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1 Introduction

Recent years have seen the tremendous development in our understanding of AdS,/CFT;
correspondence. Important inflection point is proposal by J. Schwarz [1] that underlying
CFTs can be written as Chern-Simons matter (CSM) theories without the usual kinetic
term for the gauge fields, especially for higher supersymmetric theories with N > 4. Once
that proposal is realized in specific examples, the understanding of AdS,/C FTs correspon-
dence has grown by leaps and bounds. After the realization that the Bagger-Lambert-
Gustavsson theory [2-6] can be written as the usual SU(2) x SU(2) Chern-Simons matter
theory [7], there appeared a paper by Gaiotto and Witten [8] where the attempt is made
to write down N = 4 Chern-Simons matter theory with matter hypermultiplets. The at-
tempt was generalized in [9] which includes twisted hypermultiplets as well, thereby writing
down the general classes of N = 4 Chern-Simons matter theories. The special case of such
construction is the famous N = 6 theory, known as ABJM theory [10, 11], describing coin-
cident M2 branes on C*/Z;, where (k, —k) is the Chern-Simons level for two gauge groups
of ABJM theory.

Since then, various tests and checks are made for AdS4/C FT'3 correspondence with the
most emphasis on ABJM theory. The first check is the matching of the moduli space [10] or
chiral operators. Also the partition function on S of ABJM theory is worked out to confirm
the famous N2 behavior of the membrane degrees of freedom [12]. Similar behvior is also
observed for other N = 4 theories in [13]. There is a huge development on the integrability
of the special sectors of AdS4/CFT3 correpondence. See [14] and subsequent reviews.



One of the most sophisticated test so far comes from the computation and comparison
of the field theory/gravity index. For ABJM theory, such computation was first worked
out for large k limit in [15] and was generalized for arbitrary k in [16] and especially for
kE = 1. The computation was generalized to N = 4 theories in [17]. The problem of the
states arising in the gravity index from the twisted sector was resolved by [18] and again
the field theory index perfectly matches with that of the gravity.

The index computation with the lower supersymmetric theories poses several problems.
First of all, given the gravity background of the type AdS* x SE; where SFE; denotes a
suitable Sasaki-Einstein 7-manifold, it’s not clear in general what kind of field theory we
have to compare with. There are plethora of examples which lead to the same moduli space
in field theory. One might think that such theories are related to each other via dualities a
la Seiberg. This could be true of some related theories but there are also counterexamples.
In [19], it was shown that two theories, ABJM theory and N = 3 variant of the dual ABJM
model lead to the differnt indices even though they have the identical moduli space C* with
Chern-Simons level £ = 1. Going down to N = 2 theories we have far more theories having
identical chiral rings. On the other hand in [20], it was shown that the partition function
of the theories, which are thought be related by Seiberg-like dualities, is the same. Thus
the situation is far more subtle.

Secondly, if we consider general N = 2 theories, new subtleties arise since the con-
formal dimension and the corresponding R-charge of the fields, related by superconformal
symmetry, can take nonconventional values in IR. Until recently, it’s not clear how to tackle
this problem. In [21], Jafferis proposes that the partition function on S3 for a suitable su-
perconformal field theory as a function of trial R charges is extremized on the actual value
of the R-charges of the underlying fields. Along with this proposal, he writes down field
theory action on S3 with arbitrary R charge of the underlying fields with the symmetry
Osp(2]2). See also [22]. Similar calculation was applied to an index computation in [23].
Certainly it’s worthwhile to apply these proposals in a specific example and to see if this
gives rise to the desired check for a given AdS4/CFT3 dual pair.

With the subtleties mentioned above, the goal of the paper is to work out index for
the gravity/field theory pair with N =2 or N = 3 SUSY. The first case study is done for
the proposed theory for M2 branes on N°9/Z; which has N = 3 supersymmetry. The
proposed CSM theory is given by ABJM theory with flavors [24-26]. See also [27] for
generalizations. Since ABJM theory has the gauge group U(N) x U(N) one can have m;
flavors for the first factor and ms flavors for the 2nd factor. In order to have moduli space
N°10/7, we have the relation m; + mo = k where (k, —k) are the Chern-Simons level for
the gauge groups. In the Type ITA picture this theory is dual to type IIA string theory
on AdS; x CP3 with D6-branes. At k=1, the ‘single D6-brane’ is geometrized to N0,
Happily, we find the perfect matching of field theory/gravity index. Furthemore, the index
captures nicely the picture of AdSy x CP? with D6 branes at general k so that additional
contributions to the index can be ascribed to the string modes between different D6 branes.
In terms of the index computation, N = 3 field theory has less subtleties since we have
firm control of F-terms and D-terms. This case study can be contrasted with the another
case study of N = 2 theory.



The next case studies concern on specific N = 2 theories. As we mentioned, given an
M-theory background on AdS, x SEr, there’s no known algorithm to tell you which CSM
theories we have to consider. At this stage, one should rely on trial and errors so that we
will scan through the various theories which give rise to the desired moduli space.

For the case of C(Q'!), there are many models suggested to describe M2-branes
probing this background. We find that the best behaved model to be dual to the gravity
on AdS; x Q™! is the one obtained by adding four fundamental flavors to the A/ = 6
Chern-Simons theory [28, 29].! During the comparison of the gauge theory and gravity
indices, we realized that the gravity spectrum on AdS; x Q''! obtained in [31] has been
cross-checked in a very limited subsector in the literature. Among all the short OSp(2[4)
multiplets listed in [31], we find that the large N field theory index agrees with the gravity
index only after getting rid of a few towers of multiplets (which have not been cross-checked
in the literature, as far as we are aware of ). To conclusively check the validity of this model,
one might have to carefully re-examine the results of [31]. One may also recall the model
constructed in [32, 33] for Q''!. We only made a preliminary study of the index of this
model, which has as many complications as our next example M32 has. A thorough study
has not been made for the models of [32, 33|, but it could be that a study similar to our
section 4 may reveal a similar structure. At least, we have checked that the index for the
latter model disagrees with [31] if we keep all multiplets claimed there.

We also find that in the former model of [28, 29], the trial R-charge does not appear
in the large N low energy spectrum (as far as the index can see).

For the case of M3? models proposed in [34, 35], we find two clearly distinguished
contributions to the index. The first part, coming from a set of saddle points of the
localization calculation, does not depend on the trial R-charge and completely reproduces
the gravity index on AdSy x M?32. The second part, coming from the remaining saddle
points, does depend on the trial R-charge and does not seem to correspond to any states
on the gravity side. This may suggest that this model could not be correctly describing the
desired gravity dual. However, see section 4 for the possible subtleties of the calculation
and also for the possibility to construct a variant model to cure this discrepancy.

The content of the paper is as follows; After the introduction, in section 2, we work out
the index for field theory/gravity pair for N°1°/Z;. and find perfect matching. In section 3
and 4, we carry out similar computation for Q''' and M?32, respectively. In conclusion we
enumerate the various future directions.

As this work is completed, we received the paper by Imamura et al [36], where similar
topic is covered. However the comparison with gravity side is lacking in their paper.

2 The index for M2-branes probing C(IN°'°/Z,)

2.1 Field theory

The field theory dual proposed for M-theory on AdSy x N919/Z,; is given by the U(N); x
U(N)_g Chern-Simons theory coupled to two bifundamental hypermultiplets and my, mo=

1S K. thanks D. Jafferis, I. Klebanov, S. Pufu and B. Safdi for emphasizing the importance of this model,
especially related to their studies on the partition function on S* [30].



fields U(N) X U(N) ISU(Q)F U(l)B U(ml) U(mz) Jj3 €
Aip (N,N) +5 1 1 1 0,
Bi,  (N,N) £, -1 1 10,
% (N, 1) 0 5 my 1 0,
Gi (N,1) 0 -3 M 1 0,
Q1 (1,N) 0 - 1 my 0
Qr (1,N) 0 ! 1 my 0}

Table 1. Charges of bosonic fields in the CFT dual of N0,

k—my fundamental hypermultiplets in the first and second gauge group, respectively. As we
shall review shortly below, the division of £ fundamental hypermultiplets into my and ms
has to do with the presence of two types of D6-branes wrapping AdS, x RP? in the gravity
dual [26], with different Zy valued Wilson lines on the worldvolume. The matter fields
and their gauge and global charges are listed in table 1.2 hq denotes the Cartan of SU(2)r
symmetry. In the table, U(1) g is the so-called ‘bayron-like’ U(1) charge, named after similar
symmetry of the N'=6 theory. This is expected to combine with SU(2)z flavor symmetry
to provide the enhanced SU(3)r at k=1. Thus, it should not be confused with the real
baryon symmetry, under which M5-branes wrapping topological 5-cycles are charged.

The R-charge of this theory is SU(2)g, so that its Cartan hy to be used to define the
BPS sector and index takes the canonical value i% for all fields.

The superconformal index of this theory can be computed by a procedure similar

o [16]. The index is defined by
Tr | (-1 2 Pyry) | (2.1)

where the trace is taken over the space of local gauge invariant operators, and B denotes the
U(1)p charge. One may also insert chemical potentials for the U(m;) x U(mg) flavor sym-
metry, after which one would obtain factors of fundamental/anti-fundamental characters
in the letter index explained below.

