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ABSTRACT: We investigate the near horizon geometry of 1IB supergravity black holes with
non-vanishing 5-form flux preserving at least two supersymmetries. We demonstrate that
there are three classes of solutions distinguished by the choice of Killing spinors. We
find that the spatial horizon sections of the class of solutions with an SU(4) invariant
pure Killing spinor are hermitian manifolds and admit a hidden Ké&hler with torsion (KT)
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form, which also implies the field equations, can be expressed in terms of the torsion H
as d(w A H) = 00w? = 0, where w is a Hermitian form. We give several examples of near
horizon geometries which include group manifolds, group fibrations over KT manifolds and
uplifted geometries of lower dimensional black holes. Furthermore, we show that the class
of solutions associated with a Spin(7) invariant spinor is locally a product R%! x &, where
S is a holonomy Spin(7) manifold.
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1 Introduction

There is evidence to suggest that in higher dimensions there are black holes with exotic
horizon topologies. As a result, the classical black hole uniqueness theorems [1]-[7] do not
extend to more than four dimensions. Five dimensions are also special. Although there is
no uniqueness theorem for a large class of theories the horizon topologies that can occur
are S3, St x 82 and T3 [8]. The first two are the horizon topologies of the BMPV black
hole [9] and black ring [10], respectively. To our knowledge, no black hole solution has been
found with horizon topology T°2.

To probe the horizon topologies in more than five dimensions, one can either assume
that the solutions are static, see e.g. [11-13], or are black hole solutions of the type consid-
ered in [14, 15], or that they preserve a fraction of spacetime supersymmetry. The latter
assumption is natural in the context of string, Kaluza-Klein or supergravity theories. The
analysis is further simplified provided that one considers extreme black holes and focuses
on a suitable geometry near the horizon, the near horizon geometry.! In this context, it is
natural to ask whether the topology and geometry of the near horizon geometries of super-
symmetric black holes of higher-dimensional supergravity theories can be classified. Some
progress has been made to solve this problem. For example, there is a good understanding
of the near horizon topologies and geometries of heterotic supergravity [16, 17]. This has
been assisted by the solution of the Killing spinor equations (KSEs) of heterotic super-
gravity in all cases [18-20]. In particular, all the conditions on the geometry of heterotic
horizons are known, as well as the corresponding fractions of supersymmetry preserved.
The half supersymmetric horizons have been classified, and the 1/4 supersymmetric ones
lead to pairing of a cohomological and of a non-linear differential system on Kéahler sur-
faces. Although there is no classification of the 1/4 supersymmetric horizons, many explicit
solutions of both systems are known, for example on del Pezzo surfaces, and the associated
horizons have exotic topologies.

In this paper we extend the results of the heterotic analysis to type IIB supergrav-
ity [21-23]. In contrast to the heterotic case, somewhat less is known about solutions of IIB
supergravity. In particular, the KSEs have been solved for N = 1 backgrounds in [24, 25].
It has also been shown that if a background preserves more than 28 supersymmetries it is
maximally supersymmetric [26, 27]. Moreover, the backgrounds that preserve 28 and 32 su-
persymmetries have been classified in [28] and [29], respectively. Very little is known about
the properties of solutions in the intermediate cases, however see the conjectures in [30, 31].
Some simplification occurs for those backgrounds that have only 5-form flux [32]. Because
of this, we shall first examine the supersymmetric IIB near horizon geometries with non-
vanishing 5-form flux. The general case which includes IIB near horizon geometries with
other fluxes will be reported elsewhere. The advantage of focusing on near horizon geome-
tries with only 5-form flux is that the analysis is rather economical and leads to insightful

'However, it is not apparent that all near horizon geometries found in such an investigation can be
extended to full black hole solutions. For an extensive discussion on this point, see eg [16] and references
within.



connections with KT geometry. This in turn allows for the construction of many examples
of near horizon geometries, some of which have exotic topologies.

The focus of our analysis is on IIB near horizon geometries with non-vanishing 5-form
flux that preserve at least 2 supersymmetries.? An application of the spinorial geometry
technique [33] for solving KSEs to IIB supergravity reveals that there are three classes of
near horizon geometries depending on the choice of Killing spinors. The Killing spinor
of the first class of solutions is constructed from a Spin(7) invariant spinor on the spatial
horizon section S. In this case we shall show that the near horizon geometry is Rb! x S. In
turn S is a product of closed Riemannian manifolds with special holonomy as given in the
Berger classification, and the 5-form vanishes. The Killing spinors of the other two classes
are constructed from SU(4) invariant spinors on S . These two classes are distinguished
by whether the SU(4) invariant spinors are generic or pure. We shall focus our analysis on
the pure case. The geometry of the horizons in the generic SU(4) case is different and its
exploration requires the development of new techniques which will be reported elsewhere.

The Killing spinor vector bi-linear of the pure SU(4) invariant case, which we identify
with the black hole stationary Killing vector field, is null. Consequently, the metric of the
near horizon geometry can be written as

ds* = 2du(dr + rh) + ds{y(S), (1.1)

where ds%s) (8) is the metric of the horizon section. Moreover, the KSEs require that S is
a Hermitian manifold with an SU(4) structure such that

h=0,= HReX, (1'2)

where 0, and Oge, are the Lee forms of the Hermitian form w and the real component of
the (4,0)-form Y, respectively.

The equality of the two Lee forms is significant. This is because it is precisely the
condition for the SU(4) structure on S to admit a compatible Kéhler with torsion (KT) ge-
ometry [34]. This condition implies that the manifold is equipped with a metric connection,
@, with skew-symmetric torsion H, such that

Vw=Vx=0. (1.3)

Therefore all the horizon sections with non-vanishing 5-form flux admit a hidden 3-form
torsion. This cannot be immediately identified with either the NS-NS 3-form or R-R
field strengths of IIB supergravity as they have been set to zero. Another advantage of
introducing H is that now the Bianchi identity for the 5-form, which also implies all the
remaining equations of IIB supergravity including field equations, can be written as

dw A H) =i00w? =0 . (1.4)

As we shall demonstrate, expressing the conditions implied by the KSE and field equations
as in (1.3) and (1.4) is instrumental for the construction of many examples of near hori-
zon geometries. Our examples include horizons with sections which are group manifolds,

2This is the minimal amount of supersymmetry that is preserved by a solution when only the 5-form
flux is non-vanishing.



and toric and SU(2) fibrations over lower dimensional KT manifolds. A particular large
class of examples includes 72 fibrations over 6-dimensional Kéhler-Einstein manifolds. We
also demonstrate that the uplifting of the near horizon geometries of 5-dimensional black
holes [35-37] to IIB solves all the conditions and so provides more examples.

1IB spatial horizon sections are 8-dimensional but the conditions we have found on S
can be easily adapted to 2n dimensions. Strong KT manifolds (SKT) [34] are KT manifolds
which in addition satisfy the second order equation dH = 2i00w = 0. A comparison of (1.4)
with the strong condition for SKT manifolds leads to a generalization of both conditions.
In particular, k-strong Kéhler manifolds with torsion (k-SKT) are KT manifolds which
in addition satisfy d0w* = d(w*~! A H) = 0. For 2n-dimensional manifolds, the (n-1)-
SKT and (n-2)-SKT structures coincide with the Gauduchon [38] and the Jost and Yau
astheno-Kahler [39] conditions, respectively. The above conditions can also be extended
to 2n-dimensional manifolds with an SU(n) structure compatible with a connection with
skew-symmetric torsion, or equivalently almost Calabi-Yau with torsion (ACYT) and, if
the almost complex structure is integrable, Calabi-Yau with torsion (CYT) manifolds. In
this terminology, the horizon spatial section S is a 2-SCYT manifold. The expression of
k-SKT structure in terms of H allows one to further extend it on other manifolds with
almost KT (AKT), Sp(n), Sp(n) - Sp(1), G2 or Spin(7) structures.

