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1 Introduction

The notions of consistent truncations and dualities are at first sight seemingly unrelated.
The former singles out degrees of freedom in a physical theory which decouple from the
rest. They are important because it is often easier to analyse a system, i.e. solve its
equations of motion, if the number of degrees of freedom is reduced. Therefore, consistent
truncations provide a crucial tool for finding solutions in (super)gravity, with a wide range
of applications. More precisely, this idea can be summarised by the commuting diagram

full action S truncated action Sred

field equations δS = 0 truncated field equations δSred = 0.
truncation

uplift

(1.1)
The truncation is said to be consistent if the two pathways to the truncated equations
of motion yield the same result. Otherwise, the chosen truncation ansatz does not single
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out decoupled degrees of freedom. One should note that it is in general very difficult to
find consistent truncations, because the standard Kaluza-Klein ansatz with massless gauge
fields is in general inconsistent [1]. For a long time, only few exceptions have been known,
including sphere reductions [2] and reductions on group manifolds [3].

The second central concept for this paper is dualities. They are ubiquitous in physics,
and find applications from models in condensed matter to high energy physics. The basic idea
is that two seemingly very different models ultimately still share the same (quantum/classical)
dynamics. Here, we are particularly interested in target-space dualities (T-dualities) of two-
dimensional σ-models. They can be studied from two major perspectives: the worldsheet
and the target space. The former is the surface on which the σ-model is defined as a
field theory. In the classical limit, T-duality acts as a canonical transformation relating at
least two different σ-models on different target spaces. Alternatively, one can consider the
low-energy, effective target-space action that captures the dynamics of the strings described
by the σ-model. Here, T-duality maps existing solutions of the field equations to new
solutions. In this context it plays a role as a solution generating technique. It is known that
a small subset of all T-dualities, namely abelian T-dualities, are preserved under quantum
corrections on the worldsheet and the corresponding higher-derivative corrections in the
target space effective action. For the remaining, generalised, T-dualities, their fate under
quantum corrections is not yet known. There are some preliminary results [4–7] that suggest
that they might also cover higher derivative corrections. Here, we are mostly concerned
with the leading two-derivative effective action, and such higher-derivative corrections will
just touch the discussion tangentially.

Historically, one distinguishes between non-abelian T-duality [8], Poisson-Lie T-duality [9,
10], which might be supplemented by a Wess-Zumino-Witten term [11], and dressing
cosets [12]. Our results will apply to all of these, and we shall call them generalised
T-dualities. Note that we will not consider mirror symmetries, which relate different Calabi-
Yau manifolds; they are related to abelian T-duality by the SYZ conjecture [13]. For
completeness, let us quickly explain the two central mathematical objects mentioned here.
A Poisson-Lie group is a Lie group G equipped with a Poisson bracket that satisfies

{f1, f2}(gg′) = {f1 ◦ Lg, f2 ◦ Lg}(g′) + {f1 ◦Rg′ , f2 ◦Rg′}(g) (1.2)

where Lh(g) = hg denotes the left-multiplication on G and Rh(g) = gh the right-
multiplication, respectively. The classical Lie group → Lie algebra correspondence was
extended by Drinfeld to Poisson-Lie group → Lie bialgebra, which contains in addition
to the Lie algebra Lie(G) also a dual Lie algebra Lie(G̃) corresponding to dual Lie group
G̃. Together, these two Lie groups form a double Lie group D with the Lie algebra
Lie(D)=Lie(G)⊕Lie(G̃). Poisson-Lie groups are called dual, if they share the same D. For
example, they can be related by exchanging G and G̃. Poisson-Lie T-duality got its name
because it identifies σ-models whose target spaces are dual Poisson-Lie groups. In addition
to the right- and left-action of G on G, Poisson-Lie groups admit a so-called dressing
action [14]. It can be most easily seen on the level of the doubled Lie group D where any
element of the subgroup F ⊂ D generates the dressing transformation g → g′ on G with

fg = g′h̃ , g, g′ ∈ G , h̃ ∈ G̃ , and f ∈ F . (1.3)
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Here the group multiplication is the multiplication on D. The set of orbits of this action is
called the dressing coset [12]. In this paper, we will even work with a more general notion
than dressing cosets, which are called generalised cosets [15]. They drop the requirement that
the doubled Lie group D has to originate from a Poisson-Lie group and can be understood
as the lift of the concept of a coset in differential geometry to generalised geometry. At the
end, the following dependencies arise:

abelian ⊂ non-abelian ⊂ Poisson-Lie ⊂ WZW-Poisson

⊂ ⊂

dressing coset ⊂ generalised coset .
(1.4)

At first glance these two concepts, consistent truncations and generalised T-duality,
seem unrelated. However, in recent years it has become evident that a deeper understanding
of each of these concepts can be achieved using similar tools, most prominently (exceptional)
generalised geometry [16, 17] and double/exceptional field theories. In particular the latter
were initially developed [18–20] with abelian T-duality (and later, its extension to U-duality)
in mind; before its utility for understanding consistent truncations was appreciated [21–23].
While double field theory is in principle able to describe also non-geometric setups, we
shall use it in its most conservative form, with the standard solution ∂̃i = 0 of the section
condition, thus rendering it equivalent to generalised geometry. Later, it was shown that
generalised T-dualities can also be conveniently studied in double field theory [24–26].
Moreover, they provided the first systematic construction of the generalised frame fields
that underlie generalised Scherk-Schwarz reductions [27–29], and which still dominate the
landscape of consistent truncations. Motivated by this connection and examples like [30],
the goal of this paper is to explore further the relation between generalised T-dualities and
consistent truncations. It is already known that all generalised T-dualities except for dressing
cosets give rise to consistent generalised Scherk-Schwarz reductions. Therefore, we shall
take a closer look at generalised cosets, and show how they can be used to construct a very
rich class of consistent truncations that go beyond generalised Scherk-Schwarz reductions.

Our starting point will be the most general known class of consistent truncations [23]
that arise from generalised geometry. In section 2, we review the underlying construction.
At the end of this section, we then show how the already mentioned generalised Scherk-
Schwarz reductions are connected to Poisson-Lie T-duality. At this point, we already see
that dualities can be understood naturally in the context of consistent truncations, by
relating different truncation ansätze for a higher-dimensional theory that give rise to the
same truncated theory:

ansatz 1 ansatz 2 . . . ansatz n

dualities

truncated theory .d− n

D

dimension

up
lif
t

tr
un

ca
tio

n

(1.5)
Inspired by this finding, we are led to pose the question:

Is there a one-to-one correspondence between generalised T-dualities and
consistent truncations in generalised geometry?
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To answer it, section 3.1 introduces a new construction for the truncation ansätze depicted
in (1.5). It employs a higher-dimensional, auxiliary space to geometrise the generalised
structure group that underlies each consistent truncation. A similar technique was used
by Poláček and Siegel [31] some time ago to find a natural construction of the generalised
Riemann tensor in double field theory. It provides a structured construction of covariant
torsion and curvature tensors which, as we shall show, are of central interest in consistent
truncations also. With this tool at hand, we establish in section 3.3 that all spaces that
admit generalised T-dualities give rise to consistent truncations. Establishing the converse,
namely that any consistent truncation can be constructed from a dressing coset, is more
involved. On the one hand, we know that consistent truncations can be constructed on
Sasaki-Einstein spaces [23] that are clearly not double cosets. However, this is not, of itself,
a problem, because as the illustration (1.5) shows, there can exist different ansätze that
result in the same truncation. To check if at least one of them originates from a dressing
coset we have to find solutions for the Jacobi identity of the underlying Lie algebra in
which certain components of the structure coefficients are fixed while others remain free.
We set up the computation in section 3.4, but it is hard to find solutions because the
Jacobi identities lead to many coupled quadratic equations. This problem gets easier the
more components of the structure coefficients are fixed, because they do not then appear
as unknowns in the quadratic equations. Fortunately, this is exactly what happens when
consistent truncations are considered in connection with higher-derivative corrections. We
explore this idea in section 3.5, and interpret it as a hint that there might indeed be a
one-to-one connection between consistent truncations and generalised T-dualities. We
plan to return to the problem of constructing a complete proof in future work. Finally,
section 4 is concerned with the explicit construction of truncation anätze for generalised
cosets, the basis for any generalised T-duality. Here, we extend the results of previous
work [15], by presenting a completely systematic construction. This culminates with the
observation 2 that on any dressing coset H\D/F one can construct a consistent truncation
with generalised structure group F .

2 Generalised geometry and consistent truncations

2.1 (Super)gravity and generalised geometry

We are interested in consistent truncations of (super)gravity, such as arises as the low-energy
effective action in string theory. For the sake of simplicity, we only consider the NS/NS
sector, which is governed by the action

S =
∫

dDx√ge−2φ
(
R+ 4∂iφ∂iφ−

1
12HijkH

ijk
)
. (2.1)

We use the convention here that g is the determinant of the metric gij , and R the corre-
sponding curvature scalar. Besides the metric, there is also the dilaton φ and the B-field
Bij on the D-dimensional spacetime MD (also referred to as the target space). The action
does not incorporate Bij directly, but instead its field strength Hijk = 3∂[iBjk]. Conformal
invariance of the string at the quantum level fixes D = 10 for superstrings and D = 26 for
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their bosonic counterpart. (2.1) possesses two local symmetries, namely diffeomorphisms
that account for coordinate changes and B-field gauge transformations Bij → Bij + 2∂[iξj].

The infinitesimal versions of these two symmetries can be written in a unified form in
terms of the generalised Lie derivative

LUV I = UJ∂JV
I −

(
∂JU

I − ∂IUJ
)
V J . (2.2)

U I =
(
ui ui

)
, UI =

(
ui ui

)
and V I are generalised vectors on the generalised tangent

space TM ⊕ T ∗M . While the original tangent space TM is always extended in this setup,
the manifold MD might be extended (double/exceptional field theories) or not (generalised
geometry). The two alternatives are related by the section condition, which singles out
the non-constant, physical, directions on MD. We always solve the section condition in
the trivial way, namely ∂I =

(
∂i 0

)
. Thus we do not need to distinguish between the

two different approaches, and we just use the doubling of the partial derivative index as
a convenient book-keeping device. The form of (2.2) is fixed by the requirement that the
natural pairing between a vector and a one-form,

U IV JηIJ = uivi + uiv
i , with ηIJ =

(
0 δji
δij 0

)
, (2.3)

is preserved. The invariance of this pairing introduces an O(D,D) structure. This structure
allows the metric and B-field to be captured in terms of one unified object, the generalised
metric

HIJ =
(
gij −BikgklBlj −Bikgkj

gikBkj gij

)
. (2.4)

It has two defining properties: 1) it is symmetric and 2) it is an element of O(D,D);
HIKηKLHLJ = ηIJ , where ηIJ is the inverse of ηIJ . Moreover, its parameterisation in
terms of gij and Bij is chosen such that the infinitesimal action of diffeomorphisms and
B-field gauge transformation is mediated by the generalised Lie derivative.

The generalised metric introduces more structure than might be immediately obvious
from the parameterisation (2.4). To reveal it, we re-express HIJ in terms of the generalised
frame field EAI , with the defining properties

ηIJ = EAIηABE
B
J , ηAB =

(
0 δba
δab 0

)
and (2.5)

HIJ = EAIHABEBJ , HAB =
(
ηab 0
0 ηab

)
, (2.6)

where ηab is either the Lorentzian or Euclidean metric and ηab its inverse. These two
relations still do not fix the generalised frame completely. One can perform coordinate
dependent double Lorentz transformations, EAI → ΛABEBI , without changing the result-
ing ηIJ and HIJ , assuming that ΛA

CηCDΛB
D = ΛA

CHCDΛB
D = 0. They furnish the

double Lorentz group HD=O(D-1,1)×O(1,D-1) for Lorentzian or HD=O(D)×O(D) for
Euclidean spacetimes.

