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ABSTRACT: For the first time, we list the complete and independent set of operators at
the next-to-next-to-leading order (NNLO) in the Higgs effective field theory (HEFT). The
Young tensor technique utilized in this work guarantees the completeness and independence
of the on-shell amplitude basis while the Adler zero condition imposes non-linear symme-
try on the Nambu-Goldstone bosons that play the central role in the chiral Lagrangian.
The spurion fields are incorporated into the gauge structure of operators following the
Littlewood-Richardson rule to accommodate custodial symmetry breaking. We construct
11506 (1927574) NNLO operators for one (three) flavor of fermions for the electroweak
chiral Lagrangian with the light Higgs, and enumerate 8065(1179181) operators for one
(three) flavor of fermions when the right-handed neutrino is absent by Hilbert series tech-
nique. Below the electroweak symmetry breaking scale, the dimension-8 standard model
effective field theory (SMEFT) operators could be matched to these HEFT operators at
both the NLO and NNLO orders.
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1 Introduction

In the last several decades, the standard model (SM) of particle physics has shown its
grand validity. However, the failure of discovering particles beyond the SM at the Large
Hadron Collider (LHC) implies that there is a considerable energy gap between the SM
particles and new physics. Due to the scale separation, various new physics effects below
the energy threshold of new physics particles can be characterized by the effective field
theory (EFT) framework. Pioneered by Weinberg [1], EFT has been developed to be a
systematic framework to parametrize the underlying physics at a low energy scale. In such
a bottom-up approach, the building blocks at low energy are used to construct all the
operators satisfying the specific symmetries with proper power counting. Therefore, all the
operators can be organized order by order, and in each order, the Lagrangian is the linear
combination of all the independent operators, and the coeflicient of each operator is called
the Wilson coefficient, carrying information from the underlying dynamics at high energy.

Adopting the SM particles as the building blocks, and imposing the gauge symmetry
in the SM, the higher dimensional operators can be constructed and organized order by
order in terms of the canonical dimension powers. The constructed EFT is the standard
model effective field theory (SMEFT). Since the dimension-5 operators were presented by



Weinberg [2], many progresses on the operator bases have been made [3—12]. A general algo-
rithm, implemented in a Mathematica package ABC4EFT [13], has been proposed to con-
struct the independent and complete SMEF T operator bases up to any canonical dimension.

Nowadays, the dimension-8 operators of the SMEFT [7, 8] receive more and more
attention theoretically and experimentally. Below the electroweak (EW) scale, the SM
gauge symmetry is broken down to SU(3) x U(1)em, along with the Higgs doublet broken
down to singlet. Thus below the EW scale, the SMEFT is not suitable to describe new
physics effects anymore. On the other hand, due to the approximated custodial symmetry
in the Higgs sector, the EFT can be characterized by the Coleman-Callan-Wess-Zumino
(CCWZ) formalism [14, 15], known as the electroweak chiral Lagrangian with the light
Higgs boson (H-EWChL), or the Higgs effective field theory (HEFT), see refs. [16-21] for
early developments and refs. [22-30] after the Higgs discovery. The HEFT provides a
more general realization of the EW dynamics, which includes the SMEFT as a particular
case [31-33]. The HEFT Lagrangian has been constructed up to next-to-leading order
(NLO), including the fermion sector [22-30], without considering the flavor structures.
Recently the complete and independent NLO operators are presented in ref. [34], and the
flavor structures of the operators are considered there.

If one would like to match the dimension-8 SMEFT operators to the HEFT operators
after the EW symmetry breaking, the HEFT Lagrangian should be constructed up to
the next-to-next-to-leading order (NNLO), to capture various effects only appearing at
the dimension-8 SMEFT. For example, to investigate the effective operators contributing
to the genuine quartic gauge-boson couplings, the relevant bosonic chiral Lagrangian at
O(p®) on the quartic gauge couplings has been written in ref. [35] and the connection
to the bosonic dimension-8 SMEFT operators is also discussed. In addition, the one-
loop renormalization of the LO HEFT operators has been considered [36-39], which the
NLO operators complement according to the power-counting rule. Furthermore, the two-
loop renormalization of the LO operators, as well as the one-loop renormalization of the
diagrams with exactly one NLO interaction vertex need the complete and independent
NNLO operators. However, in literature, the NNLO operators counted as the order d, =5
and d, = 6 have not yet been constructed systematically.

For the first time, we construct the complete and independent NNLO operators with
the flavor structures using the Young tensor technique developed in refs. [7, 9, 11, 13] with
certain improvements on the operators involving in the Nambu-Goldstone Boson (NGB)
and the spurion field parametrizing the custodial symmetry breaking:

e For the operators involving the NGBs, the Adler zero condition implies that the
on-shell amplitudes corresponding to the Lorentz structure of the operators should
vanish in the soft limit of the NGB momentum [34, 40-48]. Thus we need to im-
pose this constraint on the Lorentz basis obtained by the Young tensor method to
obtain the reduced Lorentz structures, which are usually of a subspace of the original
Lorentz space.

e Since the spurions are frozen degrees of freedom, unlike the dynamical fields, the spu-
rion should not enter the Lorentz sector. Instead, it only plays a role in constructing



the SU(2) invariant together with other dynamical fields. Furthermore, we should
avoid the appearance of self-contracted spurion fields, such as §;;7'T”, because they
are redundant in describing the symmetry-breaking pattern.

With these improvements on the Young tensor technique, we could obtain that there are
11506 (1927574) NNLO operators with one (three) generations of the SM fermions assuming
right-handed neutrino exists. In addition, we work out the numbers of the independent
operators without the right-handed neutrino via the Hilbert series technique developed in
refs. [49, 50], where there are 8065(1179181) operators with one (three) flavor of fermions,
without explicitly marking their explicit forms in grey color as we did for the NLO operators
in ref. [34].

The paper is organized as follows. In section 2, we briefly review the building blocks and
the leading-order Lagrangian of the HEFT and present the chiral power-counting scheme.
In section 3, we review the Young tensor method to construct the complete and independent
effective operators, focus on the Adler zero condition on the operators involving the NGBs,
and present how to deal with the spurion in the Young tensor method in section 3.3. Based
the these, we construct the complete NNLO operators of the HEFT, of which the overview
and some comments are presented in section 4, while the full operator list is so long that we
present them in the supplementary material of this paper. Finally, we draw the conclusion
in section 5.

2 Electroweak chiral Lagrangian

The Higgs sector in the SM has a larger global symmetry SU(2);, x SU(2)r than the gauge
symmetry of the SM Lagrangian, which is spontaneously broken down to the custodial
SU(2)¢ symmetry by the Higgs vacuum expectation value (VEV). The coset pattern G — H
with identifying G = SU(2), x SU(2)r and ‘H = SU(2)y can be described by the non-
linearized Nambu-Goldstone Boson fields along with the Higgs singlet using the CCWZ
formalism [14, 15], adding additional explicit breaking terms from the gauge and Yukawa
type interactions. This section will briefly review the construction of the leading order
(LO) Lagrangian, and discuss how the NLO and NNLO operators are counted based on
the chiral power-counting scheme.

2.1 Building blocks and the LO Lagrangian

The Lagrangian of the Higgs sector in the gaugeless limit (g,¢g" — 0) reads
v?\?
Litiggs = O, HTOMH — \ (HTH — 2) : (2.1)

where H = (¢+,#°)T denotes the SU(2); doublet Higgs and the Lagrangian is invariant
under the SU(2); symmetry. In fact, there is another global SU(2)r symmetry hidden
in this Lagrangian if one rewrites the same Lagrangian by introducing another field H =
(¢°, 7). This enlarged symmetry SU(2) 1, x SU(2) g can be made explicit by re-expressing



the Higgs field in terms of a bi-fundamental scalar field ¥ that transforms under the global

Symmetry
~ ¢O* ¢+
s=(au)="_" | — e sk ()l (2:2)
-9~ ¢
Then the Lagrangian in the Higgs sector becomes
2
A«ﬁm—ﬁ), (2.3)

1
Lhiggs = 5(0,210"%) — 5
where (...) represents SU(2); matrix trace. It is more convenient to parametrize the
Goldstone fields in terms of the unitary matrix U(z) = exp(Il(z)/f):
R T (2.4

Yi(x) =
(z) G
which separates the NGBs from the Higgs mode. The above Goldstone matrix contains
three NGBs,

() = 7(x) - 2, (2.5)
originated from the global symmetry breaking pattern SU(2);, x SU(2)g/SU(2)y. Thus
the Lagrangian in eq. (2.3) takes the form that

1 v? W v? 2
(2.7)

where the F is dimensionless polynomial
h k2
Fh)=14+2—+—.
(h) * v + v2

Recovering the gauge symmetry would introduce explicit custodial symmetry breaking.
In the above Lagrangian, promoting the group SU(2); and the third component of the
group SU(2)r to be local, the ordinary derivatives would be replaced by the covariant
derivatives defined as
. % . r 2 =g g A g3
D, =0, —igW,X+igY¥B,, Wy =Wy - 5 B, = BW? , (2.8)

where VT/W, B, are the gauge fields in the SM. The gauge fields WW transforms as the
(2.9)

triplet of SU(2)y,
W;},I/ — gLWuugTL’ gL € SU(Q)Ly
while 3/”, transforms as SU(2), singlet, and thus the explicit custodial symmetry breaking

is parametrized by the spurion field T = 03/2 with l%’w, = B, Tr-
Introducing the SM fermions Yukawa terms would also break the custodial symmetry

explicitly. Let us rewrite the SM fermion fields ¢7 /) = P gt that transform covariant



under the global symmetry

ur, UR

QL= -  91Qr, Qr = —  9rQRr, (2.10)
dr, dr

L= (VL) —  grlr, L= (VR) —  9rLr, (2.11)
er, €R

Note that the right-handed fermions are the SU(2) g doublets and thus the U(1)y symmetry
in the SM is promoted to the U(1)x symmetry, where X = (B — L)/2 is half of the baryon
number B minus the lepton number L. The Yukawa Lagrangian takes a more compact form

Lyukawa = =00 U(IDV%R + hoe. with V%  —  grligl, (2.12)

where 9 takes @) and L and y% is a 2 X 2 matrix and takes the form

1
% (Yu —va), VE= =y +ve) + ﬁ(yu —Ye), (2.13)

Q_1
Vi (yu+yd)+2 5 5

2

where y,, = 0 if no right-handed neutrinos. Note that the %* term above parametrizes the
custodial symmetry breaking in the Yukawa term. Therefore, the spurion in the fermion
sector takes the same form as the one in the gauge sector T = 03/2.

The above form of the Lagrangian can also be obtained in the CCWZ formalism [14, 15]
of the symmetry breaking pattern G — H with identifying G = SU(2)1, x SU(2)r and
‘H = SU(2)y, which provides a systematic way to write effective Lagrangian that allows
manifesting the symmetries of the theory. The Goldstone matrix U takes the form U(z) =
exp(ill(x)/v), which transforms under G as bi-doublet,

U— QLUQE, (9r,9r) €G. (2.14)

Let us collect all the building blocks that would appear in the chiral Lagrangian

A~ A A

h7 U, TPL, 1/1R, W,w/; B,u,ya Gp,y, TR- (215)

which transforms differently under the global chiral symmetry. For the convenience of
constructing higher-dimension operators, we can redefine these building blocks with U to
make them transform solely under SU(2), [22-25, 28-30, 51-53],

V,(z) =iU(z)D,U(z)!, — arV,.g} (2.16)
W — aWuasl (2.17)

B, — B (2.18)

G — Gu (2.19)

T=UT;U" — g,Tg} (2.20)

Y — gL (2.21)

UyYr  — 91.Uygr (2.22)

h — h (2.23)



We summarise these building blocks and their representations of Lorentz and gauge groups
in table 2. There are other redefinitions of the building blocks such as the refs. [26, 27, 54],
and different schemes actually give the same operators set.

