,,,,2(1_%)

°In these gauge theories the Wilson loop operators are typically given by some generalization of equa-
tion (4.1).

— 11 —



and the action (4.3) becomes
1
(4.6)

L
SNG: 27To/\/d’ld T4$/2+( - %>
s

The minimal area surface g can be found by solving the equation of motion arising from

the above action
2
! (4.7)

da:_:t p
d

- 4 ,
A=) 0 5)
where, 7. is an integral of motion and r = r. represents the point of closest approach of

9
the extremal surface. Each surface, just like the geodesic case, has two branches, joined
smoothly at (r = r.,x = 0) and r. can be determined using the boundary conditions:

l
z(00) = :l:i. (4.8)
That leads to
l_/°° r2dr <1 7"%>_1/2
2 d
Te ,),,4 ( _ :%) r
1 1 w2d d —-1/2
== DO (- Ty (4.9)
0o V1—u? rd ' '
Again, analogous to the two-point function case, we can develop a systematic expansion
j_ LT[ +n] T [53+nd)] <TH>"d (4.10)
2re 7= 'l +n]l [2(5+nd)] \re

For large n the series goes as ~ =(rg/r.)" and the series converges as long as 7 /r. < 1
Again it can be shown [21] that at any finite temperature 7. > rg and hence the sum (4.10)
is well-defined. Next we will calculate the on-shell action

rd
The factor of 2 appears because of the two branches of the extremal surface. The on-shell
Snq is divergent;” however, it can be renormalized by introducing a UV-cutoff 7, and then

subtracting the boundary term r,L/(ma/)
(4.12)

ryL
SNG xen = SNG — -
uyes

5Tt should be noted that r. is an observable dependent quantity and hence r. for the spatial rectangular

Wilson loop is not the same as r. for equal-time two-point function
"Note that the divergent piece is independent of both temperature and dimension

— 12 —



Now a series expansion for Syg.ren can be obtained

1
4
I'(5)? 442 T+l [{(1+nd)]

(4.13)

Lre | v2r32 1 & TR +n]T[R(~1+nd)] [rg\™
SNG;ren:H - .

Te

Again it can be shown that the series (4.13) converges for rg/r. < 1. In principle, the rest
of the calculation is straight forward. We have to solve equation (4.10) for r. and then
use that r. in equation (4.13) to get SyG.ren. The expectation value of the renormalized
Wilson loop is then given by,

(W(C)) = e~ Svauen, (4.14)

4.2 Rectangular Wilson loop: low temperature limit

At low temperature (in this context, low temperature means 71 < 1), the calculation is
similar to the two-point function case (see appendix A). The leading contributions come
from the boundary and hence we can solve equation (4.10) for 7. order by order, leading to
finite temperature corrections to the expectation value of the Wilson loop. Solving (4.10),

at first order in (Irg)?, we obtain

. _1 2\@7.(3/2
Sy

Equation (4.13) then tells us

2d+2
) I (r)  + O(ZTH)2d] - (4.15)

_ 4 L d 2d
SNG;ren = —W <l> [1 + Dl(THl) + O(THZ) ] (4-16)

where D; is a numerical constant given by

Dy = — . (4.17)

Expectation value of the renormalized Wilson loop is then given by (W(C)) = e~ NGiren,
Constant D; is negative indicating a decrease in the expectation value as the system is
heated. Replacing rg by corresponding temperature (2.5), for the d-dimensional boundary
theory we obtain

Sy = T (B (L
NGiren — F(i)zl o ]

where, we have restored AdS radius R by dimensional analysis. Particularly, for d = 4 at

: (4.18)

d 2d
14D (47TdTl> Lo (47TdTl>

low temperature limit, we get

SNGipen = _rg; <§i2> <’;> [1 - F?f;é:gg (T + O(WTZ)S] L (419)

,13,



4.3 Rectangular Wilson loop: high temperature limit

At high temperature (rgl > 1), just like the geodesic case, r. approaches rgy and the
leading contribution comes from the near horizon region. We can rewrite equation (4.13)
in a way so that we can take the limit r. — rg

_ Lr, 2\f7r3/2 Ire +n] T [3(3+nd)] "
SNG;ren - 9 T o Z ?’Ld -1 F ] [%4(5 + nd)] (rc>

ol 1
(1)

It is easy to check that the infinite series in the last equation converges for r. > rx and we

(4.20)

can safely take the limit r. — rg

Ly | 230 iy *an_lr T [3Gna] |

SNG;ren ~ ) 5 ] [%(5 i nd)]

0

Therefore, at high temperature the expectation value of the Wilson loop is approximately
given by

Wqlrg Argy

(W(C)) me™ mal e 2/ (4.22)

where, A = [L is the area of the Wilson loop and

Co2verd? 1 1 D340 T [+ nd)
Wd—F(Dz +2;nd—1 r[i n]D [;(5+nd)] ' (4.23)

In terms of temperature 7', the asymptotic behavior of the expectation value of the Wilson
loop in d—dimensions is given by (after restoring AdS radius R)
R?\ (8mAT?*  4W,LT
(W(C)) ~ exp [— <> < Wd2 + ; >} )

Oé/

(4.24)

At large temperature, the term proportional to the area in Syg.ren dominates indicating
an area law which is consistent with [29]. The area term comes from the near horizon part
of the extremal surface and could be understood easily by making an argument similar to
the geodesic case (figure (1) could be think of as a section of the extremal surface). The
term independent of [ receives contributions from the full bulk geometry.