A further generalization of k-SKT geometries is possible following the introduction of
the k-Gauduchon condition 99w* A w" #=1 = 0 for Hermitian manifolds in [40]. One can
also define the (k;¢)-SKT condition as 99w* A w’ = 0 which includes both the k-SKT and
k-Gauduchon structures. Rewriting this as d(w*~!' A H) A w® = 0 it generalizes to other
manifolds with SU(n), Sp(n) and Sp(n) - Sp(1) structures.

This paper is organized as follows. In section 2, we describe the field and KSEs for near
horizon geometries of IIB supergravity. In section 3, we solve the KSEs for horizons which
preserve at least two supersymmetries. The cases with Spin(7)-invariant and pure SU(4)-
invariant Killing spinors are emphasized. In section 4, we demonstrate that the spatial
horizon sections of solutions with a pure SU(4)-invariant Killing spinor admit a hidden KT
geometry compatible with an SU(4) structure. In section 5, we give several examples of 11B
supersymmetric horizons which are group fibrations over KT manifolds. In section 6, we
present some more examples which arise by uplifting lower-dimensional black hole horizons
to IIB supergravity, and in section 7, we give our conclusions. In appendix A, we explain
our conventions. In appendix B we give the definitions of new geometries associated with
other structure groups which arise as a generalization of the conditions we have found on
the IIB spatial horizon sections. In appendix C, we give the 5-form field strength of the
uplifted lower-dimensional black hole horizon geometries.

2 Fields near the horizon and supersymmetry

2.1 Near horizon limit and field equations

It is well-known that under some analyticity assumptions [41], one can adapt Gaussian
Null co-ordinates near the horizon of an extremal black hole to write the metric as

o 1
ds®> =2ete” + dije'e = 2du (dr +rh— 2T2Adu> + ~yrrdy! dy? (2.1)



where we have introduced the basis
1 A A
et =du, e =dr+rh-— 27"2Adu, el =etdyl . (2.2)

The horizon is the Killing horizon of the time-like Killing vector field V' = 88u which is
identified to be in the same class as the stationary Killing vector field of the black hole,
see e.g. [16, 41]. The spatial horizon section S is the co-dimension 2 submanifold defined
by » =u = 0 and it is assumed to be closed, i.e. compact without boundary.

The components of the metric depend on all coordinates apart from u. The near
horizon geometry is defined by first making the coordinate transformation

r—r, u— 0, (2.3)

and then taking the limit £ — 0. The resulting spacetime metric does not change its form,
however in the near-horizon limit A, A and + no longer depend on r. The components of
the spin connection are listed in appendix A.

The self-dual® 5-form field strength F' of IIB supergravity also simplifies in the near
horizon limit. Assuming that all components of F' are regular functions of r, independent
of u, such that F' is well-defined on taking the near-horizon limit, in addition to the duality
condition and the Bianchi identity dF' = 0, one finds that

F=rduNdY +duNdrNY —xY =ret A(dY —hAY)+e  Ae  AY —xgY, (2.4)

where Y is a r, u-independent 3-form on §. Writing the 10-dimensional spacetime volume

form in terms of that on S as
dVOl(lO) =e"Ne A dVOl(g) , (25)
one finds that Y satisfies
d*xsY =0, dY —hAY = —%g(dY —hAY), (2.6)

and *g is the Hodge dual on S, with the convention that
1

(*SY)nln2n3n4n5 - 3'€m1m2m3n1n2n3n4n5ymlm2m3 . (27)

The field equation for the 5-form field strength coincides with the Bianchi identity

which we have already given in (2.6). The remaining field equation is the Einstein equation
of the theory,

1
Rap = GFAL1L2L3L4FBL1L2L3L4 : (2.8)

For the near horizon geometry, this can be decomposed along the light-cone directions and
those of the horizon section §. In particular, from the +— component, one obtains:

1~ 1 2
ip 2 _ l1la43
2V hi — A — 2h ——3Yg142g3y , (2.9)
*In our conventions Fr, .5 = N1 Ns g Fivy . N5, where eo123456789 = 1.



where V denotes the Levi-Civita connection of S. From the ij component one finds
P, = 1 I2Y2) 2 ninans
R@'j + V(ihj) — 2hihj = —4Y,‘g142Yj + 36z‘an1n2n3Y , (2.10)

where R denotes the Ricci tensor of S. From the 4++ component, one obtains

1

- 3 .~ 1 .. 1 ..
2 7 7 2 7,
A— hWV,A— AV'h; + Ah dh;;dh"

2V 5 \% 9 V'h; + +4 j

1
= (dY — h AY)pinonan, (dY — h AY)MM20304 2.11
6 1n2mn3ng
and from the 44 component, one gets
1 7] J v 4 ninans3
2V dh;; — ' dh;; — ViA+ Ah; = 3 (dY —h A Y)in1n2n3Y . (2.12)

2.2 Killing spinor equations

We set the axion and dilaton to be constant, and the 3-forms to vanish. Thus the only
active bosonic fields are the metric and real self-dual 5-form F. In such case, the only
non-trivial KSE is

i
Ve + 48FMN1N2N3N4FN1N2N3N4€ =0, (2.13)

where V is the spin connection associated with the frame (2.2) and € is a spinor in the
positive chirality complex Weyl representation of Spin(9,1).

To proceed further, we use the projections
e=er+e, T'yer =0, (2.14)
to decompose the KSE along the light-cone directions and the rest. The KSE along the

light-cone directions can be integrated. In particular on integrating up the — component

of the KSE, one finds

1 . )
€+ = Py e =¢_+rl_ <4hirl + 192 Yn1n2n3an2n3>¢+ ) (2'15)

where ¢4 do not depend on r. A similar analysis of the + component of the KSE gives
that

1 i
¢+ =14+ UFJr <4hirZ - 12Yn1n2n3rmn2n3>"7a ¢* =nN—, (2'16)



where 77+ do not depend on w or r. Furthermore, 1, 7n_ must satisfy the following algebraic
conditions

1 1 1 1 y
(— 8h2 - A 12591@2531/’515253 = gy
) 1
+ <48delzgégé4 - 8szleYmégz4>Pelg2e3e4>77— =0, (2.17)

1 1 1 1 .
<8h2 + QA - 12%142@31/41[2[3 - 8dhijrw

1

7
+ <48dYelegz3z4 + g

Yine sz344>1“z1£2z334> ne =0, (2.18)
1 1 1 1 y
<8h2 + A = Ve Y0 = dhy DY

7 1
+ <48dY€1€2€3€4 + 8Ym£1£2ym€3£4> F€1€2€3€4>

1
X <4hjrf - 122 Ymmngr"I"Q"S)n =0, (2.19)
1

1 )
<<_ q dhqquPQIQQ + 18 (dY —hA Y)£1£2Z3£4PZ1£2£3Z4> (4

WD+ " Yy o, I171278
12
1 A
+, (Db @A)F’)m —0, (2.20)

and
7

1 i INSNAYE TS
<<_ 8dh‘hq2rqlq2+ 48 (dY - h /\ Y)£1£2£3£4F 1renst 4h]P]+ 12

ninans
Ynlngngr >

1 N /1 :
+,(Ahi — &A)F’) <4hmrm - 122Ym1m2m3rm1m2m3>n =0. (2.21)

It has been shown in [24, 25] that all supersymmetric IIB backgrounds admit a Killing
vector field constructed as a bilinear of the Killing spinor. The solution of the above alge-
braic conditions as well as that of the remaining component of the KSE along S proceeds
by identifying the Killing vector bilinear with the Killing vector field of the near horizon
geometry V = 0,. This is justified if one assumes that the black hole spacetime is supersym-
metric. However, this is not necessary. As it has been emphasized in [42], the analysis can
be carried out under the assumption that only the near horizon geometry is supersymmet-
ric and not necessarily the black hole spacetime. However, such a weaker assumption leads
to a more involved analysis in IIB supergravity which is not within the scope of this paper.