In terms of the building blocks, the LO Lagrangian takes the form that

v 1 v 92 a yapy
(Wi WH) = 1B B* — 2550, (G, G )

Ly = —i (Gﬁl,G““") =

1
2
1 v? v?
+ 58“h8“h —V(h)+ Z(V”V“>.7-'c(h) + Z(TV#)<TV“>}"T(h)
+iQLPQL +iQrPQr+iL DLy +iLrIPLy
- \%(QLUJ)% (h)QR) + h.c.) — %(ELuyg(h)LR +he), (2.24)
where subscript 2 indicates the chiral dimension of the leading Lagrangian is 2, which will
be discussed in the next subsection. The terms in the first line are the dynamic terms of
gauge bosons and the theta term, and the second line contains the dynamic terms of NGBs,
physical Higgs h, and its potential. The third line and the fourth line describe the dynamic
term and the mass terms of the fermions. The Yukawa coupling matrix yg/ L takes the

form in the eq. (2.13). Fc(h) and Fr(h) appearing in the second lines are dimensionless
polynomials of Higgs h, which are actually arbitrary and are taken as Taylor-expansion form

h h? h3
h =14+b—+b— —
F(h)oyr =1+bi +b2s +0<U3> ;
where b; are arbitrary dimensionless constants.

2.2 Power counting and higher order Lagrangian

The power-counting of the HEFT is similar to the one in the chiral perturbation theory
(ChPT) using the chiral dimension d, [1, 55, 56], with certain improvements [22, 26, 27, 30,
52, 57-59]. Setting the LO Lagrangian be of the chiral dimension 2, the chiral dimensions
of all the building blocks should be determined as follows.

e The gauge bosons X, = G, Wy, B, are of dy, = 1, and the derivatives D or 0
are of d, = 1.

e The chiral dimension of the gauge coupling constants is 1, thus the dimension of the
gauge vector fields is actually zero.

» The chiral dimension of V, is 1, while the NGBs matrix U carries no chiral dimension.

o Every fermion doublet is of the chiral dimension 1/2, and the Yukawa coupling con-
stants carry the chiral dimension 1.

e In particular, we make the convention that the spurion T is of no chiral dimension
since this would describe the possible non-decoupling effects at the LO, for example,
the triplet Higgs could develop a not-so-small VEV and causes custodial symmetry
breaking effects at the LO Lagrangian, while in some literature such as refs. [27, 30,
54], the spurion is taken to be dimensional, in which the custodial symmetry breaking
effects are always taking to be small.



This power-counting scheme is also consistent with the loop expansion [22, 27, 30, 52, 58,
59]. Based on the discussion above, a general type of operator in the HEFT can be denoted
by

kP XY URD TS (2.25)

where the number k; of the gauge or Yukawa couplings k, F; the fermion fields v, V; the
field-strength tensor X, d; the covariant derivatives D, S; the spurions, and an arbitrary
number of both the NGBs U and the Higgs boson h. The total chiral dimension of such
type of operator reads

dy +di + ki + 51 + Vi (+5) =2L; +2 (2.26)

where the spurion T is taken to be dimensionless (dimensional).
The above power counting on the gauge and Yukawa couplings implies that

p* @ P A

167202~ (47)2 (4m)2° (4m)

;< 1. (2.27)

A similar argument applies to the cases where the fermions are weakly coupled. Thus
for higher-order operators, every fermion bilinear (/7)) and gauge field strength tenser
X,w X = G,W, B carries chiral dimension 2 because of the weak coupling constants, for
example, both the class ¥%Uh and )*XUh are of chiral dimension 6. In the constructions
of higher-dimension operators, we absorb the gauge and fermion coupling constants into
the redefinition of the gauge field strength tensor X and the fermions v and thus redefine
the chiral power of X and 3 as 2 and 1, respectively. Thus, the coupling constants in the
higher-dimension operators are always implicit.

We summarise the chiral dimensions of the building blocks in table 2, and the operator
classes up to dy, = 6 are listed in table 1. We identify the operators of d,, = 3,4 as the
NLO operators and those of d,, = 5,6 as the NNLO operators. In particular, the triple-
gauge-boson type X? is excluded from the NNLO classes in this paper and is considered as
NLO [34]. The classes listed in this paper respect the convention that each of them contains
a factor Uh since U(x) is used to redefine the building blocks and h(z) can be used freely in
the operator constructions, as explained in section 4. Because the spurion T is of no chiral
dimension, thus we do not write them in the classes explicitly, while it should be understood
that each class in table 1 contains all possible sub-classes with different numbers of spurions.

There have been many discussions about the Lagrangian of the HEFT since the
last century [16-21, 51, 60]. Recently, the NLO operators have been constructed [22-
30, 52-54], but none of them presents the complete and independent operator set, and
the full flavor structures have never been considered. In ref. [34], the complete result
of NLO operators is presented by the Young tensor method [7, 9, 13], which is also
used in this paper. At the NLO, there are 237 (8595) operators for one (three) gener-
ation fermions without right-handed neutrinos and 295 (11307) operators for one (three)
generation fermions with right-handed neutrinos. In this work, we construct the com-
plete and independent NNLO operators for the first time. As shown in section 4, there
are 12 classes in this order, ranging from chiral dimension 5 to 6, and the numbers of



dy fermion sector boson sector

3 Y2UhD

4 V2 XU, *Uh,?UhD? X2Uh,XUhD? UhD*

5 Y2XUhD, *UhD,?UhD?

6 | YV2X2Uh, XU SUh, 2 XUWD?,*URD? 4?UhD* | X3Uh,X?UhD? XUhD*,UhD"

Table 1. Operator types of HEFT up to dy, = 6. The classes listed in this paper respect the
convention that each of them contains a factor Uh since U(x) is used to ‘dress’ building blocks and
h(z) can be used freely in the operator constructions, as explained in section 4. Because the spurion
T is of no chiral dimension, thus we do not write them in the classes explicitly, while it should be
understood that each class here contains all possible sub-classes with different numbers of spurions.

operators in each class are listed in the table 3, and the total number of operators is
$(3672 + 25547n % + 420n 3 + 56684n 1 + 102n,° + 17129n°), corresponding to 11506
(1927574) for one (three) generations of fermions. The complete operators are present in
a separate ancillary file.

3 The strategy of the basis construction
The following difficulties are present in the task of enumerating the NNLO operator basis:

o The usual redundancy relations for operators, such as the Equation of Motion (EOM),
Integration by Part (IBP), the Covariant Derivative Commutator (CDC), and various
operator identities like the Fierz rearrangement and the Cayley-Hamilton relation.

e The non-linear symmetry for the NGB imposes constraints on the operators.

e The operators in the broken phase organized in terms of spurions need special care
regarding the group structures.

To tackle the first one, we briefly summarize the Young Tensor technique in section 3.1,
which was implemented by the Mathematica package and applied to various EFT’s [13].
The non-linear symmetry of the NGB is taken care of by imposing the Adler zero conditions
on the corresponding amplitudes, as explained in section 3.2. Finally, in section 3.3 we
elaborate on the treatment for the spurions in order to systematically organize the operators
in the symmetry-broken phase.

3.1 Review on Young tensor method

An EFT operator should be singlet under both the Lorentz and gauge groups. For a specific
field content, the independent Lorentz and gauge structures are of finite dimension, thus
span two independent linear spaces respectively, the Lorentz space and the gauge space,
in which the independent structures are called the Lorentz basis and the gauge basis. The
whole space spanned by the independent operators constructed from this field content is
the tensor product of these two spaces.



building blocks | spinor formalism | Lorentz group SU2)L SUB3)c dy
Ly, L, (3,0) Fundamental Singlet 1

Lpr Lg® (0,3) Fundamental Singlet 1

Qr QL (3,0) Fundamental | Fundamental | 1

Qr Qr® (0, %) Fundamental | Fundamental | 1

Wr, Wrap (1,0) Adjoint Singlet 2
Wr W (0,1) Adjoint Singlet 2
Gr, GrLag (1,0) Singlet Adjoint 2
Gr G (0,1) Singlet Adjoint 2
By, Brag (1,0) Singlet Singlet 2

Br Bg# (0,1) Singlet Singlet 2

VH ~ DFo (D9)as 1,3) Adjoint Singlet 1
D# D5 %) Singlet Singlet 1

T T (0,0) Adjoint Singlet 0

Table 2. The building blocks of HEFT, their representation under the Lorentz and gauge groups,
and the chiral dimension of them. To satisfy the Adler zero condition, we use D*¢ replacing V*.

In the Young tensor method, the Lorentz basis of operators is related to the corre-
sponding basis of local on-shell amplitudes. The on-shell solutions of the fields ¢; are given
by the spinor-helicity variables (Ajq, 5\?) according to their helicities h;, and thus we obtain
the correspondence

(DTi_hi)qsi ~ )\Zri—hij\m-&-hi (3.1)

with free spinor indices. Due to the Lorentz invariance, these indices are contracted by
invariant tensors eqs and €4 under the SU(2); and SU(2), subgroups of the Lorentz sym-
metry, with the numbers
1 r—nh B 1 r+h
n:§Z(ri—hi)E 5 nzizm—i-hi)z 5 (3.2)

7 %

where r = >, r; and h = ), h; are defined. The contracted spinor variables are denoted
as usual

A XNja = (17),  NiaA] = [i]]. (3.3)
Therefore, any operator could be mapped to a unique (combination of) on-shell amplitude
in terms of the spinor variables which can be written as

0= Qe[ o ~ M= ()™ (34

With the amplitude-operator correspondence, we start to construct the Lorentz basis.
For now, we consider the flavor-blind operators. At this stage, all the fields involved in



the operators are taken to be different, and the basis obtained here is the so-called Lorentz
y-basis, constructed by semi-standard Young tableaux (SSYT). The SSYTs are obtained
by filling the primary Young diagram, which is completely determined by field contents.

For example, the primary Young diagram of the L%entz space takes the form [61, 62]
—

Rk : : (3.5)

2 H —
E:_T
where N is the number of particles invol¥ed in the operator. The numbers of indices to fill

in the primary Young diagram are determined by

1
#i=-np+ > |hi|—2h;, i=12...N, (3.6)
2 h;>0

where np is the number of derivatives. The primary Young diagram corresponds to the sin-
glet representation of the Lorentz group, while the non-singlet representation of the SU(NV)
group. It has been proved that it is the primary Young diagram that eliminates the IBP re-
dundancies [7, 9, 13], which form the independent y-basis of the amplitudes/operators. The
explicit forms of the basis amplitudes B; can be directly obtained by translating the Semi-
Standard Young Tableau (SSYT) of the primary Young Diagram to the spinor brackets.
Besides the simplicity of the construction, the y-basis is also convenient for the decompo-
sition of any given local amplitudes/operators, which we call the reduction to the y-basis

M=) cBi. (3.7)

It turns out to be crucial in the various manipulation of amplitudes and operators in the
related studies.

3.2 Adler zero condition on amplitude basis

Before the general effective Lagrangian of the nonlinearly realized symmetry developed
by CCWZ [14, 15], Adler [40, 41] derived that the scattering amplitude with single pion
emission vanishes in the soft limit of the pion momentum, which is called the Adler zero
condition. With the CCWZ formalism, the pseudoscalar pions are considered as the NGBs
after symmetry breaking, and the Adler zero condition is trivially fulfilled in the effective
Lagrangian in the CCWZ formalism. But the Young tensor method starts from the general
Lorentz structure, instead of the pion matrix field in the CCWZ formalism. Therefore, not
all the Lorentz structures in the Young tensor satisfy Adler zero condition. According to
the amplitude-operator correspondence, the Lorentz structures satisfying the Adler zero
condition corresponds to the amplitudes satisfying soft limit [42-47].

