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1 Introduction and results

The dynamics of the D-branes of type Il superstring theories is well-approximated by the
effective world-volume field theories which consist of the sum of Dirac-Born-Infeld (DBI)
and Chern-Simons (CS) actions. The DBI action which describes the dynamics of the
brane in the presence of the NSNS background fields at order O(a/?) is given by [1, 2]

Sper = —1) / Py efd)\/— det (Gap + Bap) (1.1)

where G, and By, are the pulled back of the bulk fields G, and B,,,, onto the world-volume
of D-brane.! The abelian gauge field can be added to the action as Bgy, — Bap + 27 fap.
The curvature corrections to this action has been found in [3] by requiring the consistency
of the effective action with the O(a’?) terms of the corresponding disk-level scattering
amplitude [4, 5]. The couplings of non-constant dilaton and B-field at the order O(a/?)
have been found in [6] by requiring the consistency of the curvature couplings with the
standard rules of linear T-duality transformations, and by the scattering amplitude.?

The CS part which describes the coupling of D-branes to the RR potential at order
O(a’?) is given by [10, 11]

Scs = T,,/ eBC (1.2)
Mp+1

'Our index conversion is that the Greek letters (u, v, - - -) are the indices of the space-time coordinates,
the Latin letters (a,d, c,---) are the world-volume indices and the letters (i, j, k, - - - ) are the normal bundle
indices.

2The couplings of non-constant gauge field strength f,p to the DBI and CS actions have been considered
in [7-9].



where MP*! represents the world volume of the D,-brane, C'is the sum over all RR potential
forms, and the multiplication rule is the wedge product. The abelian gauge field can be
added to the action as B — B + 2wa’ f. The curvature correction to this action has been
found in [12-14] by requiring that the chiral anomaly on the world volume of intersecting
D-branes (I-brane) cancels with the anomalous variation of the CS action. The curvature
couplings at order O(a'?) in static gauge are

m2a/*T,

2121(p — 3)! / e CE, [ Ragar ™ Rasaspa — Raoar” Rasasii] (1.3)

They have been confirmed by the S-matrix calculation in [15-17]. The above couplings
have been extended in [18, 19] to include the B-field at the order O(a?) by requiring them
to be consistent with the linear T-duality transformations. The new B-field couplings,
however, are not invariant under the B-field gauge transformation. Adding some other
B-field couplings which are themselves invariant under the linear T-duality, one can write

the resulting couplings in a gauge invariant form [19]. The gauge invariant couplings are

2. .12
ma/?T, -3 1 1 )
2'2'(]7 _g)l /dp—HxEGO apCO(LZ-"a)p—4 2Ha0a1a7iHazasa’Z - 2Haoa1i7aHa2&3Z7a (1'4)

where commas denote partial differentiation. Unlike the gravity couplings, the B-field
couplings (1.4) are not invariant under the RR gauge transformation so one may expect
that there should be some other couplings as well. Since there are no gravity couplings
for C?=3) other than those given by (1.3), we are not allowed to have any other T-duality
invariant couplings which include both gravity and B-fields. However, it is consistent to
have couplings which involve only B-fields. In this paper, we will show that the S-matrix
element of one RR and two B-field vertex operators produce the couplings (1.4) as well as
some other T-duality invariant couplings.

The scattering amplitude of one RR potential C?~3) and two gravitons at order
O(a'?) has no massless open string or closed string pole. It has only contact terms given
by (1.3) [15-17] which are invariant under the RR gauge transformation. On the other
hand, as we will see the scattering amplitude of one RR potential C?~3) and two B-fields
at order O(a'?) has both open and closed string poles, as well as some contact terms. We
will show that the sum of all these contributions at any order of o’ has the RR gauge sym-
metry. We are interested in this paper in the massless open string poles and the contact
terms of the amplitude which dictate the appropriate couplings on D-branes.

It has been shown in [20] that the CS action should also include couplings which involve
linear NSNS field. These couplings have been found by studying the S-matrix element of
one RR and one NSNS vertex operators at order O(a/?) [4]. These couplings for F(®)
are [20]

2 12
s o/ Tp derlac eao---ap (F(p)
2|(p — 1)] iaz--ap,a

They can be written in terms of the RR potential as

Haoala’i - F(p)--- iHaoa1i7a>

(p_ 1)| a3-+ap az:-+ap,?

22T, -1 4 1 _ . ‘
_ p/derlx 0" ap [p3| C(p 1) Haoa1a2’ma‘|‘2lc(p 1) '(2Ha0a1a7la_Ha0a12,aa):| (1.5)



They are invariant under the linear T-duality transformations. The consistency of these
couplings with the standard nonlinear T-duality [21-27] requires some nonlinear couplings
for C?=3). However, because of the appearance of the transverse index in the RR poten-
tial, the nonlinear T-duality transformations of the RR field in the absence of D-branes,
i.e.,(fl'v!(Z?__ of = C’L(Z?_L_Bﬁy + nC[(:V__};Bmy + .-+, produces some couplings which break the
B-field gauge symmetry. On the other hand, since the contracted indices i, a in the above
equation are derivative indices, the nonlinear terms are invariant under linear T-duality at
the level of two B-fields [19]. So it is consistent with T-duality to remove the terms which
break the gauge symmetry. Consider then the following part of the nonlinear T-duality

transformation of the RR potential:

~(p=1)  _ ~(p) (p—2)

Cz‘a3"'ap - Ciaa'"apy + (p a Q)Ci[%'“ap—l aply L

o= _ @) +(p— 1)8.0(1’*2) B . +... (1.6)
ag-ap,i az-apy,i p ™~ agap—1"" aply ’

where dots represent higher nonlinear terms. Following [20], one finds that the consistency
of the couplings (1.5) with the above T-duality requires the following couplings for C' (p=3);

1 _ A
—7720/2Tp/dp+1:c €0 ap [3'2'(]9 ) (Baga, + 27To/fa3a4)C’fgg?&pHaoalaZ’ma (1.7)
1 _3 . 4
+2|2'(p B 3)| (Ba2a3 + 27Ta/fa2a3)Cg---a)p,i@Haoala’la — Haoalz,aa)

where we have also used the replacement B — B + 2ma/f to make the couplings gauge
invariant. The above couplings are invariant under the linear T-duality transformation
at the level of two B-fields. They produce some massless open string poles and contact
terms which can be combined into massless poles written in terms of field strength H. The
massless pole corresponding to the couplings in the first line is reproduced by the disk level
S-matrix element of one RR and two B-fields vertex operators in which the RR potential
carries one transverse index [28]. We will show that the massless poles corresponding to
the couplings in the second line are reproduced by the S-matrix element in which the RR
potential carries only world volume indices.

The S-matrix element still reproduces some other T-duality invariant couplings which
are given by

2 12
T Tp/derlxeaOalmapCéZ..iL 1 Haaoal’abeagag_{_;

(p—3)! 2191

apalaz | rriaas
VO

+2'12'Ha0a1a,iaHa2a3i + 31' Haoalag @Haba?’ b + 31' Ha0a1a27iHiaa37a (18)
_;l Ha0a1a2’aab(Bba3 + 27Ta/fba3) _ 2'12'Ha0a1b7aa(Ba2a3 + 27704,fa2a3),b

Note that the contracted indices i,a,b are derivative indices, hence, the above couplings
are all invariant under the linear T-duality transformation at the level of two B-fields. As
in (1.7), we will see that the terms which include (B + 27/ f) produce massless open string
poles. Our limitation to calculate the triple integrals that appear in the S-matrix element,



does not allow us to calculate the coefficient of all such terms. However, there is no such
limitation for calculating the contact terms.

An outline of the paper is as follows: In section 2.1 we examine the calculation of the
S-matrix element of one RR and two NSNS vertex operators in superstring theory. We
perform the calculation in full details for the RR potential C®~3) which has only world
volume indices and expand the amplitude at low energy. In section 2.2, using the couplings
n (1.4), (1.7) and (1.8), we calculate the massless open string poles and the contact terms
for the scattering amplitude of one RR scalar and two B-fields. We show that they are
reproduced exactly by string theory amplitude at order O(a/?).

2 Scattering amplitude

A powerful method for finding the low energy field theory of the string theory is to compare
the scattering amplitudes of the field theory with the corresponding amplitudes in the string
theory expanded at low energy. The disk level scattering amplitude of one RR and two
NSNS vertex operators, at low energy, produces both massless open string and closed
string poles as well as some contact terms. The closed string poles dictate the supergravity
couplings in the bulk and the couplings of one RR and one NSNS states on the brane. On
the other hand, the open string poles and the contact terms dictate the couplings of one
RR and two B-fields on the brane in which we are interested in this paper. We shall show
that the couplings in (1.4), (1.7) and (1.8) are produced by the scattering amplitude at low
energy. In the next section, we calculate the string theory amplitude.

