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aDISTA, Università del Piemonte Orientale,

via T. Michel, 11, Alessandria, 15120, Italy
bDipartimento di Fisica Teorica, Università di Torino,
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1 Introduction

We study the interplay between the fermionic T-duality and radiative corrections to the

sigma models. Our work is a preliminary account on these problems and we clarify some

issues both at the theoretical level (determination of the T-dual models) and at the com-

putational level (radiative corrections at higher loops).

We first review the T-duality for generic σ-model [1, 2] and we extend it to supersym-

metric models with target space spinors. This is the way to embrace the Green-Schwarz

formalism for string theory, p-brane and the pure spinor string theory. The presence of tar-

get space spinors allows us to consider generic super-isometries which encompass the newly

discovered fermionic T-duality [3, 4]. The T-duality for σ-models with Ramond-Ramond
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fluxes have been studied in [5–7]. However, in [3, 4], the self-duality of AdS5 ×S5 σ-model

has been shown by composing the usual bosonic T-duality with the fermionic one.1

The first issues we encounter are the obstructions for constructing the T-dual models

in case of superisometries. Indeed, the Grassmannian nature of the spinorial variables

implies that some coordinate changes appear to be either trivial (redefinition by an overall

constants) or impossible. That prevents from finding the holonomy bases where the super-

isometry appears as a shift in the fermionic coordinates. In addition, the gauging procedure

which is a well-paved way to perform the T-duality for σ-models gets obstructed by non-

invertible fermionic matrices. We review those problems and in particular we adopt a

recently discussed simple model [17] as a playground.

In paper [17], the author pointed out that there exists an interesting limit where the

AdS5 ×S5 pure spinor string model shows a decoupling between the fermionic and bosonic

coordinates. In particular, in that limit, the model appears to be purely fermionic and it

can be viewed as a coset σ-model (obtained by a Gauged Linear Sigma Model) based on a

fermionic coset. The latter is naturally obtained by dividing with respect to the complete

bosonic subgroup. We consider generalizations and simplifications of the above example

and in particular we take into account models based on OSp(n|m) supergroup [18].

In those coset models the super-isometries are non-abelian (they close on the bosonic

subgroup) and they are realized non-linearly [19]. For these two reasons, the usual gauging

procedure cannot be performed. These issues are discussed for generic OSp(n|m) models

and, in particular, we study the simplest one, namely OSp(1|2), which already exhibits

such characteristics.

We first convert the non-linear symmetries into linear ones by introducing additional

bosonic coordinates to the σ-model. In the simplest case, namely OSp(1|2), this can be

easily done by adding a single bosonic coordinate constrained by a quadratic algebraic

equation. That equation is invariant under the action of the isometries which are linearly

represented. In this way, the σ-model can be easily written and the gauging procedure can

be employed. Since the superisometries are non-abelian, we use the construction provided

by [20, 21] and we introduce the gauge fields for all isometries. Then, a two-step process

leads us to a dual model which contains the dual fermionic coordinates, a dual bosonic

field (which appears to be dynamical in the dual model) and a ghost field associated to

the gauge fixing of the local isometries. Therefore, we have bypassed the obstructions

encountered in the theoretical analysis of T-dualities and we provided a dual lagrangian.

For a generic model, this procedure can be also applied with technical difficulties. The

first one is to discover the correct set of bosonic coordinates to implement the superisome-

tries as linear representations. The second step is finding a suitable algebraic constraints

(a similar procedure as the construction of the Plücker relations in porjective geometry).

Finally, a conventional gauging procedure can be applied and the gauge field integrated.

However, we notice that the gauge fixing procedure suggested in [20] leads to a cumber-

some action which turns out not to be very useful for loop computations. On the other

side, a clever gauge choice yields remarkable simplifications and a good starting point for

loop computations.

1See also the new developments in [8–16].
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At the quantum level we compute the one-loop and two-loop corrections to the ac-

tion and we check the conformal invariance at that order. This is a very preliminary

account on the problem of conformal invariance of σ-models based on orthosymplectic

groups OSp(n|m). Indeed, even though there is a fairy amount of literature on the PSU -

type of supergroups and the conformal invariance of their σ-models, there is no proof based

on the orthosymplectic ones. A related problem is checking the T-duality at the quantum

level as pointed out in a series of papers [22–25], but at the moment no check for fermionic

T-duality has been done.

In paper [26], for the first time, the analysis of σ-models on supermanifolds has been

performed. It has been observed that for some supermanifolds viewed as supergroup man-

ifold, the vanishing of the dual Coxeter number (or the quandratic Casimir in a given

representation) might lead to a conformal invariant theory. In paper [27], the renormal-

ization of Principal Chiral Model on PSL(n|n) is studied. They assert the conformal

invariance of the model by looking at one-loop and by using symmetry arguments (based

on Background Field Method BFM) for higher loops. They also discuss the presence of

WZ terms and how does the conformal invariance depend upon it. In paper [28], the σ-

model based on AdS2 × S2 is discussed using the hybrid formalism for superstrings. It

has been shown by explicit computation that the one-loop beta function vanishes because

of the vanishing of the dual Cexeter number. A discussion about the vanishing of beta

function depending on the structure of the coset is given. In the same paper, for the first

time the WZ term is written as a quadratic term in the worldsheet currents. In paper [29],

the proof of the conformal invariance to all orders in the case of AdS3 × S3 × CY2 is

provided. It is discussed how the proof can be implemented to all orders. They refer to

the situation of the supergroups U(n|n). In paper [30], the models based on supersphere

OSp(2n + m|2n)/OSp(2n + m − 1|2n) ∼ S2n+m−1|2n+m and the superprojective spaces

U(n+m|n)/U(1)×U(n+m−1|n) ∼ CPn+m−1|n. In particular, they claim: ”In most cases

(in a suitable range for m, and for n sufficiently large), the beta function for the coupling

in the nonlinear σ-model is nonzero, and there is a single non-trivial renormalization-group

(RG) fixed-point theory for each model.” Other discussions can be found in [31, 32].

Recently, the regained interested into AdS4 ×X models [33–37] brought the attention

on the conformal invariance of those models. Here, we extend the computation in a specific

limit of fermionic coset and we found that up to two loops the condition on the target

manifold for being a super-Calabi-Yau seems to be sufficient for the conformal invariance.

In addition, we explored the dual models and we discover that they have the same type of

unique interaction terms leading to the same loop computations.

From technical point of view, we adopt two methods for computation: 1) we expand

the action around a trivial vacuum and we perform the computation at one-loop, 2) we use

the Background Field Method to expand the action around a non-trivial background and

we compute the corrections at two-loops. A complete all-loop proof is still missing.

The paper is organized as follows. We divide the work in two main sections by first

exploring the classical structure of the theory and its T-duals and in the second part by

studying the quantum corrections. In section 2, we review the T-duality. In section 3, we

construct the σ-models used in the rest of the paper by three different methods. Section 4
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deals with the possible obstructions in constructing the T-dual models. Finally, in section 5

we provide a T-dualization of our fermionic cosets. At the level of quantum analysis, in

section 6 we deal with one-loop computation and in section 7 the two-loop analysis with

BFM is completed. Some auxiliary material is contained in the appendices.

Part I

Classical analysis

2 Fermionc extension of T-duality

2.1 Review of bosonic T-duality

This section provides a short review of the T-duality construction method for σ-models

with a single abelian isometry [2, 39, 40]. Let us introduce a D-dimensional σ-model

S =

∫

GAB(X)dXA ∧ ∗dXB =

∫

d2x
√−γGABγ

µν∂µX
A∂νX

B (2.1)

where A,B = 1, . . . ,D and the set of {XA} are bosonic coordinates. If the σ-model has

a translational isometry, then the metric G is independent of one coordinate (i.e. Xd).

The (2.1) becomes then

S =

∫

[

Gab(X)dXa ∧ ∗dXb +GaddX
a ∧ ∗dXd +GdddX

d ∧ ∗dXd
]

(2.2)

where a, b = 1, · · · ,D − 1. To construct the T-dual σ-model we introduce the gauge field

A via the covariant derivative dXd → ∇Xd = dXd +A. The new action is now invariant

under the local gauge transformation and therefore we can choose a suitable gauge where

Xd = 0.2 The new action is then

S =

∫

[

GabdX
a ∧ ∗dXb +Gdd (A ∧ ∗A) +GaddX

a ∧ ∗A
]

(2.4)

Now we can add in (2.4) the 2-form F = dA, weighted by a Lagrange multiplier X̃d

S =

∫

[

GabdX
a ∧ ∗dXb +Gdd (A ∧ ∗A) +GaddX

a ∧ ∗A+ 2X̃ddA
]

(2.5)

2We use the BRST formalism

sX
d = c, sA = −dc . (2.3)
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The equation of motion for the new parameter X̃d shows that (2.5) is equivalent to (2.4).

Otherwise, from the equation of motion of A we compute3

A =
1

Gdd

(

−GaddX
a +

1

det γ
∗ dX̃d

)

(2.7)

The T-dual model is then obtained substituting this result into (2.5)

SDual =

∫ [(

Gab −
GadGbd

Gdd

)

dXa ∧ ∗dXb+

−Gad

Gdd
dXa ∧ dX̃d − 1

Gdd det γ
dX̃d ∧ ∗dX̃d

]

(2.8)

Notice that this simple formulation is guaranteed by the trivial action of the isometry.

For a generic bosonic σ-model one can choose a set of coordinates such that the isometry

appears as a translation along a single coordinate (holonomic coordinate). Nevertheless,

one can in principle perform a T-duality along any transformation of the isometry group.

In general the isometry group could be non-abelian and the corresponding Killing vectors

are non-trivial expression of the coordinates of the manifold, therefore the above derivation

can not be used any longer. For that, we refer to the work of de la Ossa and Quevedo [20]

where they study such a situation in detail.

At the classical level, the above derivation is correct, but at the quantum level in

the case of string models, we have to recall that the integration measure of the Feynman

integral gets an additional piece which can be reabsorbed by a dilaton shift

φ′ = φ− ln det f (2.9)

where f is the Jacobian of the field redefinition [20, 41]. We also recall that the most

general quantum corrections for abelian T-duality are the dilaton shift and the zero-mode

determinant [38].

2.2 Review of fermionic T-duality

Here we review the fermionic T-duality for an abelian isometry [3, 4]. The above procedure

can be followed through verbatim changing the dictionary and the statistical nature of the

ingredients. The bosonic fields XA =
(

Xa,Xd
)

becomes fermionic θA =
(

θa, θd−1, θd
)

,

the symmetric metric GAB = (Gab, Gad, Gdd) is replaced by a super-metric where GAB =

−GBA. Notice that, due to the antisymmetric nature of GAB , we need two translational

isometries. Therefore we consider a super-metric which is independent of the two fields

θd−1, θd. The action is written as

S =

∫

[

Gab (θ) dθa ∧ ∗dθb + 2Gad−1dθ
a ∧ ∗dθd−1+

+2Gaddθ
a ∧ ∗dθd + 2Gd−1ddθ

d−1 ∧ ∗dθd
]

(2.10)

3Recall that ∗ is the Hodge dual operator defined in the σ-model 2-dimensional worldsheet equipped by

the metric γµν . Then

∗ ∗A = −det γA . (2.6)
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As in the previous section, we promote the derivatives of holonomic coordinates θd−1 and

θd to covariant ones, introducing two (fermionic) gauge fields Ad−1 and Ad. Therefore we

add to (2.10) the field strengths F = dA weighted by the dual coordinates: θ̃d−1 and θ̃d.

Using again BRST technique, we fix the gauge to set θd−1 and θd to zero. The resulting

action is the following

S =

∫

[

Gab (θ) dθa ∧ ∗dθb + 2Gad−1dθ
a ∧ ∗Ad−1 + 2Gaddθ

a ∧ ∗Ad+

+2Gd−1dA
d−1 ∧ ∗Ad + θ̃d−1dAd−1 + θ̃ddAd

]

=

=

∫

[

Gab (θ) dθa ∧ ∗dθb +Ad ∧
(

−2Gad ∗ dθa − dθ̃d
)

+

+Ad−1 ∧
(

−2Gad−1 ∗ dθa + 2Gd−1d ∗ Ad + dθ̃d−1
)]

(2.11)

The computation of the EoM for Ad−1 gives

Ad =
1

Gd−1d

(

Gad−1dθ
a − 1

2 det γ
∗ dθ̃d−1

)

(2.12)

The dual model is finally obtained inserting this solution back in (2.11)

SDual =

∫ [(

Gab (θ) − 2
Gad−1Gbd

Gd−1d

)

dθa ∧ ∗dθb+

−Gad−1

Gd−1d
dθa ∧ θ̃d − Gad

Gd−1d
dθa ∧ θ̃d−1+

− 1

2Gd−1d det γ
dθ̃d−1 ∧ ∗dθ̃d

]

(2.13)

Notice that the fermionic nature of the fields might lead to some problems (see the following

examples). In particular, we were able to find two obstructions in the construction of T-

dual model: the first is connected to the non existence of holonomic coordinates, and the

second deals with the non invertibility of the equation (2.12).

Notice that fermionic T-duality is valid only at tree level, since it is missing an inter-

pretation of a compact Grassmannian direction.

2.3 Geometry of T-duality

In order to illustrate the possible obstructions in performing the T-duality in the case of

fermionic isometries, we derive some general conditions for T-duality for coset models [42].

In particular we show that there is an algebraic and a differential condition. In the following

we present two explicit examples to which this analysis applies.

We want to generalize the procedure reviewed in the first section to σ-models with an

arbitrary number of isometries for which we can not use the holonomic coordinates. We

consider a (super) group G and one of its subgroup H. The generators of the associated

Lie algebra g are divided as follows

g = k + h (2.14)

– 6 –
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where h is the super-algebra associated to H and k is the coset vector space. We consider

the case of symmetric and reductive coset

[HI ,HJ ] = C K
IJ HK

[HI ,KA] = C B
IA KB

[KA,KB ] = C I
AB HI (2.15)

where H ∈ h and K ∈ k. The vielbeins V A of the coset manifold G/H are obtained

expanding the left invariant 1-form g−1dg on the g generators

g−1dg = V AKA + ΩIHI (2.16)

where ΩI are the connections associated to the H-subgroup. Differentiating (2.16) and

using (2.15) we obtain the Maurer-Cartan equations

dV A = −C A
BI V B ∧ ΩI

dΩI = −1

2
C I

AB V A ∧ V B − 1

2
C I

JK ΩJ ∧ ΩK (2.17)

These equations are rewritten defining the torsion 2-form TA and the curvature 2-form R

TA = dV A + C A
BI V B ∧ ΩI = 0

RI = dΩI +
1

2
C I

JK ΩJ ∧ ΩK = −1

2
C I

AB V A ∧ V B (2.18)

i.e. the coset manifold is a Einstein symmetric space. The metric is defined as

G = V A ⊗ V BκAB (2.19)

where κAB = Str (KAKB) is the Killing metric restricted to coset generators.

To define a σ-model we need the pull-back

V A = V A
µ ∂iZ

µdzi (2.20)

where zi are the coordinates on the 2-dimensional manifold Σ and Zµ = Zµ (z) are the

embeddings of Σ in the target space G/H, the action of the σ-model is then

S =

∫

Σ
V A ∧ ∗V BκAB (2.21)

We can now focus on Killing vectors KΛ = Kµ
Λ

∂
∂Zµ . They generate the isometries Λ

that act on the coordinates as follows

Zµ → Zµ + λΛKµ
Λ (2.22)

where λΛ denote a set of infinitesimal parameters and Kµ
Λ is a function of Z. By definition

the Killing vectors satisfy LKG = 0 which reads

LKΛ

(

V A ∧ ∗V BκAB

)

= 2
(

LKΛ
V A
)

∧ ∗V BκAB = 0 (2.23)

– 7 –
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The general solution to (2.23) is

LKΛ
V A = (ΘΛ)ABV

B (2.24)

where, because of the symmetries of the reduced Killing metric, (ΘΛ)AB is antisymmetric

if V A are bosonic. Otherwise, if the vielbeins are fermionic (anticommutant) and κAB is

antisymmetric and then (ΘΛ)AB is symmetric. Using LXω = iXdω + d(iXω) we get

LKΛ
V A = d iKΛ

V A + iKΛ
dV A =

= d iKΛ
V A − iKΛ

(

ΩA
B ∧ V B

)

=

= d iKΛ
V A −

(

iKΛ
ΩA

B

)

V B + ΩA
B

(

iKΛ
V B
)

(2.25)

where ΩA
B = ΩICA

IB . Then the condition (2.24) can be rewritten as

∇
(

iKΛ
V A
)

= (ΘΛ + iKΛ
Ω)AB V

B (2.26)

where the covariant derivative is defined by

∇
(

iKΛ
V A
)

= d
(

iKΛ
V A
)

+ ΩA
B ∧

(

iKΛ
V B
)

(2.27)

This relation will be useful to search for the holonomy basis.

It is important to understand how the vielbein V A = V A
µ dZµ transforms under (2.22).