At high temperature (77 > 1), similar to the two-point function case, r. approaches
rg exponentially fast (see appendix B)

TC :’["H <1+Swl eiﬂ lTH +> 5 (425)

where &, is a numerical constant given by,

1 20/2m3/2 1L (T[4
Ewt = ~exp |Vd M+Z< [ (4.26)

13+ nd)] 2
d FG)Q 2 & >

[
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BOUNDARY

(a) (b)

Figure 2. (a) The total system can be divided into two subsystems A and B; the entanglement
entropy Sa measures the amount of information loss because of smearing out in region B. (b) A
schematic diagram of the rectangular geometry and the corresponding extremal surface used for
the calculations of spatial Wilson loops and the entanglement entropy.

Using this expression for r., it has been shown in appendix B that the correction to the
high temperature result (4.24) is very small

R? STAT? ALTW,; ALT _A T
SNG;ren = <0/> ( 2 + d — B2 Ewl € Vi + .. >

(4.27)

where the dots represent the higher order correction terms.

5 Entanglement entropy

The entanglement entropy in quantum field theories or quantum many body systems is
another important non-local quantity that can be employed to probe quantum properties
of the system. Consider a quantum field theory with many degrees of freedom at zero
temperature. Let us assume that the system is described by the pure ground state |V),
which does not have any degeneracy. The density matrix of the state is

prot = [¥) (V| (5.1)

and hence the von Neumann entropy of the total system, defined as Sior = —tr(piot In prot) =
0, does not contain any useful information. On the other hand, the entanglement entropy
is non-vanishing even at zero temperature and several aspects of quantum many body
physics can be understood by studying the entanglement entropy associated with volumes
of different shapes and sizes.

Now consider dividing the total system into two subsystems A and B and imagine an
observer who has access only to the subsystem A (see figure 2(a)). The total Hilbert space
is a direct product of two spaces Hiot = Ha ® Hp. The observer who is restricted to A
will describe the total system by the reduced density matrix

pA = trBptot, (5.2)
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where, degrees of freedom inside the subsystem B have been traced out. The entanglement
entropy of the subsystem A is now defined as the von Neumann entropy of the reduced
density matrix pa

Sq = —tI"A(,OA lnpA). (5.3)

The entanglement entropy S4 describes the amount of information loss because of smearing
out in region B and provides us with a convenient way to measure how the subsystems A
and B are correlated with each other. At finite temperature, the entanglement entropy is
defined in the same way but with the thermal density matrix p = e #/7 where H is the
total Hamiltonian.

A precise prescription for computing entanglement entropy for strongly coupled field
theories with AdS duals was proposed in [31] and later generalized in [32] (for a good review
see [33]). According to the proposal, the entanglement entropy S, is given by

g Area (v4)
A= 7 T
4G5\c/l+1)

(5.4)

where, G%H) is the (d + 1)-dimensional Newton’s constant. 74 is the (d — 1)-dimensional
minimal area surface in the bulk whose boundary is given by the boundary of the region
A: Oy4 = 0A. The area of the surface v4 is denoted by Area (v4).

From this prescription it is very clear that for d = 2 and 3, the entanglement entropy
calculation is the same as the equal time two-point function calculation and the spatial
Wilson loop calculation respectively. Therefore, only for d > 4, the entanglement entropy
contains non-trivial information.

5.1 Entanglement entropy: finite temperature expansion

In this section we will compute the entanglement entropy for a strip (see figure 2(b) for a
schematic diagram) specified by

l l y L L
— .1 i .
= —=, = -, = =2,...,d—1 .
x xe[ 2,2},336{ 2,2},2 s , (55)
with L — oco. Extremal surface is translationally invariant along iBi,i =2,...,d—1 and

the profile of the surface in the bulk is z(r). Area of this surface is given by

1

A=L"72 [ drrd2 | 9202 4 — . (5.6)
2 rd
=)
This action leads to the equation of motion
d d—1
4 Te (5.7)

dr Al p2d=2 74dH ’
(i) (- 4)
where, 7. is an integral of motion and r = r,. represents the point of closest approach of the
extremal surface (again it should be noted that 7. is an observable dependent quantity).
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Similar to the previous cases, each surface has two branches, joined smoothly at (r =
re, = 0) and r. can be determined using the boundary conditions:

x(00) = . (5.8)

That leads to

l d ldT 1/2
= (1-%)
(1 %)

-1/2
= 1 7d du 1— T—Hud (5.9)
0 V1 —u2d-2 ' '

By now it is obvious that we will do an expansion
d(n+1)

p 1 F[%‘F”}F[Q(dq)} rar\"™
l= %;(14—716[) dn-1 <7“c> ' (510

T[L +nT [z(d_l)}

Again it can be shown that the series converges for r. > rp. The area of the extremal
surface is given by,

rd— 3d d N —1/2
A= 2L~ 2/ - ( 7;5) (5.11)

p2d- 2
T2d 2

This area is infinite indicating that the entanglement entropy has a divergence. In a field
theory the entanglement entropy is always divergent because there are too many degrees
of freedom. Therefore, we can write

A = Agiv + Afnite- (5.12)

The divergent piece is temperature independent and hence easy to compute. We will
introduce an infrared cut off r, which corresponds to the ultraviolet cut off a = 1/r (or a
lattice spacing) of the boundary theory®

2 2 (L =2
Agiy = — 147 2pd"2 = _ 2 2. 1
div d—2 Ty d 2 d% (5 3)

The divergence is proportional to the area of the boundary of A which is expected since the
entanglement between A and B is strongest at the boundary dA. This area law behavior
of the divergent piece is well understood from field theory computations [34-39].