The index is given in terms of the so-called letter indices, which are given by

+ /2 /2, —1/2\ +1 + +
f = 14+ x(yl +y1 )y2 (fI'OD’l Ba?rlzz)Aa+ or A@5¢Ba+)
1/2 1/2
+ T +1/2 +_ X F1/2
- = . 2.2
fl 1+ $y2 ) f2 1+ xyg ( )
The index is given by
I(z,y1,92) = Z L iy (T, 91, 92) 5 (2.3)
{ni}{ni}

*In [24, 36], the definition of U(1)p is different from ours by suitably mixing with diagonal U(1) C
U(N) x U(N) and U(1)* € U(m1) x U(mz) flavor symmetries. Our U(1)5 is the field theory dual of the
KK momentum along the M-theory circle, which is an integer multiple of k.



where

I{nz},{ﬁl}(:ﬂa Y1, y2)
— €0 / 1 |:da@'ddi:| eik2£\f:1(niai*ﬁ¢di)

(symmetry) (27)2
XeXp|: ZZ xp\n, nJl —ip(ai—ay) +.%'p‘n' n]‘ —ip(&i— ocj))
i#j p= 1P
N oo
X exp (FH( Py b pPIni—1j| gip(a;—ai) + @R yb pPIni—ijl g—ip(a;—)
Prpasigi s st |
J=1p=
N oo 1
cexp | 3050 () e P (o )
i=1 p=1 p
(o, £ = ma. . £ 2

Here the summation is over all integral magnetic monopole charges, {n;,n;}. The zero
point energy ¢g is given by

N N N
- - - my ma ~
o= Y Ini— gl =Y |ni—nl =Y | —ity| + 5 > Inal + 5 > il (25)
i=1 =1

i,j=1 1<j 1<j

Symmetry factor in the expression is the dimension of the Weyl group for the gauge group
unbroken by the magnetic flux [16].

In the large N limit, the integral over the holonomies o, @ which do not host magnetic
flux can be done by Gaussian approximation, introducing the distribution functions p(a) =
S pne ™ and x(a). After performing the integral, similar to [16], the index takes
the form of

INzoo(@,y1,y2) = 1O (2, y1) I (z, 91, y2),

where
I(O)(x’yl)
> 1 1 (m3 4 md -+ 2mams o (1 0 ?) (anl? N2
:H X exp Z ! 2 1 21+:v” G Y < z )
Ly gy 5P 20 L= fE () L an
B 10_0[ (1 2n)2
AL = amypy1 = amgrmy (1 - a2
00 n —-n 2
X exp Z 1 (m1+m2+2m1m21+m(y1/2+y /2)) z"/?
2y 1 ff=(m) L4 an
= 1
= exp [Z L@, y?)} , (2:6)
n=1



with

2z 212
7 _ 7 Ty _ 2.7
smgle( ’yl) yl_x+1_g[jy1+1—x 1— 22 ( )
. 23/2(y 12 4 T2
+ (mf +m3) _1y +2mams o) -
e ) T2 0 ) (-

This part does not refer to magnetic monopole flux, and thus only contains states which
are U(1)p neutral. The remaining part I’ is given by

f’(ﬂﬂ’yl,yz):wm/( ! [da] [d&}eikzwai—mi)

symmetry) L27 ] [27
My M,
i d d
“XP[ZZ UCES SRV IS SR T B
i=1 j=1 i,j= 1" L,j= 1"

is an integral over the holonomies associated with nonzero flux, with
Zlg,if = (glminal — glnilFlnsly (ptei(@—an) o p=eilai=ag)y
f?jdj — _[(1 — 8ij)x [ni—n;| _ ImHlnjl]e*i(afaj),
deJ —[(1 =) =7 ] _ |fl¢\+|ﬁj|}e*i(5¢ﬁdj)_ (2.9)

M; and My are number of nonzero fluxes. Like [16], I'(x,y1,y2) can be factorized and
yields

INzoo(@,y1,y2) = IO (2, y)) I (2, y1, y2) I (2, y1, o). (2.10)

I can be computed using the formula for I’ in (2.8) with all monopole charges are posi-
tive/negative. I can be expanded in positive/negative powers of g5, respectively.

Let us leave some remarks on the structure of the large N index. Firstly, the ‘single
(0)

single
is identical to the single graviton index on AdS; x CP3. The second line will be shown

particle index’ I in (2.7) consists of two parts. As will be explained later, the first line

to be the single particle index of the open string degrees of freedom living on mq and ms
D6-branes with different Zo Wilson lines, wrapping AdS; x RP? in AdS,; x CP3. See the
next subsection for more explanations.

Secondly, in the index I* with monopoles, the fundamental degrees of freedom encoded
by the indices fli and f2i totally disappears, and the only trace of their existence is in the
zero point energy eg. The gravity dual interpretation of this phenomena would be the
absence of open string modes between D0-D6 branes of type ITA theory on AdSy x CP3.
Also, apart from the last zero point energy factor 2 2(malniltma|nil) the integral is exactly
the same as the I of N'=6 Chern-Simons index at large N. The comparison of I" for the
N =6 Chern-Simons theory and gravity on AdS; x S7 is studied in detail in [16]. So all
analytic and numerical results there could be used in our context to show the agreement
of the index of this section. In the next subsection, we shall prove that the the agreement
of the gauge-gravity large N indices for the A'=6 theory directly implies the agreement of
the large N index of our system for k=1.



Jjg3 € hy e+j3 (M, M)
p>0 35 p+ip+lp+d (p,p)
p>01p+2p+1p+3 (p,p)
p>01p+3p+2p+4(p,p+3),(p+3,p)
p>0 5 p+5p+2p+3(p,p+3),(p+3,p)
p>13p+y p p+l1 (p,p)
p>10 p p p (p,p)

;2 5 12 (0,0)

o 1 1 1 (0,0)

Table 2. Fields saturating the BPS bound for N0,

From the absence of these fundamental degrees of freedom, the integrand in I+ is
invariant under the common shift of the holonomies «, @, implying that it acquires contri-
bution only from monopoles satisfying

=Y 0. (2.11)

This decoupling of the diagonal U(1) in U(V) x U(NN) was an exact property in the N'=6
Chern-Simons-matter theory, while here it is true only in the large N limit.

2.2 Gravity

The complete Kaluza-Klein spectrum on AdS; x N9 was obtained in [37]. To calculate
the index, it suffices to consider the fields in the short multiplets.®> There exists a tower
of short or massless graviton multiplets of OSp(3|4) x SU(3) with M} = My =p, Jo=p
and p>0, where the lowest multiplet with p=0 is the massless multiplet. Mj, Ms denote
the two parameters of the SU(3) representation as used in [37], and .Jy denotes the SU(2)g
Casimir of the primary. There also exists a tower of short gravitino multiplets, with My =p,
Ms=p+3, Jy=p+1 and p > 0, all being massive. As these multiplets are in complex
representations of SU(3) with M; # Ma, the corresponding 4 dimensional field is complex.
Therefore, when calculating the index below, we should include the contribution from the
conjugate modes with M; =p+3, Mo=p. Also, a tower of short or massless vector multiplets
comes with My = Mo =p, Jo=p and p > 1, where the multiplet with p =1 is massless
and corresponds to the gauge fields for the SU(3) isometry. Finally, there appears another
massless vector multiplet with M; = Ms=0, Jy=1 which corresponds to the baryonic U(1)
symmetry, under which the M5-brane wrapped on a 5-cycle in N919 is charged. From these
multiplets, the fields (or representations of the conformal group) which satisfy the BPS
relation e=hg+ 73 are listed in table 2.

By ‘fields’ we mean fields in AdSs. This is obtained by decomposing OSp(3|4) representations into the
representations of the conformal group, where each conformal representation comes from a 4 dimensional
field.



Identifying SU(3) Cartans with the SU(2)p Cartan and U(1)p from theory theory

s [25]
1 1 11 1
hlzdiag <2,—2,0> 5 hgzdiag (6,6,—3> s (212)

the single particle index from gravity is given by

(e 9]

1 1l
Isp(z,y1,92) = 1 — 22 [Z(x“rg - xl+4)XéU)(3) (y1,2)
1=0

+Z R (X(Slég)’)(ybyz) +Xé%fgf)(y1,y2))

o0

+ 3@ = 2 X (o w0) + (@ = 2%,
=1

_ 1 o~ 143 (L) (L1+3) (3,
= +x[£+lzgx (Xstr(s) (W1, 92) = Xsirgs) W1,92) = Xsuga) (1,92))

+ Z wlxélé)(g) (Y1, yg)] : (2.13)
=1

The SU(3) character X]S\/{Jl(’g)Q(yl, y2) for an irreducible representation is given by

(M, My) _ by hs (numerator)
— tI' =
Xsu(s) (v1,92) (M Mo)Y1 Y2 (denominator)’
3 (Mi+My) —3F(2M1+Ma) [ 5 (My+1) 5 (M143)+ Mo 2 (M1+1)
(numerator) =y, Yo © lyt —y7 — Y3
M, +M: L(M141 L(Ma+1) L (My+Ma+2
( 1+ 2+2)y22( 1 )+y12( 2 )y22( 1+M2+2)

Y1
; (2My+Ma+3) 3 (My+M2+2)
1 Ys ]

)
1 1

1
(denominator) = (y1 — 1) [y +y1ys — y? (y2 + 1)]. (2.14)

From this single particle index, the full index over the gravity states is given by

(o.0]
1
I(xayhyQ) = €Xp [Z nISp(mn7y’f’lL7yg)] . (215)

n=1

Below, we compare the field theory and gravity indices when k=1. The case with k#1 is
studied in the next subsection, with D6-brane contributions taken into account.