First of all, we notice that (2.22) shall be rewritten using the contraction operator iKΛ
as

follows

Zµ → Zµ + λΛiKΛ
dZµ (2.28)

Using the fact that the components V A are functions of Z we can obtain, expanding V A

in the first order of λ

V A → V A
α

(

{Z + λΛ iKΛ
dZ}

)

d
(

Zα + λΛ iKΛ
dZα

)

=

=
[

V A
α ({Z}) + λΛiKΛ

dZβ ∂βV
A
α

]

[

dZα + dλΛ iKΛ
dZα + λΛ d(iKΛ

dZα)
]

=

= V A + dλΛ V A
α iKΛ

dZα + λΛ
[

V A
α d(iKΛ

dZα) + iKΛ
dZβ ∂βV

A
α dZα

]

=

= V A + dλΛ iKΛ
V A + λΛ

[

V A
α d(iKΛ

dZα) + iKΛ
dZβ ∂βV

A
α dZα

]

(2.29)

Consider now

iKΛ
dZβ ∂βV

A
α dZα = iKΛ

(

dZβ ∂βV
A
α

)

dZα =

= iKΛ

(

dV A
α

)

dZα (2.30)

and

ik(dV
A) = iKΛ

(

dV A
α ∧ dZα

)

=

= iKΛ

(

dV A
α

)

dZα − dV A
α iKΛ

dZα =

= iKΛ

(

dV A
α

)

dZα + V A
α d (iKΛ

dZα) − d
(

iKΛ
V A
)

(2.31)
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we then obtain the final relation

V A → V A + dλΛ iKΛ
V A + λΛ LKΛ

V A (2.32)

Using (2.24) this becomes

V A → V A + dλΛ iKΛ
V A + λΛ (ΘΛ)A

B V
B (2.33)

This relation expresses the transformation of the vielbeins induced by (2.28).

We are now ready to generalize the construction method of the T-duality . First of all

we gauge the action (2.21) via the following shift of the vielbeins

V A → V A +AA (2.34)

for a not-yet-specified number of vielbeins and gauge fields A. After this, the action is

invariant under the gauge transformations

{

V A → V A + dλΛ iKΛ
V A + λΛ (ΘΛ)AB V

B

AA → AA − dλΛ iKΛ
V A (2.35)

and so we can gauge some vielbeins to zero. For that we have to solve the following

equations

dλΛ = −V Λ
(

iKΛ
V A
)−1

(2.36)

Notice that, thanks to the symmetries of the reduced Killing metric, the term

λΛ (ΘΛ)AB V
B can be omitted. The condition (2.36) implies two constraints on the matrix4

M Ŝ
L̂

≡
(

iK
L̂
V Ŝ
)

: which must be invertible

detM 6= 0 (2.37)

and

dλĜ = −V Ŝ
(

M−1
) Ĝ

Ŝ
(2.38)

which locally is equivalent to

d
[

V Ŝ(M−1) Ĝ
Ŝ

]

= 0 (2.39)

because of the Poincaré Lemma. Being constraints (2.37) and (2.39) satisfied, we are able

to construct the T-dual model: first, we add to the action the field strength weighted

with the Lagrange multipliers Z̃LdAL (Chern-Simons term in 2d), then we substitute the

expression of AL as functions of the X̃ obtained by solving the equations of motion of AL.

2.4 Gauge fixing and cyclic coordinates

Dealing with the generic isometry-T-duality construction, we discuss the connection be-

tween the possibility of fixing the gauge (and performing the T-duality) and the existence

of a system of coordinates in which the generic isometry is reduced to a translational one.

To do this, we first focus on a simple bosonic-coordinates system.

4Notice we have restricted the set of indices in order to find a minor satisfying the two conditions.
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Consider the following isometry of action S =
∫

L (x)

Z0 → Z0 + λK0 (2.40)

We note that to fix the gauge we must have that

Z0 + λK0 = 0 ⇒ λ = −Z0
[

K0
]−1

(2.41)

Then we try to find a system of coordinates (the holonomy base) in which (2.40) is reduced

to

Z̃0 → Z̃0 + λ (2.42)

Introducing a new variable Z̃0 (Z) and imposing condition (2.42) we get

Z̃0 (Z + λK) = Z̃0 + λ

Z̃0 (Z) + λK
∂Z̃0

∂Z

∣

∣

∣

Z̃=Z
= Z̃0 + λ

∂Z̃0

∂Z

∣

∣

∣

Z̃=Z
= [K]−1 (2.43)

then

Z̃0 =

∫

[K]−1 dZ (2.44)

From (2.41) and (2.44) we see that the non-existence of the inverse of the Killing vector

invalidates both the gauge fixing and the redefinition of cyclic coordinate.

This conclusion changes dramatically if we include also fermionic coordinates θ. For

sake of simplicity let us consider a purely fermionic lagrangian and following isometry

θα → θα + εβKα
β (θ) (2.45)

Condition (2.43) reads

∂θ̃ρ

∂θα
=
[

K−1 (θ)
]ρ

α
(2.46)

This differential equation can not be integrated in Berezin sense. We can find the solution

defining the more general combination of θ

θ̃ρ =

n
∑

i=0

(

1

2i+ 1
cρσ1···σ2i+1

θσ1 · · · θσ2i+1

)

(2.47)

where in the most general case, cρσ1···σi
are function of the bosonic coordinates. Equa-

tion (2.46) becomes

n
∑

i=0

(

cρασ2···σ2i+1
θσ2 · · · θσ2i+1

)

=
[

K−1 (θ)
]ρ

α
(2.48)

where, for i = 0 we have cρα. In conclusion, to construct the holonomic base , the Killing

vector component K has to be invertible and (2.48) must be solvable.
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3 Fermionic coset models

Before applying the above considerations, we present a set of models which become of

interest recently [43–45]. We mainly deal with fermionic coset models based on the or-

thosymplectic supergroup OSp(n|m) where we quotient by its maximal bosonic subgroup

SO(n) × Sp(m). These models are obtained as a certain limit of AdS5 × S5 in [43] and as

a limit of AdS4 × P
3 in [45].

We take into account only the principal part without any WZ term and we study its

conformal invariance. To construct the model, we do not proceed from a string theory and

taking its limit, but we use three independent methods to construct such simple models.

Since we are interested in studying the (super) isometries, we focus on the symmetry

constraints.

The first method is based on a specific choice of the coset representative, on the

nilpotency of the supercharges and their anticommutative properties. As examples, we

construct the OSp(1|2)/Sp(2) and the OSp(2|2)/SO(2) × Sp(2) models. This method is

very powerful and advantageous in the case of small supergroups. The second method

is based on the geometric construction of the vielbeins and H-connection. We follow the

book [19] for the derivation and we adapt their formulas for our purposes. Finally, the

third method is based on the symmetric requirements. The latter can be implemented

perturbatively and it allows more general models for which only the conformal invariance

seems to discriminate among them.

3.1 Nilpotent supercharges method

Given the supercharges Qα we impose an ordering Q1, Q2, · · · and we construct the coset

representative L as the product of exponentials

L (θ) = eθ1Q1eθ2Q2 · · · (3.1)

By the fermionic statistic of the θ’s and the anticommutation relations of the super-algebra

we can compute the complete expansion of L (θ) and we easily derive the action for the

models.

3.1.1 OSp(1|2)/Sp(2)

This simple model has 2 anticommuting coordinates θ1 and θ2. Notice that they form a

vector of sp (2). We can write the coset representative L (θ) as (3.1) and we can expand in

power of θ

L (θ) = eθ1Q1eθ2Q2 =

= (1 + θ1Q1) (1 + θ2Q2) (3.2)

then, the inverse L−1 and the 1-form dL are defined as follows

L−1 = (1 − θ2Q2) (1 − θ1Q1)

dL = dθ1Q1 (1 + θ2Q2) + (1 + θ1Q1) dθ2Q2 (3.3)
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Therefore, the left invariant 1-form is

L−1dL = (1 − θ2Q2) (1 − θ1Q1) dθ1Q1 (1 + θ2Q2) +

+ (1 − θ2Q2) dθ2Q2

= dθ1Q1 + dθ2Q2 +

−1

2
θ1dθ1{Q1, Q1} −

1

2
θ2dθ2{Q2, Q2} − θ2dθ1{Q1, Q2} +

−1

2
θ2θ1dθ1 [Q2, {Q1, Q1}] (3.4)

Using the (anti)commutation relations given in appendix A, the left invariant 1-form can

be expanded into the osp (1|2) generators, obtaining the vielbein Vα (the 1-form associated

the coset generators Qα) and the H-connection (the 1-form associated to the generators of

the isotropy subalgebra sp(2))

L−1dL = (1 + θ1θ2) dθ1Q1 + dθ2Q2 + H-connection (3.5)

The vielbeins are then

V1 = (1 + θ1θ2) dθ1

V2 = dθ2 (3.6)

The action reads

S =

∫

Σ
kαβVα ∧ ∗Vβ (3.7)

where kαβ is the Killing metric reduced to the coset. Here, kαβ = εαβ . Then we obtain

S ∝
∫

Σ
(1 + θ1θ2) dθ1 ∧ ∗dθ2 (3.8)

We can also derive the same action (up to a field redefinition) from the Maurer Cartan

equations (2.17)

dV α − εγβV
αβ ∧ V γ = 0

dV µν − 1

2
V µ ∧ V ν − 2εαβV

αµ ∧ V βν = 0 (3.9)

From these equations we obtain the vielbeins

V α =

(

1 +
1

4
θρερσθ

σ

)

dθα

V αβ = −1

4

(

θαdθβ + θβdθα
)

(3.10)

then the action is

S ∝
∫

Σ

(

1 +
1

2
θρερσθ

σ

)

εαβdθα ∧ ∗dθβ =

=

∫

Σ
d2z

(

1 +
1

2
θρερσθ

σ

)

εαβ∂θ
α∂̄θβ (3.11)

The action is invariant under the isometries discussed in section 4.
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3.1.2 OSp(2|2)/SO(2) × Sp(2)

The procedure described in the previous section can be used also for the present model,

but we show that an alternative choice of the generators of super-algebra osp (n|m), with

n even, (see for example [46]) leads to a further simplification.

We redefine the generators to make the fermionic ones nilpotent (i.e. {Qi, Qi} = 0).

To do this, we first define the following matrices

GIJ =



















0 Im

0

Im 0

0 In

0

−In 0



















if M = 2m (3.12)

GIJ =



















0 Im 0

Im 0 0 0

0 0 1

0 In

0

−In 0



















if M = 2m+ 1 (3.13)

We introduce a new set of matrices eIJ by components

(eIJ)KL = δILδJK (3.14)

By these ingredients we can introduce the generators of osp (n|m)

Eij = Gikekj −Gjkeki

Ei′j′ = Gi′k′ek′j′ +Gj′k′ek′i′

Eij′ = Ej′i = Gikekj′ (3.15)

where we have splitted the capital indices {I, J} in {i, j} = 1 · · ·M and {i′, j′} = M +

1 · · ·N . They satisfy the (anti)commutation relations

[Eij , Ekl] = GjkEil +GilEjk −GikEjl −GjlEik

[

Ei′j′ , Ek′l′
]

= −Gj′k′Ei′l′ −Gi′l′Ej′k′ −Gi′k′Ej′l′ −Gj′l′Ei′k′

[Eij , Ek′l′ ] = 0

[Eij , Ekl′ ] = GjkEil′ −GikEjl′ (3.16)

[Ei′l′ , Ekl′ ] = −Gj′l′Ekj′ −Gj′l′Eki′

{

Eij′ , Ekl′
}

= GikEj′l′ −Gj′l′Eik
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where Eij are generators of so(n), the Ei′j′ of ∈ sp(m) and Eij′ are the supercharges Notice

that, with this choice, the supercharges are nilpotent

(

Eij′
)2

= 0 ∀ i, j′ (3.17)

and this simplifies the computation. We set

Q1 = Q1
1′ Q2 = Q1

2′ Q3 = Q2
1′ Q4 = Q2

2′ (3.18)

E1′ = T1′1′ E2′ = T1′2′ = T2′1′ E3′ = T2′2′ (3.19)

and

E0 = T12 = −T21 (3.20)

where the prime indices corresponds to the sp indices. The reduced Killing metric is

(A = {i, i′})

κAB = 4











0 0 0 1

0 0 −1 0

0 1 0 0

−1 0 0 0











(3.21)

The complete computation is derived in appendix B. We choose the coset representative

as in (3.2)

L(θ) = eθ1Q1 eθ2Q2 eθ3Q3 eθ4Q4 (3.22)

which expanded in series becomes

L(θ) = (1 + θ1Q1) (1 + θ2Q2) (1 + θ3Q3) (1 + θ4Q4) (3.23)

Then, the left-invariant 1-form reads:

L−1dL = (1 − θ4Q4) (1 − θ3Q3) (1 − θ2Q2) (1 − θ1Q1) ×
×dθ1Q1 (1 + θ2Q2) (1 + θ3Q3) (1 + θ4Q4) +

+ (1 − θ4Q4) (1 − θ3Q3) (1 − θ2Q2) dθ2Q2 (1 + θ3Q3) (1 + θ4Q4) +

+ (1 − θ4Q4) (1 − θ3Q3) dθ3Q3 (1 + θ4Q4) + (1 − θ4Q4) dθ4Q4 (3.24)

Notice that only an even number of commutators of Q gives again Q. Therefore, to obtain

the vielbeins we compute only this kind of terms. We get (see appendix B)

L−1dL = Q1dθ1 +Q2dθ2 +Q3 (−2θ3θ4dθ1 + dθ3) +Q4 (−2θ3θ4dθ2 + dθ4) + ΩIHI (3.25)

hence, the vielbeins are

V 1 = dθ1 V 3 = −2θ3θ4dθ1 + dθ3

V 2 = dθ2 V 4 = −2θ3θ4dθ2 + dθ4
(3.26)
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So, the σ-model action is

S =

∫

Σ
tr (V ∧ ∗V ) =

∫

Σ
kABV

A ∧ ∗V B =

= 4

∫

Σ

{

dθ1 ∧ ∗ (−2θ3θ4dθ2 + dθ4) − dθ2 ∧ ∗ (−2θ3θ4dθ1 + dθ3) +

+ (−2θ3θ4dθ1 + dθ3) ∧ ∗dθ2 − (−2θ3θ4dθ2 + dθ4) ∧ ∗dθ1
}

(3.27)

But dθα ∧ ∗dθβ is antisymmetric, then: the action of OSp(2|2)/SO(2) × Sp(2) is

S = 8

∫

Σ

{

dθ1 ∧ ∗dθ4 − dθ2 ∧ ∗dθ3 − 4θ3θ4dθ1 ∧ ∗dθ2
}

(3.28)

or, explicitly:

S = 8

∫

Σ
d2x

√−γγµν
{

∂µθ1∂νθ4 − ∂µθ2∂νθ3 − 4θ3θ4∂µθ1∂νθ2

}

(3.29)

3.2 Vielbein construction method

In this section we construct the OSp(n|m)/SO(n) × Sp(m) action through the coset viel-

beins. The method used is similar to the one described in [19].

Let L be the coset element

L = exp θ̂α
aQ

a
α (3.30)

where Qa
α ∈ osp(n|m)/so(n) × sp(m) (see appendix A). The vielbeins V α

a are obtained by

expanding the left-invariant 1-form L−1dL

L−1dL = V α
a Q

α
a + H-connection (3.31)

Consider now the matrix realization in fundamental representation of the generators Qa
α

[Qa
α]IJ = δaIεαJ + δa

Jε
I

α (3.32)

Notice that ε I
α = δ̂ I

α where δ̂ is the Kronecker delta in m dimensions. We write the

generators as block matrices

θ̂α
aQ

a
α =

(

0 b

b̃ 0

)

(3.33)

where







[bαa ]IJ = θ̂α
a δ

aIεαJ
[

b̃αa

]I

J
= θ̂α

a δ
a
Jε

I
α

(3.34)
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The group element is then

L(θ̂) =











δI
J + 1

2b
I
K b̃

K
J + · · · bIJ + 1

3!b
I
K b̃

K
Lb

L
J + · · ·

b̃IJ + 1
3! b̃

I
Kb

K
Lb̃

L
J + · · · εIJ + 1

2 b̃
I
Kb

K
J + · · ·











=

=











cosh
√

bb̃ b sinh
√

b̃b√
b̃b

sinh
√

bb̃√
bb̃

b̃ cosh
√

b̃b











(3.35)

We shall now perform the following change of variable

θα
a ≡ b

sinh
√

b̃b
√

b̃b
(3.36)

then the group element becomes

L (θ) =











(

δab + θα
a εαβθ

β
b

)
1
2
δaIδb

J θα
a δ

aIεαJ

θα
a δ

a
Jε

I
α

(

εαβ + θα
a δ

abθβ
b

)
1
2
ε I
α εβJ











(3.37)

The inverse is then

L−1 (θ) =











(

δab + θα
a εαβθ

β
b

)
1
2
δaIδb

J −θα
a δ

aIεαJ

−θα
a δ

a
Jε

I
α

(

εαβ + θα
a δ

abθβ
b

)
1
2
ε I
α εβJ











(3.38)

and the 1-form dL

dL (θ) =

(

E F

G H

)

(3.39)

where

EI
J = 1

2 (δru + θρ
rερσθ

σ
u)

− 1
2 δuv

[

dθτ
vετλθ

λ
s + θτ

vετλdθλ
s

]

δrIδs
J

F I
J = dθα

a δ
aIεαJ

GI
J = dθα

a δ
a
Jε

I
α

HI
J = 1

2 (ερτ + θρ
rδrsθτ

s )
− 1

2 ετλ

[

dθλ
uδ

uvθσ
v + θλ

uδ
uvdθσ

v

]

ε I
ρ εσJ

(3.40)

We shall write the left-invariant 1-form as

L−1 (θ) dL (θ) =

(

A B

C D

)(

E F

G H

)

=

(

AF +BH

CE +DG

)

(3.41)
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In order to obtain the vielbeins, we compute only the off-diagonal blocks. We gets

V σ
a δ

aIεσJ = AF +BH =

=
(

δar + θα
a εαβθ

β
r

)− 1
2
δrs
[

dθσ
s + θµ

s εµνθ
ν
b δ

bzdθσ
z +

−1

2
θα
s εαλdθλ

uδ
uvθσ

v

]

δaIεσJ (3.42)

and

V̂ s
αε

I
α δs

J = CE +DG =

=
(

εαρ + θα
a δ

abθρ
r

)− 1
2
ερσ

[

dθσ
s − 1

2
θσ
uδ

uvdθτ
vετλθ

λ
s +

+θσ
uδ

uvθτ
vετλdθλ

s

]

ε I
α δs

J (3.43)

The σ-model is then

S =

∫

Σ
Str
(

V ∧ ∗V̂
)

=

=

∫

Σ

(

V σ
a δ

aIεσJ ∧ ∗V̂ s
αε

I
α δs

J

)

=

=

∫

Σ

(

εσαδ
asV σ

a ∧ ∗V̂ α
s

)

(3.44)

Dealing with fermionic fields, the expansion of (3.44) leads to a polynomial action in θ. We

obtain

S ∼
∫

d2z
√

det γ
[

∂µθ
α
a ∂

µθβ
b εαβδ

ab+

+θα
a θ

β
b ∂µθ

γ
c ∂

µθδ
d

(

−2δacδbdεαδεβγ + δabδcdεαδεβγ + δadδbcεαβεγδ

)

+ · · ·
]

(3.45)

3.3 Supersymmetry construction method

Here we derive the 4-field terms (i.e. θθ∂θ∂θ) for OSp(n|m)/SO(n) × Sp(m) action using

supersymmetry invariance. To perform this computation we have to build the supersym-

metry transformation up to the second-order. Now, the variation of the zero-order term

of the action must be canceled by the zero-order variation of the θθ∂θ∂θ term. With this

observation we are able to reconstruct the second-order contribution to the action.

