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ABSTRACT: We consider a (d 4+ 2)-dimensional class of Lorentzian geometries holograph-
ically dual to a relativistic fluid flow in (d 4+ 1) dimensions. The fluid is defined on a
(d + 1)-dimensional time-like surface which is embedded in the (d + 2)-dimensional bulk
space-time and equipped with a flat intrinsic metric. We find two types of geometries that
are solutions to the vacuum FEinstein equations: the Rindler metric and the Taub plane
symmetric vacuum. These correspond to dual perfect fluids with vanishing and negative
energy densities respectively. While the Rindler geometry is characterized by a causal hori-
zon, the Taub geometry has a timelike naked singularity, indicating pathological behavior.
We construct the Rindler hydrodynamics up to second order in derivatives of the fluid
variables and show the positivity of its entropy current divergence.
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1 Introduction

The holographic principle proposes that (d + 2)-dimensional (quantum) gravitational the-
ories are equivalent to (d + 1)-dimensional field theories living on a boundary of the
higher dimensional spacetime. The most concrete examples of holography are the so-
called gauge/gravity correspondences, where quantum gravity with negative cosmological
constant is dual to certain flat spacetime gauge theories. The gauge theory can be thought
of as living on the timelike boundary at spatial infinity, in which the bulk spacetime is
holographically encoded. A particularly interesting consequence of this duality is that the
hydrodynamics of the gauge theory can be effectively described by the long time, long
wavelength dynamics of a black hole living in the bulk. In this fluid-gravity correspon-
dence, [1, 2] the Navier-Stokes equations of the fluid are equivalent to the subset of the
General Relativity (GR) field equations called the momentum constraints, which constrain
data on the timelike boundary surface.

However, by studying the dynamics of a Rindler acceleration horizon in flat space-
time [3-5], two of the authors argued that the relationship between holography and hy-
drodynamics is not limited to theories with negative cosmological constant. In the Rindler
wedge of flat spacetime, the usual Minkowski vacuum is a thermal state at finite temper-
ature (see for example [6]). Just as in the AdS/CFT examples, one can study the long



wavelength, long time perturbations of this background spacetime, which are expected to
be dual to the hydrodynamics of the thermal state. Indeed, recently [7, 8] it has been
shown that one can construct explicit bulk solutions to the vacuum Einstein equations
dual to a particular non-relativistic fluid by perturbing around the Rindler geometry. The
holographic fluid in this case is defined on an arbitrary timelike surface S, of fixed radial
coordinate r = 7. in the bulk geometry [9]. These are the hyperbolas associated with the
worldlines of accelerated observers. Working in a non-relativistic hydrodynamic expansion,
one can solve the field equations subject to the boundary conditions of a fixed flat induced
metric on S, and a regular event horizon. The momentum constraints on S, again are the
non-relativistic Navier-Stokes equations.

This result implies that there is an underlying duality between a field theory on S, and
the bulk interior Rindler space. The nature of holography in asymptotically flat spacetimes
has remained mysterious and it expected that the dual field theory will be nonlocal [10].
An intriguing aspect of these results is that the dual fluid thermodynamics, constructed
from the quasi-local Brown-York stress tensor, is characterized by zero equilibrium energy
density even though there is non-zero temperature. Similarly, one can also show the en-
tropy density of the fluid, equivalent to the area entropy density of horizon, is independent
of its temperature.

Despite these unusual thermodynamical properties, the hydrodynamics of the Rindler
fluid appears to be well-defined and contains no obvious pathologies. Studying this fluid
in more detail may yield additional clues into the nature of the microscopic duality. In [8]
the authors showed that their results can be obtained as the non-relativistic limit of an
underlying relativistic fluid. In particular, they constructed a general theory for a viscous
relativistic fluid with zero energy density and by matching to the non-relativistic solution
were able to determine some of the viscous transport coefficients. While shear viscosity
to entropy density ratio saturates the Kovtun-Son-Starinets bound of 1/47 [11], the bulk
viscosity is not an independent transport coefficient even though the fluid is non-conformal.
In the second order viscous hydrodynamics, there are six independent transport coefficients,
but by matching to the non-relativistic solution one is only able to determine four of these.
Later, [12] studied how higher derivative corrections to the gravitational field equations
affect the properties of the dual fluid. In the AdS/CFT correspondence, such terms are
associated with quantum corrections or other deformations, which modify the values of the
transport coefficients [13, 14]. Interestingly, in this case only the second (and higher) order
hydrodynamics is affected; the shear viscosity to entropy density ratio and the first order
Navier-Stokes equations are universal.

In this paper, our main goal is to expand upon the results of [8] by completely de-
termining the relativistic fluid dual to the Rindler spacetime. We start by considering a
particular class of (d+ 2)-dimensional Lorentzian geometries. These metrics are stationary
and on the slices S, the intrinsic metric is flat and the extrinsic curvature is such that the
Brown-York quasi-local stress tensor has a perfect fluid form. Thus, these metrics can, in
principle, act as the bulk gravitational dual to a fluid on S.. Solving the vacuum Einstein
equations, we find there are two possible branches of solutions. One is the Rindler solution
described above and the other is the known as Taub plane symmetric vacuum and is asso-



ciated with a fluid of negative energy density. The Taub metric has non-trivial curvature
and, crucially, a naked singularity, which indicates pathological behavior in the dual field
theory. In contrast, the Rindler solution is well-behaved, and using the formalism devel-
oped in [8] we find the bulk solution and fluid stress tensor in a derivative expansion up
to second order, fixing the remaining two transport coefficients. In the fluid-gravity corre-
spondence, the fluid entropy current is mapped into the area current [15] of the evolving
horizon surface. We compute this current to second order and find that its divergence is
positive definite, consistent with Hawking’s area theorem.

