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ABSTRACT: Using the off-shell Noether current and potential we compute the entropy for
the AdS black holes in new massive gravity. For the non-extremal BTZ black holes by im-
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sion term on the asymptotic boundary of the near horizon geometry. We explicitly show
the invariance of the angular momentum along the radial direction for extremal as well as
non-extremal BTZ black holes in our model. Furthermore, we extend this invariance for
the black holes in new massive gravity coupled with a scalar field, which correspond to the
holographic renormalization group flow trajectory of the dual field theory. This provides
another realization for the holographic c-theorem.
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1 Introduction

Local symmetries play a crucial role in understanding the thermodynamical properties of
black holes. It was shown that the Noether charges corresponding to the diffeomorphism
symmetry of any generally covariant theory of gravity are related to the black hole en-
tropy [1, 2]. This approach, when applied to the conventional Einstein-Hilbert action,
reproduce the well known Bekenstein-Hawking entropy (BH) [3, 4]. However, the Wald’s
formalism tells us little about the microscopic degrees of freedom responsible for the black
hole entropy. A major step to understand the black hole entropy from the microscopic
point of view was taken by Strominger and Vafa [5]. They showed that certain extremal
black holes in string theory can be described, through a string duality map, by two dimen-
sional conformal field theory (CFT). Then the entropy of this CFT was obtained by using
the Cardy formula [6] and shown to be consistent with the standard BH entropy. In the
related subsequent development [7], the entropy of the Banados-Teitelboim-Zanelli (BTZ)
black holes [8] was also obtained through two dimensional CFT. This formalism relies on
the remarkable observation that the algebra among the asymptotic symmetry generators
is isomorphic to two copies of the Virasoro algebra with the central charge ¢ [9]

Zom(m? = 1) mno - (1.1)

[me Qn] = (m - n)Qm+n + 12

This appearance of the Virasoro algebra of symmetry generators can be regarded as the
predecessor of the AdS/CFT correspondence [10].

An alternative approach which uses only the near horizon properties of black holes
was given by Carlip [11, 12]. In this ‘stretched horizon’ approach one begins by assuming
the existence of an approximate null Killing vector. The location of the Killing horizon is



determined by the vanishing of the norm of that Killing vector. Under certain boundary
conditions near the Killing horizon, it was shown that the Fourier modes of diffeomorphism
generators realized by vector fields form subalgebra isomorphic to Diff(S'), which is also
known as Witt algebra, as

[€m7 gn]a = _i(m - n)fz@—i-n' (1'2)

The algebra among canonical conserved charges corresponding to the above generators is
identical with a copy of the standard Virasoro algebra. This construction of the algebra
indicates the existence of a certain two dimensional CFT, and allows us to read off the
central charge of the underlying CFT. Then, the black hole entropy is reproduced by sub-
stituting the central charge and zero mode eigenvalue of the conserved charge in the Cardy
formula. Based on this idea, several alternative methods have been proposed [13-24] to
know more about the microscopic origin of the horizon entropy.

The above stretched horizon approach has been revisited by Majhi et al. [25] wherein
the central charge and the horizon entropy is obtained by using the off-shell expressions
for the Noether current and potential. One of the key features of this method is that the
on-shell vanishing part of the Noether current is not essential for performing calculations in
brackets among the Noether charges. In this sense the definition of bracket is more general.
This formalism extends in a straightforward manner to Lanczos-Lovelock models of gravity.
Recently, it has been shown that the same expressions for the Noether charges and horizon
entropy can also be obtained by using either the Gibbons-Hawking surface term or the
gravitational surface term [26, 27]. This analysis was based on the holographic property
of the gravitational action functional [28]. Although Lanczos-Lovelock models generalize
Einstein gravity to a great extent, they still come under the two derivative theories. It
is known that a specific combination of Ricci scalar and Ricci tensor leads to interest-
ing gravity models in three and four dimensions [29-31]. The higher curvature gravity in
2+ 1 dimensions, the so-called new massive gravity (NMG), is originally introduced as the
parity even counter part of topologically massive gravity [32]. NMG allows propagating
massive gravitons and also incorporate various black hole solutions. Moreover, NMG has
been shown to be consistent with the so-called holographic c-theorem [33-35]. It is there-
fore natural to extend the analysis of [25] to obtain the horizon entropy for black holes in
genuinely higher derivative gravity such as NMG.

Another motivation to study 241 dimensional Einstein gravity and NMG is as follows.
For Einstein gravity, it was shown that the conserved quantities like mass and angular mo-
mentum for Kerr black hole geometries in arbitrary dimensions take the same values on
the near horizon and at the asymptotic infinity [36, 37]. A generalization of this result for
the the asymptotically AdS black holes by using the improved surface integrals has been
provided in [38, 39]. The improved surface integrals allow us to compute the conserved
charges both at the horizon and the asymptotic infinity. In addition to this, it has also been
shown that the angular momentum is invariant not only just at two asymptotic boundaries
but also all along the entire radial direction. This procedure is valid for higher dimensional
Kerr black holes in asymptotically flat as well as AdS geometries.

The rotating AdS black holes in 2 4+ 1 dimensions (BTZ black holes) possess an extra
feature. Since the asymptotic as well as the near horizon geometry correspond to AdSs



space, this geometry may be viewed as the holographic renormalization group (RG) flow
between the ultraviolate and the infrared CFT. This provides another realization of holo-
graphic c-theorem beyond domain wall solutions.! However, in the absence of any matter
field this holographic RG flow becomes trivial. The next simplest step would be to study
the rotating black holes in 2+ 1 dimensional Einstein gravity coupled to a scalar field. For
the interpretation in the holographic RG flow, the extremal black hole solutions are the
relevant one [40].> The deformed extremally rotating BTZ black holes in NMG coupled
with a scalar are also discussed in [45]. It was shown that the family of extremally rotat-
ing hairy AdS black holes can be described by reduced-order equations of motions(EOM).
These black holes may be regarded as the scalar-hairy deformation of extremally rotating
BTZ black holes. However, the explicit derivation of the invariance of the angular momen-
tum for these black holes has not been given in the literature. The detailed analysis of the
invariance of the angular momentum for the Einstein as well as NMG by incorporating the
scalar field would provide us fresh insights to understand RG flow in the dual CFT.