For the field theory side at k=1, one either sets (m1,m2) = (1,0) or (m1,ms) = (0,1)
to study the field theory dual of N0 (rather than other tri-Sasakian spaces). In the ‘D6-
brane’ picture (although one needs the full M-theory at k=1), these two cases correspond
to having different Zo valued Wilson lines on the worldvolume of D6-brane. Geometrically
uplifting D6-branes to N0, this should lift to some kind of Zy valued holonomy of the
3-form potential of M-theory. As such holonomy does not affect the spectrum of gravity
fields, the two field theories would give identical large N spectrum that we consider in this



section. This was what we encountered for the field theory in the previous subsection. We
thus consider the case (my,m2) = (1,0) for definiteness.

As the field theory index is factorized as 1Y ITI~ where the three factors are neutral
or positively/negatively charged in hy U(1)p charge, we can make the same decomposition
of Isp(x,y1,y2) on the gravity side and compare the three factors separately. The single
particle index in the neutral sector is given by

fs(g)(%yl) = 271”~ jé dyy; Iw(%%ﬂ%)
T TY1 2x 212 TY1
:yl—x+1—xy1+1—x_1—x2+(y1—x)(1—xy1)' (2.16)
The sum of first four terms is the same as the single particle index on AdSy x CP3. The last
term may be interpreted as a contribution from single ‘D6-brane’ wrapping RP? ¢ CP?, as

explained in more detail in the next subsection. The neutral sector ‘single particle index’
70

single
mgo=0. This shows the agreement in the neutral sector.

of (2.7) from field theory completely agrees with Is(g) of (2.16) as one inserts mj =1,

To study the sector with positive hs, one generally has to rely on numerical analysis
like [16], as we do not know how to calculate holonomy integral (2.8) analytically. As we
mentioned in the previous subsection, the field theory IT is almost identical for our N'=3
theory and the A'=6 theory so that all results (analytic or numerical) known for the latter
case can be borrowed to study the former.

For instance, in the simplest sector with minimal positive value ho = % which was
treated analytically in [16], the corresponding gravity index in this sector comes from one
particle states with ho= ;,

dy/y2  _1/2
71/2) _ j{ / I,
sp (ﬂfayl) 27_”\/y2 y2 p($,y1,y2)
oz (1+vy1) (—$2 +y1— $2?/1 + 2$3y1 - ny%)
(—14+2)(1+2)(x —y1) /y1 (=1 + 2y1)

which is the (’)(y;/ 2) contribution to I't(z,41,y2). The corresponding field theory index

: (2.17)

comes with nonzero fluxes n; =71 =1 and all other fluxes being zero. Here one obtains
from (2.8)

I+ B k/2/27fdadd ik(a—a) il((l_ 2n)(f+(n) in(dfa)_i_ff(.n) in(afd))_i_Q 2n)
(1)(1)—1' o (27‘()26 exXp n:1n x (& e T

_ xk/Z]{ 0= (1 a jji> (1_ xj/;lz> <1_ mg/yyl) (1 =a¥22m) (2.18)

2miz" (1 _g2)? (1_ ﬁ) <1_ ﬁl) (1_ V”Cj?”) (1—vzz )
As emphasized, this is the same as the large N N =6 index apart from the extra factor
zF/2. At k=1, the contour integral can be performed to yield
‘ T (I+y1) (—x2 +y1 — 2Py + 223y, — wzy%) (2.19)
Wl (Fl+a)(+) (@ —y) o (=1 +ay) '

in perfect agreement with (2.17).

+
It



Pushing this sort of analysis further, we assume the agreement between the
gauge/gravity N’ = 6 indices at large N (shown in [16] up to three monopoles in vari-
ous sectors) and show that this directly implies the agreement of the large N indices here.
Firstly, in the positive flux sector, the A'=6 index IXBJM (x,y1,y2,y3) is related to our I'*
by

I (@,y1,92) = Il (@ y1,y2=1,ys=y27) . (2.20)

y1,y2 are chemical potentials of SU(2) x SU(2) C SO(6) global symmetry of the latter
system in the notation of [16]. As only the former SU(2) is the symmetry in our case, we
set yo = 1. Also, as the charge conjugate to y3 in the latter case is just given by % >
from positive fluxes, the replacement y3 — yox yields the desired extra factor z2 i of
zero point energy. Now the agreement between N’ =6 large N gauge/gravity indices (which

we accept) means {5, = exp [> o0, i[;g(-”)sﬂ, while we would like to show

It = exp [i i]sg(-n)Nom] . (2.21)

n=1

Here, (I;;)y and (ISJE) yowo denote single particle gravity indices in appropriate back-
grounds. Thus, from (2.20), it suffices for us to show

I35 (2, g1, y2) Noro = I (2,91, 2 — 1, y3 — yo) g7 (2.22)

Using computer, one can explicitly show to all order that

oo
2
I35 (2, y1,y2) yoro = Z IS(gL/Q) (x,yl)Nomy;n/

m=1
[oe)

Isp(, 91, y3) Noro s’ 2

= Z ([Resw—w\/yl +Resy2—>x/\/y1] v y22 ? y;n/ )
m=1

- c- <(952y1y2)m/2(95 -y — iy + 2%y)
1

—1
(T—y1)(1 —2?)(1 —zy1) +y =y )>- (2.23)

m=

and

m m/2
Is(p /2 (CE, Y1, 1)S7y3 /

NE

IS(I:J)F) (x’ Y1, 1, y3)S7 =

3
Il

o

Isp(x7y17lay§)5’7y§n m/2
] y3 ]

([Resy3_>\/my1 + Resyg—w/x/yl Y3

3
I

o

((mylys)m/2(w —y1 — 23y1 + 2%y})

1-y)(1 -2 —ay) (1 —yr )>. (2.24)

1

3
[

The apparent y; — 1 singularity in each term cancels with a pair term with y1 — y; !
replacement. From these, (2.22) is obvious, which proves the agreement between the
gauge/gravity indices for N9,
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2.3 D6-branes

When k#1, N°10/7, is singular so that there appear contributions beyond the supergravity
approximation, coming from light degrees of freedom localized on the fixed points of Zj.
Similar analysis was done for A'=4 M2-brane models in [17, 18].

In our case, one can use the type IIA D6-brane picture of the field theory model
when k> 1.* In this picture, one starts from the A' = 6 Chern-Simions-matter theory
for M2-branes and add fundamental flavors by adding D6-branes wrapping AdSy x RP? C
AdS, x CP? [24-26]. The type IIA index from gravity can then be computed by adding the
single particle index from the bulk modes in AdSy x CP? and the modes on the D6-brane
worldvolumes. As 71 (RP3) = Zy, there appears two types of D6-branes with different values
of discrete Wilson line on the worldvolume [26]. As mentioned in the previous subsection,
the single particle index on AdSy x CP? is given by [15]

T TY1 2x 222

3
IS (w,y1) = (2.25)

yl—x+1—xy1 +1—x_ 1— a2
where y; is the chemical potential for the Cartan of SU(2)r C SU(4) unbroken by the
D6-branes.

The open string degrees of freedom on D6-branes are described by a 7 dimensional
supersymmetric Yang-Mills theory on AdS,; x RP?. The quadratic part of this action on
AdS, x S was obtained in [18], which in our case can be derived from the DBI action with
Wess-Zumino term, as studied in [26]. Let m; and ms be the number of D6-branes which
support two possible Zs valued Wilson lines. These numbers are identified with the number
of two fundamental hypermultiplets in the field theory. The fields in a vector multiplet are:
7 dimensional gauge field A,,, three real scalars ¢; (i=1,2,3), gauginos A\. The symmetry
of this worldvolume theory is: U(m;) x U(mz) gauge symmetry, SO(4) = SU(2); x SU(2)2
isometry on S% or RP3, SO(3) ~ SU(2)3 symmetry transverse to the D6-branes.” Viewing
the four bi-fundamental scalars Ay, Bir VAo, B; as spanning the C* space (at least for N =1),
the embedding condition for RP? in CP? should be specifying C2 = R* ¢ C* embedding
by taking one combination of the two hypermultiplets to zero, as the D6-brane embedding
should be compatible with SU(2)z R-symmetry. Therefore, one of the two hypermultiplets
span transverse directions, acted by SU(2)s3, while another one is acted by SU(2); x SU(2)s.
SU(2)1,2,3 are symmetries of the low energy theory on D6-branes, and some of them are
broken in the whole theory. In particular, the diagonal combination of SU(1); and SU(2)3
is to be identified with our SU(2)g symmetry, while SU(2)s is our SU(2)p symmetry.