The plan of this paper is as follows. In section 2, we review the general construction
of the solutions developed in [7-9] and describe the Rindler and Taub geometries. In
section 3, we present the earlier non-relativistic description of the Rindler fluid and use
this to develop and eventually calculate the fully relativistic metric and its corresponding
stress tensor. Section 4 is devoted to the calculation of the holographic area entropy current
and its divergence. We then conclude with a brief discussion and description of possible
future work.

2 Ricci flat geometries and fluids

In the following we will construct certain (d + 2)-dimensional Lorentzian geometries holo-
graphically dual to a fluid flow in (d + 1) dimensions. The fluid is defined on a (d + 1)-
dimensional timelike surface S, embedded in the (d + 2)-dimensional bulk space-time. We
choose the timelike surface to be defined by fixed bulk radial coordinate, r = r.. Consider
the following metric ansatz for the bulk geometry [9]

ds® = gapda’dz® = —h(r)dt* + 2dtdr + > da'dz; , (2.1)

where 24 = (t,z%,r), i = 1...d and d > 2. On surfaces of r = r., where 7 is a constant,
the induced metric is

ds® = Y datdr” = —h(rc)dt2 + 27 daydat (2.2)

This metric is flat, as can be seen by the coordinate re-scaling t = \/h(r.) and ' = em(re) gt
which leads to the standard Minkowskian form

where z# = (t,z")
The Brown-York stress-energy tensor [16] (in units where 167G = 1) associated with
the r = r. slice is

pr = Q(K’Y;AV - K,uu) ) (24)

where K, = %ﬁN’ﬁw and Ly is the Lie derivative along the normal to the slice N A
Using (2.1) we find that

/
p=—2aVhr', Tj=p=2Vh ((d — D'+ h) .

Ty ij — h i)

(2.5)



where primes represent derivatives with respect to r and the expressions are evaluated at
r = r.. The stress-energy tensor has the form of a perfect fluid with energy density p and
pressure p.

We wish to determine whether there is a solution to the vacuum Einstein equations

Rap =0, (2.6)

of this general form. The Hamiltonian constraint, RagN4*NB, where N4 is the unit
spacelike normal to the r = r. slices, is

GapNANB =R - K, K" + K?, (2.7)

where R is the Ricci scalar associated with the induced metric of the slice. Re-expressing
this equation in terms of the Brown-York stress tensor and using the fact that R = 0 for
r =7 we get

dT,, T =T? . (2.8)
Inserting the general form of a perfect fluid stress tensor and (2.5), one finds that this
condition is satisfied by two types of equations of state [8]

(i) p=0, (i) p= ‘2d)p. (2.9)

2.1 The p =0 case: Rindler geometry

Consider first the equation of state p = 0. Using eq. (2.5), this condition implies that
7/ =0 and as a result, 7 = const.. The remaining field equations imply that h(r) = r, and
we get the metric

ds? = —rdt? + 2dtdr + dw;da’ (2.10)

which describes a region of flat (d + 2)-dimensional Minkowski space-time in “ingoing
Rindler” coordinates. The null surface r = 0 acts as a causal horizon to accelerated
observers, whose world-lines correspond to the surfaces of constant » = r.. Although the
Rindler metric is just a patch of flat space-time, the associated quantum field theory on this
background has many of the same properties as a black hole solution due to the existence
of the causal horizon. In particular, surfaces of » = r. have a local Unruh temperature (in

units where i = ¢ =1)
1

T = )
dm\/rc

Strictly speaking, a Rindler horizon does not have a Bekenstein-Hawking entropy density.

(2.11)

However, one can assign the Rindler horizon this entropy based on the holographic princi-
ple, or, more concretely, take the entropy to be the thermal entanglement entropy of the
quantum fields in Rindler wedge [17, 18]. This statistical entropy scales like an area, but is
a UV divergent quantity. If a Planck scale cutoff is chosen appropriately, the entanglement
entropy agrees with the Bekenstein-Hawking formula, i.e. in units where 167G =1

s =dr . (2.12)



Given the existence of an equilibrium Unruh temperature and a Bekenstein-Hawking en-
tropy density, the metric (2.10) may be considered as providing a dual geometrical de-
scription of a perfect fluid with zero energy density in one lower space dimension. We will
discuss the hydrodynamics of this case in detail in section 3.