– 5 –



J
H
E
P
0
4
(
2
0
2
3
)
0
0
7

We can use these ingredients to rewrite the action (2.1). There are in fact different
ways to do this. For our purpose the so-called flux formulation is most suitable [29, 32, 33].
To make the invariance under generalised diffeomorphisms (generated by the generalised
Lie derivative) of the action manifest, the flux formulation introduces two generalised
fluxes, namely

LEAEB = FAB
CEC and LEAe

−2d = −FAe−2d . (2.7)

Taking into account the definition of the generalised Lie derivative (2.2), the first equation
leads to

FABC = 3E[A
I∂IEB

JEC]J , (2.8)

while the second relation requires more explanation because we encounter a new quantity,
d, the generalised dilaton. It is defined by

e−2d = √ge−2φ or d = φ− 1
4 log g . (2.9)

Importantly, e−2d does not transform as a scalar under the generalised Lie derivative, but
rather, as a scalar density, resulting in

LUe−2d = ∂I(U Ie−2d) . (2.10)

Therefore, the second generalised flux FA is given by

FA = 2EAI∂Id− ∂IEAI . (2.11)

The two fluxes FABC and FA repackage the information contained in the metric, dilaton
and B-field. Hence, the action (2.1) can be alternatively written in terms of them as [29, 33]

S =
∫

dDx e−2dR (2.12)

with the generalised Ricci scalar being given by

R = PABPCD
(
PEF + 1

3P
EF
)
FACEFBDF + 2PAB(2DAFB − FAFB) . (2.13)

We encounter two new objects here: first, the flat derivative

DA = EA
I∂I (2.14)

and second, the projectors

PAB = 1
2(ηAB +HAB) and PAB = 1

2(ηAB −HAB) . (2.15)

They are called projectors because of their properties

PA
CPC

B = PA
B , PA

CPC
B = PA

B , and PA
CPC

B = PA
CPC

B = 0 . (2.16)

At this point, we just have a rewriting of (2.1) in terms of quantities that appear “naturally”
in generalised geometry or double field theory.
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2.2 Systematics of consistent truncations

Next, we explain how this form of the action helps in identifying consistent truncations.
The answer is given by the following theorem, which was established in [23]:

Theorem 1. Let MD be a D-dimensional manifold with a generalised F -structure defining
a set of invariant tensors f (j) with F ⊂ HD and only constant, singlet intrinsic torsion.
Then there is a consistent truncation of the action (2.1) on MD defined by expanding all
bosonic fields in terms of invariant tensors.

A key observation to understand this theorem is that invariant tensors are covariantly
constant with respect to an appropriate O(D,D) covariant derivative ∇A, i.e. ∇Af (j) = 0
for all f (j). This derivative acts as a selector for degrees of freedom that are retained in the
truncation. An important feature of this derivative is that since it obeys the Leibniz rule,
the product of any two invariant tensors is again covariantly constant, and thus will be part
of the truncation. Usually, the derivative ∇I is not the generalised Levi-Civita connection
∇I from which the generalised curvature scalar in the action (2.12) is derived. Fortunately
though, the two are related. To see how, we have to look closer at covariant derivatives in
generalised geometry/double field theory.

Different generalised covariant derivatives differ by their generalised torsion. Similarly
to the situation in standard geometry, the torsion is defined by comparing the generalised
Lie derivative written with partial or covariant derivatives as in [16]:(

L∇U − L∂U
)
V I = UJV KTJK

I . (2.17)

To compute this quantity directly, we need an explicit definition of the covariant derivative:

∇IEAJ = ∂IEA
J − ΩIA

BEB
J + ΓIKJEAK , (2.18)

involving the generalised spin connection ΩIA
BEB

J and the generalised affine connection
ΓIJK . The two are related by the vielbein postulate ∇IEAJ = 0, leading to

ΓIJK = ∂IE
A
JEAK + ΩIJK . (2.19)

With these definitions, the generalised torsion evaluates to

TIJK = 3Γ[IJK] . (2.20)

Additionally, the generalised covariant derivative should at least satisfy two
more constraints [16]:

1. Compatibility with the η-metric, ∇IηJK = 0, implying

ΓIJK = −ΓIKJ . (2.21)

2. Compatibility with the generalised metric, ∇IHJK = 0, implying

P(J
MPK)

NΓIMN = 1
2P(J

MPK)
N∂IHMN . (2.22)
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3. (optional) Compatibility with integration by parts
∫

dDx e−2d∇IV I = 0, implying

ΓJJI = 2∂Id . (2.23)

Note that for the generalised Levi-Civita connection, point 3 applies, but it does not have to
hold for ∇I . In the definition of the generalised torsion (2.17), the generalised Lie derivative
acts on a vector. We obtain a similar result for higher rank generalised tensors, where TIJK
acts on each index individually. But there are also densities, like the generalised dilaton d.
Hence, we introduce an additional torsion for them, too,(

L∇U − L∇U
)
e−2d = U ITIe

−2d , (2.24)

which gives rise to
TI = 2∂Id− ΓJJI . (2.25)

As in conventional geometry, the generalised Levi-Civita connection, ∇I , is defined to
have vanishing torsion. Thus, we can deduce the relation between the generalised Christoffel
symbols ΓIJK of ∇I and ΓIJK of ∇I ,

ΣIJK = ΓIJK − ΓIJK

= −
(1

3PPP + PPP + PPP + 1
3PPP

)
IJK

LMN
(
TLMN + 6

D − 1ηL[MTN ]

)
.

(2.26)
Note that ΣIJK is not fully fixed by all constraints above. There are some undetermined
components [16], which we have set to zero here. However, it is known that these components
do not contribute to the two-derivative effective action (2.1) or its field equations. Therefore,
it is safe to neglect them.

After this digression, we recognise that the action of the generalised Levi-Civita
connection on the invariant tensors has to be of the form

∇If (j) = ΣI · f (j) . (2.27)

According to theorem 1, the torsions TIJK and TI of ∇, called the intrinsic torsion, have to
be covariantly constant. From this observation and (2.26), it is obvious that

∇IΣJKL = 0 (2.28)

holds. Therefore, any tensor expression which is a function u of f (j) and their ∇-
derivatives satisfies

∇Iu(f (j),∇) = 0 (2.29)

automatically. Still, this does not guarantee that the resulting tensor is contained in the set
f (j) that forms the truncation. To overcome this problem, we note that all elements of this
set are invariant under the action of the group F . Any function u(f (j),∇) will share this
property as long as the intrinsic torsion is a singlet (i.e. it is invariant) under the F action.
In this case ΣIJK is invariant because, due to F ⊂ HD, the projectors in its definition are
automatically invariant, too.

Let us summarise the ingredients of the construction implied by theorem 1 and fix
some notation for later. For a consistent truncation we need:
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1. The set of all invariant tensors {f (j)} which satisfy

∇If (j) = 0 and ∇αf (j) = 0 . (2.30)

Here ∇α denotes the infinitesimal action by generators tα ∈ Lie(F ) of the structure
group F . The reason why we use this particular notation, will become clear in the
next section.

2. Constant, singlet intrinsic torsion that implies

∇ITJKL = 0 , ∇ITJ = 0 and ∇αTIJK = 0 , ∇αTI = 0 . (2.31)

2.3 The truncated theory

At this point, we can say more about the truncated theory. In general, the consistent
truncation still has an infinite number of degrees of freedom. To accommodate them, the
D-dimensional target space is split into two parts

MD = MD−n ×Mn , (2.32)

comprising an external manifoldMD−n of dimension D−n where no truncation is performed,
and the internal manifold Mn that hosts the invariant tensors discussed above. Accordingly,
we split the coordinates, namely xµ on MD−n and yi on Mn. On the external space, we do
not require generalised geometry because no truncation takes place here. Therefore, we
do not use doubled indices on MD−n. Only on the internal space Mn, we have the O(n,n)-
invariant pairing ηIJ , a generalised metric HIJ , and all the other objects introduced above.
In this setup the metric, B-field and dilaton on the full space split into five contributions:

• external metric gµν(x) ,

• external B-field Bµν(x) ,

• dilaton φ(x, y) ,

• gauge connection AµI(x, y) , and

• scalar field HIJ(x, y) .

All shall be understood as fields in the truncated theory with their y-dependence totally
fixed by the truncation ansatz.

The action (2.1) can be rewritten in terms of these fields by using a Kaluza-Klein
ansatz. This rewriting is cumbersome, but can be found in different papers, e.g. [28, 29, 34].
Here, we start from the result of [34], because it is fully general and does not commit to
any specific ansatz on the internal manifold yet:

S =
∫

d(D−n)x dny√ge−2φ
(
R+DµφDµφ−

1
12HµνρH

µνρ

+ 1
8DµHIJD

µHIJ − 1
4HIJFµν

IFµνJ − V
)
.

(2.33)
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In the following, we will refine this action by using all the insights from the previous
subsection. But before doing so, let us discuss the new objects that appear in (2.33). R is
the curvature scalar for the external metric. Furthermore, the truncated theory is a gauge
theory coupled to (super)gravity, normally referred to as a gauged (super)gravity. It comes
with the gauge covariant derivative

Dµ = ∂µ − LAµ (2.34)

that incorporates the connection one-form Aµ
I . Like in Yang-Mills theory, one has to add

a kinetic term containing the corresponding 2-form field strength tensor

FµνI = 2∂[µAν]
I − [Aµ, Aν ]IC (2.35)

to the action. Instead of a Lie bracket, it employs the Courant bracket

[U, V ]C = 1
2(LUV − LV U) . (2.36)

This is because we have not yet performed the truncation. Later, we will see that this
bracket turns into a Lie bracket after the truncation, as is required for a gauge theory.
Moreover, the 3-form Hijk in the original action has to be complemented by a Chern-Simons
term giving rise to

Hµνρ = 3∂[µBνρ] + 3A[µ
I∂νAρ]I −A[µ|I|[Aν , Aρ]]IC . (2.37)

Finally, we have the scalar potential

V = −R . (2.38)

It is expressed in terms of the generalised Ricci scalar (2.13) on the internal manifold Mn.
For completeness, we note that gauge transformations of the connection 1-form Aµ

I are
mediated by

δΛAµ
I = ∂µΛI + LΛAµ

I . (2.39)

For all the covariant fields, the generalised Lie derivative mediates gauge transforma-
tion, namely

δΛ = LΛ . (2.40)

At this stage, there are still an infinite number of scalars HIJ and vectors AµI . But,
as suggested above, we should expand them in terms of tensors that are invariant under
the structure group in order to obtain a consistent truncation. Let us start with the
generalised metric

HIJ(x, y) = ẼAI(y)hAB(x)ẼBJ(y) , (2.41)

and adopt the notation that quantities which depend only on y are decorated with a tilde.
In contrast to section 2.1, the generalised metric hAB here is not restricted to the diagonal
form given in (2.6). Rather, it is an element of the coset O(n,n)/Hn and it thereby captures
the scalar moduli space of the truncated theory. However, this choice has to be refined
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because it is not automatically invariant under the action of the structure group F . Thus,
we restrict hAB to the coset

hAB(x) ∈
CO(n,n)(F )
CHn(F ) (2.42)

where CG(H) denotes all element of the Lie group G that commute with all element of H.
Similarly, the vectors of the truncated theory are formed from all nv F -invariant vectors
K̃α̇

I(y), with α̇ = 1, . . . , nv,

Aµ
I(x, y) = Aµ

α̇(x)K̃α̇
I(y) . (2.43)

Thanks to the analysis in the last section, it is not hard to see how these vectors act on
other invariant tensors through the generalised Lie derivative.1 In particular, we find

L
K̃α̇
K̃β̇

I = (T̃α̇)J IK̃β̇
J (2.44)

L
K̃β̇
HIJ = 2(T̃α̇)(I

KHJ)K (2.45)

with
(T̃α̇)IJ = −K̃α̇

K T̃KI
J . (2.46)

Here, T̃IJK is the generalised torsion from (2.20). We only decorated it with a tilde to
emphasis that it depends only on the internal coordinates yi. One can interpret (T̃α̇)IJ as
2n× 2n-matrices. They are elements of the Lie algebra Lie[CO(n,n)(F )] and generate the
gauge group G ⊂ CO(n,n)(F ) [23]. The corresponding Lie algebra has the structure constants

[T̃α̇, T̃β̇ ] = fα̇β̇
γ̇ T̃γ̇ . (2.47)

This result is quite remarkable, because it tells us that the torsion TIJK controls how the
gauge group is embedded in the global symmetry group of the truncated theory. It plays
the role of the embedding tensor, which is known from truncations that preserve maximal
or half-maximal supersymmetry (see [35, 36] for reviews).