In practice, we adopt the scalar field ¢ which is the adjoint representation under the
SU(2)r, and since it is the NGBs, the Adler zero condition implies that there is at least 1
derivative applied on ¢. This is always possible by using the IBP relation (for amplitude,

~10 -



it is the momentum conservation relation »_,(li)[ik] = 0). Thus in this method, we use
D*#¢ replacing V#, which can be regarded as the leading term of V# defined in eq. (2.16).
In the following, we will present the procedure of imposing the Adler zero condition which
is also shown in refs. [34, 48].

Let us consider a type of operator with N particles, including at least one NGB 7.
Based on the Young tensor method above, the Lorentz basis can be expressed as the N-
point on-shell amplitudes {BZ(N),i =1,2,...dn}, where dy is the dimension of this Lorentz
basis. In terms of such basis, any Lorentz structure of this type takes the form that

dy
V) =3 68N, (3.8)
1=1

where ¢; are coefficients under this basis. If this amplitude satisfies the Adler zero condition,
it vanishes when the external pion momentum p, becomes soft:

dn
MM (e =0)=0=3 ;BN (p, = 0). (3.9)
=1

Here BZ(N) (pr — 0) becomes (N — 1)-point on-shell amplitudes, which are generally not
independent and can be expanded by the (N — 1)-point basis with the soft particle =
removed, {Bi(N*l)(fr),i =1,2,...dy_1}, where dy_; is the dimension of such (N — 1)-
point Lorentz basis, and 7 implies that the soft particle 7 is removed,

dn-—1

BN (p, = 0) = Z Fi BNV (3.10)

Furthermore, since the removed 7 is a scalar particles, all the (N — 1)-point basis
BEN_I)(TT) can be expanded by the original N-point basis BI(N)

dn
=3 daB™). (3.11)
=1

Combining several equations above, we can obtain the expansion
dn
=y Z ik , (3.12)
=1 \1=1

where [C;; is the expansion matrix

dn_1

Ki= > fydj. (3.13)
=1

Since the basis {BgN) ,i=1,2,...dy} are independent, this equation holds only if all the
coefficients vanish,

N
0=> cKij, (i=12,...dn). (3.14)

- 11 -



This is a system of linear equations about ¢;, whose solutions span the subspace satisfying
the Adler zero condition, which constitute the amplitude basis involving NGBs. If there
are more than one NGBs, there is a system of linear equations for each of them, and the
structures satisfying the Adler zero condition are their common solutions.

Let us present an explicit example of a five-particle class Fr¢*D?*, with the helicities
that {—1,0,0,0,0}. We suppose that there are 4 derivatives in this class, and the second
to the fourth spinless particles are NGBs. According to the Young tensor method, we can
get the complete Lorentz basis of 14 dimensions,

By = —[45]%(45)(14)(15) BQ = —[34][35](13)(45)

Bs = [35][45](45)(13)(14) , [34][45](45)(13)(14) ,

Bs = [34][45](14)%(35) , BG = [45][35)(35)(14)(15)

Br = —[35]%(35)(13)(15), Bg = —[34]%(34)(13)(14)

By = [34][35](35)(13)(14) , Bio = [35][25](25)(13)(15) ,

Bi1 = [34][24](24)(13)(14) , Biz = [24][35](13)(14)(25) ,

Bz = —[24][45](14)2(25) , By = —[45][25](25)(14)(15) , (3.15)

but not all of them satisfy the Adler zero condition. Since there are 3 NGB particles in
this class, their soft limits should be taken separately. For the second particle, we take the
momentum pa — 0, which is equivalent to the condition |2),|2] — 0, the amplitude after
the limitation

Bi — Bi(pz — 0) = —[34]%(34)(13)(14) (3.16)

should belong to the type {—1,0,0,0}. Note that the 4-point Lorentz basis of the type
{—1,0,0,0} contains only 2 Lorentz structures

Bi(2) = (13)(14)(34)[342, By (2) = —(13)(14) (24)[24][34). (3.17)

Given that the two bases can be expanded in the original 5-point basis di; = d;1, d2; = 6,
where i = 1,---, 14 and the soft amplitude Bj(ps — 0) can be expanded in the two 4-point
basis fi1 =1, fi2 = 0 the soft amplitude can be expanded on the original 5-point basis as

14 2
Bl — —[34]2<34><13><14> = Z Z fljdji[)’i

i=1j=1
14 14

=Y fudiBi =>_1x61B; = Bi, (3.18)
i=1 i=1

A similar procedure can be applied on the other 5-point basis, and finally, we can get the

- 12 —



full matrix K that

0000000000000
0000000000000
0000000000000
0000000000000
0000100000000
0000100000000
Ko 0000100000000 ’ (3.19)
-10000100000000
0000100000000
0000000000000
0000000000000
0000000000000
0000000000000
0000000000000

o O O = = = =

o O O o o o

and thus the non-trivial equations in eq. (3.14) are

cit+co+cez+cs—cg=0
{ 1 2 3 4 3 (3.20)

cs+cgt+cer+cg+cg=0

Similarly, we can get the equations for the third and forth soft particles,

-0 -0
“ , 7 . (3.21)
ci13+cia=0 c10=0

There are total 6 constraints, and the solution space is of dimension 8. Thus there are 8
independent Lorentz basis satisfying the Adler zero condition, we present the transforming
matrix that

000000000000—11
000000000001 0 O
000000000010 0 O
0000-10001000 0 0
(3.22)
0100-10010000 0 0
0000-11000000 0 0
0-101 00000000 0 0
0-110 00000000 0 0
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Therefore, the resulting basis is usually polynomials of the original SSYT basis,

B} = [24][45](14)(25) — [45][25](25)(14)(15) ,

B, = [24][35](13)(14)(25) ,

By = [34][24](24) (13)(14) ,

Bl = —[34][45](14)2(35) + [34][35](35)(13)(14),

Bi = —[34][45](14)%(35) + [34]*(34)(13)(14) ,

Bf = —[34][45](14)%(35) + [45][35](35) (14)(15) ,

By = [34][35](13)(45) — [34][45](45)(13)(14) ,

B = [34][35](13)2(45) + [35][45](45)(13)(14) . (3.23)

3.3 Spurion technique for the gauge structure

It is known in the group theory that every SU(XNV) irreducible representation (irrep) corre-
sponds to a Young diagram. For example, the typical irreps of the SU(2) and SU(3) groups
are

SU(2) SU(3)
tie2~] | ta €3~ |
eijtj €2~ l:‘ €apet’ € 3~ H

tHolbey €3 ~[ 1] PN € 8|

where 7, A are the generators of the SU(2),SU(3) respectively. In the EFTs with unbroken
symmetries, like the SMEFT, the effective operators belong to the singlets under the gauge
groups SU(NN), represented by Young diagrams with only N-row columns,

SU(2) ~ H SU(3) ~ @ (3.24)

In the Young tensor method, we construct the independent basis of gauge structures by

decomposing the tensor product of the Young diagrams of the dynamical fields following
the Littlewood-Richardson rule (LR rule) [7, 9, 13], and select all the singlet terms therein.

However, in the HEFT, we are dealing with effective operators in the broken phase
of custodial symmetry. The breaking pattern is characterized by a spurion field T under
the adjoint representation of the SU(2); group, which enters the gauge and Yukawa in-
teractions. Typically the spurion fields are introduced in theories with broken symmetries
to parametrize the symmetry-breaking effects. In the unbroken phase, the spurion is a
dynamical degree of freedom, which makes sure the operators in the unbroken phase are
singlet under the correspondent symmetry. In the broken phase, the spurion degree of
freedom is frozen, and thus the operators in the broken phase become non-singlet under
the same symmetry. Spurions are thus the auxiliary fields that contract with the operators
to make a singlet, which is supposed to take VEV after the symmetry breaking, thus are
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frozen degrees of freedom, and do not participate in the Lorentz structures, which being
said, we should not treat them as scalar building blocks in the Lorentz sector because the
derivatives can not act on them. In practice, for a type of operator involving the spurions,
they should be deleted from the helicity list, and their generators of symmetric group are
taken to be the identity matrix.

Based on the above, the spurions are only used in constructing the group factor of the
corresponding symmetry. Multiple copies of spurions may be used to construct operators
under different non-singlet representations, and in turn, there may be different combina-
tions of spurions that constitute the same representation. For example, suppose we have a
spurion T* under the adjoint representation 8 of SU(3), hence we have

T € 8, d%°T'T° € 8, (3.25)

where d®° is the total symmetric tensor. Both the 2 combinations above are capable of
contracting with an operator O under the adjoint representation of SU(3). It is obvious
that the first would be the dominant one, and the second is sub-leading since it takes more
spurions. Thus we do not count the second one for the fixing non-singlet operator O% in the
broken phase, which is equivalent to the eliminations of the gauge structures like d**T*T¢
in the type with 2 spurions. Another restriction is the identity among the same kind of
spurions, which demands totally symmetric combinations, thus f*°T®T¢, where f2¢ is the
totally anti-symmetric tensor, is zero. Furthermore, for a general type with j spurions, the
only reserved structures are those of the traceless and totally symmetric combination,

T ... Tl} € spin 5. (3.26)

Thus we need to consider the representation of spurions and other fields separately,
and both the Young diagrams of them are non-singlet, but their outer product can form
singlet Young diagram. In particular, the SSY'Ts of the spurions representation should be
symmetric under the permutations among the indices from different spurions. In general,
this is difficult, but in the case of the SU(2) group, it is quite straightforward to deal with,
as shown in below.

The spurion T in the HEFT belongs to the adjoint representation of the SU(2) group,

TITIkiEkj S ) (3.27)
where the two indices are symmetric. The tensor product of the 2 spurions can be expressed
by the Young diagrams

Me[1]=1Je[He[TTT. (3.28)

and only the last one is traceless and totally symmetric,

= TUT 717} e (3.29)

since the first two diagrams contain columns of length 2, which correspond to anti-

symmetrical tensor € contracting with the indices of spurions to generate traces, for exam-
ple, the tensor in the first diagram

iljlm|_ oI 1R T
n (3

! j ImJ _IJK_Kk
m€kj€n€e " =T T e " "1 eps, (3.30)
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which is actually zero since there is only a single spurion field. The tensor of the second
diagram takes the form

Tfl 711 =TI e me™ = TIT (3.31)

which is the self-contraction of spurions, and should be eliminated as well. Furthermore,
the tensor product of the 3 spurions takes the form

e[ Te[T]= oL e I - Lo [ TTTTT7, a32)

and only the last one is traceless and totally symmetric. Generally, the traceless and totally
symmetric combinations of j spurions make a spin-j representation, which corresponds the
irreducible representation with the highest weight in the direct-product decomposition of
them, corresponding the diagram that

—2j —

HNENN

and the compensation formed by other dynamical fields of this representation to form the
SU(2) singlet takes the form

—2j

BN

which can be obtained by the application of the Littlewood-Richardson rule reversely. To
eliminate the redundancies about the spurions mentioned above, we need to do the outer
product of the j copies of the spurions and the other dynamical fields separately to form two
SSYTs of the shape above, then combine them back to form the singlet Young diagrams
by simply binding the two SSYTs together.