The purpose of the present work is to compute the horizon entropy from the point
of view of the near horizon Virasoro algebra and to show explicitly the invariance of the
angular momentum for the rotating BTZ black holes in NMG. We first consider the general
expression for the off-shell Noether current and its potential [46, 47] for the NMG. Then,
by integrating the Noether potential on the stretched horizon we obtain the expression for
the Noether charge. Using the general definition of bracket given in [25], we construct the
algebra among the Noether charges. It turns out that this algebra is isomorphic to a copy of
the Virasoro algebra with a central extension. The zero mode eigenvalue and central charge
are obtained by Fourier transforming the Noether charge and central extension term, re-
spectively. Next, we evaluate these expressions for non extremal rotating BTZ black hole.
Finally, using the Cardy formula we obtain the expression for the horizon entropy. We also
sketch a method to calculate the entropy for extremal rotating BTZ black hole in NMG.
For this case we will proceed in a slightly different way. We take the same expressions
for the Noether current, potential and the bracket among the Noether charges mentioned
earlier. However, we choose the diffeomorphisms different from the non-extremal case,
which preserves the fall-off boundary conditions [48] at the asymptotic infinity of the near
horizon extremal BTZ. We show that algebra among the Noether charges is isomorphic to
the Virasoro algebra with the central extension. The central charge identified from this
algebra is consistent with the one given in [49].

To show the angular momentum invariance for the rotating BTZ black holes along
the radial direction, we adopt a specific quasi-local method for conserved charges, which
is known as the Komar integrals. Here as well, we use the same Noether potential as in
the computation for black hole entropy. We calculate the Noether potential corresponding
to the rotational Killing vector for the BTZ black hole in the Einstein gravity and NMG.
The angular momentum is obtained by integrating this expression over the surface with
codimension two situated at rg < r < ro, where rg is the position of the outer horizon.

!The simplest examples of such holographic construction of RG flows are given by domain wall solutions
interpolating two AdS spaces.
?For some specific choice of the scalar potential the non-extremal black hole solution is given in [8, 41-44].



In the Einstein case, our resulting expression for the angular momentum matches exactly
with the corresponding one given in [38, 39]. By applying the same technique we show
the invariance of the angular momentum for the rotating BTZ black holes in NMG. As
mentioned earlier, the invariance of the angular momentum for the rotating BTZ black
holes is related to the holographic RG flow. However, for the pure Einstein or NMG
theories this RG flow is trivial. In order to gain further insights into the holographic RG
flow, we consider extremally rotating BTZ solution for NMG coupled with a scalar field.
Then, we compute the relevant Komar integrals [50] corresponding to the rotating Killing
vector and show that the angular momentum is indeed invariant along the radial direction.

Apart from its relevance in understanding RG flow in the dual CFT’s, the invariance of
the angular momentum gives us an important relation between the infrared and ultraviolate
entropies. According to the conventional AdS/CFT correspondence, the central charge of
the dual ultraviolet CFT is always greater than that of the infrared CF'T, which is coined
as holographic c-theorem. Since the Cardy formula requires the conformal weights of dual
states together with the central charge, this theorem is insufficient to identify which entropy
of dual CFT corresponds to the BH entropy of those black holes. By establishing the
angular momentum invariance of the hairy extremal black holes, we verify that the entropy
of the dual infrared CFT is always less than or equal to the one of dual ultraviolet CFT
and that the entropy of the infrared CFT gives the BH entropy of those black holes. This
matching between the infrared dual CFT and the BH entropy of black holes is anticipated
through the near horizon CFT approach [11]. However, we would like to emphasize that
this near horizon CFT is not the same one with the infrared dual CFT used in holographic
c-theorem. Nevertheless, by using conserved currents related to the generalized Komar
potential, one can see that the same entropy of black holes can be reproduced in this way.

This paper is organized as follows. In the next section we summarize some basic facts
about conserved currents for the local symmetry, for the sake of completeness, and then
we consider the modified Noether current which was introduced as the off-shell conserved
currents [46] and show that their meaning may be understood as the generalized Komar
potential. In section three we obtain the entropy of black holes through the near horizon
dual CFT by using the off-shell formalism of [25]. We conclude this section by providing
a brief discussion on the entropy for extremally rotating BTZ black holes. In section four,
using the generalized Komar potential, we obtain the quasi-local angular momentum of
extremally rotating hairy AdS black holes on three dimensions and show its invariance
along the radial direction. This verifies that the BH entropy of these black holes can be
obtained by the infrared dual CFT. We summarize our results and discuss some future
directions in the final section. Appendix A contains some useful formulae and definitions
in the stretched horizon approach. A derivation of angular momentum invariance for the
usual Einstein gravity is provided in appendix B.

2 Conserved currents and their potentials

In this section we review and summarize the Noether procedure for symmetry to fix our
conventions. Since we are interested in the conserved charges and the entropy of black holes,



it is useful to collect some well-known results for conserved currents for local symmetry to
clarify our presentation (See for reviews, [51-53]).

Let us consider the generic action, I[¢], which enjoys local symmetry and contains
various fields which are denoted collectively as ¢’. Some of these fields can be regarded as
gauge fields and others as matter ones. Under the generic variation of the field ¢ — @+ d¢p,
the action is varied as

stlpl = [ diey=g (B0 + ¥, (0.50)] (21)

where E;(¢) = 0 denotes EOM for each field ¢' and ©(yp,dp) denotes the total surface
term after integration by parts. The symmetry of the action is defined by the invariance of
the action under the specific variation of fields ¢ — ¢ + dc. The invariance of the action
under the symmetry can be written as

oel[p] = /ddx\/—gVaK“(cp,éeso) =0. (2.2)
The standard Noether current is introduced as
J=0%p,0c0) — K%(p,0c0) . (2.3)

By taking the generic variation as the symmetry in eq. (2.2), one can see that this current
satisfies
VoJ* = —Ei(p)dce’, (2.4)

which tells us the on-shell conservation of the Noether current. For global symmetry this
procedure leads to the well-defined conserved charges by integrating the current on the
hypersurface. However, that is not the case for a local symmetry. The basic reason for the
inadequacy of this procedure in local symmetries is the existence of the so-called Noether
identities. In terms of local symmetry variation parameter e = e(x), this identity can be
written as the form of

— Ei(9)dep" = VoS (E(), bep) , (2.5)

where S% denotes the on-shell vanishing current. Even for the the global symmetries,
which may appear as the rigid limit of corresponding local symmetries, the current S can
be introduced. However, for this case the corresponding Noether identities are somewhat
trivial. The absence of gauge fields in the case of global symmetry tells us that there are
missing equations for gauge fields among the equations of motion, F(y) = 0. Because of
these missing equations, S¢ for the global symmetry does not need to vanish even at the
the on-shell level.

