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1 Introduction

The low energy theory of N coincident M5-branes is given by an interacting (2,0) super-
conformal theory in 6 dimensions [1-4]. For a single M5-brane, the low energy theory is
known [5-13]. So far very little is known about this theory for N > 1. There are a num-
ber of difficulties associated with this theory. First, the structure of (2,0) supersymmetry
constraints the 2-form potential to have self-dual field strength. This makes it difficult
to write down a Lorentz invariant action. This problem was solved in [7-12] where an
action principle was constructed with the self-duality equation obtained as the equation
of motion. For the non-abelian case, there is an additional problem that an appropriate
generalization of the tensor gauge symmetry was not known. In particular, there are no-go
theorems [14-21] which state that there is no nontrivial deformation of the Abelian 2-form
gauge theory if locality of the action and the transformation laws are assumed. The no-go
theorems suggest an important direction to go is to give up locality.

Since M2-branes can end on Mb-branes, one may wonder what one may learn by
considering the intersecting M2-M5 branes system. In the paper [22], a system of open
N M2-branes described by the open ABJM theory [23] is considered. The gauge non-
invariance of the boundary Chern-Simons action was shown to imply the existence of a



Kac-Moody current algebra on the worldsheet of multiple self-dual strings. It was con-
jectured [24] that the Kac-Moody symmetry induces a U(N) x U(N) gauge symmetry in
the theory of N coincident M5-branes. The precise nature of this gauge symmetry in the
theory of M5-branes is however not known due to our little understanding of the self-dual
strings. Motivated by this, in [24] a set of U(N) x U(N) gauge bosons was introduced
and a version of non-abelian generalization of the tensor gauge symmetry of 2-form gauge
potentials was constructed. This formulation has the advantage of having manifest Lorentz
symmetry fully.

Generally, the non-abelian tensor gauge symmetry is linearly represented if the U(N) x
U(N) gauge bosons are treated as independent fields. On the other hand, the (2,0) super-
symmetry of Mb5-branes implies that no extra degrees of freedom is allowed and so these
fields must be taken as auxiliary. This turns out to be very difficult for one of the auxiliary
fields. So in this paper we will consider a gauge fixed approach by given up manifest 6d
Lorentz symmetry.

As a first step towards understanding the theory of multiple M5-branes, we will focus
on the chiral tensor gauge fields in this paper. Our action consists of a non-abelian gen-
eralization of the action of Perry and Schwarz [7] plus an additional term which sets the
Yang-Mills gauge fields to become auxiliary. We emphasis that the action of Perry-Schwarz
(PS) is of the same type as the action originally introduced by Henneaux and Teitelboim
(HT) [25], see also [26] for a recent discussion. The difference is that a time direction was
separated from the rest in HT action as they were interested in a Hamiltonian description,
while in the PS action a space direction was separated from the (541) dimensional space-
time, making it particularly suitable for discussing dimensional reduction of the system.!
Since we will be interested in dimensional reduction of our action, so we will follow [7] in
this paper. As in Perry-Schwarz’s construction, a direction x5 is singled out and specially
treated, so our theory is only manifestly 5d Lorentz invariant. Nevertheless, we manage
to establish the existence of an additional non-manifest 6d Lorentz symmetry, generalizing
the result of the abelian case [7, 25]. Moreover, on dimensional reduction on a circle, our
action gives rise directly to the standard 5d Yang-Mills theory plus higher order correc-
tions. Based on these properties, we propose that our action describes the gauge sector of
a system of coincident Mb5-branes in flat space. The tensor gauge symmetry in our action
turns out to be abelian, but highly nonlinear and nonlocal. In fact whether the tensor
gauge symmetry is abelian or non-abelian is not constrained by any physical requirement
we know of. The abelian nature of the tensor gauge symmetry is thus a prediction of our
construction. The construction of a non-abelian tensor gauge symmetry is still an inter-
esting mathematical question, but from our construction it seems not necessary for the
non-covariant description of multiple M5-branes.

The plan of the paper is as follows. In section 2, we review the construction of Perry
and Schwarz [7]. In section 3, we present our construction of the action for non-abelian
2-form fields and establish the properties of self-duality, 6d Lorentz symmetry and dimen-

!The covariant Pasti-Sorokin-Tonin (PST) formulation [9-12] unifies both since one can gauge fix the
auxiliary scalar to arrive at these different formulations.



sional reduction to 5d Yang-Mills action. Section 4 contains some further discussions. In
particular we comment on the inclusion of fermions and scalar fields and supersymmetry in
the discussion section. For completeness, three appendices are included which treat some
analysis in the main text in more details.

Recent related works on the subject includes: [27, 28] which proposed a fundamental
definition of multiple M5-branes in terms of 5d supersymmetric Yang-Mills theory; [29]
which constructed a non-abelian version of (2,0) supersymmetric equation of motion using
Lie 3-algebra; [30] which constructed a compactified theory of non-abelian 2-form gauge
potentials with a self-dual field strength; [31] which proposed a more general framework
than [24] in utilizing a 3-form gauge potentials in addition to the 1-form gauge poten-
tials; [32-39] which studied the form of quantum geometry of M5-branes in a C-field
background; [40] on amplitudes of multiple M5-branes theory; [41, 42] on the N entropy
counting of Mb-branes; as well as other issues concerning multiple M5-branes [43-49]. For
a review on older results on Mb5-branes and superconformal theory in 6-dimensions, we
suggest [50, 51].