8We are working with AdS radius R = 1. Restoring R, the lattice spacing is given by a = If—;.
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Analogous to the previous cases, we can do an expansion (d # 2) for the finite part of

the area?

1 d —-1/2

du r 2

o _ ord—2d—2 _TH_d _ d—2,. d—2
Afinite = 2L 1, /TC/Tb Y gy (1 U > L% *ry

_ opd-2,d-2 vl <_2(il_—21)> _,_i( 1 )FB+”
‘ 2(d—1)r(2(d7{1)) —\2(d

(5.14)

It can be shown that this series converges for r. > rr. Now, the rest of the procedure is
simple and familiar. We have to solve equation (5.10) for r. and then we can calculate area
by using equation (5.14). Entanglement entropy of the rectangular strip can be computed
using the relation (5.4). In practice, this procedure can not be performed analytically at
finite temperature. However, we can extract low and high temperature behavior of the
entanglement entropy from equations (5.10), (5.14).

5.2 Entanglement entropy: low temperature limit

The temperature now should be measured with respect to ~ 1/I; therefore, low temperature
means Tl < 1. At low temperature, r. > rg and the leading contributions to the area come
from the boundary which is still AdS. Therefore we should expect the zero temperature
entanglement entropy as the leading term. Finite temperature corrections correspond to
the deviation of the bulk geometry from pure AdS. At low temperature, the extremal
surface is restricted to be near the boundary region and hence the deviation is small and
can be computed perturbatively. At low temperature limit (ryl < 1), equation (5.10) can
be solved for r. and at first order in (rgl)?, we obtain

U (ryly* + O (rpgl)™

(5.15)

Now using equation (5.14), at first order in (rg1)?, we get (the calculation is similar to the
two-point function calculation explained in appendix A)

I d—2
Agnite = So <l> |:1 + Sl(THl)d + O(THZ)Qd (5.16)

9We will not consider the entanglement entropy for d = 2 case because the calculations are exactly the
same as the two-point function case and hence has been studied analytically. In d = 2, the entanglement
entropy has a logarithmic divergence [40, 41], indicating a violation of the simple area law.
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where, numerical constants Sp, S1 are given by

. 9d-2, 454 <—2é,121)) r (2(0{‘11)) w (5.17)
(d B UF (Q(dl—l)) r <2(d1—1))
L € ) Y G ) Bl (e )
o= d \'n(1, 1 2T 1 - Vr(d+1)
I <2(d—1)) I (5 + ﬁ) ( 2("—1))

(5.18)

Therefore, following equation (5.4), after restoring AdS radius R, the entanglement entropy
of the rectangular strip for the d-dimensional boundary theory at low temperature (77 < 1)
is given by,

RI-1 2 [L\%? L\ 42 47T ¢ 47T\ %
= —-——— —_— —_— — 1 —— E— .
54 = [d_2(a) +so(l) +sl( E ) +<9( K )
Y (5.19)

Note that in the limit 7' — 0, we recover the well known results of [48]. Particularly for
d = 4 we have,

Sy = 42;:1) (5)2 —0.32 <€)2 {1 —(1.764)(zT1)* + O(xT1)*} | . (5.20)

5.3 Entanglement entropy: high temperature limit

At high temperature (i.e. Tl > 1), it is not very difficult to find out the asymptotic behavior
of the entanglement entropy. However, it is more difficult to do a systematic expansion.
At high temperature, the extremal surface tends to wrap a part of the horizon and the
leading contribution comes from this near horizon part of the surface. For the subleading
terms, the full bulk geometry contributes and they are more interesting.

At very high temperature (rgl > 1), r. approaches ry. By now we know how to
determine the high temperature asymptotic behavior; we will rewrite equation (5.14) in a

,19,



way that allows us to take the limit . — rgy without encountering any divergence.
d—2
vl (‘ 2(d—1)>
1
2(d = 1T (5575
00 1 d(n+1
1 d—1 F[i"‘”}r[édq)} rg\ ™
+> 1+ =
n:11+nd d(n—1)+2 F[1+H]F|:dn+1} T
o d—2,d—2 lre vr(d—1) <2(d 1))

C 2 ]__‘ - )
5 +n]

d—2_ .d—2
Aﬁnite =2L T

(s
+i(1+nd)(

r
T

k= i\
55 <7’) (5.21)

The infinite series in the last equation for large n goes as ~ #(TH /re)™ and thus the limit
re — rp exists. At high temperature r. ~ rg and the leading behavior can be determined
by taking the limit r. — rg in the last equation

1
Aﬁnlte ~ lLd 2 |:1 + () Shigh:| (522)
Ir H
where, Spign is another numerical constant given by

[ VA= () 1 i—1 \Tl+nlT
Shigh =2 | — @ or (ﬁ) ; <1+nd> (d(n—1)+2> T[1 + n]T [ dn+li|
)

Hence, the entanglement entropy of the rectangular strip for the d-dimensional boundary
theory at high temperature is given by,

Ri-1 2 [L\%? 4rT\ 41 d
A~ =2 (= il 1+ ——)s. 24
SA 4G(d+1) [d—Z <a> +V< d > { + <47TTZ>Shlgh} (5 )
N

where V' = [L%2 is the volume of the rectangular strip and R is the AdS radius.

