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ABSTRACT: Recent progress in generalised geometry and extended field theories suggests a
deep connection between consistent truncations and dualities, which is not immediately
obvious. A prime example is generalised Scherk-Schwarz reductions in double field theory,
which have been shown to be in one-to-one correspondence with Poisson-Lie T-duality. Here
we demonstrate that this relation is only the tip of the iceberg. Currently, the most general
known classes of T-dualities (excluding mirror symmetry) are based on dressing cosets. But
as we discuss, they can be further extended to the even larger class of generalised cosets.
We prove that the latter give rise to consistent truncations for which the ansatz can be
constructed systematically. Hence, we pave the way for many new examples of T-dualities
and consistent truncations. The arising structures result in covariant tensors with more than
two derivatives and we argue how they might be key to understand generalised T-dualities
and consistent truncations beyond the leading two derivative level.
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1 Introduction

The notions of consistent truncations and dualities are at first sight seemingly unrelated.

The former singles out degrees of freedom in a physical theory which decouple from the

rest.

They are important because it is often easier to analyse a system, i.e. solve its

equations of motion, if the number of degrees of freedom is reduced. Therefore, consistent

truncations provide a crucial tool for finding solutions in (super)gravity, with a wide range

of applications. More precisely, this idea can be summarised by the commuting diagram

full action S truncated action Sieq

field equations 65 =0 » truncated field equations §.5..q = 0.

truncation

uplift

(1.1)

The truncation is said to be consistent if the two pathways to the truncated equations

of motion yield the same result. Otherwise, the chosen truncation ansatz does not single
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out decoupled degrees of freedom. One should note that it is in general very difficult to
find consistent truncations, because the standard Kaluza-Klein ansatz with massless gauge
fields is in general inconsistent [1]. For a long time, only few exceptions have been known,
including sphere reductions [2] and reductions on group manifolds [3].

The second central concept for this paper is dualities. They are ubiquitous in physics,
and find applications from models in condensed matter to high energy physics. The basic idea
is that two seemingly very different models ultimately still share the same (quantum/classical)
dynamics. Here, we are particularly interested in target-space dualities (T-dualities) of two-
dimensional o-models. They can be studied from two major perspectives: the worldsheet
and the target space. The former is the surface on which the o-model is defined as a
field theory. In the classical limit, T-duality acts as a canonical transformation relating at
least two different o-models on different target spaces. Alternatively, one can consider the
low-energy, effective target-space action that captures the dynamics of the strings described
by the o-model. Here, T-duality maps existing solutions of the field equations to new
solutions. In this context it plays a role as a solution generating technique. It is known that
a small subset of all T-dualities, namely abelian T-dualities, are preserved under quantum
corrections on the worldsheet and the corresponding higher-derivative corrections in the
target space effective action. For the remaining, generalised, T-dualities, their fate under
quantum corrections is not yet known. There are some preliminary results [4-7] that suggest
that they might also cover higher derivative corrections. Here, we are mostly concerned
with the leading two-derivative effective action, and such higher-derivative corrections will
just touch the discussion tangentially.

Historically, one distinguishes between non-abelian T-duality [8], Poisson-Lie T-duality [9,
10], which might be supplemented by a Wess-Zumino-Witten term [11], and dressing
cosets [12]. Our results will apply to all of these, and we shall call them generalised
T-dualities. Note that we will not consider mirror symmetries, which relate different Calabi-
Yau manifolds; they are related to abelian T-duality by the SYZ conjecture [13]. For
completeness, let us quickly explain the two central mathematical objects mentioned here.
A Poisson-Lie group is a Lie group G equipped with a Poisson bracket that satisfies

{f1, f2}(99") = {fro Ly, fao Lg}(g') + {fi o Ry, f2 0 Ry }(g) (1.2)

where Lp(g) = hg denotes the left-multiplication on G and Rj(g9) = gh the right-
multiplication, respectively. The classical Lie group — Lie algebra correspondence was
extended by Drinfeld to Poisson-Lie group — Lie bialgebra, which contains in addition
to the Lie algebra Lie(G) also a dual Lie algebra Lie(G) corresponding to dual Lie group
G. Together, these two Lie groups form a double Lie group ID with the Lie algebra
Lie(D)=Lie(G)®Lie(G). Poisson-Lie groups are called dual, if they share the same D. For
example, they can be related by exchanging G and G. Poisson-Lie T-duality got its name
because it identifies o-models whose target spaces are dual Poisson-Lie groups. In addition
to the right- and left-action of G on G, Poisson-Lie groups admit a so-called dressing
action [14]. It can be most easily seen on the level of the doubled Lie group D where any

element of the subgroup F' C D generates the dressing transformation g — ¢’ on G with

fo=dh, g.9de€G, heG, and feF. (1.3)



Here the group multiplication is the multiplication on ID. The set of orbits of this action is
called the dressing coset [12]. In this paper, we will even work with a more general notion
than dressing cosets, which are called generalised cosets [15]. They drop the requirement that
the doubled Lie group D has to originate from a Poisson-Lie group and can be understood
as the lift of the concept of a coset in differential geometry to generalised geometry. At the
end, the following dependencies arise:

abelian C non-abelian C Poisson-Lie C  WZW-Poisson
N N (1.4)
dressing coset C generalised coset .

At first glance these two concepts, consistent truncations and generalised T-duality,
seem unrelated. However, in recent years it has become evident that a deeper understanding
of each of these concepts can be achieved using similar tools, most prominently (exceptional)
generalised geometry [16, 17] and double/exceptional field theories. In particular the latter
were initially developed [18-20] with abelian T-duality (and later, its extension to U-duality)
in mind; before its utility for understanding consistent truncations was appreciated [21-23].
While double field theory is in principle able to describe also non-geometric setups, we
shall use it in its most conservative form, with the standard solution d' = 0 of the section
condition, thus rendering it equivalent to generalised geometry. Later, it was shown that
generalised T-dualities can also be conveniently studied in double field theory [24-26].
Moreover, they provided the first systematic construction of the generalised frame fields
that underlie generalised Scherk-Schwarz reductions [27-29], and which still dominate the
landscape of consistent truncations. Motivated by this connection and examples like [30],
the goal of this paper is to explore further the relation between generalised T-dualities and
consistent truncations. It is already known that all generalised T-dualities except for dressing
cosets give rise to consistent generalised Scherk-Schwarz reductions. Therefore, we shall
take a closer look at generalised cosets, and show how they can be used to construct a very
rich class of consistent truncations that go beyond generalised Scherk-Schwarz reductions.

Our starting point will be the most general known class of consistent truncations [23]
that arise from generalised geometry. In section 2, we review the underlying construction.
At the end of this section, we then show how the already mentioned generalised Scherk-
Schwarz reductions are connected to Poisson-Lie T-duality. At this point, we already see
that dualities can be understood naturally in the context of consistent truncations, by
relating different truncation ansétze for a higher-dimensional theory that give rise to the
same truncated theory:

dimension dualities
D ansatz 1 «<—— ansatz 2 «—— --- «<——— ansatz n g
=|| &
d—n truncated theory . E

—

1.5)
Inspired by this finding, we are led to pose the question:

Is there a one-to-one correspondence between generalised T-dualities and
consistent truncations in generalised geometry?
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To answer it, section 3.1 introduces a new construction for the truncation anséitze depicted
in (1.5). It employs a higher-dimensional, auxiliary space to geometrise the generalised
structure group that underlies each consistent truncation. A similar technique was used
by Polacek and Siegel [31] some time ago to find a natural construction of the generalised
Riemann tensor in double field theory. It provides a structured construction of covariant
torsion and curvature tensors which, as we shall show, are of central interest in consistent
truncations also. With this tool at hand, we establish in section 3.3 that all spaces that
admit generalised T-dualities give rise to consistent truncations. Establishing the converse,
namely that any consistent truncation can be constructed from a dressing coset, is more
involved. On the one hand, we know that consistent truncations can be constructed on
Sasaki-Einstein spaces [23] that are clearly not double cosets. However, this is not, of itself,
a problem, because as the illustration (1.5) shows, there can exist different ansétze that
result in the same truncation. To check if at least one of them originates from a dressing
coset we have to find solutions for the Jacobi identity of the underlying Lie algebra in
which certain components of the structure coeflicients are fixed while others remain free.
We set up the computation in section 3.4, but it is hard to find solutions because the
Jacobi identities lead to many coupled quadratic equations. This problem gets easier the
more components of the structure coefficients are fixed, because they do not then appear
as unknowns in the quadratic equations. Fortunately, this is exactly what happens when
consistent truncations are considered in connection with higher-derivative corrections. We
explore this idea in section 3.5, and interpret it as a hint that there might indeed be a
one-to-one connection between consistent truncations and generalised T-dualities. We
plan to return to the problem of constructing a complete proof in future work. Finally,
section 4 is concerned with the explicit construction of truncation anétze for generalised
cosets, the basis for any generalised T-duality. Here, we extend the results of previous
work [15], by presenting a completely systematic construction. This culminates with the
observation 2 that on any dressing coset H\ID/F one can construct a consistent truncation
with generalised structure group F.

2 Generalised geometry and consistent truncations

2.1 (Super)gravity and generalised geometry

We are interested in consistent truncations of (super)gravity, such as arises as the low-energy
effective action in string theory. For the sake of simplicity, we only consider the NS/NS
sector, which is governed by the action

1 -
Hiij”k) . (2.1)

S — / APz \fGe2 <R + 40606 - —

We use the convention here that g is the determinant of the metric g;;, and R the corre-
sponding curvature scalar. Besides the metric, there is also the dilaton ¢ and the B-field
B;; on the D-dimensional spacetime Mp (also referred to as the target space). The action
does not incorporate B;; directly, but instead its field strength H;j, = 30;B;j). Conformal
invariance of the string at the quantum level fixes D = 10 for superstrings and D = 26 for



their bosonic counterpart. (2.1) possesses two local symmetries, namely diffeomorphisms
that account for coordinate changes and B-field gauge transformations B;; — Bi; + 20;§j)-

The infinitesimal versions of these two symmetries can be written in a unified form in
terms of the generalised Lie derivative

LoV =vlo vt — (9,0 = 0'u,) v (2.2)

Ul = (uz ui), Ur = (uZ uz) and V! are generalised vectors on the generalised tangent
space TM & T* M. While the original tangent space T'M is always extended in this setup,
the manifold Mp might be extended (double/exceptional field theories) or not (generalised
geometry). The two alternatives are related by the section condition, which singles out
the non-constant, physical, directions on Mp. We always solve the section condition in
the trivial way, namely 07 = (&- 0). Thus we do not need to distinguish between the
two different approaches, and we just use the doubling of the partial derivative index as
a convenient book-keeping device. The form of (2.2) is fixed by the requirement that the
natural pairing between a vector and a one-form,

. ‘ J
UIVJT]IJ =v'v; +uvt, with ny = (;Z %) , (2.3)
j

is preserved. The invariance of this pairing introduces an O(D,D) structure. This structure
allows the metric and B-field to be captured in terms of one unified object, the generalised

BB _B.gb
HIJ: Gij ikzkg lj 'Likjg ) (24)
9" By g

metric

It has two defining properties: 1) it is symmetric and 2) it is an element of O(D,D);
HIKT;KLH LJ = M1, where nI 7 is the inverse of nrj. Moreover, its parameterisation in
terms of g;; and B;; is chosen such that the infinitesimal action of diffeomorphisms and
B-field gauge transformation is mediated by the generalised Lie derivative.