2 Abelian action of Perry-Schwarz

Let us start by reviewing the construction [7, 25] of an action for a self-dual tensor in
6-dimensions. A key feature of their construction is that a certain direction, 2% in [25] or
25 in [7], has to be singled out and so the formulation has only manifestly 5d rotational
invariance or 5d Lorentz invariance. Nevertheless these theories do possess the full Lorentz
symmetry. The existence of this modified Lorentz symmetry is a remarkable feature of
these constructions.

We will be interested in the Lagrangian formulation of the chiral tensor gauge fields on
multiple M5-branes and its dimensional reduction. Therefore let us follow the construction
of Perry-Schwarz [7] in the following. Let us denote the 5d and 6d coordinates by z# =
(20, 2%, -+ 2*) and M = (2#,2%). We adopt the convention nMY = (— + + + ++) for

the metric and

601234 _

012345
= —eo1234 = 1, € =

= —€p12345 = 1 (2.1)

for the antisymmetric tensors. The Hodge dual of a 3-form Gp;np is defined by

~ 1
Gunp = ~ G MNPQRS GORS, (2.2)

Note the minus sign in our definition of the Hodge dual follows from our convention of the

antisymmetric tensor (2.1) which says that the 6d orientation is specified by dz%dxz! - - - da®.

The abelian field strength is given by
Hynp =0uBnp + OnBpy + 0pBun == O By (2.3)
and the self-duality equation reads

Hynp = Hunp- (2.4)



In the Perry-Schwarz formulation, the self-dual tensor gauge field is represented by a
5 x 5 antisymmetric tensor field B,,,. The action reads

1 - -
So(B) = 5 / Sz (—H’“’HW +H“”65BW> (2.5)
where 1 1
HMW = ée“VP’\"Hp,\U, HHP = —ie“l’p’\”ﬁ,\g. (2.6)
The action has the second order equation of motion
e/ﬂzp)\aap(f{AU - 85B>\0') =0 (27)
which has the general solution
H), — 05B\g = ®)o (2.8)

for some function @), such that 9;,®,,) = 0. It is easy to check that the action (2.5) is
invariant? under the gauge symmetry

0B =X (2.9)
for arbitrary 3, such that )3, = 0, or equivalently
0By = Oupy — Ouypy, for arbitrary ¢,,. (2.10)

This is the tensor gauge symmetry of the model. An appropriate gauge fixing of this
symmetry allows one to reduce the general solution (2.8) to the special form

H,y = 05B,,. (2.11)
This is the self-duality equation in this theory.
The action is manifestly 5d Lorentz invariant. Nevertheless the action is indeed in-
variant under an additional Lorentz transformation mixing the p directions with the 5
direction. The proposed modified Lorentz transformation is

0By = (A-x)Hyy —25(A - 0)B,,, (2.12)

where A, = As, denote the corresponding infinitesimal transformation parameters. One
can check that

Ay OAg v = 5d)B v+ 0 Pv — aV(:D (213)
(01602 B = Sl By + Oy ’
gives, apart from terms that vanish on-shell (2.11), the expected 5d Lorentz transformation
08D By = Ay By — A By + A0, By, (2.14)
plus the gauge transformation (2.10). The parameters are
A = Aiphoy — Aiyhay, @ = 2%Aan\B. (2.15)

Therefore the modified Lorentz transformation (2.12) does give rise to the desired 6d
Lorentz group.
A couple of remarks follow concerning the Perry-Schwarz construction.

2This is under the usual assumption that fields, in this case H,,, vanishes at infinity |z"| = oco.



1. We note that in the proof [7] of the invariance of the action (2.5) under the Lorentz
transformation (2.12), various total derivatives terms in the variation of the action
were dropped under the natural assumption that

OBy — 0 as [zM] — 0o . (2.16)

Under the same assumption, the self-duality equation of motion (2.11) holds since

H,,x — 0 at infinity.

2. The Perry-Schwarz theory is based on the set of fields B,, which nevertheless is
6d Lorentz invariant. That it is possible to support the Lorentz symmetry with-
out introducing the components B,5 is entirely due to the existence of the gauge
symmetry (2.10) in the theory. In the manifestly Lorentz covariant formulation of
PST [9-12], the field B, is extended to By/n. In addition an auxiliary scalar field a
is introduced with new gauge symmetries that allow one to choose the gauge B,5 = 0
and a = z5. In this gauge, the Perry-Schwarz action is obtained.

3. One may also combine the modified Lorentz transformation (2.12) with the gauge
transformation (2.10) with a parameter ¢, = —w55,,,A" and obtain an equivalent
form of the modified Lorentz transformation

0By = (A-x)Hyy — x5A"Hyp, (2.17)

which is written entirely in terms of the field strength. The check of the invariance
of the action under (2.17) is included in the appendix.

3 Action for non-abelian self-dual two-form on M5-branes

For simplicity, we will construct a theory of the 2-form potential without scalars and
fermions. Supersymmetry is important and will be considered separately. For the gauge
part, motivated by the construction of [24], we consider the addition of a set of 1-form
gauge fields A}, for a gauge group G.