The divergent part of the entanglement entropy is temperature independent and thus
it does not contain any new information. The leading finite piece in equation (5.24) is
proportional to the volume of the rectangular strip and it is just the thermal entropy
of the region A. The extrinsic nature of the leading term at high temperature can be
understood very easily by looking at the extremal surface for rgyl > 1. In this limit, the
extremal surface tends to wrap a part of the horizon and the actual U-shaped surface can
be approximated by a surface that consists of z = —1/2,7 = rg,z = [/2 (one can think
of figure (1) as a section of the extremal surface). At high temperature limit, the most
dominant contribution to the area of the extremal surface comes from the near horizon part
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which can be guessed from this approximate surface. The area of the near horizon part
of the approximate surface is A ~ Tﬁlle. Therefore, it is expected that the leading term
goes as S4 ~ VT 1. On the other hand, the other term ~ (LT)%2 is more interesting.
This term corresponds to the entanglement between the region A and the outside and it is
proportional to the area of the boundary A of A because the entanglement is strongest
at the boundary. One can guess the functional form of this term from the approximate
surface. However, the value of the numerical constant Spign obtained from the approximate
surface is inaccurate. Although the actual extremal surface approaches the approximate
one as ryl is increased, it can be shown that the area of this approximate surface is always
greater than the actual extremal surface [42] and even in the limit rzl — oo, two do not
coincide.

So far we have used the fact that at high temperature, r. ~ rg. [21] shows that
the extremal surface approaches the horizon but it always stays finite distance above the
horizon. It is an interesting exercise to see exactly how fast r. approaches rpg. As shown
in appendix (B), in the limit rxl > 1

[d(d—1)
Te =TH <1 FEme Vo7 T4 > , (5.25)

where Eept is a constant given by,

1 d(d—1) 27l (2(dd—1))
p exp 2 r (2(d1—1))

+2i ( | )FBMJF[ZEZEH_ |
) \1+nd F[Hn}p[%} V2y/(d—=1)d n

Using equation (5.25), we can calculate the next order correction to the high temperature

gent =

(5.26)

entanglement entropy (for details see appendix (B)). The subleading term is exponentially

suppressed
Rdil 47 =1 d—1 Shighd d—2
Sy = Sdiv—i-W (d) [VT + <87r> AT
N
_ (‘Sgnt> 2d(d —1) A T2 exp {— (d—1)/(2d) 47rTl} + .. } (5.27)
7T

where A is the area A = 2L%2 and the dots represent the higher order correction terms.

5.4 Entanglement entropy of a generic region at high temperature

The calculation of the entanglement entropy of an infinite rectangular strip suggests that
the general form of the finite part of the high temperature answer does not particularly
depend on the shape. One expects that the finite part of the entanglement entropy of a
region A for a d—dimensional (d > 2) boundary theory with AdS-dual should be given by

S A:finite = Co [TdilVolume(A) + 1 Td*QArea(aA) + sub-leading terms, (5.28)
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provided the temperature 7' > 1/I, where [ is the smallest length scale of the region A.1°
co is a constant that depends on the actual theory and ¢ is a constant that depends on
the shape of the region A. The first term represents the thermal entropy of the region A.
The second term is proportional to the area of the boundary of A and corresponds to the
entanglement between region A and the outside.

6 Non-relativistic theories with hyperscaling violation

We can generalize the techniques that we have developed in the previous sections to study
a broader class of strongly coupled large-N field theories that have the following properties

t—= Nt, r—Ar, x— A, ds— \0/(d-Dgg? (6.1)
and are dual to
1 dt?
2 _ 20/(d—60-1) 3,.2 -2
ds" =12 <_r2<d—1)<z—1>/<d—9_1) + 2 dr? 4 d > ) (6.2)

where, z is the dynamical critical exponent and 6 is known as the hyperscaling violation
exponent of the d-dimensional boundary theory.!! This background which can be obtained
from an Einstein-Maxwell-Dilaton system was proposed in [44] as a gravity toy model of a
large class of condensed matter systems. Finite temperature behavior of these systems can
be studied by introducing a black hole in the bulk. There is a simpler way to write down
a hyperscaling violating background with a black hole inside it [45]

dt? dr? dz?
2 _ ,.20/(d-1) [ _ L _er haadl
S < IOt e > /

o) =1- (T>7 : (6.3)

TH
where v is a real constant that we will keep unspecified, rg is the location of the horizon;
the boundary here is located at » — 0. For # = 0, the above metric reduces to finite

temperature Lifshitz background [43] and § = 0,z = 1 is our good old AdS-Schwarzschild.
Temperature of the d-dimensional boundary theory is given by

_ 7
4y

T (6.4)

In this section, we will show how the techniques developed in the previous sections can
easily be generalized by sketching the calculation of entanglement entropy of an infinite
rectangular strip (see figure 2(b) for a schematic diagram) specified by

1 . L L
— 1 — ? R ) — _
r=x 6[ 2,2},1’6{ 2,2}& 2,...,d—1 (6.5)

0ne can make a similar argument for the spatial Wilson loop.
1We have set curvature of space R = 1 for simplicity.
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with L — oo. We will consider the case d — 68 — 2 > 0; our goal is to demonstrate
that the physics is exactly the same as the relativistic case. We will assume that the Rye-
Takayanagi prescription for the entanglement entropy holds for these hyperscaling violating
backgrounds.