2.2 The p < 0 case: Taub geometry

Consider next the second equation of state in (2.9). In order to construct the background,
we plug-in the values of the energy density and pressure in terms of the metric functions
into the equation of state, which gives

1 A
"+ ———=0. 2.1
T + T 1% 0 (2.13)
Consider the equation R,, = 0. It yields
7+ =0, (2.14)
which is solved by,
7(r) = In(Cyr + Cs) . (2.15)
Inserting this into (2.13), we find
Cs
hir)= ———. 2.16
") = Cr s Gy (2:16)
Therefore the dual gravitational solution is
Cs ;
ds? = ————"———dt* + 2dtd *dxidz’ . 2.1
s (Crr & Co)T + r+ (Cir + Co)dadx (2.17)

Redefining the radial coordinate 7 = Cir + Cy and re-scaling the time coordinate, this
metric takes the form

ds? = _FildtQ + 2dtdF + F2dxidat (2.18)

where A is a constant.

In four-dimensions (d = 2) this metric was found by A. H. Taub in 1951 [19]. It can be
considered the vacuum solution exterior to an infinite plane-symmetric object with uniform
mass density. The Kretschmann scalar for this solution reads

1

ABCD
RapcpR 211

(2.19)

which implies that there is a curvature singularity at 7 = 0 and the solution is asymptoti-
cally flat at infinity 7 = co. The curvature singularity at 7 = 0 is timelike and naked, con-
sistent with the fact that the energy density computed from the Brown-York stress tensor

—2dvVA
P= @ (2.20)
is always negative. The global structure of this metric was analyzed in [20]. At infinity
there are two flat null surfaces, while the timelike naked singularity is located in the interior.
While it seems clear that this branch is problematic, let us nevertheless make a few

remarks.



(i)

One can make a spatial boost and re-write the metric in terms of the energy density
p. This yields
252

ds? = —pll?uuul,dx“da:” + 2u, datdF + 72 P, dxtdz” . (2.21)

One could then formally allow the variables p(z*) and u*(z*) and solve the field
equations order by order in a derivative expansion in 9d,p and d,u, as is done in
the fluid-gravity correspondence [1]. However, unlike the Rindler solution, in this
case there is no casual horizon in the background zeroth order solution. Therefore,
interpreting this geometry as being dual to a finite temperature state of a field theory
(and then perturbations of this state as hydrodynamics) is problematic. For instance,
imposing the thermodynamic identity p + P = sT' yields

sT = (‘ff;) . (2.22)

Since p > 0, this equation implies formally a state of negative temperature (or nega-
tive entropy). A related fact is that the squared speed of sound v? = % is negative,
which indicates the dual field theory is characterized by an instability. It would be
interesting to understand the role of this type of exotic solution in asymptotically

flat holography.

Following [8] we can create a scalar field Lagrangian that mimics the equation of
state for the Taub metric. We consider

I= /dd+1ﬂF(X, b), (2.23)

where X = —(1/2)g""0,¢0,¢. The stress-tensor is given by

oF
TNV = —QW + guyF . (224)
This gives
_oF
- 0X
If we identify the four-velocity (of a potential flow)
_ o
Uy = ,
2V X
the stress-tensor has the form of a perfect fluid with pressure F' and

OF

Imposing the equation of state, we find the condition on F(X), which leads to an

Ty 0,90, ¢ + g F . (2.25)

(2.26)

action of the form

I= /ddﬂz\/—gX_%(ﬁ) . (2.28)



3 The Rindler/fluid correspondence

3.1 General setup

In order to study the hydrodynamics of the fluid living on the r = 7. slices in Rindler
geometry, we have to perturb this background. The metric (2.10) corresponds to a fluid in
thermodynamical equilibrium in the rest frame of some observer. The first step is to make
a set of coordinate transformations to obtain a new metric corresponding to the fluid flow
in an arbitrary frame. More geometrically, these transformations keep the induced metric
at r. flat, in addition to preserving a perfect fluid form of the Brown-York stress energy
tensor associated to the slice, the timelike Killing vector and the homogeneity in the z? di-
rection [8]. One transformation is a translation of the radial coordinate, plus a re-scaling of ¢

r—r—ry, t— (1—rh/rc)71/2t, (3.1)

which moves the horizon from r = 0 to an r = r, < r.. The second is a boost in the z* direc-
tions. The resulting metric can be written in the following manifestly boost covariant form

ds* = gapda’dz® = —(1 4 p*(r — ro))uyu,detde” — 2pu,datdr + Pydaidzs” . (3.2)

In this line element we replaced r; with the relativistic pressure p using the formula

po L (3.3)

Te = Th

The coordinates z# = (¢,2%). The fluid (boost) velocity is defined as u* = ~(1,v"), where
v = (7’2 — v2)_1/2 and Py, = Y + Uty

One can now investigate the hydrodynamic system dual to the above metric. To do
that, we need to consider the dynamics of the metric perturbations within a hydrodynamic
limit. In the literature [7, 8|, the first method developed was to work in terms of the
non-relativistic variables v’ and 7, and allow these to be functions of space and time:
v'(t,2") and rp,(t, 2%), while r. remains fixed. The metric is no longer flat and no longer a
solution of the vacuum Einstein equation. One then introduces a particular non-relativistic
hydrodynamical expansion, first proposed in [2, 21]. In terms of a small parameter e,

vt~ evi(ext, €¥t) P~ 2P (ex', %), (3.4)

where the non-relativistic pressure P(t,z') is defined as a small perturbation of the hori-
zon radius
rp=0+2P +O(e') . (3.5)