3.1 Non-abelian action

Following the above discussion, we will give up manifest 6d Lorentz symmetry and represent
the self-dual tensor gauge field by a 5 x 5 antisymmetric field By, in the adjoint. Since
there is no room for extra degrees of freedom in the (2,0) tensor multiplets of M5-branes,
therefore the gauge fields Aj; must be determined in terms of the tensor gauge fields. It
turns out we need to take the Yang-Mills gauge field to be a 5-dimensional field living in the
5d space z#, i.e. A, = Au(az)‘).?’ Let us introduce the following non-abelian generalization

#We note that a 5-dimensional gauge field was also employed in [30]. However our construction differs
from theirs in essential ways: a compactified spacetime was considered in [30] and the gauge field was taken
to be the zero mode of the tensor gauge field Bff,,). In our construction, we do not compactify the spacetime
and A, is given by an integrated expression (3.12) on shell. We thank Pei-Ming Ho for a discussion on
this point.



of the Perry-Schwarz action

1 - -
So = B /de tr <—H””HW + H””85BW) , (3.1)
where
H,uyA = DuBuA + D,,B)W + D)\Bm, (32)
and )
HY = <7 H ), (3.3)

is the Hodge dual of H,, . H,,) obeys the modified Bianchi identity

3
Dy Hyxp) = 9

[F[,uua B/\p]]' (34)
The action Sy is invariant under the Yang-Mills gauge symmetry

§A, = 0,A+[A,,A],  for arbitrary A = A(z?), (3.5)
5B/.Ll/ = [B,LLI/a A]) 6H;u/)\ = [H;,LV>\7A] (3'6)

and the following “tensor gauge symmetry”:4

orA, =0, (3.8)
57Buy = S, for arbitrary X, (z) such that DX, = 0. (3.9)
It is [070), 7] = 0 and so the tensor gauge symmetry is abelian. Like the abelian case,

we will consider field configurations with vanishing covariant derivatives at infinity:
DyBy,, 05B,, — 0 as|z™| = . (3.10)

It follows that H,, vanishes at infinity also.
An important observation is that the condition for the vanishing of field strength
at infinity:
Hyyn— 0, at x5 — Fo0 (3.11)

is equivalent to the Bianchi identity of the gauge field A, if F), is identified with the
boundary value of By, e.g. Fj,, = By, (x5 = 00). With the anticipation of the self-duality
equation of motion (3.27) in our theory, we will consider a different constraint

F,, = /dx5 H,. (3.12)

10r equivalently

67 By = DyA, — Dy A, for arbitrary A, (™) such that [Fl,, , Ay] = 0. (3.7)



With the constraint (3.12), there is no new degrees of freedom carried by A#.5 We will
implement (3.12) in the action by introducing a 5-dimensional auxiliary field £, (z*) and

add the action
Sp = /d% tr ((FW — /dx5 HW)EW> : (3.13)

The boundary condition of F,,, will be taken as the trivial one
Eu —0 as |2} — oo (3.14)
E,,, transforms under Yang-Mills and tensor gauge transformation as
6w = (B Al, 7B =0 (3.15)
and so Sg is invariant. The action is also invariant under the gauge symmetry
OB, = au (3.16)
for arbitrary a(z) such that
Dy, =0, DFayy=0, and a—0as |2} — oo. (3.17)
All in all, we propose the following action for a non-abelian theory of self-dual tensor
S =S5y+ Skg. (3.18)

The action S is Yang-Mills gauge invariant and tensor gauge invariant. It is also invariant
under the gauge symmetry (3.16) of £,,. Five dimensional Lorentz symmetry is manifest.
We will show below this action leads to a self-duality equation of motion. We will also
demonstrate the existence of a non-manifest 6d Lorentz symmetry in our theory and the
connection to bd Yang-Mills theory of multiple D4-branes through dimensional reduction
on a circle. The form of the constraint (3.12) is inspired by the analysis of this reduction.
3.2 Properties

3.2.1 Self-duality

The equation of motion of £, gives the constraint

E,, = /da:5 H,,. (3.19)
This has to satisfy the Bianchi identity

P DRy, = 0. (3.20)

5One may be tempted to use a Chern-Simons action to enforce the gauge field to be auxiliary. However
unlike the 3-dimensional case where a Chern-Simons gauge field is auxiliary and contains no local degrees
of freedom, pure Chern-Simons gauge field in 5-dimension contains local degrees of freedom [52-54]. In
the appendix, we review this argument as well as the extension for Chern-Simons coupled to a conserved
source.



For B,,,, we have
55y = % / P58, D,(Hyy — D5Bx,) (3.21)
and hence the equation of motion
P D, (Hyy — 05Bxs + Exg) = 0, (3.22)

Integrating it over x5, we get
D,E\, = 0. (3.23)

In fact [ dwse™P D,(Hy, — 95By,) = 0 where we have used (3.19) and the Bianchi
identity of F},,, and we have assumed that H,, vanishes at 2% = do0. Our claim follows
from the fact that F), is independent of x5. As a result, the equation (3.22) reads

6lwp/\UDp(I:I)\U - 653)\0) =0 (3.24)
and has the general solution
-E[)\a - 85B>\0' = (I))\o" (325)
where
D@, = 0. (3.26)

Therefore with an appropriate fixing of the gauge symmetry (3.9), one can always reduce
the second order equation (3.25) to the first order form

}NI;W = aE)B;LZ/' (327)

This is the form of the self-duality equation in our theory.
The equation (3.27) implies that on-shell, F},,, is simply given in terms of the boundary
values of B,
F = By (25 = 00) — By (x5 = —00), (3.28)

and Bianchi identity is satisfied since the field strength vanishes at infinity. Finally, the
equation of motion for A, gives

D"E,, — i / drs €,°7°[Bag, E.5] = —% / dzs €, [Bug, 05 B5 — %ﬁw] = JY. (3.29)
We note that as a result of the self-duality equation of motion (3.27), the “current” is
covariantly conserved DyJ* = 0 . Of course (3.29) is consistent with this.