The first-order generators of Sp(m) and SO(n) are

Mαβ = θα
a ε

βρ ∂

∂θρ
a

+ θβ
aε

αρ ∂

∂θρ
a

Mab = θρ
aδbc

∂

∂θρ
a
− θρ

b δac
∂

∂θρ
a

(3.46)

To find the second-order supersymmetry generators Qα
a we use the closure relation

{Qα
a , Q

α′

a′ } = εαα′

Maa′ + δaa′Mαα′

(3.47)
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The generators Qα
a can be written as

Qα
a = Gαβ

ab ∂θβ
b

, ∂
θβ
b

≡ ∂

∂θβ
b

(3.48)

and the relation (3.47) becomes

[

Gαβ
ab

(

∂
θβ
b

Gα′ρ
a′r

)

+Gα′β′

a′b′

(

∂
θβ′

b′

Gαρ
ar

)]

∂θρ
r

=

=
[

δaa′ θα
r ε

α′ρ + δaa′θα′

r ε
αρ + εαα′

θρ
aδa′r − εαα′

θρ
a′δar

]

∂θr
r

(3.49)

Consider now Gαβ
ab : at zero-order it is εαβδab. To find the exact second-order structure, we

construct the most general term

Gαβ
ab = x θα

a θ
β
b + y θα

b θ
β
a + c θα

c δ
cdθβ

d + d θγ
aεγδθ

δ
b + e θγ

c εγδδ
cdθδ

dε
αβδab (3.50)

Using the zero- and second-order in (3.49) we set the coefficient a, b, c, d, e. The computa-

tion yields the following results

x = 2e , c = d , d− y = 1 (3.51)

where we used the following relations

ε12 = 1 εαβ = ε α
β θα = εαβθβ (3.52)

Then, the supersymmetric generators are

Qα
a =

[

εαβδab + x θα
a θ

β
b + y θα

b θ
β
a + (1 + y) θα

c δ
cdθβ

d +

+(1 + y) θγ
aεγδθ

δ
b +

x

2
θγ
c εγδδ

cdθδ
dε

αβδab +O(4)
] ∂

∂θβ
b

(3.53)

up to second-order. Now we have to perform the second-order variation of the zero-order

lagrangian density

L0 = γµν∂µθ
α
a∂νθ

β
b εαβδ

ab (3.54)

The supersymmetric transformation generated by (3.53) is

δǫ = ǫαaQ
a
α (3.55)

explicitly

δǫθ
ρ
r = ǫρn + ǫaαG

αβ
ab ∂θβ

b

θρ
r =

= ǫρr + x ǫaαθ
α
a θ

ρ
r + y ǫaαθ

α
r θ

ρ
a + (1 + y) ǫaαθ

α
c δ

cdθρ
dδar +

+(1 + y) ǫaαθ
γ
aεγδθ

δ
rε

αρ +
x

2
ǫaαθ

γ
c εγδδ

cdθδ
dε

αρδar (3.56)
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The second-order transformation of (3.54) is then

δ(L0))
∣

∣

II
= x ǫβb ∂

µθα
a θ

ρ
r∂µθ

σ
s εβαδ

baερσδ
rs + x ǫβb θ

α
a ∂

µθρ
r∂µθ

σ
s εβαδ

baερσδ
rs +

+y ǫβb ∂
µθα

r θ
ρ
a∂µθ

σ
s εβαδ

baερσδ
rs + y ǫβb θ

α
r ∂

µθρ
a∂µθ

σ
s εβαδ

baερσδ
rs +

+(1 + y) ǫβb ∂
µθα

c θ
ρ
d∂µθ

σ
s εβαδ

cdερσδ
bs + (1 + y) ǫβb θ

α
c ∂

µθρ
d∂µθ

σ
s εβαδ

cdερσδ
bs +

+(1 + y) ǫβb ∂
µθγ

aθ
δ
r∂µθ

σ
s εβσδ

baεγδδ
rs + (1 + y) ǫβb θ

γ
a∂

µθδ
r∂µθ

σ
s εβσδ

baεγδδ
rs +

+
x

2
ǫβb ∂

µθγ
c θ

δ
d∂µθ

σ
s εβσεγδδ

bsδcd +
x

2
ǫβb θ

γ
c ∂

µθδ
d∂µθ

σ
s εβσεγδδ

bsδcd

(3.57)

Finally

δ(L0)
∣

∣

II
= +2x ǫαa∂

µθρ
rθ

β
b ∂µθ

σ
s εαρδ

arεβσδ
bs +

−x ǫαa∂µθρ
rθ

β
b ∂µθ

σ
s εαβδ

abερσδ
rs +

+(1 + 2y) ǫαa∂
µθρ

rθ
β
b ∂µθ

σ
s εασδ

abερβδ
rs +

−(1 + 2y) ǫαa∂
µθρ

rθ
β
b ∂µθ

σ
s εαβδ

asερσδ
rb +

+2(1 + y) ǫαa∂
µθρ

rθ
β
b ∂µθ

σ
s εασδ

arερβδ
bs (3.58)

As we have already said, this variation must be compensated by the zero-order variation

of the second-order lagrangian density L
∣

∣

II
. Imposing this we obtain

L
∣

∣

II
= +2xθα

a ∂
µθρ

rθ
β
b ∂µθ

σ
s εαρδ

arεβσδ
bs +

−xθα
a ∂

µθρ
rθ

β
b ∂µθ

σ
s εαβδ

abερσδ
rs +

+(1 + 2y)θα
a ∂

µθρ
rθ

β
b ∂µθ

σ
s εασδ

abερβδ
rs +

−(1 + 2y)θα
a ∂

µθρ
rθ

β
b ∂µθ

σ
s εαβδ

asερσδ
rb +

+2(1 + y)θα
a ∂

µθρ
rθ

β
b ∂µθ

σ
s εασδ

arερβδ
bs (3.59)

Notice that for x = 0 and y = −2
3 we obtain the 4-field term derived in section 3.2.

Since this method is merely perturbative, to each orders some freedom is left by the

constants leading different models. If we were able to pursue it till to the end (namely in

the case of a limited number of θ’s coordinates) then we would have seen a unique solution.

Hence this falls in the same class of problems known as gauge completion in supergravity

and supersymmetry where starting from the bosonic components of a given superfield, the

constraints would permit the construction of the full superfield. However, this is in general

not achievable (see [47] and reference therein.).

4 Obstructions to conventional T-duality

Here, as we announced in section 2, we present two typical obstructions in the T-duality

construction. To do this we apply the procedures outlined there to the simple models

discussed above.
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4.1 OSp(1|2)/Sp(2)

This first case refers to the coset space OSp(1|2)/Sp(2), characterized by two fermionic

coordinates θ1 and θ2. We recall the action (3.11)

S ∝
∫

Σ
d2z

(

1 +
1

2
θρερσθ

σ

)

εαβ∂θ
α∂̄θβ (4.1)

This model is not invariant under θ → θ+c, but it possesses — besides the Sp (2) invariance

under θα → Λα
βθ

β with Λαβ = Λβα — also the following isometry5

θα → θα +

(

1 +
1

2
θρερσθ

σ

)

εα (4.2)

i.e. the action (3.11) has the following Killing vectors

Kβ
(α) =

(

1 +
1

2
θρερσθ

σ

)

δβ
α (4.3)

To demonstrate this we use the fermionic Killing equation

Kλ
(α)∂λGρσ − ∂ρK

λ
(α)Gλσ − ∂σK

λ
(α)Gρλ = 0 (4.4)

an alternative proof is found in appendix C. To construct the T-dual model we have to

determine the matrix iKΛ
V A, find a invertible minor, and check eq. (2.39). We obtain

iK(α)
V A =

(

(

1 + 3
4θ1θ2

)

0

0
(

1 + 3
4θ1θ2

)

)

(4.5)

and this matrix is invertible, so we do not need to find a minor. Otherwise, the (2.39)

becomes
{

θ2dθ1 ∧ dθ1 + θ1dθ1 ∧ dθ2 = 0

θ1dθ2 ∧ dθ2 + θ2dθ1 ∧ dθ2 = 0
(4.6)

and these two condition are not in general true. So, the dual model can not be constructed

in the conventional way. In the following we will show a way to bypass this step by first

linearizing the isometries and then by gauging them.

4.2 OSp(2|2)/SO(2) × Sp(2)

The action for this new coset space is derived in section 3.1

S = 8

∫

Σ

{

dθ1 ∧ ∗dθ4 − dθ2 ∧ ∗dθ3 − 4θ3θ4dθ1 ∧ ∗dθ2
}

(4.7)

notice that there are two translational isometries, referred to θ1 and θ2

θ1 → θ1 + λ1 and θ2 → θ2 + λ2 (4.8)

5It is easy to demonstrate that it does not exist a coordinate transformation that reduces this isometry

to θ → θ + c.
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where λ is a fermionic parameter (i.e. λθ = −θλ). To find the dual model we then use the

first procedure. First of all, we introduce the gauge field Ai via the covariant derivative,

obtaining

S′ = 8

∫

Σ

{

(dθ1 +A1) ∧ ∗dθ4 − (dθ2 +A2) ∧ ∗dθ3 +

− 4θ3θ4 (dθ1 +A1) ∧ ∗ (dθ2 +A2)
}

(4.9)

The new action is then invariant under a local transformation which allows us to choose

the gauge

θ1 = θ2 = 0 (4.10)

After doing this, we introduce the 2-forms and the Lagrange multipliers θ̃i

S′′ = 8

∫

Σ

{

A1 ∧ ∗dθ4 −A2 ∧ ∗dθ3 − 4θ3θ4A1 ∧ ∗A2 + θ̃1dA2 + θ̃2dA1

}

(4.11)

Now we calculate the equation of motion for A1, obtaining

4θ3θ4 ∗ A2 = ∗dθ4 − dθ̃2 (4.12)

We have to factor A2 but this is not possible, considering that θ3θ4 is not invertible. This

problem hinders the construction of the dual model.

However we can modify the original action (4.7) in this way

Ŝ ∝ lim
ǫ→0

∫

Σ

{

dθ1 ∧ ∗dθ4 − dθ2 ∧ ∗dθ3 − (ǫ+ 4θ3θ4)dθ1 ∧ ∗dθ2
}

(4.13)

In the limit ǫ→ 0 this action is equivalent to the original, but in this form we are able to

invert the equations of motion. The results are

A2 =
1

ǫ+ 4θ3θ4

[

dθ4 +
1

detγ
∗ dθ̃2

]

(4.14)

and

A1 =
1

ǫ+ 4θ3θ4

[

dθ3 −
1

detγ
∗ dθ̃1

]

(4.15)

Through the substitution of these equations in (4.13), we obtain the dual model

ŜT ∝ lim
ǫ→0

∫

Σ

1

ǫ+ 4θ3θ4

{

dθ3 ∧ ∗dθ4 −
1

detγ
dθ̃1 ∧ ∗dθ̃2 − dθ̃1 ∧ dθ4 − dθ̃2 ∧ dθ3

}

(4.16)

In order to analyze the connection between the actions, we compute the curvature for both

models. From the torsion equation we derive the spin connection

dV A − κBC ω̂
AB ∧ V C = 0 (4.17)

then, from the definition of the curvature 2-form, we obtain the curvature components

RAB = dω̂AB − κCDω̂
AC ∧ ω̂DB (4.18)
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However, the results obtained for the dual model depend on the term 1
ε+θθ , for instance

R11 = −4
1

(ǫ+ 4θ3θ4)3
θ3θ4dθ1 ∧ dθ1 (4.19)

This shows that a physical quantities such as the curvature of the dual model is not defined

for ε→ 0.

5 New methods for T-duality

Now, we decided to go for another path. Since in general the holonomic coordinates can

not be found, we use de la Ossa-Quevedo method [20], which is suitable for non-abelian

T-dualities, for constructing the T-dual. Therefore we add new gauge fields and we perform

the integration of them as suggested in [20].

We would like to mention that a possible issue for non-abelian T-duality is the non-

equivalence of the actions at the quantum level [50].

Another important point is that the model for the coset space is written in terms of

a given parametrization. If some isometries act non linearly, we might encounter several

problems in the duality construction. To avoid them we choose a new set of coordinates

subject to some algebraic equations (Plücker relations [48]) in terms of which the original

model can be written. In this way the isometries act linearly and therefore they can be

easily gauged in the conventional way [49].

5.1 BRST transformations for OSp(1|2)
Consider the following lagrangian density

L0 = −∇φ∇̄φ+ εαβ∇θα∇̄θβ + α
(

φ2 − θ2 − 1
)

(5.1)

The covariant derivatives are defined as

∇θα = ∂θα −Aαφ−Aα
βθ

β

∇φ = ∂φ−Aαθα (5.2)

The equation of motion for α reduces the lagrangian to the usual form (3.11). Notice that

we use Aα = εαρA
ρ and Aα = εαρAρ as raising-lowering convection. The nilpotence of

BRST operator s implies the following BRST transformations

sθα = ηαφ+ cαγεγβθ
β

sφ = ηαθα

sηα = cαβεβγη
γ

scαβ = −ηaηβ + cαρερσc
σβ (5.3)

where the ghosts denoted by a latin letter are anticommuting while those denoted by a

greek letter are commuting quantities. Last, they have the following symmetries

cαβ = cβα Aαβ = Aβα (5.4)
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We fix the transformations rules for the gauge fields by requiring the covariance of covariant

derivatives

s (∇θα) = ηα∇φ− cαβ∇θβ = ηα∇φ+ cαβεβγ∇θγ

s (∇φ) = ηα∇θα = ηαεαβ∇θβ (5.5)

From the second equation of (5.5) we obtain

sAα = ∂ηα +Aγεγρc
ρα − ηρερσA

σα =

= ∂ηα + cαβεβγA
γ +Aαρερση

σ (5.6)

and from s2Aα = 0 we get

sAαβ = −∂cαβ − ηαAβ −Aαηβ + cαλελγA
γβ −Aαλελρc

ρβ (5.7)

We define the following field strengths

Fα = ∂Āα − ∂̄Aα +AαβεβγĀ
γ − ĀαβεβγA

γ

Fαβ = ∂Āαβ − ∂̄Aαβ +AαγεγδĀ
δβ − ĀαγεγδA

δβ +AαĀβ − ĀαAβ (5.8)

which transform as follows

sFα = cαβεβγF
γ + Fαβεβγη

γ

sFαβ = cαγεγδF
δβ − Fαγεγδc

δβ − ηαF β − Fαηβ (5.9)

5.2 Performing T-duality

In order to construct the T-dual model we consider the gauged form of lagrangian (5.1)

Lgauging = −∇φ∇̄φ+ εαβ∇θα∇̄θβ + α
(

φ2 − θ2 − 1
)

+ iθ̃αεαβF
β + iφ̃αβεβγεαδF

γδ =

= α
(

φ2 − θ2 − 1
)

+
(

∂φ−Aαεαβθ
β
)(

∂̄φ− Āγεγδθ
δ
)

+

+
(

∂θα −Aαφ+Aαβεβγθ
γ
)

εαβ

(

∂̄θβ − Āβφ+ Āβγεγδθ
δ
)

+ (5.10)

+iθ̃αεαβ

(

∂Āβ − ∂̄Aβ +AβρεργĀ
γ − ĀβρεργA

γ
)

+

+iφ̃αβεβγεαδ

(

∂Āγδ − ∂̄Aγδ +AγρερσĀ
σδ − ĀγρερσA

σδ +AγĀδ − ĀγAδ
)

Notice we gauged the whole isometry group OSp (1|2). Following the procedure described

in [20] we rewrite (5.10) as

Lgauging = L0 +
(

hα + fαβAβ + gα(βγ)Aβγ

)

Āα +

+
(

l(αβ) +m(αβ)ρAρ + n(αβ)(ρσ)Aρσ

)

