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ABSTRACT: We consider the issues that arise out of interpreting the ghost-free bimetric
theory as a theory of a spin-2 field coupled to gravity. This requires identifying a gravita-
tional metric and parameterizing deviations of the resulting theory from general relativity.
To this end, we first consider the most general bimetric backgrounds for which a mass-
less and a massive spin-2 fluctuation exist, and we compute the most general expression
for the Fierz-Pauli mass. These backgrounds coincide with solutions in general relativity.
Based on this, we obtain nonlinear extensions of the massive and massless spin-2 fields.
The background value of the nonlinear massive field parameterizes generic deviations of
the bimetric theory from GR. It is also shown that the most natural nonlinear massless
field does not have standard ghost-free matter couplings, and hence cannot represent the
gravitational metric. However, an appropriate gravitational metric can still be identified
in the weak gravity limit. Hence in the presence of other neutral spin-2 fields, the weak
gravity limit is crucial for compatibility with general relativity. We also write down the
action in terms of the nonlinear massive spin-2 field and obtain its ghost-free couplings to
matter. The discussion is then generalized to multimetric theories.
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1 Introduction, motivation and summary

Theories of interacting spin-2 fields have been considered over many years with various

motivations, for example, in [1-6], or more recently in [7-15]. Often, these are formulated

in terms of two metrics, g,, and f,,, with non-derivative interactions. These theories



generically contain Boulware-Deser ghost instabilities [16]. The bimetric theories that avoid
this problem were written down and proven to be ghost-free in [17, 18]. This was based
on [19-21] that further developed the massive gravity work in [22, 23], as will be briefly
reviewed below. More recently, this was extended to ghost-free theories of many spin-2 fields
in terms of A vielbeins [24], while a formulation in terms of A" metrics is given in [25].1

In the ghost-free bimetric theory [17], a priori, the two spin-2 fields g,,, and f,,, appear
more or less on the same footing. For obvious reasons, eventually we would like to inter-
pret this as a theory of a “massive” spin-2 field interacting with gravity. Furthermore, the
gravity sector of the theory should not show observable deviations from tested aspects of
general relativity. In this paper we consider the issues that arise when using the bimetric
theory to describe a spin-2 field coupled to gravity. The considerations also apply to the
multivielbein/multimetric case.

To focus attention, the ghost-free bimetric theory that we will work with has the form,

= / d'e|m2v=g R(g)+m}/=F R(f)=2m'V=g V(g™ £ ,8)| +Snlg. f,m), (1.1)

with details to be specified later (2.1), (2.2). The particular combination of kinetic and
potential terms renders the theory ghost-free. The seven parameters of the theory are my,,
my and five 3,. The simplest possible “matter” interactions that are also known to be
ghost-free [17], are of the form,

V=9 Ly(g. ) + V= Ly (f ). (1.2)

Other forms of matter coupling should be explicitly checked for ghosts. Generic cosmo-
logical and localized solutions in this theory could show large deviations from solutions in
general relativity (GR) although there also exist classes of solutions that are close to GR
spacetimes [26-32].

Below, we will first describe the issues that arise out of interpreting (1.1) as a theory of
a spin-2 field coupled to gravity, and summarize our results. Then we will briefly review the
development of spin-2 theories with emphasis on the importance of the nonlinear methods.

1.1 Issues considered and summary of results

By construction, in (1.1) around flat backgrounds g,, = fW = 7 (that exist for a re-
stricted set of f3,), the fluctuations ég,, and §f,, are linear combinations of a massless
spin-2 mode 6G,, (2 polarizations) and a massive spin-2 mode dM,, (5 polarizations)
with a Fierz-Pauli mass term [33, 34]. At nonlinear level too, the theory has 7 propagat-
ing degrees of freedom, although in that case the analogue of the decomposition in terms
of mass is not known. An obvious problem is to specify the most general class of back-
grounds around which the theory has well defined massive and massless fluctuations, and
to compute the spectrum as a function of the unrestricted (3,,.

'In hindsight, it turns out that Chamseddine, Salam and Strathdee in 1978 [5] had a ghost-free bimetric
theory, written in terms of vielbeins and with supersymmetry, although the absence of the BD ghost could
not be demonstrated then.



To regard (1.1) as a theory of a neutral spin-2 field interacting with gravity, one has
to first identify the gravitational metric, say g%, in terms of ¢ and f. An important re-
striction is that the standard minimal couplings of g&® to matter, demanded by the weak
equivalence principle, should also be ghost-free. A first guess for g%, one suggested as far
back as [2], is the nonlinear extension of the massless mode dG,,. But to explicitly check
if this allows for ghost-free matter couplings, one needs an explicit nonlinear expression for
it in terms of g and f. The other obvious fall back options are g or f. While not mass
eigenstates, these have ghost-free matter couplings.

Having identified a gravitational metric, the next task is to verify that the theory has
parameter space regions where the solutions for g&F are close enough to GR solutions that
the bimetric theory is not immediately ruled out on observational grounds. For this, if
possible, one would like to have some criteria or quantity to parameterize deviations of
the bimetric theory from GR. In this paper we consider these issues and the results are
summarized below.

Proportional backgrounds and general mass eigenstates. To obtain the mass spec-
trum, we consider the most general class of bimetric backgrounds around which a massive
mode with a well defined Fierz-Pauli mass term exists. These are the proportional back-
grounds fw, =c? Juv, Where c is determined by the parameters of the theory. They coincide
exactly with solutions in general relativity with a cosmological constant, and always exist
as bimetric vacuum solutions without fixing the parameters of the theory, as long as real so-
lutions for ¢ exist. Flat space solutions require fixing one of the seven parameters by setting
the cosmological constant to zero. The solutions also exist in the presence of sources, as long
as the sources of the g and f equations of motion satisfy mETl{V = m?c T{,. This constraint
is not natural, but shows that deviations from it drive bimetric solutions away from GR
solutions in a generic sense (although it is still possible to get isolated GR type solutions).

Considering fluctuations around JF;w = CQQW backgrounds, we obtain the most general
expression for the Fierz-Pauli mass, as well as the expressions for the massless mode 6G/,,,
and the massive mode 6, .

Nonlinear modes. We give a procedure to systematically obtain nonlinear combinations
of f and g that reduce to 6G and d M at the linear level. Although there are infinitely many
such combinations we identify one, G, as the nonlinear extension of the massless mode
and two possible candidates, M, and M ﬁfj, for the nonlinear extension of the massive
mode, based on reasonable criteria. These seem natural and are simple enough that the
expressions relating them to g and f are invertible. The vanishing of the nonlinear massive
mode, M = 0, is in one-to-one correspondence with occurrence of proportional backgrounds
fw, = ¢? Juv- Hence deviations of the VEV of M from 0 are driven by the matter couplings
of the spin-2 fields and parameterize generic deviations of the bimetric theory from GR. If

these nonlinear modes have a relevance directly at the nonlinear level is not yet answered.

Identification of gravity. Having a nonlinear massless mode G in hand, we can test
the conjecture that it should be identified as the gravitational metric. Through an ADM
analysis we show that within the bimetric framework, the standard minimal coupling of



G to matter is not ghost-free. This rules out that particular G, as a candidate for the
gravitational metric.

Another option is g, (or equivalently f,, since the formulation is symmetric) which
has a ghost-free matter coupling. In particular, in the limit mg > c¢my, we have G — dg
and 6M — §f. For the nonlinear fields too, in the limit, mg > my, G — g, although in
this case M has no particular limit. Hence, if one identifies g,,, as the gravitational metric,
then in the weak gravity limit, g,, will mostly consist of the massless mode. An obvious
consequence is that in the presence of massive spin-2 fields, metric perturbations created
by a matter source will also have a small massive component.

Now one can regard the pair g, M as the basic variables and express the bimetric action
in terms of them. Although the kinetic part in terms of M is more involved than the original
form in terms of f, the potential is now a finite polynomial in M and does not involve a
square-root matrix. Also as pointed out earlier, couplings that drive M away from M = 0,
also drive the solutions for the metric g away from GR. Subsequently, from the ghost-free
couplings of f,,, to matter, we obtain couplings between the massive field M and matter.

Multi spin-2 fields coupled to gravity. Finally we extend the above considerations
to multi spin-2 theories, as theories of A" — 1 massive spin-2 fields coupled to gravity.