Summarizing, the equations of motion in our theory are the auxiliary equation for
A, (3.12), the self-duality equation (3.27) and the equations (3.23) and (3.29) for £, .
Note that on eliminating A, using (3.12), the self-duality equation (3.27) is self-interacting
and is completely independent of E,,, .

The counting of the degrees of freedom in our theory goes as follows. The equation of
motion (3.19) says A, is auxiliary and is determined entirely in terms of H w- Using this,
the action S can be written as a nonlocal action in terms of expansion in powers of B,,,.



At the quadratic level, the action is simply given by dimG copies of the Perry-Schwarz
action, plus the action Sg. For small field strengths, we can take the higher order terms as
small corrections and we can count the degrees of freedom using the linearized theory. In
this limit, A, = 0 and the tensor gauge symmetry and the self-duality equation of motion
are precisely those of the original Perry-Schwarz theory. Thus we obtain 3 x dimG degrees
of freedom in B,,,. As for F,,, the linearized equations of motion are

by =0, 0"E, =0, (3.30)
and there is the gauge symmetry (3.16) with the parameters oy, satisfying, in this case,
Oy =0, 0o =0. (3.31)

Since E,,, and «ay, also satisfy the same (vanishing) boundary condition at infinity, so we
can use the gauge symmetry to remove the E,, field completely. This is compatible with
the fact £, was introduced as an auxiliary field to implement the constraint (3.12). All in
all, our theory contains 3 x dimG degrees of freedom as required by (2,0) supersymmetry

We remark that when B, is diagonal with distinct diagonal elements such that the
gauge group is broken down to U(1)" (r is the rank of the gauge group), our action reduces
to a sum of r copies of the abelian Perry-Schwarz theory and describes the gauge sector of r
separated M5-branes. More generally, once the scalar and fermion fields are included in the
theory, one can have a system of lumps of coincident M5-branes, BPS or non-BPS relative
to each other; and as usual, the pattern of symmetry breaking as well as the interacting
dynamics of Mb5-branes can be studied.

3.2.2 Lorentz symmetry

Our action is manifestly 5d Lorentz invariant. It is straightforward to check that it is not
invariant under the modified Lorentz transformation (2.12) or (2.17). See appendix A for
the check. Let us proceed by further modifying the Lorentz transformation. We observe
that the equation (3.21) for the variation of Sy under a general variation of 6B, can be
rewritten as

55y = / Sz tr [AB“”HW} , (3.32)
where .
ABM := 95(6B") — §ewaﬁma(5BM). (3.33)
It is interesting to note that
AB,, = —6(H,, — 05B), (3.34)

which is just the variation of the self-duality equation of motion.
Taking 6B, now as the 5-y Lorentz transformation, it is clear that the action will
be invariant if the variation satisfies AB,,, = 0. This is a sufficient condition, but not



necessary. In fact AB,, # 0 for the abelian case (2.17), nevertheless Sy is invariant. So let

us consider a general transformation of the form

5BMV = (A . x)HMV _ A‘T5AKHKMV + AK/(bMVK/ = 6(1)BMV + 5(2)Buy’ (335)

where A\ is a constant and ¢, = —¢,ux is a quantity to be determined by demanding S
to be invariant. We have denoted the first two variation terms by d(1)B,, and the third
term by 0(2)Byy. By redefining ¢, with an appropriate shift, one can bring A to any
value one wants. This freedom will turn out to be convenient.

The variation of Sp under (1) B, is
A purafy W A1 7 paBuv| g
5(1)50 = 51’56 DaHﬁ,y,iA + TApHa,BE H/W' (3.36)

For A = 1, the result in the appendix is recovered. For the moment, let us keep \ arbitrary.
Since (3.36) is of the form of (3.32), therefore it can be cancelled with 6(2) B, if duuk
satisfies

1 A A—1 -
D5 bpum — Ee,waﬁmaqsm = —5955ewﬁuaalarﬁW —~ THWGWW = Jun. (3.37)
In addition, we impose the boundary condition

Guuw vanishes as |x5| — oo, (3.38)

A solution can always be written down using the Green function technique for general J,,, .

Let foj’ w (x,y) be the Green function which satisfies

o 1 10 1o
05Go — Se (DY) G = 31 50 (@ — ) (3.39)

and the boundary condition

GO (2,y) =0, 25| — . (3.40)

a abu'v’ b
ok = /dyG o (a:,y)Ju/,j,K(y) (3.41)

5A, =0, (3.42)

then Sy is invariant. So far this works for any A.
Next let us examine the action Sg. It follows from (3.35) that

A-x

i A1
5H = Os b\ + I

€V Do Hg., + €PN o Hg., (3.43)

,10,



where we have used the differential equation (3.37). Therefore Sg is invariant if we take
A= —1and if £, transforms as

1 (e}
0B, = Snw Do ((A - z)Eg,). (3.44)

All in all, our action is invariant under the transformation (3.35), (3.42) and (3.44).