3.4 Flavor structure involving Goldstone and spurion

For both the Lorentz and gauge space, the y-basis is often polynomials and we can transform
them to another basis in which all operators are monomials, the m-basis. The tensor
product of the Lorentz and gauge m-basis constitutes the full space of all the independent
flavor-blind operators, which is called the operator m-basis.

Considering the repeated fields in the operators, the operators in the m-basis obtained
above are usually redundant. In this case, a field with flavor number n; can be regarded
as a ny multiple of the flavor group SU(ny). If an operator has n such fields, this operator
behaves as an n-rank tensor under the group SU(ny). This flavor tensor-product space is
fully divided into several disjoint subspaces, each of which furnishes an irreducible represen-
tation of the symmetric group S,. The operators in every irreducible representation of the
S, have specific permutation symmetries. Thus we introduce the p-basis composed of these
operators. In the p-basis, not all the operators are physical, for example, if the repeated
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field has flavor number 1, all the operators in the p-basis are zero, except for those in the
completely symmetric representation of .S,,. Besides, if the p-basis contains operators with
the mixed flavor symmetry such as Bj, the irreducible subspace of SU(nf) marked by this
Young diagram has multiplicity equal to the dimension of the irreducible representation of
the symmetry group S, presented by the same Young diagram. It can be proved that these
irreducible subspaces are isomorphic to each other [13], and only one of them needs to be
reserved. After eliminating such redundancies, the remaining operators form the so-called
f-basis or p’-basis, which serves as the final result. In practice, the p-basis can be obtained
by applying the idempotent elements of group algebra S, on the m-basis.

OIPep = yrepom ) (3.33)

where Vyep is the idempotent element of S,’s irreducible representation rep, which is
symbolized by Young diagrams.

Let us illustrate the procedure above by the type @ LQEB r®?>D? at the NNLO. There
are 5 fields in this type, and their helicities are {—1/2,—1/2,1,0,0}, and the last two
NGBs, marked by indices 4 and 5, are repeated fields. There are 2 derivatives, thus
np = 2. According to table 2, we obtain that h = 0,7 = 4, and the numbers of ¢, € are
n = N = 2. Thus the primary Young diagram takes the form that

(3.34)

To fill this diagram and obtain SSYTs, the numbers of all indices are needed, which can
be obtained by eq. (3.6)

#1=3, #2=3, #3=0, #4=2, #5=2, (3.35)
thus there are only 4 SSY'T5,

1/1]1]4 1/1]1]2 1/1[1]2 1/1[(1]2
21212|5], [2]2|5|5), [2|2|4]4]|, (2]|2]4]5], (3.36)
415 414 5|5 415
and they correspond to the Lorentz y-basis
BY = —(12)(45)[34][35],
Bj = (15)(25)[35],
BY = (14)(24)[34],
B = —(14)(25)[34](3, 5] . (3.37)

The Adler zero condition constraints that the amplitudes should be zero whenever particle
4 or 5 becomes soft. If particle 4 becomes soft, all the four bases become zero except for
the second one BY, thus the matrix K in eq. (3.13) takes the form that
0000
0100
K= , (3.38)
0000

0000
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thus system of the linear equations in eq. (3.14) gives the solution that ¢y = 0. Similarly,
if particle 5 becomes soft, only the third basis B4 is not zero, thus there is the solution
c3 = 0. Thus only the first and the last bases satisfy the Adler zero condition, thus the
actual Lorentz y-basis is

BY — BV, BY—B!, (3.39)

with the projection matrix that

1000
Ko — . 3.40
Y (0001) (3.40)

According to table 2, we translate these amplitudes to the form of operators

BYY = ¢1a¢2aFR3g:y(D6B¢4)(D§¢5)

= —4(1¢2) Frs" (Dypa)(Dus) (3.41)
B3 = 11°02° Rps. 5(D64) (D)bs)

= —2(¢1102) Frs" (Dutha)(Dys) + 2i(v10,1ba) Frs” (D) (DFes) . (3.42)

from which we choose the monomials

Bi" = (¥192) Frs"” (Dyuoa)(Dués) (3.43)
By = (104ub2) Frs*(Daga) (D" ¢5) , (3.44)

as the Lorentz m-basis, with the transformation matrix

Kg::(f (i>. (3.45)

As for the gauge y-basis, the SU(3)¢ structure is simple, there is only one independent
tensor 62, and the SU(2) 1, tensors can be obtained by similar SSYT technics. There are 2
gauge SSY'Ts for this type

=

NS
eI

<0

Jalis|js|  |i2li5|J5
They correspond to the independent tensors

i1)iglia|  |i1]14]]a] (3.46)

7é(IyJ)(2)L,1 — 6i1j4 61‘21‘5 6i4j5 (7'[4)1‘42‘4 (7_15 )i5j5 €injo » (3'47)
@(g)(z)L,z = il s (714); (1) i 55 €ing (3.48)

which can be further simplified to

Ts%)(z)m _ 514155§; _ ,L~61415J(7_J)§; ,
(v) _ oslalssi
TsU(2), .2 = 204703 (3.49)

Similarly, we combine them to obtain the gauge m-basis

(m) _ IIsJ(_JNi (m) Il i
Tstien = €270 Tstiy,e = 8400, (3.50)
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with the transformation matrix

ol

—
Ksta), = (0 A ) . (3.51)
2

The tensor product of the gauge m-basis and the Lorentz m-basis gives 1 x 2 x 2 = 4
operators, but they are not all physical when considering the repeated fields.

The NGB ¢ is the repeated field in this type, which carries no flavor number, thus
only the operators symmetric under the permutations of them are physical. In the Lorentz
space, the generator of Sy in the y-basis! {BY,i =1,2,3,4} takes the form

1000
0010
DY — : 3.52
B 0100 (8:52)
0001

which is obtained directly from manipulations of the amplitudes in the Lorentz y-basis.
When focusing on the subspace spanned {B;",i = 1,2}, the generator can be obtained by
the linear transformation

(m) _ pom pay®) pay—1gm—1 [ —1 0
Dy = K KDy KK = (Z —2@)’ (3.53)

where the matrix ¥ in the expression should be understood as

1000
0000

Ko — : (3.54)
0000

0001

and the 2 x 2 generator obtained above is the 4 x 4 one with the removal of all the null
rows and columns. In the case of the SU(2); gauge basis, it is straightforward to obtain
the generator of S in the m-basis is

—10
(m)  _
DSU(Q)L = ( 0 1) ) (3.55)

and Dgﬁzg)c = 1. Thus the generator of the overall operator space is the tensor product of
them,

~10 0 0
2% 0 0 0
pm) —pm) o pm g plm — . 3.56
su@)e ® Psuey, @ Ps 0010 (3.56)
0020

IThe 2 generators of Sy are identical, thus we treat them as one here.
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The idempotent element of the subspace is symmetric under the permutations of the 2 ¢’s,
which is symbolized by the young diagram [T

0000
20100

V[aBs)] = Lixs + D™ = voool (3.57)
0021

whose rank is 2, thus there are only 2 independent operators in this type, and we write
them as following

01 = YEsle K 75 (Qpoiow Q" ) BR* (Dad!)(DH¢),
Oy = V) (QLauow QY ) Br" (Dxg")(D"¢"). (3.58)

In the rest of this work, we will always write operators with the idempotent elements to indi-
cate their flavor permutation symmetry, but for the operators with no repeated fields and /or
the repeated fields carrying flavor number 1, the idempotent elements will be omitted.
Another non-trivial example is the type Br¢>hD? in the bosonic sector, with the
helicity structure {—1,0,0,0,0}, where the particles 2 ~ 4 are the NGBs, the repeated
fields, and the last one is the physical Higgs h. The SU(3)c gauge structure is trivial,

I2Isla - The Lorentz basis of this type is

and the SU(2);, gauge space is of dimension 1, €
complicated since there are 4 derivatives. The filling of the SSYTs gives that the Lorentz
space is of dimension 14, but the Adler zero condition constrains this space to the one
of dimension 8, which has been discussed previously, and the 8 bases are presented in
eq. (3.23). Combining the Lorentz and gauge structures together, we can obtain the f-basis

is of dimension 1, and thus there is only 1 operator in this type
7K BN (DMh)(D,¢" ) (Dy¢? ) (Dag™) . (3.59)

To be consistent with the building blocks of the HEFT, we replace the fields such as (Duqﬁf )
in the operators obtained by the Young tensor method by the Vﬁ. Thus the only operator
in this type is written as

'K BN (DFR) (V) (VI)(VE). (3.60)

This convention is respected in section 4.

Next, let us provide some examples involving the spurions. Let us consider the type
WLLLQLLEQET2 from the class ©*XUh. There are 2 spurions in this type because
they do not participate in the Lorentz structures, only the particles {Wr, Lz, Qr, LTL, QE},

corresponding to helicities {—1, —%, —%, %, %} are considered in the Lorentz basis. The
Lorentz basis of this type is simple, and there is only one y-basis
BY) = (12)(13)[45] (3.61)

corresponding to the m-basis

Wi (Lo L) QLo Qh) (3.62)

with the trivial transformation matrix.
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For the gauge basis, the SU(3)¢c gauge basis is just ¢¢, contracting with the quarks
Qr, QTL, but the SU(2), structures are complicated. There are 13 independent tensors in
the SU(2) 1, gauge m-basis, but most of them are redundant. To eliminate those, we consider
the spurions and the other fields separately. The 2 spurions take the representation that

(3.63)

according to the discussion around eq. (3.26), where all the indices are symmetric. Its
compensation takes the form that

L] (3.64)

thus we need to construct all the Young diagrams of such shape by the outer product from
the dynamical fields except the spurions, whose representations are related to the SU(2)
irreps

Wit e, ~

LLiz ~

QLis ~
L} e, ~

QL " iy ~[is), (3.65)
and the outer product of them can be determined by the LR rule,
®[i] ®[i5] @ [ia]®
- (Elakle ) o G o) [

= <€B Z'l ]1‘22‘@ Z. ]113> ®®

N |

—_

3 1J2]

_ jl‘iZ‘ii’)‘@ i1 jﬂiz\iﬂ@ g} j1i3i4) ®[i5)
23] 172/
_ lialjrlialis[ial o ia [jnialislis ) g [ia [ ]inialds | o [ia 5[4 i i) (3.66)
i ia] ia] 2] ’

where only the Young diagrams as the same as the one in eq. (3.64) is reserved. Combining
the diagrams (3.63) and (3.66) together, we obtain the gauge singlet representations with
all the redundancies of the spurions eliminated:

ng(Z)L L= 111J1]%21t3 %) 71126i161125 (T167.1612i6)(TI7TI7Z4i761327)’

’ 1512617612717

ng@)L = 111J11%21%3105] TIIZGil61114(TIGTIGZQiG)(TI77-I715Z.7613Z7)’
’ 241%61761%71J7

ng@)L y =t bafts ] phis, gitis(loploiz, (I IS, ety
’ t3]%61761v71J7

BéZ{l)T(Q) 4 — 7j1 ,21 Z>3 7j4 Z.5 — Tlllgilelllg (TIGTIGlSiG)(TI7TI7ZSZ'7€MZ7) . (367)
L 120%617671J7
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It should be emphasized that each tensor above can be further simplified, for example, the
first tensor takes the form

B(s%)@)b1 _ TIGTI7Thi6i1TI@i2i67_I7i4i7€i1i5€i3i7
— TIGTI77Jli6i17.161'22.67.17i4i7 (5i1i35i5i7 _ 5ili75i5i3)
— TIGTI77-IliGZ,STI6i2i67-[7i4. —_ 1l Ilie. IGZ2 171417522
— Tlophleh K Kio, plria, TIﬁTIS L, 5%3 Th Tl - 1612245;3 . (3.68)

thus all the SU(2), structures are usually polynomials, consistent with the method in the
ref. [34], which use the gauge j-basis techniques instead.
Thus there are 4 operators in this type, and we choose them as

. al
it M JIMpI PRy 1 y(Lrp0" LY, )(QLWU Qf,

[
JgTITJWLIuV(LLpiUVLTLS )(QLrajUHQLt )7
. gt k aj
ZTJ;TITJWLI;W(LLMJVLTLS )(QLrajU'LLQTLt )7
. i 7 al
i DT WL (D0 L] ) Qo @L,) (3.69)

)

where the idempotent elements are omitted since the repeated fields T have the flavor
number 1 and are symmetric under permutations.