Here we want to note that the results obtained in this section can be used to understand

the properties of mutual information which contains rich physics.'?

6.1 Entanglement entropy: 0 # d — 2

In this case the divergent part of the entanglement entropy follows an area law [46]:

c Ld 2
Sdiv - d—0_2 (Gd_9_2> ) (66)
where )
c=— . (6.7)
4G\

and e is the short distance cut-off. Similar to the previous cases, we can formally write down
infinite series expansions for I and Sa.fnite in terms of the closest approach parameter r.

S () 68

n=0 "
do + Z n (r> 7] : (6.9)

where, p,, ¢, are constants that depend only on d and 6.

2¢ L2
SA;ﬁnite = d Td—0—2

Zero temperature. At zero temperature, the entanglement entropy is given by,

cC(0,d) L2
Sa = Saiv + (N_Q)_Q (6.10)
where,
C(0,d) = 2p3"2¢ . (6.11)

Low temperature limit. At low temperature, similar to the relativistic case, the ex-
tremal surface is restricted to be near the boundary region (r. < rgy) and hence the
leading contribution to the entanglement entropy comes from the boundary. Subleading
contributions are small and can be calculated perturbatively

cC(h,d) L2

Sa=Saw + g [LHm DT+ ] (6.12)

where, h is a numerical constant.

12We will investigate this in detail in our future paper [47].
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High temperature limit. At high temperature, r. ~ rgy and the extremal surface tends
to wrap a part of the horizon. Our previous calculations suggest that in the limit r. — rg
we can write

2¢ L2
SA;ﬁnite = d 9—2 q0 — Po + —_ + Z (613)
and the infinite sum now converges. Finally, we obtain
d—9 pnd=0=1 1
Sa = Saiy + ¢ L2 T [h21+h3T +} , (6.14)

where, ho, hs are numerical constants. Similar to the relativistic case, the leading finite
part comes from the near horizon part of the geometry and it corresponds to the thermal
entropy of region A. Full bulk geometry contributes to the finite subleading term and it
measures actual quantum entanglement between region A and the surroundings.

6.2 Entanglement entropy: 0 =d — 2

Zero temperature. In this case there is a violation of the area law for the divergent
part of the entanglement entropy and at zero temperature, the entanglement entropy is
given by [46],

€

Sy =2cL%2In (l> : (6.15)
The physics at finite temperature is exactly the same as the previous case.
Low temperature limit. At low temperature, r. < ry and we obtain
Sy = 2cL42 [ln(l/e) kD TV } , (6.16)
where k1 > 0 is a numerical constant.
High temperature limit. At high temperature, r. ~ ry and we get
Sy =cLi2 [—2ln(T1/Ze) S kalTY* kgt ] : (6.17)

where, ko and k3 are numerical constants.

7 N = 4 super-Yang-Mills in (3 + 1) dimensions at finite temperature

In this section, we will use all the tools we have developed in the previous sections to
study the prototype case of N' = 4 super-Yang-Mills with gauge group U(N) at finite
temperature. The AdS/CFT correspondence relates this theory to type IIB string theory
on asymptotically AdSs x S spacetime. And as a consequence, in the limit N > 1,\ =
g% am N > 1, the theory can be well approximated by the classical supergravity.

N = 4 super-Yang-Mills theory is the unique maximally supersymmetric gauge theory
in (3+1) dimensions and it consists of gauge field A,,, six scalar fields ¢;,i = 1,...,6 and
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four Weyl fermions x4, all in the adjoint representation of U(N). The Euclidean action for
the theory has the schematic form

S = —4;2 ato tr ( F2+2D,6:0%6 4+ X P x -+ x[0,x] = Y [0, 05

7/7‘7

v 0y [deu(pr). (7.1)
Now at finite temperature, in the Euclidean description, the system lives on R3 x S!,
the circle direction corresponds to the Euclidean time with period T7'. At length scale
[ > 1/T, at least for weak coupling, one can perform a Kaluza-Kline reduction along the
circle. All the fermions of the theory get a mass of order 1" at tree level because of the
antiperiodic boundary conditions around the circle. The scalars get a mass of the order g7
at one loop level through their couplings to fermions. Therefore, at least for weak coupling,
at large distance [ > 1/T, the theory reduces to non-supersymmetric Yang-Mills theory in
three dimensions. Because the theory has a mass gap, at large temperature (77 > 1), it is
expected that correlation function (O(z,t)O(y,t)) ~ e l*=vIT,

Things are more complicated at strong coupling. Fortunately, thanks to AdS/CFT,
at strong coupling, we can use the supergravity solution to study the system. The mass
of the excitations of the QCD strings [29] is M, = A\Y/*T and the mass associated with
the compactification is M, = T. In the strong coupling region (A > 1), My > M, and
as a result QCD strings can “see” the compactified circle. Therefore at high temperature
(Tl > 1), the theory does not reduce to pure Yang-Mills in three dimensions but N' = 4
super-Yang-Mills in four dimensions compactified on a circle.