Eventually, we want to get rid of the internal manifold’s coordinate dependence. To
this end, we note that Kα̇

A = K̃α̇
IẼAI in flat indices is constant. The same of course also

holds for the torsion TABC and TA. Thus, we define the constant tensors

ηα̇β̇ = Kα̇
AKβ̇

BηAB , (2.48)

hα̇β̇ = Kα̇
AKβ̇

BhAB(x) , and (2.49)

(Tα̇)AB = K̃α̇
ITIJ

KẼA
J ẼBK . (2.50)

Note that ηα̇β̇ is invariant under the action of the gauge group, and we use it to raise and
lower dotted Greek indices. Moreover, we have to deal with the dilaton. It decomposes into

φ(x, y) = φ(x) + d̃(y) . (2.51)
1The trick here is to write the generalised Lie derivative in terms of the covariant derivative ∇A and keep

in mind that it annihilates all F -invariant tensors on the internal manifold. Thus, the only non-vanishing
contribution comes from the torsion tensor.
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With these definitions in place, we can eventually restrict the action (2.33) to MD−n,

S = Vint

∫
d(D−n)x

√
ge−2φ

(
R+ 4DµφDµφ−

1
12HµνρH

µνρ

1
8DµhABD

µhAB − 1
4hα̇β̇Fµν

α̇Fµνβ̇ − V
)
.

(2.52)

This reduced action employs the covariant derivative and field strengths

Dµφ = ∂µφ−
1
2Aµ , (2.53)

DµhAB = ∂µhAB − 2Aµα̇(Tα̇)(A
ChB)C , (2.54)

Fµνα̇ = 2∂[µAν]
α̇ − fβ̇γ̇

α̇Aµ
β̇Aν

γ̇ , and (2.55)

Hµνρ = 3∂[µBνρ] + 3A[µ
α̇∂νAρ]α̇ − fα̇β̇γ̇Aµ

α̇Aν
β̇Aρ

γ̇ , (2.56)

and the gauge transformations

δΛAµ
α̇ = ∂µAµ

α̇ + Λβ̇Aµγ̇fβ̇γ̇
α̇ , (2.57)

δΛφ = 1
2Λα̇Tα̇ , (2.58)

δΛhAB = 2Λα̇(Tα̇)(A
ChB)C . (2.59)

Two new quantities,

Aµ(x) = Aµ
α̇(x)Tα̇, and Tα̇ = Kα̇

ATA , (2.60)

have appeared here. As intended, neither depends on the internal coordinates y because
the torsion TA is constant by theorem 1. There is only one imprint of the manifold Md left,
namely its generalised volume

Vint =
∫

dny e−2d̃ , (2.61)

which appears as an overall prefactor.
Before, we turn to an example, let us summarise the salient features of all truncated

theories that arise from theorem 1 in generalised geometry:

• They are gauged (super)gravities in dimensions D < 10 for the superstring or D < 26
for the bosonic string.

• Their field content and gauge group are completely fixed by the constant, singlet
intrinsic torsion TABC and TA.

• The only part of the action that is not so easily fixed is the scalar potential V . It
requires detailed knowledge about the geometry of the internal manifold and its
dependence on the scalar moduli fields.

However, the scalar potential is central for most applications. That is the reason why
a particular subclass of consistent truncations, called generalised Scherk-Schwarz reduc-
tions [28, 29], currently dominates most applications.
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2.4 Generalised Scherk-Schwarz reductions and Poisson-Lie T-duality

Remarkably, these reductions are directly related to the second central pillar of this paper,
dualities. In this subsection, we explain how.

Consistent truncation perspective. Generalised Scherk-Schwarz reductions implement
a special case of theorem 1 with trivial structure group F . Therefore, any tensor in flat
indices which is annihilated by the covariant derivative ∇I forms part of the truncation. In
particular, we do not have to deal with ∇α, introduced in (2.30) and (2.31). Moreover, the
spin connection ΩIA

B in (2.18) vanishes.
This situation is similar to a group manifold in standard geometry, where one can always

introduce a flat derivative without curvature. The only difference is that in generalised
geometry instead of the Riemann tensor, the generalised Riemann tensor [37–39]

RIJKL = 2∂[IΓJ ]KL + 2Γ[I|MLΓ|J ]K
M + 1

2ΓMIJΓMKL + (IJ)↔ (KL) , (2.62)

or in flat indices after using (2.19)

RABCD = 2E[A
I∂IΩB]CD + 2Ω[A|C

EΩB]DE + 1
2ΩEABΩE

CD

− FABEΩECD + (AB)↔ (CD) ,
(2.63)

has to vanish for trivial F . Taking into account the vanishing spin connection, we find the
generalised affine connection

ΓIJK = ∂IE
A
JEAK (2.64)

by using (2.19). From it, we next compute the generalised torsions from (2.20),

TABC = −FABC , (2.65)

and from (2.25),
TA = FA . (2.66)

Hence, the conditions for consistent truncations become

FABC = const. and FA = const. , (2.67)

because the covariant derivative ∇A acting on quantities with just flat indices reduces to
DA = EA

I∂I .
At this point, it is instructive to look at the Bianchi identities for ∇A. They reduce to [33]

D[AFBCD] −
3
4F[AB

EFCD]E = 0 , and (2.68)

D[AFB] + 1
2D

CFCAB −
1
2F

CFCAB = 0 . (2.69)

Because of (2.67), all terms with derivatives DA drop out. Consequentially, (2.68) becomes
the Jacobi identity of a Lie algebra, Lie(D). Assume that this Lie algebra has the generators
tA, satisfying

[tA, tB] = FAB
CtC . (2.70)
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Furthermore, (2.69) states that tF = FAtA has to be in the center of Lie(D), saying that
the generator tF commutes with all other elements of the Lie algebra.

Another effect of a trivial generalised structure group is that we can identify the index α̇,
enumerating invariant constant vectors, with the O(D,D) index A, resulting in KA

B = δBA .
Hence, the Lie group D has a natural interpretation as the gauge group of the truncated
gauged (super)gravity. In the same vein, we identify the scalar manifold as O(n, n)/Hn.
Finally, one can directly read off the scalar potential2

V = FACEFBDF

( 1
12h

ABhCDhEF − 1
4h

ABηCDηEF
)

+ FAFBh
AB (2.71)

from (2.13) by dropping all terms with a derivative and expanding the projectors
PAB = 1

2(ηAB + hAB) and PAB = 1
2(ηAB − hAB).

Summarising, the truncation ansatz for a consistent truncation with a trivial structure
group is built from following data:

1. A doubled Lie group D (=gauge group), generated by tA

(a) with the structure coefficients FABC and
(b) and an elements in the center tF = FAtA (tF = 0 always works).

2. D has to be a subgroup of O(n,n). Otherwise, its adjoint action would not leave
ηAB invariant and consequently, FABC = FAB

DηDC would only be antisymmetric
with respect to the first two indices A and B, but it has to be totally antisymmetric.
Therefore, FABC actually describes how D is embedded into O(n,n), and is called the
embedding tensor.

3. A constant generalised metric hAB on the internal manifold, to construct the projectors
PAB and PAB.

Generalised T-duality perspective. Intriguingly, exactly the same data are needed
to describe a Poisson-Lie symmetric target space in the E-model formalism [10, 40]. More
precisely, one needs the following ingredients to construct an E-model:

1. A doubled Lie group D, generated by tA

(a) with the structure coefficients FABC .
(b) there is no item (b).

2. A non-degenerate pairing 〈tA, tB〉 = ηAB, that is invariant under the adjoint action
of D.

3. An E-operator E : Lie(D)→ Lie(D), which squares to the identity. In the language
we use here, this is just the generalised metric EAB = HAB.

2We drop the contribution
FAFA − 1

6FABCFABC

because it vanishes under the section condition, we always impose in this paper.
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The underlying classical σ-model

SΣ = 1
4πα′

∫
Σ

(
gijdxi ∧ ?dxj +Bijdxi ∧ dxj

)
(2.72)

does not incorporate the dilaton, therefore item 1b is not contained in this list. To define
the E-model, one first transitions to the Hamiltonian formalism with the Hamiltonian [41]

H = 1
4πα′

∫
dσJMHMNJ N . (2.73)

In addition to the generalised metric in (2.4), we find the generalised currents

JM =
(
pm ∂σx

m
)

(2.74)

defined by using the embedding coordinates xm and their canonical momenta

pm = gmn∂τx
n +Bmn∂σx

n . (2.75)

Taking into account canonical, equal-time Poisson brackets {xm(σ), pn(σ′)} = δnmδ(σ − σ′),
one obtains

{JM (σ),J N (σ′)} = 2πα′δ′(σ − σ′)ηMN (2.76)

which introduces ηMN from the worldsheet perspective. The E-models arises after dressing
these currents with the generalised frame EAI to obtain the Kac-Moody algebra

{J A(σ),J B(σ′)} = δ(σ − σ′)FABCJ C(σ) + δ′(σ − σ′)ηAB (2.77)

with
J A = 1√

2πα′
EAMJM . (2.78)

As in our previous discussion, it is crucial here that FABC , ηAB and HAB are all constant,
resulting in the E-model Hamiltonian

H = 1
2

∫
dσJ AHABJ B (2.79)

that is quadratic in the generalised currents and therefore results in the simple equations
of motion

dJ + 1
2[J ,J ] = 0 (2.80)

with the Lie(D)-valued, worldsheet one-forms

J = tA
(
EABJ Bdτ + J Adσ

)
. (2.81)

Poisson-Lie T-duality relates different choices for the metric gij and the B-field Bij
in (2.72) by a canonical transformation. How this exactly works is best seen in the
Hamiltonian formalism where the canonical transformation leaves the Poisson brackets and
the Hamiltonian invariant, but changes the composition of the currents JM in terms of the
fundamental field xn. Consequently, there is in general not just one choice of the generalised
frame EAI that results in some fixed structure constants FABC , but multiple ones.
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There is an important lesson to be learned from this new perspective: the truncation
ansatz, which is fixed by the same generalised frame EAI as the currents J A in the E-model,
is in general not unique. Instead one can find for every maximally isotropic subgroup Hi of
D a generalised frame on the coset M (i) = Hi\D that results in the same generalised fluxes
FABC [24, 25, 42]. All of them are connected by Poisson-Lie T-duality. We will discuss the
details of the construction of generalised frames in section 4.

It is known that gauged E-models give rise to an even broader notion of T-duality [43],
called dressing cosets [12]. There are hints that they are also closely related to consistent
truncations [15]. In the rest of this paper, we follow these hints and eventually show that
generalised cosets provide a very large class of new consistent truncations for which the
scalar potential can be computed.

3 The Poláček-Siegel construction

In the last section, we have identified the generalised structure group F and the singlet,
intrinsic torsion as the fundamental building blocks of consistent truncations. We will now
present a construction of the associated generalised frames EAI and spin connection ΩAB

C ,
which treats them as first class citizens. The basic idea for our approach first came up in
the paper [31], and we therefore refer to it as the Poláček-Siegel construction. In its original
form, it was restricted to the case F = Hn, which is not of much use for the application to
consistent truncations. Fortunately, one of the authors extended the discussion to general
F ’s in ref. [44]. We shall review the construction in the following, and adapt it to our
conventions before applying it to truncations.