Noether identities together with the Poincaré lemma enable us to express the Noether
current in terms of the on-shell vanishing current S* and a certain arbitrary anti-symmetric
second rank tensor J%, which will be named as the Noether potential®

J =8+ V,J%. (2.6)

3This tensor, in the canonical terminology, is called as the superpotential. However, we have chosen the
potential for this one since the same terminology is also used in the context of (fake) supersymmetry with
the completely different meaning.



This expression shows that the Noether current for local symmetry becomes on-shell van-
ishing up to a certain ambiguity. Thus, it is unclear how to define conserved charges for
local symmetry generically in terms of currents. To define conserved charges under the
inherent ambiguity of the Noether current, one needs to adopt a certain prescription for
choosing the appropriate current or potential.

One way to define conserved charges is to introduce the asymptotically conserved po-
tential through the on-shell vanishing current by linearizing the fields and EOM on a given
background. Then, by removing the ambiguity from the potential, one can define the con-
served charges as their integrals of the on-shell potential corresponding to the ‘asymptotic
Killing vectors’. More mathematically, the arbitrariness of the potential may be resolved in
the language of the characteristic conomology with the appropriate identification of asymp-
totic boundary behaviors [54]. The well-established Arnowitt-Deser-Misner (ADM) [55]
and Abbott-Deser-Tekin (ADT) [56, 57] methods can be understood in this category.

There are also well known approaches [1, 2, 58] to define conserved charges by the
Noether potential without the linearization, which belong to quasi-local category. For
some specific cases, these quasi-local charges are shown to be consistent with the conserved
charges under the linearized method by using the one parameter family of solutions when
a certain integrability condition is satisfied [38]. This indicate that the conserved charges
may be defined even at the non-linear level by the appropriate choice of the Noether po-
tential.

While the conventional Noether current defined in eq. (2.3) is conserved on-shell only,
it is possible to construct the current which would be conserved without using EOM, i.e.
off-shell current. Indeed, by using the eq. (2.6), one can construct the corresponding
off-shell Noether current J¢, as

Jl=J— 8% =V,J®. (2.7)

It turns out that this current satisfies the off-shell conservation law. Just like the case of
the on-shell current, there exists a definite prescription to obtain the off-shell Noether cur-
rent by the appropriate potential J®, directly from the Lagrangian of any diffeomorphism
theory of gravity [46]. Since our derivation of the horizon entropy and angular momentum
invariance uses the off-shell Noether current and its potential, we shall now review this
approach.?

Consider a generally covariant Lagrangian built from metric and curvature tensor

1
I = dd - [ a abc m\Ja ] . 2.
167rG/ /=9 L(gabs Raved) + Lin(gab, ¢) (2.8)
The variation of £ with respect to ¢* is given by

5(Lv/=9) = V=9(Gapg™ + VaV*), (2.9)

41t is also possible to extend the following analysis for the more general theories containing derivatives of

curvature tensor. However, for the sake of simplicity we shall concentrate on the Lagrangians constructed
from the metric and curvature tensor.



where

cde c 1 wbe oL
Gap = Pad Rpege — 2V vdf)abcd - igab»c; pabed = Wabcd )
Ve (3g) = 2[P'Vy8g4c — 094V P . (2.10)

Here, G* is the generalized Einstein tensor which satisfies Bianchi identity. Let us consider
the variation in metric which is induced by the diffeomorphism

" =" =& 0gap = 2V (&) - (2.11)

Under the above transformation any scalar density changes as

0e(L/—g) = V/—gVal(LE) . (2.12)
This implies (using eq. (2.9)) the off-shell conservation law for the ‘modified’ Noether
current
Va [2gabgb +eL—ve)| =vear=o, (2.13)
where
J = 2G%¢, + €L — VO(€). (2.14)

Expressing the boundary term V* as a linear combination of dgq, and 0I'f, [59, 60] and
using the eq. (2.11), we can rewrite the above expression as

J@ = 2V, (Pt 4 pacdbyy ¢, 4 2P%I, £y — A€V, V POV (2.15)

There is an important point which we would like to emphasize. The usual expression
for the Noether current consists of the last two terms of eq. (2.14). A comparison with
eq. (2.7) clearly shows that S® = 2G%¢,. Consequently, this current is conserved only after
using EOM. In contrast, the modified Noether current obtained above obeys the off-shell
conservation law.

Next, we introduce the antisymmetric tensor J% (Noether potential) by the condition

J =V, J% . (2.16)

Then, we can take
JO = 2P £y — ALV PY) (2.17)

It is worth mentioning that for Einstein gravity if the diffeomophisms are Killing vectors
then the Noether potential reduces to the well known Komar potential [50]. As we shall
show later, for the higher curvature gravity like NMG, the above Noether potential can
also be used to calculate the conserved quantities corresponding to the appropriate Killing
vectors. In this sense, we call J%[¢ Killing] s the generalized Komar potential.