Furthermore, if we consider the type with one more spurion, WLLLQLLEQET‘g, the
Lorentz basis is unchanged while the SU(2);, gauge space become dimension-30. The 3
spurions form the totally symmetric representation

NN (3.70)

HEERNN (3.71)

According to the LR rule, there is only one way to form such a diagram from the outer
product of the other fields, thus there is only one operator, though there are many spurions
in this type,

T T T WL (Lo’ L ) (Qray @5, (3.72)
If the number of spurions in this type is more than 3, it is impossible to combine the totally
symmetric combinations of spurions and other building blocks to form the gauge singlet,
and thus there are no independent operators for this type.

Still, there are cases in that we have to consider many spurions in some types such as
#°D®TY. Though the SU(2), gauge basis of this type is of high dimension, there is only
one independent operator according to the similar argument with the previous example,
where the Young diagrams of the spurions are of the same shape with its compensation.

Finally, it should be emphasized again that, the SU(2), is special and simple. If the
spurions belong to the adjoint representation under the SU(N), N > 2 group, it is more
difficult to deal with, since the corresponding Young diagrams are complicated.
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ClaSS Merm Noperator
UhD® 114 114
X2UhD? | 130 130
XURD* | 164 164
Y2 XURD | 184 184n 2
YURX? | 192 192n
VUKD | 1224 inp2(—2+ 3ns + 575n2)
Y*XUh | 1988 2ns%(—9 + 4ns + 519n?)
Y URD3 | 272 272n 42
Y2XUKD? | 1044 1044n ¢*
Y*URD? | 8260 Iny2(155 + 78ns + 13525n2)
YSUR 7112 $ny2(32 4 78ny — 133n,% + 102nf° + 17129n,%)
Y2URD* | 1112 1112n,4>
1 2 3 4 5 6
5(3672 + 25547n % 4 4200 + 56684n ¢! + 102n° + 17129n
Total | 21706 | 90 d d d d )
ny = 1: 11506, ny = 3: 1927574

Table 3. The numbers of the NNLO operators in each class.

4 Next-to-next-to-leading-order Lagrangian

There are 12 classes of operators in the NNLO Lagrangian, ranging from chiral dimen-
sion d, = 5 and d, = 6, and numbers of the NNLO operators are listed in the table 3.
For cross-check, the Hilbert series result for the NNLO HEFT operators is presented in
appendix A [49, 50]. The explicit operators are presented in an extra file, with several

comments in order.

o We adopt the weyl spinors 97,z and @Z)TL /R representing the SM fermions. The rela-
tions between the Weyl and the Dirac spinors ¥ g are

T
‘PL:(¢L)7 ‘I’RZ(O), ‘I’L:(OT)y Q’RZ(wR)- (4.1)
0 wR wL 0

The detailed transformation between these two different notations can be found in
ref. [9]. Besides, the fermions contain the following SU(3),SU(2) and flavor indices.
We adopt the indices set of them as

SU(?))color ~ {a7 ba ¢, d> €, f}
SU(2)L ~ {7’7 jv ka l7 m, n}
SU(?’)ﬂavor ~ {pa r,s,t,u,v} 3 (42)

Under this convention, the quark doublet field is denoted as

QLpai’ QL?" ? QRPai’ QR’I’ ’ (43)
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since the left- and right-handed spinors belong to fundamental representations while
their hermitian conjugates belong to anti-fundamental representations, as shown in
table 2. In particular, the spinor indices of the spinor fields are not written explicitly
and are regarded as contracted with the neighbor spinor fields. For example, the
bilinears should be understood as

QL) = (Qr*Qk,)
(Quo"Q}) = Q0" Q1) (4.4)

The operators listed assume there are right-handed neutrinos in the right-handed
fermion doublet. If one removes the right-handed neutrinos in the fermion doublet,
some operators would disappear, because the combination of the spurion T and the
identity matrix would become the projector that picks up the right-handed neutrinos
and the right-handed electrons. In this case, let us redefine the building blocks of the
HEFT as the combination of the spurion T and the identity matrix

I I 10
T, = T—U(2+TR)UT—U< )UT,

00
I I 00

T_z—TZU(—TR>UT=U< )UT, (4.5)
2 2 01

which can be regarded as another choice of the building blocks to characterize the
custodial symmetry breaking. The operators T and T_ apply to the right-handed
leptons would project out the right-handed neutrino vr and right-handed electron egr

10 VR
T+LR:U :UVR,
00 (24
00
T Lrp=U "B = Uep. (4.6)
01 ER

Thus in the case where the right-handed neutrinos are absent, the operators with
T, acting on the right-handed lepton doublets should be eliminated. This becomes
clear only when the operators presented below are re-expressed using the T, and
T_, which are usually combinations of the original operators. For example, there are
3 operators (not all operators)

O = (Lpy L, YV, VIHVE, VE
0y = 79010(L, LT, YWV VIV, v

O3 = !KOTO(Ly, oMLY, YV VI, VIIVE, (4.7)

in the NNLO class ¥?UhD*. The combination of the first two operators 01/2 + Oy
involves the right-handed neutrinos vg according to eq. (4.6) and should be elimi-
nated if the vg’s are absent. While the third operator Oz should be reserved since
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the spurion T is contracted with the NGBs rather than the right-handed leptons.
Thus in these 3 operators, there are only 2 of them are independent if the right-
handed neutrinos are absent. As the number of fermions increases, the fermions in
a bilinear may not form SU(2) singlet, and the expansion structures may be com-
plicated. In such cases, the projection may be not explicit. For an example of the
type LLQL}:LEL r in the 6-fermion class, if right-handed neutrino exists, there are
2n f4(5nf2 + 1) independent operators, which can be justified by the Hilbert series
result in appendix A. One of the operators in this type is

m_ _ ) J
Ve EE(LY " 6Ly ) (LRomo" L) (L, L), (4.8)

where none of fermion bilinear is SU(2) singlet. We can express such operators in
trace form
Trl(L 7 L) (LR L) (Lo L)) (4.9)

where the flavor indices and the idempotent are dropped for convenience. In terms of
trace form, if the right-handed neutrino does not exist, we can substitute the SU(2)
doublet form of the fermions into it and expand it to a polynomial of the operators
composed by SU(2) singlet fermions. After doing the same manipulation to all the
operators in this type, it can be expected the condition v = V}% = 0 would eliminate
some of them, and the complete set of independent operators without right-handed

neutrinos in this type can be obtained. In this way, we can enumerate n¢*(3ns%+1)

2
operators in the type L LQLILz LTLL R, which is consistent with the Hilbert series result
in appendix B, and the original 40 operator terms in this type listed below are reduced
to 12,

m_ _ ) 7
VL ENLY, " 60 Lip) (LRom@" Liry) (L, L)

m_ _ i, 7
VI, (LY " 0Ly (LRomOv L) (L, 0 LY,

J_ _ i l
VI BN (LY,, 60 L) (Lrud” Lie ) (L, L, )

YL, ] (LTLu] 5MLLpi)(Lva5uLLM)(L}r%siLJlr:itl)

VI L] (L}, 6Ly ) (Lruidu L) (L, o L)
VEEE(LY, 0Lty )L L) (D, L))

Mmoo (LTLuj%LLpi) (LRoOvLLyrj) (Lh,'o WL;%tl)

Vi (L}, 70 L) Lrom L) (L, L)

VI EIEL, T 1) (Eronv L (L, o Ll

Vi (LEuja-HLLPi) (LRroi0vLLyj) (LE;UWL}%’)

VeI, ]TléTJiTKZTITJTK(Lzum%LLpi)(LRvn‘}“LLTj)(LgskLJlr%tl)

o m_ _ k I
y[,]TIETJiTK;TITJTK(LTLu 3 L1p;)(LRondvLre) (L, o™ L) (4.10)
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Class Noperator
UhDS 114
X2UhD? 130
XURD* 164
V> XUD 156m 42
Y2URX? 156m 42
Y*URD 2ns%(—1 + 2ns + 259n?)
Y XUh ng?(—16 + 9ng + 727ns?)
Y*UhD? 224n 2
V2 XUD? 816m 2
Y*ULD? 2n2(91 + 56m 5 + 6059n42)
YSUR $ny2(28 — 24ns + 73ns% + 15nf> + 10006n 44)
Y*UhD? 834n 2
Total L (7452 + 39899n 2 4 690n 3 + T7087n st + 30n 5 + 20012n°)
ng = 1: 8065, ny = 3: 1179181

Table 4. The numbers of the NNLO operators in each class without right-handed neutrino.

Because of the huge number of operators at NNLO, we can not make the explicit
classification for all the types here, but all the operators without right-handed neu-
trinos can be obtained in a similar way above in principle. For cross-check, we also
present the Hilbert series result for the HEFT NNLO operators in the appendix and
make a brief overview in table 4.

Every building block V, in the class corresponds to a pairing of the ¢ and D in such
type, while in the operators, the building block V, instead of D, ¢ is adopted.

The flavor structures of the operators are indicated by the idempotent elements before
that, and the indices in the Young diagram are the flavor indices of the repeated fields,
just like

A . l
y[,}TKie”K (Lrp,ox" L) (L, oMLy, VI, V7, (4.11)

The triple gauge bosons class X3Uh, though carrying the chiral dimension 6, is
attributed to the NLO operators, and is presented in the ref. [34], for the convenience
of comparing with other literature.

The spurion is of the chiral dimension dy, = 0 to capture the possible custodial
symmetry breaking effects at the LO Lagrangian, while in some literature [27, 30, 54],
the spurion is taken to be of chiral dimension 1, then the NNLO Lagrangian would
be the combination of the NLO operators listed in ref. [34] and the NNLO operators
listed below.
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o In each class of operators, the physical Higgs singlet h(x) could take an arbitrary
number in every operator, and thus we neglect the dimensionless Higgs function in

each operator
h h?
h)=1 —+b—=+---. 4.12
F(h) tas +bos (4.12)

e In some cases, certain powers of the Higgs field in the operator needs to be kept to be
consistent with the derivatives on the Higgs field. In this case, there is a minimum
of the h(x) fields for the independent operators. We utilize the convention that the
number of Higgs h in such type of operators keeps to be minimal to construct the
complete and independent operators in this type.

Let us take the first type of operator UhDS as an example to illustrate the above
convention. In this type UhDS®, composed purely by Higgs h and derivatives, the operators
are listed as

h?(D\D,D,h)(D*D*D"h), h*(D,D,h)(D\D"h)(D*D"h). (4.13)

where the first operator can be constructed by 4 and 5 Higgses and 6 derivatives, but
the second one can not be constructed until the number of Higgses is 6. This should be
understood as the following.

e Suppose there are only 4 Higgses in the operator, we can only construct one single
operator

h?(DyD,D,h)(D*D"*D"h). 4.14
7

e Suppose there are 5 Higgses in the operator, similarly, we can construct one single
operator

h3(DyD,D,h)(D*D*D"h). (4.15)

e Suppose the number of the Higgses is 6 and more, there are two kinds of operators
with dimensionless Higgs function

h?(Dy\D,D,h)(D*D*D"h) F(h), h3(D,D,h)(D\D"h)(D*D"h) F(h), (4.16)

Since there are more than 6 Higgses, there is no more independent operator in this type,
thus we write this type with the exact 6 Higgs and 6 derivatives, RS DS.

