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1 Introduction

Flat space-time holography has gained much interest in recent years. There are mainly two
approaches in the study of flat space-time holography. The most developed one is celestial
holography, which aims to formulate quantum gravity in four-dimensional asymptotically
flat space-time in terms of a putative conformal field theory living on the celestial sphere at
null infinity. See [1-5] for reviews of celestial holography. The second approach is Carrollian
holography, where a putative three-dimensional Carrollian CFT lives at null infinity Z.
Carrollian CFTs are field theories with BMS symmetries. They can be obtained from
standard relativistic CFTs by taking the speed of light to zero, i.e. ¢ — 0 [6].

Celestial amplitudes [7, 8], obtained from standard scattering amplitudes, have been the
central objects in celestial holography. Scattering amplitudes formulated w.r.t. the standard
momentum eigenstate basis are converted into the boost eigenstate basis making conformal
properties manifest. As for Carrollian holography, it has been shown in [9-11] that one can
recast scattering amplitudes of massless particles into the so-called Carrollian amplitudes,
written in terms of asymptotic or null data at Z. Carrollian amplitudes can be interpreted as
correlation functions of Carrollian operators at null infinity. They are related to the modified
celestial amplitudes [12-14] that appeared in the study of celestial amplitudes. Perhaps the
most inspiring result from these studies is that these two approaches to flat holography are
related to each other. One would hope that some of the difficulties in one approach might
be easier to solve by the other approach.



Compared to celestial holography where many properties of celestial amplitudes have
been understood, we still lack a good understanding of Carrollian amplitudes even though
the inspiring paper of Mason, Ruzziconi, and Srikant [17] has pushed it much forward.
Only a limited amount of examples of Carrollian amplitudes have been computed [9-11, 15—
19]. One of the missing examples are Carrollian string amplitudes, which are the main
focus of this work in addition to mixed amplitudes involving gauge bosons and gravitons
(Einstein-Yang-Mills amplitudes).

In [20], two of us computed celestial four-point, tree-level amplitudes of gauge bosons
and gravitons in type I open superstring theory and in closed heterotic superstring theory.
Several interesting properties of the celestial string amplitudes were observed, including a
factorized o/ dependence, how the single-valued projection that relates heterotic and open
string amplitudes is implemented in celestial string amplitudes, how to take the field theory
limit from the celestial string amplitudes, and a limit where the string world-sheet is identified
as the celestial sphere.

In this work, adapting the prescription shown in [9-11], we compute Carrollian four-point,
tree level amplitudes from string amplitudes. Similar to [20], we focus on amplitudes of gauge
bosons and gravitons in type I open superstring theory and in closed heterotic superstring
theory. In particular, we check whether those interesting properties of the celestial string
amplitudes mentioned above still exist in the corresponding Carrollian amplitudes. We
hope to provide some new insights to Carrollian holography, similar to what [20] offered
to celestial holography.

2 Carrollian amplitudes: preliminary

In [9-11, 16, 17], the authors showed that scattering amplitudes of massless particles can
be streamlined into 3D CF'T correlators by Fourier transforms. These 3D CF'T correlators
are called Carrollian amplitudes, served as the CFT data of the putative Carrollian CFT

living at null infinity Z ~ R x S? with coordinates (u, z, z). Here (z, z) are coordinates on
the celestial sphere S? and u is a null or retarded time coordinate.

The first step towards Carrollian amplitudes is to parametrize the light-like momenta by
P =wgt = %w(1+\z\2,z+2, —i(z—2),1— 2%, (2.1)
where w is the light-cone energy. The amplitudes are expressed in terms of spinor products
(ij) = Jwiwj zij ,  [ij] = —\/wiw; zi; (2.2)

and the usual scalar products
Sij = 2Pipj = WiW;Zij Zij - (2.3)

The Carrollian amplitudes are obtained by performing Fourier transforms with respect to



the energies:!

Crn({u1,21,21}5 5 s {un, 20y 20} 7))

n T dwi e o (2.4)
= gt ) A 21, 2 617.."  Zn, Z eny

71;[1 (/0 2 € ) n({wl 1 Zl}Jl {wn Zn Zn}Jn)

where € = £1 corresponds to outgoing (+1) or incoming (—1) particle and J denotes the
particle helicities. A,, are scattering amplitudes in momentum basis.