The conserved Noether charge corresponding to J* may be defined by

1
Q=16.C /dEab Jo. (2.18)



Our convention for the area element for the subspace of codimension one and two is taken
as dX, and dX,p, respectively. These are defined such that the Stokes’ theorem takes the

following form
/ Ay, J* = / dY, VyJ® = / dX,, J .
M M oM

The variations of the current J* and the measure d¥, under an arbitrary diffeomor-
phism z% — 2% — £'* are given by

SerJ* = €OV — JPVE T, Sp dY, = dX.(Vpe?), (2.19)

which lead to the variation of the charge as

1
6eQ = —— [ dxgp £ 2.20
e Q 87TG/ %9 (2.20)

One can apply the above formalism even to gravity theory coupled with matters. To be
specific, let us consider an interacting scalar field with two derivatives, whose Lagrangian is

Lo 6) = — 500000 — V(3). (221)

Its generic variation and diffeomorphism transformation are given by

5(\/jg£m) = \/jg 5¢6¢+ vava(5¢) )
0e(V=9Lm) = vV=9(&" L), (2.22)

where d¢¢ denotes the variation of the scalar field under diffeomorphism and so it is given
by 0¢¢p = Leop = 7V ¢. The additional contribution from a scalar field can be computed as

— 2T, + €L,y — V(0¢¢) = 0. (2.23)

As a result, the final expression for currents with a scalar field can be taken as the same
form given earlier (2.14) without matter fields.

3 Killing horizon and entropy of black holes

In this section we shall compute the central extension term in the Virasoro algebra among
the generators corresponding to the diffeomorphism symmetry for the NMG with a cos-
mological constant. Then, we implement the stretched horizon approach and calculate the
horizon entropy for the non-extremal rotating BTZ black hole.

Let us consider the action for NMG with the cosmological constant [29, 30]

= 16 G/CF’IL’F[R—F 42 IC}, (3.1)

where

3
K = R, R™ — gR? .



For this Lagrangian the corresponding P%°? is given by

oL ale dlb

1 3
pobed _ N T (Ra[cgd}b ~ Rliegn 2 g d]b> ‘ (3.2)

B aRabcd

It is easy to see that V,P® - 0 in general and therefore we should use the general
expressions for the Noether current and potential given in (2.15) and (2.17), respectively.
It is useful to compare this with the corresponding expressions in the usual Einstein or
Lanczos-Lovelock gravity. In these cases, only second term in eq. (2.15) and first term in
eq. (2.17) survive.

Our task is to compute the central extension term C[¢1, &] for the algebra among the
conserved Noether charges defined in eq. (2.18). The general form of C[{1,&s] is given by

C(&1,62) = [Q(&1), Q(§2)] — Q([61,62] ), (3.3)

where the Lie bracket [£1,&2] is defined by

€1, 6] = E0VE5 — €5Vl (3.4)

The essential part in the computation of the central extension term is to consider the Lie
variation of the covariantly conserved Noether current under the diffeomorphism x — x—&;.
Note that the current J[;] is the consequence of the invariance of the original action under
the diffeomorphism labeled by &; (see eq. (2.14)). The Lie variation of this current, d¢,J*[£1]
induces the corresponding variation in the conserved Noether charge as

el = 1o [ (S0 - (e (35)

This enable us to compute the bracket among the Noether charges [25]

Q6. Q(€)] = 3, Q&) ~ FaQ(er) =2 [ asu(fl - ). (39

where J{ = J%[¢;]. Note that the the definition for the bracket is general in the sense that
it does not require explicit form for the Noether current and works well for any covariant
theory of gravity.

Next, in order to obtain the horizon entropy we shall evaluate the algebra among the
Noether charges, Q([£1,&2]) on the null surface. To this purpose we implement the stretched
horizon approach given in [12]. In this approach one begins with an approximate Killing
vector x® in the neighborhood of the boundary > of generic d + 1 dimensional Rieman-
nian manifold. The local Killing horizon is defined by the condition x> = 0. This can be
alternatively stated as

X =e (3.7)
with € being taken to be zero at the end. The vector orthogonal to the orbits of x* is given by

1
Pa = ——Kvaf : (3.8)



Where « is the surface gravity associated with the Killing vector field x®

2wa, 2
K= Xlgglo [va)ilxzx] . (3.9)
Consider a general diffeomorphism transformation
" =Tx"+ Rp*, (3.10)
with the condition that
5> =0; as  x*—0. (3.11)

This condition leads to the following relation between two arbitrary functions 7" and R:

1y
- X

R DT;  D=y"V,. (3.12)
Now we compute the Noether potential J for the diffeomorphism (3.10) on the stretched
horizon. By exploiting the relation (3.12) we can express this diffeomorphism completely
in terms of 7. Then by using eq. (A.5) we get

D?*T
K

DT
Jab(f) _ {PadeScd [2HT . :| + 4VCPade <XdT+ pd,q)} . (3.13)

Integrating this expression over the null surface with the differential area element d,;,
given by (A.7) and using the identity (A.9), we arrive at the expression for the conserved
Noether charge

1 DT DT

QlE]=— / Vhd? 25 { P®dS S | 26T — +4V PG (g T —pg— ) b .
327G K K

(3.14)

Note that the above expression contains the terms proportional to P*° as well as V,P% .

However, near the Killing horizon, V,P*" term is of the higher order x? compared to P*<?
term. Since the Killing horizon is defined by the limit x? — 0, we can neglect the derivative
term of P-tensor.® This can be explicitly checked by Taylor expanding the P and VP terms
near the Killing horizon. Similar kind of arguments were used earlier (see the eq. (19) of
ref. [24]) to obtain the central charge for higher curvature gravity within the Carlip’s on-
shell approach. On using this fact, the expression for the Noether charge becomes

B 1 d—2 abed D*T
Qlel=-55 /Jﬁd x{P SabSed [%T m}} : (3.15)

We now evaluate the corresponding expression for Q( [£1,&2] ). First, we note that the
Lie bracket for the diffeomorphisms (3.10) can be writen as

a

[51752](1 - Xa[Th TQ] - %D[TI, TQ] 5 [Tl, TQ} = T1DT2 — TQDTl . (3.16)

For some specific cases, where the near horizon geometry is AdS (e.g. BTZ black hole) or the product
of two maximally symmetric spaces like AdS2 x M"™ 2 or Rindler x M" 2, VP vanishes identically.