The generalised metric introduces more structure than might be immediately obvious
from the parameterisation (2.4). To reveal it, we re-express Hy; in terms of the generalised
frame field E4;, with the defining properties

0 6
nry = E4magE®, NAB = <5a 5) and (2.5)
b
0
Hry = By HapE® ), Hap =" ab | (2.6)
0 n

where 7, is either the Lorentzian or Euclidean metric and 7 its inverse. These two
relations still do not fix the generalised frame completely. One can perform coordinate
dependent double Lorentz transformations, E4’ — A4PEp!, without changing the result-
ing n7; and My, assuming that Aa“nopAp” = As“HepAp? = 0. They furnish the
double Lorentz group Hp=0(D-1,1)xO(1,D-1) for Lorentzian or Hp=0(D)xO(D) for
Euclidean spacetimes.



We can use these ingredients to rewrite the action (2.1). There are in fact different
ways to do this. For our purpose the so-called flux formulation is most suitable [29, 32, 33].
To make the invariance under generalised diffeomorphisms (generated by the generalised
Lie derivative) of the action manifest, the flux formulation introduces two generalised
fluxes, namely

Lp,Ep= FABCEC and EEAQ_M = —FA6_2d. (2.7)

Taking into account the definition of the generalised Lie derivative (2.2), the first equation
leads to
Fapc =3E4'0/Ep’Eq)y, (2.8)

while the second relation requires more explanation because we encounter a new quantity,
d, the generalised dilaton. It is defined by

1
e 2 = \/§e*2¢ or d=¢— 1 log g . (2.9)

Importantly, e=2¢ does not transform as a scalar under the generalised Lie derivative, but
rather, as a scalar density, resulting in

Lye 2 = op(UTe ). (2.10)
Therefore, the second generalised flux F'4 is given by
Fy=2E2'01d — 91EAL. (2.11)

The two fluxes Fapc and F4 repackage the information contained in the metric, dilaton
and B-field. Hence, the action (2.1) can be alternatively written in terms of them as [29, 33]

S = / dPze R (2.12)
with the generalised Ricci scalar being given by
R = pABpCD (PEF - %PEF ) FacpFppr + 2PAP (2D Fp — FAFp). (2.13)
We encounter two new objects here: first, the flat derivative
Dy = Es'0; (2.14)

and second, the projectors

1(nf“B — HAB). (2.15)

1 —
PAB — Z(yAB L 4AB) and PAP — S

2
They are called projectors because of their properties
P,CP-B = P48, PP =P8, and P,°PcP =P PP =0. (2.16)

At this point, we just have a rewriting of (2.1) in terms of quantities that appear “naturally”
in generalised geometry or double field theory.



2.2 Systematics of consistent truncations

Next, we explain how this form of the action helps in identifying consistent truncations.
The answer is given by the following theorem, which was established in [23]:

Theorem 1. Let Mp be a D-dimensional manifold with a generalised F'-structure defining
a set of invariant tensors f9) with F C Hp and only constant, singlet intrinsic torsion.
Then there is a consistent truncation of the action (2.1) on Mp defined by expanding all
bosonic fields in terms of invariant tensors.

A key observation to understand this theorem is that invariant tensors are covariantly
constant with respect to an appropriate O(D,D) covariant derivative V 4, i.e. V4 f @) =0
for all fU). This derivative acts as a selector for degrees of freedom that are retained in the
truncation. An important feature of this derivative is that since it obeys the Leibniz rule,
the product of any two invariant tensors is again covariantly constant, and thus will be part
of the truncation. Usually, the derivative V is not the generalised Levi-Civita connection
V1 from which the generalised curvature scalar in the action (2.12) is derived. Fortunately
though, the two are related. To see how, we have to look closer at covariant derivatives in
generalised geometry/double field theory.

Different generalised covariant derivatives differ by their generalised torsion. Similarly
to the situation in standard geometry, the torsion is defined by comparing the generalised
Lie derivative written with partial or covariant derivatives as in [16]:

(L5 - L) V! = UIVET! . (2.17)
To compute this quantity directly, we need an explicit definition of the covariant derivative:
V[EAJ:8[EAJ—Q[ABEBJ+F[KJEAK, (2.18)

involving the generalised spin connection Q748 Fp” and the generalised affine connection
775, The two are related by the vielbein postulate V;E 47 =0, leading to

Trx = 01E* jEax + Qrik - (2.19)
With these definitions, the generalised torsion evaluates to
T]JK = 3F[IJK} . (220)

Additionally, the generalised covariant derivative should at least satisfy two

more constraints [16]:
1. Compatibility with the n-metric, Vinsx = 0, implying
'k =—Tiks. (2.21)
2. Compatibility with the generalised metric, V;H jx = 0, implying

_ 1 _
PuMPry Tinn = 5 PG Py 0rHun - (2.22)



3. (optional) Compatibility with integration by parts [dPze=2¢V;V! = 0, implying

T/, =20/d. (2.23)

Note that for the generalised Levi-Civita connection, point 3 applies, but it does not have to
hold for V;. In the definition of the generalised torsion (2.17), the generalised Lie derivative
acts on a vector. We obtain a similar result for higher rank generalised tensors, where Ty ;%
acts on each index individually. But there are also densities, like the generalised dilaton d.
Hence, we introduce an additional torsion for them, too,

(L8 - £F) e = Uu'Tre ™, (2.24)

which gives rise to
Ty =20;d—T7 ;. (2.25)

As in conventional geometry, the generalised Levi-Civita connection, V, is defined to
have vanishing torsion. Thus, we can deduce the relation between the generalised Christoffel
symbols I';jr of V; and I'yjx of V7,

Yk =Tk — Tk

1 - 1
- <3PPP + PPP 4+ PPP + 3PPP) 1N (TLMN + nL[MTN]) .

(2.26)
Note that ¥k is not fully fixed by all constraints above. There are some undetermined

D -1

components [16], which we have set to zero here. However, it is known that these components
do not contribute to the two-derivative effective action (2.1) or its field equations. Therefore,
it is safe to neglect them.

After this digression, we recognise that the action of the generalised Levi-Civita
connection on the invariant tensors has to be of the form

V9D =%, f0). (2.27)

According to theorem 1, the torsions T7 i and 17 of V, called the intrinsic torsion, have to
be covariantly constant. From this observation and (2.26), it is obvious that

ViXjxr =0 (2.28)

holds. Therefore, any tensor expression which is a function u of fU) and their V-
derivatives satisfies
Viu(f9,¥)=0 (2.29)

automatically. Still, this does not guarantee that the resulting tensor is contained in the set
£\ that forms the truncation. To overcome this problem, we note that all elements of this
set are invariant under the action of the group F. Any function u(f), V) will share this
property as long as the intrinsic torsion is a singlet (i.e. it is invariant) under the F' action.
In this case Xy x is invariant because, due to F' C Hp, the projectors in its definition are
automatically invariant, too.

Let us summarise the ingredients of the construction implied by theorem 1 and fix
some notation for later. For a consistent truncation we need:



1. The set of all invariant tensors {f)} which satisfy
VifW =0 and VofY =0. (2.30)

Here V,, denotes the infinitesimal action by generators t, € Lie(F’) of the structure
group F. The reason why we use this particular notation, will become clear in the
next section.

2. Constant, singlet intrinsic torsion that implies

Vilykr, =0, VT;=0 and Vodrjgk =0, V15 =0. (2.31)

2.3 The truncated theory

At this point, we can say more about the truncated theory. In general, the consistent
truncation still has an infinite number of degrees of freedom. To accommodate them, the
D-dimensional target space is split into two parts

MD = MD—n X Mn, (2.32)

comprising an external manifold Mp_,, of dimension D —n where no truncation is performed,
and the internal manifold M,, that hosts the invariant tensors discussed above. Accordingly,
we split the coordinates, namely z* on Mp_, and y* on M,. On the external space, we do
not require generalised geometry because no truncation takes place here. Therefore, we
do not use doubled indices on Mp_,. Only on the internal space M,,, we have the O(n,n)-
invariant pairing 7y, a generalised metric Hyy, and all the other objects introduced above.
In this setup the metric, B-field and dilaton on the full space split into five contributions:

o external metric g, (),

o external B-field B, (z),

o dilaton ¢(z,y),

o gauge connection A,/(x,y), and
o scalar field Hyy(x,y).

All shall be understood as fields in the truncated theory with their y-dependence totally
fixed by the truncation ansatz.

The action (2.1) can be rewritten in terms of these fields by using a Kaluza-Klein
ansatz. This rewriting is cumbersome, but can be found in different papers, e.g. [28, 29, 34].
Here, we start from the result of [34], because it is fully general and does not commit to

any specific ansatz on the internal manifold yet:

— 1
S = / APz Ay, /ge2¢ (R + DudD"d — s Hyuwp M
. . (2.33)

+ épﬂlﬂwﬁ” — ZHU}“WI}"“”J — v) .



