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1 Introduction

Two-point functions are among the most basic objects that one can define within a Quan-
tum Field Theory (QFT). Every possible action encodes associated distributions for them.
From the phenomenological point of view, a particularly interesting one is the two-point
correlation function of two vector neutral quark currents,

Πµν
ij (q) ≡ i

∫
d4x e−iqx〈0|T (q̄i(x)γµqi(x) q̄j(0)γνqj(0)) |0〉 = (qµqν − gµνq2) Πij(s ≡ q2) .

(1.1)
Even in the partonic approximation, this is in the absence of quantum corrections and
neglecting quark masses, these two-point correlation functions are divergent and depend on
an arbitrary subtraction prescription. This approximation makes sense as the leading term
of an Operator Product Expansion (OPE) [1–3] which is well defined for large Euclidean
momenta, Q2 = −q2 and leads to1

Πpart
ij (Q2) = − NC

12π2 δij
[
log(Q2) + Csubtraction

]
, (1.2)

where NC is the number of quark colours. In order to avoid unphysical subtraction am-
biguities, it is convenient to define the object of study in this work, the Euclidean Adler
function [4]:

Dij(Q2) ≡ −12π2Q2dΠij(Q2)
dQ2 , (1.3)

which gives in the partonic limit

Dpart
ij (Q2) = NC δij . (1.4)

The most important corrections in the Standard Model (SM) come from strong in-
teractions. At large Euclidean momenta, far enough from the non-analytic behaviour
in the distributions induced by hadrons, deviations from asymptotic freedom are de-
scribed by perturbative QCD (pQCD), so that the leading corrections are simply given
by δDij(Q2) = NC δij

αs(Q2)
π . For light quarks i, j ≤ 3, DL

ij(Q2), the perturbative QCD
description breaks down in the infrared region: the low-energy hadron dynamics is not well
described by approximately-free quarks and gluons. Our knowledge about it at very low
energies (there are no physical singularities at Q2 = 0) implies that Dij(Q2 → 0) = 0.2

Low-energy Effective Field Theories (EFTs), such as Chiral Perturbation Theory [5–7], give
some nontrivial information about the infrared behaviour of DL

ij(Q2), but their predictive
power is limited, especially at intermediate energies. For massive quarks, i, j > 3, DH

ij(Q2),
a perturbative QCD description is known to give a precise description of the Adler function
even in the neighbourhood of Q2 → 0 [8–11], since quark masses regularize, at least up to
a certain extent, the gluon singularities associated to infrared propagators.

1In the rest of the complex plane Πij(Q2) can be obtained by analytic continuation. We take Arg(Q2) ∈
[−π, π) and q2 = eiπQ2, so that Arg(q2) ∈ [0, 2π). In this way, ImΠ(|Q2|e−iπ) = 1

2i [Π(|Q2|e−iπ) −
Π(|Q2|eiπ)].

2Let us note that if one defines αeff
s (Q2) ≡ π

(
Dii(Q2)
NC

− 1
)
, then αeff

s (0) = −π, which per-se does not
tell us any new fundamental knowledge about strong interactions.
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Other powerful nonperturbative methods can also be used to obtain Dij(Q2). Nu-
merical simulations in a discretized space-time lattice [12] allow for a precise computation
of the two-point functions at Euclidean momenta without relying on perturbation theory.
Indeed huge efforts are recently being made to compute the electromagnetic correlator,

Π(Q2) ≡
∑
i,j

QiQj Πij(Q2) , (1.5)

where Qi is the electromagnetic charge of the associated quark in units of e (e.g. Q1 = 2
3),

since it plays a fundamental role in our understanding of the anomalous magnetic moment
of the muon and in the so-called hadronic running of the QED coupling [13–23]. Currently
the predictive power of lattice methods becomes severely limited as one goes above Q ∼
2 − 3 GeVs due to discretization effects, leading to an interesting complementarity with
respect to pQCD.

Similar motivations have increased the knowledge of Π(Q2) obtained from another
powerful nonperturbative method, the dispersive data-driven approach, which mainly uses
electron-positron data to determine Π(Q2) [24–29]. A well-known limitation in the current
precision comes from a series of tensions involving electron-positron data. Besides the
long-established discrepancy between e+e− → π+π− and τ− → π−π0ντ data (invoking an
isospin rotation) [30], there are significant tensions among different e+e− data sets (mainly
KLOE vs BABAR, for the same 2π channel). Additionally, there is a clear discrepancy
between the experimental value of (g−2)µ and the theoretical SM prediction obtained when
using e+e− data to evaluate the Hadronic Vacuum Polarization (HVP) contribution (even
after inflating uncertainties to account for the KLOE-BABAR tension). Finally, further
tensions arise between e+e− data and lattice evaluations of both the hadronic running of
the QED coupling and again the HVP contribution to (g − 2)µ [13, 14, 31–34].

In this work we study analytically the Euclidean Adler function, in the Q2 region
where perturbation theory is expected to be valid, with the aim of comparing it to both
the dispersive Adler function D(Q2) obtained with the DHMZ compilation of data [28] and
the one obtained from recently published lattice results for the hadronic running of the
QED coupling [14].

On the one hand, assuming the validity of pQCD at a certain Euclidean momentum
Q, one can check whether the description is consistent with the other approaches. On
the other hand, assuming that the other approaches are correct, we have a uniquely clean
window to learn about the onset of the asymptotic regime and the value of the associated
QCD coupling. We start by introducing the overall theoretical framework to connect
the different descriptions of the Euclidean Adler functions and the HVP. This is done in
section 2. In section 3 we perform a comprehensive study of the perturbative Adler function
in the regime we are interested in, combining many existing results. Then, in section 4,
we explain in detail how the data-driven and the lattice Adler functions are obtained,
and in section 5 we compare them with the perturbative expression. Power corrections
are discussed in section 6. Finally an exploration to the sensitivity of the comparison to
the strong coupling and discussion about some possible fitting strategies can be found in
section 7. Conclusions and final remarks are presented in section 8.
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Q1

Q2

Figure 1. Circuit of integration of 1
2πiW (Q2;Q2

1, Q
2
2) ·Πij(Q2) in the q2 = −Q2 complex plane.

2 Theoretical framework

Let us start by connecting the needed descriptions and observables related to the HVP.
The hadronic running of the QED coupling can be defined in terms of the electromagnetic
correlator Π(Q2) as follows,

∆αhad(Q2) ≡ 4πα Π̄(Q2) , Π̄(Q2) = Π(0)−Π(Q2) , (2.1)

with α = α(0) = 1/137.035 999 084 (21) [35]. Since both the hadronic running of α(Q2)
and the Adler function are defined in terms of the electromagnetic correlator (cf. eq. (1.3)),
it is straightforward to relate both of them,

D(Q2) ≡
∑
i,j

QiQj Dij(Q2) = 3πQ2 d∆αhad(Q2)
αdQ2 . (2.2)

Alternatively,

∆αhad(Q2)−∆αhad(Q2
0) = α

3π

∫ Q2

Q2
0

dQ′2

Q′2
D(Q′2) . (2.3)

On the other hand, it can be shown that the ratio of hadronic and muonic production
cross sections in e+e− annihilation is directly related to the imaginary part of Π(Q2).
Formally, it is defined as

R(s) ≡ 3s
4πα σ0(e+e− → hadrons (+γ)) = 12π ImΠ(Q2 = s e−iπ) , (2.4)

where σ0(e+e− → hadrons (+γ)) refers to the so-called “bare” hadronic cross section in
electron-positron annihilation, subtracting the vacuum polarization contribution to the
photon propagator and the Initial State Radiation (and ISR-FSR interference) but includ-
ing all Final State Radiation.

Thus, in order to relate R(s) with D(Q2) and ∆αhad(Q2), we have to relate the imag-
inary part of the analytic continuation of Π(Q2) with Π(Q2) itself. This is accomplished

– 4 –



J
H
E
P
0
4
(
2
0
2
3
)
0
6
7

by using dispersion relations, which combine our knowledge of the analytic structure of the
electromagnetic correlator, Π(Q2), with its known asymptotic behaviour. Indeed, the par-
tonic picture, see eq. (1.2), is valid at very high energies and Π(Q2) is an analytic function
in the whole complex plane except for a branch cut starting at the hadronic threshold,3

Q2
th = −4m2

π. As a consequence, we can integrate Π(Q2) in the complex plane along any
contour as long as we avoid this cut. We may also weight the integral with some function

W (Q2;Q2
1, Q

2
2) = 1

(Q2 −Q2
1)(Q2 −Q2

2)
, (2.5)

which is analytic in the complex plane except for the two poles. Then, integrating along
the contour in figure 1 and using the Residue Theorem, we get

1
2πi

∫
C
dQ2 Πij(Q2)

(Q2 −Q2
1)(Q2 −Q2

2)
= Πij(Q2

2)
Q2

2 −Q2
1

+ Πij(Q2
1)

Q2
1 −Q2

2
. (2.6)

We may separate the different contributions to the contour integral as

1
2πi

∮
|Q2|=Q2

0

dQ2 Πij(Q2)
(Q2−Q2

1)(Q2−Q2
2)

+ 1
2πi

(∫ |Q2
0|e

−iπ

|Q2
th
|e−iπ

−
∫ |Q2

0|e
iπ

|Q2
th
|eiπ

)
dQ2 Πij(Q2)

(Q2−Q2
1)(Q2−Q2

2)

= Πij(Q2
2)

Q2
2−Q2

1
+ Πij(Q2

1)
Q2

1−Q2
2
. (2.7)

For |Q2
0| → ∞ one can easily show that the first term in the first line goes to zero by using

the partonic description. Performing a change of variables and using the Schwarz reflection
principle in the second term, one arrives at

1
π

∫ ∞
|Q2

th|
dQ2 ImΠij(Q2e−iπ)

(Q2 +Q2
1)(Q2 +Q2

2)
= −Πij(Q2

2)−Πij(Q2
1)

Q2
2 −Q2

1
. (2.8)

Starting from this expression, one can obtain dispersion relations for different objects by
choosing different values of Q2

1 and Q2
2. Choosing either Q2

1 or Q2
2 to be 0 leads to a

dispersion relation for the correlator Π(Q2),

Π(Q2)−Π(0)
Q2 = − 1

π

∫ ∞
|Qth|2

dQ′2
ImΠ(Q′2e−iπ)
Q′2(Q′2 +Q2) . (2.9)

A dispersion relation for the Adler function can be obtained by differentiating Π(Q2) (cf.
eq. (1.3)) in eq. (2.9) or by choosing Q2

1 = Q2
2 +δ with δ → 0 in the weight function. Either

way, one obtains4

Dij(Q2) = 12πQ2
∫ ∞
|Q2
th
|
dQ′2

ImΠij(Q′2e−iπ)
(Q′2 +Q2)2 . (2.10)

It is then straightforward to write an equation for the data-driven determination of the
Euclidean Adler function using eq. (2.10) and eq. (2.4),

D(Q2) = Q2
∫ ∞
sth

ds
R(s)

(s+Q2)2 . (2.11)

3If QED effects are included, the threshold becomes Q2
th = −m2

π, corresponding to the π0γ channel.
4Let us note that the result holds for complex momenta, which promotes the analytic continuation of

the Adler function to an observable.
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Finally, ∆αhad(Q2) is also related to R(s) through the dispersion relation of eq. (2.9) and
eq. (2.4),

∆αhad(Q2) = αQ2

3π

∫ ∞
sth

ds
R(s)

s(s+Q2) . (2.12)

3 The perturbative Adler function

The perturbative Adler function has been the subject of many studies in different energy
regimes, since it is directly linked to different precisely known inclusive observables [36].
At order α2

s and beyond, the coefficients in the expansion depend on the renormalization
scheme. For practical purposes, the MS scheme is usually adopted due to its computational
simplicity. In the limit of nf massless quarks and no massive ones, the corresponding Adler
functions are known up to (and including) five loops (i.e. order α4

s).
The real world contains six quark flavours with a striking hierarchy of quark masses:

mu,d � ms � ΛQCD � mc � mb � mt , (3.1)

where ΛQCD is the QCD scale, so that perturbative QCD does not make sense below it.
In mass-independent renormalization schemes such as the MS, the perturbative series with
six quark flavours does not give a very accurate approximation to the QCD Adler function
at |Q2| � m2

t . This is a consequence of the lack of decoupling associated with this type
of schemes, which leads to log (m2

t /Q
2) factors that slow down and eventually break the

perturbative series (e.g. see [37] for a pedagogical introduction to the problem). If one
wants to keep track of the full quark-mass dependence of the Adler function [38], useful
for example for the perturbative running of ∆αhad(Q2) from Q ∼ 2.5 GeV to Q = MZ [39],
one possibility is employing a renormalization scheme that automatically performs the
decoupling of heavy masses, such as MOM, at the cost of more complex calculations and
less known perturbative corrections. Alternatively, one can still work in the MS scheme by
introducing a series of QCD effective field theories with different number nf of massless
quark flavours, which need to be matched at the corresponding quark-mass thresholds. The
decoupling of heavy masses is then implemented by hand and the massless Adler function
can be supplemented with the corresponding power-suppressed corrections from the heavy
quark masses. The small contributions from the non-zero light-quark masses can be taken
into account through perturbative expansions in powers of m2

q/Q
2.