In general the Lorentz invariance of the action implies that the equations of motion
(ie. (3.12), (3.24), (3.23) and (3.29)) are automatically Lorentz invariant, up to terms
vanishes on shell and terms that can be interpreted as any other symmetry transformations
of the theory. However since the self-duality equation (3.27) is obtained by a gauge fixing,
it is not guaranteed to be Lorentz invariant. In fact, the transformation (3.35) implies that

Az

8(Hyy — 05Bu) = €V DoHgy — (A - 2)05H,,, — O5(25H i A"). (3.45)

This gives in (3.32) §Sy = 0 as expected. Using the self-duality equation (3.27), the first
and second term of (3.45) actually cancel and so

§(Hyy — 05Bu) = —05 (x5 H e A™) + EOM, (3.46)

where EOM denotes terms vanish when the equation of motion (3.27) is used. One can
rewrite this further by using the equation of motion and obtains

~ 1 -~ - -
6(Hyy — 05Buy) = iewaﬁA“(Haﬁ + 22505 Hop) + 25" Dy Hp + Dy, + EOM, (3.47)

where ¢, = z5H,.A". Now the first and second term on the r.h.s. of (3.47) respectively
gives zero when substituted into (3.32) and so they corresponds to symmetry transforma-
tions of the action Sy.% For the abelian case, the third term corresponds to the symmetry
transformation 6B, = O[May] of B,,, and since Sg decouples from the theory, so we obtain
that the self-duality equation is Lorentz invariant up to terms vanishes on shell and terms
that correspond to a symmetry transformation of the theory. However the above analysis
breaks down in the non-abelian case and so we conclude that the self-duality equation of
motion is not Lorentz invariant. We emphasize that the loss of Lorentz invariance in (3.27)
is simply because it is a gauge fixed equation of motion. This is not surprising. For exam-
ple, Yang-Mills equation of motion in the Coulomb gauge is not Lorentz invariant. The use
of the self-duality equation is important for obtaining the correct counting on the degrees
of freedom in the theory. However the use of the ungauge-fixed version (3.24) may be useful
for some other purposes, for example, supersymmetry.

If we compute the algebra of commutator [0 (ALI)), ) (Ag))] for the physical field B,,,
we get the standard 5d Lorentz transformation plus an additional transformation. This
additional transformation is quite complicated but is a symmetry of the action since we
know already the action is invariant under the 5d Lorentz transformation and is invariant
under [0 (A,(})), o (A,(E))]. Therefore we can interpret (3.35) as a modified Lorentz symmetry.

SMore specifically, the symmetry transformations are given by B, = ¢u,-A" where ¢,.. is given
by (3.41) with J,,. specified by the first and second term of the r.h.s. of (3.47) respectively.

— 11 —



Note that the form of the transformation laws (3.42) and (3.44) are quite non-standard
but they are compatible with the auxiliary nature of these fields.

We note that as ¢, is determined explicitly as an integrated expression over the Green
function, the transformation (3.35) is non-local in the fields. It is now clear that the different
choices of A\ simply correspond to different non-local form of the transformation (3.35).
What we have shown is that one can make the action invariant by using a transformation
law that has a nonlocal piece that is based on a local part with the particular choice
of A = —1. For the abelian case, we know the Lorentz transformation (2.17) is locally
represented in terms of A, and B,,; and corresponds to A = 1 and ¢, = 0. Let us
demonstrate that this is equivalent to having A = —1 and a nontrivial ¢, as determined
above. To see this, the equation (3.37) reduces in the abelian case to

1 -
85¢/11/n - §€uyaﬁpyaa¢ﬁ'yn = x58fiHul/ - HMVK' (348)
Let us put ¢,x = —225H,,r + Quux and so

1 1 ~ ~ ~
aS@,uz/n - 55;11/&67804()05’7/6 = _§€Mynaﬂ(HozB + 2%565]‘1&5) - $58kH;W~ (349)

Now the right hand side of this equation when substituted into (3.32) actually leaves Sp
invariant. Therefore as explained above, ¢, represents a symmetry and we recover (2.17)
up to a symmetry transformation.

The Lorentz symmetry we proposed is nonlocal and is quite different from the usual
representation of a symmetry in terms of local fields, but it seems this is what is needed for
multiple M5-branes.” In fact, nonlocal symmetry is not uncommon in string theory. For ex-
ample, the spacetime Lorentz symmetry in the light cone gauge string theory is nonlocal in
the worldsheet coordinate [55]. There the nonlocality arises since a Lorentz transformation
will generally bring one out of the lightcone gauge and so a worldsheet reparametrization
(turns out to be nonlocal) is needed in order to restore the gauge condition. For us, we
are in a formulation without the Bs, fields. Since a standard 5-p Lorentz transformation
will turn B,,, to Bs,, we suspect that the reason of having a modified Lorentz symmetry
is similarly due to a compensating gauge transformation in a covariant formulation. In the
abelian (free) case, the modification is not so drastic and the modified Lorentz transfor-
mation is still local. But this is not the case for the non-abelian case as we found here.
To check our suspicion, it is needed to construct the covariantized theory. It is remarkable
that for the abelian case, PST [9-12] were able to provide a Lorentz covariant formulation
by introducing additional auxiliary fields (scalar field a and the Bs, components). It will
be very interesting to covariantize our construction by following a similar construction of
PST and it is possible that the employment of additional auxiliary fields would allow for a
local representation of the Lorentz symmetry.