The Kaluza-Klein spectrum of the 7 dimensional modes on RP? or S3 are summarized
in table 3, following [18]. For S3, the number s is half an integer. For RP?, s is an integer by
the Zo projection when the open strings connect D6-branes with same Wilson line. There
are m? +m3 such vector multiplets. On the other hand, s is half an odd integer when the
open strings connect D6-branes of different Wilson lines, as there are half-integral shifts of
the spectrum due to their coupling to nonzero Wilson lines [26]. The modes saturating the

4This D6-brane picture turns out to be appropriate for studying the index even for small k (including
k=1), presumably due to simplifications coming from supersymmetry.
°In [18], the SU(2) symmetries are named SU(2)1,2,3 = SU(2)’z, SU(2), SU(2) g, respectively.
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fields SU(Q)j SU(2)3 SU(2)1 SU(2)2 €
i 0 1 s s s+ 2
Ay 0 0 s+1 s  s+1
1 0 S S s+2
0 0 s—1 S s+3
A % % s—i—% S s—i-;S
2 2 S—3 5 s+3

Table 3. Spectrum of 7 dimensional vector supermultiplets on AdS; x S3 or RP?.

BPS bound come from the second and fifth lines of table 3. The single particle index (or
to be more precise, the mode index) from the open strings is

2 2 o o
m2+m 2mims
ISZI?)G _ 11_ x22 § :XEU(2)F (y1) [strl _ xs+2] + § :XEU(2)F (yl) [strl _ xs+2]
s=0 32%

1 — 22
B (m? +m3)x 2m1m2x3/2(y1/2 + yfl/z) (2.26)
I—zy)(l—ayr!)  (L—ay)(l—ay')
(s+1)/2_ —(s+1)/2
where XEU(Q)F (y1) =" 12 y1_1/2 . From this, one finds that I;CPPB' —1—151126 perfectly agrees
Yy —Y
with Is(ion) gle 11 (2.7). In particular, extending the above result to k=1, we confirm that the

U(1)p neutral part (2.16) of the index on N0 is the gravity index on AdS; x CP? with
one D6-brane.

3 The index for M2-branes probing C(Q''!)

3.1 Gravity

The gravity spectrum on AdS; x Q''! has been analyzed in [31]. The index will acquire
contribution only from the short multiplets. In [31], 15 infinite towers of short multiplets
(1 tower of short graviton, 9 towers of short gravitino, 4 towers of short vector multiplets
and 1 tower of hypermultiplet) plus 6 massless multiplets (1 massless graviton, 5 massless
vectors) belong to this category.

As far as we are aware of, only the massless multiplets as well as some low-lying
entries in the hypermultiplet tower (containing states dual to chiral ring operators) have
been studied or cross-checked in the literature. From the anlaysis of the field theory
dual of [28] proposed for the Q! it still turns out that the large N field theory index
agrees with the gravity multiplets after discarding 6 of the 9 proposed towers of gravitino
multiplets in [31], and 1 of the 4 proposed towers of short vector multiplets with SU(2)3
charge (k/2,k/2,k/2). It could be that one might have to carefully re-examine the gravity
spectrum of [31], which is beyond the scope of this work.

In table 4, we present the set of gravity multiplets which will be compared to the field
theory results in the next subsection.

- 12 —



e+js j3 SU2); SU2)y SU(2)s
k>1k+43/2 k/2  k/2 k2
k>0k+4 1 k/2 k/2+1k/2+1
k+4 1 k/24+1 k/2 k/2+1
k+4 1 k/24+1k/2+1 k/2
E>1k+21/2k/24+1 k/2 k)2
k+21/2 k/2 k/2+1 k)2
k+21/2 k/2  k/2 k/2+1

k>1 k0 k2 k2 k)2
4 3/2 0 0 0
2 1/2 1 0 0
2 1/2 0 1 0
2 1/2 0 0 1

Table 4. Gravity spectrum, ignoring 6 towers of short gravitino and 1 tower of short vector
multiplet of [31]. The first line from short graviton, second-fourth lines from short gravitino, fifth-
seventh lines from the short vector, eighth line from hypermultiplets. The last four lines are from
massless graviton and vector multiplets.

The single particle index over the above fields is

(1_1'2)Isp(xa v, y2) _ (1 - x2)tr {(—1)er+j3y2‘]1y‘2]2+‘]3 (31)
== ZXk/Q Y)Xk/2(y / )2ahtt -t

+Z (Xk/2+1 Xk/2( ) +2Xk/2(y;/2)Xk/2+1 (95/2)Xk/2+1 (y)) z
k=0

Z <Xk/2 Y2)* Xk jo+1(y) + 2Xk/2(y;/2)Xk/2+1(y;/Q)Xk/Q(y)) ok t?
k=1

—(ay) + 2x () + 2)2?
v (u + s 1/2) (w+y ™) =2 +5 "2+ 2%y +y7)

for = (1= rye) (1 — 2y/y2) (1 — z3/y) (1 — 2/ (o)

2541 _, —25—1
J+ —y=2

with x;(y) = Y gyt > where Jis g is the Cartan of SU(2)1,2,3, respectively, and the
combination Jo + J3 is to be identified with the U(1)p charge carried by the monopoles
>;mi =y 7 in the large N limit. y would later be identified with y; in field theory

2
asy—yl/.

Expanding this result in powers of g9, one obtains the single paraticle indices with
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definite U(1)p (or Jo + J3) charges as follows:

o wyi/Q :nyl/Q 2
10 =2 + - (3.2)
sp 1—xyi/2 1—my1_1/2 1— 22
v(y+yt+de’ +a(-y~ +y)? - 322y +y)

(1 —2?)(1 =2y~ ) (1 - zy)
o _ 2@t =323 + ) —y(L 42 o) + 322y + %) — 2(1 - 207 — 2" +49))
v (14 2?)(z —y)y*(—1 + 2y) ’

1
1) =

and so on (y = yi/Q).

3.2 Field theory

The field theory model proposed for M2-branes on C(Q'!) adds four fundamental chiral
supermultiplets to the N'=6 theory: two of them qi, g2 are anti-fundamental in the first
gauge group, while the other two ¢y, ¢s are fundamental in the second gauge group. This
model is proposed to described M2-branes on C(Q''!) when the bare Chern-Simons level
k is 0. One should also add the following superpotential

AW = q1A1G1 + @2 A2G2 (3.3)

to the N'=6 theory.
In the U(1) x U(1) theory, the OPE of the monopole operators T', T with charges (1)(1)
and (—1)(—1) is given by TT = A; Ay, which can be solved as

A1=a1b2, AQZblag, T:albl, Tzagbg. (3.4)

This solution is invariant under (a1, as,b1,bs) — (Aa1, Aaz, \"1b1, A=1by). On the space of
(B1, Ba,ay,az,by,bs), C°//U(1)% is given by (u= 2By, =2 Ba, phay, pAag, X~ by, pA~1bs),
or equivalently (ABy, ABa, pat, jiaz, vby, vby) with Auv = 1, giving the cone over Q'!. The
three SU(2) symmetries are given by rotating By, By or aj,ag or by, bs.

In the non-Abelian field theory, only the SU(2) rotating By, By is manifest. For the
remaining SU(2)’s only the Cartans could be manifest. Under the Cartans of second and
third SU(2)’s rotating a1, as and by, ba, Aj o carry charge :I:% and :Fé. Also, the monopole
charge 1> n;(= 3> f; in the large N limit) would contribute to this charge. Phase
rotations of A; o explained above for are not symmetries unless accompanied by appropriate
rotations of fundamental fields, to make the superpotential invariant. For simplicity, we
only weight the states with the sum of two SU(2) Cartans in this paper, carried by the
monopole charges.

The bosonic fields and charges are listed in table 5. Note that the R-charges of fields
are constrained to have the superpotential marginal, after which only one parameter b
is left. This parameter is expected to be b= é, for instance from the study of baryonic
states from the gravity dual. This can be determined by studying the extremization of the
partition function [21], say in the large N limit [13], or by comparing the O(N) energy
spectrum of the index with gravity. In this paper, we only study the low energy spectrum
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fields  SU(2); SU(2)2 +SU®2)s R U(N) x U(N)

B, +1/2 0 b=1/3 (N,N)
By —1/2 0 b=1/3
Ay 0 0 a=1-b (N,N)
Ay 0 0 a=1-b
a 0 0 L (N,1)
a2 0 0 X
q 0 0 1 (1,N)
i) 0 0 1o
T = (1)(1) 0 1 1-b
T=(-1)(-1) 0 —1 1-b

Table 5. Fields and charges: SU(2)172,3 denote the Cartan charges.

in the large N limit and work with the parameter b unfixed. It will turn out that the low
energy large N index does not depend on b, after imposing the gauge invariance constraint
(holonomy integrals, to be explained shortly).