Since the other methods analyzed in this work are also more powerful below |Q2| ∼
5 GeV2, we will focus on the Adler function D(Q2) at |Q2| < 4m2

c . In the next subsections
we study the different perturbative Adler functions Dij(Q2) separately, first focusing on
those with i, j < 4 (light-quark contributions) and then on the heavy ones, i, j > 3 (heavy-
quark contributions). Eventually we add the leading QED corrections, put them together
and also explain why the mixed (i < 4, j > 3 and vice-versa) contributions to D(Q2) are
very suppressed.

– 6 –
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3.1 Light-quark contributions

3.1.1 Leading massless contributions

For light flavours i, j < 4, the MS scheme with nf = 3 massless quarks gives an accurate
description of the perturbative Adler function in the energy range Λ2

QCD � Q2 � 4m2
c .

The flavour-diagonal (i = j) correlators contribute to D(Q2) through the so-called non-
singlet topology with the two electromagnetic currents connected by one quark loop. The
result can be written as

D
L,(0)
ii (Q2) = NC

1 +
∑
n=1

n−1∑
p=0

Kn,p

(
αs(µ2)
π

)n
logp (Q2/µ2)

 , (3.2)

with µ the renormalization scale. Additional disconnected diagrams with each current in a
separate quark loop (singlet topology), which are also present for i 6= j, start to contribute
at order α3

s, but with three massless quarks the flavour trace of both quark loops cancels
in the sum (Qu +Qd +Qs = 0), leading to a completely negligible effect of O

(
α3
s
m4
s

Q4

)
for

D(Q2) once the non-zero masses are taken into account.
The (0) superscript indicates that we have not yet incorporated any quark mass correc-

tion. Since the Adler function is independent of the renormalization scale, one can trivially
reconstruct the coefficients Kn,p with p > 0 from those with p = 0, simply taking into
account the Renormalization Group Equation (RGE) satisfied by the strong coupling:

µ
dαs
dµ

= αs β(αs) , β(αs) =
∑
n=1

βn

(
αs
π

)n
. (3.3)

The coefficients of the Adler function are known up to five loops, i.e. at O(α4
s), while the

QCD β function has been already computed to O(α5
s). We collect the values of Kn≤4,0,

βn≤5 and the rest of perturbative coefficients in appendix A. Since we need to truncate the
series, a residual scale dependence (of the first unaccounted order) remains. In order to
avoid higher-order corrections enhanced by large logarithms of the renormalization scale,
one should set µ2 = ξ2Q2 with ξ2 a number of order 1. The exact choice is however am-
biguous and a priori arbitrary, just as it is the exact scheme choice of how to minimally
subtract when renormalizing. Modifying the residual scale dependence through the varia-
tion of ξ2 in a reasonable interval around unity can then be used to estimate perturbative
uncertainties [40]. One has

D
L,(0)
ii (Q2) = NC

(
1 +

∑
n=1

Kn(ξ2)
(
αs(ξ2Q2)

π

)n)
, (3.4)

with

Kn(ξ2) =
n−1∑
p=0

Kn,p logp(1/ξ2) . (3.5)

In order to numerically evaluate the Adler functions below the charm threshold, we
then need αs(µ2) with nf = 3. The standard input is however αs(M2

Z) with nf = 5. One

– 7 –
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can translate one into another by supplementing the RGE given above with the decoupling
relations,

α
(nf−1)
s (µ2) = α

(nf )
s (µ2)

{
1 +

∑
k=1

k∑
n=0

dkn
[
a

(nf )
s (µ2)

]k
logn (µ2/M2

q )
}
, (3.6)

m
(nf−1)
q (µ2) = m

(nf )
q (µ2)

{
1 +

∑
k=2

k∑
n=0

hkn
[
a

(nf )
s (µ2)

]k
logn (µ2/M2

q )
}
, (3.7)

where Mq ≡ m
(nf )
q (µ2) is the running mass of the heavy quark that has been integrated

out and a
(nf )
s ≡ α

(nf )
s /π, which is also needed as input. The running masses satisfy the

following renormalization group equation

µ
dmq

dµ
= −mq γ(αs) , γ(αs) =

∑
n=1

γn

(
αs
π

)n
, (3.8)

where the perturbative γn coefficients are known up to n = 5. We will take as extra input
mc(m2

c) = 1.275 (5) GeV and mb(m2
b) = 4.171 (20) GeV from the FLAG lattice review [41–

54] and perform the decoupling at µ = mq(m2
q). Quark-mass uncertainties are small

enough to be negligible. Our results for αs(Q2) ≡ α
(nf=3)
s (Q2) and D

L,(0)
ii (Q2) are given

in table 1 for several choices of α(nf=5)
s (M2

Z) and Q, at different orders in the strong
coupling. We have checked that the αs(Q2) values fully agree with the corresponding values
obtained with RUNDEC [55]. In figure 2 we show the corresponding Q2 dependence for
α

(nf=5)
s (M2

Z) = 0.115, 0.120, at O(α5
s), adding as perturbative uncertainties the quadratic

sum of variations due to changing K5 in a conservative interval (−125, 675) and ξ2 ∈
(0.5, 2) [36]. The range chosen for K5 includes the values advocated by renormalon models,
Padé approximants, effective charges and conformal mappings [56–62], but also allows for
a correction of opposite sign. The interval of variation for the renormalization scale is
conventional for low-energy analyses, e.g. see [63, 64]. This is partially justified by the fact
that taking a too small value for ξ2, one would be using an ill-defined expansion parameter
αs(ξ2Q2) without any real justification, leading to unreasonable uncertainties.5 Alternative
prescriptions to circumvent this issue, such as asymmetric scale variations, can be found
in the literature. See for example ref. [65].

3.1.2 Strange mass corrections

The light quark masses are not exactly zero, and this leaves a small imprint, fully dominated
by the strange quark mass. Let us then safely neglect the tiny effects suppressed by O(m

2
u,d

Q2 ).
Taking µ2 = Q2 one has [36]

∆msD
L
33(Q2) = −3NC

m2
s(Q2)
Q2

∑
n

(2cL+T
n + eL+T

n + fL+T
n )

(
αs(Q2)
π

)n
+O

(
m4
s

Q4

)
, (3.9)

5In this sense the observed blow-up in the uncertainty at Q2 ≈ 1 GeV2 when αs is increased, it is a
consequence of the variation of ξ2 towards too small values.
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D
L,(0)
ii (Q2)

α
(nf=5)
s (M2

Z) Q αs(Q2) 0 1 2 3 4 5

0.115
1.0 0.4227 3 3.4036 3.4927 3.5392 3.5874 3.6238
1.5 0.3197 3 3.3053 3.3562 3.3764 3.3921 3.4011
2.0 0.2751 3 3.2627 3.3005 3.3133 3.3219 3.3262

0.120
1.0 0.5277 3 3.5039 3.6427 3.7332 3.8504 3.9606
1.5 0.3681 3 3.3515 3.4191 3.4498 3.4776 3.4958
2.0 0.3085 3 3.2946 3.3420 3.3601 3.3738 3.3813

Table 1. Values of αs(Q2) with nf = 3 (left) at different scales Q (in GeV units) for two input
choices of α(nf =5)

s (M2
Z). The corresponding values of DL,(0)

ii (Q2) are given in the right columns
at different orders in αs(Q2). Our central value for the fifth-order coefficient, K5 = 275, has been
adopted in the last column.

1 2 3 4 5 6

3.0

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

Q
2 (GeV

2 )

D
iiL
(0

) (
Q

2
)

1 2 3 4 5 6

3.0

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

Q
2 (GeV

2 )

D
iiL
(0

) (
Q

2
)

Figure 2. Q2 (GeV2 units) dependence of DL,(0)
ii (Q2) in perturbative nf = 3 massless QCD, at

O(α5
s), for α

(nf =5)
s (M2

Z) = 0.115 (left) and 0.120 (right), including perturbative uncertainties.

where ms(Q2) ≡ m
(nf=3)
s (Q2) and the coefficients are once again shown in appendix A.

Numerical values for the associated corrections at different Q, taking as input ms(µ2
0) =

(92.03 ± 0.88) MeV at µ0 = 2 GeV [41, 42, 46, 47, 49, 66–70], can be found in table 2.6

Let us note the very bad behaviour of the perturbative series (3.9), which appears to show
its asymptotic behaviour from the first terms. Fortunately, the whole mass correction is
very suppressed by the small value of the strange quark mass and its electric charge. We
will take as central value the average between truncating at O(α2

s) and O(α3
s) and half

their difference as an additional perturbative uncertainty. The associated Q2 dependence,
together with our estimated error bars are shown in figure 3.

3.1.3 Heavy-quark mass corrections

Internal heavy-quark loops induce charm-mass corrections into the light-quark correlators,
which are suppressed by powers of Q2

4m2
c
and start to contribute at O(α2

s). In order to take

6Once again, we have cross-checked that both the strong coupling values and the strange quark mass
ones fully agree with the corresponding ones obtained by using instead the RUNDEC package [55].
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∆msD
L
33(Q2)

α
(nf=5)
s (M2

Z) Q αs(Q2) ms(Q2) 0 1 2 3

0.115
1.0 0.4227 0.1177 −0.2495 −0.4062 −0.6007 −0.8821
1.5 0.3197 0.09997 −0.07994 −0.1179 −0.1536 −0.1926
2.0 0.2751 0.09203 −0.03811 −0.0537 −0.0663 −0.0781

0.120
1.0 0.5277 0.1276 −0.2932 −0.5229 −0.8790 −1.5223
1.5 0.3681 0.1018 −0.08289 −0.1282 −0.1772 −0.2390
2.0 0.3085 0.09203 −0.03811 −0.0556 −0.0714 −0.0881

Table 2. Values of αs(Q2) and ms(Q2) with nf = 3 (left) for several choices of Q (GeV units) and
α

(nf =5)
s (M2

Z). The corresponding values of ∆ms
DL

33(Q2) are shown in the right columns at different
perturbative orders.
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Δ
m
s
D

3
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)

Figure 3. Q2 dependence of ∆ms
DL

33(Q2) for α(nf =5)
s (M2

Z) = 0.115 (left) and 0.120 (right).
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Figure 4. Left: comparison between the exact form of ρV (s) and its expansion in the limit
4m2

c/s → ∞. As can be checked, they are equal for 4m2
c/s > 1. Right: comparison between

DL,mc

ii,< (Q2) computed numerically and computed analytically, using the expansion (3.11) for ρV (s),
and performing an expansion in Q2/4m2

c afterwards. The input value α(nf =5)
s (M2

Z) = 0.1184 has
been adopted.