In the following, we will refine this action by using all the insights from the previous
subsection. But before doing so, let us discuss the new objects that appear in (2.33). R is
the curvature scalar for the external metric. Furthermore, the truncated theory is a gauge
theory coupled to (super)gravity, normally referred to as a gauged (super)gravity. It comes
with the gauge covariant derivative

Dy =0, —La (2.34)

"

that incorporates the connection one-form A”I . Like in Yang-Mills theory, one has to add
a kinetic term containing the corresponding 2-form field strength tensor

Fu' =200,A," — (A, A (2.35)
to the action. Instead of a Lie bracket, it employs the Courant bracket
1
[U,V]c = i(ﬁUV —LyU). (2.36)

This is because we have not yet performed the truncation. Later, we will see that this
bracket turns into a Lie bracket after the truncation, as is required for a gauge theory.
Moreover, the 3-form H;j;, in the original action has to be complemented by a Chern-Simons
term giving rise to

Howp = 30, By, + 34, 00 A1 — Apn[Av, AylG - (2.37)
Finally, we have the scalar potential
V=-R. (2.38)

It is expressed in terms of the generalised Ricci scalar (2.13) on the internal manifold M,.
For completeness, we note that gauge transformations of the connection 1-form AMI are
mediated by

oaA," = 0N+ Lp AT (2.39)

For all the covariant fields, the generalised Lie derivative mediates gauge transforma-
tion, namely

5p =Ly (2.40)

At this stage, there are still an infinite number of scalars H;; and vectors Aul . But,
as suggested above, we should expand them in terms of tensors that are invariant under
the structure group in order to obtain a consistent truncation. Let us start with the
generalised metric

His(z,y) = B4 1(y)has(2)EP (), (2.41)

and adopt the notation that quantities which depend only on y are decorated with a tilde.
In contrast to section 2.1, the generalised metric hap here is not restricted to the diagonal
form given in (2.6). Rather, it is an element of the coset O(n,n)/H, and it thereby captures
the scalar moduli space of the truncated theory. However, this choice has to be refined

~10 -



because it is not automatically invariant under the action of the structure group F. Thus,

we restrict hap to the coset
CO(n,n) (F)
Cu, (F)

where Cg(H) denotes all element of the Lie group G that commute with all element of H.

hap(z) € (2.42)

Similarly, the vectors of the truncated theory are formed from all n, F-invariant vectors
Ka&'(y), with & =1,...,ny,

A, (@,y) = A, @) Ra' ). (2.43)

Thanks to the analysis in the last section, it is not hard to see how these vectors act on
other invariant tensors through the generalised Lie derivative.! In particular, we find

Ly K3 =(Ta) 'Ky’ (2.44)
,C;%HU = 2(T) (™ Myyxe (2.45)

with
(Ta)1? = —K5Tk;” . (2.46)

Here, Tryx is the generalised torsion from (2.20). We only decorated it with a tilde to
emphasis that it depends only on the internal coordinates y’. One can interpret (T4);” as
2n x 2n-matrices. They are elements of the Lie algebra Lie[Co(y ) (F')] and generate the

gauge group G' C Co () (F) [23]. The corresponding Lie algebra has the structure constants
[T Tg) = 157 T - (2.47)

This result is quite remarkable, because it tells us that the torsion 17 i controls how the
gauge group is embedded in the global symmetry group of the truncated theory. It plays
the role of the embedding tensor, which is known from truncations that preserve maximal
or half-maximal supersymmetry (see [35, 36] for reviews).

Eventually, we want to get rid of the internal manifold’s coordinate dependence. To
this end, we note that K54 = fdl EA; in flat indices is constant. The same of course also
holds for the torsion T4pc and T4. Thus, we define the constant tensors

Naj = KdAKBBnAB ; (2.48)
hes = Ko K3 hap(z), and (2.49)
(Ta)a® = Ko'Tr, X EA" EP . (2.50)

Note that 7, 4 is invariant under the action of the gauge group, and we use it to raise and
lower dotted Greek indices. Moreover, we have to deal with the dilaton. It decomposes into

d(z,y) = ¢(x) +d(y) . (2.51)

!The trick here is to write the generalised Lie derivative in terms of the covariant derivative V4 and keep

in mind that it annihilates all F-invariant tensors on the internal manifold. Thus, the only non-vanishing
contribution comes from the torsion tensor.

- 11 -



With these definitions in place, we can eventually restrict the action (2.33) to Mp_p,

S = Vint / d(D—")x \/56—25 (R + 4'Dugpu$ _ %H#VPH;WP

! (2.52)

1 i
SDHhABD“hAB — —h 5 Fu S FP V) :

4 apYy w
This reduced action employs the covariant derivative and field strengths

— - 1
D¢ = aﬂ¢ - 5‘4#7

(

Duhap = Ouhap — 24,%(Ts) (4% hpyc (
Fun™ =200, A)% = f3.°A A7, and (2.55

(

Hywp = 304, By + 3AL 0, A0 — Faps At AL ALY, 2.56
and the gauge transformations
A = 0uAS + NPA 5.0 (2.57)
Spd = %Ade , (2.58)
Sahap = 20%(Ta) (A “hp)c - (2.59)
Two new quantities,
Ay(x) = A, %(x)Ts, and Ty = K42Ta, (2.60)

have appeared here. As intended, neither depends on the internal coordinates y because
the torsion T4 is constant by theorem 1. There is only one imprint of the manifold My left,
namely its generalised volume

Ving = /d”ye‘ﬁ, (2.61)

which appears as an overall prefactor.
Before, we turn to an example, let us summarise the salient features of all truncated
theories that arise from theorem 1 in generalised geometry:

o They are gauged (super)gravities in dimensions D < 10 for the superstring or D < 26
for the bosonic string.

e Their field content and gauge group are completely fixed by the constant, singlet
intrinsic torsion T4pc and T'4.

e The only part of the action that is not so easily fixed is the scalar potential V. It
requires detailed knowledge about the geometry of the internal manifold and its
dependence on the scalar moduli fields.

However, the scalar potential is central for most applications. That is the reason why
a particular subclass of consistent truncations, called generalised Scherk-Schwarz reduc-
tions [28, 29|, currently dominates most applications.
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2.4 Generalised Scherk-Schwarz reductions and Poisson-Lie T-duality

Remarkably, these reductions are directly related to the second central pillar of this paper,
dualities. In this subsection, we explain how.

Consistent truncation perspective. Generalised Scherk-Schwarz reductions implement
a special case of theorem 1 with trivial structure group F. Therefore, any tensor in flat
indices which is annihilated by the covariant derivative Vj forms part of the truncation. In
particular, we do not have to deal with V,, introduced in (2.30) and (2.31). Moreover, the
spin connection Q747 in (2.18) vanishes.

This situation is similar to a group manifold in standard geometry, where one can always
introduce a flat derivative without curvature. The only difference is that in generalised
geometry instead of the Riemann tensor, the generalised Riemann tensor [37-39]

1
Risxr =200 nxr + 20l e ™ + §FMIJFMKL + (IJ) < (KL), (2.62)
or in flat indices after using (2.19)

1
Rapep = 2E(4" 010100 + 241" QppE + §QEABQECD (2.63)
— Fa"Qgcep + (AB) > (CD),

has to vanish for trivial F'. Taking into account the vanishing spin connection, we find the
generalised affine connection
Lok = 01EA jEak (2.64)

by using (2.19). From it, we next compute the generalised torsions from (2.20),
Tapc = —Faspc, (2.65)

and from (2.25),
Ta=Fy. (2.66)

Hence, the conditions for consistent truncations become
Fapc = const. and F4 = const. , (2.67)

because the covariant derivative V 4 acting on quantities with just flat indices reduces to
D = Exloy.
At this point, it is instructive to look at the Bianchi identities for V 4. They reduce to [33]

3
DaFpep) — ZF[ABEFCD]E =0, and (2.68)
1 1
D[AFB} + §DCFCAB — §FCFCAB =0. (2.69)

Because of (2.67), all terms with derivatives D4 drop out. Consequentially, (2.68) becomes
the Jacobi identity of a Lie algebra, Lie(D). Assume that this Lie algebra has the generators
t 4, satisfying

[tatg) = Fap“tc. (2.70)
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Furthermore, (2.69) states that tp = F4¢, has to be in the center of Lie(DD), saying that
the generator tg commutes with all other elements of the Lie algebra.

Another effect of a trivial generalised structure group is that we can identify the index &,
enumerating invariant constant vectors, with the O(D,D) index A, resulting in K42 = §5.
Hence, the Lie group D has a natural interpretation as the gauge group of the truncated
gauged (super)gravity. In the same vein, we identify the scalar manifold as O(n,n)/H,.
Finally, one can directly read off the scalar potential®

1 1
V = FaceFpspr (nhABhCDhEF - 4hABnCDnEF> + FaFph? (2.71)

from (2.13) by dropping all terms with a derivative and expanding the projectors

PAB %(UAB + hAB) ﬁAB — %(WAB . hAB).

Summarising, the truncation ansatz for a consistent truncation with a trivial structure

and

group is built from following data:
1. A doubled Lie group D (=gauge group), generated by ¢4

(a) with the structure coefficients F,p¢ and

(b) and an elements in the center tp = FAt, (tp = 0 always works).

2. D has to be a subgroup of O(n,n). Otherwise, its adjoint action would not leave
nap invariant and consequently, Fapc = F 5P npc would only be antisymmetric
with respect to the first two indices A and B, but it has to be totally antisymmetric.
Therefore, Fag® actually describes how D is embedded into O(n,n), and is called the
embedding tensor.

3. A constant generalised metric h4p on the internal manifold, to construct the projectors
PAB and PAB,

Generalised T-duality perspective. Intriguingly, exactly the same data are needed
to describe a Poisson-Lie symmetric target space in the £-model formalism [10, 40]. More
precisely, one needs the following ingredients to construct an £-model:

1. A doubled Lie group D, generated by ¢4

(a) with the structure coefficients Fg©.

(b) there is no item (b).

2. A non-degenerate pairing (t4,tp) = nap, that is invariant under the adjoint action

of D.

3. An E-operator € : Lie(D) — Lie(ID), which squares to the identity. In the language
we use here, this is just the generalised metric £47 = H 4B,

2We drop the contribution
1
FAFA — 6FABCFABC

because it vanishes under the section condition, we always impose in this paper.
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The underlying classical o-model

1
4ol

S, / (gijdxi Axdz? + Bijda' A dxj) (2.72)
2

does not incorporate the dilaton, therefore item 1b is not contained in this list. To define
the £-model, one first transitions to the Hamiltonian formalism with the Hamiltonian [41]

1
b e%

/ deTMHyn TN . (2.73)
In addition to the generalised metric in (2.4), we find the generalised currents
Tu = (pm o™ (2.74)
defined by using the embedding coordinates ™ and their canonical momenta
Pm = GmnO07r2" + BpnOsx™ . (2.75)

Taking into account canonical, equal-time Poisson brackets {x,,(c),p"(¢")} = 0" 0(c — o'),
one obtains
{7M(0), TV (0")} = 21/ (0 — o)™ (2.76)

which introduces n”™¥ from the worldsheet perspective. The £-models arises after dressing
these currents with the generalised frame E“; to obtain the Kac-Moody algebra

{740),TF(o")} = 8(0 — o) FAP T (0) + 8 (0 — o")i"P (2.77)

with 1
T4 = MEAMJM. (2.78)

As in our previous discussion, it is crucial here that Fapc, nap and Hap are all constant,

resulting in the £-model Hamiltonian
1
H= 5/olo—jf"HABjB (2.79)

that is quadratic in the generalised currents and therefore results in the simple equations
of motion

1
dJ+§[J,j] =0 (2.80)

with the Lie(DD)-valued, worldsheet one-forms
T =ta(E4p7"dr + 7o) . (2.81)

Poisson-Lie T-duality relates different choices for the metric g;; and the B-field B;;
in (2.72) by a canonical transformation. How this exactly works is best seen in the
Hamiltonian formalism where the canonical transformation leaves the Poisson brackets and
the Hamiltonian invariant, but changes the composition of the currents J* in terms of the
fundamental field ™. Consequently, there is in general not just one choice of the generalised
frame E4; that results in some fixed structure constants F4g<, but multiple ones.
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There is an important lesson to be learned from this new perspective: the truncation
ansatz, which is fixed by the same generalised frame E4” as the currents J# in the £-model,
is in general not unique. Instead one can find for every maximally isotropic subgroup H; of
D a generalised frame on the coset M) = H;\D that results in the same generalised fluxes
Fapc [24, 25, 42]. All of them are connected by Poisson-Lie T-duality. We will discuss the
details of the construction of generalised frames in section 4.