As explained in [16, 17|, it is also necessary to consider the descendants by taking
derivatives with respect to u coordinates. The 0,— descendants of conformal Carrollian
primaries are also primaries. Adopting the notations of [17], we have

C;nl...mn({ul, 21, 21}3117 ceey {Uny Zn; Zn}ej:t) = 8:21 N 817:1"0”({'11,1, 21, 21}3117 e {’U,n’ Zn, En}f]”;)
n oo dw; . M e e .

- H /0 27 (ZeiWi) e An({wl’zl’zl}h’"'7{Wna2nazn}j:l>7 (2.5)
=1

and a shorthand notation for C}+1:

Cr({uy, 21, 21355 Aun, 20y 20} 7)) = CrY{uy, 21, 21355 {un, 2y 20} 7)) - (2.6)

As a warm-up, we review the calculations of two-point Carrollian amplitudes shown in [11, 21].
The 2-point tree-level scattering amplitudes in momentum basis are given by

(5(&)1 — w2)

Az({wi, 21, 21} {wa, 22, 22}5)) = K5, 7 8P (21 — 22)0., 05 » (2.7)

w1

where k7, s, is the normalization that depends on the particles involved. Using eq. (2.4),
the corresponding two-point Carrollian amplitudes are simply

Co({u1, 21, 21} 7, {ug, 22, 2237,

1 +oo +o0 ) )
= H /O duwr [J duwge 1w ezw2u2A2({wl, 21, 21}}1, {WQ, 29, 22}}—2)
2
K +00 (] .
- erz /o Uwe_wurw)é@)(zl —22)0.,,45 - (2.8)

The integral in the last line

+00 (] .
Zo(ur —ug) = / & griwlu—uz) (2.9)
0 w
is divergent and needs to be regulated as [11, 21]
+00 A T Ve
Zg(x) = lim dww’~temwemwe — im M (2.10)
e—01 Jo e—0t (IB —ZG)B

'Notice that the energies are bounded from 0, rather than —oco. More precisely, these transforms are
Laplace transforms. They are related to the modified Mellin transform [12] by setting the conformal dimension
A to 1 [16].



In the limit 3 — 07, one finds

I3 = ; - (’YE + Infuia| + ?Sign(um)) +0(8), (2.11)

where vg is the Euler-Mascheroni constant. As a result, the two-point Carrollian amplitudes
take the following form

Co({u1, 21, 21} 7, {ug, 22, 22}7,)
2 ; 2.12
K 1 ( )
=y =52 |5 = (v # mlonl + Fotgntunn)) [ 62 e
Note the singularity at 8 — 0 which, according to [16], is related to the In(r) anomaly in
the asymptotic expansion of the bulk two-point function.
From eq. (2.6), the first J,, descendant has a simple form

~ K2 1
- = T J1,J. 2
Co({ur, 21, 21}y, {uz, 22, 22} 5,) = lim — 2 (12 — ic)? 0P (212)8,7, - (2.13)

Notice that the divergent part 1/8 in Cs is not present in Co.

3 Carrollian amplitudes from field theory

All three-point Carrollian amplitudes have been computed in [17]. Moreover, the stringy
corrections to the amplitudes are absent for three points due to kinematic reasons. In this
section, we will start from four-point amplitudes. For later use, we will display the four —
point Carrollian amplitudes in Yang-Mills (YM) and Einstein-Yang-Mills (EYM) theory.

3.1 Four-gluon amplitudes

In the case of four particles, the momentum-conserving delta functions can be written as

4
4
8¢ )(WIQI + woqa — w3q3 — wWaqs) = T 2. 2
wq|z14|?|223]
224234 2147234 224714 _
) (wl — _ w4> ) (wg — _ w4> ) (wg 4 == w4) S(r—r), (3.1)
212213 212232 223213
where r is the two-dimensional conformal invariant cross ratio:
212234
=" (3.2)
223241

Note that we have chosen a specific in and out configuration: particle 1 and 2 are incoming
while particle 3 and 4 are outgoing. The reality constraint on the cross ratio imposed by §(r—7)
follows from the momentum conservation law [8, 20]. The physical meaning of the cross ratio
can be understood from the relation between Mandelstam’s variables s = s12 = (p1 + p2)2,

u = —s93 = (p2 — p3)?, and the scattering angle 0:
S23 1 u . 92 (9)
- - = __ = . 3.3
S12 r s St 2 (3.3)
In the physical domain, » > 1, s > 0, u = —s/r < 0.