2.1 String theory amplitude

The scattering amplitude of one RR and two NSNS states has been studied in [18, 28]
for a particular class of terms in the amplitude to confirm some part of the couplings
resulting from the consistency of the CS action (1.3) with the linear T-duality, and the
couplings (1.5) with nonlinear T-duality. In this paper, however, we are interested in
finding all couplings that string theory produces for the RR potential C?~3) which carries
only the world volume indices.

In string theory, the tree level scattering amplitude of one RR and two NSNS states on
the world-volume of a D,-brane is given by the correlation function of their corresponding
vertex operators on the disk. Since the background charge of the world-sheet with topology
of a disk is @)y = 2 one has to choose the vertex operators in the appropriate pictures to
produce the compensating charge Q4 = —2. One may choose the RR vertex operator in
(—1/2,—1/2) picture, and one of the NSNS vertex operators in (—1,0) and the other one
in (0,0). However, in this picture the symmetry between the two NSNS is not manifest
from the very beginning. After performing the correlators, one has to make more effort to
rewrite the final result in a symmetric form. Alternatively, one can choose the RR vertex
operator in (—1/2, —3/2) picture [29] and the two NSNS vertex operators in (0,0) picture.
In this form the symmetry of the NSNS states is manifest from the beginning. We prefer
to do the calculation in the latter form. We will show that the final result, after using some
identities, are independent of the choice of the picture.



The scattering amplitude is given by the following correlation function:
A~ < VD EM 5 WO (60, po) VD o (€3, p3) > (2.1)
Using the doubling trick [4], the vertex operators are given by>
V}S{l/2,73/2) = (P,Hl(n)Mp)AB /d2z1 : e_¢(zl)/QSA(zl)eip1'X : e_3¢(21)/253(21)6ip1'D'X :
Varins = (€2 D) ugpuy [ d2 22 (XM + ipy-pp#9)eP2X s (OXH4 4 ipy- D-prp#t)eP2 DX,

V0 o = (e3-D) s [ d223: (OXM5 + ipg-ipyp®)e®3 X : (DXHS 4 ipg- D-ghyph )P DX,

where the indices A, B, --- are the Dirac spinor indices and P_ = 5(1 — 711) is the chiral
projection operator which makes the calculation of the gamma matrices to be with the full
32 x 32 Dirac matrices of the ten dimensions. The matrix D} is diagonal with +1 in the
world volume directions and —1 in the transverse directions, and

1

Hl(n) — nlglul___unfyﬂl . ryﬂn
+1
e A (2:2)

where € is the volume (p+1)-form of the D,-brane. The polarization of the RR field is given
by Egn) and the polarizations of the B-fields are given by €9, €3. The on-shell conditions

are
pi-pi = pi(ei)p. =0, for i =1,2,3 (2.3)

It is useful to write the matrix D), and the flat metric 7, in terms of the two projection
operators N, and V,,, i.e.,

Ny = V,ul/ + N/J,l/
DMV = VMV - NMV (24)

The components of vectors projected into each of these subspaces N and V or n and D are
independent objects. If 1 in the chiral projection P_ produces couplings for C™), then the
~11 produces the couplings for C'(10=7),
extend the result to all RR potentials.

Choosing the above integral form of the vertex operators, one has to also divide the

Hence, we consider 1 in the chiral projection and

amplitude (2.1) by the volume of SL(2, R) group which is the conformal symmetry of the
upper half z-plane. We will remove this factor after preforming the correlators. Moreover,
the overall factor of the amplitude (2.1) may be fixed by comparing the final result with
field theory.

30ur conversions set o’ = 2 in the string theory calculations.



Using the standard world-sheet propagators, one can calculate the correlators in (2.1).
The amplitude (2.1) can be written as [28]

1 _
.A ~ 9 (Hl(n)Mp)AB(52'D)u3u4(53'D)M5MG /d221d22’2d22’3 (2’1 — 21) 3/4
X (b + by + -+ 4 bio) O (pf + p§ + p§) + (2 — 3) (2.5)
where

(bl)ﬂ3ﬂ4ﬂ5ﬂ6 =< SA( ) . SB(ZI) > gﬂ3ﬂ4ﬂ5l‘6
(Do) 1518 = 2(ipg) g, <: Sa: Sp i pPphs > ghatsne
(bs)ﬂ3ﬂ4ﬂ5ﬂ6 _ 2(Zp2 D)ﬂ4 <: SA SB ¢ﬁ4r¢)ﬂ4 > gﬂ3ﬂ5/»‘6
(ba)\ 5494 = 2(ip2) gy (ip2-D) g, <: Sa = Sp : pFByhs - pPghs > gloke (2.6)
(bs) 1354210 = (ipo) , (ip3) ps <t Sa: Sp : ks plfsyhs . ghatto
(b6)! 5" = 2(ip2) gy (ipa- D)y <: Sa = Sp : s ypfoopho > geats
(b7)ﬂ3ﬂ4usﬂ6 _ (sz_D)ﬁ4 (Zpg-D)ﬁG <:S4:8p: ¢B4T/JM4 . wﬁGT/JMG > gusus
(bs)H 451 = 2(ipy) g, (ip2- D) g, (ips)gs <: Sa : Sp  pPyphs - pPrepr : pPoyhs > gho
(D)5 710 = 2(ip2) gy (ip2- D) gy (ip3- D) <: Sa = Sp = s - it + fogpre > gis
(b10)4°5*"*°"° = (ip2) g (ip2- D), (ip3) 5 (ip3- D) g
X < Sa: Sp s Pt gl sy yhe > gy
where ¢’s are the correlators of X’s which can easily be performed using the standard
world-sheet propagators, and the correlator of ¥ can be calculated using the Wick-like
rule [28, 30].
Combining the gamma matrices coming from the Wick-like rule with the gamma ma-
trices in (2.5), one finds the following trace [28]:

T(n,p,m) = (HymyMp)* B (v C™ ) 4B Aoy aom] (2.7)
1
= nl(p + 1)!61,,1...l,neao...apA[al...am]Tr(wl'l ceeynA A0 AP AL Am )

where Ay, ...q,,] I8 an antisymmetric combination of the momenta and /or the polarizations
of the NSNS states. The trace (2.7) can be evaluated for specific values of n. One can verify
that the amplitude is non-zero only forn =p—3, n=p—-1, n =p+1, n=p+3, n = p+5.
We are interested in the case

n=p-—3 (2.8)

The case n = p+5 will be studied in the appendix B. In above case, the trace relation (2.7)
gives non-zero result only for m > 4. One immediately concludes that by, by and b3 in (2.6)
have no contribution to the amplitude. The cases that the RR field carries transverse indices
are studied in [28]. We consider here the case that the RR potzanti;ﬂ carries only world
p

volume indices. The gamma matrices in (2.7) corresponding to & must be contracted

with the gamma matrices corresponding to the world volume form, otherwise they both



would contract with the gamma matrices corresponding to Apy, ...q,,] Which gives zero result

because of the appearance of repeated world volume indices in 4| In the following

Q1]
we consider the RR scalar field. The result can easily be extended to the RR n-form by
contracting its indices with the world volume form.

For the RR scalar n = 0, and from the relation (2.8) one gets p = 3. The trace (2.7)

is non-zero only for m = 4. It becomes
T(0,3,4) = 326" ALy ...q) (2.9)

where 32 is the trace of the 32 x 32 identity matrix. Since all indices of Afy..,,) are
world volume, one finds b4 has no contribution to the amplitude. The v correlators in
b1o, by, bs, b7, bg, bs have non-zero contributions to the amplitude (2.1). The X correlator
in b10 is
2p1- 2p1- 2pa- 2p1-D- 2p1-D- 2pa-D-
910 — |Z12| P1 p2|213| P1 P3|Z23| P2 p3|zlé| P1 P2|Zlg| P1 P3|223| P2 pP3
-D- D- -D-p3 (\p1-D- D Dps
X(Zli)pl P1 (Z2i)p2 p2(233)p3 3 (Z)pl P1+p2 p2+p3 p3 = K (210)

where z;; = z; — z; and Zi5 = zi — Zj. We have added the phase factor to make it real. The

above function appears in all other X correlators in (2.6). The 1 correlators in by gives

24 x 12 terms which result from different Wick-like contractions. The contractions which

end up with having ps and p2-D or p3 and p3-D in 4|
The X correlators in bs, by are [28]

, e 16 _
g — iK <p1 a1 Pyase | (prD)zr | (p2 )“6232>
£13 %23 ~13 %23

%33
K [ pM s 5 oa -D)H5 257 - D)5 255
<p1 31 + Dy 232 + (p1 ) <31 + (P2 ) 32)

233 Z13 293 213 253

ap--az] BlVe Zero result.