1.2 Background to bimetric theories

The BD ghost was first observed in massive gravity [16] which corresponds to the bimetric
theory with one metric held fixed, say, f., = 7. It led to the speculation that such
ghost-free theories may not exist. The major breakthrough came with the work of de
Rham, Gabadadze and Tolley [22, 23], who obtained a potentially ghost-free nonlinear
massive gravity action for f,, = 7., the dRGT model, on which subsequent developments
are based. The construction was based on a “decoupling limit” analysis (developed for
the purpose [12, 35]) which guaranteed the absence of ghost in that limit. In the pertur-
bative approach, it becomes difficult to extend the analysis beyond the decoupling limit,
although [23] outlined an argument to show the absence of ghost in the Hamiltonian [36]
formalism to quartic order in h,, = guw — M-

To proceed any further, one had to first insure that the BD ghost is indeed absent in
the dRGT model for a nonlinear g,,,. One also needs to find out if the more natural case
of massive gravity with a non-flat reference metric, f,, # 7, is ghost-free. It turns out
that the “decoupling limit”, wielded powerfully in [22, 35], is not adequate to address these

situations, despite some claims to the contrary in [37] and some of its citations.?

2The decoupling limit analysis does not extend beyond the decoupling limit for two obvious reasons:
(1) It involves working with Stiickelberg fields ¢, introduced via fu., = auqb“&,qﬁbnam rather than with
the metric g,,. The ¢ mix only with the 4 “gauge” modes of g, under coordinate transformations and
learn about the potential BD ghost through them. But the BD ghost mostly resides in the remaining 6
components of the metric and cannot be completely transferred to the Stiickelberg fields by coordinate
transformations (otherwise, ghost fluctuations would be expressible as V(,&,) and would not contribute to
interactions between conserved sources). Similarly, it is incorrect to argue that the number of independent
modes in g,, can be reduced to 2 simply by coordinate transformations, by citing the analogy with GR. In
GR this counting is done on-shell and holds only for the solutions of the massless Einstein’s equations. Such



The nonlinear analysis that can answer the above questions was developed in [20, 21]
based on the formalism of [19]. In [20], for the case f,,, = 7., it was proven that the dRGT
model was ghost-free at the nonlinear level. This conclusively established the absence of the
BD ghost for the first time. The theory with generic non-flat f,,, was considered first in [21]
and also proven to be ghost-free nonlinearly. This generic f,, theory provides the most
natural setup for discussing massive gravity. But from the point of view of this paper, it
describes rather a massive spin-2 field g,,, in a non-dynamical gravitational background f,,, .

Finally, [17] obtained the ghost-free bimetric theory for two interacting spin-2 fields g,
and f,,, with the correct kinetic structure, by exploiting the symmetries of the interactions.
An issue raised in [39] about the existence of a secondary constraint that was needed for
the consistency of the formalism was cleared up in [18]. In this paper we will work mostly
with this Hassan-Rosen bimetric theory. For related work, see [40-52].

The rest of the paper is organized as follows. In section 2, we review the ghost-free
bimetric theory and discuss the proportional background solutions. In section 3, we obtain
the linear mass eigenstates and compute the general expression for the FP mass. We also
discuss the weak gravity limit. In section 4, we obtain the nonlinear massless and massive
spin-2 modes and show that the massless mode does not have ghost-free minimal matter
couplings. In section 5, we express the bimetric action in terms of g and the massive mode
M and discuss some of its features. We also discuss the coupling of the massive spin-2
field M to matter. In section 6, the discussion is extended to multimetric theories. Section
7 contains a brief discussion of the results and some comments. Appendix A summarizes
some useful equations used in the text. Appendix B describes a rescaling that render the
action more symmetric. Finally appendix C contains the details of the bimetric action in
terms of the nonlinear massless and massive modes G and M¢.

2 Proportional-background solutions in bimetric theory

Generic solutions of the bimetric theory have little resemblance to solutions in general
relativity. In this section we concentrate on a particular class of bimetric background so-
lutions that are indistinguishable from backgrounds in general relativity. Although very
restrictive, this helps in identifying bimetric theories that are close to general relativity.
The solutions are also useful in analyzing the linear and nonlinear mass spectrum of the
bimetric theory. We begin with a review of the ghost-free bimetric action.

a counting does not hold for the massive gravity equations. It has also been argued that one can transform
guv to nu by a coordinate transformation and then apply the decoupling limit. This argument ignores
the elementary fact that one cannot choose a locally flat coordinate systems over the entire spacetime.
Obviously, the flat space action and equations of motion are not the same as the curved space ones. Thus,
away from the decoupling limit it is not enough to study the ¢ alone, ignoring g, and the potential ghost
within it, by invoking the above arguments. (2) So far, it is not obvious how to obtain a decoupling limit for
a generic non-flat f,,,. For example, see [38] for a recent attempt to find a decoupling limit for a de Sitter f,..



2.1 Review of the ghost-free bimetric theory

Here we briefly review the ghost-free bimetric action and equations of motion. The ghost-
free bimetric action, excluding matter couplings, is [17],

Sur = [ dta [my/=detg Ry + mi/=det ] Ry — 2= detgV (Vo 1 5a)] - (21)

The potential V' is given by,

4
Vv (X; Bn) = Z B €n (X) s (2.2)
n=0

where, e, (X) are elementary symmetric polynomials of the eigenvalues of the matrix X. In
4 dimensions they can be expressed as,

1 1
co=1, er=[X, ex= (X7 ~[X7), es= () — XX+ 207, e = det(X),
(2.3)
where, [ | denotes the matrix trace. This potential V' was first suggested, for f,, = 7.,

in [22, 23] as the unique candidate for a ghost-free massive gravity, based on a “decou-
pling limit” analysis. That it was ghost-free nonlinearly was proven in [20]. The theories
with general and dynamical f,,, where first considered and shown to be ghost-free in [17-
19, 21]. The square root matrix X = /g~ f in V is necessary to avoid the ghost, but also
complicates the analysis.

The independent parameters in the action (2.1) are the five dimensionless 3, and the
two “Planck masses”, m, and my. The mass scale m is degenerate with the 3, and can
be expressed in terms of the other mass parameters. Integrating out matter fields coupled
to the g and f metrics respectively, results in vacuum energy contributions to 8y and S4.
The remaining (3, measure the strength of nonlinear interactions between the two metrics.
An important property of V is,

V—detg V(\/g 1 f 1 8) = /—det f V(V/ f1g; Bacn) - (2.4)

Then, the action (2.1) is symmetric under the simultaneous replacements,

g f, Brn = Ba—n Mg <> My . (2.5)

The g, and f,,, equations of motion with generic “matter” couplings are [19],

1 m* o1

R,uu(g) - §g,ul/R(g) + mig Vp,y = mig T,u,l/ ) (26)
1 m* 1

R (f) - §fuuR(f) + mifc v, = mii T, . (2.7)

Here, the stress-energy tensors are defined by Tj}, = —(1/,/9) Sm/dg"”, and similarly for
T l{,,, where S, is the matter action added to Sy¢ as in (1.1). The interaction contributions
Vv, and VJ,, are explicitly given by,

3 3

Ve =3 (1" B g Vo (Vo D). V=3 (-1 Bicn fun Y (VT (28)



where the matrices Y(“ (X) can be expressed as,
n)v

n

Yo (X) = S (=1)7 X7 ,(X). (2.9)
r=0
The two expressions in (2.8) are related through the replacements (2.5). In this sense, the
bimetric theory treats g,, and f,, on the same footing.
The usual Bianchi identities of the curvature tensors together with VZ’ Tﬁ’yf = 0, imply
the Bianchi constraints, which are independent of the scales my and my,

VEVS, =0,  ViVI =0 (2.10)
2.2 Proportional background solutions

Generic solutions of the bimetric theory are very different from solutions in general relativ-
ity. Here we consider a particular class of bimetric solutions g,, and fW, sourced by T},
and T, J,,, which coincide with solutions for the metric in GR. These are solutions of the type®

f;w = CQE],uzu (2'11)

and exist only if TJZ, x Tﬂy. This restriction on the matter sources is not always realistic,
but such solutions are motivated by other considerations discussed at the end of this section.