We begin with the well-known four-point MHV gluon amplitude
(12)° wiwy 2y 212234
M_7_7+7+ = = =Tz 5 3.4
( ) (23)(34)(41)  wawa 223234241 2127234 (3:4)

where in the last step we have used the kinematic constraints from eq. (3.1). The corresponding

Carrollian amplitude is

Ciym(— —,+,+)
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where we have defined
_ 2947234 214234 294214
T4 = Ug — — U1 — —— U2 — ——Uus
212213 212232 223213
T |z04)? 1 |z34]? |14/

= Ug — 1— — ug + (r—1 . 3.6
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The integral in the last line of eq. (3.5) is the same as the one in eq. (2.9), which needs to
be regulated as explained there. Therefore,

1 219234 7"(5(7“ — ’F)

Cyym(—,—,+,+) = Zo(—z4) . (3.7)

4t Z19234 |214]2] 223)2
Similar to the two-point case, we compute the u-descendant Cy and we find
64,YM(_a -+, +) = aul augaugau4c4,YM
_ 4 20234 r0(r —7) 2oa%34 214734 224214 /+°° oo a3
(2m)4 Z12234 |214)?|223|? 212713 212732 203713 Jo !
1 B Zyra(r—1) 224234 214234 zoaz1s \
At 2192 234 234 208] 4 < T ks 1 zinZsm 0 zashig )

1 22,2, ré(r—7
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At | 212|? 234 274|223

Our results agree with [17] up to an overall constant.

3.2 Four-point mixed gauge-gravitational amplitudes
The simplest amplitude with one graviton and three gluons in EYM is [24]

<12>4 UJ%UJQ 2%2 2122§4214
M(——,—, +,4) = = =r— —wy .
( ) (23)(34)(42)  wswyg 223234242 212234713

Proceeding the same way as before, we obtain the corresponding Carrollian amplitude

(3.9)

. 72 —
i z9z5ro(r—71) 1
Copym(—— =+ +) = T3-———— —, 3.10
aeva( ) At 219234213214 ] 2232 4 (3.10)
with x4 defined in eq. (3.6). Note, that this amplitude (3.10) has not been computed before

in the literature and represents the first example of a mixed Carrollian amplitude involving

both a graviton and several gauge bosons.



3.3 Four-graviton amplitudes

The four-graviton amplitudes can be obtained from the pure Yang-Mill amplitudes by using
the famous KLT relations [25]. The tree-level 4-graviton amplitude reads

M(__7 ——,++, ++) = M(—, -+ +) 512 M/(_’ ™ +7+) ’ (3‘11)

where M(—, —, 4+, +) is the Yang-Mills amplitudes given by eq. (3.4) and the prime implies
exchanging 3 and 4 with respect to the canonical (1,2,3,4) ordering. In terms of the energy
and celestial coordinates, this can be written as

2 2 =\ 2
z z Z19Z
M(=—, ==, ++,++) :wi‘ ul §4| (T’-m 34) (3.12)
|213] Z12234
The corresponding Carrollian amplitude is
6(’1“ — 77)|234|2 212234 21
C4E - t++,++) =— (T > O] 3.13
a( ) | 2232|2132 212734 iEZ ( )

which is IR finite in contrast to the gluon amplitude eq. (3.5). Moreover, in contrast to
the celestial graviton amplitude [20] the Carrollian graviton amplitude is UV finite as the
time coordinate u acts as a UV regulator.

4 Carrollian amplitudes from string theory

4.1 Four-gluon amplitudes in open superstring theory

First, we consider type I open superstring. The type I open superstring amplitude is related
to the Yang-Mills amplitude eq. (3.4) by a simple rescaling

Mi(—,— +,+) = M(—,—,+,+)Fr(s,u), (4.1)

with the string “formfactor” [26]

I(1-s)0(1 — u)

Fr(s,u) = —a's12B(—d/s12,1 + a/s23) = —sB(—s,1 —u) = rl—s—u) ’

(4.2)

where we have rescaled Mandelstam’s variables by the string scale: s = a/s12 and u =
—a/s93 = —s/r. Upon using the momentum conserving delta function (3.1), we have

R
4.3
|213|2 Wy ( )

=7 |21z

s=d(r-1)

U= wy, 4.4
r ‘213’2 4 ( )
)2 2 2
stum o T D 2l zal” s (4.5)
T ’213’2

In this section, we will follow three different ways of evaluating the corresponding Carrollian
amplitudes.