Expanding the metric (3.2) out to O(e?) in this manner yields the non-relativistic metric
originally found by [7]

. , i
ds? = —rdt® + 2dtdr + dzidz’ — 2 <1 _ T) videtdt — 22 datdr

Tc Te

o 2 9p
n <1 - T> [(v2 +2P)dt? + vv]dx”d:c]] + <v + > dtdr . (3.6)

Te Te Tec Tec



In GR, the momentum constraint equations on the surface S, are equivalent to the diver-
gence of the Brown-York stress tensor

R,ANA = ovTBY (3.7)

wo

and constrain the fluid variables. At second and third order in €, momentum constraint
equations are
REINA =y 712REY 1y 12R2Y) = . (3.8)

At second order, this is equivalent to the incompressibility condition d;v* = 0. At third
order one finds the Navier-Stokes equations with a particular kinematic viscosity

Owv; + vjajvi + 0; P — TCGQUZ' =0. (3.9)

Imposing the incompressiblity condition implies (3.6) is a solution to the Einstein equations
up to O(€®). In [8] the higher order corrections to (3.6) and the corresponding corrections
to the incompressibility and Navier-Stokes equations were determined up to O(e®).

Compere et al. also noted that there should be a fully relativistic description of the fluid
dual to Rindler spacetime. In this case the fluid variables the fluid velocity and pressure,
which are allowed to depend on x#: u*(z*) and p(z*). They constructed the general form
of a viscous fluid stress tensor to second order in derivatives with zero equilibrium energy
density. The resulting stress tensor is

Tfyel = puyty + pPu, — 20k,
+ C1IC;>’C)\,, + CQIC?;LQ‘)\|V) + CgQM)‘Q)\V + C4P2‘PSD,\DJ Inp
+ 5K, DInp + c6D/J; Inp D Inp, (3.10)

where D = u#d,, le = POy, Ky = P/i‘P,fa(/\uU), and €2, = Plf‘P,fﬁ[/\ua]. The coefficient
n at first order is the usual shear viscosity. Note the absence of a bulk viscosity term
in (3.10) at the same order. This is due to the fact that at viscous order we can impose the
ideal order equation 0, u* = 0, which follows from p = 0. On the other hand, there can be
viscous corrections to the energy density p, which can be parameterized very generally as

p = b1 K" + b2 Q" + bsDInp DInp + baD?Inp + bs D,y Inp D Inp . (3.11)

The ¢;, @ = 1...6, and b;, j = 1...5, are the possible new transport coefficients. Note
that beyond equilibrium, the pressure and fluid velocity are no longer uniquely defined.
This ambiguity is usually fixed by a choice of “frame”. Usually one works with the so-
called Landau frame [22], which is constructed so that the viscous fluid velocity is defined
as the velocity of energy transport Tlsg)u" = 0 and p does not receive viscous corrections.
However, as we will see explicitly later on, this choice obviously turns out to be inconsistent
in the Rindler fluid case at second viscous order. Instead one requires

T Plu® =0, (3.12)

and the pressure receives no corrections.



If one makes a non-relativistic expansion of (3.10) in terms of v’ and P and matches
to the Brown-York stress tensor at O(e*) and O(e) computed using the non-relativistic
solution found in [8], the values of the following transport coefficients can be read off

n= 1, bl = —2\/6, b2 = 0, Ccl = —2\/7“7@, C3 = —4\/’/“70, Cy = C4 = —4\/E . (3.13)

However, to fix the remaining second order transport coefficients one has to work to even
higher orders in the non-relativistic € expansion. Instead we will take a more direct ap-
proach working with a relativistic hydrodynamic expansion.

3.2 The relativistic fluid metric and stress tensor

In this section we consider perturbations to the metric (3.2), treating w*(z#) and p(z*)
but leaving 7. fixed. This follows the standard approach used in the fluid-gravity corre-
spondence [1]. Now the metric is

ds* :gg%da:Ade =—O (2" )uy (2" )u, (") dat da” —2p(a )uydat dr+ Py, (o) dat dx” , (3.14)

where we have defined ® = 1+ p?(r—7.) for convenience. This metric is no longer a solution
to the vacuum Einstein equations, but one can work order by order in an expansion in the
derivatives of u* and p with respect to d,,. This is equivalent physically to an expansion in

a small, dimensionless Knudsen number A = K”‘Lf 2, where £, r, is the mean free path of the
underlying system and L the characteristic scale of the perturbations to this system. With
this solution in hand, we can compute the Brown-York stress tensor order by order. This
stress tensor should have the form of (3.10), which will allow us to read off the transport
coefficients in a direct way.

As a first step to illustrate how this works, we compute the Brown-York stress tensor
for the metric (3.14) at = r.. This is a solution at zeroth order i.e. Rag = 0+ O(\). The
space-like unit normal to this surface is

gt

grr :

Therefore, we need to find the inverse metric (this is also needed in the our calculations
later on). Using the formula ¢4%gcp = 04, we find

gr=pTt0 g =pTluty g =P (3.16)
Thus, we find n” = p~! and n* = u*. Using
K, = % ( AV AV + YurOm® + ’m@mA) : (3.17)
eq. (2.4) gives
Tdatde” = pPy,datdz” (3.18)

which as expected is the ideal part of (3.10) with p = 0.