3 Solutions with at least two supersymmetries

To proceed, we consider first the solutions with minimal supersymmetry, and we require
that the 1-form Killing spinor bilinear

Zy = (B(Ce*)*, T'pre) = (Toe, T'pge) (3.1)



should be proportional to V', where
1
V= —27“2Ae‘L +e . (3.2)

First, evaluate Z at r = u = 0, for which € = ny + n_. Requiring that Z, = 0 at
r = u = 0 implies that

n.=0. (3.3)

Then, using r,u independent Spin(8) gauge transformations of the type considered
in [24, 25|, one can, without loss of generality, take

N+ =P+ qei2sa, (3.4)

where p, g are complex functions of §. Furthermore, on computing the component Z_, one
finds that |p|> + |¢|? must be a (non-zero) constant.
Next, evaluate Z; at r £ 0. As this component must vanish, one finds

Ip|* — |q? I
T2+ \(JPYimw o (35)

where in conventions similar to those in [24, 25],
w=—-e'nel —e?he’ —e*Ned—ethné, (3.6)

is an almost Hermitian structure on S. Also, noting that

Z
A=—2r7277 3.7
r Z_ ? ( )
one finds
1 1
A = 6Y£1g2g3Y£1£2£3 — 4h2
1 1 pq 1 pg ]
+Yinm, Y WAw— X — X , 3.8
e nana |90 gy g X T 4P+ g )
where, in the conventions of [24, 25]
x = (el +ied) A (e® +ie") A (e® +ied) A (et +ie?), (3.9)

is the (4,0) form on S.
In particular, on defining

7

Yty = (Vo) +Yis0)atats = g0 )00

)Ymnlngwnan (pfixmzlzgeg - ﬁQXmelzgeg>, (3.10)
it is straightforward to show, using (3.5), that (3.8) can be rewritten as

2 . R
A= 31@152531/@1’52’53 : (3.11)

so A > 0, as expected.



Next, we consider the remaining components of the KSE. These imply that

- 1 i
Ving — 4hm+ - 121fg152¢3r’5132"3ri77+ =0, (3.12)

1 1 . 7~
jhi - Shihj + 4}/;Q1Q2qulq2]rj + [12 (vi}/ZlZQZS - (dY)MlZQZ?,)

7N
| — |
N

<

1

7
—|—24 ((h AN Y) + *8(h A Y))lezfg — 144 YimlmQYm3m4m5 6m1771277%3771477%5zl&zg
1
- 4Ym[zlég ng]im] lew‘”’) ny =0, (3.13)

where V denotes the Levi-Civita connection on S. Note that on contracting (3.13) with
I'", and on making use of (2.18), one obtains (2.9). Furthermore, (3.10) is obtained from
the integrability conditions of the KSE.

Also, on expanding out (3.12), one obtains the conditions:

1 , 1
oo’ =Yg’ 4ha)p =0,

8ap+<

1 1 7

o+ | = Qs = ha |P— . earirons Y125 =0,
2 4 3
1
2

1 1
3aQ+ <_ Qa,ﬁﬁ - 4hoz>q+ 3€a)\1)\2)\3y>\1>\2>\3p = 07
S DR
0aq + 2(2&75 +1iY,g" — 4ha qg=20, (3.14)
and
dpq
Qarr€ ™, = fir fiz »
Q,ATA2 M1 2 ’p‘g_i_ ’q‘z Q, 4] 2

- sy o5 (pP—ld?) 1
? Qi fi2 —1 a[ﬂl ﬂg}ﬁ - 2(’p‘2+ ‘q’2) o, i ¢ (3 5)

So far, we have investigated the general supersymmetric near horizon geometries. From
now on, we shall restrict ourselves to some special cases which depend on the choice of the
functions p and ¢ and of the spinor 74 in (3.4). There are three cases to consider as follows:

e 1 is an Spin(7) invariant spinor, |p|? = |q|?.
e 1, is a generic SU(4) invariant spinor, p # 0 and ¢ # 0 and |p|? — |¢|> # 0.
e 74 is a pure SU(4) invariant spinor, p = 0 or ¢ = 0.

We shall investigate in detail the geometry of the spatial horizon section in the first

and last cases.



3.1 Spin(7) invariant Killing spinors

For solutions with |p|? = |¢|?, one can, by an appropriate 7, u-independent Spin(8) gauge
transformation, take ¢ = p. The conditions on the fields derived from the KSEs can be
organized in Spin(7) irreducible representations but for the analysis that follows it suffices
to use their local expressions in SU(4) C Spin(7) representations as stated in the previous
section. Moreover observe that the 3-form null Killing spinor bi-linear [24] which contains
the Hermitian 2-form vanishes in this case.

Note first that (3.15) implies that the (2,1) and (1,2) parts of Y vanish, and (3.5)
implies that h = 0. Also, from (3.14) one finds that p is constant and the (3,0) and (0, 3)
parts of Y also vanish. It then follows from (3.8) that A = 0 as well. Hence, without loss
of generality we have ¢ = ny = 1+ e1934 and A =0, h = 0, FF = 0. The spacetime is
Rb! x S, where S is a compact Spin(7) holonomy manifold.

3.2 Pure SU(4) invariant Killing spinor

To analyse these solutions, first note that n, = p1 is related to ny = qejos4 by a r,u-
independent Spin(8) gauge transformation, hence without loss of generality, it suffices to
consider ny = pl. Furthermore, an appropriately chosen w,r-independent U(4) gauge
transformation can be used to set p to be a real function. As |p|? is constant, we can
without loss of generality take

ny=1. (3.16)
Then the conditions (3.14) are equivalent to
1
Ya1a2a3 =0, Qa,ﬁﬁ - iYaBﬁ =V, Z'Yaﬁﬁ + 2ha =0, (3.17)

so, in particular, the (3,0) and (0,3) components of Y vanish. As ¢ = 0 as well, it follows
from (3.11) that

A=0. (3.18)

Also, (3.15) can be rewritten as

. ) 1
Qa,)\1>\2 = 0, ZYappo — Z6O{[ﬁ1 YﬂQ]ﬁﬁ = 2Qa,ﬂ1ﬂ2 . (319)

Note that these conditions are sufficient to imply that
1 .
hTi+ ' Y00 D025 iy =0, (3.20)
4 12
so the Killing spinor is
e=nyL=1. (3.21)

Furthermore, the algebraic condition (3.13) can be simplified to obtain

((dh)i;T7 + ;(dY —hAY )ity 7% )y =0 (3.22)

,10,



On contracting (3.22) with I'", and making use of the anti-self-duality of dY — h A'Y, one
finds

(dh); T, =0, (3.23)
le.
dhas =0,  dha® =0, (3.24)
so dh € su(4). The remaining content of (3.22) can be written as
dhi; = —(dY — B AY)ijmne™ . (3.25)

To summarize, the KSE implies that S is a Hermitian manifold with an SU(4) structure
associated with the pair (w,x) of a Hermitian form w and (4,0)-form x. In addition, the
KSE imposes the geometric condition

0 = ORey » (3.26)
where
1 .
Orex = 4 *8 (ReX N xgd ReX) y (Bw)i = _vkwk‘jw]i’ (3.27)

are the Lee forms of Rex and w, respectively. This follows on comparing the second equation
in (3.17) with the second equation in (3.19). Observe that (3.26) can also be written as

dg,Rex = [dRex — 0, ARex] =0 . (3.28)

We have not included the condition that df,, € su(4) as this follows from the Hermitian
structure on S. We shall produce a proof for this in the next section. Moreover, the
components of the metric and fluxes are given as

1
A =0, h=140,, Y = 4(dw—@u,/\w) . (3.29)

This concludes the analysis of the KSEs.
It remains to investigate the field equations and Bianchi identities. The Bianchi iden-
tity dF' = 0 implies that

dxg (dw — 0, Aw) =0 . (3.30)

The rest of the field equations are also satisfied as a consequence of (3.30) and the conditions
derived from the KSEs.