4.1.1 Carrollian string amplitude as series over field theory descendants

In the first method, starting from the fact that the beta function admits a Laurent expansion
(cf. e.g. [27, 28]), one can rewrite the string formfactor in eq. (4.2) as follows

Fr(s,u) = F(I:E(_l S_)l;(_l ;)u) = exp {7;2 C(nn) (s"+u" —(s+ u)”)} , (4.6)

where ((n) are Riemann zeta values. Expanding the exponential, it gives the o/ expansions:

Fi(s,u) = 1 — ¢(2)su— C(3)su(s + u) — 24(2)2(32 + %su Fu?) £ 05, (@T)

We proceed to compute the Carrollian amplitude by using eq. (4.6):

041(7;77+,+) -
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0 4
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where s, u, and s + u are given by eqgs. (4.3) to (4.5). Notice that s, u, and s + u are all
proportional to wZ. Since the integrand contains an exponential €%, we can trade each
w? for a derivative 92 , and pull the exponential out of the integral, leading to

041(_a_7+a+)
((n) o' ™| 214]*"| 234> (1 - 7“)" (r—12\" 2
= ex T—1n+ I _1n6un
p {%:2 m B (r—1) . . (—1)" 0y,
1 20234 7'5(7’ — 77) 0 duwy iwaTa
A4 5 2 2/ . € ’
A% Z19234 ’214| ‘2’23‘ 0 Wy
((n) o' ™| 214]*"| 234> (1 - 7’)" (r—1*\" 2
= ex T—1n+ I _1naun
’ {7%32 n | 21327 ( ) r " i
X C4,YM(_7 ) +7 +) ) (49)

where we used eq. (3.5) for the Carrollian gluon amplitudes from YM. This result shows that
the Carrollian amplitudes from type I open string theory can be obtained by a differential
operator acting on the field theory Carrollian amplitudes. The differential operator 0,,
generates the 9,-descendants of the field theory Carrollian amplitudes thus encoding the
information of the o/-expansions. Notice that although the 9, derivatives in (4.9) increase
conformal dimensions, the whole combination in the exponent of (4.9) does not change the
conformal dimension of Cy yy due to the compensating conformal weights supplied by the
|zi;| factors. Note, that this way a whole tower of both UV and IR finite descendants of
the field theory Carrollian amplitude is generated.

Comparing eq. (4.9) with its celestial counterpart in [20] shows, that the o/ dependence
of (4.9) does not factorize.



4.1.2 Carrollian string amplitude as series over Nielsen polylogarithms

Next, we shall present the second method of computing the Carrollian amplitude in type I
open string. As we will see, it can be written as a double series expansion. It is convenient
to use the integral representation of the string formfactor eq. (4.2)

1
Fr(s,u) = —sB(—s,1 —u) = —3/ dea™175(1 —z)™v. (4.10)
0
The Carrollian amplitudes eq. (4.8) becomes
Car(——,+,+)
(1 — 1) |234|% 212234 76 (r — 7 /1 dx /+°°
= duwy e%4 Inz —In(1 —
e S PO ey P wy € w4 exp{ pw4[r nz — In( m)]} ,
(4.11)
e = 1) fouaPlsaP
ao'(r—1 214|71%234
= . 4.12
p " ERE (4.12)
The integral in eq. (4.11) can be written as
1 d +o0 .
/ ic/ dwy "1 wy exp [—pwi[r Inz —In(1 — x)]}
0o x Jo
o +o00 ) 1 d -1 k Kk
= Z/ duwy wit? giwazs / —mu[r Inz —In(1 — z)]*
— /0 0 T k!
PP T(2 + 2k) lde (Inz)'[—In(1 — 2)]*
- Z Z:C4 2+2k: Z / l' l). ) (4'13>

where we used eq. (2.10) and binomial expansion (a —b)*¥ = S (F)a!(—b)*~! in the last line.
The integral w.r.t.  in eq. (4.13) is related to Nielsen’s polylogarithm functions S, 1 (t) [29]

S (t)—(_l)m/ldl Inf(1 —zt), teC (4.14)
w0 T Sy 2 ‘o In*(1 - at), ’ '
labeled by positive integers n and k. To simplify the notation, we denote S(n, k) =S, x(1).