The strategy for solving the field equations is as follows. One introduces a first order
correction to the metric g(,
9=299+05g" . (3.19)
The corrected metric at first order induces a (5R1(41])3 at the same order (necessarily involving
only radial derivatives). We want to solve for the metric 6g") so that

sRY)L +RY) =0, (3.20)

where RSB? comes from the zeroth order metric. This method can be generalized to solve
for the metrics at higher order in . If we have a solution to (n — 1) order g"~1, then one
introduces a correction d¢(™ so that

SRY) + R = (3.21)
The first step is to compute the general form of (5R(n) The Christoffel symbols are
1
T 4po = 59 o (vgégg}) +Vedgh) - 59(")) : (3.22)
where V4 is covariant derivative with respect to the background Rindler metric. Hence,

we need the Christoffel symbols for the Rindler metric. These have the form

1 _ 1
FPuns  Tox = gpuuyuy (3.23)

fruy = 7@u’uulj; fru,,, — 2

2

with the rest being zero.
In our solution, we will choose the gauge so that at all orders

rr = 0; Grp = —PUy - (3'24)

This implies that 5g7(n7) =0 and 597(42) = 0. Expanding out (3.22) gives the following results:

) A (3.25)
STy = %p 1Ag, (5 (3.26)
" = —lp_2‘1>8 (59(”)) - %uuuyu u“&g(n) (3.27)
ST .. =0 (3.28)
T, = 2 P20, (54(5) (3.29)
T, = 5 (w0, (043 — PP usu” S0l (3.30)

Now we use the formula

5R%)9 = —?A(H‘CCB + vostCAB . (3.31)

,10,



The final result is

SR = —0F (P54 (3.32)
SRO) = Tpude(P5g3) + 5p 0oy (3.33)
SR =~ (w0 (092) + 1,0, (u59(3)))) — 50:(59f8)) — 5p 220} (3g(2))

_ %u#uyﬁ (P 5g™) + i‘bu“uya (P54, (3.34)

Notice that these satisfy

SRInA =0 (3.35)
Using (3.21) we can now obtain the general solution for 5ggg. This solution needs to be
consistent with the following boundary conditions: (i) no singularity appearing at » = 0
and (ii) induced metric remains flat on r = r.. The second implies that all the n > 1 order
corrections must vanish at » = r.. Projecting into components normal and transverse to

ut we find
Pressg® =2 [ Lar [0 PXRIRD G (3.36)
n v g)\a'_ p (I) i nrv o ’ .
Te Te= 3
>‘P‘75g>\0 (1/2)(1 = r/r.)V, —2p/ dr’ / dr"P)‘ M , (3.37)

Au"&gy;) =(1—r/rs) A (z) +p/ dr'/ dr"” (pP’\(’Rg\Z)—p_léﬁ,(,’;)— 2}%7(3\)u)‘> . (3.38)

where VM(") (Vu(n)u” = 0) and A™ are free, undetermined functions at this stage.

3.2.1 The first viscous order

With this general solution for any n, we now consider the first order solution, which requires
the R( ) computed from the zeroth order equilibrium Rindler metric. To start, we need
the Chrlstoﬁel symbols to first order in A\. These can be read off from the second order
connection presented in appendix A.

Using these results, we find ultimately for Ricci tensor components

R =0

A (1

R =0

. 1

Rf}y) = 0(upuyy + Dp uyu, + ip(a,\u)‘)uuuy + pug,ay , (3.39)

where the operator D = u*d) and a, = u’0,uy.
The equation RuAnA = 0 is the momentum constraint. However, as we saw ear-
lier (3.35) the 0R, 4 piece satisfies this condition automatically. Therefore we must have

— 11 —



UVRW = 0. Projecting along u* and orthogonal to u* with the projector, one finds the
relativistic ideal hydro equations

dut =0, (3.40)
ap+ PloxInp=0. (3.41)

So, as expected, the momentum constraints are the relativistic Navier-Stokes equations.
Inserting (3.39) into (3.36)—(3.38) yields the solution

utPrsglY) o = (1/2)(1 = r/re) VD (2, (3.42)
P)PZ5g) =0, (3.43)
uHu ”5gw, (1 —r/re) AW (zH) . (3.44)

To determine these functions, we need to impose the “frame” conditions on the 1st order,
viscous part of the Brown-York stress tensor. Using (2.4) we find the first order part of
the stress tensor is

T = ((Tcp)_lA(l) + QP_IDP) Yoo + (rep) (AW w0, — U(MVV()I))
- 23@%,) — 2p71U(ua,,)p, (3.45)

where we have imposed 9, u* = 0. We now require the stress tensor satisfies the Landau-like

condition (3.12). This yields an equation for Vﬂ(l):

Vu(l) = fQTCP;L’&,p + 2rcpay, . (3.46)

The second condition we demand is for p to be the pressure at all viscous orders. Thus the
term proportional to 7,, must vanish. This implies