3.1 Generalised frame on the mega-space

First, we define generators tα ∈ Lie(F ) that generate the generalised structure group and
that are governed by the commutators

[tα, tβ ] = fαβ
γtγ . (3.1)

Next, we introduce the auxiliary coordinates zµ to parameterise group elements f(zµ) ∈ F .
In combination with the coordinates yi on the internal manifold Mn, they describe what
we call mega-space. It is important to keep in mind that the mega-space is not physical. It
is, rather, a useful book-keeping device, as will become clear by the end of this section.

In order to make contact with the discussion in the last section, we have to fix at least
two quantities on the mega-space, namely the generalised frame and the η-metric. For the
former, we will use the parameterisation

Ê
Â
Î = M̃

Â
B̂

 δβ
γ 0 0

−Ωγ
B EB

J 0
ρβγ − 1

2Ωβ
KΩγK ΩβJ δβγ


̂̃vγ

µ 0 0
0 δIJ 0
0 0 ṽγµ

 . (3.2)

Before motivating it, let us take a moment to explain the new conventions we encounter
here: indices come in two kinds: flat Â, B̂, . . . and curved Î, Ĵ , . . . . The latter split as
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xÎ =
(
zµ yi ỹi z̃µ

)
, x

Î
=
(
z̃µ ỹi y

i zµ
)
. Note that the section condition is still trivially

solved, because nothing depends on the coordinates ỹi and z̃µ and we use the partial
derivative ∂

Î
=
(
∂µ ∂i 0 0

)
. Moreover, the O(n+ dimF ,n+ dimF ) invariant metric η

Î Ĵ
is

given by

η
Î Ĵ

=

 0 0 δνµ
0 ηIJ 0
δµν 0 0

 (3.3)

where ηIJ is already known from (2.3). Flat indices behave in the same way. In particular,
we encounter the flat η-metric

η
ÂB̂

=

 0 0 δβα
0 ηAB 0
δαβ 0 0

 . (3.4)

With the index conventions established, we can say more about the form of (3.2). At
first glance, it has three distinguishing features:

1. All physically relevant quantities are contained in the middle matrix.

2. This matrix is of lower triangular form.

3. It is dressed from left and right by two matrices which only depend on the auxiliary
coordinates zµ.

Note that we use here tilde quantities which depend on the auxiliary coordinates zµ.
M̃
Â
B̂ does not appear explicitly in either [31] or [44], but later it will be very helpful for

understanding how the mega-generalised frame field relates to the covariant derivative ∇A.
This matrix mediates the adjoint action of F on the mega-space. Therefore, it has two
defining properties:

M̃
Â
ĈM̃

B̂
D̂η

ĈD̂
= η

ÂB̂
(3.5)

and
∂µM̃Â

B̂ = ṽαµM̃Â
Ĉf

αĈ
B̂ . (3.6)

Here ṽαµ denotes the components of the right-invariant one-forms dff−1 = tαṽ
α
µdzµ and̂̃vαµ are the dual vector fields, defined by ̂̃vαµv̂βµ = δβα. The infinitesimal action of F

is specified by the constants f
αB̂Ĉ

. Due to (3.5), they have to satisfy f
αB̂Ĉ

= −f
αĈB̂

.
Furthermore, (3.6) should not spoil the lower triangular form of the middle matrix in (3.2)
and therefore we find

fαβ
C = 0 , and fαβγ = 0 . (3.7)

Owing to these constraints, the full mega-generalised frame field is lower triangular. This
observation motivates the parameterisation of the two right-most matrices in (3.2). Together,
they implement the most general lower triangular matrix that leaves the η-metric invariant.
Thereby, we encounter three fields on the physical space Mn:

• The generalised frame EAI that we already discussed in the last section.
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• An unconstrained field Ωα
B which, as we will see later, is directly related to the spin

connection ΩABC of ∇A.

• An antisymmetric tensor ραβ = −ρβα. It is the most interesting result of the Poláček-
Siegel construction because it has no analog in standard geometry. Therefore, in
honor of these two gentlemen, we call it the Poláček-Siegel field.

Finally, we come to the question: how is this setup related to the covariant derivative
∇A? The relation becomes manifest when we split all tensors into a physical and an
auxiliary part as, for example, in

V̂
Â

= M̃
Â
B̂V

B̂
. (3.8)

To indicate that V̂
Â
depends on zµ and yi while V

Â
depends only on yi, we decorate the

former with a hat. This is also the reason that the generalised frame field on the mega-space
is called Ê

Â
Î instead of just E

Â
Î . In the same vein, we introduce the flat derivative

D̂
Â

= Ê
Â
Î∂
Î

= M̃
Â
B̂D

Â
, with D

Â
= E

Â
Î∂
Î
. (3.9)

A natural question at this point is: can get rid of the auxiliary coordinates zµ completely?
This would be the case if these coordinates always appeared only in the form of (3.8). There
is only one place where this could go wrong, namely for flat derivatives. But fortunately,
for them we find

D̂
Â
V̂
B̂

= M̃
Â
ĈM̃

B̂
D̂
(
D
Ĉ
V
D̂

+ E
Ĉ
αf

αD̂
ÊV

Ê

)
with E

Â
β =

 δβα
−Ωβ

A

ραβ − 1
2Ωα

IΩβI

 .

(3.10)
Hence, we conclude that the zµ-dependence of any quantity with flat indices arises only
from the twist of each index with M̃

Â
B̂.

Looking more closely at (3.10), one can interpret the two terms in the brackets on the
right hand side of the first equation as a covariant derivative. Thus, we write

D̂
Â
V̂
B̂

= M̃
Â
ĈM̃

B̂
D̂∇′

Ĉ
V
D̂

(3.11)

for flat derivatives on the mega-space, and we see that it can alternatively be interpreted as
a covariant derivative on Mn. Comparing (3.10) and (3.11), we find

∇′A = EA
I∂I − Ωβ

A∇′β , (3.12)

∇′α = ΩαBDB +
(
ραβ − 1

2Ωα
IΩβI

)
∇′β , (3.13)

and furthermore

∇′αVβ = fαβ
γVγ , (3.14)

∇′αVB = fαB
CVC + fαB

γVγ , (3.15)
∇′αV β = −fαγβV γ − fαCβV C + fα

βγVγ . (3.16)

– 18 –



J
H
E
P
0
4
(
2
0
2
3
)
0
0
7

Most important for our purpose is to relate ∇′
Â
to the covariant derivative ∇A and ∇α that

is required for constructing consistent truncations. More precisely, we want to identify

∇AVB = ∇′AVB , (3.17)

or equally
ΩIBC = Ωδ

IfδBC . (3.18)

Hence, we impose
fαB

γ = 0 . (3.19)

This condition can be relaxed in the context of generalised T-dualities.3 However, for the
consistent truncations we study here, it arises naturally. Thus, we shall keep the���fαB

γ-terms
in intermediate results and only remove them in the final expression on Mn.

Finally, we also need to know how the generalised structure group F acts on the physical
generalised tangent space TMn ⊕ T ∗Mn. Remember, the corresponding infinitesimal action
is mediated by ∇α, introduced in (2.30). Thus, it is natural to relate

∇αVB := fαB
CVC = ∇′αVB , (3.20)

too. This also explains the initially arbitrary looking notation for this operation. On the
mega-space it has exactly the same origin as the covariant derivative ∇A.

3.2 Torsion and curvature

We have seen that the Poláček-Siegel construction transforms flat derivatives D̂
Â
on the

mega-space into covariant derivatives on the physical space Mn. From a conceptual point
of view, one might say that it geometrises a generalised connection by adding auxiliary
coordinates zµ. Therefore, analysing the properties of the derivatives D̂

Â
becomes the main

objective for this subsection. Fortunately, we already learned in section 2.4 that they are
exclusively controlled by the torsions (see (2.8) and (2.11))

f̂
ÂB̂Ĉ

= D̂[ÂÊB̂
ÎÊ

Ĉ]Î , and (3.21)

f̂
Â

= 2D̂
Â
d̂− ∂

Î
Ê
Â
Î . (3.22)

Here, we switched from capital F ’s to f ’s, because we want to reserve the F for the physical
space Mn. At the moment this might seem arbitrary, but it will become obvious shortly.
Next, we will evaluate (3.21). As already discussed, it is convenient to strip off M̃

Â
B̂ from

generalised tensors, as we did in (3.8) while going from V̂
Â
to V

Â
. The generalised frame

field in (3.2) is no exception. Therefore, we split it according to

Ê
Â
Î = M̃

Â
B̂E

B̂
ĈV

Ĉ
Î with V

Â
Î =

̂̃vα
µ 0 0

0 EA
I 0

0 0 ṽαµ

 , (3.23)

3We thank Yuho Sakatani for pointing out this possibility to us.
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and first compute

3V[Â
Î∂
Î
V
B̂
ĴV

Ĉ]Ĵ =


fαβ

γ and cyclic

FABC .
(3.24)

The latter is then used to obtain

f
ÂB̂Ĉ

= 3E
Â
D̂E

B̂
ÊE

Ĉ
F̂V[D̂

Î∂
Î
V
Ê
ĴV

F̂ ]Ĵ + 3∇′[ÂEB̂
ÎE

Ĉ]Î . (3.25)

Note that ∇′A here just acts on the flat index B̂ of the generalised frame field E
B̂
Î . There

is no affine connection fixed by a vielbein postulate. Before we can turn to f̂
Â
, we have to

specify how the generalised dilaton on the mega-space depends on the auxiliary coordinates
zµ. It turns out that the right choice is

d̂(y, z) = d(y)− 1
2 log det ẽ(z) (3.26)

with

tαẽ
α
µ(z)dzµ = f−1df . (3.27)

Only for this choice does the zµ-dependence of f̂
Â
completely factor into a M̃

Â
B̂ twist, as

we required in (3.8). After removing this twist, we find

f
Â

= 2E
Â
BDBd− ∂IEÂ

I − f
αÂ

B̂E
B̂
α . (3.28)

It is very instructive to compute the individual components of both f̂
ÂB̂Ĉ

and f̂
Â
. But

before doing so, we need a way to keep track of all contributions. To this end, we introduce
the ε-dimension, which is defined in the following way: assume we scale the generators of
the generalised structure group F according to tα → ε−1 tα. In this case, the structure
coefficients fαβγ introduced in (3.1) scale as fαβγ → ε−1fαβ

γ . To find out how other tensors
scale, assign −1 to each lowered Greek index, +1 to each raised Greek index and 0 to
each Latin index. Summing over all indices of the tensor then gives its ε-dimension. The
motivation for this particular scaling comes from an alternative approach in the literature
to the construction of dressing cosets [45, 46]. It considers an E-model on the mega-space
where the generalised structure group F describes a global symmetry. After scaling the
generators tα as shown above, and sending ε to 0, the E-model degenerates and the global
symmetry becomes a gauge symmetry. This limit is subtle, but several examples suggest
that the relevant quantities on the dressing coset are those which are invariant under the
scaling or, equally, have vanishing ε-dimension.

To find all independent components of f̂
ÂB̂Ĉ

, recall that it is by construction totally
antisymmetric. For each of its components, we can therefore order the indices by their
ε-dimension (of course still keeping track of the sign). The results for the ten independent
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classes of components are then given by

ε-dim.
−3 fαβγ = 0
−2 fαβC = 0
−1 fαβ

γ fαAB
0 fαB

γ = 0 fABC
+1 fα

βγ fAB
γ

+2 fA
βγ

+3 fαβγ .

(3.29)

All the components in the first column are just the parts of f
αB̂

Ĉ that describe the F -action
on the mega-space (see (3.6)). They are constant, and constrained by the Jacobi identity

2f[α|Ĉ
Êf|β]Ê

D̂ = −fαβγfγĈ
D̂ , (3.30)

which arises from d2M
Â
B̂ = 0 and (3.6), because infinitesimal F -transformations have to

close into a group. Non-constant contributions only arise from the components in the second
column. In the following, we compute them one by one.