It is known that gauged £-models give rise to an even broader notion of T-duality [43],
called dressing cosets [12]. There are hints that they are also closely related to consistent
truncations [15]. In the rest of this paper, we follow these hints and eventually show that
generalised cosets provide a very large class of new consistent truncations for which the
scalar potential can be computed.

3 The Polacek-Siegel construction

In the last section, we have identified the generalised structure group F and the singlet,
intrinsic torsion as the fundamental building blocks of consistent truncations. We will now
present a construction of the associated generalised frames E 4! and spin connection Q45
which treats them as first class citizens. The basic idea for our approach first came up in
the paper [31], and we therefore refer to it as the Polacek-Siegel construction. In its original
form, it was restricted to the case F' = H,,, which is not of much use for the application to
consistent truncations. Fortunately, one of the authors extended the discussion to general
F’s in ref. [44]. We shall review the construction in the following, and adapt it to our
conventions before applying it to truncations.

3.1 Generalised frame on the mega-space

First, we define generators t,, € Lie(F') that generate the generalised structure group and
that are governed by the commutators

[tasto] = fas ™t (3.1)

Next, we introduce the auxiliary coordinates z* to parameterise group elements f(z*) € F.
In combination with the coordinates y* on the internal manifold M,,, they describe what
we call mega-space. It is important to keep in mind that the mega-space is not physical. It
is, rather, a useful book-keeping device, as will become clear by the end of this section.

In order to make contact with the discussion in the last section, we have to fix at least
two quantities on the mega-space, namely the generalised frame and the np-metric. For the
former, we will use the parameterisation

~ ~ 557 0 0\ /(5,40 0
=MF —Q7p Eg’ 0 0 6 0 |. (3.2)
pﬁ"/fégﬁKQ’YK OB8J &Ew 0 0,

Before motivating it, let us take a moment to explain the new conventions we encounter
here: indices come in two kinds: flat A, B, ...and curved I, J, .... The latter split as
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xT = (z“ v i EH), Ty = (Eu Ui v z“). Note that the section condition is still trivially
solved, because nothing depends on the coordinates y; and %z, and we use the partial
derivative 07 = (8# 0; 0 O). Moreover, the O(n + dim F';n + dim F') invariant metric Ul
given by

0 0 &
n7=10 nrs 0 (3.3)
50 0

where 77 is already known from (2.3). Flat indices behave in the same way. In particular,
we encounter the flat n-metric

0 0 &
=10 nap 0| . (3.4)
55 0 0

With the index conventions established, we can say more about the form of (3.2). At
first glance, it has three distinguishing features:

1. All physically relevant quantities are contained in the middle matrix.
2. This matrix is of lower triangular form.

3. It is dressed from left and right by two matrices which only depend on the auxiliary
coordinates z*.

Note that we use here tilde quantities which depend on the auxiliary coordinates 2.
M XB does not appear explicitly in either [31] or [44], but later it will be very helpful for
understanding how the mega-generalised frame field relates to the covariant derivative V 4.
This matrix mediates the adjoint action of F' on the mega-space. Therefore, it has two
defining properties:
Ar.Car..D _
Mz~ Mg"nep = 55 (3.5)
and R L
7. B _~a 37.Crs B
OuMZz" =0, My f.a - (3.6)

Here v, denotes the components of the right-invariant one-forms df f -1 =t pdz# and
504” are the dual vector fields, defined by 50/‘17/3 w = 5;2) . The infinitesimal action of F
is specified by the constants faﬁ(?‘ Due to (3.5), they have to satisfy faﬁ@ = _faﬁﬁ‘
Furthermore, (3.6) should not spoil the lower triangular form of the middle matrix in (3.2)
and therefore we find

fap® =0, and  fap, =0. (3.7)

Owing to these constraints, the full mega-generalised frame field is lower triangular. This
observation motivates the parameterisation of the two right-most matrices in (3.2). Together,
they implement the most general lower triangular matrix that leaves the n-metric invariant.
Thereby, we encounter three fields on the physical space M,:

o The generalised frame F4! that we already discussed in the last section.
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e An unconstrained field Q%p which, as we will see later, is directly related to the spin
connection Q4o of V 4.

« An antisymmetric tensor p®¥ = —pP®. Tt is the most interesting result of the Polacek-
Siegel construction because it has no analog in standard geometry. Therefore, in
honor of these two gentlemen, we call it the Polacek-Siegel field.

Finally, we come to the question: how is this setup related to the covariant derivative
V4?7 The relation becomes manifest when we split all tensors into a physical and an
auxiliary part as, for example, in

V= M. (3.8)

To indicate that ‘72 depends on z* and y* while V5 depends only on y', we decorate the
former with a hat. This is also the reason that the generalised frame field on the mega-space
is called EXI instead of just EXI . In the same vein, we introduce the flat derivative

~ ~ ~

E-lo~=M-PD with D =FE 0. (3.9)

D= k3 0p=Mz"Dg,
A natural question at this point is: can get rid of the auxiliary coordinates z* completely?
This would be the case if these coordinates always appeared only in the form of (3.8). There
is only one place where this could go wrong, namely for flat derivatives. But fortunately,

for them we find

- ] i
= MA\CMB\D (DaVE + E@afaﬁEVE> with E;f = —08,
p*P — 30001
(3.10)
Hence, we conclude that the z#-dependence of any quantity with flat indices arises only
from the twist of each index with M ZB .
Looking more closely at (3.10), one can interpret the two terms in the brackets on the

~ o~

D3V3

right hand side of the first equation as a covariant derivative. Thus, we write
A 0. v.Crr Dot 1
D;Vs = M4~ Mg VaVD (3.11)

for flat derivatives on the mega-space, and we see that it can alternatively be interpreted as
a covariant derivative on M,,. Comparing (3.10) and (3.11), we find

Viy=Es'01 - Q° Vs, (3.12)

Ve =0BDg + (wﬁ - %QO‘IQBI ) Vi, (3.13)
and furthermore

VaVs = fap" Vo (3.14)

ViVe = fapVo + fan™Vy (3.15)

VIVE = — £,V = £.cPVE + 1.7V, (3.16)
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Most important for our purpose is to relate Viz to the covariant derivative V 4 and V,, that
is required for constructing consistent truncations. More precisely, we want to identify

VaVp =V Vg, (3.17)
or equally
Qipe = Q1 fspe - (3.18)
Hence, we impose
faB?=0. (3.19)

This condition can be relaxed in the context of generalised T-dualities.?> However, for the
consistent truncations we study here, it arises naturally. Thus, we shall keep the M -terms
in intermediate results and only remove them in the final expression on M,,.

Finally, we also need to know how the generalised structure group F acts on the physical
generalised tangent space T'M,, & T*M,,. Remember, the corresponding infinitesimal action
is mediated by V,, introduced in (2.30). Thus, it is natural to relate

VoV = fus’Ve = V. V3, (3.20)

too. This also explains the initially arbitrary looking notation for this operation. On the
mega-space it has exactly the same origin as the covariant derivative V 4.

3.2 Torsion and curvature

We have seen that the Polacek-Siegel construction transforms flat derivatives lA?Z on the
mega-space into covariant derivatives on the physical space M,,. From a conceptual point
of view, one might say that it geometrises a generalised connection by adding auxiliary
coordinates z#. Therefore, analysing the properties of the derivatives D 1 becomes the main
objective for this subsection. Fortunately, we already learned in section 2.4 that they are
exclusively controlled by the torsions (see (2.8) and (2.11))

~

1B = D[A\Eﬁ é\]?’ and (3.21)
fr=2Dzd—0:E;". (3.22)

Here, we switched from capital F’s to f’s, because we want to reserve the F' for the physical
space Mp. At the moment this might seem arbitrary, but it will become obvious shortly.
Next, we will evaluate (3.21). As already discussed, it is convenient to strip off M ZB from
generalised tensors, as we did in (3.8) while going from 172 to V3. The generalised frame
field in (3.2) is no exception. Therefore, we split it according to

R R _[T* 00
Ei' =MPEZCv;" with  vi'=| 0 B 0 |, (3.23)
0 0 v%,

3We thank Yuho Sakatani for pointing out this possibility to us.
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and first compute

fap” and cyclic

T J- _
BV[Z (3IAV§ Va}j— (3.24)
Fapc -

The latter is then used to obtain

~

PE"V 510V Vi 7+ 3V ES By

¢ Vb TYE YR [ ar- (3.25)

o~

Note that V' here just acts on the flat index B of the generalised frame field EEI . There
is no affine connection fixed by a vielbein postulate. Before we can turn to j}, we have to
specify how the generalised dilaton on the mega-space depends on the auxiliary coordinates
zH. It turns out that the right choice is

dly, 2) = d(y) %log det &(2) (3.26)

with
taf®u(2)dzt = f71df . (3.27)

Only for this choice does the z#-dependence of fg completely factor into a M ZB twist, as
we required in (3.8). After removing this twist, we find

f3=2E;"Dpd—01E;" — f ;"E5". (3.28)

o~

It is very instructive to compute the individual components of both ;55 and fg. But
before doing so, we need a way to keep track of all contributions. To this end, we introduce
the e-dimension, which is defined in the following way: assume we scale the generators of
the generalised structure group F according to t, — € 't,. In this case, the structure
coefficients f, 57 introduced in (3.1) scale as fog7 — € ! fo57. To find out how other tensors
scale, assign —1 to each lowered Greek index, +1 to each raised Greek index and 0 to
each Latin index. Summing over all indices of the tensor then gives its e-dimension. The
motivation for this particular scaling comes from an alternative approach in the literature
to the construction of dressing cosets [45, 46]. It considers an £-model on the mega-space
where the generalised structure group F' describes a global symmetry. After scaling the
generators t, as shown above, and sending € to 0, the £-model degenerates and the global
symmetry becomes a gauge symmetry. This limit is subtle, but several examples suggest
that the relevant quantities on the dressing coset are those which are invariant under the
scaling or, equally, have vanishing e-dimension.