– 10 –



J
H
E
P
0
4
(
2
0
2
3
)
0
6
7

into account these small, but sizable when approaching the charm threshold, contributions
to the Euclidean Adler function, we can use the known results at order α2

s for the associated
contributions to R(s). Two distinct topologies appear there. One corresponds to the four-
quark cut, ρR, which starts at s = 4m2

c . The second corresponds to the vertex correction
ρV , which, in the chiral limit, starts at s = 0. The exact expressions can be found in [71].
Taking into account that these are the only cuts induced by those topologies, one can
reconstruct the associated contribution to the Adler function by using the same kind of
dispersion relation as above:

DL,mc
ii (Q2) = Q2

∫ ∞
sth

ds
δRq(s)

(s+Q2)2 (3.10)

= NCCFTF Q
2
(∫ 4m2

c

0
ds

ρV (s)
(s+Q2)2 +

∫ ∞
4m2

c

ds
ρR(s) + ρV (s)

(s+Q2)2

)(
αs(µ2)
π

)2

,

where CFTF = 2/3. As expected, for small enough values of Q2 both integrals admit
expansions in powers of Q2

4m2
c
. For the former, the Q2 � 4m2

c expansion can only be
performed after integration, since s ∈ (0, 4m2

c). However, one can first expand ρV (s) in
powers of s

4m2
c
whose leading, next-to-leading and next-to-next-to-leading terms can also

be found in refs. [72, 73]:

ρV (s) = 1
45

[
22
5 + log

(
m2
c

s

)]
s

m2
c

− 1
1680

[
1303
420 + log

(
m2
c

s

)](
s

m2
c

)2

+ 1
28350

[
1643
630 + log

(
m2
c

s

)](
s

m2
c

)3
− 1

332640

[
32429
13860 + log

(
m2
c

s

)](
s

m2
c

)4

+O
(
s

m2
c

)5
. (3.11)

In the left panel of figure 4 we show how truncating at this order is already an excellent
approximation in the needed interval. Using that expanded version, it is straightforward
to analytically integrate in s and then expand in powers of Q2

4m2
c
. One finds

DL,mc
ii,< (Q2)=NCCFTF

(
αs(µ2)
π

)2{[
− 923574439

2161120500+ 4
45ζ2+124666

155925log(2)− 8
45log2(2)

+ 8
45log2

(
mc

Q

)
+136

225log
(
mc

Q

)]
Q2

4m2
c

+
[1211942621

2161120500+ 2
105ζ2−

250907
1091475log(2)

− 4
105log2(2)+ 1093

11025log
(
mc

Q

)
+ 4

105log2
(
mc

Q

)](
Q2

4m2
c

)2

+
[
−1023355847

2161120500

+ 32
4725ζ2+ 4084286

16372125log(2)− 64
4725log2(2)+ 45856

1488375log
(
mc

Q

)

+ 64
4725log2

(
mc

Q

)](
Q2

4m2
c

)3

+···
}

+O
(
Q2

4m2
c

α3
s

)
. (3.12)

In the right panel of figure 4, the agreement between this expansion and the result ob-
tained computing the integral numerically, using the full expression for ρV (s), can be seen.
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Following an analogous criteria as for the light quarks, we will estimate uncertainties from
higher orders by changing µ between mc(m2

c)√
2 and

√
2mc(m2

c).7

Similar arguments can be used for the second term. In this case, the expansion in pow-
ers of Q2 can be performed before or after integration. In the first case, the integrals can be
computed numerically using the full expressions for ρV (s) and ρR(s). On the other hand, to
perform the Q2 expansion after integration, we have expanded ρV (s)+ρR(s) first at large s,

ρR(s) + ρV (s) =
[
−1

4 log
(
m2
c

s

)
+ ζ3 −

11
8

]
+
(
m2
c

s

)2 [
−3

2 log
(
m2
c

s

)
− 6ζ3 + 13

2

]
(3.13)

+
(
m2
c

s

)3 [
−4

9 log2
(
m2
c

s

)
+ 28

27 log
(
m2
c

s

)
+ 8

9ζ(2) + 68
81

]
+O

(
m2
c

s

)4

,

which agrees with ref. [71], in order to integrate them analytically. Both ways yield very
similar results since, as can be seen in figure 5, the expansion of ρV (s) + ρR(s) agrees very
well with the full expression. The contribution to the Adler function then is:

DL,mc
ii,> (Q2) = NCCFTF

{[
−40523

41472 + 1
288ζ2 + 7

8ζ3 + 955
1728 log(2)− 1

144 log2(2)
]
Q2

4m2
c

+
[2673461

2592000 −
1

180ζ2 −
13
16ζ3 −

12497
21600 log(2) + 1

90 log2(2)
](

Q2

4m2
c

)2

+
[
−66851

64800 + 1
144ζ2 + 31

40ζ3 + 1283
2160 log(2)− 1

72 log2(2)
](

Q2

4m2
c

)3

+ · · ·
}(

αs(µ2)
π

)2

+ O
(
Q2

4m2
c

α3
s

)
. (3.14)

The comparison between this expansion and the exact result is plotted on figure 5. As ex-
pected, the expansion in powers of Q2/4m2

c diverges from the exact result near threshold.
It is worth making a parenthesis to note how this second integral fully dominates if one

takes instead Q2 � 4m2
c . In that case one may use the expansion (3.13) of ρR(s) + ρV (s)

at s � m2
c . The leading term diverges as s → ∞, generating a large α2

s contribution to
D(Q2) that grows logarithmically at large Q2:

NCCFTF Q
2
∫ ∞

4m2
c

ds
−1

4 log m2
c
s + ζ3 − 11

8
(s+Q2)2 ≈ NCCFTF

(
−1

4 log m
2
c

Q2 + ζ3 −
11
8

)
. (3.15)

However one should keep in mind that the strong coupling with nf = 3 flavors should not
be used as expansion parameter far above the charm threshold. In this limit, at order α2

s,

7This is just one possible choice to circumvent the overestimated uncertainty due to an ill-defined ex-
pansion parameter that one would have if µ = mc(m2

c)
2 were taken. For heavy quarks an alternative way

of achieving this, based on using different scale choices for mc(µ2) and αs(µ2), which is useful to avoid
underestimating uncertainties in fits with combined moments, can be found in refs. [74, 75].
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Figure 5. Left: comparison between the exact form of ρV (s) + ρR(s) and its expansion in the
limit 4m2

c/s → 0. As can be seen, they are equal for 0 < 4m2
c/s < 1. Right: comparison between

DL,mc

ii,> (Q2) computed numerically and computed analytically, using the expansion (3.13) for ρV (s)+
ρR(s) and performing an expansion in Q2/4m2

c afterwards. The input value α(nf =5)
s (M2

Z) = 0.1184
has been adopted.

one then has

DL
ii(Q2) =D

L,(nf=3)
ii

(
α

(nf=3)
s (µ2),Q2

)
+DL,mc

ii (Q2)

=NC

1+ α
(nf=3)
s (µ2)

π
+

α(nf=3)
s (µ2)

π

2K(nf=3)
2,0 − β

(nf=3)
1

2 log µ
2

Q2



+

α(nf=3)
s (µ2)

π

2

CFTF

(
−1

4 log m
2
c

Q2 +ζ3−
11
8

)
+O(α3

s)


=NC

1+ α
(nf=4)
s (µ2)

π
+

α(nf=4)
s (µ2)

π

2K(nf=4)
2,0 − β

(nf=4)
1

2 log µ
2

Q2


+O(α3

s)

=D
L,(nf=4)
ii

(
α

(nf=4)
s (µ2),Q2

)
+O(α3

s) , (3.16)

which shows how the logarithm of the charm mass is properly reabsorbed into the nf =
4 strong coupling, through the QCD matching conditions, while the constant α2

s term
reproduces the known nf dependence of K2,0.

The total heavy-quark contribution to the light Adler function, DL,mc
ii (Q2) =

DL,mc
ii,< (Q2) + DL,mc

ii,> (Q2), is plotted in figure 6. The expanded expression in powers of
Q2/(4m2

c) turns out to provide an excellent approximation to the exact numerical result in
the full range of Q2 values analysed.

3.2 Heavy-quark contributions

In this section we benefit from the many works devoted to computing the needed coefficients
for the Adler function induced by heavy quarks [8, 76–87]. One may write the low-energy
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Figure 6. Comparison between DL,mc

ii (Q2) = DL,mc

ii,< (Q2) +DL,mc

ii,> (Q2) computed numerically and
computed analytically, using the expansions and performing an expansion in Q2/4m2

c afterwards.
The input value α(nf =5)

s (M2
Z) = 0.1184 has been adopted.

expansion of the heavy-quark loops as

Πii = 3
16π2

∑
j

Cj(µ) zj(µ) , (3.17)

where

Cj(µ) =
∑
n

C
(n)
j (µ)

(
αs(µ2)
π

)n
, (3.18)

and
z(µ) = − Q2

4m2
i (µ2)

. (3.19)

The associated Adler function is then

Dii(Q2) = −9
4
∑
j

(−1)j j Cj(µ)
(

Q2

4m2
i (µ2)

)j
. (3.20)

The C
(0,1,2)
j coefficients are known up to j = 30 [79, 80] and C

(3)
j up to j = 3 [81–

84]. The contribution to C(3)
4 from topologies associated to quark-connected (non-singlet)

contributions has also been computed [85], and very good approximations to the coefficients
C

(3)
j from j = 5 to j = 10 are also known [86, 87]. They are typically given at the

renormalization scale µ = mc(m2
c), but one can then trivially recover them at arbitrary

scales by using RGEs. We compile them in appendix A. In figure 7 we show the associated
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Figure 7. Dcc(Q2) at different orders in αs. The input value α(nf =5)
s (M2

Z) = 0.1184 has been
adopted.

Adler function up to different orders in αs, cutting the series at j = 10.8 The series is
observed to stabilize after including the two-loop corrections. We also show in figure 8 the
convergence of the energy expansion at three loops, truncating at several values of j. As
expected, the energy series breaks down slightly below Q2 ∼ 4m2

c . We find that one actually
needs to keep quite high orders. Nevertheless, for practical purposes j = 10 is high enough
to safely neglect higher orders below Q2 ∼ 5.5 GeV2. In order to estimate perturbative
uncertainties we will vary the renormalization scale in the interval µ = ( 1√

2 , 1)mc(m2
c).9

This, together with the uncertainty coming from the input value mc(m2
c) = 1.275 (5) GeV,

are the main sources of error from this contribution.
Finally, from j = 4 a singlet topology with a massless (three-gluon) cut also appears

at four loops, whose leading contribution at Q2 � m2
c is driven by a known logarithm [88]

Πs
cc(Q2) = −17dabcdabc

243000

(
Q2

4m2
c

)4(
log Q

2

m2
c

+ C

)(
αs(µ2)
π

)3

, (3.21)

with dabcdabc = 40/3. While this leads to a logarithmic divergence in the associated co-
efficient, the limit Q → 0 does not give any problems for the Adler function itself. One

8For the fourth loop and j > 4 we take the approximate coefficients obtained in [87], which succeeded
in giving an excellent prediction for the nowadays exactly known j = 4 [85].

9The rationale behind this asymmetric choice is that j = 10 is not precise enough near Q2 ∼ 5.5 GeV2

if µ =
√

2mc(m2
c) is taken, which has nothing to do with the perturbative uncertainties of the Taylor

coefficients that we want to estimate.
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c . As expected,
the convergence is better the higher the order of the expansion is. At the same time, when going
beyond the radius of convergence, the higher the order the faster it goes to infinity.
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Figure 9. Estimated value of Ds
cc(Q2) for α(nf =5)
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units.

finds

Ds
cc(Q2) ≈ 17π2dabcdabc

20250

(
Q2

4m2
c

)4(
4 log Q

2

m2
c

+ 1 + 4C
)(

αs(µ2)
π

)3

. (3.22)

Based on the known relative values of the constant coefficients in the analogous axial-
current singlet contributions (starting at α2

s) [79], one expects C = 0 ± 3, so the pre-
dictive power for this tiny correction is very limited. Taking into account this uncer-
tainty and the one from changing the residual scale dependence of O(α4

s) in the interval
µ =
√

2
(

1
2 , 1
)
mc(m2

c), one finds the result shown in figure 9.
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Adding everything up, one finds the contribution to the Adler function associated with
the charm mass. The suppressed (both by Q2

4m2
b
and the electromagnetic charge factor Q2

b)
loop corrections associated to the bottom quark are incorporated in a completely analogous
way. The uncertainty of this contribution is dominated by the error on the input value of
the bottom-quark mass.

3.3 QED corrections

At the precision level that we have, it is worth assessing the size of the leading QED
corrections. For large Euclidean momenta, QED corrections to the Adler function can be
computed perturbatively just as one computes the QCD ones.