M5
99 =

The v correlators in each of bg, bg gives 12 terms which result from different Wick-like
contractions.
The X correlators in bs, bg, by are

ik — MK K (P’f‘lzm n Py 223 i (p1-D)H 297 n (ps'D)”4Z23>
a —
22 202733 \ 212 232 212 233
5 (P‘fﬁzsl N Ph° 232 L (D)o (pz-D)“623z>
%13 293 %13 293
ghans = _tK K (Pﬁmzm . Pj* 223 . (p1-D)" 291 n (ps'D)““Zzs)
0 253 222733 “12 <32 <12 <32
U5 ., M5 ., __ __
2z z D ﬂSz D P'SZ
% <P1 31 +P2 32 4 (p1-D)H 237 i (p2-D) 32>
213 293 213 2323
oo — MK K (P‘f?’Zzl L P5Pas | (prDYPa (Ps'D)“3223>
! 233 232733 212 Z32 219 239
U5 ., M5 __ __
2z z D ﬂSz D P'SZ
% <P1 31 +P2 32 4 (p1-D)H 237 1 (p2-D) 32) (2.11)
213 2923 213 2323

The v correlators in each of them gives one term. Examining the transformation of the
above X-correlators and the correlators of ¢’s in Wick-like rule, one can easily verify that



the amplitude (2.5) is invariant under the SL(2, R) transformation. So one can map the
results to disk with unit radius. That is, one can use the following replacement [28]:

z; — —(1— 2z:%;)
Zij = %j

Z5 — =%

zij — (1= Zizj)

Obviously the result is still SL(2, R) invariant. To fix this symmetry, we then set [15]
z1 =0, and 29 = Z9 = 19 (2.12)
Under this fixing the measure in (2.5) changes as
d?z1d? 29d? 25 — rodraradrsdl, 0 <re,rs <1,0<6 < 2w (2.13)
where we have chosen the polar coordinate z3 = rse’?, and K changes as

K= 7a22p1-p2 r32p1-p3(1 _ T22)p2-D-p2(1 _ T32)p3-D-p3

X|rg — 7“36i0|2p2'p3|1 — r2r36i9|2p2'D'p3 (2.14)

The first terms in (2.11) produce structures in which the polarization tensors contract
with each other. Let us consider these terms. They appear in the amplitude as

K
T ag, . a T\aza 2 2 2
./45(62-63) ~ —4€a0...a3p20p31(62-63) 243 /d Zld ZQd z3 2
223221221231231
K
A6(62'D'63) ~ —86a0...a3pgopgl(62-D-63)a2a3/d221d222d223 9 o
R53%21%21%31%31
K
T ap, . a T aza, 2 2 2
Az(e3 -e3) ~ —4eqg...azDs’ D3 (€3 -€3) 12 /d ndzd™zs ,  (2.15)
253%21%21%31%31

where we have written the sub-amplitudes corresponding to b; in (2.5) as A;. The above
sub-amplitudes are zero when one polarization is symmetric and the other one is antisym-
metric.

There are other sub-amplitudes which have also terms in which the polarization tensor
contract with each other. The amplitudes (2.15) have second order poles, e.g.,1/(z33)? in
Ajs. They indicates that there is a tachyon propagating in the amplitude. This undesirable
feather appears when one uses the vertex operator in O-picture [31]. However, the whole
amplitude (2.5) has no tachyon which means all the tachyons in the sub-amplitudes must be
canceled among them. So one may keep the second order poles in the sub-amplitudes and
the tachyons would be canceled finally using the properties of the functions that appear in
the final amplitude, e.g.,in the four point function one has (po-ps — 1)['(paps —1) = T'(p2ps)
where I'(p2-p3 — 1) has tachyon pole whereas I'(p2-p3) has massless pole.

Alternatively, one can show that the second order poles appear in the whole amplitude

as derivative of first order poles. Then using by part integration, one can write them in



terms of first order poles. In this case, one needs to use a by part integration to remove
the tachyon. Mapping the above amplitudes to unit disk and fixing the SL(2, R) symmetry
as (2.12), one can write (2.15), after a by part integration, as

oK

T ag, .a T\aza 0i6

As(e2-e3) ~ —4€qgazD5° D5 (€25 )12 /drgdrgderg(r2 —nge—ie)
oK

ag, .a aza, 0i0

Ag(e2-D-€3) ~ 8€qgazD5° D5 (€2-D-£3)*2% /drgdrgderg(rz —ngeie)

oK
Az (el e3) ~ A€q--a5 P3PS (61 .€3)a298 /dr2drgd0r3(r2 a—wrgeig) (2.16)
where
0K 0 —if D2°P3 p2-D-p3 ~
= - . . K 2.17
i rara(e ™) g — r3eif|2 + |1 — rorgeif|? ( )

Note that the sub-amplitudes (2.15) have two momenta whereas the sub-amplitudes (2.16)
have four momenta, as all the other structures in the amplitude (2.5).

Since there is no conservation of momentum in the transverse directions in (2.5), the
terms in which p¢ contracts with each of the polarizations, i.e.,p;-N-e3, p1-N -2, as well as
p2-N-e3, p3-N-9 are independent structures. For the other terms we use the conservation
of momentum along the brane, i.e.,

(p1+p2+p3) V=0 (2.18)

to write p{ in terms of p§ and p§.
When one tensor is symmetric and the other one is antisymmetric the result is zero.
The result for two symmetric tensors is

azas3

A ~ €gpara2a3P5"P5" [pQ'N'P?,(EQ-N-&?,)awS +p2-Vi-p3(ea-V-e3)

—p3-N-6a2 p2-N-6a3 —p3'V'€a2 p2-V-6a3 J 2.19
2 3 2 3

where 7 is

1 1 2r < 20\ T
sin® () K
= 4 d d do . .
J /0 7“2/0 T3 7“27“3/0 - 7“27“36“9]2\7“2 _ 7"36*“9]2

This is the result that has been found in [15]. It is shown in [15] that the above integral
has only contact term at low energy, i.e.,

73

T=—5+ (2.20)
where dots represent terms with two and more momenta which correspond to the amplitude
at order O(a®) in which we are not interested. It has been shown in [15] that the above

contact terms reproduce the gravity couplings in (1.3).



The indices of the graviton polarization tensors in the second line of (2.19) are con-
tracted with the world volume form or with the momentum. This indicates that these
terms are invariant under linear T-duality when the Killing coordinate is an index of the
RR potential [19]. When the Killing coordinate is an index of the graviton polarization
tensor, T-duality relates them to the higher RR form [19] in which we are not interested
in this paper. On the other hand, one of the indices of the graviton polarization tensors
in the first line of (2.19) are contracted with each other. This indicates that the terms in
the first line are not invariant under T-duality [19]. Hence, there must be antisymmetric
tensor couplings as well to make them invariant.