ABC’
antisymmetric. For each of its components, we can therefore order the indices by their

To find all independent components of recall that it is by construction totally

e-dimension (of course still keeping track of the sign). The results for the ten independent
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classes of components are then given by

e-dim.

=3 | fapy =0

=2 | fapc =0

—L o Jaan (3.29)
0| faB? =0 fasc

+1 fozﬁ7 fAB7

_|_2 fAﬁ’Y

+3 fop

All the components in the first column are just the parts of fa§0 that describe the F-action
on the mega-space (see (3.6)). They are constant, and constrained by the Jacobi identity

E D_ D
2f[a|a f\ﬁ]ﬁ __faﬁryfvé\ > (330)

which arises from d?M ZE = 0 and (3.6), because infinitesimal F-transformations have to
close into a group. Non-constant contributions only arise from the components in the second
column. In the following, we compute them one by one.

First, we look at

fapc = Fapc — 39 (afspc) = Fapc — 3Qapq) - (3.31)
Comparing this result with (2.19) and (2.20), we find the remarkable identification
fapc = —Tapc . (3.32)

On the other hand, (2.31) requires that Tpcp is annihilated by V4 and V,, for theorem 1
to apply. This condition can now be written as

Vafeep = Vafpep =0 and (3.33)
Vafsep = Vo fsep =0 (3.34)

by using (3.17) and (3.20). Due to (3.12), these two equations automatically imply
fAaBc = const. (3.35)

for all consistent truncations resulting from theorem 1. Next in line is

1
faBY = =2D[uQ g+ foi " QA0 5 — ifaABQaCQ’yC +2 o a0 G — farnp™ +Fap Ve
(3.36)
To find an interpretation for this quantity, we first get rid of the Greek index v by contracting
with f,cp, resulting in the new quantity

fapep = faB” fyep - (3.37)
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In the same vein, we introduce

rasep = p* faanfocp (3.38)

which is actually the original form of the Polacek-Siegel-field introduced in [31]. With these
two new quantities, (3.36) can be rewritten exclusively in terms of Latin indices as

1
faBep = —2D(aQpicp — 241" Qp)pE — §QEABQECD + Fap"Qpep —rasep - (3.39)

From (3.37), it follows that fapcp is antisymmetric with respect to its first two and last
two indices. Thus, it can be decomposed into the three contributions

faBcp H@HE@ @ . (3.40)

The first two diagrams on the right hand side contain the parts of f4pcp that are symmetric

under the pairwise exchange of AB and C'D. For them, r4pcp drops out and we find

faBep + fepas = —Rapeb - (3.41)

At this point, the power of the Polacek-Siegel construction becomes fully apparent: we
recover the generalised curvature on the physical space M,, purely from a torsion component
on the mega-space!

Additionally, the Bianchi identity components

JRR 3. A
Diafpep) — Zf[ABEfC«D]E =0 (3.42)

on the mega-space imply the algebraic Bianchi identity of R apcp, namely

4
Riapcp) = fas” fepip — gv[AfBCD] : (3.43)

Note that V4 fpop = 0 for consistent truncations, rendering the identity completely
algebraic. Finally, there is the hook in (3.40), which is antisymmetric under pairwise
exchange of AB and C'D and contains the Polacek-Siegel-field. As we will show in the next
subsection, it will not contribute to the two-derivative action or its equations of motion.
The same holds for the remaining components f4%7 and f*#7. Hence, we postpone deriving
detailed expressions for them until section 3.5.

We still have to deal with the one-index torsion (3.28). In analogy with (3.29), we
decompose it into

e-dim.
-1 fa = faBB
0 fa (3.44)
1 fo
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Again, we need to compute the two contributions, f4 and f, in the right-hand column.
For the first, we obtain

fa=Fa—QPpa— foa’ (3.45)

by expanding (3.28). Similar to f4pc, we recover the one-index torsion for the last section
and identify

Ta= fa (3.46)

Therefore,
Valg =V'yfg =0 and VoI =V, fg=0 (3.47)

hold according to (2.31) for all consistent truncations that are governed by theorem 1. Just
as in (3.35), we therefore deduce

fa = const. (3.48)
Finally, there is
[*=—=DpQ%p — Qetfz — p7 f5,% + QP Fp + f5°°, (3.49)
which we rewrite as
fap = ("= f,") fasB (3.50)
= —D%Qoap + FQcap + 2r° apc - (3.51)

However, it is not a new independent quantity. Instead it can be reconstructed from already
encountered f’s by using the Bianchi identity

~ o~ 1 ~G 1 o
Diafp + §D faap — §f Jeap =0 (3.52)
on the mega-space, resulting in

fap =2V afp + YV foan — € foas — 2/ upc — faf“aB.- (3.53)

3.3 Truncation of the generalised Ricci scalar/tensor and dualities

We now come to the core objective of this paper, and reveal the relation between consistent
truncations and dualities. To do so, we revisit the generalised Ricci scalar in (2.13).
Currently, it is written in terms of the flat derivative D 4. But we rather want to write it in
terms of the covariant derivatives V 4 that are relevant for consistent truncations. While
F4 and Fapc are directly related to the torsion of D4, they lack this kind of geometric
interpretation for V4. Therefore, we will ultimately replace them with f4, fapc, and
fapep. In general, one might worry that after performing these substitutions, some naked
connection terms would remain. By naked, we mean any generalised spin connection Q43¢
which is not part of a corresponding covariant derivative V 4. However, the generalised
Ricci scalar transforms covariantly under the action of the generalised structure group
F. Therefore, one should in the end be able to rewrite it just in terms of manifestly
covariant quantities, and these are exactly all the f’s introduced above (for more details see
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section 3.6) and their covariant derivatives. Indeed, all terms including a naked connection
vanish and one finds

R = PABPCD

(PEF + ;,PEF) facefBpr +2facps| +2P*P(2Vafp — fafp). (3.54)

Note that the Polacek-Siegel-field gets projected out from fapcp and we can also write
2PABPCD f)opp = —RacppPABPCP .= RY (3.55)

by using (3.41). Hence, can rewrite R purely in terms of the torsions and scalar curvature
of V4 as

— 1
R =RY + pABpOP (PEF + SPEF) TaceTspr + 2PAP(2V 4T — TaTg).  (3.56)

As shown in diagram (1.1), it is crucial for any consistent truncation to preserve the
relation between the action and its equations of motion. Therefore, we compute the latter
by varying the action (2.12) and dropping all boundary terms, to obtain

68 = /d% e~ (—2R6d + gABéEAB) =0, (3.57)
with [33]
Gap = 4P[ACPB]D (FCEGFDFHPEFPGH + FeppFrPPr +
(3.58)
DpFo — DpFoprP")
and
6FEap = (6EA)Ep; . (3.59)

Note that G4p is not yet the generalised Ricci tensor Ry that arises if we vary with respect
to the generalised metric Hyy

55 = / dPz e (—2Rdd + R1,0H"7) = 0. (3.60)
Both Gap and Ry are commonly used in the literature. They can be related by identifying
SH! = 4B PEUPIE  and  6EAP = §HopPCAPBIP (3.61)

first, and afterwards comparing (3.57) with (3.60) to eventually obtain
Riy=G"" PPk . (3.62)

We follow the same strategy as we previously did for R, and rewrite Gap in terms of
Va, fa, fapc and fapcep. Again, we find that all terms with naked connections cancel.
The result

Gap = AP, Pp)” (fCEGfDFHPEFFGH + fepefrPPF

(3.63)
+Vpfc - VefoprPEr — fEDCFPEF>
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again looks similar to (3.58), with only one new contribution from fapcp. If we look at
the definition (3.37), we note that the last two indices of f4pcp originate from f,cp which
captures the infinitesimal action of the generalised structure group F' on the generalised
tangent space. Because F' is a subgroup of the double Lorentz group Hp, we find

faCDPCAPDB = faCDPCAPDB =0. (3.64)
Exploiting this property, we rewrite
— 4P, Pp” fepcr PP = 2P, PP Recor PPF = G)p (3.65)

and see that only the box diagram in the decomposition (3.40) of fapcp contributes to the
generalised Ricci tensor. Like for R in (3.56), we can write it exclusively in terms of V 4’s
torsions and curvature:

Gag = Gxp +4P.“Pp” (TCEGTDFHP BEPOH — ToppTrPPF+ (3.66)
3.66
VpTe + VeTeprPPr).

For any consistent truncation governed by theorem 1, R, Rap and Ga4p have to be
constant and singlets. Written in terms of equations this imposes

VaeR=0 and  Va,Gpc=0. (3.67)

Because the intrinsic torsions f4 and fapc share this property, the two new quantities RY
and GYp defined in (3.65) and (3.55) have to satisfy

VaRY =0 and  Vyu,Gx5=0, (3.68)

too. This fixes some of the components of F' YTl which we need for the Polacek-Siegel
construction, to be constants, but clearly not all of them.

However, assuming that we have fixed all physically relevant data (at least at the
leading two derivative level), we should rather ask: is there a way to choose the remaining
components of f;55 such that they are compatible with the ones we already fixed? From a
physical point of view this corresponds to obtaining a truncation ansatz which reproduces a
target truncated theory. In general, there can be multiple solutions to this problem. Each
of them provides a different metric and B-field on the internal space, but eventually they
all reproduce the same truncated theory. We encountered this behaviour, which is depicted
in (1.5), already, for the motivating example of generalised Scherk-Schwarz reductions and
their relation to Poisson-Lie T-duality. But a main difference is that we now have two
possible mechanisms for generating dualities instead of one. First, we will see that there
is the possibility of finding different generalised frames on the mega-space that realise the
same generalised fluxes fﬁﬁa' We already encountered this mechanism in section 2.4; it
provides the foundation of Poisson-Lie T-duality. Moreover, for a non-trivial generalised
structure group, we have a second option since only some components of f~~~ are fixed.