Let us now put A back in the picture for clarity. The action (7.1) has a dimension
M L. The equal time two-point function of the gauge invariant variable O = iTrF 2is a
useful non-local observable to understand the low and high temperature behavior of the
theory. The operator O has conformal dimension A = 4 with a unit M L~3.'3 Now using

equation (3.28) and the relation
T'Hh
T=—; 7.2

at low temperature (T'|x — y| < h) we obtain

(O(z,1)O(y, 1)) X [1 _ 2 (MY + 2 (FT'x_y')g +o. (73)

IEE 15 2h 175 2h

The factor of h? is there because (O(x,t)O(y,t)) has dimension M2L~°. The factor of \2
comes from comparing the result with standard zero temperature result. Similarly, at high
temperature (T'|z — y| > h), using equation (3.37), we obtain
Ao\2r8T8 _ _ _
(O(x,1)O(y, 1)) = OTe anTle—yl/h |1 4 9\/28, e~ V2rTla—yl/h | (7.4)

13The saddle point approximation that we have used to obtain the two-point function is a good approxi-

mation only for large A. For definiteness we will use O = %T rF? just as an example and consider only the
geodesic contributions and ignore the sub-leading corrections.

— 25 —



f(x,y)

- Tlx—y|

Figure 3. Variation of f(z,y) = £ In(Oa(t,2)Oa(t, y)) with T|z —y| for the 4-dimensional N = 4
SYM theory. The solid black line represents the exact numerical result. Blue and red lines represent
the two-point functions computed using low and high temperature approximations, respectively.

Where Ay = 4.51 and & = 2.75. In the last equation, again we have used dimensional
analysis to recover h. Indeed, at high temperature, the two-point function decays expo-
nentially.

Expectation values of the Wilson loops are another set of gauge-invariant non-local ob-
servables that are useful to understand the non-perturbative behavior of non-Abelian gauge
theories. In this ' =4 SYM theory, one should generalize the Wilson loop expression (4.1)
in the following way

W(C) = %Tr (Pefc ds(muw.wﬁ)) ’ (7.5)

where, z#(s) parametrizes the path C and 7 is a unit vector in the {¢;} space. Expectation
value of a rectangular infinite Wilson loop with long side of the loop extends along the
time direction gives potential energy between a static quark-antiquark pair. Unlike the
spatial Wilson loop case a sharp transition takes place at T' ~ 1/I for this case [28]. At low
temperature, the U-shaped solutions exist but at high temperature no nontrivial solutions
exist. At high temperature, the extremal surface consists of two disjoint vertical surfaces
ending at the horizon. Therefore, at high temperature the Wilson loop is independent of
separation [. In contrast, the transition is more gradual in the case of spatial rectangular
(infinite) Wilson loops. In A/ = 4 SYM theory, the expectation value of a spatial rectangular
(infinite) Wilson loop is given by,

(W(C)) = ¢S (76)
and using equation (4.18) at low temperature (7! < h), we obtain

_47T2L\FA 1_11(%)8 ﬂ 4+O ﬂ °
IT(3)* 32072 \ h h

SNG’;ren -

(7.7)
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Figure 4. Variation of Sygiren (in the units of %) of the spatial rectangular (infinite) Wilson
loop with Tl for the 4-dimensional N' = 4 SYM theory. The expectation value of the Wilson
loop is given by (W(C)) = e “NGuen. The solid black line represents the exact numerical result.
Blue and red lines represent the two-point functions computed using low and high temperature
approximations, respectively.

At high temperature (7] > h), equation (4.27) leads to

AT? 2
SNG;ren = U ﬁ [1 n <1 + @ 6_2WZT/E>:| (78)

2h2 - xTl 2

where, A = [L is the area of the loop and &,; = 1.66. We have used the fact that for this
theory R?/o/ = V/\.

In a field theory the entanglement entropy is always divergent because there are too
many degrees of freedom and we can write

SA = Sdiv + Sﬁnite- (79)

We will consider the entanglement entropy of an infinite rectangular strip (see section 5).
For the case in hand the divergent piece is temperature independent

_ 1 2 L ?
Saw = 5N <a> . (7.10)

Where we have used the AdS/CFT dictionary to write R3/ 4G§\1[+4) = N?/27. At low
temperature (71 < h), the finite part is given by (see equation (5.19))

L\? ! AN
Stinite = —N2(0.051) (z) [1 — (1.764) <7rh> +0 <7rh) (7.11)
And at high temperature (T > h), following equation (5.27) we obtain
2N2 .
Stinite = —— | VT3 — (0.106)RAT? — Eon \/ghATQe_\/é”Tl/h +... (7.12)
2h3 2V 2
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Tl

Figure 5. Variation of Sfnite, the finite part of the entanglement entropy (in the units of N; 752)
of an infinite rectangular strip with T for the 4-dimensional N' = 4 SYM theory. The solid black

line represents the exact numerical result. Blue and red lines represent the two-point functions

computed using low and high temperature approximations, respectively.

where, E = 1.174, V = [L? is the volume of the rectangular strip and A = 2L? is the
area. Note that the leading behavior is consistent with the observation of [48].

8 Conclusions

In this article, we have studied the high and low temperature behavior of some non-local
observables in strongly coupled large-N gauge theories. At low temperature, the leading
term is obviously the zero temperature contribution and the sub-leading terms indicate a
decrease in correlations as the system is heated. At high temperature, the leading contri-
butions come from the near horizon part of the bulk. The full bulk geometry contributes
significantly to the sub-leading terms. We have investigated the contributions from differ-
ent regions of the bulk for the equal time two-point function, rectangular (infinite) spatial
Wilson loop and entanglement entropy of an infinite rectangular strip. In the case of spa-
tial Wilson loops and the entanglement entropy, our calculations suggest that the general
form of the high temperature answer does not particularly depend on the shape. In par-
ticular, it is interesting that at high temperature we observe an area law behavior of the
finite subleading term of the entanglement entropy for both relativistic and non-relativistic
theories. This is consistent with what is expected from Quantum Information Theory
when the two-point function decays [49]; however, the Quantum Information Theory argu-
ment is qualitative and can not be extended easily to non-zero temperature. On the other
hand, mutual information [49] is another important concept in information theory which
is well understood. Techniques developed in this paper can be used to study the behavior
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of mutual information at nonzero temperature [47] for a large class of field theories with
holographic duals.