Because of the huge amounts of the NNLO operators, instead of listing them all here,
we present them in the supplementary material of this paper. Note that the operators
without sterile neutrino is also contained in the list of operators, although we do not pick
those out from the list as we did for the NLO operators in ref. [34].
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5 Conclusion

In this work, we present the independent and complete NNLO operators of HEFT involving
the right-handed neutrino for the first time, by means of the Young tensor technique on
the Lorentz, gauge, and flavor structures, giving rise to the on-shell amplitude basis for
each type of operators. For the operators involved in the Nambu-Goldstone bosons, the
on-shell amplitude basis is further reduced to the subspace satisfying Adler zero condition
in the soft momentum limit. The spurion field in the HEFT is carefully treated: they
behave like ordinary building blocks with certain representation in the gauge sector, while
we avoided the appearance of self-contractions among them. Thus the spurions can be
implemented into the gauge structure by utilizing the Littlewood-Richardson rule on the
symmetric Young diagram of the spurions and the ones of other dynamical fields. These new
improvements on the NGBs and spurions in the Young tensor method are quite general
and can thus be applied to other chiral effective field theories. In the case of no right-
handed neutrino, we enumerate 8065(1179181) independent operators via the Hilbert series
technique without picking them out from the listed operators in a separate ancillary file.

In the HEFT, we treat the power counting rules similar to the chiral Lagrangian, with
the spurion field of no chiral dimension. We obtain that there are 11506 (1927574) NNLO
operators, corresponding to the order O(p?) and O(p%), with one (three) generation fermion
flavors. If the power counting rules treat the spurion field of chiral dimension one, then
only a subset of the NNLO operators and partially the NLO operators with the spurion
field consist of the complete and independent operators at the NNLO order.

Finally we expect the NNLO operators would be comparable with the two-loop correc-
tions of the LO operators and the one-loop corrections with exactly one NLO vertex in the
HEFT. It also benefits the phenomenological studies of the dimension-8 standard model
effective field theory in the broken phase. Especially when one performs the matching
between the dimension-8 SMEFT and the NNLO HEFT operators, it is necessary to list
the complete sets of the SMEFT and HEFT operators.
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A Hilbert series result with right-handed neutrino

In this appendix we present the Hilbert series result for the NNLO HEFT operators
with flavor number ny, assuming the right-handed neutrino exists, the result of the NLO
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operators has been given in refs. [49, 50]. We follow the convention that, the polyno-
mial of physical Higgs h is represented by JF, the derivative is represented by D, the
3 gauge bosons are represented by B, W, G, the leptons, and quarks are represented by
L, LY Lr, L%, Qr,Qt, Qr, QL. and the NGB is represented by u.

hs = 4n2BDLLLLF + 402 DLy L} F + An3BDLR LG F + 4n2D* L L}, F + n(9ny — 1)DLL L} *LaF
+n3(9ns — 1)DLL2LL LLF + n%(9ng — 1)DL LR L F + n3(9ny — )DL LeL}," F
+n%(3n; +1)DLRQL*F+4n3 BDQLQ} F+4n3D*QrQl F+4n3DGQL QL F+18n3 DL] LrQrQL F
+ 1804 DLLLEQLQL F+n(3ny + 1) DLEQL  F+ 13 (9ny + 1)DLLQL2QrF + 180t DLLLL QL QrF
+18n4 DLRLLQL QrF + 180t DQLQL *QrF + n(9ns + 1) DLRQLQRF + n3(3ns + 1)DLLQRF
+18n4DLLLE QrQLF + 180t DLrLELQLQLF + 180 DQ.L QL QL F + nd(9ns + 1)DLLQL* QL F
+4n3BDQrQLF +4n3D*QrQLF +4nF DGQRrQLF +18n DL} LrQrQL,F +18n DL LE,QRQLF
+ 180} DQ} Qr*QRF + 1 (9n; +1)DLLQLQY F + 180} DQLQRQY F + 1 (3n; +1)DLLQL F
+ 8n2BLLLLuF + 16n2D* Ly LiuF + 8n2BLrLhuF + 16n2D* Ly LiuF + 14nt Lo L1 LeuF
+ 1404 Lo 2L LhuF + 1403 LY Le® LLuF + 14ns Lo Le Ll uF + %nfc(?nfc ~1)LrQL*uF
+8n7BQLQ} uF +16n7D°QrQl uF +8n7GQLQ} uF + 280} L} LrQLQL uF +28n L LEQLQl uF

+ 203 (% — 1)LLQL uF + 1403 LoQrQruF + 280t Lo L QL QruF + 280t LrL},Ql QruF

w| N

2 .
+28n4QrQt *QruF + 1404 LrQLQruF + gn?(ﬁzfc — 1D)LrQr*uF + 2803 L L} QLQhuF
+28nt LrLEQrQbuF +28n4Q L2 QL QhuF +14nt Lt Q1 * QL uF +8n2 BQrQhuF +16n2 D*QrQluF
+ 8n3GQRQLUF + 280 LT LrQrQLuF + 2803 L L1, QrQLuF + 28n7Qt Qr*QLuF
fEWRER fHLPRE R RU nilrlpQrEgUS + 28n; QL QR RY
2

+ 140t LEQT QL uF + 28ntQrQrQl uF + (i - DL QL uF + 3002 DL L w2 F
+30n}DLRLLUPF + 300 DQLQ} w’ F + 3007 DQrQLu* F + 185 L L w® F 4+ 18n7 LrLhu® F
+18n2Q QT 3]_- 1872 t 3 2 t 2 T 2 t

QLA F +18n5QrQru" F +8ny DL L WF +8nyDLrLyWF +8n;DQrQ; WF
+ 8nFDQRQEWF + 200} Ly L uW F + 200} LR L, uW F + 20n5QLQ} uW F + 20n7QrQLuW F

(A1)
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d, = 6. The Hilbert series at this order is so long that it is divided into 3 parts hsy 2 3.

hsi = 3B2D*F + 2D F + 3D*G2F + 2G*F + n3(3n% — 1)BL. 2L} F
1 o

+ inf(szc — 9y +5)D?Li? L  F + 4n2BLY Ly F + 10n2BD*LY L F
+10n2D*L} L F + 4n2G2L} LaF + %ni (9n2 — 2ny — 1)BL}*La*F

+2(9n% +n2) DL P LR F + %n§(25n‘} — 120 +n% — 6ny + 4L} LR F + 402 B Lo L}, F
+10n}BD*LL LL,F + 1007 D* L L, F + 4n3GP L LLF + %ni (9n2 — 2ny — 1)BLL2LY,F
+2(9n% +n2)D2 L 2L F 4 n2(3n2 — 1)BLR®LYF + %nfc(zmi —on; +5)D* L’ L F

1
+ =n2(25n% — 1203 + 72 — 6ny + )L 2L F + §n§(10n§ +an? —np — DL 2L LaF

W= O =

1
+ 2n3(10n% +4n% —ny — )L 2L LLF + (100} +4nf —ns - VLLLR* LY F

1
+ gn?(IOn?c +4n? —ny — 1)L Le’L F + 1204 BLL L} L Ll F + 540t D*L LY Lr LT, F

2
420508 + ) Lo L Le? LLF 4+ 20505 + n3)Lo?LL LRLL F + 0 (3ny + 1) BLLQL> F
1
3
2
+ 1203 D’ L QL F + 6n3GLLQL> F + gnj‘c(loni ~ 1)L L} LrQL>F + 1203 BLL L QLQL F

1
+ Zn} (2507 4+ 4nG —4ny — 1)L 2 LELQLPF + gn‘"}(lon‘j’c +4nF —ny — )L’ LLQLPF

+54n DL LT QrQb F +12n3GLL LY QrQy F + 120 BLrLELQLQL F + 54n D’ Lr L},QrQL F
1204 GLRLLQLQL F + 200 Lo Ll P LrQrQl F + 20n$ L2 L} LhQLQL F
+20n8 L LR LhQuQl F + 200 L Le L, QrQl F 4+ nd(5n2 — 1)LrQL*QLF + 6n}
2
—m2BQL2QL F + n2(2mn% +5)D*QL2QL P F + 1204 GQL2 QL F + 2008 Ll LrQL2Q1LF
2 1

42008 L LLQL2 QL F 4+ nd(3ny + 1)BLLQL  F + S (25n] + dnf —dny — DL LrQL°F

1
+ 3n (10n] + 4nF — ny - DLRLL QU F+ 120D’ LE QL F + 60t GLL QL F

2 3
+ 3071007 = DLL LY LRQYF +nj(5nF — DLLQLQL F +nd(27ns + 1) D’ LrQL*QrF
+2n3(5n7 — 1)LL’LE Qr*QrF + 60} BLrRQL*QrF 4+ 12n}GLrQL*QrF
+2n3(5n; — 2)LY Lr*Q1°QrF + 20n$ L LRLE,QL>QrF + 4n7 B*Q QrF + 1007 BD*Ql QrF
+10n3D*Ql QrF 4 6n7 BGQL QrF + 1007 D*GQL QrF +1005G*Q} QrF + 180} BLY LrQl QrF
+ 7204 DL} LrQ QrF + 180G L LrQL QrF + nt(25n2 — dny + 1)L Le*QLQrF
+12n BLL L, QL QrF+54n3 D* L L}, QL QrF +12n8GLLLL QL QrF +2(5n8 +nd) Lo 2L, QL QrF

2 2
423 (5ny + 2)LL2LY QL QrF + 203 (5ny + 2) LaLE QL QrF + 4008 L L} Ll Ql QrF
2

+20n8LQL QL QRF + 40nSLr L Qr QL QrF + 40nS LrLhQrQl * QrF + 2005Q1%QL Qr F

1 4
+ 51§ (2507 +dng — )LLQL QrF +n§(2Tns + 1)D*LiQrQrF + 6nj BLLQLQR"F
+12n3GLLQLQR’F + 2n}(5nF — )LR’LL,QLQR>F + 2n% (5ny — 2)LL°LE,QLQR°F
+20n8 L LY LrQLQR2F + 203 (15ns — 2)LrQr?QL QrF + n2(9n% — 1)BQL Qr*F

2
+4(9n% 4+ n2)D*QL QR F + 18n4GQL QR F + 2(25n5 + nh) L LrQl QR F
2 1
+4(5n% + )L LLQL "QRr*F + gn§(10n‘"} +4nF —ny — 1)L°LEQr*F + n}(3ns + 1)BLrQr*F
(A.2)
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h52 =

1
gn?;@sni +4n} —4ny — 1)L LR*QR®*F + 1203 D’ LrQR*F + 6n}GLrQR*F
+

gn;‘c(loni ) LLLrLhQR*F +20nSLLQrQl QP F + gni(zw} 4302 +2)Q1 QR F

+ %nﬁ(%n? +4ny —1)LrQL QR F + 403 B*QLQLF + 1007 BD*QLQLF

+10n5D*"QLQLF + 6nF BGQLQLF + 1007 D*GQLQLF + 10n7G*QLQLF

+12n}BLY LrQLQLF 4 54n D’ LY LrQrQLF +12n3GLY LrQLQLFF

420608 + 03 L Le*QrQLF + 180t BLL LLQLQLF + 720 D? L LL,Q Q1 F
+18n3GLLLLQLQLF + n(25n2 — dny + 1)L 2L, QrQlF + 203 (5ny + 2) Lo L1 *QLQLF
+2n5(5ns +2) L’ Ly QLQLF + 40nS L L} LrLbQrQLF + %n;t(zsmi +ang — DLLQL'QLF