At this level, there is a subtlety to be considered. Technically, in a full computation
of the Adler function in QED plus QCD, one should incorporate the disconnected topol-
ogy corresponding to a photon between two quark loops. However, this contribution is
part of the vacuum polarization of the photon propagator, which, by definition, does not
enter into R(s). Then, consistently, at least with R-ratio data,10 we will not take that
contribution into account. The remaining leading QED corrections are well known. Up to
O(ααs) [89] and heavy-quark effects, the relevant contributions can be taken into account
by the following shift

D
L,(0)
ii → (1 + δDQED

ii )DL,(0)
ii , (3.23)

where
δDQED

ii = 3
4Q

2
i

α

π
. (3.24)

Taking as central value the average between the results for DL(0)
ii obtained at Q = 2 GeV

with αs = 0.1184 and αs = 0 (both choices are correct up to O(ααs) effects) and half their
difference as perturbative uncertainty, one finds,

∆DQED(Q2) ≡ D(Q2)−Dα=0(Q2) = 0.0012 (4) , (3.25)

where the error includes a conservative estimate of missing QED corrections associated
with heavy-quark loops. Perturbative QED corrections are then negligible, at the current
precision level.

3.4 Compilation

We have now all the needed ingredients to build up the full perturbative Euclidean Adler
function below the charm threshold. Up to negligibly small corrections, one has11

D(Q2) =
∑
i,j

QiQjDij(Q2) = 2
3 D

L,(0)
ii (Q2) + 1

9 ∆msD
L
33(Q2) + 2

3 D
L,mc
ii (Q2) (3.26)

+ 4
9 Dcc(Q2) + 4

9 D
s
cc(Q2) + 1

9 Dbb(Q2) + ∆DQED(Q2) .

10In the Q2 region we are interested in, this effect is subleading compared to the quoted uncertainties of
the lattice-based evaluation, and then can also be neglected.

11The only ones not yet discussed are the
∑3

i=1 QiDic(b) ones, which can only enter through disconnected
diagrams. However, taking into account that

∑3
i=1 Qi = 0, they vanish in the chiral limit and then they

are suppressed by α3
s
m2

sQ
2

m4
c(b)

, which makes them completely negligible.

– 17 –



J
H
E
P
0
4
(
2
0
2
3
)
0
6
7

1 2 3 4 5 6

2.5

2.6

2.7

2.8

2.9

Q
2 (GeV

2 )

D
(Q

2
)

Figure 10. Final result for the perturbative D(Q2) with α
(nf =5)
s (M2

Z) = 0.1184 ± 0.0008 along
with its uncertainty.
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Figure 11. Relative contribution to the value (left) and the uncertainty (right) of D(Q2) as a
function of Q2 taking as input α(nf =5)

s (M2
Z) = 0.1184.

In table 3 we present our numerical results for α(nf=5)
s (M2

Z) = (0.115, 0.120) and the current
lattice average α(nf=5)

s (M2
Z) = 0.1184± 0.0008 [41, 90–95] for Q2 = 3, 4, 5 GeV2, including

uncertainties.
In figure 10 we plot our final result for the perturbative Adler function D(Q2), including

all estimated uncertainties.12 The relative size of the different contributions and their
corresponding errors are shown in figure 11.

12Let us note how the observed bending at Q2 ∼ 5.5− 6 GeV2 is not a physical feature of the Euclidean
Adler function, but a first signature of the breakdown of the series in powers of Q

2mc
. As a consequence we

will restrict the comparisons with other determinations to Q2 < 5.5 GeV2.
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4 Adler function based on the experimental ratio R(s) and lattice data

In this section we discuss in some detail the experimental data that we use for R(s) (based
on the DHMZ compilation [24, 28]) and the lattice inputs (based on the Mainz results of
ref. [14]).

4.1 Experimental ratio R(s)

The experimental results on R(s) used in this work are based on the DHMZ data com-
pilation made in refs. [24, 28]. More concretely, we make use of a previous study of the
different contributions to R(s), performed with a full treatment of the uncertainties and
their correlations. This information allows us to evaluate the hadronic running of α(Q2),
∆αhad(Q2) (see the top panels of figure 12), which is then used in order to derive the Adler
function with its various uncertainty components and its covariance matrix.

The Adler function emerging from the R(s) data is displayed in the bottom panels of
figure 12, together with the associated correlation matrix. The relative size of the various
contributions to D(Q2) and of their corresponding uncertainties are shown in figure 13. At
low values of Q2, the exclusive channels fully dominate. This contribution, corresponding
to the region √sth <

√
s < 1.8 GeV, is derived based on the measurements of 32 exclusive

channels. This compilation takes into account the statistical and systematic correlations
between the different points/bins of a given measurement, between different experiments
measuring a given channel, as well as between different channels [24, 28, 96, 97]. In this
procedure, possible tensions between different measurements of a given channel are also
taken into account. This is generally done in the combination, through an enhancement
of the uncertainties by a factor

√
χ2/ndof, applied in all the

√
s bins where this factor is

larger than unity. In addition, an extra uncertainty accounting for the systematic deviations
between the BaBar [98, 99] and KLOE [100–102] measurements in the 2π channel has been
included for the first time in ref. [28], by comparing the combination results obtained when
excluding either of the two experiments.13 This uncertainty turns out to be dominant in
the case of the theoretical prediction for the anomalous magnetic moment of the muon,
hence the importance of fully taking this systematic effect into account. The remaining
data-based contributions come from the 3.7 GeV <

√
s < 5 GeV interval, the dispersive

integrals being evaluated based on the inclusive measurements available in this range, and
from the narrow J/Ψ and Ψ(2S) resonances.

13Note: recently, a new precise measurement of the 2π channel performed by the CMD-3 collaboration has
been made public [103]. In the dominant ρ-resonance region, it features larger cross-section values compared
to all previous experiments, in particular the most precise ones from BaBar [98, 99] and KLOE [100–102].
While dispersive integrals computed with these new inputs are certainly enhanced and closer to the ones
obtained from Lattice QCD, it is of upmost importance to first achieve a better understanding of the
tensions on the experimental side. In particular, one needs to understand the source of tension between the
CMD-3 results and the former CMD-2 measurements [104, 105], performed in somewhat similar conditions
by the same group.
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Figure 12. Results for ∆αhad(Q2) (top) and D(Q2) (bottom) from the data-driven dispersive
evaluation based on the ratio R(s), together with their correlations (right). The half-width of the
red band indicates the total uncertainty.

Unfortunately, no precise enough data are yet available for the remaining regions,
1.8 GeV <

√
s < 3.7 GeV14 and

√
s > 5 GeV, and there one needs to rely on perturbation

theory for R(s).15 This happens to be a more critical and limiting factor for the associated
Adler function, especially at large Q2, where this contribution eventually dominates when
Q & 2 GeV.

4.2 Lattice Adler function

The study about the hadronic running of the electromagnetic coupling from lattice QCD
presented in ref. [14] contains all the needed details to extract the corresponding Adler
function together with estimated uncertainties and correlations. In order to be able to keep
track of them, we use the rational approximation for Π̄(Q2) presented in that reference:

Π̄(Q2) ≈
∑3
n=1 anx

n

1 +
∑3
n=1 bnx

n
= 0.1094 (23)x+ 0.093 (15)x2 + 0.0039 (6)x3

1 + 2.85 (22)x+ 1.03 (19)x2 + 0.0166 (12)x3 , (4.1)

14The relatively precise BES III and KEDR results are in tension in the range 3.40 GeV <
√
s <

3.67 GeV [106].
15Notice, however, that the perturbative uncertainties include also the estimated size of potential viola-

tions of quark-hadron duality in the region 1.8− 2 GeV [28].
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Figure 13. Relative size of the different contributions to D(Q2) (left) and to their uncertain-
ties (right) entering the data-driven dispersive evaluation based on the R-ratio.

where x ≡ Q2/GeV2 and the correlation matrix of the expansion coefficients is given by

corr



a1

a2

a3

b1

b2

b3


=



1
0.455 1
0.17 0.823 1
0.641 0.946 0.642 1
0.351 0.977 0.915 0.869 1
0.0489 −0.0934 0.0667 −0.044 −0.115 1


. (4.2)

It is worth noticing that, when comparing the rational approximation of Π̄(Q2) with the
tables of that reference, we observe that, while this approximation gives a very accurate
description of the central value up to Q2 ∼ 7 GeV2, a significant reduction of the uncer-
tainties (up to 50%) starts appearing at 2 GeV2, due to a more conservative treatment of
discretization effects and, to some extent, to the constraint due to the assumed rational
approximation ansatz.

We obtain the corresponding lattice Adler function by simply using eqs. (2.1) and (2.2).
The result is displayed in figure 14.

5 Comparison of the three different approaches to D(Q2)

We can finally perform the comparison of the three descriptions of the Adler function. For
the perturbative one we will take the same inputs as above i.e. α(nf=5)

s (M2
Z) = 0.1184 ±

0.0008,ms(µ2
0) = (92.03±0.88) MeV at µ0 = 2 GeV,mc(m2

c) = 1.275 (5) GeV andmb(m2
b) =

4.171 (20) GeV from the FLAG lattice review [41, 42, 42–54, 66–70, 90–95, 107]. The results
are presented in figure 15. In figure 16 we quantify the tension among the different descrip-
tions of the Adler function in terms of the statistical significance of their differences, i.e.

Sij(Q2) ≡ Di(Q2)−Dj(Q2)
σ[Di(Q2)−Dj(Q2)]

, (i, j = pQCD, e+e− data, latt). (5.1)
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Figure 14. Adler function obtained from the lattice results of ref. [14] (left) together with its
correlation matrix (right).

We observe the following:

1. The estimate based on e+e− data has smaller uncertainties than the lattice determi-
nation. The quoted pQCD precision becomes competitive at 2− 3 GeV2.

2. In the whole energy range analysed, the lattice determination of D(Q2) has a larger
central value than the one inferred from e+e− data. This follows the same trend as
in g−2 and ∆αhad. However, within the quoted uncertainties, these two estimates of
the Adler function remain compatible at large values of Q2, the statistical significance
of their difference being ∼ 1σ.

3. The lattice determination is in excellent agreement with pQCD in the region where
perturbation theory is reliable, i.e. at Q2 & 2 − 4 GeV2. The differences between
the two determinations (central values) is only ∼ 0.2σ. Some tension, larger than
1σ, is observed at lower values of Q2. This is expected, both because systematic
perturbative uncertainties become less reliable and because power corrections are
expected to emerge.

4. A significant tension between the determinations of D(s) from e+e− data and pQCD
emerges below 5GeV2. It is larger than 2σ, and it even surpasses 3σ at Q2 ∼
1.5− 3 GeV2. Let us give three possible explanations for it. First, at low Q2 values,
power corrections can become sizeable and may explain the discrepancy. We analyze
this possibility in more detail in the next section. The second possibility is that the
strong coupling is lower than the value used as an input. From that perspective one
can translate this tension into a tension between the value of αs obtained from a fit
to e+e− data and the lattice average that we are using as input. We will study this
perspective in more detail below. New precise results from novel methods agreeing
with the lattice average [108] suggest that such a large disagreement is unlikely. The
third possible explanation for the tension at large Q2 values, appears to be possible
unaccounted systematic effects in the dispersive evaluation of the Adler function (see
figure 13 for the various contributions to this evaluation and to its uncertainty).
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6 Nonperturbative corrections to the perturbative Adler function

We aim to assess up to which level power corrections can account for the deviations observed
in the previous section between the Adler function emerging from e+e− data and pQCD.
This is not straightforward because the needed vacuum expectation values are not known
from first principles and, in general, their numerical values can depend on the way one
truncates the (asymptotic) perturbative series.

In fact, the factorial growth of the perturbative expansion at large orders generates
infrared ambiguities (when one tries to reconstruct the Adler function from its Borel sum)
that scale as inverse powers of Q2 and are expected to be reabsorbed into the nonperturba-
tive terms of the OPE. One may be tempted to state that those effects are already accounted
for in the perturbative systematic uncertainties. However, the existence of vacuum ma-
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trix elements is well established beyond perturbation theory [2, 3]. The nonperturbative
nature of the QCD vacuum generates non-zero vacuum expectation values for many com-
posite operators such as the quark condensate 〈0|q̄q|0〉, responsible for the breaking of chiral
symmetry, or the gluon condensate 〈0|asGµνGµν |0〉, which breaks the scale invariance of
massless QCD.

Pure nonperturbative observables, where perturbation theory vanishes, allow for
cleaner determinations of the corresponding vacuum condensates because their numerical
effects cannot be masked by perturbative uncertainties. This is the case of the two-point
function of a left-handed and a right-handed currents (the V V −AA correlator), which is
identically zero to all perturbative orders in αs but receives non-zero contributions from
D ≥ 6 vacuum condensates that are order parameters of the chiral symmetry breaking.
The sizes of the leading power corrections to this correlator are well known, since they can
be directly extracted from the τ decay data [109, 110]. Since there is no reason to neglect
them, neither in the vector correlator nor in the axial one, it is then a must to incorporate
power corrections for a complete description of the OPE-based Adler function.