First, we look at

fABC = FABC − 3Ωδ
[AfδBC] = FABC − 3Ω[ABC] . (3.31)

Comparing this result with (2.19) and (2.20), we find the remarkable identification

fABC = −TABC . (3.32)

On the other hand, (2.31) requires that TBCD is annihilated by ∇A and ∇α for theorem 1
to apply. This condition can now be written as

∇AfBCD = ∇′AfBCD = 0 and (3.33)

∇αfBCD = ∇′αfBCD = 0 (3.34)

by using (3.17) and (3.20). Due to (3.12), these two equations automatically imply

fABC = const. (3.35)

for all consistent truncations resulting from theorem 1. Next in line is

fAB
γ = −2D[AΩγ

B]+fαβγΩα
AΩβ

B−
1
2fαABΩα

CΩγC+
��

���
�2fα[A

γΩα
B]−fαABραγ+FABCΩγ

C .

(3.36)
To find an interpretation for this quantity, we first get rid of the Greek index γ by contracting
with fγCD, resulting in the new quantity

fABCD := fAB
γfγCD . (3.37)
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In the same vein, we introduce

rABCD := ραβfαABfβCD , (3.38)

which is actually the original form of the Poláček-Siegel-field introduced in [31]. With these
two new quantities, (3.36) can be rewritten exclusively in terms of Latin indices as

fABCD = −2D[AΩB]CD − 2Ω[A|C
EΩB]DE −

1
2ΩEABΩE

CD +FAB
EΩECD − rABCD . (3.39)

From (3.37), it follows that fABCD is antisymmetric with respect to its first two and last
two indices. Thus, it can be decomposed into the three contributions

fABCD = ⊗ = ⊕ ⊕ . (3.40)

The first two diagrams on the right hand side contain the parts of fABCD that are symmetric
under the pairwise exchange of AB and CD. For them, rABCD drops out and we find

fABCD + fCDAB = −RABCD . (3.41)

At this point, the power of the Poláček-Siegel construction becomes fully apparent: we
recover the generalised curvature on the physical space Mn purely from a torsion component
on the mega-space!

Additionally, the Bianchi identity components

D̂[Af̂BCD] −
3
4 f̂[AB

Ê f̂
CD]Ê = 0 (3.42)

on the mega-space imply the algebraic Bianchi identity of RABCD, namely

R[ABCD] = f[AB
EfCD]E −

4
3∇[AfBCD] . (3.43)

Note that ∇AfBCD = 0 for consistent truncations, rendering the identity completely
algebraic. Finally, there is the hook in (3.40), which is antisymmetric under pairwise
exchange of AB and CD and contains the Poláček-Siegel-field. As we will show in the next
subsection, it will not contribute to the two-derivative action or its equations of motion.
The same holds for the remaining components fAβγ and fαβγ . Hence, we postpone deriving
detailed expressions for them until section 3.5.

We still have to deal with the one-index torsion (3.28). In analogy with (3.29), we
decompose it into

ε-dim.
−1 fα = fαβ

β

0 fA
1 fα .

(3.44)
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Again, we need to compute the two contributions, fA and fα, in the right-hand column.
For the first, we obtain

fA = FA − ΩB
BA −��

�fβA
β (3.45)

by expanding (3.28). Similar to fABC , we recover the one-index torsion for the last section
and identify

TA = fA (3.46)

Therefore,
∇ATB = ∇′AfB = 0 and ∇αTB = ∇′αfB = 0 (3.47)

hold according to (2.31) for all consistent truncations that are governed by theorem 1. Just
as in (3.35), we therefore deduce

fA = const. (3.48)

Finally, there is

fα = −DBΩα
B −���

��Ωβ
Cfβ

Cα − ρβγfβγα + ΩαBFB + fβ
βα , (3.49)

which we rewrite as

fAB : = (fα − fγγα) fαAB (3.50)
= −DCΩCAB + FCΩCAB + 2rCABC . (3.51)

However, it is not a new independent quantity. Instead it can be reconstructed from already
encountered f ’s by using the Bianchi identity

D̂[Af̂B] + 1
2D̂

Ĉ f̂
ĈAB

− 1
2 f̂

Ĉ f̂
ĈAB

= 0 (3.52)

on the mega-space, resulting in

fAB = 2∇[AfB] +∇CfCAB − fCfCAB − 2fC [AB]C − fαfαAB . (3.53)

3.3 Truncation of the generalised Ricci scalar/tensor and dualities

We now come to the core objective of this paper, and reveal the relation between consistent
truncations and dualities. To do so, we revisit the generalised Ricci scalar in (2.13).
Currently, it is written in terms of the flat derivative DA. But we rather want to write it in
terms of the covariant derivatives ∇A that are relevant for consistent truncations. While
FA and FABC are directly related to the torsion of DA, they lack this kind of geometric
interpretation for ∇A. Therefore, we will ultimately replace them with fA, fABC , and
fABCD. In general, one might worry that after performing these substitutions, some naked
connection terms would remain. By naked, we mean any generalised spin connection ΩAB

C

which is not part of a corresponding covariant derivative ∇A. However, the generalised
Ricci scalar transforms covariantly under the action of the generalised structure group
F . Therefore, one should in the end be able to rewrite it just in terms of manifestly
covariant quantities, and these are exactly all the f ’s introduced above (for more details see
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section 3.6) and their covariant derivatives. Indeed, all terms including a naked connection
vanish and one finds

R = PABPCD
[(
PEF + 1

3P
EF
)
fACEfBDF + 2fACDB

]
+ 2PAB(2∇AfB − fAfB) . (3.54)

Note that the Poláček-Siegel-field gets projected out from fABCD and we can also write

2PABPCDfACBD = −RACBDPABPCD := R∇ (3.55)

by using (3.41). Hence, can rewrite R purely in terms of the torsions and scalar curvature
of ∇A as

R = R∇ + PABPCD
(
PEF + 1

3P
EF
)
TACETBDF + 2PAB(2∇ATB − TATB) . (3.56)

As shown in diagram (1.1), it is crucial for any consistent truncation to preserve the
relation between the action and its equations of motion. Therefore, we compute the latter
by varying the action (2.12) and dropping all boundary terms, to obtain

δS =
∫

dDx e−2d
(
−2Rδd+ GABδEAB

)
= 0 , (3.57)

with [33]
GAB = 4P[A

CPB]
D
(
FCEGFDFHP

EFPGH + FCDEFFP
EF+

DDFC −DEFCDFP
EF
) (3.58)

and
δEAB := (δEAI)EBI . (3.59)

Note that GAB is not yet the generalised Ricci tensor RIJ that arises if we vary with respect
to the generalised metric HIJ

δS =
∫

dDx e−2d
(
−2Rδd+RIJδHIJ

)
= 0 . (3.60)

Both GAB and RIJ are commonly used in the literature. They can be related by identifying

δHIJ = 4δEKLPK(IP J)L and δEAB = δHCDPC[APB]D (3.61)

first, and afterwards comparing (3.57) with (3.60) to eventually obtain

RIJ = GLKPL(IP J)K . (3.62)

We follow the same strategy as we previously did for R, and rewrite GAB in terms of
∇A, fA, fABC and fABCD. Again, we find that all terms with naked connections cancel.
The result

GAB = 4P[A
CPB]

D
(
fCEGfDFHP

EFPGH + fCDEfFP
EF

+∇DfC −∇EfCDFPEF − fEDCFPEF
) (3.63)
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again looks similar to (3.58), with only one new contribution from fABCD. If we look at
the definition (3.37), we note that the last two indices of fABCD originate from fαCD which
captures the infinitesimal action of the generalised structure group F on the generalised
tangent space. Because F is a subgroup of the double Lorentz group HD, we find

fαCDP
C
AP

D
B = fαCDP

C
AP

D
B = 0 . (3.64)

Exploiting this property, we rewrite

− 4P[A
CPB]

DfEDCFP
EF = 2P[A

CPB]
DRECDFPEF = G∇AB (3.65)

and see that only the box diagram in the decomposition (3.40) of fABCD contributes to the
generalised Ricci tensor. Like for R in (3.56), we can write it exclusively in terms of ∇A’s
torsions and curvature:

GAB = G∇AB + 4P[A
CPB]

D
(
TCEGTDFHP

EFPGH − TCDETFPEF+

∇DTC +∇ETCDFPEF
)
.

(3.66)

For any consistent truncation governed by theorem 1, R, RAB and GAB have to be
constant and singlets. Written in terms of equations this imposes

∇A/αR = 0 and ∇A/αGBC = 0 . (3.67)

Because the intrinsic torsions fA and fABC share this property, the two new quantities R∇
and G∇AB defined in (3.65) and (3.55) have to satisfy

∇A/αR∇ = 0 and ∇A/αG∇AB = 0 , (3.68)

too. This fixes some of the components of F
ÂB̂Ĉ

, which we need for the Poláček-Siegel
construction, to be constants, but clearly not all of them.

However, assuming that we have fixed all physically relevant data (at least at the
leading two derivative level), we should rather ask: is there a way to choose the remaining
components of f

ÂB̂Ĉ
such that they are compatible with the ones we already fixed? From a

physical point of view this corresponds to obtaining a truncation ansatz which reproduces a
target truncated theory. In general, there can be multiple solutions to this problem. Each
of them provides a different metric and B-field on the internal space, but eventually they
all reproduce the same truncated theory. We encountered this behaviour, which is depicted
in (1.5), already, for the motivating example of generalised Scherk-Schwarz reductions and
their relation to Poisson-Lie T-duality. But a main difference is that we now have two
possible mechanisms for generating dualities instead of one. First, we will see that there
is the possibility of finding different generalised frames on the mega-space that realise the
same generalised fluxes f

ÂB̂Ĉ
. We already encountered this mechanism in section 2.4; it

provides the foundation of Poisson-Lie T-duality. Moreover, for a non-trivial generalised
structure group, we have a second option since only some components of f

ÂB̂Ĉ
are fixed.

The remaining ones are only constrained by the Bianchi identities on the mega-space.
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3.4 Jacobi identities

Exploring the space of all these dual backgrounds is beyond the scope of the present paper.
We rather want to restrict our discussion to a specific family of backgrounds with constant
f
ÂB̂Ĉ

, like for generalised Scherk-Schwarz reductions. In section 4, we show that all of
them are realised in terms of generalised cosets. Thus, they 1) form the foundation of all
generalised T-dualities currently known, and 2) provide explicit constructions of the full
truncation ansätze. Hence, the question from above has to be refined: can we find for any
given truncated theory at least one ansatz with constant f

ÂB̂Ĉ
that uplifts the theory to D

dimensions?
To answer this question, one has to analyse the Bianchi identities

f̂[ÂB̂
Ê f̂

ĈD̂]Ê = 0 and (3.69)

f̂ Ĉ f̂
ĈÂB̂

= 0 , (3.70)

on the mega-space, which arise after dropping the flat derivative D̂
Â
because we are assuming

that f
ÂB̂Ĉ

and f
Â
are constant. It turns out that this problem is still hard, because it

entails solving systems of coupled quadratic equations. Therefore, we postpone a thorough
analysis to future work. But even without a full solution, already the structure of the
various components of (3.69) and (3.70) is interesting.

We recognise (3.69) as the Jacobi identity for a Lie algebra. It has 15 independent
contributions which can be organised into four categories:

1. Closure of the F -action on the mega-space (6 constraints)

These components arise from the requirement that the action of the generalised
structure group on the mega-space closes. They are governed by (3.30). Only three
of them are non-trivial.