"We thank Pei-Ming Ho and Yutaka Matsuo for emphasizing the nonlocal nature of our proposed Lorentz
transformation and for a discussion on this point.
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3.2.3 Reduction to D4-branes

Let us consider a compactification of x5 on a circle of radius R. The dimensional reduced
action reads
_ 27R e ~ 5 . L
§=" [ drt (—HW + (F — 27RH,,)E ) (3.50)

This form of action has been considered in [24] as a dual formulation of 5-dimensional
Yang-Mills theory. In fact, if we integrate out E,,, we obtain the expected relation

F,, = 27RH,,. (3.51)

Eliminate H, uv using the constraint, we obtain the standard 5d Yang-Mills action

1 5 2
This is however not the complete answer. In fact if we look at the path integral and
integrate out F first, we obtain

/ (DA[DB|[DEe~S — / IDA|[DBleS*M5(E,, — 27 RH,,) / (DAJeSv=S' | (3.53)

where S = S’(A) is a measure contribution obtained from integrating out the delta func-
tional constraint and then rewritten in terms of A,. The direct determination of S’ is
nontrivial but it has to satisfy a consistency condition: the condition

vV ﬂ-R ro
D = == P Fop, Bys) (3.54)

which follows from (3.51) should be obtained as an equation of motion in the 5d theory.
As a result, S’ has to satisfy
68" 1

— — vaBys
54 26 [(Fus, Bys) (3.55)

with By, understood to be a function of A, obtained by solving the duality relation (3.51).
The 5d theory is thus given by the action Ssq = Sy ;+5S’. The action Sy s corresponds
to the expected form of the Yang-Mills coupling

gvm =R (3.56)
and the gauge group in our construction is to be
G =U(N) (3.57)

for a system of N Mb-branes. The reproduction of the 5d Yang-Mills action gives further
support that our construction gives a description of the gauge sector of a system of multiple
Mb5-branes. The action S’ describes a correction term to the Yang-Mills theory which
appears to be of high derivative in nature since [F, B] ~ DDB and B is of the order of F
from (3.51)). In the abelian case, Perry and Schwarz has also constructed the nonlinear
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five-brane action that gives the U(1) DBI action of D4-brane upon dimensional reduction.
It would be interesting to work out S’ in more details and see whether it captures the
non-abelian DBI action [56-58] in some way.

We remark that the necessity of non-locality in the M5-branes action has also been
argued by Witten [59]. He observed that conformal invariance of the M5-branes theory
implies that upon double dimensional reduction to five dimensions, the 5 dimensional action

should be proportional to
1

R/d%. (3.58)

/ d%z =27 R / dox (3.59)

as a result of integrating over the x5 direction for a standard reduction of a local action,

On the other hand, one should get

In our analysis above, we see that both R-dependence are correct and the trick to arrive
from (3.58) to (3.59) is due to the simple R dependence in the constraint (3.51).

In principle one could consider compactification in the other spacelike directions and
one should get the same 5d YM action. However this is already non-trivial for the Perry-
Schwarz action [7] (or the Henneaux-Teitelboim action [25]) and implies the existence of
a symmetry of the D4-branes action which involves a non-local field redefinition. For a
single Mb5-brane, this symmetry can be made explicit in a covariant PST-like formulation
in which both, the vector field A, and the two-form field B, are present and related to
each other, on the mass-shell, by the duality condition which follows from the action. See
for example [60] for the case of the duality-symmetric formulation of D = 11 supergravity
with A3 and Ag gauge fields. The construction is completely generic and can be extended
immediately to arbitrary D dimensional spacetime any pair of duality related fields of rank
p and (D — p — 2) whose field strengths are dual to each other on the mass shell.® Tt would
be interesting to extend this construction to the non-abelian case.

4 Discussions

In this paper, we have constructed a theory of non-abelian tensor fields with the properties
that:

1. the action admits a self-duality equation of motion,
2. the action has manifest 5d Lorentz symmetry and a modified 6d Lorentz symmetry,

3. on dimensional reduction, the action gives the 5d Yang-Mills action plus certain
higher derivative corrections.

Based on these properties, we propose our action to be the bosonic theory describing the
gauge sector of coincident M5-branes in flat space. A special feature of our construction
is that the tensor gauge symmetry is abelian although the theory is still fully interacting.

8We thank Dmitri Sorokin for explaining this to us.
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This is an interesting difference between the self-interaction of Yang-Mills gauge fields and
the self-interaction of 2-form gauge fields in our construction. It remains to be seen whether
this is still the case in the Lorentz covariant formulation of the theory.

We note that conformal symmetry rules out the possibility of a Yang-Mills action, but
a 5d Chern-Simons action is allowed for the gauge field A,:

3
Scs = /d% oty <Au18u2Au3au4Aus + §Au1AuzAu38u4Au5

2472

3
+5AH1 Am AusAMAMs) . (4'1)

The inclusion of the Chern-Simons action seems to corresponds to a kind of M-theory
compactification as 5d Chern-Simons term naturally arises and plays a very important
role in certain kinds of M-theory compactification on Calabi-Yau manifolds, see for exam-
ple [61-65]. In this case, the level k may corresponds to a parameter describing a kind of
fibered Calabi-Yau compactification. It will certainly be helpful to have the full supersym-
metric theory from which one may obtain the moduli space interpretation from the scalar
sector [66].

Our construction is in principle only a low energy effective description for a system
of coincident Mb5-branes. If one is lucky, the (2,0) supersymmetric completion may give
a well-defined quantum theory as in the case of BLG [67-69] and ABJM theories [23] for
multiple M2-branes and the N' = 4 SYM theory for multiple D3-branes. This is another
strong reason to construct the supersymmetric completion.