,10,



Inserting this in eq. (3.15), we obtain the expression for Q( [£1,&2]) as

Q{&1,&}] = / Vhd¥ X {Pabcdsabscd [25 (T\ DTy — TyDTy) — ~ (DT1D2T2

327G
+TyD3Ty — DTy DTy — TyDPTY) H . (3.17)

Next, we perform the similar analysis on the right hand side of eq. (3.6). The explicit
expression of the Noether current (2.15) for the diffeomorphism (3.10) is given by

D3T DT
Jo(g) = gpebed XePXe (%DT_ )+2vbPabcd XePd (M_ )
X

X K K

DT
—4V, [(Txd — de> VCP“”Cd] . (3.18)

Substituting this in eq. (3.6) and using the identity (A.10), we can see

Q6. = 55 [ Via®? {P“bcdsabscd{(zwﬂ Diﬂ)Tz—(lw)H-

(3.19)
As before, we have neglected the terms proportional to VP and VVP. Combining this

result with the eq. (3.17), the central extension term C[£1, 2] finally becomes
Clé1,&] = ~39.C / Vhdi2X {P“bcdsabscd (DT DT — DT,D TI]} . (3.20)

By rewriting the above expression in the Fourier variables

C(&1,%) = men (&m»&n) (3.21)

we obtain
Clém, &) = —=— / Vhdi=? {Pﬂbcdsabscd [DT,,D*T,, — DT, DT, ]} . (3.22)

We now apply this analysis for non-extremal rotating BTZ black hole given by the metric

(r? — 'ri)(rz —7r?) 9 r? r+r,
dt d do —
72 +(r2—r+)(7“2—7" ) r+r(

ds? = L2[— dt) ] (3.23)

For this case, the approximate Killing vector x* is given by

Xa = (17 07 Q) ; Xa = (gtt + Qgt97 Oa Qg@e + gt@) ) (324)

where Q = r_/r, is the angular velocity at the outer horizon. In the near horizon region
given by r = ry + €, it is easy to see that the norm of the Killing vector y, behaves as

X°=—¢ {MLQ} . (3.25)

— 11 —



In order to obtain the central charge, we take the ansatz of T,, appropriate for Diff(S?!)
algebra [21], as

T.= i o explin(at +0 -+ g(r)] (3.26)

Here, variables ¢ and 6 have periodicities 27/« and 27 respectively and g(r) is a certain
function regular at the Killing horizon. Inserting this in eq. (3.22), we arrive at

_ A s (a+ )
Clém,&n] = e [—zm Om4n,0 - , (3.27)
where I
=3 / rdd PSS - (3.28)
Using the anstaz of T},, one can see that the Fourier modes of the Noether charges are
given by
Q) = <o (oo [+ QU &) = —ilm — Q&) (3.29)
m) = i m,O(a+Q> ) msSn]) = UM —"n m) - .

Using these expressions and the eq. (3.27) in the algebra (3.3), we identify the central
charge ¢ and the zero-mode eigenvalue of Q(&,,) as

a+Q 12 K A

P I L e el (3:30)

Through the Cardy formula, the entropy for non-extremal BTZ black holes is given by

o B0y [e(@-g) A a+Q\°
S =27 5 =27 5 =1C 2 — -

By setting @ = k — €2, one can see that the above expression reduces to familar Wald

1/2

(3.31)

formula [1].
Using the P-tensor for the rotating BTZ black holes

pabed _ alc d]b 1 39
and the expression for Sy in the eq. (3.28), we obtain
A= 2Ly |14 —1 (3.33)
It 2m2L2 | ‘

Hence, the corresponding entropy of the horizon (with the choice o« = k — ) becomes

7['L7".|_ 1

The first term in the above represents the entropy for rotating BTZ black hole in Einstein
gravity, while the second term gives its correction due to the higher curvature terms in the
Lagrangian (3.1). Our result for entropy is also consistent with the one given in [61].
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We now briefly describe some important steps to compute the entropy for extremally
rotating BTZ black holes by the off-shell expressions for Noether current and potential.
For the extremal case, the ‘stretched horizon’” approach, given in [12] needs to be modified.
An alternate way to deal with such geometries within the stretched horizon approach was
presented in [67]. We shall not follow this approach here. Instead, we consider the near
horizon limit of extremally rotating BTZ black hole in which case the resultant geometry is
AdSs3. We then compute the central extension term for the diffeomorphisms which preserve
the asymptotic fall-off conditions [9, 68].

To begin with, let us take the near horizon extremal BTZ geometry in the form of

L2 1 ?
dskp = o [ — pPdt* + ?d;? +4rf (de — 25Hdt> } : (3.35)

The relevant diffeomorphisms given in [48, 68|, are

&0 = (0 — inpd)) . (3.36)
which preserve appropriate boundary conditions [9]. It can be easily checked that these
diffeomorphisms satisfy Diff(S') algebra (1.2). We now use the generic expression for the
central term

1
C(61,62) = 5o [4Zar { | (2P" S VeV ut1e485 (2VPFV 461~ AV PPV 61 ) (3.37)

—453516VchPdee) —(1¢ 2)} —% {2PadeVc {1, &} ,—4{&, 6}, VcPade} }

which can be obtained by using the eq. (3.3). It may be recalled that this central extension
was derived using the off-shell expressions for Noether current (2.15) and potential (2.17).
After performing a little algebra, we obtain

L 1
Cl6p&) = —igs [L+ 5] o+ 4rk) By (3.39)
and hence the central charge becomes,
3L 1

The above expression for the central charge is also consistent with the corresponding one
given in [49]. By exploiting the standard Cardy formula we can obtain the entropy for the
infrared dual CFT as

Sip = QW\/CéR(MHL +Ju) + QW\/CéR(MHL — Jg) = 2m, /CI?RJH , (3.40)

where My and Jg represent the mass and angular momentum at the horizon, respectively.