3.2.1 Solutions with 6, =0

Before examining the pure spinor solutions in greater detail, it is instructive to briefly
consider the special case for which 6,, = 0. The Bianchi identity (3.30) implies that

wAd*gdw =0, (3.31)

and on integrating this expression over S, one finds that dw = 0, so from (3.29) it follows
that the 5-form flux vanishes, ' = 0, and A = 0,h = 0 so the spacetime is a product
RY x S, where S is a compact Calabi-Yau 4-fold.

— 11 —



4 Hidden KT structure of horizon sections

In this section, we examine further the properties of the solutions for which the Killing
spinor is € = 1, concentrating in particular on the structure of the horizon section S.

4.1 k-SKT and k-SCYT manifolds

Before we proceed with the detailed analysis of the geometry of the spatial horizon section,
we shall first explore some geometric structures in the context of 2n-dimensional Hermitian
manifolds with Hermitian form w. K&hler with torsion (KT) manifolds [34] are Hermitian
manifolds equipped with the unique compatible connection* V with skew-symmetric torsion
H, Vw = 0. Moreover H is expressed in terms of the complex structure and Hermitian
metric as

H = —ijdw = —i(0 — 0)w . (4.1)

A

Clearly hol(V) C U(n). For strong KT manifolds (SKT), the torsion is in addition closed,
dH = 0. The latter condition can be expressed as

90w =0 . (4.2)

This condition has been extensively investigated in the context of supersymmet-
ric 2-dimensional sigma models [43-45] and in the context of Hermitian geome-
try [34, 46, 49, 50, 52].

Another second order equation which arises in the context 2n-dimensional Hermitian
manifolds is

20wt =0, (4.3)

It has been shown by Gauduchon [38] that within the conformal class of a Hermitian metric,
there is a representative which solves (4.3).

To continue, it is suggestive to define as k-SKT manifolds the Hermitian manifolds
equipped with the compatible connection with skew-symmetric torsion, H, which in addi-
tion satisfies

dw* P AH) = 3;85(4)’? =0. (4.4)

Clearly for k = 1 this condition coincides with SK'T, while for a 2n-dimensional Hermitian
manifold and for £k =n — 1 it coincides with the Gauduchon condition (4.3).

Next let us compare the above conditions for Hermitian manifolds of different
dimension. It is clear that for 4-dimensional Hermitian manifolds the SKT condition
coincides with the Gauduchon condition, and so all 4-dimensional Hermitian manifolds
are SKT. In 6 dimensions, the 2-SKT condition (4.9) coincides with the Gauduchon
condition [38]. Therefore all 6-dimensional Hermitian manifolds are 2-SKT. However, it is
known that the SKT condition is restrictive for 6-dimensional manifolds [47]. It is likely

“In our conventions, we have set V;Y7 = VY7 + éHjikYk.
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that this is also the case for the SKT and 2-SKT conditions for 8-dimensional Hermitian
manifolds. In this case, the Gauduchon condition coincides with the 3-SKT structure.
Similar observations can be made for Hermitian manifolds in higher dimensions. The
conditions (4.4) provide a set of natural second order equations on Hermitian manifolds
which may deserve further investigation.

Next consider CYT manifolds, i.e. KT manifolds which in addition have hol(V) C
SU(n). Clearly the k-strong condition also generalizes in this case yielding a k-SCYT
structure. It is known that there are restrictions on the existence of such manifolds. As
an example, closed, conformally balanced, ie 6, = 2d® and ® is a smooth real function,
SCYT manifolds are Calabi-Yau [49, 50]. It is not known under which conditions similar
theorems hold for k-SKT manifolds, £ > 1. It turns out that the spatial horizon sections
S admit a 2-SCY'T structure. Moreover we shall provide compact 8-dimensional examples
with this structure. However in all examples, we shall construct manifolds which are not
conformally balanced.

4.2 Hidden torsion

Returning to the geometry of the spatial horizon sections, we have shown that S is a
Hermitian manifold with a SU(4) structure associated with the pair (w, x) of fundamental
forms. In addition, the Killing spinor equations impose the geometric constraint given
in (3.26). It turns out that (3.26) is equivalent to requiring that S is a KT manifold with
a compatible SU(4)-structure,® i.e. a CYT manifold. This has been first observed for 6-
dimensional manifolds with an SU(3)-structure in [48], and later it has been expressed in
the form (3.26) for all 2n-dimensional manifolds with a SU(n)-structure in [18, 19]. This
means that there exists a connection with skew-symmetric torsion H such that

Vw=Vx=0, (4.5)

where H is given in (4.1).

The 3-form H is not immediately identifiable with either the NS-NS or the R-R
3-form field strengths of IIB supergravity as we have set both of them to zero. In addition,
H may not be closed and, for a non-product near horizon geometry, S should not be
balanced, 6, # 0.

The KSE requires that df,, € su(4). To show that the (2,0) part of df, vanishes we
can utilize the existence of H and in particular (4.5). For this first observe that the Ricci
form j of V for any KT manifold can be written [49, 50] as

1

p= —4Rij,kg WMl N el = —iddlogdet g — d(16,,), (4.6)

where (16,); = (6,);17;. To establish the above identity, it is convenient to use complex
coordinates. Since the holonomy® of V is contained in SU(4), p = 0. Taking the (2,0) part

®The classes of SU(3)-structures on 6-dimensional manifolds have been investigated in [51].
STt turns out that d§%° = 0 for all Hermitian manifolds, i.e. hol(V) C U(n), but a proof is more involved.
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of the rhs, one finds that d6%° = 0. It remains to show that d(0,)ijw” = 0. This follows
from the definition of 6,, and

2(,0” (dew)ij = —w”vi (kakgu)gj) = V,ij” + kakZngejwij = Viij” = O, (4.7)
where one establishes the last equality by expressing the two derivatives in terms of the
Riemann curvature and by using that the Ricci tensor is symmetric.

Another advantage of introducing the torsion H is that the Bianchi identity for F' (3.30)

can now be expressed as

d*g [dw — 0, Nw] =dwANH)=0. (4.8)
Using (4.1) observe that the above equation can be rewritten as
20w? =0 . (4.9)

Clearly this is a second order equation on the Hermitian form w and it coincides with the
2-strong condition on KT manifolds.

To summarize, both the KSEs and field equations require that spatial horizon section
S is a 2-SCYT manifold. To find examples of IIB horizons, it is convenient to utilize the
hidden torsion of & and solve the conditions required for the 2-SCYT structure. These
are two equations, one is the vanishing of the Ricci form p = 0 of the connection with
torsion and the other is the 2-strong condition (4.9). There are two sources of examples
of such manifolds. One source is the Nil-manifolds. However this class will not produce
interesting examples as it has been shown that all Nil-manifolds with invariant Hermitian
structure and hol(V) C SU(4) are balanced [52]. Since in this case h = 6,, and A = 0, the
near horizon geometry is a product RU! x S, where S is a compact Calabi-Yau 4-fold, and
the 5-form flux vanishes. In fact as a consequence of the argument given in section 3.2.1,
all balanced, 0, = 0, 2-SKT 8-dimensional manifolds are Ké&hler. The other source of
examples are group fibrations over Hermitian manifolds. We shall demonstrate that this
class produces many examples.