The series expansion in (4.13) can be written as

> (—1)k pk T(2 + 2k) KL
Z (iz4) 22k Z( r)IS(+ 1,k 1)
k=1 4) 1=0
. (—1)F pF (2 + 2k) k/l dz In*
— 4.15
+k:0 (iaq)2+2k "oz R (4.15)

where the second line corresponds to the [ = k terms in eq. (4.13). As we will see, the second
line of eq. (4.15) reproduces the field-theory Carrollian amplitude eq. (3.5):

i (=)*pFT(2+ Qk)rk /1 dz In* x
0

= (iz4)2t2k r k!
X, [T - Ldz (—prinz)k
— Z / dCU4 elwaTa wi—l—Qk / haiadt ( p )
) 0o k!
+oo , Ldx 2 +oo . 1
:/ dw4e’”4x4uJ4/ —emprenine —/ dwye" 4 —— (4.16)
0 0o 0 prwy



Combined with the prefactor in eq. (4.11) and use eq. (4.12), this part reproduces exactly
the field-theory Carrollian amplitude from eq. (3.5). Therefore, the Carrollian amplitudes in
type I open string theory, computed by using this method, is given by

041(77 ) +, +) — C4,YM(7a K] +’ +)

o/ (1= 7) |z34]? z10Z34 10 (r = 7) S (=p)F T2+ 2k) 2,
—r) S+ 1,k—-1). 4.17
ATt |zsf? Z1ozss |22 kz::l (im4)2+2k g( r)S(+1, ) (4.17)

Moreover, the coefficients of the double series expansion are related to zeta values and
multiple zeta values in the following way [30, 31]

S(k,1) = Lijp 1 (1) =C(k+1) 1=Fk-1, (4.18)
Sl+1,k—0)=Cl+2,{1}*Y, I<k-1, (4.19)
where
Cn+L{1YF Y =¢n+11,.... )= > n"“nln (4.20)
N ni>ng>->ng U1 2 k

k—1

is a multiple zeta value (MZV) of depth k.
Notice that since p defined in eq. (4.12) contains o/, meaning all the o/ corrections in
eq. (4.17) to the Carrollian field theory amplitudes are contained in the double series expansion.

4.1.3 Carrollian string amplitude and Drinfeld associator

In this part we present a third method, which also relates the other two methods presented
above. Rather than using eq. (4.6) for the expansion eq. (4.7) we use the series [32]

Fr(s,u) =1-— Z g sl (4.21)
k,1>0
with
e =cp=Cl+2,{1}) =Ck+2,{1}), k,1>0, (4.22)
being the coefficients of the logarithm of the Drinfeld associator ®(A, B). More precisely [33]
In®(A,B) = > cp ad(B)ad(A)*[A, B] B2 (4.23)
k>0

modulo second commutants [[L, L], [L, L]] of the Lie algebra L generated by A and B. Here
h is an order parameter and ad(X)... = [X,...]. With using the expansion eq. (4.21) we
may repeat the step leading to eq. (4.8) and obtain

1 = 5 = —+00 d .
Car(——+,+) = 74{12234 - (7; T)2/ T gierra Z e TS (4.24)
At Z19234 |214]2]223]% Jo wa k1>0

with x = rpw? and y = —pw? and p defined in eq. (4.12). Clearly, the first term of eq. (4.24)
gives rise to the field theory part eq. (3.5) of the amplitude. After separating the latter
and performing the wy integration we arrive at

Car(—, —,+,+) = Cyym(—, — +,+) (4.25)

1 219234 16(r —7) k (44 2k + 21) Kl Reiio
z 1) el ——mpmar T ,
4m4 Z19234 | 214)%| 2232 2 (=1) s P

k>0



which can be cast into:
041(_7_)+7+) = C4YM(_7_7+ +) (426)

1 219234 70(r —7) (2 + 2k) el e
Ch—1-1,l r .
47T 212234 ‘214‘ |223 ’; lzg 2+2k ( ) p

The result eq. (4.26) for the Carrollian string amplitude agrees with eq. (4.17) subject to
egs. (4.19) and (4.22). The expression eq. (4.26) represents a double series comprising the
coefficients eq. (4.22) of the (logarithmic) Drinfeld associator eq. (4.23). For r = —1 the
sum over [ can be performed explicitly [27]:

k—1

dCk—1+1,{1}) =

=0

Iy
-1

with the integral

= [ drdy Enay)
A Ty
over the triangle A = {(z,y)} € [0,1)? |z +y > 1}, e.g. Ip = ((2), I = 2{(3).

Note, that the Drinfeld associator ®(A, B), which captures the monodromy of a universal
version of the Knizhnik-Zamolodchikov (KZ) equation, appears in knot theory and in conformal
field theory [34]. In the latter the KZ equation describes a Ward identity of CFT correlators
of primaries [35]. Therefore, it would be interesting to derive (4.25) directly in the underlying
Carrollian CFT from a differential equation w.r.t. Carrollian coordinates (u, z, Z) resembling
a KZ equation.