However, the amplitude for two antisymmetric tensors has much more terms than those
that are needed to make the gravity couplings to be invariant under linear T-duality. The

result is
1 1
A~ 26a0a1a2a3€§2a3 (Pgopglps'v'efz'v'z?z.ﬂ — QPSOPELIPs'V'&z'N'plIs (2.21)

1
+p5°pstpe-Viea-N-p3Jo — ps°p5'ps-V-ea-N-p3Jo + 2p§°p§1p3-N-ez-N-p112
1 1
—2p3°p3-V -p3p2-V €' I3 + 2P§°P3'V'p3 p3-V-eg'Ta+ 2P§OP2'V'p2 p3-V-es' T

1
p5'p2-V-pap3-N-e5' Jo

1
p5°p3-V -p3p3-N-e5" Jia — 5

+p5°p3-V psp1-N-e5' Ty — 5

1
ps'pa-N-p3p1-N-e5 Ty — ps°pa-V -p3pa-V-e5* T

1
+,p3°p2-V p3p1-N-€5' I3 — 5

2
1 1
+p3°pa-N-pgpa-V-e5' To — QPSOPQ'V'psps'Vfgljﬁ - 2P§0p2'v'p3p3'v-€§1jﬁ

—p5°pa- N -p3p3-V-e5' Jr — p3°pa-N-p3ps-V -5 Tz — p5°pa-V -p3 p3-N-€5' Ty

1
s pa-N-p3p3-N-5* T

1
—p5°p2-V p3p3-N-€5" Jio — 05°p2- N -p3p3-N-€5' Ts — 5

2
1

1 1
+8(p2-V-p3)2 5" Jo + 8(192']\7'1?3)2 e’ Js + p2-N-p3pe-V-p3es”™ Jn

4
1
+4p2'V'P2 p3-V-p3 g™ js)

1

+26a0a1a2a3p50p§1 ( —p1-N-€5” p2-V-e3°T3 — p1-N-€5> p1-N-e5°Ty
+p1-N-532 p2‘N‘€§31-2 + 2p3'V'652 p2-N-6§3j5 + 4p1-N-6§2 p3'V'6§SI4
—2pa-V-ey® pa-N-e3°Jo + 2p2-V €5 pa-V -3 J1 — dpa-V-€5% p3-V -e3° T3

+p2-N-p3(e2-V-e3)" T —P2'V'p3(€2'N'63)a2a3‘7> +(2<3)

The indices of the polarization tensors in all terms except the terms in the last line are
contracted with the world volume form or with the momentum. Hence they all are invari-
ant under linear T-duality. The terms in the last line combines with the terms in the first
line of (2.19) to make a T-dual combination [18, 19]. However, the above amplitude has
more couplings than those have been found in [18, 19] by requiring the consistency of the
graviton couplings in the Chern-Simons action with linear T-duality. The new couplings
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which are invariant under linear T-duality can be found by studying the integrals that
appear in the amplitude.

The integral J is the one which appears also in the graviton amplitude, and the inte-
grals 7y, --- ,Z4 in (2.21) are those which appear also in the scattering amplitude considered
in [28] in which the RR potential carries both transverse and world volume indices. These

1 1 1 27 .
— / d’I“Q / d’l“3 / dOK
0 0 273 Jo

1 1 _ .2y g2 2y _ 2 7
7, :2/ d?”z/ drg(l 7"2)/ da[r3(1+r2) ‘r2(1+r3)cos(9)]K
0

|1 — rorgei®|2|ry — r3e=|2

1 21 -
/ d7“2/ drs +T3)2 / dOK
ror3(1 —13) Jo

and Z3(p1, p2, p3) = Zo(p1,p3,p2). The other integrals are

1 1 1 21 1— 2 4 2 IA{'
Jo :/ drz/ d?“gr ; / dH[( r3r3)(ry —r3) — drirg sin®(0)]
273

11 — rorgei?|2|ry — rge—i?|2

integrals are

vl

1y

_2/ d7“2/ drs (14731 —r3) /2”d0[r2(1+7“§)—m(l—l—r%)cos(@)]f(
r3(1 —13) 0 |1 — rorgei?|2|ry — rge—i?|2

(1+ r2 2 [r3(14+73) — ro(1 + r%) cos(@)]f(

j2 = 2/ d’f'Q/ d’l“g / do ‘1—7“ , €i0’2’7° ., e—i9]2
0 273 2 3
1 1 27 "

Ty = - /drg/ drs ”3)( ) / 0K

rors3 1—r3)(1—r2) 0

(1—r2rd)(r3 —rd) (77 K
N /0 72 /0 r3 rors 0 |1 — rorzei®|2|ry — r3e—i0)2

1 2 7%
0K
=2 [ dry | d 1—21—2/ do cos( |
N / 7”2/ r3( r3)( r3) 0 11 — rorsei®|2|ry — rge=)2
21 2 7
[(1 —72)% + 4r2sin?(0)| K
= d d dp (1= 73) 3 4
i / T2/ "y / |1 — rorzet®|2|ry — rze= )2
2m %
—r2)%rs K
=— [ d d 2) do . .
I / T2/ T3 r9 /0 |1 — rorsei?|2|ry — r3e—i|2
Ty = / / drs 1 /2” 40 [(1+73r3)(r3 +13) — 4r3r? + 47"%7“% sin?(0)] K
rors3 |1 — rorgei?|2|ry — rge—i0|2
and
Ja(p1,p2,p3) = J1(p1,p3:p2) ; J12(p1,p2,p3) = J2(P1,p3,2)
Js(p1,p2,p3) = T7(p1,03,p2) 5 J10(p1, P2, p3) = Jo(p1,p3,p2) (2.22)
It is shown in [28] that the integrals 7y, - - - ,Z4 have no contact terms. However, as we will
see later some of the integrals Jy, - , J11 have contact terms.

The amplitude (2.21) should satisfy the Ward identities associated with the RR field
and with the B-fields. If one could perform the integrals explicitly, then one would be
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able to check these identities explicitly. Alternatively, by demanding the amplitude (2.21)
to satisfy these Ward identities, one would be able to find some relations between the
integrals. Checking these relations explicitly would confirm the amplitude satisfies the
Ward identities. We use the latter method in this paper.

The relations between the integrals may be used to write the amplitude (2.21) either
in terms of RR field strength, F', or in terms of field strength of the B-field, H. Since
the relations between the integrals involve only Mandelstam variables po-V -pa, p3-V - p3,
.-+, we expect the terms in the amplitude (2.21) which have no Mandelstam variables can
easily be written in terms of H. For example, the first term in (2.21) can be written as
Hglaw?’HgOabpgapgb/?). This term includes the first term in (2.21) and some extra terms
which are proportional to the Mandelstam variables. The contribution of all such terms
should be canceled in the amplitude after using the relation between the integrals. We will
see that in this way one is able to write the amplitude in terms of H.

Before finding the relations between the integrals, we reduce the number of integrals
involved in the amplitude (2.21). One observes that the integrals Jy, J7, Js, J11 include
sin(#)2. This part of the integrals is exactly J. Separating this part, one can rewrite the
amplitude in the following form:

a2a3

1
A~ o Cavarazas {63 ( — p5°ps'p3-V-ea-N-p3 — p3°pa-N-p3 p3-V -€5'

1
_pgop2‘N'P3p3'V'€gl + 4102']\7-103102-1/-1113 6;0(“)
+p30p3! (pz'N'p3(52'V'€3)“2a3 —pz-V-pg(EQ-N-gg)“mS)]j

1
py’pstps-Vi-eg-N-pi113 (2.23)

1
+26a0a1a2a3€§2a3 |:pgop§11)3'v'€2'v'p2jl - 9

1
+p5°pstpe-V i ea-N-p3Jo — po°p5'p3-V-e2-N-p3Js + 2p§°p§1p3-N-62-N-p112
1 1
—2p5°p3-V -p3 pa-V-e5' T3 + 2pS°p3-V-p3 p3- Vet Ju + 2p§°p2-V-p2 p3- Vet

1
p5°p2-V-pap3-N-e5' o

1
P5°p3-V-p3p3-N-e5" Jia — 5

+p5°p3-V -p3p1-N-e5' Ty — 5

1 1
+ 05’2V p3p1-N-3' I3 — ngopz'N'pspl'N'ffglIZ —p5’p2-Vop3sp2-V-e3' T

2

1 1
+p5°pa- N -p3pa-V-e5* Jo + | p3°po-p3ps-D -5 Js — 4p§°p2-p3p3-D-531J5

4
1
Py’ p2-D-ps p3-D-£5" Tra

1 1
+ p°po-p3p3-eyt Tis+  p3’p2-p3p3-e5t T —

1 1 1

_4pgop2'D'p3p3‘D'5gI«7M - 4p§0p2'D'P3p3'€§lj5 + 4P§°p2-D-P3p3-6glj5
1 1 1

B 16(102'293)2 & T3 + 16(102'17'193)2 " Ja + P2V P23 Vs sé“"”ﬁ]
1

+2€a0a1a2a3pgopgl |: - p1'N-€(212 pQ-V-€g3Ig — pl.N.5‘212 P1'N-€§3Il

+p1-N-€5% p2- N €5 Ty + 2p3-V -9 pa- N -£3° J5 + dp1- N -€5% p3-V €51y
—2p2'V'€g2 p2-N-6§3j2 + 2p2'V'€g2 pQ'V'c?g?’jl — 4p2-V'6(212 p3-V-€g3j3} + (2 < 3)
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where

J15(p1,p2,p3) = T5(p1, 03, p2) = —T5(P1. D2, P3)

and

- :/1d7-2 /1dr3 1 /27rd9 [(1+7r3rd)(r3 +13) — 47"%7“39—1— 2rorg(1 — 7(;%)(1 —r3)cos(0)| K
0 0o T2r3Jo |1 —rorge’?lry — rge |2

- :/1dr2 /1dr3 1 /27rd0 [(1+73r3)(r3 +13) — 4r§r§0—2 2ror3(1 — 252)(1 —r2)cos(0)| K
0 o rars Jo |1 — rorse®|?|ry — rge=|

Instead of integrals Jy, Js, J7, Jo, J11 which appear in (2.21), the amplitude (2.23) has
the integrals J13, J14. As we will see, these integrals are easier to perform explicitly.