To construct the supersymmetric theory, one needs to include scalar fields and fermions
in the adjoint of U(N). For (2,0) supersymmetry, all these fields are sitting in the tensor
multiplet. Since there is no Yang-Mills multiplet in (2,0) supersymmetry, the Yang-Mills
gauge field must be a supersymmetric singlet. This is rather difficult to implement. On the
other hand, it is possible that only a fraction of the (2,0) supersymmetry, i.e. (1,0) super-
symmetry, is visible in the classical action of multiple M5-branes, and full supersymmetry
can be seen only nonperturbatively as in the ABJM theory [23]. With respect to (1,0)
supersymmetry, the (2,0) tensor multiplet is simply the sum of a (1,0) tensor multiplet
and a (1,0) hyper-multiplet. Moreover, one should employ a (1,0) Yang-Mills multiplet as
an auxiliary multiplet. The recent results of (1,0) superconformal theories [31] should be
useful in this regard.

However even before one enters into the details, a simple observation already indicates
that the supersymmetric theory is going to be highly nontrivial. In six dimensions, scalar
field has dimension 2. Conformal invariance plus locality imply that the potential term V'
for the scalar fields has to be cubic. However a nonvanishing cubic potential has no ground
state and this is not compatible with supersymmetry.” This means the potential term,
if nonvanishing, will need to be nonlocal. For example, potential of the schematic form
V ~ ¢*/|p| or V ~ [dzxs [dzs ¢* could avoid the problem of not having a ground state.

9This observation is also shared independently by David Berman, Neil Lambert, David Tong.
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It is amusing that the later form of the potential has a close resemblance with the scalar
interaction term in [29]' if one exchanges C,, ~ 52 [ dxs, both of which are of dimension -1.

It would be interesting to understand the connection between our description and the
proposed SYM description of M5-branes [27, 28]. In particular an understanding of how
a non-abelian 2-form gauge field would arise in the Yang-Mills description is needed. In-
cidentally, based on a fluctuation analysis of D1-branes around a large RR 3-form flux
background, a matrix model description for M5-branes in a background C-field was sug-
gested in [35] and there is the same question of how to extract a B-field from the matrix
variables. This problem may be compared with the problem of extracting the spacetime
fields and their dynamics, particularly the gravity field, from the matrix model [70, 71].
See for example [72-75]. Lessons drawn from those analysis may be useful here.

Our theory is based on fields in the adjoint of U(N), i.e. taking N? values. Naively
this is different from the N3 counting from entropy argument [76]. To understand the
counting, it will be important to understand the dynamics of the theory properly. See for
example [41, 42] for some recent interesting analysis performed on the 5d SYM theory and
a class of 6d SCFT in the Coulomb phase.

A Counting of degrees of freedom in the Perry-Schwarz theory

We give a pedagogical and explicit counting of the degrees of freedom in the Perry-Schwarz
theory. The Perry-Schwarz theory initially has the equation of motion

P D y(Hys — 05Bxg) =0 (A1)

Using the gauge symmetry
0B, = Ou\y — O A, (A.2)
one can fix the equation of motion to the linear form

H,, = 05B,,. (A.3)

Doing so we are left with a z°-independent residual symmetry. Now 0" B,,, is x5 indepen-
dent as a result of (A.3). Using the residual symmetry, one can fix it to be zero

OBy, = 0. (A.4)

Differentiating (A.3) with respect to x5 and use (A.4), we obtain that By, is massless as
expected, 0B, = 0. Now (A.4) gives 4 independent conditions on the 10 components of
B,.,.. Using the self-duality condition, we have in total (10 — 4)/2 = 3 degrees of freedom.

B Variation of Sy under Lorentz transformation

In this appendix, we show that the non-abelian Perry-Schwarz action

1 - .
So = 3 /d6x tr <—H‘“’HW + H“”(%BW) ) (B.1)

10We thank Neil Lambert for pointing out this resemblance.
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is not invariant under the straight-forward non-abelian generalization of the Lorentz trans-
formation (2.17) (i.e. with ¢, = 0 in (3.35)):

0By, = (A-2)H,, —xsA"Hyyp, (B.2)
5A, = 0. (B.3)
It is
265y — / AL [( (A~ )y — 250 Hiep, ) ( DyHg — D,05 By )}. (B.4)
1 5 a b

The contributions are, respectively,
(1a) = —% / 0 (PN T Hog) + tot. | (B.5)
(2b) = — /tr ("2 15 Hog s H ) = ;/tr (e"P A, H,, Hyp) + tot. ,  (B.6)
(1b) = 2/(A : x)tr(f]wﬁg,f[“”) = tot. , (B.7)
(2a) = /2w5A“ tr (Heuw D,H"P) = /2x5A"‘ tr (%HW”D[KHPW}) +tot., (B.)
where tot. stands for total derivative terms and we have used
DiHppy = DiHppw — DipH i) (B.9)

in simplifying (2a). We see that (1a) cancels (2b). In the abelian case, the term (2a) is

zero due to the vanishing Bianchi identity ), H,,,) = 0. This is not so for the non-abelian

uv)
case and so Sy is not invariant under (B.2). It is straightforward to see that Sy is also not

invariant under

0B, = (A - x)H,, — x5(A - D)B,,. (B.10)

C Counting of degrees of freedom for Chern-Simons theory

We will start with a review of the counting of degrees of freedom for pure Chern-Simons
theory performed in [52, 53]. Then we extend the analysis to the case where the Chern-
Simons theory is coupled to a covariantly conserved current. The details of the counting
is not important for our results. They are included here for completeness.