For the ansatz (2.11), the Bianchi constraints (2.10) imply that ¢ is a constant.
Then (2.6) and (2.7) reduce to two copies of Einstein’s equations for the curvatures of g,,,,

_ 1. = _ 1 - _ 1. = _ 1 -
Ry — §guuR + Ay G = @Tgua Ry — iguvR + Af G = miffTA{V ’ (2.12)
where the cosmological constants are given by,
m* 2 3 m* 2 3 4
Ag:@ (ﬂo +3cB1 + 3¢ Ba + ¢ 53) , Ap= -y (cﬂl + 3¢ By + 3¢° B3 + ¢ 54) . (2.13)
9 /

Obviously, the equations are consistent only if,

(Ag— Ap) G = <mg_2 Y, - m;QTgV) . (2.14)

The vacuum energy contributions to 7}, and TJZ, can always be absorbed in 8y and 4.
Hence, the right-hand side can be assumed to contain no piece proportional to g,,. Then,
for localizable sources, each side of the above equation must vanish separately,*

2
L
Ag - Af 5 Tl“’ - W Tl“/ . (215)
g
Later it will be seen that (2.15) is also crucial for the existence of spin-2 massive and
massless eigenstates.

3For non-proportional metrics, GR type solutions exist for certain choices of 3,, but for specific metric
ansatz, say the FRW ansatz [28, 29].
TIf Ay # Ay, then (2.12) and (2.14) would lead to a complicated differential equation for the T}, ’s.



The equation Ay = Ay determines the constant ¢ in terms of the parameters of the
theory, mgy, my; and the five 3, through the quartic equation,

a?Bsct + (3a2Bs — Ba)c® +3(a®B1 — B3)c® + (a®Bo — 3B2)c — B1 =0 (2.16)
where
a="4 (2.17)
Mg

On solving the above equation for ¢ and substituting in A4, one obtains the cosmological
constant in terms of the parameters of the theory.

To get a feeling for the behaviour of ¢ we can solve this equation for the simple case
of the “minimal” bimetric model, corresponding to 51 = 3 = 0. Then (2.16) gives,

02 _ 362 - 04250
3a?Bs — fa’

showing that, in general, ¢? could have any value depending on f, 52 and B4 . This in

(B1=pB3=0), (2.18)

turn gives the cosmological constant,

m* 983 — Boba

Ag= A, = 20— Por
g ! m2 3020y — By’

(B1=p3=0). (2.19)
The scale m?* can be eliminated in terms of the Fierz-Pauli mass of the massive excitation
given in the next subsection.

Note that the most general set of parameters for which the theory admits flat space as
a solution is obtained from A, = 0, after solving for c¢. This condition can be solved for one
of the f3,,, leaving the rest free. In contrast, specifying flat space through f = g = n and
Ay = Ay = 0 will eliminate two of the 3, leading to a smaller parameter space. For exam-
ple, in the minimal case considered above, theories that admit flat space as a background
are parameterized by 9B§ = Bof4, whereas forcing ¢ = 1 gives the smaller parameter space

Bo = Bs = —30s.
2.3 Discussion

If one interprets one of the two metrics, say g, as the gravitational metric coupled to
ordinary matter 79 with Planck mass mg, then one recovers all classical backgrounds of
GR. However, the requirement T,{,, = o?T, 17, imposed by these solutions is not realistic
(except possibly for @ = 1 such that the two metrics are coupled to the same matter). In
spite of this such backgrounds are motivated by other considerations.

(1) The ansatz (2.11) results in the most general class of bimetric backgrounds for which
there exist a well-defined massive spin-2 fluctuation 0 M, with a Fierz-Pauli struc-
ture,

mppy/— det g [SMYSMY, — (SMH,)?] (2.20)
along with a decoupled massless spin-2 fluctuation dG/,,,, as will be discussed below.
The explicit expressions help extend the linear mass eigenstates d M and dG to non-
linear fields M and G. The ¢ # 1 case helps in identifying GG. Finally, we interpret
the bimetric theory as a nonlinear theory of a massive spin-2 field coupled to gravity.



(2) To be consistent with observations, the solutions for the nonlinear field that is iden-
tified with the gravitational metric must be very close to the corresponding solu-
tions in GR. More specifically, corrections to the GR solutions coming from the non-
gravitational sector must be strongly suppressed in the weak gravity limit. These
issues are difficult to investigate nonlinearly. Thus as a first step, one can consider
perturbations around backgrounds of the type (2.11), sourced by independent 7%
and 677 to probe parameter regions that suppress deviations from GR. Later we will
also see that the nonlinear massive field defined with respect to these backgrounds
probes deviations from GR.

3 Linear massive and massless modes

In Minkowski backgrounds g = f = 7, where the concept of mass is well defined through
the Poincaré group, the spectrum of bimetric theory is known to consist of a massive
and a massless spin-2 fluctuation [2, 17]. Such backgrounds exist only after two out of
the five 3, parameters are fixed. Here we consider the spectrum of linear fluctuations in
the theory with arbitrary (5,. In non-flat backgrounds we define a massive fluctuation as
one with a Fierz-Pauli mass term (2.20). In bimetric theory, such mass terms arise only
around proportional backgrounds fW = CQQW considered above. For independent source
fluctuations 67}, and 5T/{l, the expressions help in characterizing deviations from GR. The
linear mass eigenstates are extended to nonlinear fields in the next section.

3.1 Massive and massless modes in the linearized theory
Consider canonically normalized fluctuations around the fW = 02§W backgrounds,
_ 1 9_ c
guvzgﬂV+Hgég“”’ fuw =c g/“/+m7f5f“”' (3.1)
Then to linear order,
1 my
(Vg f)f, =cdl+05°,, where, 65°, = —g""(0fu —c—"dgum | . (3.2)
2my my

Expanding the interaction contributions (2.8) and using the results in appendix (A) gives
the linearized equations,

500 miB - 1
END 09po + NgOguw — m79 Gup (08P, — 00057 ,) = m—géT[‘jV , (3.3)
= oo miB _ o 1
g[jy 5fpcr + Afdfuu + W Gup (5Spu - 5555 o) = mif‘ST,{y ) (3-4)
where,
1
B = 2(051 +20% By + P B3) . (3.5)

€ is given in (A.7). By taking appropriate linear combinations, (3.3) and (3.4) can
be easily decoupled in terms of a massive (6M,, ~ gu,\(SS),‘/) and a massless 0G,, ~



dgu + ¢ (myg/mg)d fu spin-2 fluctuation. However, this is possible only if Ay = A, which
was also required on other grounds. Finally, the canonically normalized massless and mas-

sive fluctuations become,’
0G L, = ! 0 ) 3.6
py = 02a2+1(9uu+ca ful/)y ()
1
oM, = (0fuw — cadgu) , (3.7)

vza? +1

m . . .
where o = m—f The corresponding massless and massive equations are,
g

5T + 25T

9
- m2 6T _ o25719)
Ely M py + Agd My, + % (6M, — GG 6M,y) = c W’:f o +“1 : (3.9)
The Fierz-Pauli mass above is parameterized as,
2 4 2 3 1 1
mepp =M (C,B]_ + 2¢ ,82 +c B3) 5 3 + — |- (310)
cmy - myg

From (3.8) it is evident that, in the background metric g,,, the massless fluctuation
0G,, couples to matter with the effective Planck mass,

mp =mgVc2a? +1 = /m2+ c2m}. (3.11)

which must be large for gravity to be weak. This can be achieved in different ways with
different consequences. It is also evident that at the linear level, §G behaves like the metric
perturbation in GR. Deviations from GR emerge mainly at the nonlinear level.

Away from proportional backgrounds, the fluctuations generically do not have a Fierz-
Pauli mass term. The analysis is further complicated by the fact that in such cases, /g~ ! f
does not have a simple expansion.

3.2 Weak gravity limit

In GR, gravity is described in terms of a massless spin-2 field minimally coupled to matter,
as required by the weak equivalence principle. Considering the observational evidence in
support of GR, it is natural to assume that in interacting spin-2 theories too, the gravita-
tional interactions must be associated predominantly, if not exclusively, with the massless
spin-2 mode of the theory. The validity of the weak equivalence principle then requires
that this gravitational mode must couple to matter in more or less the same way that the
gravitational metric couples to matter in GR. This simple observation leads to the following
possibilities.

5The canonical normalization is determined from the action requiring that 6g€6g + 6 fE5f = SMESM +
SGESG. This value will change if £ on the r.h.s. is computed with the background metric G instead of g.