We now find the relations between the integrals. The amplitude (2.23) must satisfy
the Ward identity corresponding to polarizations 9 and e3. Imposing these conditions, one
finds some relations between the integrals. The Ward identity for e gives the following
relations:

—2p1-N-p2Ty + 2p2-V -p2Z7 + p2-N-p3Is — pa-V -p3la =0 (2.24)
—2Top1-N-p2 + (J13 — J1a)p2-N -p3 + 2J2p2-V -p2
+(—4T + T3 + Jia — 2T5)p2-V-p3 =0
2Z3p1-N-pa — 2J1p2-V -p2 + (J13 — Jia)p2-V -p3
+(Ji3 + J1a+ 2T5)p2-N-p3 =0
—2Z4p1-N-p2 + J12p2-N-p3 + 2T3p2-V -pa — Jap2-V -p3 =0
(T3 + J1a) ((p2-N-p3)? + (p2-Vp3)*) + 2p1-N-p2 (Zopa- N -p3 — Ispa-V -p3)
+2p2-V-pa(p2-V -p3J1 — p2-N-p3J2) — 2(=2T + J13 + J14)p2-V -p3p2-N-p3 =0

where Z7(p1, p2, p3) = Z4(p1,p3, p2). The relation in the first line has been appeared in the
amplitude considered in [28]. From the (2 < 3) part of the amplitude (2.23), one finds the
following relations:

—2p1-N-p3Zy + 2p3-V -p3Zy + p2-N-p3Ta — pa-V-p3Z3 =0 (2.25)
—2Z3p1-N-p3 + (J13 — J14)p2-N-p3 + 2J16p3-V -p3
+H(—AT + Tz + Jia +2T5)p2-V-p3 =0
2Zop1-N-p3 — 2Jup3-V -p3 + (J1s — J1a)p2-V -p3
+(J13 + J1a — 2J5)p2-N-p3 =0
—2I7p1-N-p3 + Jop2-N-p3 + 2J3ps-V-ps — Jip2-V-p3 =0
(=T + J1a) ((p2-N-p3)® + (p2-V p3)?) + 2p1-N-p3 (Zspa-N-p3 — Topa-V -p3)
+2p3-V-p3(p2-V -p3Js — p2-N-p3Ji2) — 2(—2J + J13 + J1a)p2-V -p3p2-N-p3 =0

The relation in the first line has been also appeared in the amplitude considered in [28].
If the explicit form of the integrals were known, then one could verify the above relations
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explicitly. We will verify the above relations for a special case in which the integrals can
be calculated explicitly.

An indirect check of the above relations is that using them one can write the amplitude
in terms of RR field strength which can then be checked with the S-matrix element in
(—=1/2,—1/2)-picture in which the RR vertex operator is in terms of field strength F.
Using the above relations, one can write (2.23) as

1
A~ 2p§°p§1 [(pz'N'P3(€2'V'€3)a2a3 — p2-V-p3(ea-N-e3)2% — 632“31)3-‘/-62-]\7-1)3)5

1
+e3*® <P3'V'62'V'p271 - 2P3'V'€2'N'Plf3 +p2-V-ea-N-p3Jo — p3-V-e2-N-p3J5
1
+2p3-N-€z-N-p112> —p1-N-e5pa-V-eg®Ty — p1-N-€5 p1-N-e5° Ty
—|—p1-N'6(212 p2-N-6§312 + 2])3-‘/'6(212 p2‘N‘6§3j5 + 4p1-N-€g2 p3-V-€g3I4

—2po-V 52 po-N-53 T + 2pa-V -5 po- V53 J1 — 4dpa-V €57 ps'VfgSjs} €aoa1a2as

1 1
+2PL110 Lps'v'&g%gms (2p2-V -paJi + 2p3-V -p3Js — 4p2-N-p3J)
1
+4P3'N'€g26§1a3 < 2(J13 — Jia)p2-N-p3 + (=4T + Ji3 + j14)P2'V'P3>

—2p9-V-e5?e5 ¥ ps-V -p3 T3 + pl'N'fng&glaBps'V'psIAt} €aoa1a20a3
1 1 a2 _aias /. 1,.ag 7 ap 1 as _aias /. 1 ..ag 7 ap
+o (P1)i| yp3-Voe”e3 ™ (papy’ Is + p3p5"Ta) +  p3- N €573 (pspy" Ts + pops"Ia)
—2pép§°p2-V-nge§1“3I7 +pép§°p1-N-e§26gla311} €agarazas + (2 < 3)
‘ 1 . 1 .
+2e5°"1 52 (p1); [péps'v'psﬂ + 2P§P2'V'p312 — QPEPQ'N']%Z?,] €aoa1a2a3 (2.26)

As we mentioned before, the result for the scattering amplitude can easily be extended to
the arbitrary RR potential by replacing €44, 4905 With an___apeclz4---ap/(p_4)! where e]* is
the RR polarization tensor. The couplings in the last three lines above are consistent with
the couplings found in [28] for the RR potential with one transverse index. They can be
combined to be written in terms of RR field strength Fi,,. 4,. This part of amplitude has
been checked explicitly in [28] by the evaluation of the S-matrix element in (—1/2, —1/2)-
picture. The other couplings can easily be written in terms of Fyyqy..q,- We confirmed
them by evaluating the S-matrix element in (—1/2, —1/2)-picture.

Having written the amplitude in terms of the RR field strength, one observes that the
amplitude at each order of o/ enjoys the RR gauge symmetry, as expected. In particular,
this symmetry appear in the amplitude at order O(a/?) which, as we will see, includes
contact terms, massless open and closed string poles.

We now try to write the amplitude (2.23) in terms of H. As we mentioned before,
strategy for doing this step if to look at the amplitude (2.21) and find terms which are not
proportional to the Mandelstam variables and write them in terms of H and some extra
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terms which are proportional to the Mandelstam variables. Then using the relations (2.24)
and (2.25), one should simplify the terms which are proportional to the Mandelstam vari-
ables. The remaining terms which are proportional to the Mandelstam variables, should
then be either zero or be written in terms of H. Doing this, one finds the following result:

1 1 -
A~ | (p2)aHs ™™ (p3)yHa™" T — 9 (p2)a(p2)p HS™ HY™ T, + o (P2)a(p2)i 5™ Hy ™" T

. 1 ‘ 1 . .
(p1)i(p2)aHy " Hy" " T7 — 5 (p2)iH5" " (p3)a H3" " T — 4 (p1)i(p2); Hy"0 H " Ty

1 ) . 1 ) 1
4(Pl)i(Pl)jH§a°a1H§a2a311+4(p1)i(p2)aH§a°a1 H§2%T3— (p2)a 5™ (p3)p H Ji

3
1 . 1
6 (p1)i(p2)aHy " > Hy" 3 Ty + 3
1 - 1
t (p1)i(p2); Hy* " * H T3 — 3

1 1 ; ; 1
(02 N g HE™™ HE ST — (0 Vopg) Y™ I T | | eaganazas + [2 = 3]

The terms in the last line are the only terms which are proportional to the Mandelstam

_|_
(p2)i H30“ (P3)aH§aa3j12

(P2)i(P2)aH§°“1“2H§““3(—J5 +J) (2.27)

variables. This is our final result for the string theory scattering amplitude. We will fix
the normalization of the amplitude in section 2.2 by comparing the above amplitude at
low energy with the corresponding field theory. The contracted indices in the terms in the
last line are not momentum indices, so they are not invariant under the linear T-duality.
They combine with the corresponding terms in the gravity amplitude (2.19) to produce a
T-dual amplitude. All other terms are invariant under the linear T-duality. Hence, the
combination of (2.27) and (2.19) is invariant under the linear T-duality when the Killing
coordinate is an index of the RR potential. In other cases, one should add the amplitude
for higher RR potential in which we are not interested in this paper.

