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Introduction

One of the early goals of string phenomenology has been to successful embed the known

particle physics Standard Model (SM) in a certain Calabi-Yau compactification in string

theory. The earliest attempts were mainly focused on models from weakly coupled heterotic

string theory with gauge group Fg x Fg. Later, with the discovery of D-branes the gauge

groups came to be understood as the stacks of coincident D-branes with open strings con-

necting them in various fashions in the context of type II string theory. However, getting

down from ten dimensions to positively curved (de Sitter) universe with observed three fam-

ilies of chiral fermions where all moduli are stabilized is still a distant goal. Importantly, the



scale of supersymmetry breaking is still unknown. The situation provides ample room for
theorists to come up with semi-realistic models of standard model starting from any of the
ten dimensional heterotic string theory, type II theories or F-theory in twelve dimensions.

In the SM the light fermions appear in chiral representations of the SU(3)¢ x SU(2)y x
U(1)y gauge group such that all gauge anomalies are canceled. The simplest case of parallel
D-branes in flat space does not yield chiral fermions. One way to realize the chiral fermions
is to place D-branes on orbifold singularities. Another way is to consider intersecting D-
branes on generalized orbifolds called orientifolds. In addition to the discrete internal sym-
metries of the world-sheet theory, that are gauged in orbifold constructions, the products
of internal symmetries with world-sheet parity reversal become also gauged in orientifolds.

In this paper we restrict ourselves to the study of intersecting D6-branes models from
the perspective of IIA string theory. Prior to string theory, within the context of non-
supersymmetric four dimensional GUT model building, there was no candidate gauge group
where the three chiral families of standard model could be put in one irreducible represen-
tation without introducing the “antifamilies” of opposite chirality [2]. Models in type IIA
string theory can achieve the family replication by the multiple intersections of intersecting
D6-branes. D6-branes fill the 4-dimensional spacetime and have 3 extra dimensions along
the compactified directions in ITA string theory. As the latter three extra dimensions are
exactly equal to half of the number of the compactified dimensions, thus two generic D6-
branes intersect at one point of the extra dimensions. This intersection is where the fields
arising from open strings stretched between two different D6-branes live.

The volume of the cycles that the D-branes wrap around determines the four dimen-
sional gauge couplings and the total internal volume yields the gravitational coupling. The
cubic couplings such as the Yukawa couplings may be calculated from open world sheet in-
stantons i.e., triangular fundamental worldsheets stretched between the three intersections
where the three fields involved in the cubic coupling reside. This is of great advantage since
open world sheet instanton effects are naturally suppressed with exp(—A;;, 1) where A}y,
is the worldsheet area of the triangle bounded by the intersections {i,j,k} and T is the
string tension. This exponential function takes care of the mass hierarchies and mixings
of the fermions. The general flavor structure and selection rules for intersecting D-brane
models has been investigated in [3, 4].

In the typical toroidal orientifold compactifications, not all of the fermions sit on the
localized intersections on the same torus which results in the rank-1 problem of the Yukawa
mass matrices. Later, a number of models were eventually found where the Yukawa mass
matrices do not have rank-1 problem [5]. Recently in ref. [6] some new supersymmetric
Pati-Salam models from intersecting D6-branes on a T®/(Zy x Zs) orientifold in ITA string
theory have been constructed using the methods of machine learning. Here, we discuss
the phenomenology of a particular class of these newly found models where one of the
wrapping numbers is 5.

The model exhibits approximate gauge coupling unification and contains nine Higgs
fields from the A/ = 2 subsector. Despite more freedom, all standard model fermion masses
cannot be exactly fitted in the simplest case where the Wilson fluxes are set to zero. We
find two interesting solutions in the parametric space where either all quarks and the heav-



iest charged lepton or all leptons and the heaviest quark masses; can be fitted with the
extrapolated values obtained from running RGEs up to the unification scale. Of course
exact matching may be achieved by turning on fluxes or invoking higher dimensional opera-
tors. Adding possible contributions from the classical four-point interactions, we explicitly
show exact matching of all SM fermion masses and mixings. We also discuss the F-term
breaking of the supersymmetry and calculate the soft terms from supersymmetry breaking
for the u-moduli dominant cases with and without the dilaton s. The t-moduli dominant
case is left-out as there the soft terms are not independent of the Yukawa couplings.