+40nS Lo L Qr2Q QL F + 40nS LrLh,QL?QL QLF + nd(27ny + 1)D*LLQ1 QL F

4204502 — 1)L L QL QLF + 6nt BLLQL *QLF + 1204 GLLQL QL F

+ 203 (5ny — 2) Lo L} QL QLF + 2008 LY LRLLQL QL F +20n8Q.2Q1 *Ql, + 20nS Lt Q@1 @l F
+12n$BLL LY QrQLF + 54n 3D’ L L} QrQLF + 12n;GLL L QrQLF + 1203 BLRLELQrQLF

4540t D? LrLLQrQbF + 120 GLRLLQrQLF + 2005 Lo LY LrQrQ b F +20nS Lo ° LY L QrQlLF
+20n8 LY LR® L QrQLF + 2008 L LrLl,* QrQyF + 2008 LrQr*QrQLF + 24n3 BQLQL QrQLF
+108n3D*QLQL QrQLF + 48n3GQLQLQrQLF + 80n$ L] LrQrQLQrQLF

+80n8 L LL QL QL QrQLF + 2008 LEQL QrQLF + 205 (15ns — 2)LLQL*Qr*QLF

+40nS Lo L} QL QrPQLF + 40nSLaLi,QL Qr*QLF + 41505 + nh)QLQ} *Qr2QLF
+20n8LrQLQr* QLT + nt(5n2 — )LLQr'QLF + n2(9n% — 1)BQL2Q1L°F

+ 4904 + n2)D*QL2QL F +18n3GQL2QL  F + 4(5nS + n}) LT LrQL2QL°F

422508 + Lo LEQL2QL F + n(27ny + )D?LLQL QL F + 6niBLL QL QL F
+1208GLL QL QL F + 20t (502 — ) LrLL QL QL F + 20 (5ny — 2)L *LrQl QL F

+20n8 L L} L QL QL F + 203 (15ns — 2)LL,Qr Q1 QL F + 4008 L L QQrQl°F

+ 400§ LRLEQrQnrQY " F + 4(1505 + n)Q1’ QL QrQY"F + 205 (150, — 2L} Q1 QrQl"F

+6nt — 202 BQR2QLF + n2(27n2 + 5)D*Qr2QL F + 1204 GQR2QL F + 20nS LY LrQrQ1L" F
+20n8 L LLQR2QLF + 20n8QL QRQL F + %n?(lOn? +dn? —ny — D)L LL QL F

+n3G3ny + )BLLQY F + %n?(l’m? +an? —dn; — V)L LL QL F

+1204D?LL,QL F + entaLL, QL F + gn‘}(mni ~ )L, LeLLQL'F

2 3 3
+ §n§(25nj% +3n2 +2)Q QL F + 2005 L QL QL QL F + 2008 LE,QL QrQlF

2005 QLR QL F + 50 (2503 + dng — DLLQLQL'F + (5 — 1)L Q@' F
+3B*DuF + 4BD*uF + 3D°uF + 3DGuF + %n?(b‘zn? —6ny + 1)DLL2L} uF
+32n3 BDLY LruF + 44n3 DL} LruF + 32n7 BDLy LiuF + 44n7D* L LiuF
+ %n?(ﬁi%n?c — 6ny + 1)DLR*LYE uF + 60 (Tny — 1)DLL* Le®uF + 603 (Tny — 1) DL L1 uF
+126n}DLL L} LrLLuF + 2n%(14ns 4+ 3)DLLQr*uF + 1260} DL L} QrQl uF
412603 DLRLLQLQL uF + 63n% +n3DQLQL uF + 203 (14ny + 3)DLL QL ur
(A.3)
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hss = 3n}(21ns + 1)DLrQL*QruF + 32nF BDQ} QruF + 44n7 D*Ql Q ruF + 3203 DGQL QruF
+168n} DL} LrQ} QruF + 1260} DLL L, QL QruF + 3n%(21ny +1)DLLQLQr*uF
+ 8404 DQY *Qr2uF + 203 (14ns + 3)DLrQr*uF + 32n2BDQLQLuF + 4402 D*QLQluF
+ 3205 DGQLQUF 412603 DL LrQrQbuF + 1680 DL LEL,QLQLuF
+3n%(21ns + 1)DLLQL QL uF + 12604 DL L} QrQuF + 1260t DL LL,QrQlhuF
+ 25203 DQLQL QrQhuF + 840t DQL2QL uF + 3n%(21ny + 1)DL} QL QL uF + 63n?
+n2DQR2QN uF + 203 (14n; + 3)DLL, QY uF + 6 B*u>F + 14BD*u>F + 14D W2 F + 6G*u*F
1
12090t +n2) L2 L " F +24n2 BL} Lpu® F+98n2 DL} Lpu®F + §n§ (43n2 —6ny +5) L} " Le*u®F
1
+24n} BLy Lyu® F + 987 D* Ly Liu® F + S (43nF — 6n; +5) L2 L P F+2(9nt +n2) Le LT, u?F
1 .
+ 7203 L LY LRLEP F + gni (43n% +9np — 4)LLQL W F + 7203 L LT QL u*F
1 P
+ 7204 LR L QrQL v F + 4(9n% +n3)Qu2Qt "t F + 37 (4307 + On; )L QL WA F
+ 361} LrQL’Qru’F + 2413 BQ! Qru’F + 9807 D*Ql Qru’F + 24n3G Q1 Qru’F
+86n3 L LrQLQru’F + 720t Lo LEQL QrulF + 360 LoQrQru®F + n2(43n2 +5)QL *Qru F
1
+ gni (43nF 4+ 9ny — 4) LrQr*u>F + 2403 BQLQLu*F + 9807 D°QrQLu’ F + 24n3GQLQLu* F
+ 7208 L LRQrQ b F + 860t Lo L QL@ ulF + 36nt LEQL QL F + 7204 L L} QrQlhu F
+ 7203 LrLLQrQUPF + 14403 QL QL QrQLuF +n2(43n2 + 5)Q2 Q1 u? F + 360t L Q1 Q1w F
490t +n3)QR2QL WP F + %n§(43n§ +9ny — 4)LELQL WP F + 18BDUF + 25D°u*F
+94n3 DL} Lru® F + 94n3 DL LEu® F 4 9405 DQY Qru® F + 9403 DQ QL uP F + 8Bu' F
+37D*u* F 4 32n7 L} Lru* F + 32n7 L LEu" F + 3205Q1 Qru’ F + 3205QQhu' F
+23DUF + 10uSF + 4ABD*WF + n%(Tn? — 1)L 2L "W F + 12n2BL}, LeW F
1
+ 2003 DL LeW F + on7(21n} — 6ny — VL, Le®WF + 1202 BLL LW F + 2002 D* Lo L, W.F

+ =n2(2In2 — 6ny — VL2 WF +n2(n? — DLR?LY WF + 280t Lo L} L LL,WF

N | —

03 (Tny +3) LoQr W F+28n 3 L L} QrQl WF+28n3 LrLEQr QL WF+2n3 (T3 —1)QL QL W F
03 (Tng +3)LL QL WF + 14nt LrQr2QrW F + 1202 BQL QW F + 2002 D*QL QW F
+1205GQ QrWF + 42n3 L} LrQL QrW F + 2803 L LE,QL QrW F + 1403 LQLQRr° W F
+ 022102 = 1)Q *Qr*WF + n(Tns + 3)LrQr*WF + 1202 BQLQ}L,WF + 2002 D*QrQl,WF
+12n3GQLQLWF + 280t L LrQrQLWF + 4203 L LEQLQLWF + 140t LE,QL QLW F
+28n4 L L QrQE W F+ 2803 Lr L QrQLW F+56nQLQl QrQL W F +n2(21n% —1)Q2QL, W F
+ 1404 L QL QL WF + 202 (% — 1)Qr2QL ' WF + n(Tny + 3)L},QL W F + 18BDuW F
+12D*uW F + 80n7 DL} LruW F + 80n} DLy LLuW F + 80n7 DQ} QruW F + 80n7 DQLQLuW F
+22Bu’WF + 34D* W F + 62n7 L} Lru’WF + 62n7 L Lyu’ WF + 62n7Q1 Qru’ W F
+62n3QLQLU*WF + 50Du*W F + 24u*W F + 2BW>F + TD*W>F + 160} L} LeW>F
+ 1603 L LEW?F +16n7Q1 QrW F 4+ 16nQ QLW F + 21 DuW > F + 34u* W2 F + 2W> F
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B Hilbert series result without right-handed neutrino

For the purpose of cross-checking with the result without the right-handed neutrino dis-
cussed in the section 4, we present the Hilbert series result for the NNLO HEFT operators
with flavor number ny, assuming the right-handed neutrino does not exist. The convention
is consistent with that in appendix A.

dy = 5.

hs = 4n}BDLL LY F + 4n3D* L L} F + 2n3 BDLRLLF + 203 D* LR LL,F + n’(9ny — 1)DLL LY L, F
+n3@3ns — 1)DLLLRLY F + 4n2BDQLQLF + 4n2D*QL QL F + 4n2DGQLQLF
+ 1803 DLLLLEQrQL F +nd(3ny + 1) DLLQS F + 03 (9ny + 1)DLLQr*QrF + 180t DL L} QL QrF
+6ntDLRLLQLQrF + 1804 DQLQ *QrF + n(3ns + 1)DLLQR®F + 180t DL, L QLQLF
2
+6n}DLRLLQLQLF +18n1DQL* QL QLF +n%(9ns + 1)DLL Q1" QL F + 4n3 BDQrQLF
4n3 D3 1 43 DG 1 ADL,L! 1 18n4DQT Qr2Q!
+ Tlf QRQR“F+ ’fo QRQR“F+ 187’Lf L RQRQR‘F+ 8’/Lf QLQR QR]:
+n3(9ns + 1)DLLQLQL F + 180t DQLQrQL F + n3(3ns + 1)DLL QL F + 8n2BLL L uF
+16n2D* Lo LLuF + 203 BLrLiuF + 4n2D? Ly LiuF + 14n4 Lo > L} LhuF + Ant Lo Lr L} uF
+8n3BQLQ} uF +16nD*QrQ} uF + 8n3GQLQT uF + 28n L L1,Qr Qb uF
IR A f LU NG LU nyLbrLbplrlpu

+ Zn2(mn? — DLLQT  uF + 1403 LLQ L2 QruF + 280t L L QL QruF + 8ntLrLhQl Qrur

wl N

2
+28n%QrQl *QruF + (T} — DLLQr"uF + 280t Lo LT QrQhuF + 8niLrLll,QLQluF

+ 2804 QL2 QL QL uF + 14 L Q1L 2 QLuF + 8n2 BQrQLuF + 16n2D*QrQlur

+ 8n2GQrQLUF + 280t L L QrQhuF + 28n3Q1 Qr2QLuF + 14nt L1, Q1 QL ur

+ 2804 QLQrQY uF + gnfc(?ni — D)L QL uF + 30n2 DL L u?F + 9n2DLgLiu®F
+30n3DQLQL v F + 3007 DQrQLu*F + 1803 L LY v* F + 50} Lr Liu’ F +18n3QL Q1 u* F
+18n3QrQLUPF + 803 DLL LI WF + 203 DL LW F + 803 DQLQ} WF + 803 DQrQLW F
+ 2005 Ly LT uW F 4 603 Lr L,uW F 4 20n5QLQ} uW F + 2005 QrQLuW F