AWM = 21 pD(Inp) . (3.47)
Feeding these results back into the stress tensor, we find simply
T = 2K . (3.48)

So, as we expected, the shear viscosity n = 1. The complete solution for the metric to first
order is (imposing the ideal hydrodynamics equations)

ds* = — (14 p*(r — re))uyuydetde” — 2pu,datdr + Py, datdz”
+ 2p(r — re)D(Inp)uyuydat de” — 4p(r — rc)u(uPy)‘)ék In pda*dz” . (3.49)

3.2.2 The second viscous order

H(2)

In order to solve to second order in A, we need to find R,5. The first step is to compute
the connections out to second order. Then it’s a matter of grinding though the calculations
of the Ricci tensor, determining the solution, and then computing the Brown-York stress
tensor. This will fix all of the second order ¢; transport coefficients. The connections
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and the Ricci tensor that come from metric (3.49) are complicated, so we present them
in appendix A.

We find that at second order the momentum constraint equations R,, an®t = 0 projected
once on u* and once on PY are:

At — p10,urdnu® — pTPPT AU puy = 0 (3.50)
a, + P,i‘@\ Inp — p_lP”U&,OUu# + p_luHP”U&,u)‘&,uA + 2p_1P”(’0,,u#801np =0. (3.51)

Solving the equations (3.36)—(3.38) for 59;&2,,) we get:

1
utP)og') = STl rc)2< — 2P, uPd,Inp + 2PN dyu,d,np — PP 8,0,u,,

Tec

1
+ uVPpUE)Uuuapu“> +3 (1 — T) V.2 (21 (3.52)
P;;\Pl‘,’dggi) = (r—rc)Pﬁ‘Pyﬁ <— OaInpdsInp + 20005Inp + 20, ug)u”Oplnp — 2u 050, ug)
3 1
+ 2u” Opu(30q)Inp — agan — B au’\agu,\ + §P0p8gu58pua + 3gu(a85)u“>

1
+ P — o) PP (—2aau(aaﬁ)u0 + PP 0,ug0\u0 + aau*aﬁux) (3.53)

1
u“u”égffy) = sz(r — rc)2 <8Ju°‘8au‘7 + P 9,u” O\uy, + 4P‘7)‘8(,lnp8>\lnp>

r

1
+ Zp‘l(r —7re)? <—60u°‘ o u” + P”)‘aau/géb\uﬁ) + (1

>A<2> (z). (3.54)

Te

The corresponding Brown-York stress energy tensor is:
T =Y (p +p! <rc_1A(2) + O O\u” + P”Uﬁpul’@gul,)> + puyuy,
+ (—28(M)u,,) + 2u(,0,)lnp + 2u“uyu)‘8)\lnp>

+ Tc_lp_luuul,A(Q) — rc_lp_lu(upf) VP(Q)

— pilPﬁ‘Pyﬁ (— 404Inpdginp + 20,0pInp + 20, ugyu’dpInp — 2u’ 0504 ug)

— g auAa/gu)\ + %P"/’&,uBapua + &,u(aaﬁ)uU). (3.55)
As before, we impose the frame condition that the pressure be unchanged from its equi-
librium value. This condition eliminates the derivative parts of first term proportional
to v, in (3.55) and fixes A®) to a non-zero value. Note however that the stress tensor
now has a term proportional to w,u, (in the third line above). Hence at this point we
see the traditional Landau frame T;(L,%)u“ = 0 will be inconsistent. To fix Vu(2) we instead
require (3.12).
With these values fixed, the stress tensor can be put in a more conventional form:
Ty =Py — 2K — 20 uu, KoapK®? — 2p71K,,K8 — 4p~ KL Dol — 407 Y,
— 4p ' P2 P} 0,0Inp — 4p~ 'K Dlnp + 4p~' Dy Inp Dy Inp (3.56)
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Due to the w,u, term, one can see that the energy density is no longer zero. It gets

following correction in the second order:
2
p = Tut'v” = —p toyutO\u’ — pfle"(?pu”&,uy = —EICWIC’“’. (3.57)

We can also read of from the stress tensor the transport coefficients. In the notation of [§],
we get:

ci=-2pY, cw=cy=ci=c5=—-4Ap ', cg=4p L. (3.58)

which is in agreement with [8], who found the first four transport coefficients and the
energy density.
(2)

Finally for the metric solution dg,, we get:
59(2) =u,uy, ( 2(r —re)? < w4 2P lnpa)\lnp>
1 4 af af
+ 5P p(r —re)? (QQBQ ) +2(r =) (KaﬁK )>
+ 2w, < p(r —7re)? 49‘78 ,Inp + P2 950, up)

—(r— rc)( — P)‘Uc%\ﬁgup + 2/CZ(901np — QQP"&,lnp))

+(r—r0) (2/%/00 +4KP Q) + 42,0, + AP2 PP 9,d5np + 4K, Dlnp

(n
1 1
—4D,;/InpD,, lnp)

+ P2 (r — 1) (20,7 . (3.59)

For reference, the inverse metric of (3.59) is presented in appendix B.