(a) ε-dimension -2 implements the Jacobi identity of Lie(F ),

3f[αβ
εfγ]ε

δ = 0 . (3.71)

(b) ε-dimension -2 also requires that fαBC generates this action on the generalised
tangent space TMn ⊕ T ∗Mn,

2f[α|C
Ef|β]E

D = −fαβεfεCD . (3.72)

(c) ε-dimension 0 imposes the condition

fαβ
εfε

γδ − 4f[α|ε
[γ|f|β]

ε|δ] = 0 . (3.73)

A simple solution is fαβγ = −2 rδ[βfδαγ] for antisymmetric rαβ. This condition
(and the existence of possibly other non-trivial solutions) can be understood
using the language of Lie algebra cohomology (see e.g. appendix A of [47],
whose conventions we follow here). One introduces one-forms θα (essentially
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the left-invariant one-forms on F ) as well as scalar 0-forms eA valued in some
representation — here we are concerned with Λ2Lie(F ), so we denote eαβ = tα∧tβ ,
where the wedge product merely emphasizes that the result is antisymmetrized
in αβ. Then fαβγ is a one-form ϕ valued in Λ2Lie(F ), i.e.

ϕ = 1
2θ

γ fγ
αβ tα ∧ tβ . (3.74)

The condition (3.73) amounts to closure of this one-form, where we take the
exterior derivative to obey

dθα = −1
2θ

β ∧ θγfβγα and dtα = θβfβα
γtγ . (3.75)

Nilpotence of the exterior derivative is guaranteed by (3.71). Then one indeed
finds

dϕ = 1
4θ

α ∧ θβ
(
−fαβεfεγδ + 4fαεγfβεδ

)
tγ ∧ tδ = 0 (3.76)

so ϕ must be closed (i.e. a cocycle). An immediate solution is to take ϕ to be
exact (i.e. a coboundary),

ϕ = dr , r = 1
2r

αβtα ∧ tβ =⇒ fα
βγ = −2 rδ[βfδαγ] . (3.77)

But in general, there may also be cocycles that are not coboundaries and therefore
cannot be written as ϕ = dr. These are governed by the Lie algebra cohomology
H1(Lie(F ),Λ2Lie(F )).

2. Invariance under the F -action (4 constraints)
Next, we find four constraints describing how the components in the last column
of (3.29) transform under the infinitesimal action of the generalised structure group
F .

(a) ε-dimension −1 requires that the torsion fABC is invariant, namely

3fα[B
EfCD]E = 0 . (3.78)

An alternative way to write this equation is by using ∇α:

∇αfBCD = 0 . (3.79)

(b) ε-dimension 0 gives rise to

∇αfBCDE − fαβγfβBCfγDE = 0 . (3.80)

By using (3.77), we can further simplify this equation to

∇α (fBCDE + rBCDE) = 0 (3.81)

with
rABCD := rαβfαABfβCD . (3.82)
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This is quite interesting, because it tells us that fABCD does not need to be fully
invariant under F -action. Instead the invariant quantity is rather the sum of
fABCD and the newly introduced rABCD. Note that rABCD is antisymmetric
under the exchange (AB)↔(CD). This implies that the generalised Riemann
tensor RABCD defined by (3.41) is always invariant, as

∇αRABCD = 0 (3.83)

has to hold.

(c) ε-dimension 1 requires
∇αfABCDE = 0 (3.84)

with
fABCDE := fA

αβfαBCfβDE . (3.85)

(d) ε-dimension 2 relates fαβγ with fαβγ ,

3fαε[βfεγδ] + 3fαε[βfγδ]ε = 0 . (3.86)

With (3.77), this expression simplifies to

∇α(fBCDEFG + rBCDEFG) = 0 (3.87)

with
rABCDEF =: rαβγfαABfβCDfγEF ,
fABCDEF =: fαβγfαABfβCDfγEF ,

(3.88)

and the classical Yang-Baxter tensor

rαβγ = rδαrβεfδεγ + rδγfδαβ . (3.89)

We use this terminology because rαβγ describes the left hand side of the classical
Yang-Baxter equation. It is manifestly antisymmetric with respect to its first
two indices, α and β. After substituting fαβγ = −2rδ[βfδαγ] one can show that
it is actually totally antisymmetric.

3. Bianchi identities (3 constraints)

Next, we find Bianchi identities for the three curvatures fABCD, fABCDE and
fABCDEF :

(a) ε-dimension 0 gives the Bianchi identity for fABCD in (3.43), which we already
discussed in section 3.2.

(b) ε-dimension 1 implies

f[ABC]DE = f[AB|
F fF |C]DE . (3.90)
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To better understand the implications of this equation, we decompose

fABCDE = ⊕ ⊕ . (3.91)

The antisymmetrisation on the right hand side of (3.90) projects out the last
contribution. If we also take into account the left hand side, we find

⊕ = ⊕ ⊕

=0︷︸︸︷
, (3.92)

showing that the totally antisymmetric contribution from the left hand side has
to vanish. As result, we obtain the first quadratic constraint, namely

f[AB|
F fF |CDE] = 0 . (3.93)

(c) ε-dimension 2 results finally in

fABCDEF = −1
2fAB

GfGCDEF + fG[A|CDf
G
|B]EF + fG[A|CDf

G
|B]EF+

2fAB[C
Gf|G|D]EF − (CD)↔ (EF ) .

(3.94)

The right hand side is by definition totally antisymmetric under pairwise exchange
of (AB), (CD) and (EF ) but the left hand side is not. Therefore we find
additional quadratic constraints.

4. Additional quadratic constraints (2 constraints)

There are two more constraints that do not contain any linear contribution. Together
with the quadratic constraints we just encountered in point 3, they represent the real
challenge in identifying admissible curvatures that result in a dressing coset. There is
not much more we can do about them at the moment, and we therefore just list them
here:

(a) ε-dimension 3 gives rise to

− 1
2fABIJf

B
CDEF − 2fACD[I

Gf|G|J ]EF + asym(IJ, CD,EF ) = 0 , (3.95)

where asym(IJ, CD,EF ) denotes all permutations of the index pairs (IJ), (CD),
(EF ) in the given expression weighted by −1 for odd permutations.
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(b) ε-dimension 4 finally results in

fIJCD[K
Gf|G|L]EF + 1

8fACDKLf
A
IJEF + asym(CD, IJ,EF,KL) = 0 . (3.96)

Next, we decompose the second constraint (3.70). It has six contributions which again can
be ordered according to their ε-dimension:

• ε-dimension −2 requires
fγf

γ
αβ = 0 , (3.97)

which is automatically satisfied for fγ = fγδ
δ.

• ε-dimension −1 imposes
∇αfB = 0 , (3.98)

saying that the one-index torsion is a singlet under F -action. This is required by
theorem 1.

• ε-dimension 0 gives rise to the two constraints

fAB = −fABCfC − fγfγAB + fγ
γδfδAB (3.99)

and fγα
βfγ = −fγfαβγ . (3.100)

The first equation is used to fix fAB. (Recall that we did exactly the same in (3.53)
for the more general case of non-constant f ’s.) In the second equation, we contract
the free index β with fβBC to obtain

∇α(fBC + rBC) = 0 where rAB := rαβfβα
γfγAB = 2 rCABC . (3.101)

Satisfying this equation requires that the combination fAB + rAB to be a singlet.
This result is not very surprising, because we observed the same phenomena already
in (3.81) and (3.87).

There are two further constraints that do not admit such nice interpretations. In general,
we note that the higher the ε-dimensions becomes, the more complicated it gets. The only
advantage here is that both are linear in the components of f

Â
. Therefore, they can be

always solved easily:

• ε-dimension 1 results in

fAfABCD − fαfBαβfβCD = 0 , (3.102)

while

• ε-dimension 2 requires

fCfCABDE + fγfγ
αβfαABfβDE + fγf

γαβfαABfβDE = 0 . (3.103)

Concluding, the most problematic are the quadratic constraints that originate from (3.69).
There is currently no obvious way to find general solutions. Instead one has to treat them
on a case by case basis.
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3.5 Higher derivative curvature

In subsection 3.3, one might have gained the impression that the components fAβγ and
fαβγ are irrelevant for the action or its equations of motion. In fact, this is only true at the
leading two-derivative level. If we want to consider higher-derivative corrections, there is
no obvious reason why they should not contribute.

To make this point clear, we first compute

fA
βγ = DAρ

βγ +DAΩ[β
DΩγ]D − 2DDΩ[β

AΩγ]D − Ωδ
Afδ

βγ + FADEΩβDΩγE−

Ωδ
Afδε

[βΩγ]FΩε
F − 2Ωδ

Afδε
[βργ]ε +����

�
2fδA[βργ]δ +(((((

((
fδA

[βΩγ]EΩδ
E .

(3.104)

As before, we rewrite this quantity in terms of indices on TM ⊕ T ∗M only, as

fABCDE = 1
2DArBCDE + 2ΩA

F
[BrC]FDE − 2ΩA

F
[BfC]FDE −DFΩABCΩF

DE

+ 1
2DAΩFEDΩF

BC − ΩAI[EΩFI
D]ΩFBC −

1
2FFAGΩF

BCΩG
DE

− (BC)↔ (DE)

(3.105)

There is one more component left, fαβγ , which we have to compute. In analogy with fα, it
is not independent of the ones we computed already. Rather, it arises from the Bianchi
identity

2∇[αfβ]
CD + 2∇[CfD]

αβ − fαβÊf
CDÊ

+ 2f Ê[α
[Cf

β]
D]Ê = 0 (3.106)

which eventually gives rise to

fABCDEF = rA
G

EF rGBCD +2rG[D|EF |f|AB|C]
G− 1

2DGrEF CDΩG
AB−fG[D|EF |Ω|I|C]

GΩI
AB

+rG[D|EF |ΩI
C]

GΩIAB + 1
4ΩIG[DΩI

|EF |Ω|K|C]
GΩK

AB + 1
6F

GHIΩHEF ΩIABΩGCD

+ 1
2DIΩGEF ΩG

ABΩI
CD +asym(AB,CD,EF )

(3.107)
To count the number of derivatives in each component of f

ÂB̂Ĉ
, we define that either DA

or ΩABC count as one, because they both contribute equally to the covariant derivative
∇A defined in (2.18). Hence, from the Poláček-Siegel construction, we find the following
independent quantities:

derivatives 1 2 3
quantity fA , fABC fABCD fABCDE

(3.108)

At the two-derivative level, we have seen that the action and its equations of motion
incorporate only the one-derivative torsions fA = TA and fABC = −TABC , and the projectors
of the two derivative curvature fABCD. Starting with the leading α′-corrections at four
derivatives, the situation becomes more complicated because the form of the action [48]
is only fixed up to field redefinitions. If it is possible to find a field basis in which the
generalised structure group F still acts by ∇α, then the action and its field equations should
also incorporate fABCDE . Moreover, the singlet condition that is required by theorem 1
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has to be imposed at each order of α′ separately. This will likely result in more constraints
in addition to (3.68). Thus, on a qualitative level, we note that consistent truncations
with higher derivative corrections should require that more and more components of the
mega-space generalised fluxes f

ÂB̂Ĉ
are constant. Taking the Bianchi identities into account,

this might even at some order prohibit any non-constant contributions. In this case, there
would be a one-to-one correspondence between consistent truncations, à la theorem 1, and
generalised cosets. We leave the exploration of this idea to future work.

3.6 Gauge transformations

We observed in section 3.3 that, by what appeared to be a miracle, all naked connections
in the rewriting of the action and its equations of motion vanish and just the various f ’s
remain. Of course this is not actually a miracle, but rather the consequence of a gauge
symmetry. To see how this symmetry emerges, we define its infinitesimal action on the
mega-space by

δ
λ̂
Ê
ÂB̂

=
(
L
λ̂
Ê
Â
Î
)
Ê
B̂Î
. (3.109)

A short calculation, using the definition of the generalised Lie derivative (2.2), gives rise to

δ
λ̂
Ê
ÂB̂

= −2D̂[Âλ̂B̂] + λ̂Ĉ f̂
ĈÂB̂

. (3.110)

Essential for our purpose is that all transformations generated by λ̂Â do not change the
lower-triangular form of Ê

Â
Î given in (3.2). To see why, we first note that

λÂ = M̃
B̂
Âλ̂B̂ (3.111)

should only depend of the internal coordinates y but not on the auxiliary coordinates z. In
this case, (3.110) implies

δλEÂB̂ = −2∇′[ÂλB̂] + λĈf
ĈÂB̂

. (3.112)

On the other hand, we can also compute δλEÂB̂ directly from the variation of (3.2), giving
rise to

δλEÂB̂ =


0 0 0
0 δλEAB −δλΩβ

A − Ωβ
CδλE

C
B

0 δλΩα
B + Ωα

CδλE
C
B δλρ

αβ + 2Ω[α
CδλΩβ]C + Ωα

CδλE
CDΩβ

D

 .