Āαβ + h̄αAα + l̄(αβ)Aαβ (5.11)

where

hα = −∂ (φθα) − i∂θ̃α l(αβ) = ∂θ(α θ β) − i∂φ̃αβ

fαβ = φ2εαβ + θαθβ + 2iφ̃αβ m(αβ)ρ = ε(α|ρ θ β)φ+ iθ̃(α εβ)ρ

gα(βγ) = iεα(β θ̃ γ) − εα(β θ γ)φ n(αβ)(ρσ) = −iφ̃α(ρ εσ)β − iφ̃β(ρ εσ)α

h̄α = −∂̄ (φθα) + i∂̄θ̃α l̄(αβ) = ∂̄θ(α θ β) + i∂̄φ̃αβ (5.12)
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Notice that

εαβεβγ = δα
γ , δαβεβγ = −εαβδβγ 6= δα

γ (5.13)

This model has 8 degrees of freedom: 2 for θα, 1 for φ, 2 for θ̃α and 3 for φ̃αβ . By gauge

fixing we eliminate some degrees of freedom among them. Notice that it is not possible to

set a symmetric 2× 2 tensor field to a constant by a Sp (2)-transformation: we can not set

all the three components of φ̃αβ to a constant. Nevertheless, we choose

φ̃αβ =
(

detφ̃
)

1
2
δαβ (5.14)

thus, only one degree of freedom survives and there is an Sp(2)-gauge isometry left. Now, we

set θα to zero via the OSp(1|2)/Sp(2) gauge transformation. Consequently, the constraint

in L0 impose that φ = 1. This reduces the degrees of freedom from 8 to 3. The remained

fields are

detφ̃, θ̃α (5.15)

and we have a one-parameter residual Sp (2) symmetry. If we rename

(

detφ̃
) 1

2
= φ̂ (5.16)

definitions (5.12) become

hα = −i∂θ̃α l(αβ) = −i∂φ̂δαβ

fαβ = εαβ + 2iφ̂δαβ m(αβ)ρ = +iθ̃(α εβ)ρ

gα(βγ) = iεα(β θ̃ γ) n(αβ)(ρσ) = −iφ̂δα(ρ εσ)β − iφ̂δβ(ρ εσ)α

h̄α = +i∂̄θ̃α l̄(αβ) = +i∂̄φ̂δαβ (5.17)

To derive the T-dual model we compute from (5.11) the equation of motion for Āα, ob-

taining

Aβ = −[f−1]βλ

(

hλ + gλ(ρσ)Aρσ

)

(5.18)

The lagrangian becomes

Lgauging =L0+
[

l(αβ) −m(αβ)ρ
[

f−1
]

ρλ
hλ +

(

n(αβ)(ρσ) −m(αβ)ζ
[

f−1
]

ζλ
gλ(ρσ)

)

Aρσ

]

Āαβ +

−h̄α
[

f−1
]

αλ
hλ +

[

l̄(ρσ) − h̄α
[

f−1
]

αλ
gλ(ρσ)

]

Aρσ (5.19)

That is

LAĀ = Ξ + Ω̄(αβ)Aαβ + Ω(αβ)Āαβ + Π(αβ)(ρσ)AαβĀρσ (5.20)

– 24 –



J
H
E
P
0
5
(
2
0
1
1
)
0
1
9

where

Ξ = −h̄α
[

f−1
]

αλ
hλ = − 1

1 − 4φ̂2
∂θ̃αεαβ∂θ̃

β

Ω(αβ) = l(αβ) −m(αβ)ρ
[

f−1
]

ρλ
hλ =

= −i∂φ̂δαβ − 1

1 − 4φ̂2

(

θ̃(α∂θ̃ β) + 2iφ̂θ̃(α εβ)ρδρλ∂θ̃
λ
)

Π(αβ)(ρσ) = n(αβ)(ρσ) −m(αβ)ρ
[

f−1
]

ρσ
gσ(ρσ) =

=
θ̃2

4
(

1 − 4φ̂2
)

[

εασεβρ + εαρεβσ
]

+

+iφ̂
1 − 4φ̂2 − θ̃2

4
(

1 − 4φ̂2
)

[

εασδβρ + εαρδβσ + εβσδαρ + εβρδασ
]

(5.21)

Now, we can find the equation of motion (EoM) of the last gauge fields. Substituting it

back into the lagrangian gives the T-dual model. To do this we have to compute the inverse

of Π. Consider the following 4-indices tensor

T (αβ)(γδ) = A
[

εαδεβγ + εαγεβδ
]

+B
[

εαδδβγ + εαγδβδ + εβδδαγ + εβγδαδ
]

(5.22)

To find its inverse we impose the following definition of inverse tensor

[

M−1
]

αβ µν
Mαβ ρσ = ε

(ρ
(µ ε

σ)
ν) (5.23)

and then we can fix the coefficient of the following generic tensor

[

T−1
]

(αβ)(γδ)
= L [εαδεβγ + εαγεβδ ] + P [δαδδβγ + δαγδβδ] +

+M [εαδδβγ + εαγδβδ + εβδδαγ + εβγδαδ ] ≡
≡ L < εε > +M < εδ > +P < δδ > (5.24)

We find that

L =
A2 + 2B2

A (A2 + 4B2)
M =

B

A2 + 4B2
P =

2B2

A (A2 + 4B2)
(5.25)

Here, A ∝ θ̃2, then it is impossible to invert.

5.3 Residual gauge fixing

We want to fix the residual gauge invariance, via BRST method: we introduce a set of

lagrangian multipliers bαβ and the corresponding ghosts c̄αβ such that

sc̄αβ = bαβ, sbαβ = 0 (5.26)
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Notice that the metric in this model is εαβ and we use it to raise and lower the indices. To

fix the gauge we introduce a new term in (5.20)

LAĀ → Lg.f. = LAĀ + s

[

c̄αβε
(αβ)(ρσ)Aρσ +

1

2ξ
c̄αβε

(αβ)(ρσ)bρσ + h.c.

]

=

= LAĀ + bαβε
(αβ)(ρσ)Aρσ + b̄αβε

(αβ)(ρσ)Āρσ +

+
1

2ξ
b̄αβε

(αβ)(ρσ)bρσ + f ({c}) (5.27)

where

ε(αβ)(ρσ) =
1

2

(

εασεβρ + εαρεβσ
)

(5.28)

We collect the ghost term into the symbol f ({c}). Computing the EoM for b and b̄ we

obtain

bαβ = −ξĀαβ b̄αβ = −ξAαβ (5.29)

Then we have

Lg.f. = Ξ + Ω̄(αβ)Aαβ + Ω(αβ)Āαβ +
[

Π(αβ)(ρσ) − ξε(αβ)(ρσ)
]

AαβĀρσ + f ({c}) (5.30)

Defining
[

Π(αβ)(ρσ) − ξε(αβ)(ρσ)
]

= Π̂(αβ)(ρσ), we get

Lg.f. = Ξ + Ω̄(αβ)Aαβ + Ω(αβ)Āαβ + Π̂(αβ)(ρσ)AαβĀρσ + f ({c}) (5.31)

Now, we fix ξ to make Π̂ invertible. Comparing with (5.21) we have

A =
θ̃2

4
(

1 − 4φ̂2
) + ξ, B = iφ̂

1 − 4φ̂2 − θ̃2

4
(

1 − 4φ̂2
) (5.32)

or, more simply

A =
θ̃2 + ξ′

4
(

1 − 4φ̂2
) , B = iφ̂

1 − 4φ̂2 − θ̃2

4
(

1 − 4φ̂2
) (5.33)

Then

L =

4
(

1 − 4φ̂2
)

(

2φ̂2
(

−1 + 4φ̂2 + θ2
)2

+
(θ2+ξ)

2

16(1−4φ̂2)
2

)

(θ2 + ξ)

(

4φ̂2
(

−1 + 4φ̂2 + θ2
)2

+ (θ2+ξ)2

16(1−4φ̂2)
2

) (5.34)

M =
iφ̂
(

1 − 4φ̂2 − θ2
)

4φ̂2
(

−1 + 4φ̂2 + θ2
)2

+ (θ2+ξ)2

16(1−4φ̂2)
2

(5.35)

P =
8φ̂2

(

1 − 4φ̂2
)(

−1 + 4φ̂2 + θ2
)2

(θ2 + ξ)

(

4φ̂2
(

−1 + 4φ̂2 + θ2
)2

+ (θ2+ξ)2

16(1−4φ̂2)
2

) (5.36)
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The EoM for Āρσ is then

Aαβ = −
[

Π̂−1
]

(αβ)(ρσ)
Ω(ρσ) (5.37)

Finally the dual lagrangian is

Ldual = Ξ − Ω̄(αβ)
[

Π̂−1
]

(αβ)(ρσ)
Ω(ρσ) + f ({c}) (5.38)

With simple algebraic manipulations (see appendix D), the dual lagrangian becomes

Ldual = Ξ − ∂̄φ̂∂φ̂− 2 (L+ P )

1 − 4φ̂2

[

−i∂̄φ̂θα∂θβδαβ + iθα∂̄θβδαβ∂φ̂+

+2φ̂∂̄φ̂θα∂θβεαβ + 2θα∂̄θβεαβ φ̂∂φ
]

+

− θ2

2
(

1 − 4φ̂2
)2

[

∂̄θα∂θβδαβ

(

−4M
(

1 + 4φ̂2
)

+ 4iφ̂ (3L− P )
)

+

+ ∂̄θα∂θβεαβ

(

− (3L− P )
(

1 + 4φ̂2
)

− 8iMφ̂
)]

+ f ({c}) (5.39)

Notice that exist just two combinations of L and P . Using (5.25), we have

L+ P =
1

A
=

4
(

1 − 4φ̂2
)

θ2 + ξ

3L− P =
1

A
+

2A

A2 + 4B2
=

=
4
(

1 − 4φ̂2
)

(

θ2 + ξ
)

(θ2 + ξ)2 + 4φ̂2
(

1 − 4φ̂2 − θ2
) +

4
(

1 − 4φ̂2
)

θ2 + ξ
(5.40)

The form of the lagrangian is rather cumbersome and therefore it might be rather awful to

proceed with a loop analysis from this expression. Of course, it can be expanded in power

of φ̂, suitable for 1-loops analysis.

5.4 Another gauge fixing for OSp(m|n)/SO(n) × Sp(m)

The method presented above can not be used in general: even in a slightly more extended

example as OSp(4|2)/SO(4) × Sp(2) the computation becomes quite prohibitive. We then

found an alternative gauge fixing condition that leads to a simpler treatment.

The coset model OSp (m|n) /SO (n) × Sp (m) is built from the following fields

• Λ(ij) bosonic SO (n) fields;

• Φ[αβ] antisymmetric Sp (m) fields;

• Θiα fermionic fields.

To these are associated ghost fields
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• d[ij]: fermionic SO (n) ghosts;

• c(αβ): fermionic Sp (m) ghosts;

• ηiα: bosonic ghosts

The BRST transformations read

sΘiα = cαβε
βγΘiγ + dijδ

jkΘkα + ηiβε
βγΦγα + ηjαδ

jkΛki

sΛ(ij) = η(i|αε
αβΘ j)β + d(i|kδ

klΛl|j)

sΦ[αβ] = ηi[α δ
ijΘj|β] + c[α|γε

γδΦδ|β] (5.41)

In order to construct a gauged principal chiral model, we introduce the following gauge

fields

• A[ij]: antisymmetric SO (n) gauge fields;

• A(αβ): symmetric Sp (m) gauge fields;

• Aiα: fermionic gauge fields.

Their associated field strengths are

F[ij] = ∂Āij − ∂̄Aij +A[i|bδ
bcĀc|j] +

−Ā[i|bδ
bcAc|j] +A[i|αε

αβĀ j]β − Ā[i|αε
αβA j]β

F(αβ) = ∂Āαβ − ∂̄Aαβ +A(α|γε
γδĀδ|β) +

−Ā(α|γε
γδAδ|β) +Ai(α δ

ijĀj|β) − Āi(α δ
ijAj|β)

Fiα = ∂Āiα − ∂̄Aiα +Aijδ
jkĀkα +

−Āijδ
jkAkα +Aαγε

γδĀiδ − Āαγε
γδAiδ (5.42)

5.5 Construction method

The lagrangian for the coset model is constructed starting from the whole model OSp (m|n)

lagrangian. The supergroup representative L is

L =

(

Λi
j Θi

α

Θα
j Φα

β

)

(5.43)

The vielbein are obtained expanding L−1∂L into the generators of the superalgebra

osp (m|n). Our final aim is the fermionic coset, so the vielbeins are the off-diagonal part

of L−1∂L: V a
α and V α

a. We get

V a
α = Aa

i∂Θi
α +Ba

γ∂Φγ
α

V α
a = Cα

i∂Λi
a +Dα

γ∂Θγ
a (5.44)
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where

Aa
i =

[

Λi
j − Θi

β

[

Φγ
β

]−1
Θγ

j

]−1

δa
j

Ba
γ = −Aa

iΘ
i
β

[

Φα
β

]−1

Cα
i = −Dα

γΘγ
j

[

Λi
j

]−1

Dα
β =

[

Φβ
γ − Θβ

j

[

Λi
j

]−1
Θi

γ

]−1
ǫαγ (5.45)

The lagrangian for the coset is made of two pieces. The first one is the contraction of the

vielbeins by the Killing metric and it produces the kinetic term for the fields Θ, Λ and Φ.

The second term deals with the so-called Plücker relations as constraints. By solving them

we re-express the bosonic fields as functions of Θ and the purely-fermionic coset model is

reproduced.

The first term is

LV = V α
iδ

ijεαβV
β
j + V i

αδijε
αβV j

β (5.46)

And the second one is:

LP = α(ij)
(

Λikδ
klΛlj − Θiαε

αβΘjβ − δij

)

+ β[αβ]
(

Φαγε
γδΦδβ − Θiαδ

ijΘjβ − εαβ

)

+

+γiα
(

Λikδ
klΘkα + Φαβε

βγΘiγ

)

(5.47)

The constraints imply

ΛIJ =
√

δIJ + ΘIαεαβΘJβ

Φαβ =
√

εαβ + ΘIαδIJΘJβ (5.48)

It can be shown that substituting them into (5.46) will recover the original la-

grangian (3.44). The OSp(m|n)/SO(n) × Sp(m) lagrangian is then

L0 = LV + LP (5.49)

5.6 T-duality

In order to construct the T-dual model we gauge the whole isometry group. We introduce

then the covariant derivatives defined as

∇Θiα = ∂Θiα −Aijδ
jkΘkα −Aαβε

βγΘiγ +

−Aiβε
βγΦγα −Ajαδ

jkΛki

∇Λ(ij) = ∂Λ(ij) −A(i|αε
αβΘ|j)β −A(i|kδ

klΛl|j)

∇Φ[αβ] = ∂Φ[αβ] −Ai[α|δ
ijΘj|β] −A[α|ρε

ρσΦσ|β] (5.50)

and we add the field strengths (5.42) as Chern-Simons terms

LD = iθiαFiα + iλ[ij]F[ij] + iφ(αβ)F(αβ) (5.51)
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Now, we set Θiα = 0 adding to the lagrangian the BRST gauge fixing condition

LBRST1 = s
[

c̄iαΘiα

]

(5.52)

where sc̄iα = biα and sbiα = 0. Solving the Plücker constraint, we get Λij = δij and

Φαβ = ε
αβ

. This simplifies the functions (5.45)

Aa
i = δa

i, Ba
γ = 0, Cα

i = 0, Dα
β = εαβ (5.53)

The lagrangian is then

Lgf1 = Aiαδ
ijεαβĀjβ + LD (5.54)

We can now perform another gauge fixing. We can set, analogously to (5.52)

Āij = 0, Āαβ = 0 (5.55)

notice that this gauge fixing does not imply Aij = 0 and Aαβ = 0. Then, (5.54) becomes

Lgf2 =
[(

δtlετλ + 2iλ[tl]ετλ + 2iφ(τλ)δtl
)

Atτ+

−i∂θlλ + iθiλA[ij]δ
jl + iθlαA(αγ)ε

γλ
]

Ālλ +

+i∂̄θiαAiα + i∂̄λ[ij]Aij + i∂̄φ(αβ)Aαβ (5.56)

We now compute the EoM for Āiα

Aiα = iΞil αλ

(

+∂θlλ − θcλAcjδ
jl − θlβAβγε

γλ
)

(5.57)

where Ξrm ρµ is defined as follows

Ξil αλ = δirεαρΞ
rm ρµδmlεµλ (5.58)

and

Ξrmρµδmlεµλ

(

δtlετλ + 2iλ[tl]ετλ + 2iφ(τλ)δtl
)

= δrtερτ (5.59)

Substituting (5.57) in (5.56) we obtain a first version of the dual lagrangian

LDual0 = − ∂̄θiαΞil αλ∂θ
lλ + i∂̄θiαΞil αλ

(

θkλA[kj]δ
jl + θlνA(νγ)ε

γλ
)

+

+i∂̄λ[ij]Aij + i∂̄φ(αβ)Aαβ (5.60)

We notice that in 2-dimensions the gauge fields A are not dynamics. Therefore we can

integrate them and take their EoM’s as constraints. The dual model then is composed by

a lagrangian

LDual = −∂̄θiαΞil αλ∂θ
lλ (5.61)

and two constraints
{

∂̄λ[ij] + ∂̄θkαΞklαλθ
[i|λδ j]l = 0

∂̄φ(αβ) + ∂̄θkγΞkl γλθ
l(α|εβ)λ = 0

(5.62)

The fields λ[ij] and φ(αβ) are expressed in term of θiα. The EoM’s for λ[ij] and φ(αβ) can

be constructed by recursive application of ∂ and ∂̄ to the constraints (5.62).
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5.7 Analysis

To study the lagrangian (5.61) and the constraints (5.62) we can expand over small λ and

φ. Using definition (5.59) we compute the first order of Ξrmρµ

Ξrm ρµ ∼ −δrmερµ − 2iλ[rm]ερµ − 2iφ(ρµ)δrm (5.63)

We obtain then

LDual ∼ ∂̄θiαδijεαβ∂θ
jβ + 2i∂̄θiαδirλ

[rm]δmlεαλ∂θ
lλ +

+2i∂̄θiαδilεαρφ
(ρµ)εµλ∂θ

lλ (5.64)

and
{

∂̄λ[ij] = −∂̄θ[i|γεγδθ
j]δ

∂̄φ(αβ) = −∂̄θc(α δcdθ
d|β) (5.65)

The two interacting terms of (5.64) can be rewritten as

∂̄θiαδirλ
[rm]δmlεαλ∂θ

lλ = −θiαδir∂̄λ
[rm]δmlεαλ∂θ

lλ +

−θiαδirλ
[rm]δmlεαλ∂̄∂θ

lλ + total derivative (5.66)

The last term vanishes on-shell for the EoM of θ (i.e. ∂̄∂θlλ = 0). Therefore, it can be

absorbed by a field redefinition and we can neglect this kind of term. The lagrangian

becomes

LDual ∼ ∂̄θiαδijεαβ∂θ
jβ − 2iθiαδir∂̄λ

[rm]δmlεαλ∂θ
lλ +

−2iθiαδilεαρ∂̄φ
(ρµ)εµλ∂θ

lλ (5.67)

Substituting the two constraints (5.65)

LDual ∼ ∂̄θiαδijεαβ∂θ
jβ + 2iθiαδir∂̄θ

[r|γεγδθ
m]δδmlεαλ∂θ

lλ +

+2iθiαδilεαρθ̄
c(ρ δcdθ

d|µ)εµλ∂θ
lλ (5.68)

We obtain the following 4-θ terms

LDual

∣

∣

4θ
= 2iθaαθbβ ∂̄θcγ∂θdδ (2δacδbdεαδεβγ − δabδcdεαδεβγ − δadδbcεαβεγδ) (5.69)

and this is exactly the same expression for the 4-θ term of the original model (3.45).