6.1 Light-quark correlators

The leading nonperturbative contribution to the Adler function is, up to negligible up and
down quark-mass corrections [9, 36],

δDL,D=4
ii = 2π2

Q4

{(
1+ 7

6 as
)
〈asGG〉+24ms 〈s̄s〉

[
δi3

(
1+ as

3 + 47
8 a2

s

)
+(8ζ3−5) a

2
s

12

]}
,

(6.1)
which implies for the total electromagnetic correlator:

δDL,D=4
em = 4π2

3Q4

{(
1 + 7

6 as
)
〈asGG〉+ 4

[
1 + as

3 +
(27

8 + 4 ζ3

)
a2
s

]
ms 〈s̄s〉]

}
. (6.2)

The numerical value of the gluon condensate is quite uncertain [111, 112], since it is
difficult to separate its effect from the ambiguity generated by the asymptotic tail of the
perturbative series, which is supposed to be already included in the perturbative uncer-
tainty. On the other hand, from general grounds we know that the gluon condensate is
positively defined [2]. This is an important point, because it actually means that its cor-
responding D = 4 power correction goes into the wrong direction to explain the tension
between pQCD and the experimental data on R(s). To be on the conservative side, let us
take the central value estimated in ref. [2], but with a 100% of uncertainty, i.e.

〈αs
π
GG〉 = (0.012± 0.012) GeV4 . (6.3)

The strange quark condensate is better known because it is related to the kaon mass
and decay constant by chiral symmetry [113]. Since it is an order parameter of the chiral
symmetry breaking (it vanishes to all orders in perturbation theory), the quark condensate
does not suffer from the perturbative ambiguity mentioned before. At lowest-order in chiral
perturbation theory it gets determined by the old Gell-Mann-Oakes-Renner relation [114].
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However, it receives large higher-order corrections that enhance its final uncertainty [115–
117]:

ms 〈s̄s〉 = −F 2
KM

2
K

[
1− δO(p4,mu,d)

]
≈ −(1.3± 0.7) · 10−3 GeV4 . (6.4)

The combined dimension-four correction to the electromagnetic Adler correlator in
eq. (6.2) takes then the value:

δDL,D=4
em ≈ (0.10± 0.18) GeV4

Q4 . (6.5)

Let us also account for the D = 6 contribution. Up to residual pieces that vanish in
the electromagnetic sum, one can write the D = 6 contribution as

ΠL,D=6
ii = O6,V

Q6 . (6.6)

It is convenient to rewrite

O6,V = 1
2 (O6,V−A +O6,V+A) . (6.7)

The O6,V−A contribution is a genuine vacuum condensate whose nonzero value, O6,V−A ≈
−0.0035 (9) GeV6 [109], is well established and understood beyond perturbation theory, and
its effect is unrelated to the perturbative series, which is identical for the vector and axial
channels. Nonperturbative effects in the observed spectrum (see for example [118, 119])
are known to be suppressed for the V + A combination with respect to the V − A, which
motivates to assume |O6,V+A| < |O6,V−A| [120]. This inequality holds (by far) in the
large-NC limit, which gives O∞6,V+A = −2

9 O
∞
6,V−A, reproducing the old vacuum saturation

approximation, which is also known to work well in predicting O6,V−A and some rigorous
inequalities [2]. Taking this into account, we will adopt

O6,V = (−0.0015± 0.0015) GeV6 , (6.8)

as an estimate of this contribution. For the needed Adler function one finds

DL,D=6
em ≈ 24π2O6,V

Q6 = −(0.36± 0.36) GeV6

Q6 . (6.9)

Notice that the assigned uncertainties to those corrections potentially contaminated by
perturbation theory (gluon condensate and O6,V+A) are above 100% of their corresponding
estimates, guaranteeing that any potential double-counting effect is consistently absorbed
by our conservative errors.

6.2 Charm correlator

Much less relevant for our analysis is the contribution of power corrections to the charm
correlator. The leading power correction is given by the gluon condensate contribution [2]:

Dcc(Q2) = −12π2Q2 d

dQ2

[
〈αsπ GG〉
4 · 12Q4 F

(
1 + 4m2

c

Q2

)]
, (6.10)
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Figure 17. Same plot as figure 15 but including the nonperturbative contribution in eq. (6.12).

where

F (a) ≡ 3(a+ 1)(a− 1)2

a2
1

2
√
a

ln
(√

a+ 1√
a− 1

)
− 3a2 − 2a+ 3

a2 . (6.11)

Taking again 〈asGG〉 = (0.012 ± 0.012) GeV2, one can easily check that the contribution
to D(Q2) remains below 10−3 and can then be neglected.

6.3 Discussion

The nonperturbative correction to the Adler function is then given by

δDNP
em ≈

4π2

3Q4

{(
1 + 7

6 as
)
〈asGG〉+ 4

[
1 + as

3 +
(27

8 + 4 ζ3

)
a2
s

]
ms 〈s̄s〉]

}
+ 24π2O6,V

Q6 .

(6.12)
Adopting the conservative numerical estimates in eqs. (6.3), (6.4) and (6.8), we find that
the nonperturbative uncertainty is actually larger than the perturbative one at low Q2

values and, at the current precision level, it cannot be fully neglected even at Q2 ≈ 4 GeV2.
We show in figure 17 the comparison of the OPE (pQCD plus condensates) Adler function
with the other approaches, and in figure 18 the statistical significance of the differences with
respect to the lattice and e+e−-data evaluations of the Adler function. We observe that the
origin of the tension at ∼ 1 GeV2 between the perturbative prediction and both lattice and
DHMZ results can indeed be explained by genuine nonperturbative effects. Incidentally, the
input central values assumed for the vacuum condensates fit very well the shape of the distri-
bution, although slightly different estimates cannot be discarded within the current exper-
imental and lattice uncertainties, also depending on the size of higher-order power correc-
tions. On the other hand, for Q2 & 2 GeV2, the observed tension between the analytic Adler
function and the data-based one gets slightly reduced. This reduction decreases with Q2,
as the effect of the nonperturbative terms diminish, and a tension of up to ∼ 2σ remains.
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Figure 18. Statistical significance of the difference between the Adler functions extracted from
e+e− data and lattice results with respect to both the OPE and pQCD predictions.

7 Determination of αs from the Adler function

Instead of using αs as input to compare the perturbative D(Q2) with the other approaches,
we can reconvert the comparison into an αs extraction. The extraction can be done at each
value of Q2 by solving the equation:

DOPE(Q2, αs)−Ddata(Q2) = 0 , (7.1)

for αs while keeping Q2 fixed. DOPE(Q2, αs) is the sum of the perturbative and nonpertur-
bative contributions of the theoretical Adler function, eqs. (3.26) and (6.12), keeping αs as
a variable. Ddata(Q2) is the Adler function obtained through either the experimental ratio
R(s), DR(s)(Q2), or the lattice data, Dlatt(Q2), which were discussed in section 4. In this
section we illustrate the procedure by using the Adler function based on R(s). The results
for the analogous lattice fits are relegated to appendix C.16

As explained in section 4, the R(s) data relies on perturbation theory for the regions
1.8 GeV <

√
s < 3.7 GeV and

√
s > 5 GeV. This means that the R(s)-based Adler function

also contains a residual dependence on αs, which we take into account in the extraction. We
decompose DR(s) into the sum of two contributions: one coming from experimentally mea-
sured values, DR(s)

exp (Q2) (see figure 13), and one corresponding with the perturbation theory
contribution, DR(s)

P (Q2, αs). The resulting equation to solve for αs at each Q2 becomes:

DOPE(Q2, αs)− (DR(s)
exp (Q2) +D

R(s)
P (Q2, αs)) = 0 . (7.2)

The values for α(nf=5)
s (M2

Z) obtained from both lattice and R(s) data, together with
their uncertainties, including both all experimental and theoretical sources, are plotted in
figure 19, as a function of the Q2 value at which they are derived. As expected, the same

16Notice however how lattice data is not limited to the full EM correlator and then better strategies to
extract αs can in principle be pursued.
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Figure 19. Comparison between the lattice FLAG average α(nf =5)
s (M2

Z) = 0.1184 ± 0.0008 and
the values of αs obtained at each Q2 for the R(s) and lattice Adler functions.

observations made when comparing the different Adler functions are applicable here as
well. That is,

1. The central values of the strong coupling extracted from e+e− data are smaller than
the ones extracted using the lattice determination of D(Q2).

2. The values of αs extracted from lattice data are in agreement with the FLAG lattice
average.

3. The αs extracted from e+e− data is between 1.5 and 2σ below the FLAG lattice
average in the 3 GeV2 < Q2 < 5 GeV2 region. Notice however how the different Q2

points are strongly correlated among each other.

In the following, we discuss how these different values for αs can be compared quanti-
tatively and combined.

7.1 Averages

A potential improvement in terms of precision for the extracted α(nf=5)
s (M2

Z) could come
from combining the values obtained at different Q2 values, taking into account their cor-
relations. One possibility would be to perform the combination through the minimisation
of a χ2 function,

χ2 =
(
ᾱextr
s − ᾱav

s

)
· C−1 ·

(
ᾱextr
s − ᾱav

s

)T
, (7.3)

with respect to αav
s . In this function, ᾱextr

s is the vector containing the extracted values of
αs at each Q2, C is their covariance matrix17 and ᾱav

s is a vector with the same dimension
as ᾱextr

s containing the parameter αav
s . However, one is faced with the following limitations:

17In principle, for e.g. relative uncertainties, this covariance matrix can itself depend on αav
s , which could

be addressed through an iterative fitting approach (see e.g. refs. [121, 122] and references therein) or using
fitted nuisance parameters applied as (constrained) scaling factors of the theoretical prediction [123, 124].
However, here the input αextr

s values are similar (see e.g. figure 19) and the impact of this effect is small.
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1. As discussed in the previous section, the nonperturbative contributions to the Adler
function are a large source of systematic uncertainty at low Q2, which additionally
is not fully controlled. This can clearly be seen in figure 19. Therefore, one should
avoid using the extracted values in this energy region.

2. The values extracted from e+e− data display strong experimental correlations (see
figure 12). These correlations are stronger between neighboring points and a larger
precision in the estimation of the corresponding covariance matrix would be needed
in order to find meaningful results for the combination, which may otherwise not
be realistic. Indeed, if one includes too many consecutive points, eventually one is
going to find a covariance matrix with null eigenvalues, which would imply absolute
predictions (i.e. no uncertainties in certain linear combinations). Actually, this is a
consequence of the approximations involved in finding the original covariance ma-
trix.18 Additionally this makes the experimental correlation matrix singular, which
therefore cannot be inverted. As a result, a χ2 function cannot be constructed for
the whole set of extracted values.

3. A similar problem arises for the theoretical correlation matrix. In general one expects
that the perturbative uncertainties are dominated by the first unknown coefficient,
in this case K5, and the nonperturbative ones by the first unknown power correction,
say O6. We have supplemented the perturbative uncertainty by renormalization-
scale variations, which in general one expects to account for uncertainties due to
higher-order effects. However this is going to fail if one artificially looks for linear
combinations of data points such that either K5, O6 and/or the scale variations
cancel or they appear suppressed, for example by numerical prefactors, with respect
to the contributions of higher-order coefficients, which then by construction are not
going to be negligible with respect to the accounted effects. In a naive χ2 fit, the
extracted value of αs is going to be dominated by the most precise linear combination
of data points, taking into account those theoretical uncertainties, which are precisely
the directions where the estimators are prone to underestimate them, leading to very
aggressive predictions. An explicit example of this kind of direction is the logarithmic
derivative of the Adler function, implicit in fits to consecutive data points.19 Indeed
by taking consecutive (adimensionalized) derivatives one is going to trigger the sooner
breakdown of the OPE. Schematically, for the nonperturbative contributions to D,

18An illustrative example of this (extreme) case, this time for fit inputs from lattice QCD, would consist
in simply starting from eq. (4.1) and taking 7 different points. While the rational approximation and their
associated uncertainties are expected to work generally well both in Π̄(Q2) and linear combinations of it,
it would clearly fail in predicting the uncertainties of the linear combination corresponding to the zero
eigenvalue (corresponding to a null estimated uncertainty), which would directly dominate (because of an
apparently infinite precision) the determination of any theoretical parameter depending on it.