Note that the above amplitude is not in terms of RR field strength. Hence, the ampli-
tude can be written either in terms of H or in terms of the RR field strength. This indicates
that the field theory couplings which are invariant under the B-field gauge transformations,
are not invariant under the RR gauge transformation. However, as we mentioned before,
the combination of the field theory couplings and the massless open and closed string poles
at each order of o is invariant under the RR gauge transformation.

2.1.1 Low energy limit

To find the low energy limit of the string theory amplitude (2.27), we are now trying
to evaluate the integrals. It is hard to evaluate the integrals for the general case, so we
concentrate on the special kinematic setup [28, 32]. Examining the Feynman diagrams
involved, one can easily verify that the amplitude considered in this paper has no massless
pole in the pop3-channel. Moreover, there is no closed or open string channel corresponding
to the Mandelstam variable po-D-p3, hence, we restrict the Mandelstam variables to

p2-D-p3 =0, and po-p3 =0 (2.28)

Even though the amplitude has no massless pole in ps - ps-channel, the integrals which

appear with the coefficient po-p3 in the amplitude may have massless pole in po-p3, so one

,15,



can not set to zero the terms which are proportional to ps-ps. The integrals Zs, Zy, J1, Jo,

J3, Js and J14 which appear in the amplitude (2.23) have no pole in ps-p3. The reason for

this is that if one uses the constraint (2.28) the result of integrals would be finite. However,

the the result of integral [Ji3 under the constraint (2.28) is infinite, hence, it has massless

pole in py-ps.

Using the Maple, one can easily preform the #-integral in the integrals 7y, Zo, Z4, J1,
J2, J3, J5 which appear in the amplitude (2.27), for the constraint (2.28). The result is

Il = —27‘(‘/ d?"g/ d’I“Q
T2T3
IQ = 47T/ d’f'g/ d?“z
rors3
(1 K’
_27'('/ d’f'Q/ d3 +T‘3
rors3(l —13)

(1 K
.71:477/ dm/ drs (1+73)

rorg(1 — rz)

1y

(1 K
j2 = 47‘1’/ d?"g/ d’l“ +T2)
rors(1l —7“2)

(1 )(1 K

r2r3 (1-— 7’3)(1 —r3)
(1 K’
.75:277/ drg/ drs (1+73) - (2<3)
rors(l —13)
where K’ is the value of K in the constraint (2.28), i.e

K = 1o 2P1P2 r32p1-p3(1 _ T22)p2~D~p2(1 _ r32)p3-D-p3

Using the definition of beta function

/1 drz* (1 —2)° = B(a, )
0

The radial integral in Z;, Z4 and [J3 becomes

v
2% +
14:—727( . Q)B(s,l—l—p)B(t,l—i-q)
25+ p) (2 +
=5 B B+ g

where we have used the following definitions for the Mandelstam variables:

S$ = p1-p2; t=p1-ps
p=p2D-py; q=p3-D-p3
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(2.30)

(2.31)

(2.32)
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The radial integrals in Zo, J1, J2 and J5 have the following structure:

1 T
I = / dm/ dy %y’ (1 — z)¢(1 — y)?
0 0
which has the solution (see the appendix in [28])

7 B(1+c¢2+a+0) [2+a+b,1+b, —d ]
= 3l3

1+b S+a+btec 240

Using this formula, one finds

B(s+1t,1+ s, s+t, —
7, — 250 9, 2[ p ]

i1
1+s, 14+s+t+q’
t,8+ta_q -1
1+t s+t+p’
t, 1+s+t, —q -
1+t 1+s+t+p’
B(s+1t,1+ s, s+t, 1—
Jo = ( q>3F2 P ;1
s 14+s, 1+s+t+q
B(l+s+t,1+q) 1+s, 1+s+t, 1—p
+ 3 ;1
1+s 245, 24s+t+¢q
B t, 1 t t, 1—
- (s+,+p)3F2 st l-g
t 1+t 1+s+t+p

Ji = 7; (B(S+t7p)3F2[

+B(1+S+t7p)3F2|:

Js =

9

B(l+s+t1+ 14+t 14+s+t, 1—
LB p)BQ[ q,lb_@(_}?))

1+t 24t 2+s+t+p

The evaluation of the integrals J13 and Ji4 is presented in the appendix A.

(2.34)

(2.35)

Having found the explicit form of the integrals for the constraint kinematic setup (2.28),

we now verify the relations between the integrals in (2.24). Since none of the integrals have

simple pole at ps-p3 or pa-D-p3, except J13 which has only simple massless pole at ps-p3

(see appendix A), the relations (2.24) simplify to

—2p1-N-p2Zy + 2p2-V -paZ7 = 0
—2Iop1-N-p2 + Tisp2-ps + 2Jop2-V-p2 = 0
2Z3p1-N-pa — 2J1p2-V -p2 + J13p2-ps = 0
—2Z4p1-N-p2 + 2J3p2-V -pa = 0

(2.36)

Note that J13(p2-p3)? is zero whereas Ji3ps2-ps3 is nonzero. Using the equation (2.32), one

can easily verify the first and last relations. The subtraction of the second and the third

relations give

—2p1-N-pa(Zo +Z3) + 2p2-Vpo(J1 + J2) =0

Using the integral representations in (2.29), one observes that Zo+Z3 = —27; and J1+72 =

—277. Hence the above relation reduces to the first relation in (2.36).
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To study the low energy limit of the amplitude (2.27), we expand 71, Z2,Zy, J1, T2, T3
and J5 at the low energy. The expansion of beta function is standard and for expanding
the hypergeometric function we use the package [33]. The result is

= _72T (s(sl—i—t) +t(51+t o ((SI+ZZ> +>
To =1 (S(Sit) + > (2.37)

a3 (*9) (- 79

ORI I

=y )

(e [P 25 B
!

jf’:”( (sl+t) (s+t) 62 [q_ﬂ +>

From these expansions and the expansion (2.20) for J, one finds the following contact
terms at order O(a'?):

3 1 1 .
Acontact ~ 7; [2 (pQ)a(p2)bH§a0al Hgazag + 2(p2)a(p2)iH§aoa1 H§a2a3

1 1 ;
+5 (p2)a HS"™ 2 (p3), HS"™ + 3 (p2)i Hy """ (p3)o H5"*

1 1
—4(P2)¢H§a°a1 (p3)iH5""* + 4(

1 .
+3(p2)i(p2)aHgoala2H§aa3 €agarazaz T [2 A 3] (2.38)

p2)aH§a0a1 (p3)aH§a2a3

Even though we have found the expansion (2.37) for the constraint (2.28), the constants of
the integrals which produce the above contact terms, are independent of py-p3 or ¢o-D-p3.
Hence, the above result is valid for the general case.

The amplitude has also the following massless open string poles at order O(a'?):

3 A .
AP T2 () SO () HY (q+ >_(pl)i(Pz)aH§a°a1H§a2a3q (2:39)
p p

2 q q
+3(p2)bH§ba3 (pB)aHgOM(mp + (pQ)a(p2)bHéwoalH§a2a3p €aparazas + [2 A 3]
Since the expansion (2.37) for the integrals are valid for the constraint (2.28), there might
be some other massless open string poles which are proportional to po-V -p3 or pa-N-ps.
The amplitude (2.27) has also some massless closed string poles at order O(a'?) which
are in terms of H. However, they are not invariant under the RR gauge transformations.
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Figure 1. Feynman diagram for massless open string poles.

Recall that the RR gauge transformation of (n — 2)-form potential in supergravity is can-
celed with the gauge transformation of n-form. So one does not expect to have Ward
identity corresponding to a RR potential in the massless closed string poles. We have seen
that the string amplitude (2.27) can be written in terms of RR field strength, i.e., (2.26).
So this amplitude at order O(a’?) which is equal to the sum of the above massless closed
string amplitude, massless open string amplitude (2.39) and the contact terms (2.38), is
invariant under the RR gauge transformation. We are not interested in the massless closed
string poles, as they do not produce any new D-brane couplings.

2.2 Field theory amplitude

Having found the contact terms and the massless open string poles of string amplitude at
order O(a'?), we now reproduce them by appropriate couplings in field theory. The field
theory couplings are those that we have already presented in section 1. To simplify the
calculation we consider the RR scalar. In the next subsection we show that the field theory
produces the the massless open string poles (2.39).