This paper is organized as follows. In section 2, we will extract minimal supersymmet-
ric standard model from intersecting D6-branes on a T®/(Zy x Za) orientifold. In section 3
we discuss the 4-dimensional effective field theory and the relevant soft terms from super-
symmetry breaking. In section 4 we derive Yukawa couplings in intersecting D6-brane
model on Type ITA T®/(Za x Z2) orientifold. Utilizing the obtained Yukawa mass matri-
ces we obtain the fermion masses and mixings for specific choices of the open and closed
string-moduli (VEVs) in section 5. We then discuss possible corrections to fermion masses
from higher-dimensional 4-point interactions in section 6. Finally, we conclude in section 7.
The soft terms from a previously studied model having exact guage coupling unification
are also computed in the appendix A.

2 The Pati-Salam model building from T®/(Z, X Z,) orientifold

In the orientifold T®/(Zs x Zs), T® is a product of three 2-tori with the orbifold group
(Zy x Z2) has the generators € and w which are respectively associated with the twist
vectors (1/2,—1/2,0) and (0,1/2,—1/2) such that their action on complex coordinates z;
is given by,

0 : (Z17z2az3) — (_Zlﬂ _Z2>Z3)7
w

(21, 22, 23) = (21, —22, —23). (2.1)

Orientifold projection is the gauged QR symmetry, where ) is world-sheet parity that
interchanges the left- and right-moving sectors of a closed string and swaps the two ends
of an open string as,

Closed : Q: (01,02) — (21 — 01, 092),
Open : Q:(r,0)— (1,7 —0), (2.2)

and R acts as complex conjugation on coordinates z;. This results in four different kinds
of orientifold 6-planes (O6-planes) corresponding to QR, QRE, QRw, and QROw respec-
tively. These orientifold projections are only consistent with either the rectangular or
the tilted complex structures of the factorized 2-tori. Denoting the wrapping numbers
for the rectangular and tilted tori as nf [a;] +m{ [b;] and nf[af] +m¢ [b;] respectively, where
[a}] = [a;]+3[bi]. Then a generic 1-cycle (nf, I!) satisfies I{ = m/, for the rectangular 2-torus
and I} = 2/l = 2m! +n’, for the tilted 2-torus such that I — n! is even for the tilted tori.



The homology cycles for a stack a of N, D6-branes along the cycle (nf,[.) and their

a’’a
QR images a’ stack of N, D6-branes with cycles (n’, —l%) are respectively given as,

=
£
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e
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—

(nhlai) +27%2;[b1)

=
g\
I
e

o
Il
—

(nifa] — 27725 [b3]) (2.3)

where 8; = 0 or 8; = 1 for the rectangular or tilted i*® 2-torus, respectively. The homology
three-cycles, which are wrapped by the four O6-planes, are given by

QR : [Magr] = 2%[a1] x [a2] x [as],
QRw:  [Hoge] = —237727%[a1] x [bo] x
QROw :  [Marew] = —23775[by] x [ag] x [bs],
QRO [Mog] = —237P17P2[b1] x [by] x

The intersection numbers can be calculated as in terms of wrapping numbers as,

3
I = o] [T) = 27 T [ (nil} — nill),
=1
Ly =[] [y] = =27 F [[ (nkl} + njll),
=1
Ty =[] [Iy] = =23~ an b,
Los = [Ia][Hog) = 237%(— zazng; + 11202 + nli2nd +nln2i3), (2.5)

where k = Y0, 8; and [llog] = [Hor] + Morw] + [Morew] + [Hore)-

2.1 Constraints from tadpole cancellation and supersymmetry

Since D6-branes and O6-orientifold planes are the sources of Ramond-Ramond charges
they are constrained by the Gauss’s law in compact space implying the sum of D-brane
and cross-cap RR-charges must vanishes [7]