In forthcoming work we are generalizing this approach to include finite densities. We
also plan to extend our techniques to the analysis of holographic thermalization which
has attracted much attention in recent years [50-56]. An analytic understanding of ther-
malization at different limits can possibly provide new insight into the non-equilibrium
physics.
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A Two-point function: low temperature expansion

At low temperature, 7 /r. < 1. From equation (3.13), keeping only few subleading terms,
we get

L[y VAL G (e BVAL(d A D) (1)
l_rc[ 2F(d2 5 (rc) + ST (a1 9) (m) +.... (A1)

Solving this perturbatively we obtain

1 ﬁf(%—i—l) ral\®

BYAT(d+1) Wd( ((3 1)) (’“Hl>2d+@<7“ﬂl>3d, (A.2)

8 (d+ 3) ) 2 2

In this low temperature limit, equation (3.18) becomes

Lren =21n <T> VAT (5) (TH>d + ?’\/ﬂ(d)) ij)zd +0 <7"H>3d. (A.3)

2T (F1) \ re 8T (d + 3 re

Now using equation (A.2), we get

VAT (4) (rul 8y7l(d) T (
Lren =2In (1) + ( AT (433) ( ) * (16r(d+§) 16T

e <gl) | (Ad)

w\&.
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Therefore, the two-point function is

(O(t, z)O(t,y)) = l?% [1 +C <”2L’l)d +Ca (”2”>2d +0 (El)w] (A.5)

where again | = |z — y| and

JTAT (4
Ci=— T (df'z))’ (A.6)
Cr =~ |xA (d* +2A) L () 2 _ 12V/mAl(d) (A7)
T CSV RN |

B High temperature subleading term

B.1 Two-point function

We have mentioned that at high temperature r. ~ rg. Now we will try to figure out how
fast 7. approaches rp. For large n, the series (3.13) goes as ~ %(TH/TC)nd and hence it
diverges for r. = ry. We can isolate the divergent piece from the infinite series (3.13) ,

yielding

L~ (Tla+n]T+5] V2 (ra\™ 2 V2 ()’
Z_Tc;<F[1+n1F[§’+’éd] \/&n>(%> v | <r> '
(B.1)

The infinite series in the last equation now converges even for r. = rg. It is convenient
to write 7. = 7 (1 + €) for the purpose of solving the last equation. It is very clear from
previous discussions that at high temperature ¢ < 1. Therefore, from the last expression,

we obtain
V2 - S (Tp+nT[1+%] V2
\/gln[ed]— er+2+;(F[l+n}r S Van +O(e). (B.2)

Solving the last equation for €, at the leading order we get
d
e=¢& e_\/;lTH, (B.3)
where &4 is given by,

1 d < (T[i+nT[1+2] V2
Ea= ;o [\/;{2+Z<r[1+n]r[3+gd] _\/&n>}]' (B-4)

n=1 2

Now we will compute the next order correction to the high temperature result (3.32).
First we will start with equation (3.30)

oo (2) -5 () il ()
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We can not yet write 7. = rg(1 + ¢) and do an expansion for small e. The term linear in
€ contains an infinite series that does not converge. Therefore, in order to obtain a finite
first order expression in €, we will write the last equation in the following way

e =20 () a5 ) g -] (1)

\/5 ()
+WL12 <rc>

where, Li is the PolyLog function. We have summed the part of the infinite series that

) (B.5)

could diverge in the first oder in e. Now, we can write 7. = rg(1+ €) and do an expansion.
In the first order in € we obtain,

- 2 - (1N [3+n]T[1+%]
B & rHeT+y] Vel Ve,
2e +rple enz:l IET [%+%d] Jin + d( 1+ log(ed)) €

In the first line, we have all the terms that contribute in the leading order at high temper-
ature (we will call it Licading) and in the second line we have all the subleading terms. We
can simplify the second line farther by using equation (B.3)

2
£ren = £leading - \/;E + 0(62)' (B7)

Therefore, using (3.4) we finally obtain
2 _
* \/;Agd 2 \El 74

where &; is given by equation (B.4) and the dots represent the higher order correction

(O(t,2)O(t,y)) = Aana r%{A e~ Arul , (B.8)

terms.