From the general expressions in [23], one finds the following index with monopoles
charges {n;}, {n;}:

N oo
0 dada ib 1 nln;—m; +/ ny,—in(o—@;) — ¢ in(a;—ay)
I= /[(271)2}6 0 exp E g & | J|<f ("e P+ ("e J)

(symmetry) Pt

[ N oo
exp | D imn‘m‘ (fB(M)e™™ + fr(")e™™) + (ni, 01 — 7y, —07@')]

Li=1 n=1
[ N oo 1
exp (<3030 (Tl (g — i) (3.5)
i#j n=1 n
N L
0= |ni—jl =Y (Ini —ngl + i —ivy]) + 5 > (Inal + i)
ij=1 i<j i=1
N
bo=Y_ (Inilo; — |flas) . (3.6)
i=1
b 14b
x 12 . —1/)2 2z
fr= L2 <y1/ + / > R (from BJ,44,)
_ 2zttt 2?70 /2, —1/2
f = 1_.%.2 - 1_1_2 (yl/ +y1 / > (from AlﬂwBa)
2 1+b 2 3—b
€T 2 xr 2
fe=,_ o JF=—1 (3.7)
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Again after going to the large N limit with energy and monopoles fixed to O(1), the index

factorizes as

IN—oo = ToITT (3.8)
where
O 1 N — 12fpfr+ [ f2+ [TfE n
b=111 ey o [Zn T

T (1 — 227)?
H (1— )" (1= amy2)" (3.9)

Note that the second factor involving fundamental letter indices is simply 1. The part I+
depending on monopoles with positive flux is given by

"= (Symﬂ;lmetry) / [?;f)ﬂ ! Zlmammay (3.10)
exp [jzlgi <xn\ni—ﬁj|_xn\ni|+n|ﬁj|> <f+(.n)e—in(ai—&j) 4 f—(.n)em(ai_aj)”
exp { - Zj: ni::l :L ((1 — &y )aminimmil x"\mHn\njl) o~ in(ai—ay)

- ZJ: nil 711 ((1 N xn|m|+n|ﬁj|> ein(didj):|

Again the fundamental degrees disappear in IT, apart from their contribution to €y and
bp. On the gravity side, the flux > n; = > n; in the large N corresponds to the sum of
the Cartans of the two SU(2)’s. The U(1)p neutral graviton contribution in (3.2) becomes

00 1/2 —-1/2 2
1 2x 2x 2x
©)(,.n ,n (0) _ 5 Ui
eXp[ I (2", 4 )} Iy (z,y1) = e : (3.11)
nzz:l n v 1—ayy? 1—ay VP 1oa?

in perfect agreement with Iy in (3.9) from field theory.

Let us now turn to the study of U(l)p charged states. From the structure of
the ‘quantum’ Chern-Simons phase factor e(Imil®i=I7il%i) one can easily confirm that
It (z,y1) = I (z,y1). We thus study I only. We again start from the flux (1)(1),
which should agree with the single graviton particles having unit U(1)p charge.

o (1 _ mee*m)Q <1 _ xQ*byi/zem) <1 _ xQ*byfl/Qem>
I(J;)(l)(m’yl) - xlb/ 2 ¢ 1/2 . -1/2 _; ) )
™ <1 _ xby1 671a> <1 _ xby1 671a> (1 _ xlfbela) (1 _ 272)2
(3.12)
After performing the contour integral, one obtains
—1/2 1/2 —1/2 1/2
It T oy n 2zy, 2xy, (3.13)

MO~ 12 11— g2 1_96?/1_1/2 1_xyi/2'

This completely agrees with the gravity index IS%).
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One can continue checking the agreement by studying the sector with two fluxes. One

should consider the fluxes (2)(2), (1,1)(1,1), (2)(1,1), (1,1)(2). One finds

Iy = 2> (1+ 1/ +y°) + 2 (2/y° + 2¢°) + 2 (2/y" — 2/y° — 2¢° + 24"

+25(2/y° + 2/y + 2y + 20°) + 28(—=4 + 2/9° + 1/y* — 2/4% — 2% + y* + 25)
+27(2/y" —4/y> + 4y + 4y — 47 + 2y7)
+ad (=3 2/ + 1y 2/ 202 4+t 28+

Iayany =2 (L+ /92 +97) + 2°(2/y° + 2/y + 2y + 2°)+2* (2 + 5/y* + 2/y* + 2y° +5y%)
+2°(6/y° + 6°) + 25(5 + 9/y° — 1/y* + 2/ + 24% — y* + 9y°)
+27(10/y" +4/y> +2/y+2y+4y> +10y")
+2®(=3+13/y° — 1/y* = 3/y* = 3" —y* +13y°) + - --

Iy =Tanye) = 25— 27(2/y +29) + 285G+ 1/ + %) + - (3.14)

/

particle contributions from particles with U(1)p charge 1 are

where y = yi %, On the gravity side, the single particle index with U(1)p charge 2 and two

IO (z,y) =21+ 1/y2 +y°)+ 22 (2/y° + 2¢°) + 2 2/y* — 1/ — v + 24)
+a5(2/y°+2y°) + 2°(2/y° — 1/ — y* +2¢5) + 27 (2/y" +2y")
+2°(2/y® — 1)y — > + 2°) + -

7 22, 2) 1D (g, )2
» (@Y )2 (290 _ 200 412 1 42) 4 232/ + 20y + 2+ 20°)
+2t (24 5/y +1/y* +y* + 5y")

+25(6/y° +2/y + 2y + 6y°) + 253 + 9/1° + 1/ + v + 9°)

+27(10/y" +2/y + 2y + 10y")

(4 13/y° + 2/y* + 257 + 13y°) + - (3.15)

One finds that

1 (0%, 92) + 1 (2, )2,

5 +0(2%), (3.16)

L))+ Hayay +lane) = 1) (@,y) +

a perfect agreement up to the order we checked.

4 The index for M2-branes probing C(M?>?)

4.1 Gravity

The gravity spectrum of M-theory on AdSy x M3? was obtained in [38]. Among them, in this
paper we are only interested in the BPS states saturating the bound € > hg + j3, where hq
is the U(1) R-charge. Exactly one field in AdS, appears to be BPS in each short OSp(2|4)
supermultiplet. Those fields are listed in table 6 with their quantum numbers for energy e,
angular momentum j3, SU(3) label (M1, M) which follows the same convention as [37] and
our presentation for N9 in section 2, SU(2) global symmetry. The Cartan of SU(2) global
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€ Jjs e€+js  SU3) SU(2)
p>12p+5/23/22p+4 (0,2p) P
p>0 2p+3 1 2p+4(1,3p+1) p+1
p>1 2p+1 1 2p+2 (0,3p) p—1
p>12p+3/21/22p+2(1,3p+1) p
p>12p+3/21/22p+2 (0,3p) p+1
p>1 2 0 2p (0,3p) p

5/2 3/2 4 (0,0) 0
3/2 1/2 2 (1,1) 0
3/2 1/2 2 (0,0) 1
3/2 1/2 2 (0,00 0

Table 6. Supersymmetric fields on AdSy x M32.

symmetry is identified as a ‘baryon-like’ U(1) symmetry carried by the sum of monopole
charge > p; in the first gauge group U(N)_o. This U(1) which we often call ‘baryon-like’
should not be confused with the real baryon U(1) symmetry, as M3? has topological 5-
cycles on which M5-brane baryons can wrap. In the table, the first line comes from short
graviton multiplets, the second and third lines from the short gravitino multiplets, the
fourth and fifth lines from the short vector multiplets, sixth from the hypermultiplets. The
seventh line is from the massless graviton multiplets. The eighth and ninth line is from the
massless vector multiplet for the SU(3) and SU(2) isometry, respectively. The last line is
from the U(1) baryon symmetry for M5-branes wrapped on 5-cycles in M32,

Each field on the table contributes to the index. To calculate the single particle index,
one also has to take the wavefunction factors in AdSy into account. This amounts to putting
the factor ljxg to the index over the above fields. Denoting by hq, hy the Cartans of SU(3)
given by the diagonal matrices %diag(l, —1,0), 5diag(0, 1,—1) and by hg the SU(2) Cartan,
one obtains

(1,2, ) = [(—n%eﬂay?ly?yélf’] (4.1)

— 2p+4_ (0, 2p
o 1—x2 Z g XSU(?, yl,y?)XSU(g)(yB)—f—

where
MM MM
Y1 ; 22 1/, ; 2 (g yy ) MrtMat2
1 1
vt 1 (/)M
I 1 1 1
XSU(73) (Y1,92) = 9 9 (4.2)

yi 1/v3 v3/yi
y1 1/y2 y2/n1
1 1 1
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and
; ygﬂ/? _ y;(ﬂlﬂ)
Xsu(2) (y3) = 12 —1/2 (4.3)
Y —Ys
are the SU(3) and SU(2) characters.

The general expression for Is,(z,y1,y2,y3) after the infinite sums is very messy, al-
though an explicit closed form expression is available. The expressions we need below to
compare with field theory would be those with definite SU(2) Cartan charge, labeled by ys.
This charge would correspond to the U(1)p baryon-like charge carried by the monopoles.