2.2.1 Open string pole

In field theory, the open string channel of the scattering amplitude of one RR potential (p—
3)-form and two B-fields is given by the Feynman diagram in figure 1. The corresponding
Feynman amplitude is given by:

Al = Vi(es, A)Gap(A)Vi(A, 20,677y 4 (2 & 3) (2.40)

where A% is the gauge field on the Dj-brane. The gauge field propagator and the vertex
Va(g3, A) can be read from the DBI action (1.1), i.e.,

Va(e’:‘g,A) = (27‘(’0/)T3(p3-v-€3)a
—1 Nab
Gab(A) = <T3(27TO/)2> pg'V'pg (241)

The couplings in section 1 produce the vertex V4 (A, €2, 6§p_3)). We begin by considering

the couplings in the second line of (1.7) for RR scalar. The vertex corresponding to the
first term is given by

Vi(A,e2) = _Q(Wa/)3T3€aoa1a2b(p1 + p2)*(p2)a [Hgoalapl‘N‘pﬂ
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The amplitude (2.40) then becomes
) Veea)a3 a2
A{ = i(ma)*T3 (ps 3P €ag-a3 (P2)a [H3 " *p1-N-pa| + (2 < 3)
p3-V-p3
This amplitude is of order O(a’?) which has six momentum in the numerator and two
momentum in the denominator. The couplings in the second line of (1.7) have also the

following contact term:

‘ / 2T
Al =i <(m2) 3) €32 €ag.ay (p2)a [HS 1N -pa] + (2 < 3) (2.42)

Using the following identity:
€ag---as (p3'V'H3)a2a3 = €ag---as (2p3'v'€§2p§3 +p3'v'p3€§2a3)
one can rewrite the sum of A{ and A{ as
 (ma!)? Ty 1
Af = <( ) ) €ag--as (pz)a(pg)b[HgoalaHgazaspl,N.pQ] + (2 — 3) (2.43)
2 p3-V p3
Using the constraint (2.28), one writes p1-N-pa = s+p/2. Hence, the above result is exactly

the first term in the open string amplitude (2.39) provided that one fix the normalization
of the string amplitude (2.27) to be

3ia’*T,

™

N = (2.44)

Now consider the second term in the second line of (1.7). It produces the following
vertex and contact term:

%(A’ 62) = (770/)3T36a0a1a2b(p1 + p2)a2 (pl)i [HémaliPTV'PZ]

o )2 T '
Al = <( 4) 3) 532a3ea0...a3(p1)i[Hg“a”pg-v-pg] + (2 3)

Doing the same steps as before, one finds
. (7‘(’ 0/)2T3 1 .
.Af = — < 4 3V ps €ap---as (pl)i(p?,)a [Hgoalegazaspz,V.pQ] + (2 — 3) (2.45)
This is exactly the second term in the open string amplitude (2.39).
Next consider the first two terms in the last line of (1.8). They produce the following

vertex and contact term:

ma! )3T
Vi(A,e2) = _t 3) % po-V -y HoM 2 [€agarazt(P1 4 P2)-V P2 — €agarasas (P1 + P2)™ (p2)b]
/ 2T
,45 = <(7roz6) 3> p2-V paH5 " 2 €q..qup2-V €57 + (2 < 3)

In this case, one finds

Al = i <( 6) 3) pg.v.pg6“O"~d3(p3)a(p2)b[HZO 192 G0 gy Vepy| + (2 > 3) (2.46)

which is exactly the first term in the second line of (2.39).
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Finally consider the last two terms in the last line of (1.8). They produce the following
vertex and contact term:

Vi(A,e9) = —(ma/)3Tapa-V -pa HE (p1 + p2)a(p1 + p2)€agayash

‘ / 2T
A{ — <(7Ta4) 3) pz'V'P2H30“1“€§2“3(pg)aeao...ag + (2 PN 3)

In this case, one finds

. (71'0/)2T3 1 apaia rrbasa

Al = ( 4 ) €ag--a3(P3)a(P3)p [ H " H3" Py -V po| + (2 3)  (2.47)
p3-V-p3

which is exactly the last term in the second line of (2.39).

The above calculation indicates that the couplings which include (B + 27/ f) appears
as massless open string pole. Since the massless open string ampliude (2.39) does not
includes terms which are proportional to p2-V'-p3 or pa-N-p3, the above calculation can not
fix the coefficient of all higher derivative couplings which contain (B4 2w’ f). For example
the higher derivative coupling C' A 9,0y f A 0?0 f can be read from the S-matrix element of
one RR and two gauge field vertex operators [5, 35]. One may extend it to C' A 9,0,(B +
2w f) A 0°0%(B + 2md/ f). This coupling produces massless open string pole which is
proportional to ps-V -p3. Hence, our calculation can not fix the presence of such couplings.

The couplings corresponding to the massless open string poles can also be extracted
from the low energy limit of the S-matrix element of one RR, one B-field and one open string
gauge field vertex operators. In that case, after fixing the SL(2, R) symmetry, one would
find a double integral which can be evaluated explicitly for the general kinematic setup [36].

2.2.2 Contact terms

Using the normalization (2.44), one finds the Lagrangian corresponding to the contact
terms in (2.38) to be

L= (770/)2T3 C(O) 1Haaoa1,abea2a3 + 1Haa0a17aiHia2a3 + 1Ha0a1a2,iaHiaa3
2 2 2 3

+ Haoalag,aHabag,b + Haoalag,szag,a

Haa0a1 ,zHaagag,z + Hzagm ,aHzagag,a eaoalagag (248)

B o
o

The terms in the last line are exactly the couplings (1.4). All other terms are those appear
in the first two lines of (1.8). Unlike the open string poles, there are no other couplings at
order O(a?).

The couplings in the last line above have been found in [6] by requiring the the Chern-
Simons couplings (1.3) to be invariant under linear T-duality, and by requiring the new
couplings to be invariant under B-field gauge transformation. These couplings, however,
are not invariant under linear T-duality if one of the indices of B-field which is contracted
with the volume form is the Killing coordinate. In that case one should add new couplings
involving higher RR potential to make a complete T-dual multiplet [6]. The new couplings,
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however, are neither covariant nor invariant under the B-field gauge transformation. So
one needs to add some other T-dual multiplets [6]. Having found the new couplings in the
first two lines above, one should do the same steps for these couplings as well, to find all
nonzero couplings of D-branes at order O(a/?).

Extending the calculation of the S-matrix element in this paper to the case that n =
p—1,n=p+1,n=p+3and n=p+ 5, one would be able to find all nonzero couplings.
We have performed the calculation for n = p+ 5 case and found that the S-matrix element
is zero for two gravitons, and has only closed string poles for two B-fields. We present this
result in the appendix B.
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A Evaluating J,3 and Ji4

In this appendix we calculate the integrals Ji13 and J14. These integrals do not appear
in the amplitude (2.27), however, they are needed to verifies the relations between the
integrals that have been found in (2.24) and (2.25).

The integral J14 has no pole in py-p3. To take the f-integral in [Jy4, we first write it as

T = T, + T,

where

74 —_r )2 2 K
= [ d d 23 / do
Jis = / "2 / "3 rors(l — 7“2)(1 — 7“3) 0 (r% + T% — 2r9r3 cos(6))

1 + 7“27“3 27’2)(1 + 7“27’3 27“3) 2m K
Ty = d7“2 5 db
rors(l — 7“2)(1 —r3) 0 (1+ 7“27“3 21913 cos(d))

The f#-integrals then become

—7“2)[?'
~7/=27T/dr/dr 27T +(2<3
14 2 37"27"'3 1_— 7”2)(1 o 7"'?2’) ( )
rar? —1) 4 4
j//:_ﬂ-/dr/dr < (rar3 L N >+2<_)3
14 | dr2 ) drs (1—rA—73)  (1-7r3) (r3r3-1) ( )

Writing 73 —r3 = (r3 — 1) + (1 —r2) and using the formula (2.35) the radial integral in J;,
becomes

j14 -

2t

t7 S+t7 —q
B t F: ;1
< (S+ ,p)3 2|:1+t, s—i—t—i—p’ :|

t, s+t, 1—¢q
-B t, 1 F: 1 2
(s+t,14+p)s 2|:1+t,1+5+t+p, D+( —3)
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The radial integral in the first two terms in J{; gives a multiple of two beta functions. To
take the radial integral in the last term we use the following identity:

1

L1 5o
|22 = 2F1|: ; 7’27“3} (A1)

1

Then using the integral representation of the generalized hypergeometric function ,F, [34]:

1 DY
/ dxx“(l—x)prq[al’ P ; )\x] -
0 bl, cee bq

1+(Z, ai, -+, 0p
24a+b by, -, b,

one can write the radial integral in terms of the the hypergeometric function 4F3. The

pr1Fgr [ ; )\} B(1+a,1+40) (A.2)

result is

jllil = " (B(S’p)B(taQ) - B(l +S,p)B(1 +taQ) _4B(3,1 +p)B(taQ)