(B.1)
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d, = 6. The Hilbert series at this order is so long that it is divided into 3 parts hsi o 3.
1
hsi = 3B*D*F + 2D F + 3D°G*F + 2G°F + n%(3n% — 1)BL.*L} " F + 5nF (27 —2n; + 5)D?L. LY F
+4n} B’ Ly Ly, F + 100 BD’ Ly Ly, F + 1003 D* L LLF + 4n3G L LLF

+ %ni(fmfc —3ny — 1)BLL2LY F + 2(6nt +n2) DL 2L F + %nﬁ(nﬁ — 1)BLRLY’F

+

e e ] Ny e

(IS

1 : ,
n2(9n2 — 2ny +5)D*L’L}, F + g (10m] — O+ 4nf — On; + OLPLYF

—+

1
(n} — Sn?c)BLTLQLRQJ: + —gni(fmi —4nG +ny — 2)LTLSLRS.7:

—+

1
n3(10n% + 4n2 —ny — )L °LE "L F + 5 (ny = nf(ng + V2 LoLr? L’ F+ —6niD?L1 "L’ F

n4BLLLL Le L, F + 180 D? Lo Ll Lr LY, F + 308 + n3Li2 L} LrL},” F +n3(3ns + 1)BLLQL*F

+ o+

W =

n%(25n% +4nt —dny — 1)L *LLQL  F+12n3 D’ LiQr® F+6n}GLL QL F+12n; BLL LY QrQ F

4ntD’ L L} i $GLL LY ' F4+4n}BLRL! i tD’LgL} i
+ 54n;y L QrQ,F + 12ny Ly QLQLF + ny R RQLQLf+ 18ny R RQLQLJ—"
+4ntGLRLEQLQL F + 2008 L2 LY L QL QL F + 6nS L LrLl,’QuQl F + 6nt — 202 BQL2QL F
+n2(27n% +5)D*QL2QL F + 1200 GQL2QL  F + 20nS L LE QL2 QL F + n(3ny + 1)BLL QL F

2
+12n4 DL Q1P F + 6ntGLL QL F + “nj(10n} DL LY LLQLV F +nb(ny + DL QL F
+nind - DLLQLQL F + 2nt(5n2 — 1)L %L QL2QrF + n} — 3nSL) Lr*QL2QrF
+6n$ L LrL QL QrF + 403 B°Q} QrF + 1007 BD*Q} QrF + 1007 D* QL QrF
1
+6n7BGQ} QrF +10n7 D’ GQL QrF + 107G QL QrF + —En‘;(wn"; —dng + DL LR?QLQrF
120t BLLLLQL QrF+54nt DL L, QL QrF+120t GLLLEQL QrF +nt (2 +3) L L, * QL QrF
2 2
+ 203 (5ny + 2)Le2L QL QrF + nf(ny + D LR*LE QL QrF + 1205 L L} LrLh QL QrF
2 2 3

+20n5L0QL QL QrF +40nS L LY QrQl " QrF + 120$LrLLQLQL " QrF + 20n5Q1° QL " QrF

1 4 2 t At 4 3 2 2 4 2
+ inf(25nf +4ny — 1)L Q) QrF +ny(2Tns +1)D°LLQLQr"F +6nyBLLQLQr™F
F1208GLLQLQREF + 203 (5ny — 2) L1 LEQLQR*F + n2(9n2 — 1)BQL Qr*F

2 2 2

+4(9nF +n7)D*QL QR F + 18n3GQL " Qr*F +4(5n% + n}) L LLQL " Qr*F

1 1
+ gni(loni +4n} —ny —1)L.°LE QR F + 5(n‘; —5n$) L LR QRr*F 4+ 2nS L LrLL,QR*F

2
+20n$LQLQ} Qr*F + §n§(25n;% +3n2 +2)Q *Qr*F + 2 B2QLQLF
2 2 T 2 4 t 2 t 2 2 t 2 ~2 T

+10n}BD*QLQLF + 100} D*QL QL F + 6n} BGQLQLF + 100 D*GQLQLF + 1003G* QL F +
—nt(3n+ 1)L LR QrQL F+18nt BLLLLQLQLF+ 7204 DL L QL QL F+18n3 GLLLLQLQLF

1
+ 55 (350 =100, +3) L’ LY, QuQlF +2nf(5n +2) L’ Ly " QuQb F+n} (ns+ 1) La’ Ly QuQbF

1
+12n$ L LY LrLL,QrQLF + Qn‘;(z&snf, +dny — 1)LLQr*QLF +40n$ L L QL°QL QL F
2 2 2

+ 1208 LrL5,QL2 QT QLF + nd(27n; + )D?LL,QL"QLF + 20t (503 — 1)L LT "Q1°QLF
(B.2)

~ 34—



hsy = 60t BLL,QT *QLF + 1204 GLLQT *QLF + n(Tny — 3) Lo L’ Q@ *QLF + 6nS LY L L@l *QLF
+20n8QL QL QLF + 20nS L QL@ *QLF + 120 BLL L QrQLF + 54nt DL L QrQlF
+12n}GLLL} QrQYLF + 4 BLrLLQrQYLF + 180 D’ LrLL,QrQLF + 4n;GLRLLQRQLF
+20n8 L 2L L QrQLF + 6nSLLLrLl, QrQLF + 240t BQLQL QrQLF
+108n;D*QLQ} QrQRF + 48n;GQLQL QrQLF + 80n$LLLL,QLQL QrQLF
+ 205 LEQL QrQLF + 20 (150 — 2)LQr*Qr* QL F + 400 L L} QL Qr’ QL F
+12n§ LrLLQL Qe QLF +4(150% + n))QrQ} Qr* QL F +n}(5nF — 1)LrQr'QLF
0292 — DBQL2QE F + 490t +n3)D*QL2QL" F + 18n3GQL 2 Q1 F
422508 + Lo LEQL2QL F + n(27ny + )D?LLQL QL F + 6niBLL QL QL F
+1208GLE QL QL F + nh(3n2 — 1) LeLl QL QL F + 20nS L, LL L1Q1 QL2 F
+ 20} (15ny — 2)LEQLQL QL F + 4005 L L QrQrQl F + 1205 Lr Lt QrQrQlF
+4(15n% +nH)QL’QLQrQY F + 203 (150, — 2L} Q) QrQ},"F + 6nf
— m2BQR2QL F + n2(2Tn? + 5)D*QrQL° F + 1202 GQR2QL  F + 2005 L LLQR2QL F

1
+20n8Q0 QRPQLF + gni(mn? +an? —ny — DL LU QL F 4+ nd(3ny + )BLLQLF

+ 203350 + 2n% — 1lny — 2) Lo L}, QL F + 1204 D2 LLQL F + 6ntGLLQL F

1
6
3 2 3 3 3
+2nS LY LrLLQL F + gni(%njﬁ +3n7+2)QL° QL F+20n5 LT QrQl Q" F+20n$ L1,QL QrQl,F
1
+20n8QLQR%QL F + 51} (25nF +dn; — DLLQLQL' F + nt(5n2 — 1)LLQrQL' F + 3B2DuF
+4BD? 5 2 1 9 2 2712 2 t
uF + 3D uF + 3DG uF + inf(ngf —6ny+1)DLL"L; uF + 32n3BDL L uF
1
+44n} D* Ly LjuF + 3n(9n} — 2n; + DDLR2LY uF +3(1 — 4ng)n DL}’ Lr*uF
+ 03 (30ny — T)DLL2 L}, uF + 36nt DL LY LeLiuF + 2n%(14ns + 3) DL Qr uF
+126nt DL L QrQluF + 36ntDLRLLQLQl uF + 63nt + n2DQL2Q} *uF
+ 203 (14ny + 3)DLL QL uF + 3202 BDQ! QruF + 44n2D*Ql QruF + 32n2DGQL QruF
+126n DL LLQL QruF + 307 (21ny + 1)DLLQLQR*uF + 84ntDQ} > Qr*uF + 3202 BDQL QL uF
+ 4403 DPQLQLuF + 3202 DGQLQLuF + 1680 DL LEQLQhuF + 3n% (21ns + 1)DLELQL Qlur
+126nt DL LY QrQbuF + 360t DLALLQrQLuF + 25203 DQLQL QrQluF + 84nt DQ .2 QT ur
+3n%(21ns + 1)DL, QL QL uF + 63nt + n2DQrQY uF + 20 (14ns + 3)DLLQY uF + 6 B> F
+ 14BD*WF + 14D > F + 6G2u> F +2(9n +n3) L2 L1 " F + f%n?(wn? —3n;+ 1)L L% F
+24n2 BL LLu F+98n2D* L Liu®F + %ni (31n% —Tny+6) Lo 2Ll u? F+ %(:m;% 2 L? L P F
+20n$ L LY LRLEuF + énfc (43n% 4+ 9ny — 4)LLQr*u’ F + 7203 L LT QrQlu®F
1
+ 2003 LrLL,QL QL v F + 4(9nt +n2)QL QL ulF + gnﬁ (43n% + 9ny — AL QL W2 F
+ 2413 BQ! Qru’F + 9807 D’ QL Qru’F + 24n3G Q) Qru’ F + 7203 L LEQL Qru’F
(B.3)
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hss = 36n§LLQLQR2u2}" + nff(él?m? + 5)QTLQQR2U2}" + 24n?BQLQ;u2]: + 98nch2QLQ%u2]:
+ 2402 GQLQAF + 860t L LEQLQLulF + 36nt LLQL QL F + 720 L L} QrQlhu F
+ 2004 LrLEQrQEWEF + 1440t QL QL QrQLulF + n2 (4302 + 5)QL2 QL u? F
+36n8LL QL QL A F + 4(9nt + n2)Qr2QL WA F + %@(437{; +9ny — ) LEQL WA F
+18BDu*F + 25D*u® F + 94n3 DL L F 4 9405 DQY QruP F + 9403 DQ1 Q4w F + 8Bu* F
+37D%*u* F 4+ 32nF L Liu* F + 32n7Q1 Qru' F + 32n7QLQhu* F + 23Du’ F + 10u° F
+ABD*WF + n3 (% — 1)L 2L WF + %(—Gn‘} 4303 + 0L LR®WF + 1202 BL LW F
+ 2003 DL LEWF + %n§(15ni —Tny — 2L 2L WF + %ni(nfc — D)LR*LLWF
+8nF L L LRLEWF + 0’ (Tny +3)LrQr’*WF + 2807 L L QrQi WF + 8n$ LrLLQLQL WF
+ 2n%(Tn} — DQL2QLWF + n}(Tny + 3)LLQL WE + 120 BQY QrW F + 2007 D°Ql QrW F
+12n5GQL QrWF 4 28nF L LLQY QrW F + 14n} L QrQr*WF + n3(21n} — DQLQR2WF
+ 1203 BQLQLWF + 2007 D*QLQLWF + 1207 GQLQEW F + 4203 L L, QLQLWF
+ 14 L QL QLW F + 280t L LT QrQL,WF + 80t LeLl,QrQLWF + 5603 QrQl QrQLW F
+ 022102 — DQL2QLE WF + 14nt Ll QLQL W I + 202 (Tn% — 1)Qr2QL W F
+ 03 (Tng + 3)LL,QL W F + 18BDuW F + 12D°uW F + 80n2 DLy LiuW F
+80n7DQ} QruW F + 80n7DQLQLuW F + 22Bu*WF + 34D*u*WF + 62n5 L L u*WF
+62n7Q1 Qru’WF + 62n3QrQLu* W F + 50Du*W F + 24u*W F + 2BW>F + TD*W>F
+16n7 L LEW?F + 16n3Q) QrW>F +16n7QL QLW F + 21 DuW > F + 34u”W>F + 2W° F

(B.4)
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