5 KT fibrations

In this section, we present a number of examples of near-horizon geometries corresponding
to the class of solutions for which the Killing spinor is € = 1 by constructing horizon sections
satisfying the conditions described in section 4. As we have shown, the entire near-horizon
solution is completely determined in terms of that of the spatial horizon section §. Thus
we have to find examples of 8-dimensional 2-SCYT manifolds. For this, we shall consider
group fibrations over KT manifolds.

Our primary interest is in 8 dimensions but the construction of fibrations can be made
for any 2n-dimensional KT manifold X?". To continue suppose that X2" is a fibration of
a group G over a KT 2m-dimensional manifold B>™ with metric dsém), complex structure
I and skew-symmetric torsion 3-form H(y,,). For G a torus such fibrations have been
extensively investigated in [53-55] and have been further explored in [56, 57]. Here we
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shall extend the construction to general group fibrations. For this, one can define a metric
and a 3-form on X?" as

A5ty = hapXN*N + dslyyy ,  dsly,y = dije'e,
1 a b 2 a b
H(gn) = 3hab)\ AdN + 3hab)\ NF" + H(2m) , (5.1)

where A is thought of as a principal bundle connection satisfying the structure equations
1
M%dH%VAX:FK (5.2)

and where 7 is the curvature of A. This relation of Hy,) to the Chern-Simons form of
A has been motivated by the results of [18, 19]. In addition, we take the fibre metric h
to be constant and invariant, i.e. the structure constants of the fibre Lie algebra Hg. are
skew-symmetric. Observe that

H(Qm) = —i]dW(Qm) s (5.3)

where w(gp,) is the Hermitian form of Ba,,).

To define a KT structure on X?", we assume that the fibre G admits a left-invariant
complex structure J such that h is a Hermitian metric with respect to J. Moreover J is
chosen such that the structure constants Hgy,. of the Lie algebra of G are identified with
the components of skew-symmetric torsion associated with the Hermitian structure (h, J)
on G [58]. Using these, one can write an almost Hermitian form on X?" as

1
W(an) = 9 JapA? A pUE W(2m) - (5.4)
Requiring that X?" is a complex manifold, one finds the conditions that
Fl'wle = Fi, (5.5)

ie the curvature of the fibration is (1,1) with respect to the complex structure of the base
space B>™ and

Hape — 3Hef[aJebec] =0, (56)

ie the structure constants of G are (2,1) and (1,2) with respect to J. Thus provided (5.5)
and (5.6) are satisfied, X?" is a KT manifold with respect to (dsén),w(gn)) with torsion
given in (5.1).

The conditions (5.5) and (5.6) can be solved as follows. First (5.6) is automatically
satisfied because J is chosen such that H. is the skew-symmetric torsion of the Hermitian
structure (h,J) of G. The condition (5.5) can be solved by taking the fibration to be
holomorphic. Therefore, X?" is a holomorphic fibration over a Hermitian manifold B?™,
with fibre G which also admits an invariant Hermitian structure with skew-symmetric
torsion constructed from the structure constants of G.

Next for X" to have a CYT structure, it is required that the connection with skew-

~

symmetric torsion has holonomy contained SU(n), hol(V) C SU(n). Since by construction
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v preserves both the metric dsén) and w(gy), clearly the holonomy of V is contained in
U(n). It remains to further restrict the holonomy to SU(n). For this, we set the Ricci form
of the connection with skew-symmetric torsion to zero, pz,) = 0. This in turn gives the
conditions

. 1 “ i
(p(Qm))k:Z + 2habfk£-7:;%w(j2m) = 07

a b sk, 1] ab Tc, tj
2F T 500" W g0y +H T i@ am) = 0
(Fiwih) = 0. 67)

where p(2p,) is the Ricci form of the connection with torsion of B?™_ 1t is clear that

fgufgn)::k“, (5.8)
is constant. Using this and that F is a (1,1)-form, the above conditions can be simplified
somewhat to

. 1 a
(P2m) ke + 2habk‘bfkg =0,
H® k¢ =0 . (5.9)

It is clear from the last condition above that if k # 0, the direction along k in the Lie
algebra of G commutes with all other generators of G. Thus up to a discrete identification,
G =U(1) x G'. Finally, one can compute the Lee form to find that

(aw(2n))i = (ew(gm))i’
1 1
(Hw(zn))a = 2Hb1bchblb2Jca + 2kct]ca . (5.10)

Observe that the first term in the second equation of (5.10) is the Lee form associated
with the Hermitian structure (h,J) of G. This completes the general analysis on group
fibrations and KT structures.

Next take S = X% Since S is a CYT manifold both the fibre group and the base
manifold B?™ are restricted. First the fibre groups are restricted to be KT manifolds,
and with skew-symmetric torsion obtained from the structure constants of the associated
Lie algebra. It turns out that all even-dimensional compact Lie groups satisfy all these
conditions. We have tabulated all such groups up to dimension 8 in table 1. These are
relevant for the construction of horizons.

The only restriction on the fibre group arises whenever the fibre twists over the base
space with a connection A such that & in (5.8) does not vanish. As we have mentioned in
such a case G is a product U(1) x G' up to a discrete identification. To find new horizon
geometries, it remains to solve for (5.9) and (5.8), and in addition verify the 2-strong
condition d(w(g) AN H (8)) = 0. We shall do this explicitly in some special cases below.
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dim G G

2 T2

4 T4, S' x SU(2)

6 T, T3 x SU(2), SU(2) x SU(2)

8 T8, T5 x SU(2), T? x SU(2) x SU(2), SU(3)

Table 1. The first column gives the rank of the fibre which is the dimension of the group. The
second column gives the available compact Lie groups up to discrete identifications.

5.1 Group manifold horizon sections

Let us suppose that the horizon section is a group manifold. The 7% case is trivial. Next
consider the case T° x SU(2) and take

5

dstg) = D (1) +(0')? + (0%)? + ()%,
r=1
1 5
w(g) = — ATt =t Ao+ 5 Z JrsT" AT, (5.11)
r,s=2
where
dr" =0, do® =o' No?, (5.12)

and cyclically in 1, 2 and 3, and J,.s a constant complex structure in the denoted 4 directions.
In this case V is a parallelizable connection and so the holonomy is {1}. Moreover

Hgy = ot NP NP, 6, =1, (5.13)

and the 2-strong condition can be easily verified.
Next consider 72 x SU(2) x SU(2). One can take

2
dsfe) = D (1) + (02 + (0%)2 + (@) + (1) + (o) + ("),
w(g) = ::013 Apd =t No? —pt Ap? =1t AT (5.14)
where
dr" =0, do®=o'No?, dpd=p' Ap?, (5.15)

and cyclically in 1,2 and 3. In such case V is again parallelizable and
H) =o' AP AN+ pt A P2 AP, Ouis) = —o3+p3. (5.16)

A short calculation reveals that the 2-strong condition is also satisfied.

It remains to examine SU(3). For this consider the Hermitian structure associated with
the bi-invariant metric of SU(3) and the complex structure given in [58]. The associated
connection with skew-symmetric torsion is the left-invariant parallelizable connection and

A

so hol(V) = {1}. But the condition (1.4) is not satisfied.
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5.2 Fibrations over Riemann surfaces

Suppose that B? is a Riemann surface. Equations (5.8) and (5.9) imply that the curvature
of B? is non-negative. Thus B? is either T2 or S%. Let us focus on the S? case. The
fibre group is 6-dimensional and from table 1 there are 3 different cases to consider. First

suppose that G = T°. In such case one can write

dsly) = hapA* X’ + ds*(5?)