The single particle indices with this charge being 0, 1, 2 are

o _ T/ =y} 2y 3 w
Tool-a?fyd 1-a%yd o 1-a?yd/yd 1-a? :
2 /.3 2,3 2.3/.3 4
z*/y 7Y z7yi [y x

Tool-ay 1-a?yd o 1-a?yify 1o’
+a? (i fy2 + Y3 1+ y1 /Y5 +y2/yi + vz + 1/ (n1ye))
o _ @+ aty? = 2207+ a?yf —atyl — oty — 2Bty +aty? - afyp?)
P (=1 + 22t (a? — })

xﬁy? x4y411 $4y% + $4y§ $4 o nyil’) $4 + £C4y? $4
+ 21,,0 5 4 3 + 2,2 4
(_1 +x )yz Ys Ys Ys Y1Ys Y1Y2
atys B+ )3 (2 — )yl
+7 T+ . + s
Y1 Y1 Y1
1+ yt)ys | 2tys | aby8 22y3 1
+ 2 + + 2 + 2,13 3y 2,3
yi yi —l4a? (—2?yld +y2%) (=14 2%ys)

and so on, where Is(g) = 3§|y3‘71 df,/fl
=1y

charge p. Note that, as one takes the SU(3) chemical potentials y1,y2 to 1, a dramatic

Isp(z,y1,Y2,y3) is the single particle index with U(1)p

simplification (or cancelation) appears:

92°y3 9x2yg1
fplo 1 =1,12=1,48) = (1—2%y3)? (1 —a2y31)2’ (4.5)
or
and so on.

4.2 Field theory

The field theory proposed for M2-branes on C(M3?) is given by the quiver diagram in
figure 1. The Chern-Simons levels for the three U(N) gauge fields are (—2k,k, k) for
M3% /7. [34, 35]. For the brevity of notation, we shall often denote the fields by Xi; = A‘,
X =B Xi,=C" i=1,2,3 is the triplet index for the SU(3) global symmetry.

This N =2 model for M?? is chiral in a 4 dimensional sense. As the number of ‘flavors’
3 for each bi-fundamental is odd, one has to worry about the issue of parity anomaly. The
fermion determinant could pick up a minus sign under certain large gauge transformations,
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Figure 1. The quiver diagram of M2-branes on C(M?3?).

which will make the path integral gauge non-invariant. More concretely, on S? x S! that
we are going to consider, the relevant large gauge transformations are 27 periodic shifts of
the holonomy variables in our convention. The possible —1 sign will come from the phase
e’ defined below.

The canonical way of making such a theory consistent would be adding Chern-Simons
term with appropriate half-integral levels, providing an extra minus sign to the path in-
tegral measure under the large gauge transformation which cancels that from the fermion
determinant. As we shall see in the context of index shortly, the required Chern-Simons
term is a mixed Chern-Simons term between the three gauge fields. As we shall see in the
context of the index below, the required mixed Chern-Simons term is needed only for the
overall U(1)? part of the U(N)? gauge fields. It should be very interesting to study the
index for a suitably modified theory of this sort.

In this section, we try to do best to make the proposed model of [34, 35] sensible in
the context of the superconformal index. To this end, let us consider at this point another
possible way of making the path integral consistent on S? x S, which later will turn out to
be a prescription yielding an interesting index structure containing all the gravity spectrum.
At least when one considers a theory on S% x R (or S? x S') rather than generic case, there
appear nontrivial sectors labeled by the magnetic monopole charges. Depending on these
magnetic charges that we allow in this QFT as we shall explain below, it is possible to
make the path integral measure to be invariant under the large gauge transformations of
holonomies. We postpone the explanation until we have a concrete form of this measure.

We take the dimensions of three chiral fields A%, B?, C' to be a, b, c, respectively. They
should satisfy a4+ b+ c¢ = 2 for the superpotential to be marginal. In principle, the parame-
ters a, b, ¢, including the superpotential constaint, could be derivable from an extremization
principle like that of [21]. We simply start with them unfixed, but at appropriate stage
will constrain them by hand if necessary, to have a sensible model with the M3? gravity

SWe thank I. Klebanov for discussions, and especially F. Benini for explaining to us his studies on this
issue.
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dual. The only other constaint we impose will be b = ¢, which is anyway reasonable from
the quiver diagram.

From the general expression in [23], one can immediately write down the integral
expression for the index for this model:

o dadfdy] <
Iipgr = v / @ ﬂB’V etk 32 (=2picitaiBitrivi) gibo (p,g,m08,7) (4.7)
(symmetry) (2)
N oo 1
nlgi—r;] < ()~ (Bi=v;) 4 f- in(ﬁif’v'))
e | 3037 Lo (e 0 4
i,j=1n=1
+(A, 8,747 = By, em,p) + (A, 87,4, — G, 5, p, q)
o0
1 ,
=Y arlemlenintee) 4 (pa— q.0) + (pa—r, 'y)]
1#j n=1 "
with
N 70 B 562_(1
fa=1_ 2Wntwtun/y), fo=—1 G+ te/n);
f;c = (replace a — b, ¢) (4.8)
and

bo = 3 [Z Ipi — gl (i = B;) + Y lai = 1 (Bi — ) + D Iri =yl (v — aj)} (4.9)
€ = ; ((1—0)2 lpi—qj| + (1—a)z \gi—rj| + (1—b)Z |T¢—pj|>
_Z <|Pz‘—pj| + lgi—q;] + |7“i—7“j|) .

i<j

The set of N integers {p;}, {qi}, {ri} are monopole charges in U(N)_ox, U(N )k, U(N)g
gauge groups. We shall be mostly interested in the case with k = 1 below.

Let us make comment on the 1-loop shift of the phase by, which is the index version of
the 1-loop fermion determinant contributing to the Chern-Simons term. This could pick up
dangerous minus signs by the large gauge transformations. The large gauge transformations
in this case are periodic shifts of the holonomy variables «;, 3;, v; by 27, making them live
on a 3N dimensional torus. With generic integers {p;}, {¢:}, {r;}, the phase ¢®®® may not
be well-defined on this torus due to the ‘3 factor. However, by suitably restricting these
integers, constraining the monopole sectors of the theory, we can make this phase well
defined. Let us see how this can happen.

Let us first consider the appearance of a variable «; in the phase e™:

N N
3 . ;
exp |3 3= (= sl =) | =exp | 3l + g = i = bt o
Jj=1 j=1

(4.10)
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where we used the fact that |m| + |n| — |m — n| is an even integer for integer m,n. The
second phase in the last expression is thus well defined. To have the first part well defined,
we demand the restriction

N N
Z lgi| = Z |ril  mod 2. (4.11)
i=1 i=1

Considering the large gauge transformation of 3;, ;, one finds that the restriction is > |p| =
> lgl = > |r| mod 2. This can again be written as

N N N
Zpi = Z% = Zm mod 2 . (4.12)
i=1 i=1 i=1

These are actually constraining the overall U(1)? fluxes in U(N)3,

/ trFlz/ trFQ:/ trF3  mod 2, (4.13)
52 S2 S2

which are U(N)? gauge invariant constraints. One interpretation is that this condition
comes from different quantization for Chern-Simons level for U(1) of U(N). Assigning
different Chern-Simons level for U(1) part and SU(N) part out of U(N) is possible. This
suggests that we have to choose the different Chern-Simons levels for U(1) and SU(N) to
make theory free of the potential parity anomalies due to fermion one-loop determinants.
It would be interesting to see if a similar consideration works for other manifolds, say on
S3. Below, we simply consider the index (4.7) with this restriction understood.

Again our main concern of this paper is the large N index with energies kept at O(1).
In particular, we again require only O(1) number of magnetic charges to be nonzero among
the above 3N of them. The details of the large N integration over holonomies with zero

flux is analogous to the previous section. After this calculation, the large N index is given

by

IN—oo(®,y1,Y2,y3) = Io(z,y1,y2) I (2,91, Y2, y3) , (4.14)

where

IO - 10_0[ 2 3n (1 _2 x2;;)3 2n,,3N /5,30 = &Xp i 1f($n,y?,yg) (415)
nzl(l—x"/yl )1 =22y ) (1 = 22 yy" [y5") o1

with

2 [y} 2?3 2y} [y 322

— . 4.16
L—a2/yd  1—2a2yd  1—a22yd/yd 1—a? (4.16)

f(x’yl’y2) =

— 22 —



The monopole part I’ is given by

/ 0 dedBdy | ik, (~2pici+aiBitriv) vibo(p.a,ra )
— i i Qg 174 Vi 3q,T,050, 41
(P.a;7) (symmetry) / [ (2m)3 c © (4.17)

exp [ Z Z n(mn\qi—rﬂ — mn\qi\+n\m‘|) <fj(.n)e—m(ﬁi—w) + f;em(ﬁi_q/j)>

ij=1n=1
+(A,B,v,q,7 — B,v,a,7,p) + (A, 8,7,¢,7 — C,, 3,p,q)

=1
— Z Z ((1 — 6ij)x7L|pi_pj| _ xnlpi\-i-n\piI) p—in(ai—a;)
n

i,j n=1
+maﬂ%@+maﬁnw]

where the holonomies «;, 3;,; range over those supporting nonzero fluxes. For a given set
of fluxes, this index does not have any factorization structure.

As the diagonal combination of U(1) C U(NN)_gx x U(N) x U(N)j decouples with
matter fields, the fluxes should satisfy

2> pi=> i+ i (4.18)
>_pi (4.19)

for the first gauge group U(N)_o is to be identified with the Cartan of the SU(2) flavor
symmetry at k=1, which is explicit in the gravity side. We call this the U(1)p ‘baryon-

Also, the magnetic charge

like’ symmetry, again not to be confused withe the real baryon symmetry for wrapped
M5-branes.