19In fact we find that the eigenvectors associated to the lowest eigenvalues of the experimental covariance
matrix correspond, in first approximation, to the highest-order derivatives in the discrete approximation.
They can be related to different, more localized, weights when integrating R(s).
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DNP, one has20

DNP ∼
∑
D

cD
ΛD

QD
−→ dnDNP

d lnQn =
∑
D

cD (−D)n ΛD

QD
, (7.4)

and then higher-dimensional corrections become more and more important with re-
spect to lower-dimensional ones at a fixed energy, eventually leading to potentially
underestimated theoretical uncertainties in those directions. Analogously, the scale
variation is going to be in general a good estimator of perturbative uncertainties,
because its variation is in general of the same order as the neglected perturbative
contributions. However, one would clearly fall into one version of the well-known
look-elsewhere effect if one artificially looks for directions in which it happens to
cancel: the fact that the scale-dependence accidentally cancels in some linear com-
bination does not guarantee that the contributions from higher-order coefficients are
also cancelling. There is also the possibility that new topologies emerge at higher
orders, inducing an uncertainty not well accounted by the scale variations.

In summary, the χ2 function defined in eq. (7.3) and the result of its minimisation
are sensitive to uncertainties on the uncertainties and on the correlations (i.e. to uncer-
tainties on the covariance matrix), present for both the experimental and the theoretical
components. Starting from remarks made in the context of ATLAS jet performance and
cross-section studies [125–127], the relevance of the uncertainties on the covariance matri-
ces (in particular for what concerns the implications for combination methods) has been
pointed out in the context of the theoretical predictions for the anomalous magnetic of
the muon [28, 128, 129]. More recently, similar remarks about the uncertainties on uncer-
tainties were made for what concerns the procedure of quantifying the significance of the
data-theory tensions, in this same context [130].

Taking all these aspects into account, we will restrict to data sets with at most three
points and Q2 & 3 GeV2. We will consider the two sets of three Q2 points shown in table 4.
The first set, set 1, has a better behaviour in the expansion in powers of Q2/m2

c , whereas
the second set, set 2, is less affected by potential nonperturbative effects. Additionally
we will also consider two variations with only two Q2 values, set 1∗ and set 2∗, where the
midpoint of the corresponding set has been removed.

The only remaining input necessary to compute the χ2 is the covariance matrix C. In
order to evaluate it, we can use linear error propagation, for both the experimental and
theoretical components of this matrix. In particular, for the theoretical component this is
justified, since the Adler function is an approximately linear function of αs in the energy
region we are considering. However, there are different possible choices aimed to avoid the
issues mentioned above when assigning correlations between the theoretical uncertainties
at different points. We will explore the different possibilities in section 7.2.

When performing such combination, we must also take into account the possibility of
the χ2 minimisation yielding a biased result, caused by the limited precision with which the

20An analogous issue occurs for the
(
Q2

4m2
c

)n
series, possibly inducing the breakdown of the associated

expansion from lower energies for high-order derivatives.
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Q2 αs(M2
Z)

Set 1
3.15 0.1122 (17)exp (11)pert (26)th

4.10 0.1132 (19)exp (12)pert (16)th

5.18 0.1144 (19)exp (11)pert (10)th

Set 2
4.10 0.1132 (19)exp (12)pert (16)th

4.63 0.1138 (20)exp (12)pert (12)th

5.41 0.1148 (19)exp (11)pert (10)th

Table 4. The two sets of three Q2 points chosen for the averages with their experimental (exp),
perturbative (pert) and theoretical (th) symmetrized uncertainties. By perturbative uncertainty we
mean the uncertainty coming from the use of perturbation theory in the regions 1.8 GeV <

√
s <

3.7 GeV and
√
s > 5 GeV for the ratio R(s).

covariance matrix is known. According to the Gauss-Markov Theorem, the minimisation
of the χ2 in eq. (7.3) is equivalent to performing a weighted average, while optimizing the
weights (constraint to have the sum equal unity) such that the uncertainty of the average
is minimum [131, 132]. This yields

αav
s = 1̄ · C−1 · (ᾱsextr)T

1̄ · C−1 · 1̄T
, (7.5)

with 1̄ being a vector of the same dimension as ᾱsextr, with all its entries equal to 1. As
a consequence, if the covariance matrix is poorly known, these weights can be biased (in
some cases they can e.g. take negative values or values larger than unity, which could make
the average value to be outside the range of the extracted values). Therefore, we have to
consider alternative averaging procedures that, although will yield results with somewhat
larger uncertainties (see section 7.3), are free of any bias caused by implicit assumptions
in the derivation of their weights. We have considered the following:

1. A simple average, where all the inputs have the same weight. This is, the inverse of
the number of input values considered.

2. A weighted average where the weights are proportional to the inverse of the experi-
mental uncertainty squared.21

The averaged values obtained using these different averaging procedures for the four sets
considered can be found in section 7.3.

7.2 Theoretical uncertainties

As discussed throughout the text, there are different sources of theoretical uncertainty to
the Adler function and for some of them assigning a 100% correlation between different

21In ref. [133] one can find further discussions on unbiased combination procedures. These feature realistic
uncertainty estimates, based on the propagation of the full information on the uncertainties of the inputs,
with their correlations.
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Q2 values may not be the best choice. This is for example the case of the scale variations
(it is probably not realistic to assume that there is a single renormalization-scale choice
such that the perturbative uncertainties of all truncated series can be removed) or the
nonperturbative one parameterized by O6 (knowledge of O6 would not completely remove
the nonperturbative uncertainty, since we would need to account for the higher-dimensional
contributions). We will then repeat the same fits under four assumptions on the correlations
between the theoretical uncertainties at different Q2:

1. All correlations for the same “theoretical source”, renormalization scales or O6, are
100%.

2. All correlations for the same “theoretical source” are 100% except for the scale varia-
tions, that are assumed to be uncorrelated among points with large separations in Q2.

3. All correlations for the same “theoretical source” are 100% except for the O6 one,
which is assumed to be uncorrelated among points with large separations in Q2.

4. All correlations for the same “theoretical source” are 100% except for the scale
uncertainties and the O6 ones, which are assumed to be uncorrelated among points
with large separations in Q2.

7.3 Results

The numerical results obtained with the four different assumptions on the theoretical corre-
lations are displayed in tables 5, 6, 7 and 8, respectively. Each table shows the average val-
ues of α(nf=5)

s (M2
Z) extracted from the four different choices of Q2 points (sets 1, 2, 1* and

2*) and with the three different averaging procedures: χ2 minimisation, simple average and
weighted average. Clearly, the results in table 5 have too large χ2 values associated to them,
both for sets 1 and 2. As explained above, this is not necessarily a signature of inconsistent
experimental data sets, but can also be due to the limitations explained in section 7.1. Much
more reasonable values are obtained by taking points with broader separation in Q2, i.e. the
set 1∗, or with the alternative choices for the theoretical correlations proposed in section 7.2.

All in all we find that there is not much gain in combining several Q2 values. We observe
that the minimisation procedure yields a bias towards larger values of αs, which are pre-
ferred by the (potentially dangerous) directions associated to small eigenvalues of the orig-
inal covariance matrix. Once these are treated more conservatively (i.e. tables 6, 7 and 8),
one suppresses the associated bias and obtains values much more compatible with the ones
from the other averaging procedures. As expected, the associated αs values cluster around

α
(nf=5)
s (M2

Z) = 0.1136± 0.0025 , (7.6)

which is approximately 2σ below the FLAG lattice average. The corresponding fit to
lattice data (see appendix C) returns larger values clustering around22

α
(nf=5)
s (M2

Z) = 0.1179± 0.0025 , (7.7)
22Note that the uncertainties in these two combinations (with a different hierarchy compared to figure 19)

strongly depend on the estimated correlations between the combined points, see figures 12 and 14, which
in the lattice case is based on eqs. (4.1) and (4.2).
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χ2 Minimisation χ2 Simple Average χ2 Weighted Average
Set 1 11.2 0.1190(16)(7)(12) 18.6 0.1133(18)(12)(17) 18.8 0.1132(18)(12)(18)
Set 2 8.8 0.1198(8)(3)(13) 22.4 0.1139(19)(11)(12) 22.4 0.1140(19)(11)(12)
Set 1* 1.5 0.1149(19)(13)(8) 1.8 0.1133(18)(12)(18) 1.9 0.1132(19)(12)(19)
Set 2* 4.3 0.1163(19)(10)(7) 5.3 0.1139(19)(11)(12) 5.3 0.1140(19)(11)(12)

Table 5. Averaged results for α(nf =5)
s (M2

Z) obtained when the theory uncertainties originating
from the same source are assumed to be fully correlated.

χ2 Minimisation χ2 Simple Average χ2 Weighted Average
Set 1 1.9 0.1148(20)(11)(9) 2.2 0.1133(18)(12)(17) 2.3 0.1132(18)(12)(18)
Set 2 2.8 0.1155(19)(11)(10) 3.2 0.1139(19)(11)(12) 3.2 0.1140(19)(11)(12)
Set 1* 1.3 0.1147(20)(11)(9) 1.7 0.1133(18)(12)(19) 1.7 0.1132(19)(12)(19)
Set 2* 2.7 0.1155(19)(11)(9) 3.1 0.1139(19)(11)(12) 3.1 0.1140(19)(11)(12)

Table 6. Averaged results for α(nf =5)
s (M2

Z) obtained when the theory uncertainties from scale
variations are assumed to be uncorrelated.

χ2 Minimisation χ2 Simple Average χ2 Weighted Average
Set 1 2.0 0.1148(20)(11)(9) 2.4 0.1133(18)(12)(16) 2.5 0.1132(18)(12)(17)
Set 2 3.9 0.1160(18)(10)(9) 4.7 0.1139(19)(11)(12) 4.7 0.1140(19)(11)(12)
Set 1* 1.2 0.1146(20)(11)(10) 1.4 0.1133(18)(12)(17) 1.5 0.1132(19)(12)(18)
Set 2* 2.9 0.1156(19)(11)(9) 3.3 0.1139(19)(11)(12) 3.3 0.1140(19)(11)(12)

Table 7. Averaged results for α(nf =5)
s (M2

Z) obtained when the theory uncertainty from O6 is
assumed to be uncorrelated.

χ2 Minimisation χ2 Simple Average χ2 Weighted Average
Set 1 1.6 0.1145(19)(11)(10) 1.8 0.1133(18)(12)(16) 1.9 0.1132(18)(12)(17)
Set 2 2.3 0.1152(19)(11)(10) 2.6 0.1139(19)(11)(11) 2.6 0.1140(19)(11)(11)
Set 1* 1.1 0.1145(19)(11)(10) 1.3 0.1133(18)(12)(17) 1.4 0.1132(19)(12)(18)
Set 2* 2.1 0.1151(19)(11)(10) 2.3 0.1139(19)(11)(12) 2.3 0.1140(19)(11)(12)

Table 8. Averaged results for α(nf =5)
s (M2

Z) obtained when the theory uncertainties from scale
variations and O6 are assumed to be uncorrelated.

exhibiting again the discrepancy between the dispersive and the lattice-based results.
Nevertheless, this also shows that, once the situation with respect to the different tensions
related to R(s) is clarified, a determination of α(nf=5)

s (M2
Z) with a precision of O(1%)

could be achievable from the Euclidean Adler function.
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In the combinations of pairs of α(nf=5)
s (M2

Z) values evaluated at different Q2 points, the
derived χ2 values also provide an implicit test of the RGE (used for evolving α(nf=5)

s from
each Q2 point to M2

Z), within the assumptions for the treatment of the uncertainties and
of their correlations discussed above. We implement an alternative approach of testing the
RGE. It consists in computing the differences between the extracted α

(nf=5)
s (M2

Z) values
at some reference Q2 point (in this case 5.41 GeV2, yielding the most precise α(nf=5)

s (M2
Z)

value among the Q2 points considered here) and each of the other considered Q2 points
respectively. We also compute the corresponding relative differences normalised with re-
spect to the former (reference) α(nf=5)

s (M2
Z) value (see figure 20). The uncertainties on

these differences are evaluated through a linear error propagation, taking into account
the full information on the correlations among the uncertainties of the two corresponding
α

(nf=5)
s (M2

Z) input values. The significance of the deviation from zero for each of these
differences, computed as the difference divided by its uncertainty, represents a test of the
RGE within the Q2 range of the two points that are being considered.23 In addition, the
uncertainty of each such difference provides a measure of the precision within which the
RGE test has been performed. This represents an important information, in addition to
the Q2 range and to the outcome of the test itself. Indeed, we observe that the RGE test
here is performed within a precision between 1.4 permil and about two percent, depending
on the Q2 range and the correlation assumptions employed for the theory uncertainties.
This can be seen in the plots at the bottom of figure 20, where we display the differences
between the extracted α

(nf=5)
s (M2

Z) value at Q2 = 5.41 GeV2 and the rest of extracted
values of table 4, normalised by the former.24

8 Conclusions

In this work we have carefully analysed the QCD predictions for the electromagnetic Eu-
clidean Adler function, below the charm threshold. It was already known that this observ-
able could be studied within pQCD from relatively low energies. From the phenomenolog-
ical point of view, this is relevant because one can independently determine it at relatively
low energies from recent precise e+e− and lattice data, which are known to produce results
in clear tension with each other. A comparison between these three different determina-
tions of the Adler function is then compelling because 1. pQCD may discriminate, up to a
certain extent, between the e+e−-based and the latticed-based Adler functions if they do
not agree. 2. Assuming the validity of one of them, one can test the validity domain of
pQCD, just at the edge of the perturbative breakdown. 3. One can study the sensitivity
to the QCD coupling of a direct comparison between pQCD and the ratio R(s).