1
wig) = 5 JapA" AN +w(z)(5%) (5.17)
Moreover (5.8) implies that
Qa 1 a
Fij = 2k’ (w2))ij » (5.18)

where k is constant. In turn the first condition implies that

|k|?

Rij e = 4

(w2))ij(We))ke s (5.19)

as H(z = 0. A straightforward computation reveals that

H(g) = hgpA® A .7:b, 0.,

1 b a
o = oK T (5.20)

Moreover one can easily verify that d(wg) A H(g)) = 0. Thus any rank 6 toroidal fibration
over S? with curvatures proportional to the Kihler form of S? solves all the conditions.
All such manifolds are 2-SCYT.

Next take G = T° x SU(2). Again equations (5.8) and (5.9) imply that B is either T2
or S2. We shall focus on the latter case. The second condition in (5.9) and (5.8) imply
that the fibration curvature along the SU(2) directions vanishes. Thus there is no twisting
of SU(2) over the Riemann surface. As a result, we take only the 72 part of the fibre to
twist. Thus we have

dsfy) = hap A"\ + (X*)? + ds*(S%) + ds*(S?), a,b=1,2,
W) = ;Jab)‘a AN — a3 AX3 — ot A o? 4 wip) (S?) (5.21)
where
ds*(5%) = ()" + (0*) + (¢°)* . (5.22)

As in the previous case (5.8) implies (5.18) but now k lies along the 3 toroidal directions.

Moreover
1 1
Hig) = hapX* AFP+ XA FP 40" NaP N, O, = kaJba)\“ + A3+ 2k3a3. (5.23)

It remains to verify the 2-strong condition d(wg) A H(g)) = 0. This is satisfied provided
that

Fl=r?=0, (5.24)
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and so k' = k? = 0. Thus the horizon section is 72 x S3 x S3, with one of the 3-spheres
possibly squashed.

The last case is for G = SU(2) x SU(2). There are no solutions in this case as one
cannot satisfy all conditions in (5.9).

5.3 Fibrations over Kahler-Einstein manifolds
5.3.1 Six-dimensional base space

First we shall examine horizon sections which are T?2-fibrations over 6-dimensional KT
manifolds. At the end we shall consider the horizon sections which are fibrations over
4-dimensional KT manifolds. To simplify the problem further we shall take B® to be a
Kahler-Einstein manifold. The Ricci form of such manifolds is proportional to the Kéhler
form. Thus the Kéhler form, up to an overall scale, represents the first Chern class of the
canonical line bundle. Using the Kéhler-Einstein condition of BY, the metric, torsion and

Hermitian form of the horizon section can be written as

ds(gy = (\°)? + (\')? + ds*(B),

Higy = XANFO+ M AT,

weg) = —)\0 A )\1 + w(ﬁ)(B) , dw(ﬁ) (B) =0. (5.25)
Moreover, we choose the curvature of A" as

k
Fo= 6“0 (B), (5.26)

setting k° = k, k' = 0. Observe that this forces the Ricci form of B to be positive.” In
what follows, we shall specify !, which is (1,1) and traceless on B, and solve the 2-strong

condition d(w A H) = 0 for a variety of base manifolds BS.
First take BS = CP? x S%. Write

w(ﬁ) = Wep2 + Wg2 (527)

where wep2 and wge are the Fubini-Study Kihler forms on CP2? and S2, respectively. Also
set

Fl = puwepe + quge . (5.28)
Clearly F! is (1,1). Enforcing that F! is traceless, one finds that
%p+q=0. (5.29)

Moreover the 2-strong condition d(wg) A Hg)) = 0 implies that
2

1o T 20 +p°=0. (5.30)

"Our conventions are chosen so that the Ricci form p of a Kihler-Einstein manifold with Hermitian form
w is positive if p = —cw, for constant ¢ > 0.
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Thus we find that the system has a solution provided that

(5.31)

To give more examples, observe that the same calculation can be carried out provided
that CP? is replaced by any 4-dimensional Kihler-Einstein manifold X, with positive Ricci
form. Such manifolds include S? x S$? and the del Pezzo surfaces which arise from blowing
up CP? on more than two generic points, for the latter see [59].

5.3.2 Four-dimensional base space

One can also consider horizons which are fibrations over a 4-dimensional Kahler manifold
B*. Start first with torus fibrations. In this case,

dslyy = (A")? + (A1) + ()2 + (W°)? + dsfy ,
Hgy = XAF + N AF + XAF2P+ N AF?,
wig) = AP AN = A2AN Fug) (5.32)

and k° =k, k! = k* = k® = 0. The condition (4.8) implies that
FPANFP+FANF =0, FPPAF+F AF =0, (5.33)

and we remark that k? = k3 = 0 implies that F2, F2 are traceless (1,1) forms on B*, so
the first condition in (5.33) implies that

Fi=F=0. (5.34)
There is a solution for B* = 52 x 52 and

fo:gwéﬁ—gwéz, k=p+gq,
14

1 _
F =

we: — W), £ =pq. (5.35)
Therefore S is a product of T2 with a 6-dimensional manifold.
One can also find solutions with fibre U(1) x SU(2). In this case, one can show that

FOANF =0. (5.36)

and the rest of the curvatures F along su(2) must vanish. The condition (5.36) is rather
restrictive since it implies that the self-intersection of the canonical class must vanish.
This can never be satisfied by a Kahler-Einstein 4-manifold. However for Ricci flat Kéhler
manifolds one can take FY = 0. In such case, the solutions are products. As a result one

finds that up to discrete identifications the horizon sections are either S' x S3 x K3 or
St x 83 x T4,
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6 Uplifted near-horizon geometries

Another class of solutions can be constructed as lifts to IIB supergravity of near-horizon
geometries in minimal N = 2, D = 5 supergravity derived in [35]. We shall adopt the
notation used in [32] where we distinguish the near-horizon data for the lower dimensional
supergravity from those of the higher dimensional theory by adding a subscript indicating
the dimension of the associated space as appropriate. In particular, the near horizon

geometry and 1-form gauge potential flux in five dimensions are

dsly) = —r*Alydu® + 2dudr + 2rhg)du + ds*(S%)

V3
A(5) = 9 TA(g)du +a, (6.1)

where h(3), a and A3y depend only on the coordinates of the 3-dimensional spatial horizon

section 8? and in addition

da = — \23 *3 (h(3) + 26_1Z1) . (62)

Moreover, we have equipped S? with a basis of 1-forms (Z!, Z2, Z3) such that dvol(S?) =
ZY N Z? N Z3, 0 is a nonzero constant and 3 denotes the Hodge dual operation on S3.
The basis elements Z° satisfy

- A . ) )
VIZLZ] = — 2(3) (*3ZZ)[J + (7(3))1J(h(3).ZZ + 3f_15i1) - Z}(h(g))]
307172178 + 2V30 Y eyijar 27 (6.3)

where 7(3) denotes the metric on 83, V is the Levi-Civita connection on S*, and h3)

satisfies
*3 dh(g) - dA(?,) - A(g) h(3) = 6£_1A(3)Zl . (64)

The 2-form field strength of the 5-dimensional solution is

V3
2

After some manipulation, one finds that the uplifted metric and 5-form flux can be written

aSS

F(5) = (—A(g)du A dr — rdu A dA(?,) — *3h(3)) - \/3€_1 *3 Zl . (65)

ds%lo) = 2dudr + 2rdu (h(g) + A(g)w) +w?+ d52(83) + de((CPZ) ,
F(lo) == @ + *@ 5 (66)

where © has been given in (C.2) and the 10-dimensional volume form with respect to which
the Hodge duality operation is taken is

1
dvol gy = —2e+ ANe " NZYNZPNZ3ANwAwep2 Awepe . (6.7)

8Note that the null basis element e used in the near-horizon geometries described here is not the same
as the e™ used in [32], although e~ = dr + rh is the same. If we denote by e'* the basis element in [32],

14+ + _ 1 - V4 4 2
2242, € +tong (dxz + g0+ 59)

thene ™ =e
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The internal manifold is CP? with the Fubini-Study metric

ds*(CP?) = (2 (da2 + cos? adf? 4 sin? a cos® a(dy; + (cos® B — sin® 3)d¢)?