As our first goal is to study gravitons with O(1) numbers of magnetic flux, we consider
the condition for the energy to remain O(1). Firstly, from the phase by, it happens that
there can appear O(N) number of phase variables in the exponent even with O(1) number of
fluxes. This would cause gauge invariant operators to carry O(N) energy after integration.
For this not to happen, one finds that

Sipl=>lal =Y Ir (4.20)

has to be imposed, where the summations are over all nonzero fluxes in each gauge group.
Of course this is compatible with the flux restriction we imposed above. Let us next
investigate the possible O(N) contribution to €y. Denoting by Ni, Ny, N3 the number of
zero magnetic fluxes in each gauge group, one finds

N (;(1 —c) Z lg] + ;)(1 —b) Z Ir| — Z ]p\) + cyclic. (4.21)

When the condition (4.20) is met, the O(N) contribution always vanishes from a+b+c = 2.
Firstly, the expression (4.15) for Iy from field theory completely agrees with the gravity
index I9) coming from U(1)p neutral particles, similar to the /=6 models and also the
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models studied in the previous sections. Actually, when the large IV index is factorized into
IoI" I~ acquiring contribution from U(1)p neutal sector, positive monopoles and negative
monopoles, respectively, this agreement I, = 19 has to be the case. But as we shall
see more concretely with examples, the index I’ does not generally factorize to I1T1~
for separate saddle points (i.e. monopole fluxes). Below, we shall explain how such a
factorization can appear after summing over the saddle points.

Let us first phrase our claim, and then illustrate by many examples. For a given saddle
point, we decompose nonzero magnetic charges {p;} into positive and negative ones, and
call them p;y, p;—, respectively. We will set b = ¢ for the trial R-charge, which we shall
motivate shortly with examples, so that the only independent parameter left is b. Define

Pe=> pir, Po=) |pi| (4.22)

to be the sums of all positive/negative fluxes. Defining I(p, p ) to be the sum over all
indices whose saddle points have given values of P, P_, this quantity can be written as

T b
I(P+7P*) = I(P+7P*) + I(P+,P_) ’ (423)

where I refers to the index summed over the sectors whose energies do not depend on b,
and I° that does depend on b.7 We find that

Ip. oy = Iip, ol py = IR IE™, (4.24)

i.e. I factorizes into two contribution which are identical to the multi-graviton index [ %iav
with U(1)p charge P, coming from positively charged particles, and the index I with
charge —P_ coming from negatively charge particles. If, for some reason, one has to discard
all the seemingly existing saddle points contributing to I°, then one finds from (4.24) that
the following factorization is allowed. Labeling the index with its U(1)p charge Py — P_
with the chemical potential y3, the above factorization implies

- Pi-P_;
I'(x,y1,92,y3) = Z ys e poy(@,y1,2) (4.25)
P+,P__o

= Z v L(p, 0) (91, y2) Z vs' oy (@yy) =TT . (4.26)
Pi=0 P_=0

T and I~ separately agrees with the gravity index coming from particles with posi-
tive/negative charges.

Before proceeding, let us explain what could be the meaning of discarding/keeping

I’. We have two possibilities in mind. Firstly, quite naturally, if we seriously keep this

contribution, this could simply be reflecting the fact that the proposed field theory is not

the correct one for M-theory on AdS, x M32, as the index captures extra branches of states

other than those seen in the gravity. This looks a bit similar to the phenomenon observed

"Coefficients of the expansion with chemical potentials are always independent of b in both parts, being
integers from the Plethystic exponential structure.
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in the so-called ‘dual ABJM’ model [39] that extra branches of moduli spaces develop [40],
although appearing here in a much more nontrivial way of showing two sectors in the
index. As we shall explain in more detail below, the fluxes contributing to I and I® have
clear distinctions in their properties. So even though this model itself does not seem to be
showing the correct gravity spectrum, it still sounds quite amazing that the known gravity
contribution is so well organized as above. So we could hope that a small modification of
the existing model could provide a much better index structure.

One the other hand, let us also emphasize a potential subtlety of the localization calcu-
lation in quantum field theories which may justify discarding I® as unphysical. Localization
refers to a property of an integral with fermionic, or nilpotent, symmetry ) which makes
the integral to acquire contribution only around the fixed points of the symmetry. In par-
ticular, a practical way of carrying out such integrals is to add to the integrand Q-exact
measures with free parameters, using which one can perform a Gaussian evaluation of the
exact result. The location of the fixed points of the symmetry in the integration domain
could change during this deformation. This change of the fixed point profiles does not
change the result as long as the saddle points do not disappear or appear during the defor-
mation. This can happen if the integration domain is noncompact. A classic example of
this sort appears in the calculation of the partition function of 2 dimensional topological
Yang-Mills theory [41].

The localization calculation of the index, or the path integral for the partition function
of Chern-Simons-matter theory on S%x 8! in principle has the same issue when we introduce
the Yang-Mills like deformation of [16]. It is not easy to determine a priori which saddle
points are to be kept and which to be discarded. In the case of N'=6 theory, originally some
saddle points which appeared in the deformed theory of [16] were not clearly understood
in the QFT without deformation. Many of these saddle points were constructed later from
the undeformed theory [42], justifying in the honest sense the prescription of [16].

In the present case of M?3?, the observation summarized above suggest that all sad-
dle points which contain the undetermined trial R-charge parameter b might have to be
discarded as being unphysical ones. Also, the possibility of discarding I? is not simply dis-
carding all unwanted terms in the index, as the ambiguity mentioned above only allows one
to keep or discard the whole contribution from a saddle point, not allowing to keep some
term while discarding others. It should be interesting to see if this is the case or not for
this model, using the QFT on $? x R written down in [23] with and without deformations.

Now let us present examples which shows that our claims (4.23), (4.24) are true in
various sectors. The sector with p = ¢ = r = 1 is for smallest positive U(1)p charge.
Inserting ¢y = 0 and by = 0, the field theory index is

oi(—204+6+7) (1 =z e @=D)3 (1 — g2eel(37))3(1 — g2 beilima))3 (4.27)
@B (1 _ xcefi(af,@))fi(l _ xaefi(ﬁf'y))?;(l _ xbefi('yfa))?;(l _ .%'2)3 ’ ’

The result turns out to be extremely simple: 92272, Note that in this simple result, even

the constant infinite series factor (17112)3 is canceled out, implying that there should be a

large amount of cancelation between bosonic and fermionic operators.
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Let us explain the first few terms to illustrate how to understand this number, and how
the higher order cancelation is happening. We should suitably excite the fields to obtain the

phase ¢/(2a=8-7) = :fi} There are two possible ways of obtaining it at the lowest energy

CCGJ’_% u

This is either by exciting scalars A;B(; By, carrying (w)2 phase which yields
(32%)(62?"), or by exciting B;¥¢; as “ Y with (3z°)(—3227¢), yielding (28 — 9)29+% =
92%t20 in total and explains the above result.® One may further wonder what happens
at higher orders. One can easily find that the phase can also be provided as (%)2 . by
Yoo ar with the index (3z2%120) (=320%¢) = —92972+2 ‘and by (AB? — By¢)(ABC —
Big) with (6-10-3 —3%-6 — 10 - 3% + 6 - 3%)29+20+2 = 182912042 Qo at this order,
one obtains 92%72*(1 — 22)3, where the second factor cancels the overall factor (1_22)3,
consistent with our general computation.

We should identify 92%+2? with suitable gravity states, which will give us a hint about
the values of the R-charge a, b. Obviously, there is a cancelation 18 — 9 = 9 between
bosonic and fermionic modes. As for the bosonic modes AB?, it is easy to guess what are
the true BPS operators, as they are chiral rings. One simply symmetrizes all three SU(3)
indices, obtaining 10z%72*. So this should be part of the hypermultiplet with p =1 and
SU(3) representation (0,3). Thus, we find a + 2b = 2, i.e. b=c. This in turn implies that
only one out of 9 operators B¢ survive to be BPS. It is easy to find what they are in the
gravity dual. They are the fermions in the massless vector multiplet for SU(2) symmetry,
as the operator carries nonzero U(1)p to be the SU(2) Cartan. Therefore, only the SU(3)
singlet survives to be BPS.

In fact, summing over an infinite tower of all single gravity particles with U(1)p charge
1, one obtains Is(é) (x) = 922 as shown in the previous subsection, agreeing with I (1)(1)(1) cal-
culated above. More generally, with all chemical potentials y1, yo kept, we have also checked
that the integral (4.27) again completely reproduces the gravity index I(1), of (4.4).