Notice that we neglected some terms proportional to the equations of motion. That

is allowed at the classical level, but at the quantum one some suitable field redefinitions

must be performed to achieve the equivalence. Indeed we check at one loop such

field redefinitions.

5.8 Fibration and T-duality

Finally, we treat a further example where the T-duality can be done as outlined in sec-

tion 2.2 for a fermionic model. This model is obtained adding to every point of a base
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space a vectorial space (a fiber). This can be done adding at the metric of the base space

a term like

∇ψ1 ∧ ∗∇ψ2 (5.70)

where

dψ → ∇ψ = dψ +B (5.71)

B is the connection from the various fibers and it depends only by the coordinates of the

basic space. We use this method in the case of OSp(1|2)/Sp(2) and we get (we consider

only the lagrangian density for simplicity)

L2 ∝ (1 + θ1θ2) dθ1 ∧ ∗dθ2 −→ L4 ∝ (dψ3 +B3) ∧ ∗ (dψ4 +B4) + L2 (5.72)

The most general form of the connection is the following

Bi = (a+ bθ1θ2) dθi (5.73)

The new model has four fermionic coordinates and has two translational isometries, as in

OSp(2|2)/SO(2) × Sp(2), so the procedure is the same: we introduce the gauge fields, we

set the coordinates to zero, we sum the 2-forms and finally we calculate the equation of

motion, from which we have

{

A4 = −B4 − 1
detγ ∗ dψ̃4

A3 = −B3 + 1
detγ ∗ dψ̃3

(5.74)

Notice that in contrast to the example given in sec 4.2 we do not need to modify the action

to solve the equations. The dual model is then

L4Dual ∝
1

detγ
dψ̃3 ∧ ∗dψ̃4 + (1 + θ1θ2) dθ1 ∧ ∗dθ2 + dψ̃3 ∧B4 +B3 ∧ dψ̃4 (5.75)

We shall calculate the curvature components for both the models obtained (the origi-

nal (5.72) and the T-dual (5.75)), without considering topological terms. However, it

seems that does not exist a trivial connection between the two curvatures.

Part II

Quantum analysis for OSp(n|m)
SO(n)×Sp(m)

models

6 One loop computation

In this section we compute the 1-loop correction to θθ propagator from the 2-parameter

dependent model derived in section 3.3. As told in [27], OSp (n|m) has vanishing β-function

(i.e. UV-finiteness) at least at 1-loop if m+ 2 − n = 0. We expect the same behavior also

for the associated purely fermionic coset model.
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6.1 Propagator and vertex

The θθ propagator is obtained from L0 defined in (3.54) using the usual Green-functions

method. We have that

P ab
αβ(p) =

εβαδ
ab

p2
(6.1)

Where p is the 2d-entering momentum. The 4-vertex is obtained from (3.59) symmetrizing

the fermionic θ legs (which are labelled by A,B,C,D)

V4θ = (4xpA · pB + 4xpA · pC + 4xpA · pD +

+4xpB · pC + 4xpB · pD + 4xpC · pD) δadδbcεαδεβγ +

+ (4pA · pB + 4ypA · pB + 2pA · pC + 4ypA · pC +

+2pA · pD + 4ypA · pD + 2pB · pC + 4ypB · pC +

+2pB · pD + 4ypB · pD + 4pC · pD + 4ypC · pD) δacδbdεαδεβγ +

+ (2pA · pB + 4ypA · pB + 4pA · pC + 4ypA · pC + 2pA · pD +

+4ypA · pD + 2pB · pC + 4ypB · pC + 4pB · pD +

+4ypB · pD + 2pC · pD + 4ypC · pD) δabδcdεαδεβγ +

+ (−4pA · pB − 4ypA · pB − 2pA · pC − 4ypA · pC +

−2pA · pD − 4ypA · pD − 2pB · pC − 4ypB · pC − 2pB · pD +

−4ypB · pD − 4pC · pD − 4ypC · pD) δadδbcεαγεβδ +

+ (−4xpA · pB − 4xpA · pC − 4xpA · pD +

−4xpB · pC − 4xpB · pD − 4xpC · pD) δacδbdεαγεβδ +

+ (−2pA · pB − 4ypA · pB − 2pA · pC − 4ypA · pC +

−4pA · pD − 4ypA · pD − 4pB · pC − 4ypB · pC − 2pB · pD +

−4ypB · pD − 2pC · pD − 4ypC · pD) δabδcdεαγεβδ +

+ (2pA · pB + 4ypA · pB + 4pA · pC + 4ypA · pC + 2pA · pD +

+4ypA · pD + 2pB · pC + 4ypB · pC + 4pB · pD + 4ypB · pD +

+2pC · pD + 4ypC · pD) δadδbcεαβεγδ +

+ (2pA · pB + 4ypA · pB + 2pA · pC + 4ypA · pC + 4pA · pD +

+4ypA · pD + 4pB · pC + 4ypB · pC + 2pB · pD + 4ypB · pD +

+2pC · pD + 4ypC · pD) δacδbdεαβεγδ +

+ (4xpA · pB + 4xpA · pC + 4xpA · pD + 4xpB · pC +

+4xpB · pD + 4xpC · pD) δabδcdεαβεγδ (6.2)

Notice that the dot product refers to the world-sheet metric γij contraction

pA · pB = [pA]i γ
ij [pB]j

6.2 1-loop self energy

The 1-loop correction to propagator is obtained contracting the 4θ vertex (6.2) with the

propagator (6.1)
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pA → → pB

pCpD

→ →

Moreover, we impose the following momentum redefinitions

pA = p pB = −p
pC = −q pD = q (6.3)

We obtain then

Γ = −4(−2 +m− n− 2x+mnx+ 2y(−1 +m− n))δabεαβ

∫

d2q

(

p2 + q2
)

q2
(6.4)

We add to the lagrangian a mass term in order to avoid IR-divergences

L −→ L +M2θα
a εαβδ

abθβ
b (6.5)

then, the propagator (6.1) becomes

P st
στ (q) =

εστ δ
st

q2 +M2
(6.6)

Notice that setting x = 0 and y = −2
3 , which leads to the vertex obtained in section 3.2,

we have

Γ =
4

3
(2 +m− n)δabεαβ

∫

d2q

(

p2 + q2
)

q2 +M2
(6.7)

It is easy to show that this is the only choice of x and y that leads to a 1-loop correction

depending by 2 +m− n. This vertex is obtained from the following lagrangian term

L
∣

∣

4θ
= θα

a θ
β
b ∂µθ

γ
c ∂

µθδ
d

(

−2δacδbdεαδεβγ + δabδcdεαδεβγ + δadδbcεαβεγδ

)

(6.8)

as in section 3.2.

It is useful to introduce the following pictorial convection:

-
-

-
- - -

L
∣

∣

4θ
= −2 θ θ ∂θ ∂θ + θ θ ∂θ ∂θ + θ θ ∂θ ∂θ

where the upper arrow line contracts the Sp indices while the lower simple line contracts

the SO ones. Notice that this vertex is exactly the same found via the vielbein construction

method (3.45).

7 Two loop computation with BFM

7.1 Outline of the method

The background field method (BFM) is a powerful tool that allows various simplifications to

compute 1PI Green’s functions [51]. Here we briefly review the foundations of the method.
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Consider the generating functional for connected graphs

W [J ] = −i ln
∫

DΦ exp {iS [Φ] + iJ · Φ} (7.1)

where J is the classic source of the field Φ. We now split the Φ in a background field B and

in a quantum one ϕ, for example through a linear splitting Φ = B + ϕ. The background

field B is seen as another classical source. We have then

W̃ [J,B] = −i ln
∫

Dϕexp {iS [B + ϕ] + iJ · ϕ} (7.2)

where J is now the source of the quantum field ϕ. Notice that δn

δBn W̃
∣

∣

B=J=0
gives the

n-point connected Green functions with only external B fields while with δn

δJn W̃
∣

∣

B=J=0
we

obtain the n-points connected Green functions with external ϕ fields.

The 1-particle irreducible (1PI) functional generator is defined as

Γ [Q] = W [J ] −QJ (7.3)

where Q = δW
δJ . In presence of the background field splitting, it becomes

Γ̃
[

Q̃,B
]

= W̃ [J,B] − Q̃J (7.4)

with Q̃ = δW̃
δJ .

Notice that there is a class of transformations of the quantum and background fields

that preserve the lagrangian. If the splitting is linear Φ = B + ϕ the 1PI generating

functional Γ̃ is invariant under the following transformations

B → B + η ϕ→ ϕ− η (7.5)

Notice that from the definition of Γ, Q̃ transforms as ϕ. Then, we shall write

0 = δ = δQ̃
δΓ̃

δQ̃
+ δB

δΓ̃

δB
(7.6)

Further differentiations give the Ward identities between n-point 1PI Green’s function.

These observations yield

Γ̃
[

Q̃,B
]

= Γ
[

Q̃+B
]

(7.7)

and setting Q̃ = 0 we have

Γ̃ [0, B] = Γ [B] (7.8)

thus, the 1PI Green functions of the original field theory obtained differentiating the r.h.s.

functional generator are computed by the 1PI Green functions with only external back-

ground legs derived from l.h.s. generator.
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7.2 BFM lagrangian

We define the group elements as

g = g0e
λX (7.9)

where g0 is the background field and X is an element of the coset Lie algebra ( X ∈ g/h).

Notice that λ is a coupling constant. We can write the left-invariant 1-form current as the

following

J̃µ = g−1∂µg = e−λXBµe
λX + e−λX∂µe

λX =

= Bµ + λ [Bµ , X] +
λ2

2
[[Bµ , X] , X] + λ∂µX +

λ2

2
[∂µX , X] +

+
λ3

3!
[[[∂µX,X] ,X]X] +

λ4

4!
[[[[∂µX,X] ,X] ,X] ,X] + . . . (7.10)

where Bµ = g−1
0 ∂µg0.

The action is then obtained via the principal chiral sigma model construction
∫

Str
(

J̃µJ̃νη
µν
)

SG/H =
1

2πλ2

∫

Str

(

e−λXBµe
λX
∣

∣

∣

g/h
+ e−λX∂µe

λX
∣

∣

∣

g/h

)2

(7.11)

The total current J̃µ can be expanded in term of algebra generators. Considering the Z2-

grading of the fermionic coset algebra and the (anti-)commutation relations we can divide

J̃µ = J̃0
µ + J̃1

µ where

h ∋ J̃ (0)
µ = B(0)

µ + λ
[

B(1)
µ , X

]

+
λ2

2

[[

B(0)
µ , X

]

, X
]

+
λ2

2
[∂µX , X] + . . .

g

h
∋ J̃ (1)

µ = B(1)
µ + λ

[

B(0)
µ , X

]

+
λ2

2

[[

B(1)
µ , X

]

, X
]

+ λ∂µX + . . . (7.12)

Notice that B
(1)
µ is the fermionic background field and B

(0)
µ is the bosonic one. The coset

formalism allows us to neglect the bosonic current J̃ (0) and all the bosonic contributions

(obtained from commutators). The only term which survives is then

g

h
∋ J̃ (1)

µ = B(1)
µ +

λ2

2

[[

B(1)
µ ,X

]

,X
]

+ λ∂µX +
λ3

3!
[[∂µX,X] ,X] + . . . (7.13)

The action is then computed from the following

1

2πλ2

∫

Str
(

J̃ · J̃
)

= Str
(

J̃ (1) · J̃ (1)
)

(7.14)
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We use (7.10) and the cyclic property of the supertrace to compute (7.11)

SG/H =
1

2πλ2

∫

Str
(

B(1) · B(1) + 2λB(1) · ∂X + λ2∂X · ∂X+

+
2λ3

3!
B(1) · [[∂X,X] ,X] + λ3

[[

B(1),X
]

,X
]

∂X +

+
2λ4

3!
[[∂X,X] ,X] ∂X + λ2B(1)

[[

B(1),X
]

,X
]

+

λ4

4 · 3B · [[[[B,X] ,X] ,X] ,X] +
λ4

4
[[B,X] ,X] [[B,X] ,X]

)

=

=
1

2πλ2

∫

Str
(

B(1) · B(1) + 2λB(1) · ∂X + λ2∂X · ∂X+

+
4

3
λ3B(1) [[∂X,X] ,X] +

+
2λ4

3!
[[∂X,X] ,X] ∂X + λ2B(1)

[[

B(1),X
]

,X
]

+

λ4

4 · 3B · [[[[B,X] ,X] ,X] ,X] +
λ4

4
[[B,X] ,X] [[B,X] ,X]

)

(7.15)

7.3 Feynman rules

We now obtain the Feynman rules for the propagators and for the basic vertex in (7.15).

Further details are in appendix F. We expand X and the background current on the

fermionic generators X = θα
aQ

a
α ∈ g/h , B

(1)
µ = B

(1) α
µ a Qa

α.