+4 cos? asin? 3 cos? Bd¢2> , (6.8)

which is Kéahler-Einstein, and

L 4 2
= d . 6.9
w 2<X2+\/3€a+3Q> (6.9)
In addition,
3

Q = 3cos? a(sin® B — cos® B)dep + 5 (sin® a — cos® a)dy , (6.10)

is the potential for the Ricci form of this metric and the Kahler form wep2 is given by
1
wep? = 6€2dQ . (6.11)

It follows that the metric of spatial cross-sections of the 10-dimensional horizon geometry
and the 3-form Y which determines F{g) are

ds*(S®) = w? + ds*(S?) + ds*(CP?),
Y = (12PN ZP A 23— zll(h(3) +207' 2 + Ayw) Awepz, (6.12)
with
Ag) =0, heg) = h(z) + Agyw . (6.13)

Note that although Ag) = 0, there exist near-horizon solutions with A3y # 0 (and in fact
with dA ) # 0 as well).

It turns out that the Hermitian form on the spatial horizon section is
_ 7l 2 3
wey =2 Nw—Z"NZ°+uwcps . (6.14)

From this, it is straightforward to compute the torsion 3-form associated with the black
hole uplift solutions, and one finds that

2

Hg) =,

<wCP2 + 5 *3 <h(3) + jZl>> Nw— A Z' NZPNZP . (6.15)
After a short computation using previous conditions like (6.2) and (6.11), one can verify
the 2-strong condition d(wg) A Hg)) = 0. Observe that the above construction can be
easily generalized by replacing CP? with another 4-dimensional Kihler Einstein manifold.

Explicit examples of 5-dimensional near horizon geometries have been found by explic-
itly solving for hz),a, A3y and the Z’s. All known examples have 3-dimensional horizon
sections S? which admit two commuting rotational isometries, which are also symmetries
of the full solution. There are three cases of particular interest to consider.
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6.1 Cohomogeneity-2 BPS black holes in D =5

The near-horizon geometry of the cohomogenity-2 BPS black holes of Chong et al. [36] has
near-horizon data [37]

22 A2 Aolag —T 2 ArP(T
2= L T8 +<CZP O><dac1+ oleo )dx2> T 0 a2, (6.16)

dssa = 4P(T) I 203 — A2 0213 — A?)
where 2 A2
_ 13 2 0
P)=1I"- 4 (T — )" — o2 (6.17)
with C, Ay and ag constant with Ay > 0. Furthermore,
Ag
A@) = o (6.18)
and
AZ Ap(ag —T)
11 2 0 1 00 2
hig =T <<C - F2> (dx + 20 — A2 dx ) — dF) (6.19)
and £ )O? A 14
-T 2
AR ! 0 da? T 2
oT" dx™ + EC’QFdw + 2Fd (6.20)
and
da — V3., 1 2
a=- (= Agda' + apdz®) Adl . (6.21)

From this information, the whole geometric structure associated with the 8-dimensional
horizon section S can be reconstructed. Note that the Ricci scalar of the metric (6.16) is
not constant, and h does not correspond to an isometry of S.

6.2 Cohomogeneity-1 BPS black holes in D =5

These were the first examples of supersymmetric, asymptotically AdSs black holes, with
regular horizons. The near horizon data is as follows; A(3) is a positive constant, and

hy ==, 2" (6.22)

where one can choose that basis Z? for Sz satisfying

dz' = —N@gZ* N Z°

2 —2 A —2 1 3
az :A(3)(1—3f A(g))Z NZ

dzZ® = —Ag)(1 - 3@*%(5)21 A Z* (6.23)
with
a=— \236%(—521 (6.24)

and it is clear that in this case, S? is a squashed 3-sphere, and h(s) is a Killing vector on S8,
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6.3 AdSs x S°

It is straightforward to write AdSs x S° as an uplifted solution. The near-horizon data is
as follows: Ay =0,a =0, hg) = —%Zl, where the basis Z? satisfies

Azt =0
dz? = (717 N 72
VAN AN NAN (6.25)

Hence, one can introduce local co-ordinates x,y, z such that
Z' = dz, 7% = etdx, 7% =erdy (6.26)
and so the spacetime metric is
dsfyg) = ds*(AdSs) + ds*(S°) (6.27)
where

4 p
ds*(AdSs) = 2dudr — ; dudz + dz* + et (dz? + dy?),
ds*(S°) = w? + ds*(CP?), (6.28)

and ds?(CP?) and w are given by (6.8) and (6.9). The 8-dimensional horizon section is
S® = Hy x S°, where Hj is hyperbolic 3-space.

7 Conclusions

We have solved the KSEs of I1B near horizon geometries with only 5-form flux preserving at
least 2 supersymmetries. We demonstrated that there are three cases to consider depending
on the choice of Killing spinor which lead to different geometries on the spatial horizon
sections. We have examined in detail two of these three cases. If the Killing spinor is
constructed from a Spin(7) invariant spinor on the spatial horizon section S, then the near
horizon geometry is a product R x S, where S is an 8-dimensional holonomy Spin(7)
manifold. For the other case we investigated, the Killing spinor is constructed from a
SU(4)-invariant pure spinor of S. In this case S is a Hermitian manifold with a SU(4)
structure. The most striking property of S is that it admits a hidden Kahler with torsion
structure compatible with the SU(4) structure, i.e. a Calabi-Yau with torsion structure.
The presence of this torsion H is not apparent as both the R-R and NS-NS 3-form field
strengths have been set to zero. Moreover, the rotation of the horizon is given by the Lee
form of the Hermitian form w. All the remaining equations, including field equations, are
also satisfied provided that d(w A H) = d0w? = 0. It is therefore clear that the torsion H
completely characterizes the near horizon geometry.

We have utilized the existence of Kahler with torsion structure on the spatial hori-
zon sections to provide many examples of near horizon geometries mostly constructed
from group fibrations over Kéahler with torsion manifolds of lower dimension. We also
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demonstrated that lifted lower-dimensional near horizon geometries to IIB satisfy all the
conditions we have found. Thus there is a large class of examples.

The condition d(w A H) = 0 on Kéhler with torsion manifolds admits various general-
izations which we have explained, like for example d(w* ' AH) = 0. We have also compared
d(w A H) = 0 with the strong condition dH = 00w = 0 on Kihler manifolds with torsion,
which arises in the context of heterotic horizons. The expression for the above condition
in terms of the torsion allows for a generalization to other manifolds with structure group
different from SU(n) which however is compatible with a connection with skew-symmetric
torsion. We gave a list of several possibilities. It would be of interest to construct examples
of manifolds satisfying such conditions.