To get a more nontrivial test of our claim, we investigate the sector with charge 2 with
P, =2 and P_ = 0. We shall compare the index with the charge 2 gravity index made of
positively charge particles only. Up to O(z'?) and for any trial R-charge b, we find

Lio)2)(2) = 182" + 92% — 27210 — 27217 ..
Iy = 452" — 542% + 378210 — 105322 - --
Tanane =0+
Inye)a,n) = 452° — 36020 + 125122 -+
Ioanay =0+
Ii9)2)1,1) = 9z — 18210 — 171212 ...
Loy, @2) = —92% + 272" 4 27212 ..
Innee = —27z'2 .. (4.28)
8 Just by requiring gauge invariance, one might think that the operator of the form B,'C’JT could screen
the monopole charge (1)(1)(1) with scale dimension b+ ¢. The gauge invariance certainly can be achieved.
However, since all the fields are chiral, this operator is not BPS (i.e. does not belong to chiral ring) and

would acquire large anomalous dimension at strong coupling. The operators of the form B;C; are chiral,
but cannot screen the monopole charge.
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At O(z*), the first two contributions are the expected ones. The first is the single particle
contribution with U(1)p charge 2, from hypermultiplets scalars in (0,6) and vector multi-
plet fermion in (0, 3): 28—10—18. The second is simply the 2-particle states of the 9 charge
1 particles: 9+ 36 = 45. At higher orders, the sum of the above indices is 63z* — O(z4).

From the results summarized in the previous subsection, the single particle gravity
index at charge 2 and 2 particle index of charge 1 particles are given by

15 (?) + 15 ()7

1 (z) = 182", )

= 45z (4.29)
again after a vast cancelation of the infinite tower of graviton states, similar to the charge 1
single particle index. Although the expression is too messy to be recorded here, we report
that we have also checked the agreement after keeping the SU(3) chemical potentials y1, yo.
Therefore, the positive flux part of the index agrees with the charge 2 field theory index
restricted to the positive fluxes up to O(z'*), and we claim this happens to all orders.

To study more nontrivial sectors, we study the sector with U(1) g charge 1 with Py = 2,
P_ = 1. To classify the fluxes in this sector, we denote by Py = > |p+|, O+ = > |q+|,

Ry = |ry| the sum over positive/negative fluxes in a gauge group. The conditions for
decoupling overall U(1) and O(1) energy are

Pi+P =Q1+Q-=Ry+R., Q1 -Q-+Ry—R_=2(PL—-P_)=2. (430

These fluxes are again classified by a non-negative integer n, with Py =n+1, P_ =n.
As the sector labeled by n starts at the order z*"?, we study the saddle points with
P, = 2,P_ =1 which corrects the n =0 sector (positive flux only) that we considered
above. Possible values of flux sums are

(Qey,Q_, R, R_)=(2,1,2,1), (1,2,3,0), (3,0,1,2) . (4.31)
The fluxes in the first case and the correspondinc indices are as follows:

Ie-ne-ve-1 = loeel-nenen = 927 (180" 490 - 27210 — 272 + ..

I(l,1,71)(1,1,71)(1,1,71) = I(l,l)(l,l)(l,l)I(fl)(fl)(fl = 9.%'2(451'4— 54x8+378x10—10531’12 e )

~—

922(92% — 18210 — 171212 - .)
Lo na1-ve-1 = Ieanelneney = 92°(-92° + 2700 + 27212 )
9z (=272 + . -)

To—ne-na1,-1) = loeanl-nEneEn =

Iaa,-ne-ne-1y = loneel-neEneEn =
Lo —1)(1,-1)(1,1,-1) = 162(272'% — 12528 + 1692*° + - - )
I -1y@-1a1,-1 : 4052'0 —32402'% + 11259z 4 - --
Ina—nai-ne—1 @ 0+ (4.32)
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The 12 fluxes in the second case are

Lo, —1y(1,-2)3) = @™ (92° — 92% — 1712'0 — 1352'% + 7472 + 132320 + .. )
1 (—632® + 14420 + 2702"? — 3512 — 144020 + - )
180z — 26120 + -+ )

—210 4 22 17 4 17210 4 )

1262'% — 2882 — 288210 + ..+

0x6 ... )

—182" — 362 + 198z + 54920 + .. .)

I —1y1,-2)2,1) =

8 8
W~
>

Iio—1y(1,-2)(1,1,1)

I —1ya,-1,-nE) =2
1(2,—1)(1,—1,—1)(2,1) =z
1(2,71)(1,71,71)(1,1,1) =z

lag,-na,-2)3) =

Ina 1,2 @) = = (902® + 4520 — 36212 + - +)
1(1,1,71)(1,72)(1,1,1) = 2% (0212 + - )
4b

8
w
[o)
8
—
~
+

I —1y,-1,-1)21 = " (—-180z'% + - )
I(lvly_l)(lv_17_1)(17171) = 1’41) (0.%'12 =+ - ) (433)

I, -1ya,-1,-n@E) =
b

W~
>
N TN TN N N N N N N /N

Note the explicit appearance of the trial R-charge b. At generic b, this does not cancel with
any other term in the field theory index: for instance, the first term 9z4%6 on the first

10 cannot combine with other terms listed above and below.

line, which is larger than x
In particular, for the field theory index to match with the gravity index including these
sectors, b has to be half an integer as the gravity spectrum of € + j3 is all even. The fluxes
in the last case are obtained by flipping the second and third fluxes. We find that, up
to the order that we wish to check, these sectors all give zero contributions (which might

mean that they are identically zero):

[(27_1)(3)(1,—2) - 0x16b$20 + s I(Q,—l)(271)(17—2) = 01’161)1-20 + .. ,
Lo _pyaina—2 = 0%+ o _1yga,-1,-1) = 0"z + ..
Io—nena-1,-1) = 022 + o To pyq1ya,-1,-1) = 0% 4.
I(171’_1)(3)(1’_2) — OxlﬁbeQ R , 1(1’17_1)(271)(17_2) — OIESbIElO 4.
Ina-naina—2 = 0%z + - Ty _1yga,-1,-1) = 0220 +
Tap-nene-1,-1) = 02210 4o In-naina-1,-1) = 02%z!0 4. . (4.34)

We want to compute the full index up to O(x'*) and show that this factorizes into the
product of ‘positive-flux part’ I(p, p_y(20) and ‘negative-flux part’ I\p, p_)o,1) after sum-
ming over all the saddle points with Py =2, P_=1. Summing over 32 saddle points with
P =2,P_ =1, one obtains

T b
Itpe,poy=2,1) = L(Pr,poy2,0) T I(p, p_yq2,1)
= 92% (632" — 452% + 36020 — 12512 + - -) (4.35)
+(4052'0 — 32402'% 4 112592 + -+ ) + 2% (920 + 182% — "0 + ) |

where I is the expression on the second line while I is the expression on the last line
containing the trial R-charge b. The first parenthesis of the second line is from the first six
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saddle points with factorized indices, the second term from the next three with unfactor-
ized indices, and the last line is from the next 12 saddle points whose leading energy levels
depend on the undetermined trial R-charge b. It is easy to find that the first two contribu-
tions show a nontrivial cancelation and yield I = (922)(6321) = Itp, poy42,0)L(Py,P_)=0,1)
and this agrees with the graviton index consisting of positive charged particles with net
charge 2 and negatively charged particles with charge —1,

(+1) (+1)
() = 15V ) (Iép“) () + T @I W) —oa)(63Y) . (436)

On the other hand, the I® contribution does not appear to correspond to anything in the
gravity dual. Especially, considering the allowed range 0 < b < 1 from a,b,c > 0, the
first term is or lower order than O(z!?). As we have explained, if these saddle points are
artifacts of our localization calculations introduced by unphysical saddle points ‘flowing
in from infinite’ [41], the remaining index completely agrees with the gravity index. This
however requires a careful study, similar to [42].

At this stage, let us comment that we empirically find from the the above saddle points
a rule for the indices which do not contain b. Namely, in the first eight saddle points, if
one decomposes the positive and negative fluxes into two, each of them separately satisfies
the flux condition (4.18) for the fluxes. Note that this restriction turns out to pick up the
factorizable saddle points only.

5 Discussions

We initiated the index computation of Chern-Simons matter theories with N = 2,3 theo-
ries. We find the perfect matchings between the field theory index and the gravity index
for N = 3 theory, which describes M2 brane probing N°1°/Z; theory. On the other hand
we find the several subtleties for N = 2 models even with the impressive matching with the
gravity index. For Q! model, which is realized as flavored ABJM model, the field theory
index gives the definite prediction for the gravity index, which begs the reexamination of
the KK spectrum of Q! in the gravity side available in the literature.

For M3? model, the presence of odd number (i = 1,2,3) fermions in each bi-
fundamental sector seems to pose a potential issue on whether this theory is consistent
or not. At least in the context of dealing with QFT on S? x S! and partition function
there, we find that appropriately restricting the magnetic charges of gauge fields in the
overall U(1)’s of U(N)’s on S? makes the resulting partition function well-defined. This
is basically due to shifting of Chern-Simons level for U(1) factors (among others) out of
U(N) due to fermion determinant. It would be interesting to work out the structure of
the potential mixed Chern-Simons terms. The comparison with the known gravity index
is amazingly impressive but we face handling with the new saddle points. It could be
important to understand this problem to understand better AdS4/CFT3 correspondence
for vast classes of N = 2 theories. Even though we do not report our computation of the
index for Q™' model suggested at [32, 33|, they are suffering from the same problems as
our M?>? model has, i.e., potential anomaly issues due to chiral fermions and new saddle
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points. Now these problems are not appearing in the Q''! model [28, 29] we considered,
we hope to construct new M?3? model free from such subtleties, yet giving the impressive
matching with the gravity index, which our current M?>? model exhibits. We hope to report
our progress in this direction in near future. However, we emphasize that final verdict on
the current M3? model has not been made yet.
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