The second equality in the above expression comes from the fact that, at extremality, mass
and angular momentum satisfy MyL = Jg . As we shall see later, the quasi-local angular
momentum Jy matches exactly with the total angular momentum J.,. This property is
the consequence of the invariance of the angular momentum along the radial direction.
In the next section we shall give the explicit proof for this invariance and show that the
entropy (3.40) is indeed identical with the one computed earlier (3.34).
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4 Angular momentum and extremal black holes

In this section we will compute the angular momentum for the BTZ black holes in NMG
by using only the off-shell Noether potential (2.17). As will be shown later, the angular
momentum remains invariant along the radial direction. Next, we show that hairy defor-
mation of the extremal BTZ black holes also carry the same property. The point is that
these extremal black hole solutions interpolate two AdS spaces, viz. the asymptotic AdSs
and the near horizon AdSs3 and therefore can be regarded as a holographic realization of
RG flows of a certain field theory. Our confirmation of the angular momentum invariance
in these black hole solutions also verifies that the entropy of the infrared dual CFT is
identical with the BH entropy.b
The action for NMG minimally coupled to a scalar field ¢ is

1 1 1
I=—— [ d&zy/— —K — ~0,00"¢ — : 4.1
g | FoVE|R - 0000 - V(o) (1.1
The equations of motion for the metric and the scalar field are given by
Eap = Cap — Top = 0, Ey=V3— 0,V =0, (4.2)

where G, denotes the generalized Einstein tensor and 7T,;, does the stress tensor for a scalar
field as
1 1 1 1 1 .
Gab = Rap — §Rgab + W’Caby Tap = §8a¢8b¢ — 59ab [23c¢>5 ¢+ V(@} ;o (43)
9 1

13
Kab = Gab <3RcdRCd — 8R2> + 5 RRa, — 8RacRy + 5 <4D2Rab — D,DyR — gabDQR) .

By applying the formalism given in section 2 to the present case, we obtain the quasi-
local angular momentum corresponding to the rotational Killing vector on the domain B

of codimension two, as

; (4.4)
B

Ts = Qa(én) = {5 [ ARan T €) = g v/ ety T (€

where det g denotes the determinant of the three-dimensional metric g,. Our conven-
tion for the normalization of the rotational Killing vector £ = % is chosen such as

2 2,.2
€R(r%oo) — L7r.
For the Killing vector &* of the metric, one can see that

2
J% = 2R%g, — — RV .V 48,
1 acdb 3 ab 2 pab 1 av7b 1 aby72
+W — 2R Rcd_iRR + 2V-R —§VVR—§g V°R|& . (4.5)

Let us consider rotating BTZ black holes (3.23) as an example to give some taste of our
approach. By computing the Komar potential of BTZ black holes, one obtains

2r r_ 1
rt _ +
JERr) =~ 15 [1+2m2L2], (4.6)

5The relevant discussion for the Einstein gravity is provided in appendix B.
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which leads to the quasi-local angular momentum as

Lryr_ 1
JB, = Joo = Jg = e {1+2m2L2} ) (4.7)

where Jg,, Joo and Jg denote the quasi-local angular momentum at the r» = constant, the
asymptotic infinity and the horizon, respectively. Note that this expression for the angular
momentum at asymptotic infinity, J is consistent with the result for the angular momen-
tum of BTZ black holes in other methods like ADT or boundary stress tensor [61-66]. In
fact, this result shows us that the angular momentum is invariant along the radial direction
as was argued generically to be the case for pure Einstein gravity in [36]. Now it is easy
to see that by inserting Jy in the eq. (3.40) we can reproduce the entropy for extremally
rotating BTZ black holes

wLry 1

It is interesting to note that our result agrees with the corresponding one obtained by using
the central charge of ultraviolate CFT (cyy) and the total angular momentum Jo, [7, 61].

Now we consider the extremally rotating BTZ black holes in NMG coupled with a
scalar field and show explicitly the invariance of the angular momentum along the ra-
dial direction. The most generic axi-symmetric metric of the rotating hairy black holes,
deformed from BTZ ones, can be taken as

ds? = L?| — 220 ae? + 2B qr? 4 12(db + € dr)?| (4.9)
with the asymptotic AdS boundary condition for r — oo as

1
Br) 5 = ¢ = constant ¢(r) — constant . (4.10)
T

A e
To obtain the extremal hairy AdS black hole solutions in the case of NMG, the scalar

potential can be taken in terms of the so-called superpotential W(¢) as

1
212

1
8m?2L2

V(¢)

(O,WV)? [1 W2] T 1y [1 ! WQ] : (4.11)

212 © 16m2L2

which is motivated by the domain wall case [69-72] and can be explained by fake super-
symmetry in the Einstein gravity limit [73]. As was shown in [45], extremal hairy deformed
BTZ black holes satisfy some reduced EOM. By solving partially this reduced EOM, one
can show that the metric functions A and B are determined in terms of a certain function
U and the superpotential W as

rA'(ry —1 = =P (4.12)

o~ Bl _

w-3]. (4.13)

where ’ denotes the differentiation with respect to the radial coordinate r. The remaining
part of the reduced EOM for the function V¥ is given by

A 1 U oBg IR
A[1+2m2L2]_m2L26 (b W@)+[1+8m2L2(W W) | @, (4.14)

,15,



where A is a certain integration constant and ~ denotes the differentiation defined as
U = ¢ B/, In fact, it turns out that the constant A is related to the horizon values of W as

1 -1

1 2
WV (0)| - (4.15)

8m2L2

A = rgW(om) |1+ W2(¢H)] [1 +
Note that these solutions satisfy the extremality condition as e~ 28(r#) = %6*23 (ru) — 0.
This is equivalent to the relation between the mass and the angular momentum: ML =
Joo-

In the following we confine ourselves to the Brown-Henneaux boundary conditions [9].
These boundary conditions however are not the most general ones even for the usual Ein-
stein gravity coupled to a scalar field [8, 41-43]. The asymptotic analysis in this case gives
us the following expression for metric variables, the superpotential and the scalar field

respectively
A L (x 1o
A(r):lnr—ﬁ—i--", B(r)——]n7’+2702(A—2q 1)—!—-.., (4.16)
. & D
W) =2+5 5+ ¢r) = doo + -~ -0,

where ¢ is defined by ¢ = 1 — 1/2m?L?. By a straightforward near horizon analysis, one
can see that

1
W(em)(r —ri)
1 -1

8m2L2W2(¢H) (¢_¢H)2+"'a

A(r) = soW(om)(r —rg) + -+, B(r) = (4.17)

W(6(r)) = W(dm) — 2W(om)[1 -
o(r) = ¢u + go(r —ru) +---,

where 59 and gg are certain non-vanishing constants. One can show that the near hori-
zon geometry becomes the so-called self-dual orbifold of AdS3 space whose metric can be

written as
a5 = L a4 Lag i a2 <d0 P dt)Q] A (4.18)
s = — | — — r _ — s = . .
NH = 7 P P2 P H i W(bm)
In this case, it turns out that the rt component of the potential is given by
1 3 F
t _ —2B—A —2B\/ —2B\/
Jt(ER) = T2¢ F{l + 52 3¢ ) = 4m2L2?(6 )} (4.19)
3 —2B—A 1t (—2B\/
+2m2L4 e F'(e™"7)
1 —4B—A 1 3 4 12 / 1"
—F°——=F—- —FF F
+SmQL46 {7‘2 72 r 8 ’
F=rA(r)-1.