4.2 Four-gluon amplitudes in heterotic superstring theory

In heterotic superstring theory, similarly to type I, the four-gluon amplitude is related to
the Yang-Mills amplitude eq. (3.4) by a simple rescaling,

MH(_7_7+7+):M(_7_7+7+) FH(S7U)7 (427>
where the heterotic formfactor is [36]

_ D(=d'si)l'(a'sp)l(a's31) — T(=s)I'(=t)['(—u)
Fa(s,u) = T(/s1)D(—a'sos)D(—als31)  D(s)TDOC(w) (4.28)

Similar to eq. (4.6), the heterotic formfactor can be written as

Fy(s,u) =exp Z 2Cn(n) (s"+u"—(s+u)"),, (4.29)

In [37], it has been observed that eq. (4.29) can be obtained from eq. (4.6) by applying
the following single-valued projection:

. {C(Qn +1) > 20@n+1), n>1 (1.30)

¢(2n) — 0.
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The relation between open and closed string amplitudes through the single-valued projection
has been established in [38]. The four-point Carrollian gluon amplitude in this case is written
as the following integral

C4H(_7 — +7 +) =

1 212234 T(;('I" - ,F) /+OO dw4 eio.)4x4 1

— —F 4.31
47t Z19234 |214]?| 2232 wy (s, (4.31)

with z4, s , and u given by egs. (3.6), (4.3) and (4.4). Following the steps of the first method
in the previous subsection, we obtain the Carrollian amplitude

C4H(_> -+, +) =

—expl ¥ 24;(171) o' ™| 214]*" 234> [(T RN (1 - 7~>" B <(r - 1)2> ] (—1)ng2n

n>2 ‘213‘211
n odd

X C4,YM(_a —+, +)

which can be obtained from eq. (4.9) by the single-valued projection.
Next, we shall present the second way of computing the Carrollian gluon amplitude in
heterotic string theory. The string formfactor eq. (4.28) can be written as a complex integral:

Fy(s,u) = —%/d22|z]*23*2|1 — 2721 = 2)7 L. (4.33)

Substituting egs. (4.3) and egs. (4.4), eq. (4.31) becomes

o/(l — T’) ‘Z34‘2 212534 7“(5(7" — f)

C - pu—
am (= =+, 1) 4t \213\2512234 |223]2

+o0 .
/ 2P —2) / dwyg €'+ wy exp {—wz [pr In|z|?> — pln|1 — z|2” ,

(4.34)

where p is defined in eq. (4.12). After expanding the exponential w.r.t. w3 and following
similar steps than those leading to eq. (4.13) the integral becomes:

1 d2 +o00 .
- / ]z|2(12—z)/0 dwy e"4** wy exp {fwi {prln |2|> — pln |1 — 2\2”

1 d2 +o0 . -1 k .k k
f/ |Z 12 3 / dugetrts wi+2k( k)' P [7“ In ‘2’2 _In ’1 _ 2’2}
_ 0 !

p)FT(2 + 2k) 1 (In |2|?)! (= In|1 — 2|?)*

(1z4)2t2k Nk —1)!

Once again, as we will see, the [ = k terms correspond to the field theory Carrollian amplitude.
The other terms are related to the generalized single-valued Nielsen’s polylogrithms:

(_1)n+k—1 d2

20 DT Jo e 472 T e (4.36)

nk(t) =
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where n and k are positive integers. We define S¢(n, k) := Sp ;(1). Then, eq. (4.35) becomes

s ’fr2+2k -
WSl +1,k—1
> O S st 1k

> ’fr 2+2k) In® | 2|2
Ay 4.
g (ixg)2F2k  7k! / 2]2\2(1 —2z)’ (4.37)

_l’_

where the last line contains the k£ = [ terms in eq. (4.35). Similar to the type I open string case,
we will see that this part reproduces the field theory Carrollian amplitude from YM eq. (3.5).
In polar coordinate z = xe’®, the angular integral of the last line in eq. (4.37) becomes

1 1L . 2, 0<z<x1
- / dé (1 — wei®)~! = { v (4.38)
m™Jo

0, z>1

Then, the last line of eq. (4.37) becomes

X T(2+2k) [tdr (—2prinz)k [t ia Ldg (—2prInxz)*
k=0

= (iwg)*T2F x k! T k!