(3.113)
We see two important things here: first, the transformation of EAI , Ωα

B and ραβ can
easily be extracted from this result, and second, δE

αB̂
= δE

B̂α
= 0. The latter is not

automatically guaranteed by (3.112). It requires the restriction

λ
Â

=
(
λα λA 0

)
. (3.114)
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But the second parameter λA only mediates a generalised diffeomorphism on the physical
space Md. For the following discussion, we therefore concern ourselves only with λα, which
mediates gauge transformations, and compute

δλEAB = λγfγAB , (3.115)
δλE

α
B = DBλ

α + Ωγ
Bfγδ

αλδ −����λγfγB
α , and (3.116)

δλE
αβ = 2DCλ

[αΩβ]C − 2ργ[αfγδ
β]λδ − ΩγIΩ[α

Ifγδ
β]λδ + λγfγ

αβ , (3.117)

eventually extracting

δλΩα
B = DBλ

α − Ωα
Cλ

C
B + Ωγ

Bfγδ
αλδ , (3.118)

δλρ
αβ = 4DCλ

[αΩβ]C − 2ργ[αfγδ
β]λδ − 3Ω[α

Efγδ
β]ΩγEλδ + 3Ω[α

CΩβ]
Dλ

DC + λγfγ
αβ .

(3.119)

As in earlier calculations, it is useful to write the results just with indices for the generalised
tangent space on the internal manifold TM ⊕ T ∗M . To do so, we introduce

λAB := λγfγAB (3.120)

and obtain

δλEAB = λAB , (3.121)
δλΩABC = DAλBC − λADΩDBC − 2λD[CΩ|A|B]

D , (3.122)
δλrABCD = 2DEλABΩE

CD − 2DEλCDΩE
AB + 2λE [DrC]EAB − 2λE [BrA]ECD

+ 3ΩFABλ
E

[DΩF
C]E − 3λE[BΩF

A]EΩFCD + 3ΩEABΩFCDλ
EF

+ 2λ[A
Gf|G|B]CD + 2λ[C

Gf|ABG|D] . (3.123)

Here, we recognise the double Lorentz transformation rules for the frame and the spin
connection ΩABC . Additionally, there is a new transformation rule for the Poláček-Siegel
field rABCD. To understand how it arises, we look at the transformation of the generalised
fluxes f̂

ÂB̂Ĉ
on the mega-space. Under generalised diffeomorphisms they transform as

scalars,
δ
λ̂
f̂
ÂB̂Ĉ

= λ̂D̂D̂
D̂
f̂
ÂB̂Ĉ

, (3.124)

or, equally,
δλfÂB̂Ĉ = λδ∇′δfÂB̂Ĉ . (3.125)

A similar equation,
δλfÂ = λβ∇′βfÂ , (3.126)

holds for the one-index generalised flux f̂
Â
, too. These two equations become even more

useful if we exchange the derivative ∇′α for ∇α, which captures the covariant action of the
generalised structure group on TM ⊕ T ∗M . Various quantities we already encountered do
not transform covariantly. Examples are the connections ΩABC and rABCD. To quantify
the deviation from a covariant transformation, it is convenient to introduce the operator

∆λ = δλ − λα∇α . (3.127)
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Any quantity it annihilates is covariant. In general, there are two perspectives one can take
on the Poláček-Siegel construction. We started by looking at the extended, mega-space
with f̂

ÂB̂Ĉ
and Ê

Â
Î . On the other hand, it also has to be possible to extract the same

information just from the internal space M . Indeed this is when we consider the following
data on M :

1. A generalised structure group F which acts faithfully on the generalised tangent space
TM ⊕ T ∗M . This will fix fαBC , fαβγ and set fαBγ = 0.

2. All dynamic contributions to the generalised fluxes on the mega-space. They are
listed in the last columns of (3.29) and (3.44) which are completely encoded in the
torsions and curvatures

fA, fABC , fABCD and fABCDE .

3. Everything else is fixed by the Bianchi identity on the mega-space.

Taking into account (3.125), we find that all torsions and curvatures mentioned transform
covariantly, except for

∆λfABCD = λαfα
βγfβABfγCD . (3.128)

This is the power of the Poláček-Siegel formalism. It provides a systematic method
for finding covariant tensors. Moreover, we know that both the generalised Ricci scalar
R and the generalised Ricci tensor RAB transform covariantly under double Lorentz
transformations. Hence, when we rewrite them in terms of f ’s in section 3.3, they must
remain covariant. Therefore, all the non-covariant naked connections ΩABC must in the end
be formed from covariant f ’s or covariant derivatives of them. We also see that already at
the two derivative level the antisymmetric part (with respect to (AB)↔ (CD)) of fABCD
is not covariant. Thus, it cannot appear in the two derivative action or its field equations.

4 Construction of the mega-generalised frame

Currently all known generalised T-dualities can be captured by dressing cosets. In section 3.3,
we concluded that these cosets result in consistent truncations where the Poláček-Siegel
construction has constant generalised fluxes f̂

ÂB̂Ĉ
on the mega-space. The objective now is

to show how we can construct the corresponding mega-generalised frames that make the
truncation ansatz discussed in section 2.3 fully explicit. As we have seen in section 2.4,
these frames are not only very valuable for consistent truncations, but they also are an
important tool for studying generalised T-dualities on the worldsheet, and for constructing
the canonical transformations of the underlying σ-models.

4.1 Generalised frames on group manifolds

Our starting point is the constant generalised fluxes on the mega-space, and we are looking
for a generalised frame Ê

Â
Î that satisfies

f̂
ÂB̂Ĉ

= D̂[ÂÊB̂
ÎÊ

Ĉ]Î = const. (4.1)
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As outlined in section 3.4, the corresponding Bianchi identity becomes the Jacobi iden-
tity (3.69) of a Lie algebra. We denote it as Lie(D) and interpret the generalised fluxes f̂

ÂB̂Ĉ

as its structure coefficients. An important consequence is that the adjoint action of any ele-
ment of D will leave f̂ABC invariant. Therefore, we can identify f̂

ÂB̂Ĉ
= f

ÂB̂Ĉ
. It is known

that one can construct Ê
Â
Î systematically [24, 25, 42, 49], based on the following data:

1. A doubled Lie group D, which is generated by the generators t
Â
with the structure

coefficients
[t
Â
, t
B̂

] = f
ÂB̂

Ĉt
Ĉ
. (4.2)

In the following, we label them by t
Â

=
(
tâ t

â
)
, where Â = 1, . . . , 2D̂ and â = 1, . . . , D̂.

2. A non-degenerate, pairing, 〈t
Â
, t
B̂
〉 = η

ÂB̂
=
(

0 δâ
b̂

δâb̂ 0

)
, that is invariant under the

adjoint action of D.

3. A maximally isotropic subgroup H ⊂ D, generated by tâ, with 〈tâ, t̂b〉 = 0.

Explicitly, the generalised frame is defined on the coset M = H\D in terms of

Ê
Â
Î = M

Â
B̂

v̂̂b̂i v̂̂
b
ĵB

ĵ̂i

0 vb̂
î

 . (4.3)

In studying its properties, it is convenient to use the differential forms vâ = vâ
î
dx̂i,

Aâ = A
â̂i

dx̂i, B = 1
2B̂îjdx̂

i ∧ xĵ which are defined by

dmm−1 = tâv
â + tâAâ , m ∈M (4.4)

B = 1
2v

â ∧Aâ +BWZW , (4.5)

dBWZW = HWZW = − 1
12〈dmm

−1, [dmm−1, dmm−1]〉 . (4.6)

In general, HWZW is closed but not exact. If this is the case, BWZW can only be defined in
a local patch and the patches have to be connected by appropriate gauge transformations.
Moreover, we need the adjoint action

mt
Â
m−1 = M

Â
B̂t

B̂
, (4.7)

and the dual vector field v̂â̂i, defined by v̂â̂ivb̂ î = δâ
b̂, to complete the list of ingredients

that enter (4.3).
At this point, we finally fully review how Poisson-Lie T-duality is realised by generalised

Scherk-Schwarz reductions. Looking at the diagram in (1.5), we want to preserve the
truncated theory, and, most importantly, with it the generalised torsions TA and TABC .
With them the generalised Ricci scalar R and tensor RAB are also preserved, because there
is no curvature RABCD; all that counts for generalised Scherk-Schwarz reductions are the
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torsions. To preserve them, we are looking for different generalised frames E(i)
A
I which still

produce the same constant generalised fluxes FABC . We used the construction presented
above (after removing all hats) to achieve this goal. The generalised fluxes depend only on
the double Lie group D, but not on the choice of the maximally isotropic subalgebra. On
the other hand, the constructed generalised frame EAI crucially depends on the subalgebra
used in the construction. For any maximally isotropic subalgebra Hi, we obtain a new
generalised frame field E(i)

A
I that still gives rise to the same generalised fluxes FABC . On

the string worldsheet, the same mechanism was used to define Poisson-Lie T-duality and to
show that it is a canonical transformation between two σ-models with dual target spaces.

We are not completely done yet, because there is still the one-index generalised flux
f̂
Â
. As it is constant, its Bianchi identity on the mega-space simplifies to (3.70). As a

consequence the adjoint action of any element in D will leave f̂
Â
invariant and we identify

f̂
Â

= f
Â
. In analogy with (4.1), we have now to find a d̂ such that

f̂
Â

= 2D̂
Â
d̂− ∂

Î
Ê
Â
Î = const. (4.8)

holds. The component
f â = f̂

b
b̂â (4.9)

is automatically constant and from fâ, we obtain the differential equation

dd = 1
2v

â
(
fâ − fâ̂b

b̂ + ιv̂
b̂

Aĉfâ
b̂ĉ
)
− 1

2 ιv̂â
dvâ

= 1
2
(
vâfâ +Aâf

â
)

= 1
2〈dmm

−1, t
Â
〉f Â (4.10)

with
d̂ = d− 1

2 log det v (4.11)

that fixes d̂ up to a constant. The integrability condition for d2d = 0 for this equation
follows immediately from the Bianchi identity because

d2d = 1
4〈[dmm

−1, dmm−1], t
Â
〉f Â = 1

4v
Â ∧ vB̂ f

ÂB̂
Ĉf

Ĉ
= 0 , (4.12)

where vÂ denotes dmm−1 = t
Â
vÂ . This observation has been already made in [42].

Also one should note that according to (4.9) the generalised fluxes f̂
Â
and f̂

ÂB̂Ĉ
are not

completely independent. One half of the former is completely fixed by the latter. It is
not possible to break this connection in supergravity. But there is also the framework of
generalised supergravity [50], where this additional constraint besides the Bianchi identities
is not required [42].