,10,



(1)

Let’s assume that the massless mode 6G,,, can be extended to a nonlinear field G,
If G, could directly couple to matter in a ghost-free manner, using the same minimal
coupling prescription as in GR, then such matter couplings would not directly violate
the weak equivalence principle. In this case, one should express the operator Eﬁ;'
in (3.8) in terms of the background G’W which will be proportional to g,., giving,
EMD(g) = ale,my,my) EML(G). Then the Planck mass is am, which must be large.
Later we identify a nonlinear massless mode G, and show that it cannot couple to
matter in a ghost-free way. In the absence of consistent direct couplings of G/, to
matter, a different approach is needed.

Now consider setups where matter fields can directly couple only to the metrics g,,, or
fuv (asin (1.2)), but not to G,,. This would be a natural way of accommodating the
weak equivalence principle only if g, or f,,, described gravity. On the other hand,
empirically, gravity is well described by a massless spin-2 field, which in the bimetric
setup is G, These two requirements can be reconciled if the massless mode G, is
dominated by g,, or f,,. Here we consider the possibility that G, is mostly made
up of gW.6 The limits in which this holds can be identified at the linearized level
from (3.6), where, G, ~ 6g,,, holds in the limit

mg > cmy . (3.12)

This can be achieved by a small my or a small ¢ of both. Whether this choice is
natural or not, will not be addressed here. Also in this limit, the massive fluctuation
O0M,,, is mostly saturated by f,,. The strength of 61, interactions depend on the
relative values of ¢ and my. Following this reasoning, in section 5 we consider the
nonlinear action in terms of g, and the nonlinear massive mode M, .

4 The nonlinear massless and massive modes

Now we consider extending the mass eigenstates of linearized bimetric theory to nonlinear

fields. The ADM analysis of the bimetric action shows that even nonlinearly the theory

has seven propagating modes [17]. But only their linear fluctuations around f;w = 02§W

backgrounds combine into well defined massless and massive spin-2 states. Here we explore

the nonlinear extensions of these mass eigenstates. In a theory with general covariance,

spin-2 fields are minimally represented by rank-2 symmetric tensors. Below we find such

tensors that reduce to the mass eigenstates (3.6) and (3.7) at the linear level. Since this

choice is not unique, one can also invoke simplicity as a criterion. These are the only

criteria employed here. We have not considered if the nonlinear modes also propagate two,

respectively, five degrees of freedom at the nonlinear level.

SEqually well, one could replace g, by fu. and ¢ by 1/c.
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4.1 The nonlinear massless spin-2 field G

The nonlinear massless mode is a symmetric rank-2 tensor G, that reproduces the massless
fluctuation 0G' (3.6) at the linear level. To determine G, we work with the (1, 1) tensor,

Sh=Wg 1 F)",. (4.1)

First note that /g~ 1f Y/ fg~1)g. This follows on writing /g~ 1f
\/ 1+ (g7 'f—1) and formally expandmg the square-root. We then have the important

property,7

gS=25Tg. (4.2)

Now, let us start with a general symmetric (0,2) tensor G, (g, f) and, in it, replace f
by S through f = ¢gS%. In general, G, could contain powers of S, (S71)%,, (ST)}* and
(ST contracted with g, in the right way to produce a (0,2) tensor. Then using (4.2)
it is easy to see that general covariance alone restricts G, to the form,

G=gd(S), (4.3)

where ®4, is a matrix function of the matrix S, and its inverse, but not its transpose. On
the proportional backgrounds f = ¢?g, where S*, = ¢ 6", this becomes,

G=gd=g®(S=cl). (4.4)

Clearly, ® = ¢(c)1 for a scalar ¢(c). ®(S) depends on ¢ in two ways: through an explicit
dependence of ® on ¢ (e.g., through normalizations), and through S. If these two types of
contributions could be disentangled, ® could be uniquely reconstructed from ®.

Let us now consider fluctuations G, = G v+ 5G2W. These can be computed using the
canonically normalized variables of the previous section. But to ensure explicitly that the
equations depend on ¢ only through S and not through normalizations, here we work with,

1

_ 1
g,uu = g,ul/ + 5gllw ) f;w = f,uzl + 5f;,w ) 5SMV = §§M>\ (C(Sf;\y - Cdg;;;) ) (4'5)

Then the fluctuation of the nonlinear massless field becomes,

5G!, = 89,0 P, +gu>\asa ‘ 05% + -
_ c_ aqﬂ ) 1_ 09, _
= 59LA(I))‘V - ig’M GSO‘; ggaafsg;g + ?cg“AWa; _gwdffyﬁ R (4.6)

On the other hand, in terms of (4.5) the massless fluctuation (3.6) becomes,

5G,, = A(dg), + a2 fi) s (4.7)

"From the above properties of S*, it follows that, f = STgS. Hence, S is a local transformation between
fuv and g, or a generalized vielbein. Further, in terms of S the proportional backgrounds (2.11) are char-
acterized by the background value S*, = ¢§*, which is invariant under general coordinate transformations.
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with a normalization A. Comparing the coefficients of the fluctuations in (4.6) and (4.7)
gives two equations for ® as a function of S, evaluated at S = cl,

A—l @/\ _ (1 + OKQ C2) 5/\11’ A~

14

1 aq))\y
0S% lc1

=2ca?0) 0" (4.8)

The right-hand sides acquire their c-dependence only through S = cl, and not normal-
izations. It is then natural to assume that A~'®(S) depends on ¢ only through S = cl.
This leads to the unique solution,

d=A(1+a*5%), (4.9)
obtained from the first equation on replacing ¢ by S. It gives the nonlinear massless mode,
Gy = Aguw + % fu) . (4.10)

Without loss of generality we can set A = 1. The fluctuations of this mode can be
canonically normalized either with respect to g, to give (3.6), or with respect to G’W.

Other nonlinear extensions of 6G,, can be found if A71®(S9) is allowed to have an
explicit dependence on ¢, besides that coming from S. To find these note that,

(™)
55%

L= nc" oA 60 (4.11)

Then general c-dependent solutions of (4.8) can be written as,

@:A<a0+2a22an02_"5">, with a0+2a2c22an:1+a202, Znanzl.
n>0 n>0 n>0
(4.12)

Of course, an infinite number of such solutions exists, the one with the lowest power
of S being A~'® = 1 — a?c® + 2a%¢S. A non-polynomial solution of (4.8) is A™1® =
(14 a?c*S=2)~!, giving the massless mode G~ = g~! + a?c* 1.

Of all these, the c-independent solution (4.10) gives the simplest invertible relation
between the nonlinear modes and the original bimetric variables g and f. Note that to
identify this unique c-independent mode, it was important to work with ¢ # 1 backgrounds.
Otherwise, at ¢ = 1, this criterion is not useful.

4.2 The nonlinear massive spin-2 field M

From the outset it is evident that the nonlinear massive field is closely related to
St = ( g*lf)uy. This is hinted by the linear equations (3.2), (3.7) and also by the fact
that the mass potential V in (2.2) is a polynomial in S. S, is a (1,1) tensor but it can
be brought to a symmetric (0,2) form in more than one way and the nonlinear extensions
of the massive spin-2 fluctuation are related to these (0,2) forms. Here we consider two
nonlinear extensions, M, and M 5}, before discussing the general case.

In terms of Sy, = g,\S%,, equation (4.2) is the symmetry condition,

S = Sy (4.13)

,13,



The fluctuation 6(S,,) = g, +EIM,, is a mixture of 6g and the massive mode §M (3.7).
Now it is obvious that a nonlinear massive mode can be written as,

M, = B(g,0S%, — cguw) . (4.14)

allowing for a normalization B. On proportional backgrounds, MW = 0. This is a natural
vacuum value for a non-gravitational spin-2 field in the sense that it does not break general
covariance in its vacuum. Fluctuations around this background are the massive modes
SM (3.7) with a Fierz-Pauli mass term.® The condition gS = STg implies that S%, and
g are not independent fields, whereas M, and g, can be regarded as independent.

A different nonlinear extension of the massive fluctuation is obtained by using
G (4.10) instead of g,

B

MG = ——
AL + a2c?)

(GurnS% —cGp). (4.15)
The normalization is fixed such that M = §M. Tt is easier to invert the relations and
express (g, f) in terms of (G, M%) rather than in terms of (G, M). For more on this see
appendix C.