To compute the XX propagator we extract the quadratic operator from the lagrangian

as follows

L =
1

2
εβγδ

bcθβ
b �θγ

c ⇒ O = 4εβγδ
bc

� (7.16)

Notice that a factor 2 comes from the supertraces (A.3) and the other is due to (F.2). Then

we define the propagator ∆ as

O (p) ∆ (p) = 1 (7.17)

We obtain (we omit the metrics)

4γµνpµpν∆ = 1 (7.18)

The full propagator is finally

∆βγ
cb (θ) = +

1

4

εγβδcb
p2

(7.19)

With this set of conventions (no i for the propagator and no −i for the vertex and

the (7.17)), 2-point functions are simply defined as 1
∆ . Then the θθ 2-point function

is

δ2Γ

δθβ
b (p) δθγ

c (−p)
= +4p2εβγδ

bc (7.20)
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The BB 2-point function is

δ2Γ

δB β
µb (p) δB γ

νc (−p)
= +4λ−2γµνεβγδ

bc (7.21)

The simplest vertex we found in (7.15) is 2λStr(B · ∂Q). It corresponds to the following

Feynman rule

δ2Γ

δB β
µb (p) δθγ

c (−p)
= 4λ−1εβγδ

bc (−i) qµ =

= −4iλ−1εβγδ
bc (−pµ) =

= 4iλ−1εβγδ
bcpµ (7.22)

We compute now the 4-legs vertex Str
(

B(1)
[[

B(1),X
]

,X
])

. Recalling the

(anti)commutator rules (A.1), we can write the vertex as follows

Str
(

B(1),
[[

B(1),X
]

,X
])

= B(1) α
µ a B

(1) β
ν b θγ

c θ
δ
d ×

×
(

−δbcεδβStr
(

Qa
αQ

d
γ

)

− δbcεδγStr
(

Qa
αQ

d
β

)

+

+δcdεβγStr
(

Qa
αQ

b
δ

)

− δbdεβγStr (Qa
αQ

c
δ)
)

(7.23)

Using the relations (A.3) we obtain that

B(1) α
µ a B

(1) β
ν b γµνθγ

c θ
δ
d2
(

−2εαδεβγδ
acδbd + εαδεβγδ

abδcd + εαβεγδδ
bcδad

)

(7.24)

Notice that we treat Bµ as a vectorial field. So we do not associate any momentum. To

obtain the Feynman rules we go in the momentum frame (∂µ → −ipµ) and we perform

all the possible permutations of indistinguishable quantum legs. We obtain the following

expression (we consider also the constant in the action (7.15) but we skip the (2π)−1 factor)

[BBXX]abcd
αβγδ .µν = V [2] =

=
[

−4δacδbdεαδεβγ + 2δabδcdεαδεβγ + 4δadδbcεαγεβδ+

−2δabδcdεαγεβδ + 2δadδbcεαβεγδ + 2δacδbdεαβεγδ

]

γµν (7.25)

where Ki are the momenta associated with the background fields. Notice that we define

V [i] as the vertex obtained symmetrizing only the metric term, without constants. The

explicit structure for all the derived terms V [i] are in appendix G. In the same way we now

compute the BXXX term Str
(

B(1) [[∂X,X] ,X]
)

. The lagrangian term gives

B(1) α
µ a ∂νθ

β
b γ

µνθγ
c θ

δ
d2
(

−2εαδεβγδ
acδbd + εαδεβγδ

abδcd + εαβεγδδ
bcδad

)

(7.26)

Performing the symmetrization we have

[BXXX]abcd
αβγδ µ = −i4λ

3

[

V [3]
]

µ
(7.27)
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We determine the XXXX vertex. From the lagrangian we have6

∂µθ
α
a ∂νθ

β
b γ

µνθγ
c θ

δ
d 2
(

−2εαδεβγδ
acδbd + εαδεβγδ

abδcd + εαβεγδδ
bcδad

)

(7.28)

The final term is then

[XXXX]abcd
αβγδ = −1

3
λ2V [4] (7.29)

Finally, we calculate the BBXXXX vertex. As usual, from the lagrangian we get

Bα
µ aB

β
ν bγ

µνθγ
c θ

δ
dθ

ρ
rθ

σ
s ×

×
(

−6δacδbsδdrεασεβρεγδ + 6δacδbdδrsεασεβρεγδ + 6δacδbrδdsεαρεβσεγδ+

+6δacδbrδdsεαδεβσεγρ − 6δacδbsδdrεαδεβρεγσ + 6δacδbdδrsεαδεβρεγσ+

+2δacδbrδdsεασεβγεδρ − 2δabδcrδdsεασεβγεδρ − 2δacδbdδrsεασεβγεδρ+

+2δabδcdδrsεασεβγεδρ + 6δasδbrδcdεαγεβσεδρ − 6δadδbrδcsεαγεβσεδρ+

−2δarδbcδdsεαγεβσεδρ + 2δadδbcδrsεαγεβσεδρ − 2δarδbcδdsεαβεγσεδρ+

+2δadδbcδrsεαβεγσεδρ − 2δacδbsδdrεαρεβγεδσ + 2δabδcsδdrεαρεβγεδσ+

−6δarδbsδcdεαγεβρεδσ + 6δadδbsδcrεαγεβρεδσ + 2δasδbcδdrεαγεβρεδσ+

−6δadδbcδrsεαγεβρεδσ + 6δabδcdδrsεαγεβρεδσ + 2δasδbcδdrεαβεγρεδσ+

−2δacδbsδdrεαδεβγερσ + 2δabδcsδdrεαδεβγερσ − 6δacδbrδdsεαδεβγερσ+

−6δasδbrδcdεαγεβδερσ + 6δadδbrδcsεαγεβδερσ + 2δasδbcδdrεαγεβδερσ+

+2δasδbcδdrεαβεγδερσ + 6δacδbrδdsεαβεγδερσ

)

(7.30)

The final result is

[BBXXXX]abcdrs
αβγδρσ =

λ2

12
V [6] (7.31)

7.4 Wick theorem

Now that we have derived all the Feynman rules (summarized in appendix G), we compute

the Wick theorem for all the diagrams we are interested to. The first computation will

clarify the method.

• 1-loop BB:

BABB BaBbθcθdV
[2]
[abcd] = −θcθdV

[2]
[ABcd] = −V [2]

[ABcc] (7.32)

the notation used is: V i indicates the vertex with i quantum legs, capital latin index

{A,B, . . . } labels the external fields and small latin index {a, b, . . . } the internal ones.

Contractions between legs are performed using both SO and Sp metrics.

• 1-loop BX:

Analogously, we obtain

BAθB BaθbθcθdV
[3]
[abcd] = −V [3]

[ABcc] (7.33)

6Notice that this vertex shall be written as 6.8.
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• 1-loop XX:

Again

θAθB θaθbθcθdV
[4]
[abcd]

= −V [4]
[ABcc]

(7.34)

• 1-loop BBXX = BBXX ×XXXX:

This computation is more complicated

BABBθCθD BaBbθcθdV
[2]
[abcd] θeθfθgθhV

[4]
[efgh] =

= BBθCθD

(

−BbθcθdV
[2]
[Abcd] θeθfθgθhV

[4]
[efgh]

)

=

= BBθD

(

−BbθcθdV
[2]
[Abcd] θfθgθhV

[4]
[Cfgh]

)

=

= θD

(

+θcθdV
[2]
[ABcd] θfθgθhV

[4]
[Cfgh]

)

=

=
(

+θcθdV
[2]
[ABcd] θgθhV

[4]
[CDgh]

)

=

= −V [2]
[ABcd]V

[4]
[CDcd] (7.35)

• 1-loop BBXX = BXXX ×BXXX:

BABBθCθD BaθbθcθdV
[3]
[abcd] BeθfθgθhV

[3]
[efgh] =

= BBθCθD

(

θbθcθdV
[3]
[Abcd]BeθfθgθhV

[3]
[efgh] −BaθbθcθdV

[3]
[abcd]θfθgθhV

[3]
[Afgh]

)

=

= · · · =

= 2V
[3]
[ACrs]V

[3]
[BDrs] − 2V

[3]
[ADrs]V

[3]
[BCrs] (7.36)

• 1-loop BBXX = BBXXXX:

BABBθCθD BaBbθcθdθeθfV
[6]
[abcdef ] = −V [6]

[ABCDee] (7.37)

• 2-loops BB = BBXX ×XXXX:

BABB BaBbθcθdV
[2]
[abcd] θeθfθgθhV

[4]
[efgh] = +V

[2]
[ABrs]V

[4]
[rsgg] (7.38)

• 2-loop BB = BXXX ×BXXX:

BABB BaθbθcθdV
[3]
[abcd] BeθfθgθhV

[3]
[efgh] = −2V

[3]
[Abcd]V

[3]
[Bbcd] (7.39)

• 2-loop BB = BBXXXX:

BABB BaBbθcθdθeθfV
[6]
[abcd] = −V [6]

[ABccee] (7.40)
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7.5 Non linear splitting and Ward identities

As already discussed in section 7.1, the BFM is implementated by some Ward identities.

In the present model the splitting (7.9) is non linear and the fields transformations which

make the 1PI functional generator invariant are not trivial. To find them we choose a

simple transformation for one of the two fields and derive the transformation law for the

other one imposing the invariance of the action. We set the linear field X transforming

linearly

X → X + η ⇒ eλX → eλ(X+η) (7.41)

Obviously, with this notation we intend that the true field θα
a transform linearly. Notice

that for the action to be invariant it is enough that the group element or, more simpler,

the left invariant 1-form is invariant. Considering the λ power expansion, B becomes

B → B + λδB[1] + λ2δB[2] + . . . (7.42)

To find the various δB[i] we impose the invariance of J̃ (1) (7.13) under the transforma-

tion (7.41) and (7.42). We obtain

δB[1]
µ = −∂µη

δB[2]
µ = −1

2
([[B , η] ,X] + [[B , X] , η] + [[B , η] , η]) (7.43)

that is

δB[2]
µ = B τ

µt θ
λ
l η

ρ
r Ωrlt σ

τρλ sQ
s
σ +B τ

µt η
λ
l η

ρ
r Ω̂rlt σ

τρλ sQ
s
σ (7.44)

where

Ωrlt σ
τρλ s = +

1

2
ετρδ

rlε σ
λ δt

s − ετρδ
tlε σ

λ δr
s − ελτ δ

trε σ
ρ δl

s +

−1

2
ελρδ

trε σ
τ δl

s −
1

2
ετλδ

lrε σ
ρ δt

s +
1

2
ερλδ

tlε σ
τ δr

s (7.45)

and

Ω̂rlt σ
τρλ s = −1

2
ετλδ

lrε σ
ρ δt

s +
1

2
ετλδ

trε σ
ρ δl

s +
1

2
ερτ δ

tlε σ
λ δr

s +
1

2
ερλδ

tlε σ
τ δr

s (7.46)

As we mentioned in section 7.1, if the lagrangian is invariant under the simultane-

ous transformations (7.41) and (7.43), the 1PI functional generator satisfies the following

relation

δΓ̃ = 0 ⇒ δBµ (x)
δΓ̃

δBµ (x)
+ η (x)

δΓ̃

δX̃ (x)
= 0 (7.47)

where X̃ is the analogous of Q̃ defined in section 7.1. Obviously this equation must hold

for every power of λ. If we derive (7.48) by B or X̃ we obtain relations between 1PI Green

functions: the Ward Identities.
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We consider only δBµ = λδB
[1]
µ = −λ∂µη. We get

− λ∂[x]η (x)
δΓ̃

δBµ (x)
+ η (x)

δΓ̃

δX̃ (x)
= 0 (7.48)

We now perform a Fourier transformation, recalling that

∂µ → −ipµ (7.49)

we obtain, simplifying η, the following functional equation

iλpµ
δΓ̃

δBµ (p)
+

δΓ̃

δX̃ (p)
= 0 (7.50)

From this equation we shall obtain the Ward Identities differentiating by the fields B or

X̃ . To be more precise, we expand B or X̃ over the generators and we consider the fields

B α
µa and θ̃α

a . We have

iλpµ
δ2Γ̃

δB β
µb (p) δB γ

νc (−p)
+

δ2Γ̃

δθ̃β
b (p) δB γ

νc (−p)
= 0 (7.51)

In an analogous way we obtain a second Ward Identity

iλpµ
δ2Γ̃

δB β
µb (p) δθ̃γ

c (−p)
+

δ2Γ̃

δθ̃β
b (p) δθ̃γ

c (−p)
= 0 (7.52)

Using relations (7.21), (7.22) and (7.20) we get

4ipµλ
−1εβγδ

bc − 4ipµλ
−1εβγδ

bc = 0

4(i)2p2εβγδ
bc + 4p2εβγδ

bc = 0 (7.53)

Then, the 1-loop 2-legs first order Ward Identities are satisfied.

7.6 1-loop correction to 2-legs Green functions

We now construct the 1-loop diagram for the self-energy of the background field B
(1)
µ . The

1-loop correction to the propagator is obtained contracting the indices c, d and γ, δ with

the propagator (7.19) and integrating over the loop momentum q. We obtain

ΓBB
1loop µν =

(

1

4

)

(1)
(

−V [2]
[ABcc]

)

=

=

(

1

4

)

(1)

(

−4 (n−m+ 2) εαβδ
ab

∫

ddq
1

q2

)

γµν =

= − (n−m+ 2) εαβδ
ab

∫

ddq
1

q2
γµν (7.54)

So, when m + 2 − n = 0 the 1 loop contribute is zero. In the same way we compute the

1-loop two point function with one external leg B and one X. We contract the indices c, d
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and γ, δ of the term (7.27) with (7.19)7

ΓBX
1loop µ =

(

1

4

)(

−i4λ
3

)

(

−V [3]
[ABcc]

)

=

=

(

1

4

)(

−i4λ
3

)(

4 (n−m+ 2) εαβδ
ab

∫

ddq
1

q2
pµ

)

=

= −i4
3
λ (2 +m− n) εαβδ

ab

∫

ddq
1

q2
pµ (7.55)

Finally, we calculate the 1-loop self energy for the XX propagator. As usual we contract

the indices δcdε
δγ . We obtain8

ΓXX
1loop =

(

1

4

)(

−1

3
λ2

)

(

−V [4]
[ABcc]

)

=

=

(

1

4

)(

−1

3
λ2

)(

4 (n−m+ 2) εαβδ
ab

∫

ddq
p2 + q2

q2
pµ

)

=

= −1

3
λ2 (2 +m− n) εαβδ

ab

∫

ddq
p2 + q2

q2

(7.56)

To compute the UV-divergences we introduce a mass term (M2) associated to the θ field,

as we have done in section 6.2. The lagrangian is then modified, becoming

L =
1

2πλ2
Str

(

B(1) · B(1) + 2λB(1) · ∂X + λ2∂X · ∂X +

+M2X ·X +
4

3
λ3B(1) [[∂X,X] ,X] +

+
2λ4

3!
[[∂X,X] ,X] ∂X + λ2B(1)

[[

B(1),X
]

,X
]

+

λ4

4 · 3B · [[[[B,X] ,X] ,X] ,X] +
λ4

4
[[B,X] ,X] [[B,x] ,X]

)

(7.57)

the new propagator is

∆βγ
cb (θ) =

1

4

εγβδcb
q2 +M2

(7.58)

Using (E.2)–(E.6), we obtain

ΓBB
1loop µν

∣

∣

∣

UV
= − (2 +m− n) εαβδ

ab 2π

ε
γµν (7.59)

ΓBX
1loop µ

∣

∣

∣

UV
= −i4

3
λ (2 +m− n) εαβδ

abpµ
2π

ε
(7.60)

7Remember that B labels the external θ field and that we choose all the momenta as entering in the

vertex.
8See note [7].
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and

ΓXX
1loop

∣

∣

∣

UV
= −1

3
λ2 (2 +m− n) εαβδ

ab 2π

ε

(

p2 −M2
)

(7.61)

From now on we set F = (m+ 2 − n) and F̂ = (m+ 2 − n) 2π
ε . Then, skipping the metric

terms

ΓBB
1loop µν

∣

∣

∣

UV
= −F̂

ΓBX
1loop µ

∣

∣

∣

UV
= −i4

3
λF̂pµ

ΓXX
1loop

∣

∣

∣

UV
= −1

3
λ2F̂

(

p2 −M2
)

(7.62)

7.7 Renormalization

In order to renormalize the theory we have to notice that

• we have to cancel the divergences from BB, Bθ and θθ 1-loop functions (7.62);

• to absorb such divergences we have to consider the following terms from the la-

grangian (we miss the coefficient (2π)−1

1

λ2
εαβδ

abγµνBα
a µB

β
b ν

2

λ
εαβδ

abγµνBα
a µ ·∂θβ

b ν εαβδ
abγµν∂θα

a µ ·∂θβ
b ν (7.63)

• the classic field B should not be renormalized via the wave function renormalization;

To perform the renormalization we introduce

λ = ZλλR

θ = Z
1/2
θ θR (7.64)

where

Zx = 1 + λ2
RδZx (7.65)

The coefficient δZx is the counterterm. Notice that it is possible to perform the following

expansion

1

λ2
→ 1

λ2
R

1

1 + 2λ2
RδZλ

=
1

λ2
R

(

1 − 2λ2
RδZλ +O(λ4

R)
)

(7.66)

The first terms (7.63) of the lagrangian read

L = LR + δL =

=
1

λ2

(

1 − 2λ2
RδZλ

)

B · B +
2

λR

(

1 − λ2
RδZλ

)

B · ∂θR

(

1 + λ2
RδZθ

)1/2
+

+
(

1 + λ2
RδZθ

)

∂θR · ∂θR =

=
1

λ2
R

B ·Bβ
b +

2

λR
B · ∂θR + ∂θR · ∂θR +

−2δZλB ·B + 2λR

(

−δZλ +
1

2
δZθ

)

B · ∂θR + λ2
RδZθ∂θR · ∂θR (7.67)
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where the · sign here implies the contraction between all the indices with the metrics

εαβδ
abγµν . To absorb the coefficients we construct the counterterm diagrams. Using the

same rules we obtain

δBB = −4δZλ

δBX = 4iλ

(

−δZλ +
1

2
δZθ

)

pµ

δXX = 2λ2δZθ

(

p2 +M2
)

(7.68)

In order to cancel the divergences (7.62) we have to solve the following equations

ΓBB
1loop µν

∣

∣

∣

UV
+ δBB = 0

ΓBX
1loop µ

∣

∣

∣

UV
+ δBX = 0

ΓXX
1loop

∣

∣

∣

UV
+ δXX = 0 (7.69)

We have then

δZλ = −1

4
F̂ , δZθ =

1

6
F̂ (7.70)

7.8 2-loop correction to 2-legs Green function

We want to compute a more complicated diagram. The 1-loop 4B Green function is

obtained from two vertices V [2] but power counting assures that it is UV-finite. We shall

then pass to 2-loop correction to 2-legs Green function.

There are three diagrams which contribute to the 2-loop 2-point function

, ,

The Wick theorem fixed the combinatorial coefficients.