ABC
The remaining ones are only constrained by the Bianchi identities on the mega-space.
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3.4 Jacobi identities

Exploring the space of all these dual backgrounds is beyond the scope of the present paper.
We rather want to restrict our discussion to a specific family of backgrounds with constant
f256> like for generalised Scherk-Schwarz reductions. In section 4, we show that all of
them are realised in terms of generalised cosets. Thus, they 1) form the foundation of all
generalised T-dualities currently known, and 2) provide explicit constructions of the full
truncation ansitze. Hence, the question from above has to be refined: can we find for any
given truncated theory at least one ansatz with constant f;55 that uplifts the theory to D
dimensions?

To answer this question, one has to analyse the Bianchi identities

o~ E‘A .
fas fepp =0 and (3.69)

Ffazg=0, (3.70)

on the mega-space, which arise after dropping the flat derivative D 1 because we are assuming
that f;55 and f; are constant. It turns out that this problem is still hard, because it
entails solving systems of coupled quadratic equations. Therefore, we postpone a thorough
analysis to future work. But even without a full solution, already the structure of the
various components of (3.69) and (3.70) is interesting.

We recognise (3.69) as the Jacobi identity for a Lie algebra. It has 15 independent

contributions which can be organised into four categories:

1. Closure of the F-action on the mega-space (6 constraints)

These components arise from the requirement that the action of the generalised
structure group on the mega-space closes. They are governed by (3.30). Only three
of them are non-trivial.

(a) e-dimension -2 implements the Jacobi identity of Lie(F),
3flap e =0. (3.71)

(b) e-dimension -2 also requires that f,p generates this action on the generalised
tangent space TM,, & 1M,

2fiac” figE"” = —fag fec® . (3.72)
(c) e-dimension 0 imposes the condition

Fag f° = 4 fi M fig P = 0. (3.73)

A simple solution is f,?" = =218 5,7 for antisymmetric r®?. This condition
(and the existence of possibly other non-trivial solutions) can be understood
using the language of Lie algebra cohomology (see e.g. appendix A of [47],
whose conventions we follow here). One introduces one-forms 6% (essentially
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the left-invariant one-forms on F') as well as scalar 0-forms e4 valued in some
representation — here we are concerned with A%Lie(F), so we denote eag = taNlg,
where the wedge product merely emphasizes that the result is antisymmetrized
in aB. Then f,”7 is a one-form ¢ valued in A%Lie(F), i.e.

1
p=30 Pty Atg. (3.74)

The condition (3.73) amounts to closure of this one-form, where we take the
exterior derivative to obey

1
Ao = —595 AO7f3  and  dta =07 fzat,. (3.75)

Nilpotence of the exterior derivative is guaranteed by (3.71). Then one indeed
finds

1
dp = 30° N 07 (= fas FO0 +4Fad 5°) 1y At = 0 (3.76)

so ¢ must be closed (i.e. a cocycle). An immediate solution is to take ¢ to be
exact (i.e. a coboundary),

1
p=dr, r= iraﬂta ANtg = f 7 =208 00 (3.77)

But in general, there may also be cocycles that are not coboundaries and therefore
cannot be written as ¢ = dr. These are governed by the Lie algebra cohomology
H'(Lie(F), A’Lie(F)).

2. Invariance under the F-action (4 constraints)

Next, we find four constraints describing how the components in the last column
of (3.29) transform under the infinitesimal action of the generalised structure group
F.

(a) e-dimension —1 requires that the torsion f4pc is invariant, namely
3fais” fopip =0. (3.78)
An alternative way to write this equation is by using V,:
Vafpep =0. (3.79)
(b) e-dimension 0 gives rise to
Vaofsene — fo7 fspcfype = 0. (3.80)
By using (3.77), we can further simplify this equation to

Vo (fBeDE +TBCDE) =0 (3.81)

with
rapep =t foap facp . (3.82)

_97 —



This is quite interesting, because it tells us that fapcp does not need to be fully
invariant under F-action. Instead the invariant quantity is rather the sum of
fapcop and the newly introduced rapcp. Note that rapcop is antisymmetric
under the exchange (AB)«(CD). This implies that the generalised Riemann
tensor Rapcp defined by (3.41) is always invariant, as

VaRapep =0 (3.83)
has to hold.
(c) e-dimension 1 requires
Vaofapcpe =0 (3.84)
with
fascor = fa*° fapc fope - (3.85)

(d) e-dimension 2 relates f,” with f*%7,
3falP fI 4 30 10 = 0. (3.86)

With (3.77), this expression simplifies to

VolfBeDpEFG +tBCDEFG) =0 (3.87)
with
rapcprr = v foan facp fyEF (3.88)
faseper =t [ faasfscp frer
and the classical Yang-Baxter tensor
rPY = poopPe fs 7 4 p07 f508 (3.89)

We use this terminology because r®?7 describes the left hand side of the classical
Yang-Baxter equation. It is manifestly antisymmetric with respect to its first
two indices, o and 3. After substituting f,57 = —2r°8 f5,7 one can show that
it is actually totally antisymmetric.

3. Bianchi identities (3 constraints)

Next, we find Bianchi identities for the three curvatures fapcp, fapcpr and
fABCDEF:

(a) e-dimension 0 gives the Bianchi identity for fapcp in (3.43), which we already
discussed in section 3.2.

(b) e-dimension 1 implies

fiaseipe = fiap” fricips - (3.90)
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To better understand the implications of this equation, we decompose

faBcpe = @ @ | ‘ (3.91)

The antisymmetrisation on the right hand side of (3.90) projects out the last
contribution. If we also take into account the left hand side, we find

=0

@ = ‘@ o1, (3.92)

showing that the totally antisymmetric contribution from the left hand side has
to vanish. As result, we obtain the first quadratic constraint, namely

fian) fricpm =0. (3.93)

(c) e-dimension 2 results finally in

1
faBcpEF = —§fABGfGCDEF + faraenfC sier + faaenfC Ert+

2fapic” fiaipjpr — (CD) < (EF).

(3.94)

The right hand side is by definition totally antisymmetric under pairwise exchange
of (AB), (CD) and (EF') but the left hand side is not. Therefore we find
additional quadratic constraints.

4. Additional quadratic constraints (2 constraints)

There are two more constraints that do not contain any linear contribution. Together
with the quadratic constraints we just encountered in point 3, they represent the real
challenge in identifying admissible curvatures that result in a dressing coset. There is
not much more we can do about them at the moment, and we therefore just list them
here:

(a) e-dimension 3 gives rise to
1
- §fABIJfBCDEF —2facpu® figer +asym(IJ,CD,EF) =0,  (3.95)

where asym(I.J,CD, EF’) denotes all permutations of the index pairs (I.J), (CD),
(E'F) in the given expression weighted by —1 for odd permutations.
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(b) e-dimension 4 finally results in
1
frieoix® fioiner + ngCDKLfAIJEF +asym(CD,IJ,EF,KL)=0. (3.96)
Next, we decompose the second constraint (3.70). It has six contributions which again can
be ordered according to their e-dimension:

¢ e-dimension —2 requires
fvflap =0, (3.97)

which is automatically satisfied for f, = f,ygé.

e e-dimension —1 imposes

Vofs =0, (3.98)

saying that the one-index torsion is a singlet under F-action. This is required by
theorem 1.

e e-dimension 0 gives rise to the two constraints
fag = —faB fo = fof 4B + 12" foan (3.99)
and £ 0 = —f £, (3.100)

The first equation is used to fix f4p. (Recall that we did exactly the same in (3.53)
for the more general case of non-constant f’s.) In the second equation, we contract
the free index 3 with fgpc to obtain

Volfeec +rpec) =0 where rap:= Taﬂfﬂa7f7AB = QI'CABcv. (3.101)

Satisfying this equation requires that the combination f4p 4+ rap to be a singlet.
This result is not very surprising, because we observed the same phenomena already
in (3.81) and (3.87).

There are two further constraints that do not admit such nice interpretations. In general,
we note that the higher the e-dimensions becomes, the more complicated it gets. The only
advantage here is that both are linear in the components of f;. Therefore, they can be
always solved easily:

e e-dimension 1 results in
fAfasep = fafB* faep =0, (3.102)
while
e e-dimension 2 requires

fCfcanpe + 11 faapfope + f1 7 faapfape = 0. (3.103)

Concluding, the most problematic are the quadratic constraints that originate from (3.69).
There is currently no obvious way to find general solutions. Instead one has to treat them
on a case by case basis.
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3.5 Higher derivative curvature

In subsection 3.3, one might have gained the impression that the components f4%7 and
[P are irrelevant for the action or its equations of motion. In fact, this is only true at the
leading two-derivative level. If we want to consider higher-derivative corrections, there is
no obvious reason why they should not contribute.

To make this point clear, we first compute

fa?7 = Dap?" + DO LI — 2D QP ;P — Q0 4 1557 4 FappQPPE—

3.104
QA fs PN — 200 4 £5 271 + 2£525570 + frallOPEO ( )
As before, we rewrite this quantity in terms of indices on T'M & T*M only, as
1 F F F
fapcpe = 5Darpepe + 2947 (projrpe — 29047 (Bfoyrpe — DrQlapcS) pe
1 1
+ iDAQFEDQFBC — Qe 0 Qrpe — iFFAGQFBCQGDE (3.105)

— (BC) < (DE)

There is one more component left, f*#7, which we have to compute. In analogy with f¢, it
is not independent of the ones we computed already. Rather, it arises from the Bianchi
identity R

Qv[afﬁ]CD + QV[CfD]aﬁ _ faBEfCDE + QfE[a[Cme]E =0 (3.106)

which eventually gives rise to

1
fapeper=714%Erraeep+2rap|EF flaic)® — §DGTEFCDQGAB — fepier e R ab

1 1
+raier o) Qas+ ZQIG[DQI\EF|Q|K\C]GQKAB + 6FGHIQHEFQIABQGCD

+%D[QGEFQGABQICD—FaSym(AB,CD,EF)
(3.107)
To count the number of derivatives in each component of fgg@, we define that either D 4
or Q4pc count as one, because they both contribute equally to the covariant derivative
V 4 defined in (2.18). Hence, from the Polacek-Siegel construction, we find the following
independent quantities:

derivatives ‘ 1 ‘ 2 ‘ 3

X 3.108
quantity | fa, fasc | faseo | fasepe ( )

At the two-derivative level, we have seen that the action and its equations of motion
incorporate only the one-derivative torsions f4 = T4 and fapc = —Tapc, and the projectors
of the two derivative curvature fapcp. Starting with the leading o/-corrections at four
derivatives, the situation becomes more complicated because the form of the action [48]
is only fixed up to field redefinitions. If it is possible to find a field basis in which the
generalised structure group F still acts by V,, then the action and its field equations should
also incorporate fapcpr. Moreover, the singlet condition that is required by theorem 1

~ 31—



has to be imposed at each order of o separately. This will likely result in more constraints
in addition to (3.68). Thus, on a qualitative level, we note that consistent truncations
with higher derivative corrections should require that more and more components of the
mega-space generalised fluxes f 156 are constant. Taking the Bianchi identities into account,
this might even at some order prohibit any non-constant contributions. In this case, there
would be a one-to-one correspondence between consistent truncations, a la theorem 1, and
generalised cosets. We leave the exploration of this idea to future work.