By using the eq. (4.13) and the eq. (4.15), one can obtain a differential equation without the
superpotential W. By combining the resultant equation with the eq. (4.12), one can show
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that the above quasi-local angular momentum is independent of the radial coordinate as

L - 1 L - 1
J = A+ 5| = A1+ ——W? : 4.20
Note that the above expression of angular momentum at the asymptotic infinity for hairy
deformed BTZ black holes is completely consistent with the previous results [64]. It is
interesting to compute the quasi-local angular momentum directly on the near horizon
geometry. The result is given by

I = L2 2 wen) [1 T

- Won)|.

8m2L2
Now, by using the relation between A and W(¢y) given in the eq. (4.15), one can verify that

I, = Jrsoo = Jg . (4.21)

T

Some comments are in order. Firstly, the AdS radii on the asymptotic infinity and
on the horizon are different but give the same expression for the angular momentum. In
the Einstein gravity limit this result is consistent with the general argument given in the
appendix B. Secondly, this result is also consistent with the one from the Brown-Henneaux
method adopted in [40] for a specific example. Our result can be regarded as the generaliza-
tion of this case to more generic extremal hairy black holes. Furthermore, we showed that
the quasi-local angular momentum is invariant along whole RG trajectory not just at the
two conformal points. Finally, one may note that the invariance of angular momentum for
the extremal hairy deformed BTZ black holes is, more or less, connected with the reduced
order EOM, which may have some implication for the entropy of black holes.

Now we study the relationship between the entropy of the deformed extremal BTZ
black holes and holographic c-theorem. The central charge of the ultraviolet and the in-
frared dual CFT can be obtained through the dictionary of the AdS/CFT correspondence as

3L 1 3L 1,
=1 = 1 0o) | s 4.22
wv QG[ +2m2L2] GW(%)[ + gz (¢ >] (4.22)
3L 1 3L 1 )
= — {1 _ = 1 .
R 2G[ + 2m2L2] GW(d)H)[ * gmer2 Y wH)}

Though the central charge, cyy, of ultraviolet dual CFT has been derived in various
ways [74, 75], the central charge, c¢rg of the infrared dual CFT has not done explicitly.
Following the discussion given at the end of the previous section, it is straightforward to
obtain the expression for cyp for the extremal hairy BTZ black holes by using the near
horizon geometry given in the eq. (4.18). This would provide a generalization of scalar-
Einstein theory given in [40] to the NMG case. The holographic realization of the central
charge function, which connects the above two central charges has been suggested in [45].

By using the relations between total conserved charges and conformal weights of the
ultraviolet dual CFT

MOOZEL-i—ER, JOO:L(EL—ER),
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one can see that the entropy of the ultraviolet CF'T computed from the Cardy formula is
given by

Suy = QW\/CGL(MOOL +Js) + 27r\/c§(MOOL — J) = 27y /CUTVJOO : (4.23)

where we have used the property of extremal black holes: ML = J. To apply the same

relations for the infrared dual CFT on the near horizon self-dual orbifold of AdSj3, one
needs the quasi-local expressions for mass and angular momentum. Using our result for
the angular momentum invariance, J,, = Jy and the extremality condition for conserved
charges My L = Jy, it can be easily seen that the entropy of the dual CFT is related to
the BH entropy as

Ag 1 _
Suyv > Sir=Spp=— |1+ —= Ay =2nLlry. 4.24
vv = Sir = Spu 4G[ +2m2L2]’ o =2rLlry (4.24)
This result verifies our claim that the entropy of the infrared CFT is indeed the same as
the usual black hole entropy.

5 Conclusion

In this work we have studied the entropy and the invariance of the angular momentum for
the rotating BTZ black holes in NMG by using the off-shell expressions for the Noether
current and potential. We have also showed the invariance of the angular momentum for
extremally rotating scalar-hairy deformed BTZ black holes which can be interpreted as the
RG flows for the dual field theory in the context of the AdS/CFT correspondence.

Firstly, we have computed the entropy for non-extremal rotating BTZ black hole by
using the so-called stretched horizon approach. In this case, the entropy tensor P ig
not divergence free. Consequently, the generic expressions for off-shell Noether current,
potential and conserved charge contain the terms proportional to P VP and VVP.
Simplification occurs when we evaluate these expressions in the vicinity of the Killing
horizon. Near the Killing horizon, VP and VVP terms are of the higher order in y?
and hence does not contribute to the Virasoro algebra. As a result, the final expression
for the central term takes the same form with the one in Einstein or Lanczos-Lovelock
gravity [25]. By Fourier-transforming this central extension term and using the ansatz
for the scalar function 7', we identified the central charge. Finally, by using this central
charge and zero mode eigenvalue of the conserved Noether charges the black hole entropy
is obtained.