> Na[ll] + Z Na | 4loe] = 0, (2.6)

where the last terms arise from the O6-planes, which have —4 RR charges in D6-brane
charge units. RR tadpole constraint is sufficient to cancel the SU(N,)? cubic non-Abelian
anomaly while U(1) mixed gauge and gravitational anomaly or [SU(N,)]?U(1) gauge
anomaly can be cancelled by the Green-Schwarz mechanism, mediated by untwisted RR
fields [8].

Let us define the following products of wrapping numbers,

A, =—-n'n2n3, B,=n l213 C,=1n%3, D,=1 l2 3

a’“a'"a’ a’a’a’ a = a aa? a’a a? (2 7)
o 273 R — 7l ~ 2 3 N — 273 '
A= 1123, B,=1n2n3, C,=nli?n3, D, =nln2l3



Orientifold Action | O6-Plane | (n!, 1) x (n?,12) x (n3,13)
QR 1 (281,0) x (272,0) x (2%,0)
QRw 2 (2%1,0) x (0, —272) x (0,2%)
QROw 3 (0, —201) x (282,0) x (0,2%)
QRO 4 (0, —281) x (0,2%2) x (27,0)

Table 1. The wrapping numbers for four O6-planes.

Cancellation of RR tadpoles requires introducing a number of orientifold planes also
called “filler branes” that trivially satisfy the four-dimensional N' = 1 supersymmetry
conditions. The no-tadpole condition is given as,

—2*NW 1N N4, = 2PN + SN, B, =

—2PN® + 3 N, Cy = —2"NW + 3" N,D, = —16, (2.8)

where 2N is the number of filler branes wrapping along the i O6-plane. The filler
branes belong to the hidden sector USp group and carry the same wrapping numbers as
one of the O6-planes as shown in table 1. USp group is hence referred with respect to the
non-zero A, B, C or D-type.

Preserving N’ = 1 supersymmetry in four dimensions after compactification from ten-
dimensions restricts the rotation angle of any D6-brane with respect to the orientifold plane
to be an element of SU(3), i.e.

07 +605+605 =0 mod 2, (2.9)

with 67 = arctan(2~ % x;jl§/ng). 0; is the angle between the D6-brane and orientifold-plane
in the i*h 2-torus and y; = R?/R} are the complex structure moduli for the i*® 2-torus.
N =1 supersymmetry conditions are given as,

a:Afla + .TBBa + xcéa + :L’DDQ =0,

A B C, D

— 4+ =4+ =4+ <0, (2.10)

A T XC XD
where z4 = X, xp = 2245 X /xox3, zc = 20793 N /xaxs, wp = 277792 N/ xaxa.

Orientifolds also have discrete D-brane RR charges classified by the Zs K-theory

groups, which are subtle and invisible by the ordinary homology [9-12], which should
also be taken into account [13]. The K-theory conditions are,

> Ay => NuBy=>» NoCo=)> NyDs=0mod 4. (2.11)

In our case, we avoid the nonvanishing torsion charges by taking an even number of D-
branes, i.e., N, € 2Z.



Sector Representation

aa U(N,/2) vector multiplet

3 adjoint chiral multiplets

ab + ba M(He, @) = Iop(Ca, Gp)

abt/ +Va M(Be, By = Ly (Ca, )
ad' +d'a M(ag) = %(Iaa/ - %IGOG) ™

M(CLA> = %(Iaa’ + %IaOG) B

Table 2. General spectrum for intersecting D6-branes at generic angles, where M is the multiplicity,
and ag and a4 denote respectively the symmetric and antisymmetric representations of U(N,/2).
Positive intersection numbers in our convention refer to the left-handed chiral supermultiplets.