+oo . Ldr 2 +oo . 1
= 2/ dwa elw4x4w4/ e wppring —/ dwy e —— | (4.39)
0 0o 0 P Ty

Plugging it back to egs. (4.37) and (4.34), we obtain
C4H(— -, +, +) = C4YM(— —, +, +)

_|_

(1 —7) |234|% 212234 70 (r — 7) Z DF pFT(2 + 2k) ’§

Sc [+ 1,k—1 4.40
At |z13]? Zigzsa | 223/ (1z4) 2+2k (t+ ) ( )

k=1 =0

Moreover, the coefficients of the double series expansion are related to zeta values and
multiple zeta values in the following way

S¢(k,1) =sv(C(k+1) l=k-1 (4.41)
S+ 1,k—1) =sv(Cl+2, {1} 1<k-1, (4.42)

where the single-valued map can be found in [39].

4.3 Mixed gauge-gravitational amplitudes in heterotic superstring theory

The amplitude with one graviton and three gauge bosons also exists in heterotic superstring
theory. Similarly to the case of four gluons, it is related to EYM amplitude by a simple
rescaling [24, 40]

Mpy(——, = +,4) = M(——, —, +,+) Fu(s,u), (4.43)

where Fyr is the same heterotic formfactor eq. (4.28) as in the Yang-Mills case. We proceed
to the computation of the corresponding Carrollian amplitude in the same way as in the
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previous subsection. We find

Cap(——,— +,+)
2¢(n) /™| 214|*" | z34|*" (1—7“)" (r—1%\" 2
= -1 n _ -1 na mn
o ; n 213%™ (r=1 T r (=10,
nodd
x Copym(——, = +,+), (4.44)
where Cy gym(——, —, +,+) is given by eq. (3.10). Equivalently,
Cap(——,—,+,+) = Capym(——, —, +,+)

_l’_

/(1 —71) z1921425,76 (1 — 7) i (—1)k p* T (3 4 2k) kz_:l

Sc I+1,k—1 4.45
A7t Z19Z13|213) %] 223/ (—izyq) 3+2k T+ ) )

k=1 1=0
4.4 Graviton amplitudes in heterotic superstring theory
In heterotic superstring theory, the four-graviton amplitude is related to Einstein’s amplitude
by a simple rescaling,
My (==, ==, ++,++) = M(——, ——, ++,++) Fu(s,u), (4.46)

where Fp(s,u) is the same string formfactor eq. (4.28) as in the four-gluon case. As a result,
we find the corresponding Carrollian amplitude

C4H(__7 __7++7++)
2¢(n) o' |z14]*"| 234 |*" (1 —7“)" (r—1*\" >
— 1" - —1)"o?"
exp ; - pED (r=1"+(— . (—1)" 04,
nodd
X C4,E(__7 -, ++, ++> ) (447)
with Cyg(——, ——,++,++) is given in eq. (3.13). And equivalently:
C4H(__7 — ++7 ++) = C4,E(__7 ) ++7++)
"1 =) S(r —7 2 4 20\ 2 kkr4 Qkkfl
N /(1 —7) 8(r — 7)|214]"| 234] (T212234> (-1) + Z PSS+ 1,k —1).
4t |203]2| 2134 Z12234/) [ (iaq)4H2F =

(4.48)

5 Saddle-point approximation in Carrollian amplitudes from strings

In this section, we will show that in certain limit of the w coordinate of the Carrollian
string amplitudes, the string world sheet becomes the celestial sphere in a similar way to
section 4 of [20]. We adapt the notation used in section 4 of [20] and denote a = 1/r. In
the region of s < 0 and u = —as < 0, the string formfactor of type I open string, see
eq. (4.2), can be written as

1
Fr(s,u) = —sB(—s,1 —u) = —5/0 de x7175(1 — ). (5.1)

,13,



In order to discuss the s — —oo limit, we write
1
—sB(—s,1 —u) = —s/ de e le /@ f@)=Inz—aln(l —z). (5.2)
0

Using the steepest descent (saddle point) method [41] and solving the saddle point equation,
one finds

f/(x()) =0= =

—. (5.3)

The saddle point approximation (Laplace method) states that the integral for a function
f(x) is approximated by

[ o) eplel s@)] o~ |28 fglan) + O esplal flan)]. (5.4)
a Ck’f (x0)|

The string formfactor eq. (5.2) becomes [20]

2mas

FI(37 u) ~ (_a)as(l - a)(l—a)s > (55>

1—a
which is exponentially suppressed at s — —oo with a < 0. For the case of the physical range
of s > 0, u < 0, see section 3 and 4 in [20].