We have also provided a brief derivation of the central charge for the rotating extremal
BTZ case. In this case, we also used the off-shell expressions for the Noether current and
potential as in the non-extremal case. However, we adopted the standard AdS/CFT dictio-
nary to obtain the central charge, for which we have taken the diffeomorphisms preserving
the fall-off boundary conditions at the asymptotic boundary of the near horizon extremal
geometry. Our result for the central charge is in agreement with the one given in [7, 61]
where the asymptotic boundary of whole extremal geometry is used.
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Secondly, we have established the invariance of the angular momentum along the radial
direction for black holes in our models. To this purpose, we have used the same expres-
sions for Noether current or potential and verified our claims explicitly. In the context of
the AdS/CFT correspondence conserved charges of three-dimensional AdS black holes are
related to the conformal weights of states dual to the black holes. Therefore, the angular
momentum invariance along the radial direction in this set-up indicates a certain RG flow
behavior of scaling dimensions of dual operators. This invariance also plays a crucial role in
the computation of the entropy. Our expression of the entropy for the extremally rotating
BTZ black hole (see eq. (3.40)) contains quasi-local angular momentum Jg, which corre-
sponds to conformal weight in the infrared CFT. On the other hand, the Cardy formula
for ultraviolate case [7, 61] uses the asymptotic value for the angular momentum, Jo., as
the conformal weight. The fact that the angular momentum is invariant along the radial
direction allows us to match our result (4.8) with the corresponding one in the ultraviolate
case. While this is somewhat anticipated by the stretched horizon approach to the black
hole entropy, the quasi-local conserved charges need to be adopted to show this match-
ing. Moreover, we have also shown the angular momentum invariance of the deformed
extremally rotating BTZ black holes. In this case we verified that the corresponding en-
tropy computed from the infrared CFT is less than the one from the ultraviolate case and it
matches with the black hole entropy. Since our boundary conditions are rather restricted,
it would be interesting to study hairy deformed rotating AdS black holes with more generic
boundary conditions and investigate the angular momentum invariance in those cases.

The angular momentum invariance discussed here is restricted to some specific black
hole solutions. It would be interesting to extend this analysis to the more generic case. This
would enable us to connect the generalized Komar potential used here and the ADT/ADM
potentials for the generic higher derivative gravity. We would like to investigate these issues
in the near future.
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A Some formulae in stretched horizon approach

In this appendix we shall briefly state some results in Carlip’s stretched horizon ap-
proach [12]. This will be useful in deriving the near horizon expressions for Noether current,
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potential and charge. Detailed derivation of these results can be found in the appendix B
of ref. [25].

The approximate Killing vector x* and the vector p® which is normal to the Killing
orbits satisfy

2
p
— = -1, Al
Z (A.1)
2K
VaXs = 2 Xl (A.2)
K
Vapy = ?(XaXb ~ Papb) - (A.3)
For the diffeomorphisms given by eq. (3.10), we have
V.T = XpT, (A.4)
X
1 DT
Vals = 2 {DT papy + 28T X[apr) = — xapb] : (A.5)
1 D3T
VaVike = 7 [xach <2HDT - K) - DQTXaXch] : (A.6)
These expressions are valid upto order y2.
Next, we give the expression for d — 2 dimensional surface element dX,:
A%y = Vhd 228, (A7)
where h is the determinent of the metric hy, on d — 2 dimensional surface and
2|x
o0 =~ 24 (xatn) - (A%)
Using the eq. (A.8) and the symmetries of P%? one can easily verify the following identities:
2
Padechd _ _p‘;PabcdSCd , (AQ)
beed P*x° becd
XeXepPdppP'°0 = TP “““SbeSed - (A.10)

B Angular momentum invariance in Einstein gravity

In this appendix we show the angular momentum invariance in Einstein gravity minimally
coupled with a scalar field. Note that our class of the hairy deformation of extremal BTZ
black holes can be understood as the limit of the NMG case. In this case one can give
more general argument for the angular momentum invariance.

Through the so-called fake supersymmetry formalism, one may take the scalar
potential in this case as [73]

1

B 1
212

2
T (B.1)

V(9) (0W)*
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and it turns out that the extremally rotating AdS black holes can be described by the
following first order EOM

/
¢ =—ePo,ww,  Al=ePw- % A+ B = g¢’2, (ef) = i(i&) , (B.2)
where / denotes the derivative with respect to the radial coordinate r. Note that the last
equation can be integrate as e¢(") = O 44 /7. Since the sign in this equation is related
to the rotation direction, we will take the upper sign for definiteness. And the integration
constant C is taken as C'y = 1 to match with the BTZ black holes asymptotically.
By manipulating the first order EOM, one can show that the metric functions A and
B are determined in terms of a certain constant A and the superpotential W as

A A
rA'(r) —1= =B e B =L [W - 2] ; (B.3)
r
which correspond to ¥ = A = const. in the NMG case.
In this case of Einstein gravity, it turns out that all the relevant quantities, e.g. the
asymptotic and the near horizon expansion, the relation A = T%{W(ng) and the Komar

potential
1 _
T (ER) = Tz 2P0 [r A () — 1] (B.4)
can be understood as the limit m? — oo in the NMG case.
By using the expression for the metric function A given in (B.3) and by noting that

V—det g = L3A*Br one can see that the quasi-local angular momentum is given by

L

L 1y W2 (o)

L
T =3GR = 3G 2 :

2 —

(B.5)

where B, denotes the hypersurface of the constant radius r.
One may apply our formalism for non-extremal hairy black holes. For rotating hairy
AdS black holes given in [44], one can check that the Komar potential leads to

T (En) = 6 wDB%(r+2B)°

= BT BRI (B.6)

By using \/—g = L3(r + B)*/(r +2B)? for the metric of those black holes, one can see that

3L wB?

o = e = =g

(B.7)
which is consistent with the result in [44] through the Hamiltonian formalism up to the
convention-dependent normalization. While these hairy AdS black holes satisfy more
generic boundary conditions than Brown-Henneaux ones, the Komar integrand gives us
the consistent result with the one given in [44].

In Einstein gravity, the more general argument for this angular momentum invariance
along the radial direction can be given as follows. When a hypersurface ¥ has two
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boundaries By and Bo, one can see that the quasi-local conserved charges for a Killing
vector & at each boundary are related as

ab o ab a
/ T 1) = / D () + [azare. (B.3)

by

This expression shows us that, whenever the current, J vanishes on the hypersurface 3,
the quais-local conserved charge is independent of its domain. Interestingly for Einstein
gravity coupled with scalar fields, our current for a Killing vector £ is simply given by

JU(&) = 2P¥,V £y = 2R* € . (B.9)

The angular momentum invariance follows from the fact that, for the rotational Killing
vector {g, the hypersurface ¥ connecting two boundary B,—,, and B,—., can be chosen
such that it is orthogonal to the current, J%(¢g).
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