In general, the massive fluctuation M has many possible nonlinear extensions. More
nonlinear extensions can be obtained by following a procedure similar to the massless case.
By general covariance alone, any matrix function M of g and f can be written as

M =g¥(S). (4.16)
The fluctuations of this field,
. OV
_ / A - v o
5MHV—(59HA\I}V—|—9M,\WQB §556+ (417)
should be equated to the massive fluctuation (3.7) with arbitrary normalization B,
OM,, = B g, 0S’, . (4.18)
This gives,
-1, -1 8‘11)‘1/ A B
BV =U(cl) =0, B _=46,0,. (4.19)
95%1s

Again the c-dependence of the right-hand sides comes only from S and not from normal-
izations. However, now we cannot assume that B~'W depends on S and not explicitly on ¢
since then ¥(c) = 0 would imply ¥(S) = 0, identically. At a least a minimal c-dependence
is needed to get a nonlinear massive mode with a vanishing background value. The solution
with the simplest and most natural ¢ dependence is the one corresponding to (4.14),

v =B <SA,, - caﬁ) . (4.20)

v

8 A note on notation: for ¢ = 1 and fu, = Nuv, g~ M coincides with the K = y/¢g—1n—1 in terms of which
the dRGT model is written. K*, was engineered to produce the massive mode around flat space for ¢ = 1,
while M represents the massive mode around any background for which a Fierz-Pauli mass can be written.
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More general solutions of equations (4.19), involving higher powers of S, are given by,

V=B by ™"S",  with > b, =0, > nb,=1. (4.21)

n>0 n>0 n>1

For example, one can check that the massive mode M© (4.15) is a solution to the above
equations by reading off the b, from B™'M% = (1 + 2a?) "' g(—c+ S — ca?S? + a?5?).

4.3 Absence of ghost-free matter coupling of the massless mode GG

In the previous subsection we obtained a nonlinear generalization G, (4.10) of the massless
fluctuation of bimetric theory. It is natural to ask if G, could be consistently coupled to
matter in the standard way, and be interpreted as the gravitational metric. As in GR, such
matter couplings must be consistent with the weak equivalence principle. Here we show
that minimal couplings of G, are not ghost-free. The alternative, then, is to regard g,
as the gravitational metric and rely on the weak gravity limit discussed earlier.

Consider standard minimal couplings of G, to matter, for example, to a scalar field ¢,

Limey = —V—C G"9,00,6. (4.22)

To see if such ghost-free couplings exist in the bimetric theory, one can perform a
Hamiltonian (ADM) analysis [36]. We introduce the following notation for the 3 + 1
decomposition of G,

-K’+ K'K;, K;
G = ( K, SG]U , (4.23)

where K; =3 G;;K7. Standard matter couplings of Gy, such as (4.22), when written in
the Hamiltonian form using canonically conjugate variables, are linear in K and K,

Lima) =L+ KC+KC'. (4.24)

If the dynamics of G, were described by the Einstein-Hilbert action, V-GRg ~
1% 9, 3G7;j + KC + K,;C', then K and K; would be Lagrange multipliers in the full
theory. Their equations of motion would result in four constraints that, along with
gauge symmetries, would eliminate the ghost and leave two propagating modes for G, .
However, in bimetric theory, the nonlinear action expressed in terms of G, and M (or
M) is complicated and it is not convenient to carry out the ghost analysis in terms
of the ADM variables of G,,. Instead, since the bimetric analysis is already known in
terms of the ADM variables for g and f [17], the strategy here is to analyze the matter
coupling (4.24) in terms of these variables.
To this end, we introduce the 3 + 1 decompositions of g and f,

~N?+ NN, N; —L*+ 'L, Lj
Guv = N T . 4.25
m ( N; °gi - L; 3 fij (4.25)
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The indices on N; and L; are raised using the inverses of 3gij and 3 fij, respectively. It is
known that in terms of new variables n’ that parameterize N* — L? through (for details
and the form of the matrix D, see [17, 21]),

N =L+ Ln' + ND'nk (4.26)
the bimetric theory (2.1) (with no matter couplings) takes the form [17],
L =mig [770gij + p” 0, fij + NCg + LCs + LiR; | . (4.27)

For convenience we use the scaled fields of appendix B, effectively setting my = my. m;; and
pi; are the momenta conjugate to g;; and f;;. The functions Cgy, Cy and R; §are independent
of N, L and L;, but depend on n* and the remaining variables. The action has the additional
property that the n' equations of motion are independent of N, L and L;, and determine n’
in terms of the remaining variables. Thus, N, L and L; are five Lagrange multipliers whose
equations, in particular, C; = 0 and Cy = 0, provide the constraints that render the theory
ghost-free (along with the associated secondary constraints and gauge conditions) [17, 18].

To emphasize, this argument for the absence of ghosts crucially depends on the
possibility of parameterizing the N? in terms of the n’ through (4.26). Only then N, L and
L; appear linearly in the action (4.27) and enforce the required constraints. Introducing
standard matter couplings for g,, and f,, individually, does not change this story.? If,
instead, one couples a combination of g and f to matter, one has to insure that it does
not reintroduce ghosts by destroying the constraints.

Now, we consider the matter coupling of the nonlinear massless mode G = g + f by
adding (4.24) to (4.27). The relevant terms in the action are,

NCy+ LCf + LiR}; + +KC + K,C'. (4.28)
From the 3 + 1 decompositions of G, g and f,, it is easy to see that,

K;,=N;+L;, SG,‘J‘ = 3gij + 3fij , (4.29)
K?=N?+ L2+ 3GVK;K; + — % N'NI — 3f, L' L7 . (4.30)

Already at first glance K is highly nonlinear in N and L which are no longer Lagrange
multipliers. But this may not yet imply a ghost. Note that after the N’ have been
expressed in terms of the n’ (4.26), we may still carry out a similar reparameterization of
the L' in terms of some [*. If this could somehow render (4.28) linear in N and L, then
the theory may still have the constraints to avoid ghosts (although it may propagate more
than seven modes if the L! constraints are lost). But it turns out that K? given above is
independent of L;, so reparameterizing it does not help.

To see this, simplify the expression for K2 using (4.29) and writing N* = (N*— L%)+ L?,

K?=N?4+ L[>+ (N'— L) (N7 — LY) <3gz'j — %9 GH 3913') : (4.31)

9Coupling guv and fy, individually to matter in the standard way, as in (1.2), results in terms of the
form (4.24), now written for the metrics g and f. Adding these to the bimetric action (4.27) simply modifies
Cy, Cy and R; ¢, but keeps the Lagrange multipliers. Hence the no-ghost argument goes through unmodified.

,16,



Since N* — L' = Ln' + ND";n*, in terms of n’, this is independent of L? and has the form,
K% =¢/N? 4+ 3L +2c3LN . (4.32)

For the given c1, ¢ and c3, this expression is not a prefect square implying that there is no
way to render K linear in N and L. Hence the associated constraints are lost. Therefore,
coupling G, to matter will reintroduce ghosts. Of course, to linear order, K is linear in
ON and 0L and, to this order, ghost-free matter couplings exist, as in (3.8).

4.4 Spin-2 mixing and oscillations

In the absence of ghost-free coupling of the massless mode G, to matter, one is led to
consider the standard individual couplings of g,,, and f,, to matter, which are known to be
ghost-free. In the weak gravity limit, my > my, we regard g, as the gravitational metric.
The fluctuations dg and ¢ f, sourced respectively by 679 and 677, are linear combinations of
the mass eigenstates 6G and §M given in (3.6) and (3.7). So the spin-2 states are produced
in the interaction basis (dg,df) while they propagate as mass eigenstates (0M, dG). As is
well known, this will lead to oscillations between (dg,df) and a graviton dg may oscillate
to the other spin-2 field §f. This is very similar to neutrino oscillations or the Ky — K
oscillations. The detectability of this effect reduces for higher FP mass of the massive
mode. So in cases where the massive spin-2 state can be interpreted as a meson or a heavy
elementary particle, the effect is negligible. But it will have consequences for very light
spin-2 states. Nevertheless it remains an interesting consequence of the inconsistency of
coupling the massless field to matter that in the presence of a neutral massive spin-2 field,
the gravitational force is mediated by a particle that is a superposition of mass eigenstates.

5 Action for the nonlinear massive spin-2 field

In this section we consider the bimetric action (2.1) as a theory of a massive spin-2 field
M,,, in the presence of a gravitational metric g,,,. We also obtain the ghost-free couplings
of M, to fermionic matter fields.