4 The entropy current

In [15] it was shown that in the fluid-gravity correspondence the entropy current of the dual
fluid on the boundary can be mapped into the area current of the black hole event horizon.
Thus the second law of thermodynamics is equivalent on a geometrical level to Hawking’s
area theorem. Here we will follow this general prescription to calculate the entropy current
for the Rindler fluid to second order in the gradient expansion. Given the exotic properties
of the Rindler fluid, it is clearly of interest to determine whether it behaves consistently
with the second law.

First, since metric solution is no longer stationary, the event horizon is dynamical and
its location varies in time and space. In order to find rj(x*) we will need to solve the

following equation in the derivative expansion

gABﬁA(r —rp(@*)op(r —rp(z)) = 0. (4.1)
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Using our previous results for the metric, it is straightforward to show at second order
1 2 3 1
=7 — — 4+ = uldInp — —— KoK — Q0,50
T'n =Tc p2 + p3u matyy 2p4 af 2])4 aB
8 1 4
- EDlnlenp + EDL“lnijlnp + ED(Dlnp) . (4.2)

We can define a co-dimension 2 hyper-surface by two null normals to the hyper-surface.
The ingoing null geodesics n* and the outgoing null geodesics ¢4 are:

H=A" 1"=B, n"=-1, nt=0. (4.3)
The unknown functions A* and B can be found from the following relations:
(24 =0, nna=0, lumt=-1. (4.4)

From these conditions we see that there is another freedom in determining ¢# in any order
except from the zeroth order. Therefore, we impose the requirement that the vector ¢4 will
be the normal vector to foliations of hyper-surfaces that do not intersect with each other.
This requirement is called the Frobenius condition and is expressed by the equation:

vAdv, va=gapl? . (4.5)

This gives us, on the event horizon (putting r = r,(2*)) , the same null normal vector
that we get by calculating the normal to the event horizon directly from the equation that
defines the normal to the event horizon: ¢4 = gABag(r — ry,).

To second order, the vector £4 on the horizon is:

2 6 2 2
=00, r,= Pu“aulnp — Eu“aulnpupﬁplnp — EP“pﬁulnpﬁplnp + Eu“u”ﬁuﬁplnp (4.6)

1 1 2 2 2
/- Q—psP“pPA”E)A&,up — EQ“)‘(‘))\lnp + p—PW&,lnpupﬁplnp — ﬁpwupayaplnp .

P 3
(4.7)

In order to compute the entropy current we will employ horizon expansion 6, along the
horizon generator ¢4

1
0y = (gAB + 0408 4+ EBnA) Valp = 58,1 (\/§p£(0)“ T \/gpg(l)u + \/gpg@)u) . (4.8)

We can identify the entropy current as the term in the brackets up to an overall factor of
1/4G (which in our units of 167G =1 is 4m) [23].

In order to compute the entropy current we therefore need two ingredients: The square
root of the metric determinant, and the null generator ¢#. We explained how to get the
latter. The former can be derived by computing the expansion of the null normal 6:4, where
fr =" and ¢ = (¢ then we will get only the first term in the brackets of (4.8) and we
can identify immediately the square root of the determinant of the metric.

,15,



Combining all the ingredients we get the following result for entropy current:

H 1
g2 (1 </caﬁlca5 — ggaﬂmﬂ + 2P*?9,05np + 2K DInp — 2P0‘58alnp8,glnp>> .

4G\ p?
(4.9)
Taking the divergence and imposing the Navier-Stokes equations gives
w1 1 I i 0.v0 ’
0SSt = 3Gp ICaﬁ—l—}; (=3Kapu!0,lnp 4-20,Inpdglnp — 20,05lnp — 2KLKC,3 —2Q,"Qyp) |
(4.10)

which is clearly non-negative, just as expected from the area increase theorem applied to
the Rindler horizon.

5 Discussion

In this paper we considered the fluid/gravity correspondence in a wider class of relativistic
Lorentzian geometries. The fluid is defined on a codimension one timelike hypersurface,
embedded in the bulk space-time and equipped with a flat intrinsic metric. We considered
two types of geometries that are solutions to the vacuum Einstein equations: the Rindler
metric and the Taub plane symmetric vacuum. They are found correspond to dual perfect
fluids with vanishing and negative energy densities, respectively. The Rindler geometry is
characterized by a causal horizon and one can systematically construct its hydrodynamic
derivative expansion. The Taub geometry, however, has a timelike naked singularity, indi-
cating pathological behavior.

The dual fluid in the Rindler case has a vanishing energy density as its equation of
state. While such an equation of state is rather unusual, the hydrodynamic expansion
up to second order exhibits no pathologies and the gradient of the entropy current is still
positive. We determined the transport coefficients and verified their consistency with those
obtained in the non-relativistic Rindler hydrodynamics.

There are various directions to proceed from here. One may wish to consider the
higher curvature corrections the fluid/Rindler relation. In the AdS/CFT examples this
provides information on the holographic relation to field theory deformations as well as at
subleading orders in the field theory strong coupling expansion. Also here, such an analysis
is likely to add valuable information on the correspondence. In particular, now the entropy
current is no longer the area current [24] and one needs to define it appropriately and
verify the positivity of its gradient. One may also wish to consider the field theory dual
to Rindler geometry and study its properties. There is at least one candidate non-local
dual field theory [8], which gives the correct equation of state at the ideal fluid order. One
can try to study its thermal properties and its hydrodynamic limit. This can shed light on
holography in asymptotically flat spaces, where the dual field theory is expected to be a
non-local one.