H-shift of the coset representative and B-field gauge transformations. The
coset representative we used in the last section is defined only up to the action of H
from the left. There, one might ask what happens to the generalised frame if we shift
m→ m′ = hm, with h ∈ H. The adjoint action in (4.3) transforms as

M ′
Â
B̂ = M

Â
ĈΛ

Ĉ
B̂ , hT

Â
h−1 =: Λ

Â
B̂T

B̂
. (4.13)
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The fact that H is an isotropic subgroup guarantees that Λâ̂b vanishes. To evaluate the
remaining quantities in (4.3), we compute first

dm′m′−1 = h dmm−1 h−1 + dhh−1 . (4.14)

Defining dhh−1 = ωâT
â, one can show that the one forms vâ and Aâ shift as

v ′̂a = vb̂Λ
b̂
â , A′

â
= vb̂Λ

b̂â
+A

b̂
Λb̂â + ωâ . (4.15)

For the WZW contribution to the B-field, we find

B′WZW
∼= BWZW −

1
2v

âΛâ
b̂ω
b̂

(4.16)

where ∼= denotes equality up to an undetermined exact term. This exact term cannot be
determined explicitly: the ansatz (4.3) involves only a locally defined BWZW via (4.6). This
leads to

B′ ∼= B + 1
2v

â ∧ vb̂Λâ
ĉΛ

b̂ĉ
. (4.17)

The combination Λâ
ĉΛ

b̂ĉ
is antisymmetric in âb̂ from the orthogonality condition on Λ.

The difference in these two B-fields is not closed, but this is not crucial, because the field
denoted B here is not precisely the physical B-field; the latter is encoded in the generalized
metric (2.4) andMA

B contributes non-trivially. When the shift in M toM ′ is accounted for,
one finds indeed that it cancels the transformations not only of B but also of v̂, leading to

Ê′
Â
Î = M ′

Â
B̂

v̂′b̂̂i v̂′
b̂

ĵB′
ĵ̂i

0 v ′̂b
î

 ∼= M
Â
B̂

v̂̂b̂i v̂̂
b
ĵB

ĵ̂i

0 vb̂
î

 = Ê
Â
Î (4.18)

where ∼= denotes equality up to an exact shift in the B-field. Hence, changing the coset
representative m just amounts to making a B-field gauge transformation. This is nice,
because it implies that different possible choices for m are all related to each other, justifying
the identification of the space as a coset.

As one might expect, the generalised dilaton is unchanged (up to a constant) since it is
determined by integrating the expression for fâ. From (4.10), one finds dd′ = dd+ 1

2ωâf
â

where the shift ωâf â is closed. In fact, it is exact since

d log det Λâ
b̂ = f̂

b
b̂âωâ = ωâf

â (4.19)

and this relation implies that

d̂′ = d̂+ const . (4.20)
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4.2 Poláček-Siegel form of the mega frame

Next, we have to check if the generalised frame we just constructed can be brought into the
Poláček-Siegel form (3.2) introduced in section 3.1. Because this form is tightly constrained
by O(D̂, D̂), we have only to check the last column, namely

Ê
Âµ

= M̃
Â
B̂

 0
0
ṽβµ

 . (4.21)

Considering the insight gained in [15], we expect that this condition can only be satisfied if
we consider a dressing coset. Therefore, we first decompose the coset representative m as

m = nf , with n ∈ H\D/F and f ∈ F . (4.22)

Now, n is a representative of a double coset, which is called a dressing coset in the context
of generalised T-duality [12]. In particular, F has to be an isotropic subgroup, but not
necessarily maximally isotropic. The coordinates that we choose to parameterise n are
called yi, while for f , we use zµ. As before, we adapt all constituents of the generalised
frame in (4.3) to this new decomposition, starting with

M
Â
B̂ = M̃

Â
ĈM

Ĉ
B̂ , with M̃

Â
B̂t

B̂
= ft

Â
f−1 (4.23)

M
Â
B̂t

B̂
= nt

Â
n−1 . (4.24)

We also find

B = 1
2
(
vâ ∧Aâ − 〈dff

−1, n−1dn〉
)

+BWZW with (4.25)

HWZW = dBWZW = − 1
12〈dnn

−1, [dnn−1, dnn−1]〉 , (4.26)

which allows us to compute

ι̂̃vαB = −〈ntαn−1, tâ〉v
â , (4.27)

ι̂̃vαι̂̃vβB = 〈ntαn−1, t̂
b
〉〈t̂b, ntβn−1〉 , (4.28)

by taking into account that F is isotropic. (Recall that ̂̃vα is the dual vector field to the
Maurer-Cartan form tαṽ

α
µdxµ = dff−1, which we introduced in section 3.1.)

Equation (4.21) can now be equivalently written as

ι̂̃vβ 〈ntÂn−1, tĉιv̂
ĉ

B + tĉv
ĉ〉 = 〈t

Â
, tβ〉 , (4.29)

which is better suited to be checked. Using, (4.27), vâ = 〈tâ,dnn−1 + ndff−1n−1〉,
ι̂̃vαdff−1 = tα, and ιv̂

â

vb̂ = δb̂
â
, one can easily show that this equation indeed holds.

Therefore, just using the appropriate B-field given in (4.25), the generalised frame field on
the mega-space (4.3) takes the Poláček-Siegel form.
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We also have to check if the generalised dilaton d̂, which we fixed in (4.11), is compatible
with the ansatz (3.28) on the mega-space. To this end, we first write

vâ
î

=
(
ηâβ M

â
b

)
︸ ︷︷ ︸

:= m

(
ṽβµ 0
0 vbi

)
, (4.30)

with the one-forms va which are defined by tavaidyi = dnn−1. After plugging this expression
into (4.11), we obtain

d̂ = d− 1
2 log det m(y)− 1

2 log det v(y)− 1
2 log det ṽ(z) . (4.31)

Comparing this equation with (3.28), we have to identity

d(y) = d− 1
2 log det m(y)− 1

2 log det v(y)− 1
2 log det m̃(z) (4.32)

with m̃α
β = M̃α

β. However, this only works if the final result, d(y), does not depend on
the auxiliary coordinates z. To check if this is indeed the case, we compute

ι̂̃vαdd = ι̂̃vαdd− fαββ = fα − fαββ = 0 . (4.33)

Fortunately, this is exactly the constraint we already imposed in (3.44). Hence, we conclude
that also the dilaton is of the right Poláček-Siegel form.

This completes the proof of the central result of this paper:

Theorem 2. For every dressing coset H\D/F , where D and H satisfy the properties 1–3
in section 4.1, and F is an isotropic subgroup of D, there exists a consistent truncation,
governed by theorem 1, with generalised structure group F .

4.3 F -shift and gauge transformations

We already figured out in section 4.1 what happens to the coset representative under
H-shifts from the right. To extend this discussion to generalised cosets, we now study the
infinitesimal F -action from the left on the representative n ∈ H\D/F . To this end, we shift
δn = nδh with δh = λαtα := λ. Under this shift, we first find

δM
Â
B̂ = λαM̃

Â
Ĉ f̂

αĈ
D̂M

D̂
B̂ (4.34)

and after a bit more of calculation

δ(dmm−1) = tâδv
â + tâδAâ = n(dλ+ [λ, dff−1])n−1 , (4.35)

δBWZW = −1
2〈δ(dmm

−1), dnn−1〉 , and (4.36)

δB = vâ ∧ δAâ . (4.37)

We also need the transformation of the one-form vâ and its dual vector fields v̂â. It is
convenient not to treat them separately, but instead combine them into

V
Â
Î =

(
v̂â̂
i 0

0 vâ
î

)
(4.38)
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and compute
δV

ÂB̂
= M

Â
ĈδV

Ĉ
ÎV D̂

Î
M

B̂D̂
= −2ιE

[Â
δvĉM

B̂ ]̂c . (4.39)

In the same vein, we introduce

δB
ÂB̂

= M
Â
ĉM

B̂
d̂ιv̂

d̂

ιv̂
ĉ

δB = −2ιE
[Â
δAĉM B̂]

ĉ . (4.40)

These two quantities allow us to write the shift of the mega generalised frame in the compact
form

δÊ
ÂB̂

:= δÊ
Â
ÎÊ

B̂Î
= M̃

Â
ĈM̃

B̂
D̂
(
−2∇′[ĈλD̂] + λ

ĈD̂

)
(4.41)

with
λ
Â

=
(
0 0 λα

)
and λ

ÂB̂
= λγf

γÂB̂
. (4.42)

Comparing these equations with (3.112) and (3.114) in section 3.6, we notice that they are
exactly same gauge transformations we discussed in section 3.6. Therefore, we know that
they leave the constant generalised fluxes f

ÂB̂Ĉ
invariant.

5 Conclusion and outlook

The results in this paper reveal a new, deep connection between consistent truncations
and dualities. In particular, we established in theorem 2 that generalised cosets, which
underlie the most general formulation of T-duality currently known (excluding mirror
symmetry), automatically give rise to a large family of consistent truncations. The relation
between them is not immediately obvious, and we therefore developed a new geometrical
approach that makes the generalised structure group of the consistent truncation manifest
by introducing an auxiliary space.

We showed that the relation represented by the solid arrow in the diagram

generalised T-dualities consistent truncations (5.1)

holds. This means that all currently known backgrounds which give rise to generalised
T-dualities also produce consistent truncations. We did not yet manage to determine the
fate of the other direction, represented by the dashed arrow. There are two interesting
alternatives that our analysis currently hints at:

1. Our new approach to generalised cosets suggests that their description in generalised
geometry automatically leads to curvatures with more than two derivatives. This
brings into question what happens for consistent truncations in (super)gravity beyond
the leading, two-derivative level. To the best of our knowledge there is currently
not much known. The results from section 3.5 indicate that there might be new
constraints that complement those already known from theorem 1. At the moment
it seems that we know more consistent truncations than generalised T-dualities.
However, these new constraints could level the field and even in the end result in a
one-to-one correspondence.
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2. Alternatively, there may also be some new generalised T-dualities, waiting to be
found. The relation between the former and consistent truncations, sketched in
diagram (1.5), could then be a useful tool for searching for new dualities by studying
existing examples of consistent truncations beyond generalised cosets.

Besides these conceptual questions, there are also important applications for our results.
They originate from both sides of (5.1).

• Generalised T-dualities: one particularly active sub-branch of this field is concerned
with the construction and analysis of integrable deformations. Although it is still
not completely understood why, there is a very close relation between generalised
T-dualities and integrable string theories. The latter are among the primary means of
exploring new concepts in theoretical physics, because they provide a superior level of
computational control in comparison to models which are not integrable. All results we
derived here apply mostly to bosonic strings or the NS/NS sectors of superstrings. This
is sufficient for answering conceptual questions, but for concrete applications, such as
integrable Green-Schwarz strings required for probing the AdS/CFT correspondence,
the full R/R sector is needed also, together with supersymmetry. We shall address
this problem in a forthcoming paper [51], by extending the results of the current paper
to supergroups, in a supersymmetric version of double field theory [44] proposed by
one of the authors.

• Consistent truncations: the last years have seen significant progress in constructing and
understanding consistent truncations. They are mostly centered around exceptional
generalised geometry and exceptional field theory, and have applications reaching from
the AdS/CFT correspondence to supporting or disproving swampland conjectures.
Exceptional field theory goes beyond the string and incorporates membranes too. At
the same time, T-duality enhances to U-duality, which takes into account S-duality as
well. Another advantage is that R/R fluxes are automatically implemented. However,
one should not think that they arise in the same ways as in the Green-Schwarz string
discussed above. While, for the latter, supersymmetry and its fermionic degrees of
freedom result in R/R fluxes, in exceptional geometry/field theory U-duality is the
driving force. In particular, it relates strings and D-branes, which source R/R fluxes.
One important consequence is that exceptional field theory still requires an explicit
splitting of the spacetime, which makes it perfectly suited for studying consistent
truncations in supergravity. Therefore, one should also try to extend the results we
have presented here for O(n,n) generalised geometry to the corresponding exceptional
groups En+1(n+1). If possible, and there are no obvious conceptual problems, this
would open up a route to many new consistent truncations, with a wide range of
applications. On the other hand, it will also shed new light on extending generalised
T-duality to U-duality, which has been already initiated [52, 53] based on the results
in double field theory.

We hope that there will be more insights into all of these points in the future, strength-
ening the connection between consistent truncations and dualities even further.
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