5.1 The action in terms of g and M

To regard the bimetric action (2.1) as a theory of a massive spin-2 field in the presence of
gravity, we express it in terms of the nonlinear massive field M, and the metric glw.10 v
couples to matter in the standard way and is the gravitational metric. M,,, is a massive
spin-2 field and couples non-minimally to gravity. The two spin-2 fields mix and their
mass and interaction eigenstates do not coincide, just as for spin—% fields in the standard
model. These mixings also result in deviations from GR. In section 3, in the linearized

theory, the mixings became small in the weak gravity limit my > cmy. The hope is that

00ther possibilities would be to write the bimetric action in terms of the nonlinear massless field
G v (4.10) and the massive field M or MS. The G— M€ action is given in the appendix. In the G — M case
the expressions for g and f become too involved. Since G, cannot be coupled to matter in a ghost-free
way, here we concentrate on the g — M case.
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in this limit the mixings remain small even nonlinearly and the predictions of this theory
do not greatly differ from GR.

To express the bimetric action (2.1) in terms of the fields g and the massive spin-2
field M, let us start with the potential V (S, 8,), where S = y/g~1f (2.2), and use,

S, = gP"M,, + ", (5.1)

Then, the potential written in terms of elementary symmetric polynomials, becomes [19],

4 4
V (S, Bn) = Zﬂnen = Zﬁn en(1+g ' M/c) = Za%en(g_lM) =V(g'M, )
n=0

- (5.2)
The last step follows from the linear relations between the e,(X) and e, (1 + X).}1 The

parameters «f, are given in terms of j,, as,

ag = B, az = f3+cBa, oS = B + 2¢Bs + Py,
= B1 + 3cB2 + 3c*B5 + *Bu, af = Bo + 4cBi + 6¢Ba + 4 B3 + ¢ By .

An advantage of writing the theory in terms of M, of course, is that the potential no longer
involves a square-root matrix. Also, this form is analogous to the familiar form of mass
terms in field theory, for example, the mass term for massive vector fields, \/—g g"" A, A, .

Now let us turn to the kinetic term for the massive field M which is obtained from
V/—fFR(f) on expressing f in terms of M and g. The criterion is that in the final action
for M, all covariant derivatives must be with respect to the metric g,,,. To achieve this
in a systematic way, it is convenient to use,

ful/ - gup(Sz)pz/7 (53)

where S is related to M in a simple way (5.1). Now, the curvatures of f can be expressed
in terms of curvatures of g using the results in appendix A. In particular, (A.3) gives,

Ru(f) = Ru(g) + 2V[HCa}V°‘ -20,, Ca]ﬁ , (5.4)
where V is the covariant derivative compatible with g, and,
1
= 50" (Vudow + Volou = Valw) - (5.5)

Here, f is given by (5.3) and, for ease of notation we have introduced,
P = (T = (S g (5.6)

Using the curvature relation above, along with /—f = \/—gdet(S) and R(f) = ¢"" R, (f),
it is a straightforward though tedious exercise to show that (modulo total derivatives),

V—FR(f) = /=g det(S) [gb“”RW(g) + 1500V, 5%,V 55 | . (5.7)

HExplicitly, eo(14+X) = eo(X), e1(1+X) = deo(X)4e1(X), e2(1+X) = 6eo(X)+3e1 (X)+e2(X), e3(1+X) =
deo(X) + 3e1 (X) + 2e2(X) + e3(X), and es(1+X) = eo(X) + e1(X) + e2(X) + e3(X) + es(X).
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The “polarization” tensor II is a function of g and M (through S) given by,
57 = (2&“&%/3”—2<z>a“<z>5“¢5”—¢“5¢“5¢W+¢a%““¢5”> (<03 07u02) Svo S (5:8)

The discarded total derivative terms in (5.7) arise since the left-hand side has f0%f terms,
leading to MO?M terms on the right-hand side. These have been converted to MM
terms which amounts to adding the Gibbons-Hawking-York boundary term to the action
for f.

Finally, putting all this together, the action for a massive spin-2 field M interacting
with a gravitational metric g is given by,

Senr = / d*zv/—g [ng(g) +m7 det(S) ¢* Ry (g)
+m? det(S) IRV M.,V s M, — 2m* V(g™ M, ag)} . (5.9)

Here S, is a function of M),,. The coupling of M to matter fields will be discussed below.

The perturbative content of the (g, M) action (2.1) can be discerned easily. The
second order action for the fluctuations, g = g+ dg and M = 0 + §M, will contain (6g)2,
8g0M, and (6M)? terms. It can be diagonalized in terms of the massless mode 6G and
massive mode 0 M, leading to the linearized equations (3.8) and (3.9).

5.2 Some features of the ¢ — M action

FEquivalence of the two formulations: it is straightforward that the g and M equations of
motion obtained from (5.9) imply the bimetric g and f equations of motion and vice versa,

5,
of

Hence the g— M formulation is classically equivalent to the g— f formulation and, in particu-

0Sor| SM _ 53,
SM lasf 5g

5San

| +‘559M oM _
dg "M §M 9 g

= 0. (5.10)

f _ I _
|g_ ‘f_

lar, is also ghost-free. The g— M form has the advantage that it does not involve square-root
matrices. The price one pays on the other hand, is the tedious kinetic structure for M and
its kinetic mixing with gravity. Although deriving the equations of motion from (5.9) is
not convenient, it is much easier to obtain these equations by starting with the g — f equa-
tions (2.6) and (2.7), eliminating R(f), and then converting R, (f) to R,.(g) using (5.4).

In the ¢ — M action, one may perform perturbative calculations even around non-
vanishing M backgrounds. In the g — f formulation, performing higher order perturbative
calculations around non-proportional backgrounds is not straightforward as in that case
expanding /¢~ !f is not simple. Of course, the two formulations are not expected to be
equivalent in quantum theory unless one takes into account the Jacobian factor that arises
from the change of variables.

Parameterizing deviations from general relativity: most of the classical solutions of
the bimetric action Sy¢ do not coincide with classical solutions in general relativity [26-
32], except for the class of proportional backgrounds f = c%g considered here, with c
determined by the parameters of the theory. Generic matter couplings of the g and f
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metrics will drive the solutions away from proportional backgrounds. We are interested in
parameter regions where these deviations are small.

In the ¢ — M formulation, proportional backgrounds correspond to M, w = 0. Hence,
in the field theory language, a vanishing vacuum expectation value for the massive spin-2
field implies that the classical solutions for the metric coincides with general relativity.
Hence, deviations of the bimetric theory from general relativity are parameterized by the
deviations of M, from zero. These are driven by general couplings of g,, and M,, to
matter fields that violate the condition T = o?T9 (2.15).

Energy-momentum tensor of spin-2 fields: consider the gravitational energy momen-
tum tensor 6Sgf/0gu,. In the g— f formulation, f,, contributes to this only through the po-
tential V', but its kinetic term /= fR(f) does not gravitate (of course, it still affects the dy-
namics of g, since their equations of motion are coupled). This is while the Noether energy
momentum tensor computed around flat f,,, will receive contributions from /= fR(f).

In the g — M formulation, the gravitational energy momentum tensor d.Sgnr/dg.u|m
contains contributions from the kinetic term of M, as well from V and these appear
consistent with the contribution to the Noether energy momentum tensor around flat
g. Of course the complete set of equations is the same in both formalisms as these
contributions drop out on imposing the M equation of motion. The same statements
apply to the matter couplings of f, that is S(f,¢). In the g — M formulation, M is mostly
minimally coupled to ¢ (in the sense that the curved space form can be constructed from
the flat space expression) except for the non-minimal ¢*” R, term.

Comparison to earlier work: the g — M action (5.9) is useful in comparing to earlier
attempts of writing a theory of massive spin-2 on a gravitational background. For example,
the approach in [7, 8] was to start with the quadratic FP theory in flat spacetime and
covariantize it with a metric g,,, also adding non-minimal curvature couplings. This
procedure will in general not reproduce the action (5.9) as it will miss the factor det(S) as
well as the complicated polarization structure (5.8), since it only considers terms quadratic
in the massive field.