All the examples of horizons we have constructed so far admit more symmetries than
those one a priori expects to be present in the problem. A general solution to the problem
will require the solution of two second order differential equations p = 0 and 90w? = 0 on
an 8-dimensional complex manifold. The first involving the Ricci form, p, of the connection
with skew torsion will enforce the condition that the associated connection has (reduced)
holonomy contained in SU(4), and the second will enforce the remaining equations of IIB
supergravity including field equations. These equations can be contrasted with the two
equations that arise in the context of heterotic horizons p = 0 and 90w = 0 as well as the
two equations that arise in the context of Calabi-Yau manifolds p = 0 and dw = 0, where
now p is the Ricci form of the Levi-Civita connection. Therefore all these manifolds can
be viewed as a generalization of Calabi-Yau manifolds.

There is one remaining class of 1IB horizons which we have not investigated in this
paper. This is associated with a generic SU(4) invariant spinor on S. If solutions exist
in this case, the spatial horizon sections are almost complex manifolds but the almost
complex structure is not integrable. Moreover, although the spatial horizon sections have
an SU(4) structure, this structure is not compatible with a connection with skew-symmetric
torsion. Therefore, the geometry of the horizons in this case is different from that we have
encountered so far in the pure spinor case. We shall examine this case separately in another

publication.
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A Conventions

We have used extensively in our calculations that the non-vanishing components of the

spin connection associated with the basis (2.2) are

1 1 1
Qi = = hi, Qppo =14, Qi i = 7”2<2Ahi - 251‘A>,
1 1 1 1
Oy i = —th7 Qyij= —27“dhij7 Qi = zhu Qiy= —27“dhij,
Qijk = Uk (A1)

where € denotes the spin-connection of the 8-manifold S with basis e’.
In the analysis of the KSE, we have split the spinors £ into positive and negative parts

as
=& +&, T =0. (A.2)
Note that if £ is an even spinor, then

Q1q2q3Q4F

1
F€1f2€3€4£i ==+ €01020304 Q1(I2€I3(I4£ia

4!

(I1(I2(I3F

Cotatseaes€ = £ €0100050405 0192935 £ 5

3!

F51€253£45536§ﬂ: - :F 65152@3@4[5£6q1q2rq1q2§i7

2
Lyt0030005060:6+ = F€0 00050405060, 1T g6+ 5

L0y t0t300050607 056+ = F€01000504050607056+ (A.3)
whereas if £ is an odd spinor then

Q1q2q3Q4F

1
P51525354§ﬂ: = :F4'€51525354 Q1Q2QBQ4§:|: )

Q1q2qar

1
Lostatstats€s = F gy €titatstats 14203+ 5

1
Coitats005066+ = i2Gzlzgz3z4e5z6qlq2rq1q2§i,

L 01 00050005050:6+ = T€01000504050650, T g+

D1 000300050607058+ = F€01090500050607055+ - (A.4)

B New geometries with torsion

As we have seen the second order equation (4.4) on KT manifolds can be expressed in terms
of the skew-symmetric torsion H. Because of this it can be extended to other manifolds with
a G-structure compatible with a connection with skew-symmetric torsion. We have already
investigated the cases with U(n) and SU(n) structures. Here, we shall explore similar
conditions on manifolds with almost KT, Sp(n), Sp(n) - Sp(1), G2 and Spin(7) structure.
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B.1 k-SAKT manifolds

Almost KT manifolds (AKT) are almost hermitian manifolds compatible with a connection
with skew-symmetric torsion H. This have arisen in the context of supersymmetric 2-
dimensional sigma models in [60, 61]. In this case, the expression for H in terms of the
almost Hermitian and almost complex structure has been given in [62, 63]. As in the KT
case, we can define as k-SAKT manifolds those spaces for which the AKT structure satisfies
the second order equation

dWTAH)=0, (B.1)

where w is the almost Hermitian form. Unlike the k-SKT condition, the above restriction
cannot be easily expressed in terms of a 00 operator. Nevertheless, it is identical to the
k-SKT condition when it is expressed in terms of H.

As has been mentioned in the introduction, one can also define the (k;¢)-SAKT con-
dition as

dWTAH) AW =0. (B.2)
Clearly this generalizes the k-SAKT structure for ¢ > 1.

B.2 (ki, k2, k3)-SHKT and k-SQKT manifolds

It is clear that the condition (4.4) can easily be extended in the context of HKT mani-
folds [34], that is hyper-complex manifolds equipped with a compatible connection with
skew-symmetric torsion. The expression of the condition (4.4) in terms of H naturally leads
to an extension of the strong HKT condition (SHKT) to a (ki, k2, k3)-SHKT structure as

d(u)lfl_1 A wf?_l A w];?_l NH)=0, (B.3)

where I,J and K is a hyper-complex structure and wy, wy and wg, are the associated
Hermitian forms respectively. When two of the three k1, ks and k3 integers vanish, the above
condition coincides with that in (4.4). Similarly, one can define the (k1, ko, k3; €1, {2, (3)-
SHKT structure as

d(u)lfl_1 A wf?_l A w];?_l ANH) A wfl A wf? A wﬁ? =0. (B.4)

A similar condition can also be written for QKT manifolds, i.e. manifolds with a
Sp(n) - Sp(1) structure compatible with a connection with skew-symmetric torsion, [64].
In particular, one can define as k-SQKT manifolds the QKT manifolds which in addition
satisfy

dW* 1 AH)=0, (B.5)
where
YV=wrANwr+wjAwj +wig Awi . (B.6)
A (k;0)-SQKT condition can also be defined as
d* P AH)AY =0 (B.7)
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B.3 G2 and Spin(7)

The above conditions can also be extended to manifolds with Spin(7) and G2 structures.
It is known that all 8-dimensional manifolds with a Spin(7) structure admit a compatible
connection with skew-symmetric torsion [65]. The torsion H of this connection may not
be closed. So one natural second order equation on the Spin(7) structure is to impose the
closure of H, dH = 0, which is the analogue of the strong condition for SKT manifolds.
Alternatively, one can impose

dl¢g NH) =0, (B.8)

where ¢ is the fundamental self-dual 4-form of the Spin(7) structure.

A 7-dimensional manifold with a G structure admits a compatible connection with
skew-symmetric torsion provided a certain geometric condition is satisfied [62, 63]. Again,
one can either impose as a second order equation the strong condition, dH = 0, or alter-
natively

dlgNH) =0, (B.9)

where ¢ is the fundamental 3-form of the G2 structure. Observe that in both the
Spin(7) and Gy cases, the conditions (B.8) and (B.9) impose a single restriction on the
corresponding structures. Both these conditions can be rewritten as *d*fs = 0 and
*d*0, = 0, where 04 and 0, are the Lee forms of ¢ and ¢, respectively. So these are
Gauduchon type of conditions.

C Uplifted horizons
The self-dual 5-form of the lifted 5-dimensional black hole solutions is
Fli0) = © + %100 (C.1)
where
0= —2e+/\e_/\Zl/\Z2/\Z3+TA(3)e+/\Z1/\Z2/\Z3/\w

1 2
A Z ' NZPNZP— et Ne A (h(g) + Zl>

4

1
—|—pr2 A\ ( 4 f

1 1 2
+47°e+ A *3(—dA(3) + A(g)h(g)) + 47"e+ ANKTAN (h(g) + 521>>

l 1 1
*100 = 2w A <— 4w<cp2 Nwep2 — 8€A(3)e+ Ne  Nwep2

1 2 1
_86 *3 <h(3) + €Z1> N wep2 + 8fTe+ A\ (—dA(3) + A(g)h(g)) A W(CP2>
1 n 1 1 2 4
—|—47°A(3)e A wep2 A wep2 — 4re Nxg| hezy + gZ Awep? - (C.2)

This together with the metric in (6.6) describes the full 10-dimensional solution.
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