4
t, s, 1
R ;1 ]+ (2«3 A3
1 1+t+q, 1+s+p ]) (2<3) ( )

+4B(t,1+4 q)B(s,1 + p)sFh

where we have also used the identity:

a, b, c 1 ]
» Uy G 1] = .F
d, e, 1 ) | 342 |:

4F3|: @ b’ ¢ N 1:| (A4)
€

The integral J13, however, has simple pole 1/(p2-p3). To see this we write it as
Jiz = T3+ T3

where
(1 — r2r2)? o K
= d / d 23 / de
Jis / "2 "3 rors(l —r2)(1 — r3) 0 (1+ r%r% — 2rgr3cos(f))
.71,%:/ d?”z/ drs (r3+r3 — )(2r2r3—r§—r§)/2”d0 . K
rorg(l —r3)(1 — 7"3) 0 (r3 4+ 15 — 2rarg cos(f))

The 6-integral in .713 gives

2,.2 I}/
T3 = —7T/ de/ drs rrs) + (2 < 3)

rors( 1 — 7’2)(1 — 7“3)

and the radial integrals give
Ty == (Bls:p)B(t.0) = B+ 5.p)B(1+1,0)) +(2 = 3) (A.5)

The 6-integral in J}5 gives

3= 8) 208 - DIRA0E - D+ (3 - IR
= [Lam [ O e e

= 271/ drz/ drs < (1- 742) - r2r3(11— r3) 7”27”3(11— r3)
2 2)> +(2<3) Ao

T3(7"2 -3
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The terms in the second line have no ps-p3 pole. Their radial integrals can be evaluated
using the formula (2.35), i.e.,

" B(p,1+s+1) 1+s+t, t, —q B(p,s+1) s+t t, —q
3F% ;1 — 3Fh

137 ¢ l+s+ttp 1+t 2t s+ttp 1+t
B(1+p78+t) S+t7 t71_q
. 1 2 3)+J AT
of B2 it 14t T+ (2<3)+ (A7)

The term in the last line of (A.6) which we have called it J, however, is infinite when
ro = r3 which means it has massless pole at ps-ps. So this part of J/5 must be calculated

for po-p3 # 0.
The 6-integral in this part has to be evaluated for ps-p3 # 0. So we have to calculate

the following integral:

1 1 27
J = / dx/ dy xSy 11 — z)P(1 — y)q/ df(x +y — 2\/wycos(h)) 1 TP2Ps
0 0 0
where we have chosen z = r3, y = r3. To take f-integral we use the following formula [34]:

m cos(nb) I'(b+n) b, n+b
dg = 27a" F|7 ; a” A

/0 (1 + a? — 2acos(0))? e nID(b) > [ n+1 ¢ ] (A.8)
where |a] < 1. One finds

1 x
1 —oma. 1 — o
J = 277/ dz/ dy x~ 1 TstPrpsy =] )P (] —y)q2F1[ b2 pg,l babs ; y/x]
0 0

1 Y 1 — po- 1—po-
+27T/ dy/ da x8y~2TP2Ps(1 — g)P(1 — o)9 Fy [ b2 p371 b2ps ; x/y]
0 0

changing the variable in the first line as y = zu and in the second line as z = yu, one finds

1 1
1—poma. 1 — po-
J = 277/ dm/ du x1FPrPatstty =11 _ g)P(1 — xu)ngl{ b2 p3’1 bz:ps ; u}
0 0

1 1
1= po- 1 — 1o
+27T/ dy/ duusy~ ISP (1 _ )P (1 — ) By [ P2 p3,1 p2'ps u}
0 0
These integrals have no massless pole in the open string p- or ¢g-channel. So for ease of
calculation we set p = ¢ = 0. Then using the integral representation of the generalized
hypergeometric function (A.2) one finds
3 [t 1—1)125)_92: i—pzpa : 1] 3 Fy [H—s, 1—21;223711—172173 : 1]
_l’_

J =27
t(p2-ps +s+t) (1+5)(p2-p3+s+t)

(A.9)

Having found the explicit form of J13 and [J14, one can use the package [33] to expand
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them. The result is The low energy expansion of Ji3 and J14 are

(1 7w*[q¢ p
j14_2<st_ 6 [s+t}+”'>

T 3 3p  3q
— _ _4 J
Ji3 2<st+6[ +t+s]+ >+

Note that these expansion for Ji4 and J13 — J are valid for the constraint (2.28). The
expansion for .J is:

1 1 2
J:27T< + -7 +> (A.10)
p2-p3(s+t+p2-p3) t(s+t+prp3) 6

which is valid for p = g = 0 but py-ps # 0.
We now check the relation (2.36). Using (2.37), one finds the following expansion:

1
273p1-N-po — 2T1p2-V -po = =27 + .-
3P1 b2 1P2 P2 <(S +t) )

for the case that py-ps = p = ¢ = 0. Then the third relation in (2.36) gives

1
J13p2-p3 :27T<(S—|—7f) —l—)

which is consistent with the expansion (A.10).

B S-matrix element for n = p + 5 case

In this appendix we consider the scattering amplitude (2.5) for the case n = p + 5. Since
the RR potential is totally antisymmetric, it must have at least four transverse indices.
We consider the case that the RR potential carries four transverse indices and p 4+ 1 world
volume indices. This is similar to the case n = p — 3 and the RR potential with only
world volumes indices which we studied in section 2.1. The cases that the RR potential
carries more transverse indices is similar to the case n = p — 3 and the RR potential with
transverse and world volumes indices which we studied in [28].

Using the same steps as in section 2.1, one finds the scattering amplitude is zero for
two graviton vertex operators. We find this result by explicit calculation in (—3/2, —1/2)-
picture. One can find this result in (—1/2,—1/2)-picture without explicit calculation,
and by taking into account the fact that the RR field strength in the vertex operators is
totally antisymmetric.
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The explicit calculation in (—3/2, —1/2)-picture, as we have done in section 2.1, gives
the following result for two B-fields:

A~ A(p i 1) " P 4y i HES <P§P§P3'V'€2'N'p1fz — pyplps-N-ea-N-pi T3
—phpa-V -p3ps-V 9! Js — phyps-V -paps-V-e2? Ty + pypa-V -paps-V -5’ T
—2pipa-V psps- Vo Ts — 20hpa- N -paps-V -e2? Jo — phpo- N -paps- V22! T
—2pbps-V -psp1-N-£2? Ty — phpa-V -psp1-N-e27 Ty — 2phps-V -psps-N-e! Ty
+pbp3-V -p3ps-N-e9? Tia — pypa-V -paps-N-e2? Ji — phpo-V -psps-N -2/ T
+pip2- N -pspr-N-e27 T3 — phpa-N-psps-N-e2! Js — 2pspa- N -paps- N -£27 Jig

1 - 1 - 1 -
+2P2'V'pzp3'V'p3€2”js + (p2-Vp3)?e2" Jo + 2p2'V'P3p2'N'p362”g711

n

1 -
+4(p2'N'p3)2€22Jj6>

1 -
+2(p n 1),6% e qoerayijkiPoP (— p1-N-e2"p1-N-e3'T) 4+ p1-N-e2"py- N -3,
—p1-N-eo"py-V-e5'T3) + (2 = 3) (B.1)

The integrals are those appear in (2.21).

We have argued before that the sum of amplitudes (2.19) and (2.21) is invariant under
linear T-duality when the world volume Killing coordinate is an index of the RR potential.
However, it is not invariant under linear T-duality if one of the indices of B-field /graviton
polarization tensor which is contracted with the volume form, is the Killing coordinate. In
that case one should add new amplitude involving higher RR potential to make a complete
T-dual amplitude [6]. In this way one would find new amplitude for RR potentials C (p=1)
ce+)) ¢@wt3) and CPT5. The CPH5 part is exactly the terms in the seventh and eighth line
above. All other terms involving p} or p} are not remnant of the amplitude (2.21) under
T-duality. The string theory produce them for other consistencies.

The amplitude in terms of H is

1

2 kij ; 2 kij ;
A~ S(p+ 1),6% a"ﬁlao---apijkl<3H3 THS™ (p3)a(p1)mTa — 3H3 THZ™ (p3)n(P1)m T3

—HH™ (1) (p1)m Ty + HY HY™ (pg) (p1)mTo — HEY HY' ki(pz)a(m)m%) +(23)

Since the integrals 7, Z and Z3 have no constant and no massless open string poles (2.37),
the above amplitude does not produce any coupling for C®+5),
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