In order to unlock the full potential from known pQCD results at relatively low energies,
a consistent analysis beyond the available O(α2

s) precision in mass-dependent (decoupling)
23The significance squared for the simple differences corresponds to the minimum of the χ2 in eq. (7.3) (see

e.g. ref. [134]). Very similar values are obtained for the significance of the relative differences squared (up
to small non-linear effects in the uncertainty propagation). We have also checked this correspondence
numerically in the current study.

24The analogous plots using instead lattice data are once again relegated to appendix C.
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Figure 20. The top plots show the differences between the extracted α(nf =5)
s (M2

Z) value at Q2 =
5.41 GeV2 and the rest of extracted values in table 4, together with their uncertainties computed
taking into account the correlations. The bottom plots show the same differences normalised with
respect to the α(nf =5)

s (M2
Z) value extracted atQ2 = 5.41 GeV2. The red circle indicates the reference

point at Q2 = 5.41 GeV2. For the left plots we assume the theory uncertainties originating from the
same source to be fully correlated, whereas for the right plots we assume the theory uncertainties
from scale variations and O6 to be uncorrelated.

schemes such as MOM was preferred. Most of this work has consisted in assembling all
the needed pieces in an EFT-based MS set-up, to perform such a comparison at O(α4

s),
with a careful treatment of all associated expansions and uncertainties. This has been done
in section 3, where many details are given in order to simplify the reproducibility of our
results and facilitate future applications and improvements. The extraction of alternative
Adler functions, based on R(s) data and lattice results, has been studied in section 4.

We have first compared in section 5 the pure perturbative predictions with the results
obtained from both e+e− data and lattice QCD, confirming (although at a somewhat
reduced level) the tension observed in g−2 between these two different approaches. Taking
as input the value of αs from the FLAG compilation, α(nf=5)

s (M2
Z) = 0.1184 ± 0.0008,

the pQCD prediction of the Adler function turns out to be in excellent agreement with
the lattice determination at Q2 & 2 GeV2, while the determination from e+e− data lies
systematically below it in the energy range Q2 ∈ [1, 5.5] GeV2.

In section 6 we have incorporated the leading nonperturbative power corrections, in
order to have a better assessment of the theoretical uncertainties in the lowest range of Q2

values. Once these corrections are taken into account, the agreement between the QCD
OPE prediction and the lattice result extends to the whole analysed range of Q2, although
the theoretical uncertainties turn out to be large below 2 GeV2.
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Assuming the validity of the OPE at Q ≈ 2 GeV, the Adler function extracted from
the e+e− data lies approximately 2σ below the OPE predictions. This appears to follow
the same trend as the deficit observed in the muon g − 2 integral, when comparing the
dispersive e+e− estimate to both the experimental measurement of the muon anomalous
magnetic moment and the lattice results, as well as the deficit observed by different lattice
groups for the window integral and the deficit in the hadronic running of α when compared
to the lattice result from ref. [14].

In order to fit the Adler function extracted from e+e− data, one would need values
of the strong coupling significantly below the current lattice (and PDG) average and/or
much larger nonperturbative corrections that would not scale with the expected power
corrections. Both possibilities are disfavoured by the lattice data that match beautifully
the pQCD predictions, at the achieved precision, even at energies as low as Q ∼ 1.25 GeV.

On the other hand, several possible applications can be expected from our study.
Combining the results of this work with future lattice studies could help in assessing the
validity domain of pQCD for the different involved correlators at higher precision, while
at large Q2 values, where pQCD is more reliable, the corresponding results can help in
understanding discretization effects in the lattice. We also leave for future work exploring
an alternative implementation of the Euclidean running of α, based on EFTs (using the MS
scheme) supplemented by appropriate energy expansions and possibly interpolations, just
starting from the massless descriptions at the different number of flavors, as we have done in
this first work at nf = 3. This can also be combined with lattice data, as shown in [14, 39].

Once the current tensions between the lattice QCD and data-driven approaches (which
are also very relevant in the context of the anomalous magnetic moment of the muon)
are resolved, the comparison between data and QCD could provide a determination of
α

(nf=5)
s (M2

Z) at the per-cent level. With this respect, forthcoming precise measurements
of the hadronic production cross-sections, as well as independent lattice calculations of
similar precision, will play a major role.
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A Compilation of perturbative coefficients

In this section we compile the different coefficients used to evaluate the perturbative Adler
function, in the MS renormalization scheme.

A.1 Running of αs, quark masses and decoupling relations

The known β-function coefficients associated with the running of αs,

µ
dαs
dµ

= αs β(αs) , β(αs) =
∑
n=1

βn

(
αs
π

)n
, (A.1)

are [135–143]

β1 = 1
3 nf −

11
2 , β2 = −51

4 + 19
12 nf , (A.2)

β3 = 1
64

[
−2857 + 5033

9 nf −
325
27 n2

f

]
, (A.3)

β4 = −1
128

[149753
6 + 3564 ζ3 −

(1078361
162 + 6508

27 ζ3

)
nf (A.4)

+
(50065

162 + 6472
81 ζ3

)
n2
f + 1093

729 n3
f

]
,

β5 = − 1
512

{
8157455

16 + 621885
2 ζ3 −

88209
2 ζ4 − 288090 ζ5 (A.5)

+ nf

[
−336460813

1944 − 4811164
81 ζ3 + 33935

6 ζ4 + 1358995
27 ζ5

]
+ n2

f

[25960913
1944 + 698531

81 ζ3 −
10526

9 ζ4 −
381760

81 ζ5

]

+ n3
f

[
−630559

5832 − 48722
243 ζ3 + 1618

27 ζ4 + 460
9 ζ5

]
+ n4

f

[1205
2916 −

152
81 ζ3

]}
.

The RGE for the running masses is

µ
dmq

dµ
= −mq γ(αs) , γ(αs) =

∑
n=1

γn

(
αs
π

)n
. (A.6)

The known coefficients are [144–150]

γ1 = 2, γ2= 101
12 −

5
18nf , (A.7)

γ3 = 1
24

[3747
4 −

(554
9 +40ζ3

)
nf−

35
27n

2
f

]
, (A.8)

γ4 = 1
128

{4603055
162 +135680

27 ζ3−8800ζ5+nf
[
−91723

27 −34192
9 ζ3+880ζ4+18400

9 ζ5

]
+n2

f

[5242
243 +800

9 ζ3−
160
3 ζ4

]
+n3

f

[
−332

243+64
27ζ3

]}
, (A.9)
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γ5 = 1
512

{
99512327

162 +46402466
243 ζ3+96800ζ2

3−
698126

9 ζ4−
231757160

243 ζ5+242000ζ6+412720ζ7

+nf
[
−150736283

1458 −12538016
81 ζ3−

75680
9 ζ2

3+2038742
27 ζ4+49876180

243 ζ5−
638000

9 ζ6

−1820000
27 ζ7

]
+n2

f

[1320742
729 +2010824

243 ζ3+46400
27 ζ2

3−
166300

27 ζ4−
264040

81 ζ5+92000
27 ζ6

]

+n3
f

[91865
1458 +12848

81 ζ3+448
9 ζ4−

5120
27 ζ5

]
+n4

f

[
−260

243−
320
243ζ3+64

27ζ4

]}
. (A.10)

A.2 Light-quark loop coefficients

In the limit of nf massless quarks and no extra (or infinitely massive) heavy quarks the
Adler function is determined by the Kn,0, coefficients25

D
L,(0)
ii (Q2) = NC

{
1 +

∑
n=1

Kn,0

(
αs(Q2)
π

)n}
. (A.11)

They are [56, 151–159]

K1,0 = 1 , K2,0 = 365
24 − 11 ζ3 +

(2
3 ζ3 −

11
12

)
nf ,

K3,0 = 87029
288 − 1103

4 ζ3 + 275
6 ζ5 +

(
−7847

216 + 262
9 ζ3 −

25
9 ζ5

)
nf +

(151
162 −

19
27 ζ3

)
n2
f ,

K4,0 = 144939499
20736 − 5693495

864 ζ3 + 5445
8 ζ2

3 + 65945
288 ζ5 −

7315
48 ζ7 (A.12)

+
(
−13044007

10368 + 12205
12 ζ3 − 55 ζ2

3 + 29675
432 ζ5 + 665

72 ζ7

)
nf

+
(1045381

15552 − 40655
864 ζ3 + 5

6 ζ
2
3 −

260
27 ζ5

)
n2
f +

(
−6131

5832 + 203
324 ζ3 + 5

18 ζ5

)
n3
f .

Following the notation of ref. [36], the strange mass corrections are given by a linear
combination of three coefficients

∆msD
L
33(Q2) = −3NC

m2
s(Q)
Q2

∑
n

(2cL+T
n + eL+T

n + fL+T
n )

(
αs(Q2)
π

)n
+O

(
m4
s

Q4

)
. (A.13)

In general they are all known up to three loops [160–163],

cL+T
0 = 1 , cL+T

1 = 13
3 , cL+T

2 = 25291
432 + 215

54 ζ3 −
520
27 ζ5 − nf

(41
24 + 2

9ζ3

)
, (A.14)

eL+T
0 = 0 , eL+T

1 = 2
3 , eL+T

2 = 877
54 −

91
27ζ3 −

5
27ζ5 − nf

(2
3 −

4
9ζ3

)
, (A.15)

fL+T
0 = 0 , fL+T

1 = 0 , fL+T
2 = −32

9 + 8
3ζ3 , (A.16)

25Again we do not display here the singlet contributions (see main text).
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j C
(0)
j (mc(mc)) C

(1)
j (mc(mc)) C

(2)
j (mc(mc)) C

(3)
j (mc(mc))

1 1.0667 2.5547 2.4967 −5.6404
2 0.4571 1.1096 2.7770 −3.4937
3 0.2709 0.5194 1.6389 −2.8395
4 0.1847 0.2031 0.7956 −3.349
5 0.1364 0.0106 0.2781 −3.737
6 0.1061 −0.1158 0.0070 −3.735
7 0.0856 −0.2033 −0.0859 −3.39
8 0.0709 −0.2660 −0.0496 −2.85
9 0.0601 −0.3122 0.0817 −2.22
10 0.0517 −0.3470 0.2838 −1.65

Table 9. Non-singlet heavy-quark coefficients C(n)
j (mc(mc)). The values given for C(3)

j>4(mc(mc))
are only approximate estimates.

but in fact the needed linear combination is known up to four loops [164]

2 cL+T
3 + eL+T

3 + fL+T
3 = 16828967

7776 − 12295
81 ζ3 + 7225

108 ζ2
3 −

93860
81 ζ5 + 1027019

2592 ζ7

− nf

(33887
216 + 721

486 ζ3 + 106
27 ζ2

3 + 5
3 ζ4 −

10355
243 ζ5

)
+ n2

f

(9661
5832 + 2

27 ζ3

)
. (A.17)

A.3 Heavy-quark loop coefficients

The contribution to the Adler function from heavy-quark loops depends on the C(n)
j (µ)

coefficients defined in eqs. (3.17) and (3.18). In table 9 we compile the known (non-singlet)
coefficients C(n)

j (mc(mc)), up to j = 10 and n = 3, taken from the references referred in
the main text. Let us remark that for n = 3, j > 4 they are only approximated values.
The n = 3 singlet contribution is given separately in eq. (3.21).