3.6 (Gauge transformations

We observed in section 3.3 that, by what appeared to be a miracle, all naked connections
in the rewriting of the action and its equations of motion vanish and just the various f’s
remain. Of course this is not actually a miracle, but rather the consequence of a gauge
symmetry. To see how this symmetry emerges, we define its infinitesimal action on the
mega-space by

5Eqp = (L’XEZI ) Exz. (3.109)

A short calculation, using the definition of the generalised Lie derivative (2.2), gives rise to
~ . ~ ~ Aa ~
(&E;‘\E = —-2D A5 + A fagg (3.110)

[A”B]

Essential for our purpose is that all transformations generated by A do not change the
lower-triangular form of E 2[ given in (3.2). To see why, we first note that

- Mggﬁ (3.111)

should only depend of the internal coordinates y but not on the auxiliary coordinates z. In
this case, (3.110) implies

_ / c
nErp=-2V [ZAﬁ] + X faa5- (3.112)

On the other hand, we can also compute d\E ;5 directly from the variation of (3.2), giving

rise to
0 0 0
WEzs=10 MEap —0\P 4 — QPcO\ECR
0 6O+ Qac5>\EcB 5>\p0"8 + 29[0‘05>\QB]C + Qac(SAECDQBD

(3.113)
We see two important things here: first, the transformation of E4!, Q%p and p®? can
easily be extracted from this result, and second, 6E 5 = 0E5 = 0. The latter is not
automatically guaranteed by (3.112). It requires the restriction

Ap= (2 240) . (3.114)
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But the second parameter A4 only mediates a generalised diffeomorphism on the physical
space M. For the following discussion, we therefore concern ourselves only with A%, which
mediates gauge transformations, and compute

nEap = MNfyaB, (3.115)
0\E“p = DpX* + Q'pfs"\° — N f£p5*,  and (3.116)
5y E* = 2D A\eFIC Qp’v[afvéﬁ])\é _ QVIQ[aIfWSﬁ])ﬁ TN A (3.117)

eventually extracting

0\Q%p = DA — Q%A + QD pfrs7 N, (3.118)
6>\pa5 = 4D \efIC 2p7[af755} 2\ — 3Q[aEf765]QWE/\5 + 3Q[aCQ{é]/\DC 4 )\yfvag '
(3.119)

As in earlier calculations, it is useful to write the results just with indices for the generalised
tangent space on the internal manifold TM & T*M. To do so, we introduce

Aag = N fyaB (3.120)

and obtain
NEap = AaB, (3.121)
6xQapc = Dadpe — AP Qppo — QAD[CQ\A|B]D , (3.122)

Sarasep = 2DpAap cp — 2DpAcpQF a + 207 projpas — 20 (5T apeD
+3Qr A" 1pQ" o1 — 3ApEQY 4EQreD + 3QEABQrop AT
+ 204 figiion + 20 flasaip) - (3.123)

Here, we recognise the double Lorentz transformation rules for the frame and the spin
connection Q4pc. Additionally, there is a new transformation rule for the Polacek-Siegel
field 74 BCD- To understand how it arises, we look at the transformation of the generalised
fluxes f 156 on the mega-space. Under generalised diffeomorphisms they transform as

scalars, R
5:f256 = ’Difrpa (3.124)
or, equally,
nfrpa =NV'sfine- (3.125)
A similar equation,
nfr=XNVsf5, (3.126)

holds for the one-index generalised flux f;, too. These two equations become even more
useful if we exchange the derivative V', for V,, which captures the covariant action of the
generalised structure group on 7™ @ T* M. Various quantities we already encountered do
not transform covariantly. Examples are the connections Q2apc and rapcp. To quantify
the deviation from a covariant transformation, it is convenient to introduce the operator

Ay =6y — \*V,. (3.127)
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Any quantity it annihilates is covariant. In general, there are two perspectives one can take
on the Poldcek-Siegel construction. We started by looking at the extended, mega-space
with f A5G and EAI On the other hand, it also has to be possible to extract the same
information just from the internal space M. Indeed this is when we consider the following
data on M:

1. A generalised structure group F' which acts faithfully on the generalised tangent space
TM & T*M. This will fix fopc, fap” and set fo,57 = 0.

2. All dynamic contributions to the generalised fluxes on the mega-space. They are
listed in the last columns of (3.29) and (3.44) which are completely encoded in the
torsions and curvatures

fa, fapc, fabcp and  fapcpE-

3. Everything else is fixed by the Bianchi identity on the mega-space.

Taking into account (3.125), we find that all torsions and curvatures mentioned transform
covariantly, except for

AxfaBep = A" faa frop - (3.128)

This is the power of the Polacek-Siegel formalism. It provides a systematic method
for finding covariant tensors. Moreover, we know that both the generalised Ricci scalar
R and the generalised Ricci tensor R 4p transform covariantly under double Lorentz
transformations. Hence, when we rewrite them in terms of f’s in section 3.3, they must
remain covariant. Therefore, all the non-covariant naked connections €2 4pc must in the end
be formed from covariant f’s or covariant derivatives of them. We also see that already at
the two derivative level the antisymmetric part (with respect to (AB) <> (CD)) of fapcp
is not covariant. Thus, it cannot appear in the two derivative action or its field equations.

4 Construction of the mega-generalised frame

Currently all known generalised T-dualities can be captured by dressing cosets. In section 3.3,
we concluded that these cosets result in consistent truncations where the Polacek-Siegel
construction has constant generalised fluxes f 156 on the mega-space. The objective now is
to show how we can construct the corresponding mega-generalised frames that make the
truncation ansatz discussed in section 2.3 fully explicit. As we have seen in section 2.4,
these frames are not only very valuable for consistent truncations, but they also are an
important tool for studying generalised T-dualities on the worldsheet, and for constructing
the canonical transformations of the underlying o-models.

4.1 Generalised frames on group manifolds

Our starting point is the constant generalised fluxes on the mega-space, and we are looking
for a generalised frame Egl that satisfies

f;l\ﬁé‘\ [AEB Ea]/\: const. (4.1)
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As outlined in section 3.4, the corresponding Bianchi identity becomes the Jacobi iden-
tity (3.69) of a Lie algebra. We denote it as Lie(ID) and interpret the generalised fluxes f- 180
as its structure coefficients. An important consequence is that the adjoint action of any ele-

ment of D will leave fA Be invariant. Therefore, we can identify J?ZEC 35 o Itis known

that one can construct EXI systematically [24, 25, 42, 49], based on the following data:

1. A doubled Lie group D, which is generated by the generators ¢t with the structure

coefficients
[t tsl = fAB G- (4.2)

In the following, we label them by ty= (tA ) where A = 1,. 25 anda=1,..., D.

. 0 &b L
2. A non-degenerate, pairing, (¢ I t§) =n35 = <5di, 0 ) that is invariant under the
adjoint action of D.
3. A maximally isotropic subgroup H C D, generated by t%, with <ta, t?) = 0.

Explicitly, the generalised frame is defined on the coset M = H\D in terms of

~ ~ (3¢ 5B
oI _ B b b i
T = MA 5 . (4.3)
0 Cae

In studying its properties, it is convenient to use the differential forms vt = v%d:ri,

Az = A=ddi, B = %B;]«.dx% 27 which are defined by

dmm™1 = tgva + tEAg, me M (4.4)
1 ~
B = i’ua A AE + Bwzw , (45)
1
dBwzw = Hwzw = —E<dmm_1, [dmm ™, dmm™")). (4.6)

In general, Hywzw is closed but not exact. If this is the case, Bwzw can only be defined in
a local patch and the patches have to be connected by appropriate gauge transformations.
Moreover, we need the adjoint action

mtzm™ = M Pt (4.7)

b
o)

~

and the dual vector field v~ deﬁned by 68 37 = 4,", to complete the list of ingredients
that enter (4.3).
At this point, we finally fully review how Poisson-Lie T-duality is realised by generalised

o~

Scherk-Schwarz reductions. Looking at the diagram in (1.5), we want to preserve the
truncated theory, and, most importantly, with it the generalised torsions T4 and Tapc-
With them the generalised Ricci scalar R and tensor R ap are also preserved, because there
is no curvature R apcp; all that counts for generalised Scherk-Schwarz reductions are the

— 35 —



torsions. To preserve them, we are looking for different generalised frames EX)I which still
produce the same constant generalised fluxes Fapc. We used the construction presented
above (after removing all hats) to achieve this goal. The generalised fluxes depend only on
the double Lie group D, but not on the choice of the maximally isotropic subalgebra. On
the other hand, the constructed generalised frame E4! crucially depends on the subalgebra
used in the construction. For any maximally isotropic subalgebra H;, we obtain a new
generalised frame field EX)I that still gives rise to the same generalised fluxes Fapc. On
the string worldsheet, the same mechanism was used to define Poisson-Lie T-duality and to
show that it is a canonical transformation between two o-models with dual target spaces.

We are not completely done yet, because there is still the one-index generalised flux
j}. As it is constant, its Bianchi identity on the mega-space simplifies to (3.70). As a
consequence the adjoint action of any element in ID will leave fg invariant and we identify

fA = f3- In analogy with (4.1), we have now to find a d such that

fg = 21326?— 8IAAAI = const. (4.8)
holds. The component
fe=g" (4.9)

is automatically constant and from f;, we obtain the differential equation

o~

— 1 ~ AN 1 ~
dd = v (fa —fg'+ oA abc) — 5tpdv”

1/~ -~ 1 n
=3 (ua fot A f“) = S{dmm™t5) £4 (4.10)
with
~ - 1
d:d—glogdetv (4.11)

that fixes d up to a constant. The integrability condition for d?d = 0 for this equation
follows immediately from the Bianchi identity because

~

1 1% 5. &
d%d = Z<[dnmf1, dmm ™t ) f4 = zvf‘ AP fasCfa=0, (4.12)

~

where v# denotes dmm ™!

= t;vg . This observation has been already made in [42].
Also one should note that according to (4.9) the generalised fluxes j} and fAﬁ@ are not
completely independent. One half of the former is completely fixed by the latter. It is
not possible to break this connection in supergravity. But there is also the framework of
generalised supergravity [50], where this additional constraint besides the Bianchi identities

is not required [42].