5.3 Coupling massive spin-2 fields to matter

At present, the only known ghost-free matter couplings in bimetric theory are the standard
couplings of g, and f,, to matter sources, as in (1.2). In the weak gravity limit, we
interpreted the g,, couplings as the gravitational interactions of matter fields just as in
GR. Then the f,,, couplings give rise to very specific interactions of the massive spin-2
field with matter, dictated by the absence of ghost. To write f in terms of M, again it is
convenient to proceed through the related matrix S = g~ 'M — ¢l (5.1) and use,

fur = 8,29455%, = 91a5%S", . (5.11)
For f,, couplings to bosonic matter, the manipulations are straightforward. For example,

for a Proca field, L(f, A) = —% I [f“”f“)‘FMF,,,\ + 2m?4f“VAMAy] , where F},, = 0, A, —
0, A, One obtains the coupling of A, to the massive spin-2 field by expressing f in terms
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of M and g through S. Then, on raising some indices using g"¥ one gets,
1
L(g,M,A) = —1\/§det S [(572)“p(572)”0FWF’)" + QmZ(S’Q)“pAMA’)] . (5.12)

The details of this Lagrangian can be investigated further by, e.g., considering flat space
g =, and/or expanding S*, = cd + agh*d My, .

For fermionic matter a little more work is needed since fermions couple to spin-2 fields
through vielbeins. For the f,, and g,, vielbeins (below we use the conventions of [53]),

f,ul/ = éuanabéby Y g,ul/ = e'u,anabeby 9 (513)
equation (5.11) implies the relation,
&, = A%e’, ", . (5.14)

Here A is an arbitrary Lorentz transformation, ATnA = 7. In a Lorentz invariant theory A
drops out of all expressions, so we set A = 1 without loss of generality. The vielbeins enter
the couplings through the curved space y-matrices and through the spin-connections. In
terms of the Lorentz frame y-matrices 4%, one constructs a pair of curved space y-matrices
A = elyy® and y* = €',7%. They satisfy,

{:Yaa ;Yb} = 277ab ) {ﬁ/#’ ’7”} = 2fl“/ ) {,y,u’ IYV} = QQWI . (515)
The inverse of the relation (5.11), with A = 1, then implies,?
A= (ST (5.16)

Fermions also couple to vielbeins through spin connections in Lorentz covariant derivatives
acting on them,

. 1w
D, =08, - g Du b['ya,%] ) (5.17)

The spin-connection is given in terms of vielbeins and the Christoffel connection through,

w;b =& 0.n"er] + ébanacéc”fw" . (5.18)

Using (5.14), with A = 1, we can rewrite this as,

wﬂab = <€bpSpV8M[<eaa(S_l)aV] + eb)\S)\aeaa(S_l)anuua> . (519)

From appendix A, T is related to the Christoffel connection I' of 9w DY,
. 1
F;wa = F,uva + Cuz/a ’ CMVU - ifap (vufpV + VVfHP - vﬂfl“/) ? (5'20)

where the covariant derivatives are with respect to g,,, and where f,, is regarded as
a function of g and M through (5.11). Using these relations, it is straightforward to

127 general A is absorbed by a Lorentz transformation of the spinors, ¢’ = Ay where, A%7® = AT3% A,
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re-express any coupling of f,, to fermions in terms the massive spin-2 field M, and the
gravitational metric g,,. The resulting expressions are highly nonlinear in the fields.

As an example, consider the couplings to lowest order in the fluctuation dM of the
massive spin-2 field around the M = 0 background. Then, S*, = ¢dF + agh*d My, and to
first order,

Cou” = 29 [2V (M, = V,0Myu] - (5.21)

Similarly, to this order,
i = Lon LN Dy =Dy — Ly, A7V ,6M, 5.22
7—27 _0*29 Y = u_zc[777] lp I ( )

Let us apply these to the coupling of f,, to a spin—% field 2,

L3 = ir/—f Y(F"Dy +imy)¥ + hec., (5.23)

in which ¢ = 730, f)u = Du +iqA, is the Lorentz and gauge covariant derivative with
Abelian gauge field A,. We write this to linear order in M and in the flat space limit
Guv = Nuv- Using, /—f = c* + adM”, + - - -, one has,

1

CMieft
3

£1/2 :C3 <1 + 5M,0p> ‘Cfree

—1

_ 1
P <5M’f/y”8u +igdMREA" A, + Zﬁ“[ﬁp, 7”]8[p5Mym> ¥ +h.c., (5.24)

CIMeft

where Leyee = i 9 (Y40, + iqgy" A, +icmy) Y. After a partial integration and using (5.15),
the derivative couplings become,

ic3

(O"y” + 0"y )y

1
8

1 - 3
1 Oy — S0y (‘M}] +he.. (5.25)

3 _
M, | 2h(*0” + ~¥OH
cmeﬁ5 u[8¢(78 + 770" )1

Finally, considering the hermitian conjugate (with the usual hermiticity condition
(v")t = 404#4Y), this can be written,

ic3

p—— oMy %%5(7“8” + O — P 8;,@4 +h.c.. (5.26)
Couplings of this form were recently considered in a phenomenological context in [54],
to address the top-quark forward-backward asymmetry. Here, in contrast to [54], the
couplings are not a priori expected to be flavor violating since they come only from
the Lorentz covariant derivative and are essentially of a purely gravitational nature. In
particular, the first term of (5.26) is simply the stress-energy tensor while the second
corresponds to a non-derivative trace coupling on-shell.
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6 Generalization to more than one massive field

Recently, in [24] the bimetric action was generalized to a ghost-free theory of N interacting
spin-2 fields. In this theory, the kinetic term is given in terms of A" metrics g, (1) and the

interactions between these are constructed in terms of the corresponding vielbeins e, (1),

N m2
Z/d%«/—g([) R(I)+4/d4xU[e(1),--- (W] (6.1)
I=1

The potential U, constructed in [24], will be presented below in a reformulation. Around
flat backgrounds, the spectrum consists of one massless and N’ — 1 massive states. The
vielbein description is elegant and was very convenient for showing the absence of the
Boulware-Deser ghosts. For further work, see [25].

Here we are interested in interpreting (6.1) as a theory of NV — 1 spin-2 fields in the
presence of gravity. First one has to identify one of the vielbeins, say, e (1), with the
gravitational metric, g,, = eMa(l)nabeby(l). Then, off shell, the 16(N — 1) components of
the remaining vielbeins contain the 10(ANV — 1) degrees of freedom for describing N' — 1
spin-2 fields as symmetric rank-2 tensors with kinetic terms consistent with general
covariance. In addition, there are 6(N — 1) extra non-dynamical fields, as there are no
leftover local Lorentz transformations to remove them. The latter, have to be eliminated
through their equations of motion to isolate the spin-2 content of the theory. A difficulty
that arises for AV > 2 is in disentangling these non-dynamical components from the ones
belonging to the spin-2 fields in kinetic terms [24].

In other words, from the remaining vielbeins, one can construct N/ — 1 rank-2 tensors
0',(I) = ela(1)e?,(I) of mixed symmetry. The potential is a function of the 6%, (I). Tt
is difficult to extract from these the spin-2 fields that have kinetic terms, by solving the
non-dynamical equations. Even more difficult is doing so in a general covariant way.

This issue is addressed in the metric formulation of the multivielbein action (6.1) that
was obtained, and argued to remain ghost-free, in [25]. In this setup, the non-dynamical
fields are isolated from the spin-2 content in a generally covariant way without solving
any equations of motion, making it appropriate for the considerations here. Then we work
with the multi spin-2 action,

N

2
S [ dtey/~g(I) R(I) + ”jl/d4fol-~~f4 Uty (6.2)

I=1
where 17, 1,1,1,, totally symmetric in its indices, contains the free parameters of the theory
and the multivielbein potential of [24] is reformulated to [25],

UI1---I4 = —detg(l) g g1/1~-~1/4
v

2 ) [V | e [V e ] 6

Ha

In this expression the L, (I) satisty g, L',(I)L",(I) = gy and L%\ (1) = 6",. They carry
the 6(N — 1) non-dynamical parameters as they do not enter the kinetic terms. They
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can be eliminated through their own equations of motion, but solving these equations is
not necessary to identify the spin-2 content of the theory. In this form, the similarity to
bimetric form as given in [19] is apparent.
The equations of motion obtained from (6.1) or (6.2) admit proportional background
solutions,
a

g,uu(I) = C% Juv or € ,u(I) =Cr éa,u ) (6'4)

for I =2,---, N, and were we have denoted g,, (1) = g, and €°,(1) = &%,. The c; will
be determined by the parameters of theory. In analogy with the bimetric case, one can

introduce, for I =2,--- | N,
S(I)=+gtg(I), MI)=gSI)—crg. (6.5)

Since,

g8(I)=[gS()]", (6.6)

the M,,,(I) will be symmetric and represent the /' — 1 massive spin-2 fields with vanishing
expectation values in proportional backgrounds. These generalize the massive mode (4.14)
of the bimetric theory in the picture that g, is the gravitational metric. Note however
that for generic coefficients 17, 1,7,1, in (6.2), the actual mass eigenstates will be given by
linear combinations of the M, (I).