B.2 Rectangular Wilson loop
Again we will isolate the divergent part of the series (4.10)

LS (P[3+0]T [+ nd)] 2 i\
l_2rc;<r[i+n]f‘[}l(5+nd)] ~ Vdn <Tc)
22752 1 ri\
- rL(D)? Vr. e (Tc) ] ' B9

It is again convenient to write 7. = rg(1 + €) and at high temperature € < 1. Therefore,

( I [1(3+nd)] 2 ) + O(e). (B.10)
=1 '

from the last expression, we obtain

1 2{773/2 1
ﬁln[éd] lTH"_ 1 2 +§n

[i(5 +nd)] WV
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Solving the last equation for €, at the leading order we get
— &y e Vil (B.11)

where &, is a constant given by,

1 2\f7r3/2 1S
Ewl—dexp[\/g{ +2Z<

n=1

n|T [§(3+nd 2
E‘*( nd)] _ . (BA12)
Now we will compute the next order correction to high temperature result (4.24). First
we will start with

ch[ 22132 Ire 1S 1 T[L4n]

Ire [§(3 +nd)] <H>d] |

r
+
r(i)? 2 24%nd—1T[1+nll [{(5+nd)] \re

SNG;ren =
yiyes

(B.13)

Before, we write r. = rg (1 +¢) and do an expansion for small €, in order to obtain a finite
first order expression in €, we will write the last equation in the following way

2V e 1 [ )

Tt {<H> }

1 & 1 T[3+n]T[(3+nd)] 9 |
+2;<nd—1 I‘[i—i—n] [%(5—|—nd)} Cd3/2p2 (7“c> . (B.14)

Where, Li is the PolyLog function. We have again summed the part of the infinite series

Lr.
SNG;ren = /
T

that could diverge at first order in e. Now, we will write r. = 7 (1+¢€) and do an expansion.
At first order in € we obtain,

_ Lry | 2R I +n] T [1(3 +nd)]
SNG;ren T oro [ F(%) 2 Z nd -1 I‘ ] [%4(5 i nd)]
eLr 2/273/2 1
Wal’q B r(1)2 +lry + \/g( 1 + log(ed))
I & (TR +n]T[2B+nd)] 2
_§n 1 < F[i +n|T [;(5 + nd)] “ e, | T O(). (B.15)

In the first line, we have all the terms that contribute in the leading order at high temper-
ature (we will call it SnGilcading). We can simplify the subleading terms farther by using

equation (B.11)
eLry

SNGiren = SNGileading — ———= + O(€2). B.16
NG; NG;leading WOJ,\/& ( ) ( )
Therefore, finally we have
L?“H l?“H 1 _\/g 1
SNGiren = —— — — —=&y TH 4. B.17
NG vl AR N + (B.17)
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B.3 Entanglement entropy

We know that at high temperature r. ~ rr. Now again we will try to figure out how fast
r. approaches rp. For large n, the series (5.10) goes as ~ % (re/ rc)”d and hence it diverges
for r. = r. We can isolate the divergent piece from the infinite series (5.10), obtaining

o[ Thear[Es] i)™
l_rc; <1+nd> D[t + )0 || V2T <le>
2 Vil (sitn) e rir)’
Tt () @D [1_<7”H>] o

The infinite series in the last equation now converges even for r. = ry. Analogous to the
last two cases, now it is convenient to write r. = rg(1 + €). It is very clear from previous
discussions that at high temperature ¢ < 1. Therefore, from the last expression, we obtain

NG B 2y/mT (2 - )
W In[ed] = —lryg + m
= [/ 1 \T[+nT |55 |
—5—22:: <1—i—nd> NN [Q%Zji)} V2y/(d—1)dn O(e).
(B.19)

Solving the last equation for €, at the leading order we get
€=Eent €V d(d—1)/2 er (B20)

where Eqpt is a constant given by,

1 i@—1 2V (st

5ent = 5 eXp

d 2
r (2@,1))
d(n+1
"’22 Tly+n|T [2&1-1” 1
1—|—nd T T | dntl \/§ (d—l)dn
1+ n) 5d=1)
(B.21)
Now we will compute the next order correction to the high temperature result (5.22).
First we will start with equation (5.21)
d—2 d
d—2 d—2 e (‘ 2(d—1)) lre e (2(d—1))
Afinite = 2L rg TN TS T T
2(d—1)r (2(d71)> r (2(d71)
. 1 d(n+1
+Z d—1 FBWL”}F[M—” TH nd
1+ nd dn—1)+2 dn+1 Te
n=1 I'[1 42|l | 502,
(B.22)
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We will write r. = rg(1 + €) and do an expansion for small € and then we will use equa-
tion (B.20). But before that we should note that the term linear in € contains an infinite
series that does not converge. We will isolate and resum part of the last equation that
could diverge at first order in €, in the following way

Aﬁnite = 2Ld_27’g_2 \/>F ( 2(d— 1)) 4 % \/7F ( 2(d— 1)) + d2;31 L12 [(7’1{>d]
2d = 1T (571 ) I () re
d—1 r [% +n]T [dézi-;)] \/ﬂ . N

(B.23)

Where, Li is the PolyLog function. Now, we will write r. = r(1+¢€) and do an expansion.
In the first order in € we obtain,

1
Aﬁnlte - lLd 2 |:1 + () Shigh:|
Ilry

Va(d = DI (gt _1 1
+ 2L 27‘H €|— <2(d 1)) +d er+\/7d( 1+ log(ed))

T (2(d1_1)> 2 2d
> 1 \[[z+n]T [“éEZfB] 1
ey n=1 <1 T nd) I'[1+n]l [chl}ﬁ)} V2y/(d-T1)d n +OE)
(B.24)

In the first line, we have all the terms that contribute in the leading order at high temper-
ature and Spigy is given by equation (5.23). We can simplify the subleading terms farther
by using equation (B.20)

1 2(d—1
Afinite = 1Ly [1 + (l?“H> Shigh] - Ld_QrdH_2 (d)e + 0(62). (B.25)

Therefore, finally we have

1 2(d—1 Sdld—1)/2
Aﬁnite = VT?{_l 1+ <l7“H> (Shigh - u(c/‘ent e dd=1)/2 er) + (B26)

d
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