C.1 Pure non-abelian Chern-Simons theory

Consider the five dimensional (dimension D = 2n + 1, n = 2 here) Chern-Simons action
Scs = / Lcs, with  dLcs = gape ' N FY A FC (C.1)
M

where ggp. is the symmetric invariant tensor of the gauge group and a = 1,--- , N with A/
being the dimension of the gauge group. The equation of motion

ay az  _p1p2p3faN
g““1“2FM1M2FM3M4€ =0 (0'2)
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can be decomposed into

{ka = gaalaQFi(ilizFi?ueiliﬂgu = Oa (C 3)

K = 4gaa1a2FZ1i2F&236M?i3i =0,
where = (0,7) and i = 1,--- , 2n. Introduce the ”2nN x2nN matrix” QZJb = 4eiji1i2gachfli2
((b, ) as a collective index), we can rewrite the equations of motion in the compact form:

_ Ol b _
{k‘f = Qapliy =0 (C4)
ij b _
QanF‘Oj =0
A simple identity
8y e L F =0, = QL FY =6k, (C.5)

shows that on the constraint surface k, = 0, (vk)? = F,Sj gives 2n null vectors to sz]b
The non-invertibility of 2 is due to the existence of symmetry. In this case, the 2n null

vectors F; ,i’j generates the spatial diffeomorphism. In fact under diffeomorphism dz# = n*

a

11> or the improved

of spacetime, the Chern-Simons theory is invariant with 6,4y, = £,A
diffeomorphism
oAl = —e”Fl‘fy. (C.6)
In general, the rank of €2 depends on the properties of the invariant tensor g.., and
the phase space location of the system. For example, at F w =0, fob = 0 and has zero
rank. In [52, 53|, a generic condition on gup. was introduced. ggp. is said to be generic if
there exists solution F;; on the surface k, = 0 such that:

(a) The matrix F,gj ((b,7) as row and k as column index) has the maximum rank 2n such
that kobj = 0 implies & = 0, i.e. the 2n null vectors (vk)g = F,i’j of be are linearly
independent.

(b) The matrix szb has maximum rank compatible with (a), i.e. QZJb has no other null
vectors except (vk)é’- and so has rank 2nN — 2n

We remark that the presence of the null vectors of €2 on the surface k, = 0 is due to the
presence of spatial diffeomorphism dz° = n’, i = 1,2, 3,4. (under generic condition assump-
tion, temporal diffeomorphism is not independent). If there were no such diffeomorphism,
we would not expect the existence of such null vectors.

Now the equation of motion (C.4) together with the generic condition implies Fé’j =
N kF,fj for arbitrary 2n fields N*, or

A? = D; A% + N*Fg. (C.7)
Since (C.7) is invariant under

(a) Standard gauge transformation (N dimensional):

JA? = =DA%, 5 AG = —A"— [\, Ag]", HNF=0 (C.8)
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(b) Spatial diffeomorphism (2n dimensional):

0 Al = —EIF%,  §cAl = —€F, 0cNF =68+ ¢, NJF (C.9)

where [¢, N]* is the Lie bracket of the vectors & and N,

we can use the above symmetries to go to the the time gauge
Ayg=0, NF=o. (C.10)
In this case, the equation of motion is equivalent to
ko =0, A{ = time independent. (C.11)

In addition to the A constraints k, = 0, the 2n\ functions A%(z;) are subjected to the
residual symmetry of the time gauge, these are A/ time-independent gauge symmetry (C.8)
as well as the 2n time-independent spatial diffeomorphism (C.9), therefore the number of
arbitrary functions in the solution to the equation of motion of Lagrange formulation is
2nN — N — (N +2n) = 2(nN — N —n). The local degrees of freedom is simply the half
of it, therefore

no. of local degrees of freedom of pure CS = nN — N —n (C.12)

with n > 1. In 5d, this would be N'— 2. We remark that the above analysis holds only
for the non-abelian case. For the counting of local degrees of freedom in the abelian case,
see [52, 53].

C.2 Chern-Simons theory coupled to conserved current

For the case that the Chern-Simons theory is coupled to a conserved current J* (DyJ* = 0):
S = /d5:c tr A,J, + Scs, (C.13)
the equation of motion of A) is
gaala2F;%F)c\Lc2r€MV>\Gp = CJ;;Z (C.14)

where ¢ is some constant. In terms of the matrix Q;Jb = ¢liizg . F°.  the equation of

11127
motion can be written as

{QZ]?F% =l (C.15)
AQLFY = cJf
Generically, J? # 0, this means that (C.5) can no longer be used to reduce the rank of €,
so we have full rank 2nN for Q generically, i.e. Q is invertible.
Now in the gauge A§ = 0, the second line of the equation of motion (C.15) simply
provides a first order partial differential equation in time:
O Al = c( )b g0 (C.16)

Ji Y1
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As for the first equation of motion of (C.15), it is indeed time-independent since

Oo(Q FYy — ¢ J§) = (%abe%ﬂf@ﬂjgm - Caojg)
= Di[4gacFF5e ) — ¢D;J = eDyJit — eDyJi = 0 (C.17)

As a result, (C.15) simply provides a constraint on the initial values A?(ZL'Z', t =0). There-
fore, in the time gauge, A;’-(:cl-,t) are determined by (C.16) up to the initial conditions
Ag’. (z;,t = 0). Both the time-independent gauge transformation and the time-independent
constraints (C.15) remove N independent initial conditions, so we have local degrees of
freedom

%(Qn./\/' NN = (- 1N (C.18)
In 5d, it’s NV.
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