Note added. Sections 3 and 4 contain some overlap with [25] which is posted simulta-
neously with this paper on the ArXiv.
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A The connections and Ricci tensor

The connections up to 2nd order from the first order metric (3.49) are:

1
'y = 5 (38M1np + puy, + uuu/\c?)\lnp + u”f)guu>

+ (r—r¢) <8Mu)‘8>\lnp + uMP)‘paplnpaAlnp — P)‘papuu(%\lnp> (A1)
1 1
" = ) <—8(#uy) + w0 Inp + 5P Uty + uuuyuAﬁ,\lnp>

1 1
+p(r—re) <3u(u(91,)lnp + ipuuul, + 5u)\(%\(uuuy) + uuuyuAa)\lnp)

+ p*(r —1.)? (2u(u(9,,)up8plnp — P)‘pa,\(uuuy)aplnp)
+ (r—r¢) (28ulnp(9,,lnp + 20,0, Inp + 2u(,0,)u’dplnp + 20(,u, u’dyInp

— uuuyu/\(‘))\lnpupé)plnp + uAax(uuuy)upaplnp + uuu,,u)‘(?)\upaplnp

+ u“ul,upu’\ﬁpaklnp + 2u/\8>\um0,,)lnp + 2u(uu/\8>\8,,)lnp) (A.2)
'Y= %p (—@Lu" — uﬂP”)‘a)\lnp + P””Bgu#) (A.3)
', = % (pu”uuug — 2u” 0 ug) + 20" u(50p)lnp + 2u”uuugu>‘6ﬂnp)

+ %p2(r —Te) (—2u<03mu” + Pl’)‘a/\(uguu))

+ p(r —re) P70 lnp <2a(uu0) - 2U(M80)lnp - 2uﬂugu/\a)‘lnp)
+ p(r . TC)PV)\ <QU(U(9M)U,\Upaplnp — 28(NUAP§)8PIHP — 28(# (puU)Pfaplnp)

— O\ (uouyu’0,lnp — ZU(HPtf)@plnp)> (A.4)
The Ricci tensor calculated from the 1st order metric (3.49) up to 2nd order is:

~ 1
RY) = Sp? (<00, + P70,u"0,u,)

A 1
R%) =3P (Qu#u’)@plnp —2P"?0,u,,0,Inp + uuP”’\ﬁplnp&,lnp — 0,0,u” — uua,,u”u/\@\lnp

- uuP”’\&,éb\lnp + O u”u’ Oguy, + P”U&,&,u”)

1
+ ip?’(r — 7e) (—updpu” B,u” + u, PP, u’ Oyuy) (A.5)

. 1 3
R/(LQV) =— 58“1np@l,lnp + 20,0, Inp + 2u(,0,yu’d,lnp + 9, u,)u’d,lnp +§u)‘8(uuu,,)up3plnp

+ 2uuul,u)‘8>\up8plnp + 2uuuyu"’u)‘8>\891np
+ 2U(uu>‘6>\81,)lnp — Opu” Oy — u’ 0y 0, u,)
+ Opu” 1,0,y Inp + u(,u’ 050, Inp + u’ Oy, 0, Inp + uuuyﬁgu”u)‘a,\lnp — 0,0,Inp

1 1 1
— umal,)lnpu/\ﬁ)\lnp — iuuu,,upc?plnpu)‘(‘))\lnp — §up8puuu)‘({))\u,, — gﬁuu”a,,ug
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1 1 1
+ iPap(%u,,@pu# — iPapap(u#ul,)&,lnp + §uuul,P“’\8(,1np8)\lnp
1
+ p2(r — 1) <—8,,u(y(9“)u” — U@, 0, Opu” + Eagu"u’\(?,\(u“u,,) + u(,0,)u’ Oy Inp
1 1
- §P‘7p8p(uuu,,)8glnp + uuuuu)‘aAugaglnp + §8uu)‘8yuA — P”p8puyf)guu>
1

+ §p4(7" —re)? (—uﬂuy@\u”(%u)‘ + uﬂuyP"”@Uu)‘apuA) i (A.6)

B Inverse metric

The inverse metric of (3.59) to the 2nd order is:

g7 =5 (L4550 = 70)) = 2 = rjuOplnp
1 2 Ly

— 5(7“ —Te) (}COCBICQE — 6Pp’\(9,\lnp6plnp> — 5P (r— Tc)3Qa59aﬁ

o e (B.1)
gt = Il)u“ —2(r — TC)P“)‘(?Alnp -+ %p(r —re)? <4Q“"8Ulnp + P“pP)‘Ua)\ﬁgu,,)

- ;(r ) (—P“PPAUaAagup + 2K 9, lnp — ZQ‘wﬁglnp) (B.2)
g = pr (2/65/6”0 + 4l M) 4 4QH QP 4 APP PP 0, 05lnp + 4K Dinp

—4Dl“1npDJ"’lnp> (r—re) — p(r — TC)QQ“prl’ (B.3)
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