7.8.1 First diagram

To construct the first diagram we consider the BBXX and XXXX vertices

A

B

R

S

L

T
D

C

with the following conventions

KR = −q KC = −k KL = q

KS = q KD = k KT = −q (7.71)
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We obtain

(

1

4

)3

(1)

(

−1

3
λ2

)

(

+V
[2]
[ABrs]V

[4]
[rsgg]

)

=

= − 1

192
λ2

∫

dqdk 1

(q2 +M2)2 (k2 +M2)

(

+V
[2]
[ABrs]V

[4]
[rsgg]

)

=

= − 8

192
λ2 (2 +m− n)2

∫

ddqddk
1

(q2 +M2)2 (k2 +M2)

(

+V
[2]
[ABrs]V

[4]
[rsgg]

)

×

× (2pC · pD − pC · pL − pC · pT − pD · pL − pD · pT + 2pL · pT ) δabεαβ =

= − 8

192
λ2 (2 +m− n)2

∫

ddqddk
−2k2 − 2q2

(q2 +M2)2 (k2 +M2)
εαβ =

=
1

12
λ2 (2 +m− n)2

∫

ddqddk
k2 + q2

(q2 +M2)2 (k2 +M2)
εαβ (7.72)

7.8.2 Second diagram

The second diagrams is

L

C

D

A B

R

T

S

with the following conventions

KR = q KC = q − p− k KD = k

KL = −q KS = p+ k − q KT = −k (7.73)

We obtain

(

1

4

)3(

−iλ4

3

)2 (

−2V
[3]
[Abcd]V

[3]
[Bbcd]

)

=

=
1

18
λ2V

[3]
[Abcd]V

[3]
[Bbcd] =

= −72

18
λ2 (n+m (−1 + 2n)) ×

×
∫

ddqddk

(

k2 + 1
3p

2 + k (p− q) − pq + q2
)

δabεαβ

(q2 +M2)2 (k2 +M2)
(

(q − k − p)2 +M2
) (7.74)

We shall use the results (E.8), (E.9), (E.11) to extract explicitly the UV divergent part

72

18

3

2
λ2 (m− n− 2mn)

∫

ddqddk
1

(q2 +M2) (k2 +M2)
+O (1) =

= 6λ2 (m− n− 2mn)

∫

ddqddk
1

(q2 +M2) (k2 +M2)
+O (1) (7.75)
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7.8.3 Third diagram

The third diagrams is

A

R S

B

DC

with the following conventions

KR = k KC = −q
KS = −k KD = q (7.76)

We obtain

(

1

4

)2( 1

12
λ2

)

(

−V [6]
[Abccdd]

)

=

= − 1

192
λ2V

[6]
[Abccdd] =

= − 96

192
λ2
(

4 +m2 +m (7 − 8n) − 7n+ n2
)

∫

ddqddk
1

(q2 +M2) (k2 +M2)

= −1

2
λ2
(

4 +m2 +m (7 − 8n) − 7n+ n2
)

∫

ddqddk
1

(q2 +M2) (k2 +M2)
(7.77)

7.8.4 Results

To compute the total correction to BB 2-point function we combine the three partial

results, obtaining

ΓXX
2loop =

λ2

12
(m+ 2 − n)

∫

ddqddk
1

(q2 +M2) (k2 +M2)
(7.78)

This confirms the conformal property of OSp(m+ 2|m)/SO(m+ 2) × Sp(m) coset models

at 2-loops.

8 Conclusions

We discuss some aspects of fermionic T-duality from the quantum point of view. For that

purpose we decided to adopt the fermionic cosets introduced in [17] as a new limit of the

AdSn ×Sm string theory models as a playground. They have the advantage that the large

amount of isometries permits an easy, even though not straightforwardly, computation of

the quantum corrections at higher loops. In addition, for that model we can easily point

out some of the obstructions in the T-dual construction.

We start by considering three different techniques to build this coset models based on

the underlying superalgebra, on the nilpotency of the supercharges in terms of vielbeins and

connections. In particular we discuss the pricipal σ-model based on orthosymplectic group
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OSp(n|m). We discuss the constraints to be satisfied for having a T-duality in the conven-

tional sense (namely by gauging the isometry group and then eliminating the original coor-

dinates in terms of the Lagrange multipliers) and we show that for the fermionic T-duality

there might be some obstructions due to anticommuting nature of the fundamental fields.

Nonetheless, we propose a new technique based on non-abelian T-duality derived in [20].

We show that it is possibile to construct the T-dual for all the models proposed and we give

a recipe to compute the quantum corrections. Moreover, we derived the simplest terms for

the dual lagrangian and we found they possess the same structure of the original model.

In the second part of the paper, we use two different methods to compute the correc-

tions to the action. Using the first method, we are able to compute the first loop corrections

finding that they vanish if the relation between the dimensions of the bosonic subgroups

SO(n) and Sp(m) is n = m+ 2. This condition guarantees that the supergroup, viewed as

a supermanifold, is a super Calabi-Yau and that implies the conformal invariance of the

principal σ-model (as discussed also in [27]). Using the BFM, we are able to push it to

two-loops confirming the result at one-loop.

There are several open issues that are not discussed in the present work and presently

are under investigation: 1) is it possibile to extend the well-known result of [29] and [52]

to all orders also for orthosymplectic groups? 2) is it possible to extend the fermionic

T-duality to other models by overpassing the obstruction discussed section 3? 3) do the

WZW models presented in [53–55] can be T-dualized? 4) how does the T-duality survive

the quantum corrections?

A osp(n|m) algebra

The generators of the osp(n|m) algebra satisfy the following (anti)commutator relations

[

T ab, T cd
]

= δbcT ad + δadT bc − δacT bd − δbdT ac

[Tαβ , Tγδ] = − (−εβγTαδ − εαδTβγ − εαγTβδ − εβδTαγ)
[

T ab, Tαβ

]

= 0
[

T ab, Qc
γ

]

= δbcQa
γ − δacQb

γ
[

Tαβ , Q
c
γ

]

= −εγαQ
c
β − εγβQ

c
γ

{

Qa
α, Q

b
β

}

= εαβT
ab + δabTαβ (A.1)

We can now choose the following matrix form for the fundamental representation of

osp(n|m)

(Qa
α)IB = δaIεαB + δa

Bε
I

α
(

T ab
)I

B
= δaIδb

B − δbIδa
B

(Tαβ)IB = ε I
α εβB + ε I

β εαB (A.2)
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To compute the supertraces of the generators we use the fundamental representation

instead of the adjoint one.9 The reason for this is that for a particular choice of 2n and 2m

the dual Coxeter number is zero and so the Killing metric is totally degenerate. We obtain

Str (TαβTρσ) = −2εασεβρ − 2εαρεβσ

Str
(

T abT rs
)

= −2δarδbs + 2δasδbr

Str
(

Qa
αQ

b
β

)

= 2δabεαβ (A.3)

B Details on OSp(2|2)/SO(2) × Sp(2) construction

In this appendix we show the complete derivation of the left invariant 1-form for the coset

model OSp (2|2) /SO (2) × Sp (2) described in section 3.1.2.

From (3.16) we extract the non trivial structure constants

C 1
01 = 1 C 2

02 = 1 C 3
03 = −1 C 4

04 = −1

C 1
1′2 = −2 C 3

1′4 = −2 C 2
3′1 = 2 C 4

3′3 = 2

C 3
2′3 = 1 C 4

2′4 = −1 C 1
2′1 = 1 C 2

2′2 = −1

C 1′
13 = 1 C 0

14 = −1 C 2′
14 = 1

C 2′
23 = 1 C 0

23 = 1 C 3′
24 = 1

(B.1)

The constants from the first three lines are antisymmetric respect the exchange of the lower

indices, the other are otherwise symmetric. The reduced Killing metric is then (A = {i, i′})

κAB = 4











0 0 0 1

0 0 −1 0

0 1 0 0

−1 0 0 0











(B.2)

The representative is chosen as in (3.2)

L(θ) = eθ1Q1 eθ2Q2 eθ3Q3 eθ4Q4 (B.3)

end, expanding in series, we obtain

L(θ) = (1 + θ1Q1) (1 + θ2Q2) (1 + θ3Q3) (1 + θ4Q4) (B.4)

To construct the left-invariant 1-form we shall compute

L−1 = (1 − θ4Q4) (1 − θ3Q3) (1 − θ2Q2) (1 − θ1Q1) (B.5)

9The trace of generators in the adjoint representation corresponds to the Killing metric.

– 49 –



J
H
E
P
0
5
(
2
0
1
1
)
0
1
9

and

dL = dθ1Q1 (1 + θ2Q2) (1 + θ3Q3) (1 + θ4Q4) +

+ (1 + θ1Q1) dθ2Q2 (1 + θ3Q3) (1 + θ4Q4) +

+ (1 + θ1Q1) (1 + θ2Q2) dθ3Q3 (1 + θ4Q4) +

+ (1 + θ1Q1) (1 + θ2Q2) (1 + θ3Q3) dθ4Q4 (B.6)

Finally, the left-invariant 1-form reads

L−1dL = (1 − θ4Q4) (1 − θ3Q3) (1 − θ2Q2) (1 − θ1Q1) ×
×dθ1Q1 (1 + θ2Q2) (1 + θ3Q3) (1 + θ4Q4) +

+ (1 − θ4Q4) (1 − θ3Q3) (1 − θ2Q2) dθ2Q2 (1 + θ3Q3) (1 + θ4Q4) +

+ (1 − θ4Q4) (1 − θ3Q3) dθ3Q3 (1 + θ4Q4) + (1 − θ4Q4) dθ4Q4 (B.7)

As we have already told in section 3.1.2, the vielbeins receive contribution only from terms

with a even number of commutators between coset generators Q.

A single Q is obtained only from dθ

dθ1Q1 + dθ2Q2 + dθ3Q3 + dθ4Q4 (B.8)

Three Q’s come from θiθjdθk

− θ4dθ1θ2Q4Q1Q2 − θ4dθ1θ3Q4Q1Q3 − θ3dθ1θ2Q3Q1Q2 − θ3dθ1θ4Q3Q1Q4+

− θ2dθ1θ3Q2Q1Q3 − θ2dθ1θ4Q2Q1Q4 − θ1dθ1θ2Q1Q1Q2 − θ1dθ1θ3Q1Q1Q3+

− θ1dθ1θ4Q1Q1Q4 + θ4θ3dθ1Q4Q3Q1 + θ4θ2dθ1Q4Q2Q1 + θ4θ1dθ1Q4Q1Q1+

+ θ3θ2dθ1Q3Q2Q1 + θ3θ1dθ1Q3Q1Q1 + θ2θ1dθ1Q2Q1Q1 + dθ1θ2θ3Q1Q2Q3+

+ dθ1θ2θ4Q1Q2Q4 + dθ1θ3θ4Q1Q3Q4 − θ4dθ2θ3Q4Q2Q3 − θ3dθ2θ4Q3Q2Q4+

− θ2dθ2θ3Q2Q2Q3 − θ2dθ2θ4Q2Q2Q4 + θ4θ3dθ2Q4Q3Q2 + θ4θ2dθ2Q4Q2Q2+

+ θ3θ2dθ2Q3Q2Q2 + dθ2θ3θ4Q2Q3Q4 − θ3dθ3θ4Q3Q3Q4 + θ4θ3dθ3Q4Q3Q3

(B.9)

Finally, the five generators contribute

− θ1dθ1θ2θ3θ4Q1Q1Q2Q3Q4 + θ4θ1dθ1θ2θ3Q4Q1Q1Q2Q3+

+ θ3θ1dθ1θ2θ4Q3Q1Q1Q2Q4 + θ2θ1dθ1θ3θ4Q2Q1Q1Q3Q4+

− θ4θ3θ1dθ1θ2Q4Q3Q1Q1Q2 − θ4θ2θ1dθ1θ3Q4Q2Q1Q1Q3+

− θ3θ2θ1dθ1θ4Q3Q2Q1Q1Q4

(B.10)
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Due to nilpotency and the choice of the representative (3.22), all the previous terms are

zero. We then have

θ2θ4dθ1 [−Q4Q1Q2 +Q2Q1Q4 +Q1Q2Q4 −Q4Q2Q1]

θ3θ4dθ1 [−Q4Q1Q3 +Q3Q1Q4 −Q4Q3Q1 +Q1Q3Q4]

θ2θ3dθ1 [−Q3Q1Q2 +Q2Q1Q3 −Q3Q2Q1 +Q1Q2Q3]

θ3θ4dθ2 [−Q4Q2Q3 +Q3Q2Q4 −Q4Q3Q2 +Q2Q3Q4]

(B.11)

that is

θ2θ4dθ1 [{Q1 , Q2} Q4] = 0

θ3θ4dθ1 [{Q1 , Q3} Q4] = −2θ3θ4dθ1Q3

θ2θ3dθ1 [{Q1 , Q2} Q3] = 0 (B.12)

θ3θ4dθ2 [{Q2 , Q3} Q4] = −2θ3θ4dθ2Q4

Summing up all the contributions, the left-invariant 1-form is

L−1dL = Q1dθ1 +Q2dθ2 +Q3 (−2θ3θ4dθ1 + dθ3) +Q4 (−2θ3θ4dθ2 + dθ4) + ΩIHI (B.13)

C Non linear isometry for 2θ actions

We find a generic non linear isometry transformation for a generic 2θ action

S ∝
∫

Σ
(1 +Bθ1θ2) dθ1 ∧ ∗dθ2 (C.1)

where B is a generic constant. Due to the nilpotent behaviour of fermionic fields θ, the

generic non linear transformation is

θi → θi + (1 +Aiθ1θ2) εi (C.2)

where ε is a fermionic constant and A is a generic constant. Imposing the invariance of the

action we find a constraint for A and B

S →
∫

Σ

(

1 +B [θ1 + (1 +A1θ1θ2) ǫ1] [θ2 + (1 +A1θ1θ2) ǫ2]
)

×

× d [θ1 + (1 +A1θ1θ2) ǫ1] ∧ ∗d [θ2 + (1 +A1θ1θ2) ǫ2] =

=

∫

Σ

(

1 +Bθ1θ2 +Bθ1 (1 +A1θ1θ2) ǫ2 +B (1 +A1θ1θ2) ǫ1θ2

)

×

× [dθ1 +A1dθ1θ2ǫ1 +A1θ1dθ2ǫ1] ∧ ∗ [dθ2 +A2dθ1θ2ǫ2 +A2θ1dθ2ǫ2] =
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=

∫

Σ

(

1 +Bθ1θ2 +Bθ1ǫ2 +Bǫ1θ2

)

×

×
(

dθ1 ∧ ∗dθ2 +A2dθ1 ∧ ∗(θ1dθ2ǫ2) +A1(dθ1θ2ǫ1) ∧ ∗dθ2 +

+ 2A1A2(dθ1θ2) ∧ ∗(θ1dθ2)ǫ1ǫ2
)

=

=

∫

Σ

(

1 +Bθ1θ2

)

dθ1 ∧ ∗dθ2 +

+BA1θ1ǫ2dθ1θ2ǫ1 ∧ ∗δθ2 +BA2ǫ1θ2dθ1 ∧ ∗(θ1dθ2ǫ2) +

+ 2A1A2(dθ1θ2) ∧ ∗(θ1dθ2)ǫ1ǫ2 +

+Bθ1ǫ2dθ1 ∧ ∗dθ2 +Bǫ1θ2dθ1 ∧ ∗dθ2 +

+A2dθ1 ∧ ∗(θ1dθ2ǫ2) +A1θ2(dθ1θ2ǫ1) ∧ ∗dθ2 =

=

∫

Σ

(

1 +Bθ1θ2

)

dθ1 ∧ ∗dθ2 +

+A1[B −A2]θ1θ2dθ1 ∧ ∗dθ2ǫ1ǫ2 +A2[B −A2]θ1θ2dθ1 ∧ ∗dθ2ǫ1ǫ2 +

+ [B −A2]θ1dθ1 ∧ ∗dθ2ǫ2 + [A1 −B]θ2dθ1 ∧ ∗dθ2ǫ1 (C.3)

then, (C.2) is an isometry if

A1 = A2 = B (C.4)

D Computation detail for OSp(1|2) T-duality construction

Here we compute the 9 pieces that form Ω̄(αβ)
[

Π̂−1
]

(αβ)(ρσ)
Ω(ρσ). Notice that

• we rewrite Ω in three parts:

Ωρσ = −i∂φ̂δρσ − 1

1 − 4φ̂2
θ(ρ ∂θ σ) − 2iφ̂

1 − 4φ̂2
θ(ρ εσ)λδλτ∂θ

τ

Ω̄ρσ = +i∂̄φ̂δρσ − 1

1 − 4φ̂2
θ(ρ ∂̄θ σ) +

2iφ̂

1 − 4φ̂2
θ(ρ εσ)λδλτ ∂̄θ

τ (D.1)

• the following relation holds, where M is a generic symmetric matrix:

M (αβ)[< εδ >](αβ)(ρσ)M
(ρσ) = 0

The different pieces are
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• part1A

δαβ (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) δ
ρσ = 4 (L+ P ) (D.2)

• part1B

δαβ (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) θ
(ρ∂θ σ) = 2 (L+ P ) θα∂θβδαβ (D.3)

• part1C

δαβ (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) θ
(ρ εσ)λδλτ∂θ

τ

= 2 (L+ P ) θα∂θβεαβ (D.4)

• part2A

θ(α ∂̄θ β) (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) δ
ρσ = 2 (L+ P ) θα∂̄θβδαβ (D.5)

• part2B

θ(α ∂̄θ β) (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) θ
(ρ∂θ σ)

= θ1θ2
(

−4M∂̄θα∂θβδαβ − 3L∂̄θα∂θβεαβ + P ∂̄θα∂θβεαβ

)

(D.6)

• part2C

θ(α ∂̄θ β) (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) θ
(ρ εσ)λδλτ∂θ

τ

= θ1θ2
(

−4M∂̄θα∂θβεαβ + 3L∂̄θα∂θβδαβ − P ∂̄θα∂θβδαβ

)

(D.7)

• part3A

θ(α εβ)λδλτ∂θ
τ (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) δ

ρσ

= 2 (L+ P ) θα∂θβεαβ (D.8)

• part3B

θ(α εβ)λδλτ∂θ
τ (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) θ

(ρ∂θ σ)

= θ1θ2
(

+4M∂̄θα∂θβεαβ + 3L∂̄θα∂θβδαβ − P ∂̄θα∂θβδαβ

)

(D.9)

• part3C

θ(α εβ)λδλτ∂θ
τ (L < εε > +M < εδ > +P < δδ >)(αβ)(ρσ) θ

(ρ εσ)λδλτ∂θ
τ

= θ1θ2
(

−4M∂̄θα∂θβδαβ − 3L∂̄θα∂θβεαβ + P ∂̄θα∂θβεαβ

)

(D.10)
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E UV-divergences

Here we summarize some important results for divergent integrals. First of all, we recall

the expansion near to zero of the Euler gamma function

Γ(ε) =
1

ε
− γ +O(ε) (E.1)

we have that (see [56–58])

− iBα
0 =

∫

ddq
1

(q2 +M2)α
= πd/2 Γ

(

α− d
2

)

Γ (α)

(

M2
)(d/2−α)

(E.2)

which yields to

− iB1
0 =

∫

ddq
1

q2 +M2
=

2π

ε
− π

(

γ + lnπ + lnM2
)

+O (ε) (E.3)

Moreover
∫

ddq
qµ

q2 +M2
= 0 (E.4)

and

∫

ddq
qµqν

(q2 +M2)α
= −iBα

0

(

−1

2

M2

d
2 − α+ 1

γµν

)

(E.5)

from which we obtain
∫

ddq
qµqν

q2 +M2
= −M

2

2

(

2π

ε
− π

(

γ + lnπ + lnM2
)

+O (ε)

)

γµν (E.6)

With these results, we compute the following integrals

I1 ≡
∫

ddqddk
1

(q2 +M2) (k2 +M2)
=

=

(

2π

ε

)2

− 2π
(

γ + lnπ + lnM2
) 2π

ε
+O (1) (E.7)

and

I2 =

∫

ddqddk
q2

(q2 +M2)2 (k2 +M2)
(

(q − k − p)2 +M2
) =

=

∫

ddqddk
q2 +M2 −M2

(q2 +M2)2 (k2 +M2)
(

(q − k − p)2 +M2
) =

=

∫

ddqddk
1

(k2 +M2)
(

(q − k − p)2 +M2
) +O (1) =

=

∫

ddqddk
1

(q2 +M2) (k2 +M2)
+O (1)

= I1 +O (1) (E.8)
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where we perform the shift q → q − k − p.