Using the scale-invariance of the Adler function and the RGE of the running cou-
pling and masses, it is straightforward to find the values of these coefficients at any other
renormalization scale. For example, for the four-loop coefficients one finds:

C̄
(3)
1 (µ)=C̄(3)

1 (mc(mc))+
26
405L

3−42001
10935L

2+
(
−21640907

233280 ζ(3)+144646921
1049760

)
L,

C̄
(3)
2 (µ)=C̄(3)

2 (mc(mc))−
92
945L

3+1236401
127575 L

2+
(
−160906453

3483648 ζ(3)+1514929311547
17635968000

)
L,

C̄
(3)
3 (µ)=C̄(3)

3 (mc(mc))+
16544
8505 L

3+301549372
13395375 L

2

+
(588425644445059

240045120000 ζ3−
2101159030799659

720135360000

)
L,
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C̄
(3)
4 (µ)=C̄(3)

4 (mc(mc))
104512
18711 L

3+1207474918
37889775 L2

+
(3882485996940952

139244923125 ζ3−
4663762048907267

139244923125

)
L,

C̄
(3)
5 (µ)=C̄(3)

5 (mc(mc))+
121600
11583 L

3+419559137
11188131 L

2

+
(11493749549904284922937344

51676194450456575903 ζ3−
13815337731941240844320768

51676194450456575903

)
L,

C̄
(3)
6 (µ)=C̄(3)

6 (mc(mc))+
2863616
173745 L

3+917112400
23175603 L

2

+
(651547528689568126172154298368

429356162878789378794041 ζ3−
783193764656552535030069460992

429356162878789378794041

)
L,

C̄
(3)
7 (µ)=C̄(3)

7 (mc(mc))+
483328
20655 L

3+584955462
15264583 L

2

+
(535501006096859255438313967560163328

56757449883272928029520032067 ζ3

−1931107816850828622369214941259366400
170272349649818784088560096201

)
L,

C̄
(3)
8 (µ)=C̄(3)

8 (mc(mc))+
194265088
6235515 L3+488784115

14385877 L
2

+
(3604714064840321574346924622791084364267520

65447583034900845993238160708606879 ζ3

−4333071686738680398413127461273056938295296
65447583034900845993238160708606879

)
L,

C̄
(3)
9 (µ)=C̄(3)

9 (mc(mc))+
1038942208
26189163 L3+499493070

18676903 L
2

+
(159592894419467095119221552398948945854700978176

519784704463182451617731521986046572497 ζ3

−191839744405509297915091679432644835963148697600
519784704463182451617731521986046572497

)
L,

C̄
(3)
10 (µ)=C̄(3)

10 (mc(mc))+
140902400
2882061 L3+178198601

10606396 L
2

+
(21882965916951934885062063776238518244057546752

13246590806263931598330852967289655819 ζ3

−26304570367320737503829762957552484175252029440
13246590806263931598330852967289655819

)
L,

where L ≡ log
(
m2
c(mc)
µ2

)
.

B Interplay of Π̄08 with perturbative QCD

In ref. [14], the rational approximation of another correlator, obtained using lattice data,
is presented, Π08, which is defined as,

Π̄08(Q2) ≡ 1
4
√

3
∑
i,j

Qi8 Π̄ij(Q2) , ~Q8 ≡ {1, 1,−2} . (B.1)
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Let us check what can we learn using analytic methods. First, it can be rewritten as

Π̄08(Q2) = 1
4
√

3

2(Π̄ll − Π̄33) +
∑
i,j 6=i

Qi8Π̄ij

 . (B.2)

We have defined
Π̄ll ≡

Π̄11 + Π̄22
2 . (B.3)

From eq. (B.2) it is straightforward to see that the correlator vanishes at all orders in
massless perturbative QCD, since in that limit Π̄ll = Π̄33 and the disconnected topology
associated to the second term, which in general starts at O(α3

s), vanishes for the sum.
The leading OPE contribution to Π̄08(Q2) is then given by the perturbative mass cor-

rection, scaling as ∼ m2
s

Q2 , so that Π̄08(Q2 →∞) = Π08(Q2 → 0). In fact, let us note that this
asymptotic scaling implies that the correlator satisfies an unsubtracted dispersion relation,

Π08(Q2) = 1
π

∫ ∞
|Qth|2

dQ′2
ImΠ08(Q′2e−iπ)

Q′2 +Q2 . (B.4)

The associated (massive) perturbative Adler function is, safely neglecting mu,d, simply
given by

D08(Q2) = − 1
2
√

3

{
∆msD

L
33(Q2) + ∆msD3l(Q2)

}
, (B.5)

where ∆msD
L
33(Q2) and ∆msD3l(Q2) refer to the strange mass correction of the associated

correlators, being ∆msD3l(Q2) = 1
2 [∆msD3u(Q2) + ∆msD3d(Q2)]. Within the large per-

turbative uncertainties, the second term, which only starts at O(α3
s) and comes with an

extra O
(

1
Nc

)
suppression, can be safely neglected. We can then recall eq. (3.9) to arrive

at the perturbative result, valid at large Q2:26

D08
pQCD(Q2) =

√
3

2 NC
m2
s(Q2)
Q2

∑
n

(2cL+T
n + eL+T

n + fL+T
n )

(
αs(Q2)
π

)n
. (B.6)

Since the perturbative QCD contributions are suppressed by two powers of the energy,
one may expect nonperturbative effects to be numerically more relevant. They only enter
suppressed by two extra powers of the energy and, additionally, they are linear instead
of quadratic in the small strange quark mass, since the chirality-conserving nature of the
vector current insertions can be recovered by combining a chirality-flipping insertion of
the strange quark mass with a second one from the quark condensate. The associated
contribution is

D08(Q2) = − 24π2
√

3Q4ms〈s̄s〉
(

1 + αs
3π

)
. (B.7)

Let us then take the corresponding rational approximation given in ref. [14],

Π̄08(Q2) = 0.0217 (11)x+ 0.0151 (12)x2

1 + 2.93 (8)x+ 2.15 (12)x2 , x = Q2

GeV2 , (B.8)

26Once again, the very poor behaviour of this perturbative series at small Q2 can be seen in table 2.
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Figure 21. Comparison between the Adler function D08(Q2) obtained from the lattice results of
ref. [14] and the one from the OPE of the associated correlator.

where the numerator ai and denominator bj parameters are strongly correlated according to

corr


a1

a2

b1

b2

 =


1

0.97 1
0.97 0.984 1
0.944 0.994 0.98 1

 , (B.9)

and compare it to the perturbative and OPE descriptions. The result is displayed in
figure 21. In spite of the extremely bad behaviour of the associated pQCD series, which
fortunately plays a very marginal quantitative role in the EM Adler function, an excellent
agreement to pQCD (with a somewhat arbitrary truncation criteria) appears to emerge
up to Q2 ∼ 5 GeV2. However, when incorporating the D = 4 power correction, a slight
tension emerges. Given the different scaling both in energy and in strange quark mass of
the pQCD series, ∼ m2

s
Q2 , with respect to the leading power corrections ∼ msΛ3

QCD
Q4 and with

respect to higher power corrections, most likely dominated by a quark-gluon condensate
scaling as ∼ msΛ5

QCD
Q6 , comparisons to further lattice simulations at different strange quark

masses and at different (relatively large) Q2 values could shed some further light on where
the rigorous OPE limits are fulfilled for the corresponding correlator.

C Fit results for αs using lattice data

For completeness we provide in this appendix the corresponding lattice data results for
tables 4–8 in tables 10–14. The lattice version of figure 20 is shown in figure 22.
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Q2 αs(M2
Z)

Set 1
3.15 0.1177(40)Latt(19)th

4.10 0.1174(31)Latt(13)th

5.18 0.1181(22)Latt(10)th

Set 2
4.10 0.1174(31)Latt(13)th

4.63 0.1176(23)Latt(11)th

5.41 0.1185(24)Latt(9)th

Table 10. The two sets of three Q2 points chosen for the averages with their uncertainties using
lattice data.

χ2 Minimisation χ2 Simple Average χ2 Weighted Average
Set 1 1.1 0.1185(23) 1.2 0.1178(30) 1.1 0.1178(26)
Set 2 4.5 0.1205(21) 6.4 0.1178(25) 6.3 0.1179(24)
Set 1* 0.01 0.1181(24) 0.01 0.1179(28) 0.01 0.1180(24)
Set 2* 0.1 0.1182(23) 0.1 0.1179(24) 0.1 0.1181(24)

Table 11. Averaged results for α(nf =5)
s (M2

Z) obtained when the theory uncertainties coming from
the same source are assumed to be fully correlated.

χ2 Minimisation χ2 Simple Average χ2 Weighted Average
Set 1 0.4 0.1181(23) 0.4 0.1178(30) 0.4 0.1178(25)
Set 2 0.3 0.1182(23) 0.4 0.1178(24) 0.3 0.1179(24)
Set 1* 0.01 0.1181(24) 0.01 0.1179(28) 0.01 0.1180(24)
Set 2* 0.1 0.1182(23) 0.1 0.1179(24) 0.1 0.1181(23)

Table 12. Averaged results for α(nf =5)
s (M2

Z) obtained when the theory uncertainties from scale
variations are assumed to be uncorrelated.

χ2 Minimisation χ2 Simple Average χ2 Weighted Average
Set 1 0.3 0.1182(24) 0.4 0.1178(30) 0.4 0.1178(26)
Set 2 0.7 0.1184(23) 0.8 0.1178(25) 0.8 0.1179(24)
Set 1* 0.01 0.1181(24) 0.01 0.1179(28) 0.01 0.1180(24)
Set 2* 0.1 0.1182(23) 0.1 0.1179(24) 0.1 0.1181(23)

Table 13. Averaged results for α(nf =5)
s (M2

Z) obtained when the theory uncertainty from O6 is
assumed to be uncorrelated.
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χ2 Minimisation χ2 Simple Average χ2 Weighted Average
Set 1 0.2 0.1181(23) 0.2 0.1178(29) 0.2 0.1178(25)
Set 2 0.3 0.1181(24) 0.3 0.1178(24) 0.3 0.1179(24)
Set 1* 0.01 0.1181(23) 0.01 0.1179(28) 0.01 0.1180(24)
Set 2* 0.1 0.1182(23) 0.1 0.1179(24) 0.1 0.1181(23)

Table 14. Averaged results for α(nf =5)
s (M2

Z) obtained when the theory uncertainties from scale
variations and O6 are assumed to be uncorrelated.
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Figure 22. The same as figure 20 but using the results of table 10.

D Full correlation matrices for the extracted α(nf =5)
s (M2

Z) values

Full correlation matrix when the theory uncertainties coming from the same source are
assumed to be fully correlated, Set 1:

1.
0.942 1.
0.838 0.971 1.

 . (D.1)

Full correlation matrix when the theory uncertainties coming from the same source are
assumed to be fully correlated, Set 2:

1.
0.986 1.
0.951 0.988 1.

 . (D.2)
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Full correlation matrix when the theory uncertainties from scale variations and O6 are
assumed to be uncorrelated, Set 1: 

1.
0.829 1.
0.768 0.917 1.

 . (D.3)

Full correlation matrix when the theory uncertainties from scale variations and O6 are
assumed to be uncorrelated, Set 2: 

1.
0.912 1.
0.884 0.925 1.

 . (D.4)

Full correlation matrix when the theory uncertainties from O6 are assumed to be uncorre-
lated, Set 1: 

1.
0.829 1.
0.762 0.930 1.

 . (D.5)

Full correlation matrix when the theory uncertainties from O6 are assumed to be uncorre-
lated, Set 2: 

1.
0.941 1.
0.921 0.968 1.

 . (D.6)

Full correlation matrix when the theory uncertainties from scale variations are assumed to
be uncorrelated, Set 1: 

1.
0.943 1.
0.882 0.940 1.

 . (D.7)

Full correlation matrix when the theory uncertainties from scale variations are assumed to
be uncorrelated, Set 2: 

1.
0.956 1.
0.914 0.945 1.

 . (D.8)
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