In terms of g and M(I) = gS(I) — ¢rg, the potential /=g V(L(I)S(I)) is a finite
polynomial of its argument. The kinetic terms for the M (I) will simply involve N' — 1
copies of the corresponding terms in the bimetric case. The L(I) are determined in terms
of g and the M(I).

7 Discussion

The results have already been summarized in section 1 so here we only make some additional
comments. The nonlinear massless and massive modes were introduced as an extension
of the corresponding linear modes. It remains to be seen if they have a relevance directly
at the nonlinear level. Although it is stated that the weak gravity limit is needed to
approach GR solution in a generic sense, and that the non-vanishing VEV of the massive
mode M parameterizes deviations from GR, these effects have not yet been quantified. For
example, note that the Bianchi constraints (2.10) are independent of m, and my hence
their nontrivial consequences will not be affected by the weak gravity limit.

Another feature of the bimetric theory is that in the g — f formulation with g as the
gravitational metric, the kinetic energy of f as well as its matter couplings affect gravity
only through the potential V (g~ f). In the ¢ — M formulation there are direct couplings
between ¢ and the kinetic term as well as matter interactions of M. However, after the
M equation of motion is imposed, the two sectors interact only through V again. In this
sense the couplings in spin-2 theories are maximally non-minimal.
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A Curvature relations

Here we provide a relation between Ricci tensors on a manifold endowed with two covariant
derivatives (see, for example, [55]). This simplifies manipulation in bimetric theory.

General relations. Given any two derivative operators V and V, there exist a (1,2)
tensor field C such that the actions on vectors w,, are related by,

Vuw, = @Mw,, - C'Wawa . (A1)

If V and V are torsion free and compatible with metrics g and g, the tensor C' is given by,

1 _ _ _
Cuua - §gaﬁ (Vugﬁv + Vogsu — VBQW) . (A.2)
Defining the associated Riemann tensors by [V, Vo] w, = —RW,,B wg, it is straightforward

to derive a relation between the Ricci tensors R, = Rwyo‘ as,

_ — « B a
R/W(g) = Ruy(g) + QV[MCa}V — 201/[;; Ca],B . (A.3)

Example: linearizing general relativity. Consider a metric g as a perturbation
around a background metric g, g, = gu + 9gu - To linear order in dg, the curvature
relation (A.3) gives,

R;w(g) = le(g) + 2@[#51—‘a}ya ) (A4)

where, with an obvious change of notation, 6I" is given by the linear terms in (A.2),
1 _ _ _
0T, = 55°° (Vudgsw + Vidgsu — Vdgu) - (A.5)

This can be used to expand the Einstein equations, R,, — %gm,R + Agu = ﬁTum to
P
linear order in dg. One gets the background and the fluctuation equations,

— 1 _ — _ 1 - cpo 1
R/W - §g;wR + Ag,uu = @Tuu s gﬁy 5.9,00' + A(Sg/ﬂ/ = M7]2D6TNV ) (AG)

where we have defined,
_ 1 _ o _ _
Elr o0 = =3 §000N? + g7V WV, — 60NV, — 65V,
— G V? + G VIV = gu R + 6067 R} 590 - (A7)

Using the background equation, the curvature contributions to £f, can be re-expressed in
terms of le and A.
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B Bimetric action in scaled variables

The action (2.1) can be recast in a more symmetric form. Consider the rescalings,

2 2 n ~ 9
Meg - Mg 7 mpy 2 4 4 m

uv = 5 Guv f;w: 2 f;uu Bn = < ) Bn m-=mg; —5-. (B'l)
my vy Mg ©

In the new variables, the action is invariant under the interchanges § <> f, Bn <> Ba—n,
Sof = men / dz [\/—g R(9) + /= R(f) = 2*/ =3V <\/§1f ,Bn>] . (B2

The analysis of consistency of coupling the nonlinear massless mode to matter in section 4.3
is performed in terms of these variables.

C Details of the nonlinear G — M & action

Below we work with the rescaled variables introduced above. For the sake of completeness,
here we provide the details for writing the bimetric action in terms of the nonlinear
massless and massive modes G and M% (4.10), (4.15). To do this systematically, note
that the expressions for G and M% can be inverted to give,

Guv = Gua(qu)au = b S = Gua((irl)au = ‘Zgu% (C.1)
Here ®©, and ®“, are functions of the matrix S given by,
O, =0+ 51,8, @M, =8+ (STHL(STY)Y, (C.2)

and S is related to the massive mode M% in a simple way,
S=G"1MY+cl. (C.3)
These express g and f in terms of G and M%. We also define the inverse matrices,
PPy =0, PP = 0L (C.4)

Using (A.3) the curvatures of g and f can be related to the curvature of G and quantities
that contain covariant derivatives only with respect to Gy,

Ryu9) = Ru(G) +2V,C, = 2C, e, .7, (C.5)
where,
Cpt = %gaﬁ (Vugsw +Vugsu — Vaguw) - (C.6)
Similarly we have that,
Ryu(f) = Ru(G) + 2V, C, * = 2C, PC %, (C.7)
where,
G = 5% (Vifou + VS~ Vshu) (C8)

We further note that the volume densities can be expressed as,
V—detg=+v—detG Vdet®=1, and /—detf=+—detG Vdetd1L. (C.9)

Using these relations we proceed to obtain the general structure of the nonlinear action.
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Kinetic structure for M&. Using (C.1), (C.4), and (C.9), it is a straightforward but
tedious algebraic exercise to show that (modulo a total derivative),

V=detg ¢ (291,C,," —26,,°C .°) (C.10)
1
= V/—detg; (w%mm + 20305 b — 2080 b - w%mma) Vo™ V™.

A similar result is obtained for the corresponding term in the f,, sector by simply
replacing ® by ® everywhere in the above (and g by f in the determinant prefactor). Next
note that from (C.2) we have,

Vadh, = (5;50,, n 555*3) VoSt (C.11)
and also
Vadt, = — (ST (577557, + (577, (57 (57, Vash, . (C12)
These together with (C.10) and its corresponding expression for f,, give,
V/—detg oM (QV[M w20, kc, “) =/ detg PA VA5, VS0 (C13)

V=detf ¢ (29,0, % = 2C,, "G ) = V= det f PAT VASe, VS0, (C14)

in terms of the polarization tensors P and P. We refrain from writing out the full
expressions for these tensors here and simply note that they can be straightforwardly
deduced from (C.10), (C.11) and (C.12). Since,

ViS’, =GPV, M (C.15)

equations (C.13) and (C.14) provide the kinetic term for massive field MY with only
G-covariant derivatives.

Kinetic structure for G. From (C.5) and (C.7) combined with (C.1) we find the cor-
responding relations for the Ricci scalars,

R(g) = R(G) + S",S*G" R, (G) + . .. (C.16)
R(f) = R(G) + (ST, (STH)*G" R (G) + . .. (C.17)

where the dots represents the kinetic terms for M discussed above. Hence, the kinetic
structure for G is given by the usual Einstein-Hilbert term plus non-minimal coupling of
the Ricci tensor to S in the g, sector and to S~ in the fuv sector. Apart from this we
also take into consideration the volume densities given by (C.9). Thus, the full kinetic
structure for G is given by (omitting the overall factor of v/— det G),

(\/det -1 4+ det cirl) R(G) + Vdet o1 S* 5%G R, (G)

det ©-1(S™ 1) (S™H%; G R (G). (C.18)

This relation together with (C.13) and (C.14) completely determine the kinetic terms.
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Full nonlinear G — M& action.

Using (C.3), the interaction potential is easily ex-

pressed in terms of M€ as in (5.2),

V—detg V(S,8,) = V—detG (14572 V(MY o). (C.19)

Collecting all the results, we can now write the Lagrangian in (B.2) in terms of G and
MC as,

L(G, MC) = (det(l + 5%V 1 det(1 + 5—2)—1/2) R(G)
+ (det(l +52)71 2P 4 det(1 + 5—2)—1/27522'“”) VA5, V.S
+det(1 + S%) 7% §# S*,G R, (G)
+det(1+ S7H)T2(STHH(STHY G R, (G)

—2m?det(1 4+ S*)~V2 V(MY al), (C.20)

n

such that the full action is given by

San = mZg / d*zv/—det G L(G, MC). (C.21)
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