Switching to the Carrollian corresponding amplitude, we start from eq. (4.11), where
we encountered an integral of the form

2

[t e () - () o0

where D_,(z) is the parabolic cylinder function. For our case v = 2 we can use the
following relation between the parabolic cylinder function D_,_; and the complementary
error function erfc:

Do) = \/?(_1)71@_41122 da" <6§Z erfC(Z/\@)) (5.7)

2 nl dzn ‘
As a result, we find
erfc | 2=
> ey _ L 2 <2\/E>
/0 dwwe = % e4s \/E'YW . (58)

Concretely, we have
B = g lnz —aln(l —x), (5.9)
v = —iTy4, (5.10)

where p and x4 are given by egs. (4.12) and (3.6). We notice that the first term in eq. (5.8)
does not depend on the Carrollian coordinate u. From the point of view of Carrollian
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amplitudes, the second term in eq. (5.8) is more interesting. Hence, we will focus on the
second term in the following.

In the region of a < 0, 8 > 0, we are interested in the limit x4 — +o00. This can be
achieved by taking w4, us — +00 or uy,us — —oo. It corresponds to going to the corners of
null infinity. The complementary error function admits the following asymptotic behavior:

ate () =2 F (ﬁ Lo (;3)) | G11)

Taking the contribution from the leading term, now the z-integral in the Carrollian amplitude
eq. (4.11) becomes

X —ax? -3/2
x‘* /01 d? P <4p[lnx - a1§(1 - x)}) {Z (Inz —aln(1l - x))} : (5.12)

where we omit an overall factor. Applying the Laplace method in eq. (5.4), we find that in

the limit x4 — 400, the integral is dominated by the saddle point at

(5.13)

which is the same as the saddle point of string world sheet eq. (5.3). After some algebra,
we obtain a compact expression for the u-dependent part of the Carrollian amplitude in
type I open string:

ad(a —a 2a
C4I,ufdependent(_a -+, +) ( ) \/

~ |214]2|2232 || (1 —a)[—(1 —a)In(1 — a) — aln(—a)]
2

a Ty
S <4p[(1 —a)In(l —a) + aln(—a)]> ' (5.14)

To conclude, while in celestial holography the string world-sheet becomes celestial in the

limit of large dimensions, > ; \;—00, in the Carrolian holography this correspondence is
reached by going to the corners of null infinity.

It would be interesting to find a physical or geometrical meaning of the saddle point
solution (5.13) in the context of Carrollian CFT. As for the physical range of parameters
s > 0, u < 0, the saddle point method would still work with a careful treatment of the
integral contour known as the Pochhamer contour [20, 42].

6 Discussion

We have transformed superstring scattering amplitudes into correlation functions of primary
fields of the putative Carrollian CFT at null infinity, so-called Carrollian amplitudes. We have
focused on tree-level four-point amplitudes involving gauge bosons and gravitons in type |
open superstring theory and in closed heterotic superstring theory. The Carrollian amplitudes
are presented in two ways. In the first way, cf. e.g. eq. (4.9), the string o/-expansions are
translated into a whole tower of both UV and IR finite u-descendants of the underlying
field theory Carrollian amplitudes. In the second way, cf. e.g. egs. (4.17) and (4.26), the
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Carrolllian amplitudes are written as double series expansions with the coefficients determined
by Nielsen polylogarithms or coefficients of Drinfeld associator, respectively, and their single-
valued version. We have explained how the single-valued projection, which relates heterotic
and open string amplitudes, is implemented in Carrollian amplitudes. The properties of
Carrollian amplitudes should be helpful in extracting more information about the underlying
CFT at null infinity.

There are many open questions on Carrollian amplitudes in general. Here, we list a
few of them. First, we expect some of the observed properties in four-point Carrollian
string amplitudes to take over to higher-point amplitudes. We hope to address this question
in the future.

Including loop corrections in celestial amplitudes has not been well understood, see
however [43-58] on some progress. For the Carrollian approach, four-point Carrollian loop
amplitudes have been studied in [18] in massless ¢* theory. It would be interesting to see if
there is a general scheme of including loop corrections to Carrollian amplitudes.

In celestial CF'T, there is an interesting relation between celestial MHV gluon amplitudes
and Liouville theory [59-61]. It would be fascinating if one could understand this relation
from the Carrollian point of view.

It has been suggested before that Carrollian amplitudes are the natural objects obtained
from the flat space limit of AdS amplitudes with suitable boundary conditions. See [62-68]
for recent works on this direction. An interesting question is what kind of AdS amplitudes
give rise to Carrollian string amplitudes in the flat space limit.
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