H-shift of the coset representative and B-field gauge transformations. The
coset representative we used in the last section is defined only up to the action of H
from the left. There, one might ask what happens to the generalised frame if we shift
m — m' = hm, with h € H. The adjoint action in (4.3) transforms as

MB = MONP . hTph = A PTy (4.13)
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The fact that H is an isotropic subgroup guarantees that A% vanishes. To evaluate the
remaining quantities in (4.3), we compute first

dm'm’~t = hdmm™'h~! +dhh ™. (4.14)
Defining dhh ™! = w-T E, one can show that the one forms v® and A shift as
V=0 A AL = 0P A AN (4.15)
For the WZW contribution to the B-field, we find

B</VZW = BWZW - ivaAE (,L)E (416)
where = denotes equality up to an undetermined exact term. This exact term cannot be
determined explicitly: the ansatz (4.3) involves only a locally defined Bywzw via (4.6). This
leads to

1 ~ = =~
B '~ B+ SV A VA A (4.17)

The combination AEEA% is antisymmetric in @b from the orthogonality condition on A.
The difference in these two B-fields is not closed, but this is not crucial, because the field
denoted B here is not precisely the physical B-field; the latter is encoded in the generalized
metric (2.4) and M4? contributes non-trivially. When the shift in M to M’ is accounted for,
one finds indeed that it cancels the transformations not only of B but also of v, leading to

=R =R NG A//j\B, R ~7 53 =R
~ Vs U~ Do Uy B~ ~
el UL L = ¥ e B B (4.13)
A A //b\ A 0 A ’
U 0 o>

where = denotes equality up to an exact shift in the B-field. Hence, changing the coset
representative m just amounts to making a B-field gauge transformation. This is nice,
because it implies that different possible choices for m are all related to each other, justifying
the identification of the space as a coset.

As one might expect, the generalised dilaton is unchanged (up to a constant) since it is
determined by integrating the expression for f.. From (4.10), one finds dd = dd + %wa fa

where the shift w; fa is closed. In fact, it is exact since

~ ~

dlog det Agb = f/l;bawa =w,f (4.19)
and this relation implies that

d' = d + const . (4.20)
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4.2 Polacek-Siegel form of the mega frame

Next, we have to check if the generalised frame we just constructed can be brought into the
Polacek-Siegel form (3.2) introduced in section 3.1. Because this form is tightly constrained
by O(D, D), we have only to check the last column, namely

0. (4.21)

Considering the insight gained in [15], we expect that this condition can only be satisfied if
we consider a dressing coset. Therefore, we first decompose the coset representative m as

m=nf, with ne H\D/F and fe€F. (4.22)

Now, n is a representative of a double coset, which is called a dressing coset in the context
of generalised T-duality [12]. In particular, F' has to be an isotropic subgroup, but not
necessarily maximally isotropic. The coordinates that we choose to parameterise n are
called v, while for f, we use z*. As before, we adapt all constituents of the generalised
frame in (4.3) to this new decomposition, starting with

VP ST.CHB with WP - a2
M;gtg =ntn ! (4.24)
We also find
B = % ( @A As—(dff, n_ldn>> + Bwzw with (4.25)
Hyzw = dBwzw = —%(dnnil, [dnn~t, dnn™1)), (4.26)

which allows us to compute

L;;aB = —(nton ' tz)0", (4.27)
=~ 1~ B= <m‘an_1,t3> (t* ntgn=ty (4.28)
Vo 'U/B

by taking into account that F' is isotropic. (Recall that 504 is the dual vector field to the
Maurer-Cartan form ¢,0%,dz* = df f ~1, which we introduced in section 3.1.)
Equation (4.21) can now be equivalently written as

L:U:B <7’Lt2n_1, tcL%B +t0°) = <t;1\, tg), (4.29)
which is better suited to be checked. Using, (4.27), v = (ta, dnn=! + ndff~In71),
i~ dff~' = t,, and La\vb = 55, one can easily show that this equation indeed holds.
Va

Therefore, just using the appropriate B-field given in (4.25), the generalised frame field on
the mega-space (4.3) takes the Poldcek-Siegel form.
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We also have to check if the generalised dilaton J, which we fixed in (4.11), is compatible
with the ansatz (3.28) on the mega-space. To this end, we first write

@ (= N[0
v = (Uaﬁ M b) ( 0“ r (4.30)
N——— g
= m

with the one-forms ©® which are defined by t,5%dy’ = dnn~'. After plugging this expression
into (4.11), we obtain

~ - 1 1 1
d=d—- 3 logdet m(y) — 3 log det v(y) — 5 log det v(z) . (4.31)
Comparing this equation with (3.28), we have to identity
-1 1 1
dly) =d— 5 logdet m(y) — 3 log det v(y) — 3 log det m(z) (4.32)

with m,” = M,?. However, this only works if the final result, d(y), does not depend on
the auxiliary coordinates z. To check if this is indeed the case, we compute

1~ dd = 1~ dd — fagﬁ = fo — fag’g =0. (4.33)

Fortunately, this is exactly the constraint we already imposed in (3.44). Hence, we conclude
that also the dilaton is of the right Polacek-Siegel form.
This completes the proof of the central result of this paper:

Theorem 2. For every dressing coset H\D/F', where D and H satisfy the properties 1-3
in section 4.1, and F is an isotropic subgroup of D, there exists a consistent truncation,
governed by theorem 1, with generalised structure group F'.

4.3 F-shift and gauge transformations

We already figured out in section 4.1 what happens to the coset representative under
H-shifts from the right. To extend this discussion to generalised cosets, we now study the
infinitesimal F-action from the left on the representative n € H\ID/F. To this end, we shift
on = ndh with dh = \*t, := A. Under this shift, we first find

SMP = 32O F PP (4.34)
and after a bit more of calculation
§(dmm ™) = t=00" + t%6 Az = n(dA + [\, dff n (4.35)
dBwzw = —%(5(dmm*1),dnn*1> , and (4.36)
6B =" AGA-. (4.37)

We also need the transformation of the one-form v® and its dual vector fields vy It is
convenient not to treat them separately, but instead combine them into

;[0
Vil = ( . 3) (4.38)

v
%
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and compute

_57.Csv TuD 7. v
Vap=M7 0V VEiM 55 = 2LE[Z(5’UCMB]€. (4.39)
In the same vein, we introduce
- (/i\ -
(5BA\§ = MA\CMB; L;;dAL;;?(sB = —2LE[;‘\5A/C\M§]C. (4.40)
These two quantities allow us to write the shift of the mega generalised frame in the compact
form R L
5 s dp 2. Cir. D oo .. R
0E ;5 = 0B4 Egp = MzMgP (-2V' A5 + Asp) (4.41)
with
/\2 = (0 0 )\a) and )\A\g = ny—y;fﬁ' (4.42)

Comparing these equations with (3.112) and (3.114) in section 3.6, we notice that they are
exactly same gauge transformations we discussed in section 3.6. Therefore, we know that

they leave the constant generalised fluxes fXﬁ@ invariant.

5 Conclusion and outlook

The results in this paper reveal a new, deep connection between consistent truncations
and dualities. In particular, we established in theorem 2 that generalised cosets, which
underlie the most general formulation of T-duality currently known (excluding mirror
symmetry), automatically give rise to a large family of consistent truncations. The relation
between them is not immediately obvious, and we therefore developed a new geometrical
approach that makes the generalised structure group of the consistent truncation manifest
by introducing an auxiliary space.
We showed that the relation represented by the solid arrow in the diagram

generalised T-dualities ~-______~ consistent truncations (5.1)

holds. This means that all currently known backgrounds which give rise to generalised
T-dualities also produce consistent truncations. We did not yet manage to determine the
fate of the other direction, represented by the dashed arrow. There are two interesting
alternatives that our analysis currently hints at:

1. Our new approach to generalised cosets suggests that their description in generalised
geometry automatically leads to curvatures with more than two derivatives. This
brings into question what happens for consistent truncations in (super)gravity beyond
the leading, two-derivative level. To the best of our knowledge there is currently
not much known. The results from section 3.5 indicate that there might be new
constraints that complement those already known from theorem 1. At the moment
it seems that we know more consistent truncations than generalised T-dualities.
However, these new constraints could level the field and even in the end result in a
one-to-one correspondence.
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2. Alternatively, there may also be some new generalised T-dualities, waiting to be
found. The relation between the former and consistent truncations, sketched in
diagram (1.5), could then be a useful tool for searching for new dualities by studying
existing examples of consistent truncations beyond generalised cosets.

Besides these conceptual questions, there are also important applications for our results.
They originate from both sides of (5.1).

e Generalised T-dualities: one particularly active sub-branch of this field is concerned

with the construction and analysis of integrable deformations. Although it is still
not completely understood why, there is a very close relation between generalised
T-dualities and integrable string theories. The latter are among the primary means of
exploring new concepts in theoretical physics, because they provide a superior level of
computational control in comparison to models which are not integrable. All results we
derived here apply mostly to bosonic strings or the NS/NS sectors of superstrings. This
is sufficient for answering conceptual questions, but for concrete applications, such as
integrable Green-Schwarz strings required for probing the AdS/CFT correspondence,
the full R/R sector is needed also, together with supersymmetry. We shall address
this problem in a forthcoming paper [51], by extending the results of the current paper
to supergroups, in a supersymmetric version of double field theory [44] proposed by
one of the authors.

o Consistent truncations: the last years have seen significant progress in constructing and

understanding consistent truncations. They are mostly centered around exceptional
generalised geometry and exceptional field theory, and have applications reaching from
the AdS/CFT correspondence to supporting or disproving swampland conjectures.
Exceptional field theory goes beyond the string and incorporates membranes too. At
the same time, T-duality enhances to U-duality, which takes into account S-duality as
well. Another advantage is that R/R fluxes are automatically implemented. However,
one should not think that they arise in the same ways as in the Green-Schwarz string
discussed above. While, for the latter, supersymmetry and its fermionic degrees of
freedom result in R/R fluxes, in exceptional geometry /field theory U-duality is the
driving force. In particular, it relates strings and D-branes, which source R/R fluxes.
One important consequence is that exceptional field theory still requires an explicit
splitting of the spacetime, which makes it perfectly suited for studying consistent
truncations in supergravity. Therefore, one should also try to extend the results we
have presented here for O(n,n) generalised geometry to the corresponding exceptional
groups Ey,1(n41). If possible, and there are no obvious conceptual problems, this
would open up a route to many new consistent truncations, with a wide range of
applications. On the other hand, it will also shed new light on extending generalised
T-duality to U-duality, which has been already initiated [52, 53] based on the results
in double field theory.

We hope that there will be more insights into all of these points in the future, strength-
ening the connection between consistent truncations and dualities even further.
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