∫

ddqddk
q · k

(q2 +M2)2 (k2 +M2)
(

(q − k − p)2 +M2
) ≡ I3 (E.9)

We notice that

2q · k = −
(

(q − k − p)2 +M2
)

+ q2 + k2 + p2 +M2 − 2p · q + 2p · k (E.10)

so we get

I3 =
1

2
(−I1 + I2 + I2) +O (1) =

1

2
I1 +O (1) (E.11)

F Feynman rules conventions

We define the Green function G (x′ − x) as the solution of

OG
(

x′ − x
)

= +δ2
(

x′ − x
)

(F.1)

Where O is the operator associated to the quadratic term in the fields φ obtained by

rewriting the lagrangian10 as

L =
1

2
φOφ (F.2)

To solve the equation we use the Fourier transformation defined as

f (x) =

∫

d2p

(2π)2
e−ip·xf̃ (p) (F.3)

from which we have that the transformation rule for the derivative operator is

∂µ → −ipµ (F.4)

Now, for quantum field theory purpose, we need the vacuum expectation value of the

T-product of two fields. It can be shown that the following relation holds

< 0|Tφ (x)φ
(

x′
)

|0 >= iG
(

x− x′
)

(F.5)

Although, we use the convention to define the propagator as the Green function (F.1).

The vertices are defined via the Gell-Mann low formula, in which is present the factor

exp [−iS], with S the action of the model. Again, in spite of this we define the vertex

without any factor.

The 1PI 2-point function is defined as the inverse of the propagator.

10For simplicity consider a single real field φ.

– 55 –



J
H
E
P
0
5
(
2
0
1
1
)
0
1
9

G Feynman rules

We summarize here the Feynman rules.

• Propagator XX:

∆βγ
cb (θ) = +

1

4

εγβδcb
p2

(G.1)

• Vertex BX:

δ2Γ

δB β
µb (p) δθγ

c (−p)
= 4λ−1εβγδ

bc (−i) qµ =

= −4iλ−1εβγδ
bc (−pµ) =

= 4iλ−1εβγδ
bcpµ (G.2)

• Vertex BBXX:

[BBXX]abcd
αβγδ = V [2] =

=
[

−4δacδbdεαδεβγ + 2δabδcdεαδεβγ + 4δadδbcεαγεβδ+

−2δabδcdεαγεβδ + 2δadδbcεαβεγδ + 2δacδbdεαβεγδ

]

γµν (G.3)

• Vertex BXXX:

[BXXX]abcd
αβγδ µ = −i4λ

3
V [3] =

= −i4λ
3

(

−4pBδ
acδbdεαδεβγ + 2pCδ

acδbdεαδεβγ+

+2pDδ
acδbdεαδεβγ + 2pBδ

abδcdεαδεβγ+

−4pCδ
abδcdεαδεβγ + 2pDδ

abδcdεαδεβγ+

+4pBδ
adδbcεαγεβδ − 2pCδ

adδbcεαγεβδ+

−2pDδ
adδbcεαγεβδ − 2pBδ

abδcdεαγεβδ+

−2pCδ
abδcdεαγεβδ + 4pDδ

abδcdεαγεβδ+

+2pBδ
adδbcεαβεγδ − 4pCδ

adδbcεαβεγδ+

+2pDδ
adδbcεαβεγδ + 2pBδ

acδbdεαβεγδ+

+2pCδ
acδbdεαβεγδ − 4pDδ

acδbdεαβεγδ

)

µ
(G.4)
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• Vertex XXXX:

[XXXX]abcd
αβγδ = −1

3
λ2V [4] =

= −1

3
λ2
(

−4pA · pBδ
acδbdεαδεβγ + 2pA · pCδ

acδbdεαδεβγ+

+2pA · pDδ
acδbdεαδεβγ + 2pB · pCδ

acδbdεαδεβγ+

+2pB · pDδ
acδbdεαδεβγ − 4pC · pDδ

acδbdεαδεβγ+

+2pA · pBδ
abδcdεαδεβγ − 4pA · pCδ

abδcdεαδεβγ+

+2pA · pDδ
abδcdεαδεβγ + 2pB · pCδ

abδcdεαδεβγ+

−4pB · pDδ
abδcdεαδεβγ + 2pC · pDδ

abδcdεαδεβγ+

+4pA · pBδ
adδbcεαγεβδ − 2pA · pCδ

adδbcεαγεβδ+

−2pA · pDδ
adδbcεαγεβδ − 2pB · pCδ

adδbcεαγεβδ+

−2pB · pDδ
adδbcεαγεβδ + 4pC · pDδ

adδbcεαγεβδ+

−2pA · pBδ
abδcdεαγεβδ − 2pA · pCδ

abδcdεαγεβδ+

+4pA · pDδ
abδcdεαγεβδ + 4pB · pCδ

abδcdεαγεβδ+

−2pB · pDδ
abδcdεαγεβδ − 2pC · pDδ

abδcdεαγεβδ+

+2pA · pBδ
adδbcεαβεγδ − 4pA · pCδ

adδbcεαβεγδ+

+2pA · pDδ
adδbcεαβεγδ + 2pB · pCδ

adδbcεαβεγδ+

−4pB · pDδ
adδbcεαβεγδ + 2pC · pDδ

adδbcεαβεγδ+

+2pA · pBδ
acδbdεαβεγδ + 2pA · pCδ

acδbdεαβεγδ+

−4pA · pDδ
acδbdεαβεγδ − 4pB · pCδ

acδbdεαβεγδ+

+2pB · pDδ
acδbdεαβεγδ + 2pC · pDδ

acδbdεαβεγδ

)

(G.5)

• Vertex BBXXXX:

[BBXXXX]abcdrs
αβγδρσ =

λ2

12
V [6] =

=
λ2

12

(

−48δadδbsδcrεασεβρεγδ − 48δarδbdδcsεασεβρεγδ − 48δacδbsδdrεασεβρεγδ+

+12δabδcsδdrεασεβρεγδ − 48δarδbcδdsεασεβρεγδ + 12δabδcrδdsεασεβρεγδ+

+72δadδbcδrsεασεβρεγδ + 72δacδbdδrsεασεβρεγδ + 48δasδbdδcrεαρεβσεγδ+

+48δadδbrδcsεαρεβσεγδ + 48δasδbcδdrεαρεβσεγδ − 12δabδcsδdrεαρεβσεγδ+

+48δacδbrδdsεαρεβσεγδ − 12δabδcrδdsεαρεβσεγδ − 72δadδbcδrsεαρεβσεγδ+

−72δacδbdδrsεαρεβσεγδ + 48δarδbsδcdεασεβδεγρ + 48δadδbrδcsεασεβδεγρ+

+48δacδbsδdrεασεβδεγρ − 12δabδcsδdrεασεβδεγρ − 72δarδbcδdsεασεβδεγρ+

−72δacδbrδdsεασεβδεγρ + 48δadδbcδrsεασεβδεγρ − 12δabδcdδrsεασεβδεγρ+

−48δasδbrδcdεαδεβσεγρ − 48δarδbdδcsεαδεβσεγρ − 48δasδbcδdrεαδεβσεγρ+

+12δabδcsδdrεαδεβσεγρ + 72δarδbcδdsεαδεβσεγρ + 72δacδbrδdsεαδεβσεγρ+

−48δacδbdδrsεαδεβσεγρ + 12δabδcdδrsεαδεβσεγρ − 48δasδbrδcdεαρεβδεγσ+
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−48δadδbsδcrεαρεβδεγσ + 72δasδbcδdrεαρεβδεγσ + 72δacδbsδdrεαρεβδεγσ+

−48δacδbrδdsεαρεβδεγσ + 12δabδcrδdsεαρεβδεγσ − 48δadδbcδrsεαρεβδεγσ+

+12δabδcdδrsεαρεβδεγσ + 48δarδbsδcdεαδεβρεγσ + 48δasδbdδcrεαδεβρεγσ+

−72δasδbcδdrεαδεβρεγσ − 72δacδbsδdrεαδεβρεγσ + 48δarδbcδdsεαδεβρεγσ+

−12δabδcrδdsεαδεβρεγσ + 48δacδbdδrsεαδεβρεγσ − 12δabδcdδrsεαδεβρεγσ+

−48δarδbsδcdεασεβγεδρ − 48δadδbsδcrεασεβγεδρ + 72δarδbdδcsεασεβγεδρ+

+72δadδbrδcsεασεβγεδρ − 48δacδbrδdsεασεβγεδρ + 12δabδcrδdsεασεβγεδρ+

−48δacδbdδrsεασεβγεδρ + 12δabδcdδrsεασεβγεδρ + 48δasδbrδcdεαγεβσεδρ+

+48δasδbdδcrεαγεβσεδρ − 72δarδbdδcsεαγεβσεδρ − 72δadδbrδcsεαγεβσεδρ+

+48δarδbcδdsεαγεβσεδρ − 12δabδcrδdsεαγεβσεδρ + 48δadδbcδrsεαγεβσεδρ+

−12δabδcdδrsεαγεβσεδρ + 12δasδbrδcdεαβεγσεδρ + 12δarδbsδcdεαβεγσεδρ+

+12δasδbdδcrεαβεγσεδρ + 12δadδbsδcrεαβεγσεδρ + 12δarδbcδdsεαβεγσεδρ+

+12δacδbrδdsεαβεγσεδρ + 12δadδbcδrsεαβεγσεδρ + 12δacδbdδrsεαβεγσεδρ+

+48δasδbrδcdεαρεβγεδσ − 72δasδbdδcrεαρεβγεδσ − 72δadδbsδcrεαρεβγεδσ+

+48δadδbrδcsεαρεβγεδσ + 48δacδbsδdrεαρεβγεδσ − 12δabδcsδdrεαρεβγεδσ+

+48δacδbdδrsεαρεβγεδσ − 12δabδcdδrsεαρεβγεδσ − 48δarδbsδcdεαγεβρεδσ+

+72δasδbdδcrεαγεβρεδσ + 72δadδbsδcrεαγεβρεδσ − 48δarδbdδcsεαγεβρεδσ+

−48δasδbcδdrεαγεβρεδσ + 12δabδcsδdrεαγεβρεδσ − 48δadδbcδrsεαγεβρεδσ+

+12δabδcdδrsεαγεβρεδσ − 12δasδbrδcdεαβεγρεδσ − 12δarδbsδcdεαβεγρεδσ+

−12δarδbdδcsεαβεγρεδσ − 12δadδbrδcsεαβεγρεδσ − 12δasδbcδdrεαβεγρεδσ+

−12δacδbsδdrεαβεγρεδσ − 12δadδbcδrsεαβεγρεδσ − 12δacδbdδrsεαβεγρεδσ+

+72δasδbrδcdεαδεβγερσ + 72δarδbsδcdεαδεβγερσ − 48δasδbdδcrεαδεβγερσ+

−48δarδbdδcsεαδεβγερσ − 48δacδbsδdrεαδεβγερσ + 12δabδcsδdrεαδεβγερσ+

−48δacδbrδdsεαδεβγερσ + 12δabδcrδdsεαδεβγερσ − 72δasδbrδcdεαγεβδερσ+

−72δarδbsδcdεαγεβδερσ + 48δadδbsδcrεαγεβδερσ + 48δadδbrδcsεαγεβδερσ+

+48δasδbcδdrεαγεβδερσ − 12δabδcsδdrεαγεβδερσ + 48δarδbcδdsεαγεβδερσ+

−12δabδcrδdsεαγεβδερσ + 12δasδbdδcrεαβεγδερσ + 12δadδbsδcrεαβεγδερσ+

+12δarδbdδcsεαβεγδερσ + 12δadδbrδcsεαβεγδερσ + 12δasδbcδdrεαβεγδερσ+

+12δacδbsδdrεαβεγδερσ + 12δarδbcδdsεαβεγδερσ + 12δacδbrδdsεαβεγδερσ

)

(G.6)

References

[1] T.H. Buscher, Path Integral Derivation of Quantum Duality in Nonlinear σ-models,

Phys. Lett. B 201 (1988) 466 [SPIRES].

[2] A. Giveon, M. Porrati and E. Rabinovici, Target space duality in string theory,

Phys. Rept. 244 (1994) 77 [hep-th/9401139] [SPIRES].

– 58 –

http://dx.doi.org/10.1016/0370-2693(88)90602-8
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B201,466
http://dx.doi.org/10.1016/0370-1573(94)90070-1
http://arxiv.org/abs/hep-th/9401139
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9401139


J
H
E
P
0
5
(
2
0
1
1
)
0
1
9

[3] N. Berkovits and J. Maldacena, Fermionic T-duality, Dual Superconformal Symmetry and

the Amplitude/Wilson Loop Connection, JHEP 09 (2008) 062 [arXiv:0807.3196] [SPIRES].

[4] N. Beisert, R. Ricci, A.A. Tseytlin and M. Wolf, Dual Superconformal Symmetry from

AdS5 × S5 Superstring Integrability, Phys. Rev. D 78 (2008) 126004 [arXiv:0807.3228]

[SPIRES].

[5] R. Benichou, G. Policastro and J. Troost, T-duality in Ramond-Ramond backgrounds,

Phys. Lett. B 661 (2008) 192 [arXiv:0801.1785] [SPIRES].

[6] O. Chand́ıa, A Note on T-dualities in the Pure Spinor Heterotic String, JHEP 04 (2009) 104

[arXiv:0902.2729] [SPIRES].

[7] K. Sfetsos and D.C. Thompson, On non-abelian T-dual geometries with Ramond fluxes,

Nucl. Phys. B 846 (2011) 21 [arXiv:1012.1320] [SPIRES].

[8] I. Adam, A. Dekel and Y. Oz, On Integrable Backgrounds Self-dual under Fermionic

T-duality, JHEP 04 (2009) 120 [arXiv:0902.3805] [SPIRES].

[9] C.-g. Hao, B. Chen and X.-c. Song, On Fermionic T-duality of Sigma modes on AdS

backgrounds, JHEP 12 (2009) 051 [arXiv:0909.5485] [SPIRES].

[10] I. Bakhmatov and D.S. Berman, Exploring Fermionic T-duality,

Nucl. Phys. B 832 (2010) 89 [arXiv:0912.3657] [SPIRES].

[11] E. Chang-Young, H. Nakajima and H. Shin, Fermionic T-duality and Morita Equivalence,

arXiv:1101.0473 [SPIRES].

[12] A. Dekel and Y. Oz, Self-Duality of Green-Schwarz σ-models, JHEP 03 (2011) 117

[arXiv:1101.0400] [SPIRES].

[13] D. Sorokin and L. Wulff, Evidence for the classical integrability of the complete AdS4 × CP 3

superstring, JHEP 11 (2010) 143 [arXiv:1009.3498] [SPIRES].

[14] I. Adam, A. Dekel and Y. Oz, On the fermionic T-duality of the AdS4 × CP 3 σ-model,

JHEP 10 (2010) 110 [arXiv:1008.0649] [SPIRES].

[15] I. Bakhmatov, On AdS4 × CP 3 T-duality, Nucl. Phys. B 847 (2011) 38 [arXiv:1011.0985]

[SPIRES].

[16] K. Sfetsos, K. Siampos and D.C. Thompson, Canonical pure spinor (Fermionic) T-duality,

Class. Quant. Grav. 28 (2011) 055010 [arXiv:1007.5142] [SPIRES].

[17] N. Berkovits, A New Limit of the AdS5 × S5 σ-model, JHEP 08 (2007) 011

[hep-th/0703282] [SPIRES].

[18] P. Fré, P.A. Grassi, L. Sommovigo and M. Trigiante, Theory of Superdualities and the

Orthosymplectic Supergroup, Nucl. Phys. B 825 (2010) 177 [arXiv:0906.2510] [SPIRES].
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