Model 16 U(4) x U(2) x U(2)g x USp(2)?
stack N | (' 1Y) x (n%0?) x (03,13 | nm cn bV |c|d|2]3
a 8 | (1,-1)x (1,1) x (1,-1) 0 | 4(3l0o|3|0]-1]1
b 4 (=2,5) % (=1,0) x (1,1) 3 |3 |-|-]0]1]|-5]0
c 40 (=1,-2) % (0,1 x (=1,-1) | -1 | 1 |[-|-|-]-]0]1
2 2 (1,0) x (0,=1) x (0,2) xi=%, xa=25 xs=V5
3 2 (0,—1) x (1,0) x (0,2) By =1, g =-3

Table 3. D6-brane configurations and intersection numbers in Model 16, and its MSSM gauge

coupling relation is g2 = 2 g2 = 35 (3 ¢3) = W e [6).

2.2 Particle spectrum

To have three families of the SM fermions, we need one torus to be tilted, which is chosen
to be the third torus. So we have 1 = 2 = 0 and 83 = 1. Several supersymmetric
Pati-Salam models from intersecting D6-branes on a T®/(Zy x Zs) orientifold in ITA string
theory were constructed in ref. [5] up to the wrapping number 3. The phenomenology of
such models up to the wrapping number of 3 was first studied in ref. [1]. The general
particle representations for intersecting D6-branes models at angles are shown in table 2.

Here we study the phenomenology of the newly found models where one of the
wrapping numbers is 5. For concreteness, we choose Model 16 from ref. [6], which
is T-dual to Model 18, see table 3. The model exhibits approximate gauge coupling
unification with three-generations of chiral fermions together besides the hidden sector
with gauge group USp(2)2. The detailed spectrum of chiral and vectorlike super-
fields of the model with their respective quantum numbers under the gauge symmetry
U(4)e x U(2) x U(2)r x USp(2); x USp(2), is listed in table 4.

Placing the o', b and ¢ stacks of D6-branes on the top of each other on the third 2-
torus results in additional vector-like particles from N = 2 subsectors [5]. The anomalies
from three global U(1)s of U(4)c, U(2)r and U(2)g are cancelled by the Green-Schwarz



Quantum Number | Q4 | Q21 | Q2r Field

ab 3x(4,2,1,1,1 Fr(Qr,Lp)

Fr(Qr, Lr)
Xa2
Xa3

)
ac | 3 x( )
a2 | 1x(4,1,1,2,1)
a3 | 1x( )
b2 | 5x(1,2,1,2,1) Xio
3| 1x( ) 0 -1 X3
as | 4x(6,1,1,1,1) | -2 | 0 0 St
( )
( )
( )
( )
( )
( )

—_
o
o o o~ ©

@)

bs | 3x(1,3,1,1,1 2 0 Ti
ba | 3x(1,1,1,1,1 -2 0 Sy
cs | 1x 0 | -2 T
2 Sh
1] -1 H., H),
1 1

ca | 1x(1,1,1,1,1
bc 1x (1,2

O OO O O O

Table 4. The chiral and vector-like superfields, and their quantum numbers under the gauge
symmetry SU(4)c x SU(2)p x SU(2)g x USp(2); x USp(2)a.

mechanism, and the gauge fields of these U(1)s obtain masses via the linear BAF couplings.
Thus, the effective gauge symmetry is SU(4)c x SU(2)r x SU(2)g.

3 Supersymmetry breaking and N = 1 effective theory

Pati-Salam gauge group SU(4) x SU(2)1, x SU(2)g is higgsed down to the standard model
gauge group SU(3)c x U(2)r, x U(1)r3r X U(1) g1, by assigning vacuum expectation values
to the adjoint scalars which arise as open-string moduli associated to the stacks a and c,
see figure 1,

a — a1+ as,

c — 1+ co. (31)

Moreover, the U(1)r,, x U(1)p_r gauge symmetry may be broken to U(1l)y by giving
vacuum expectation values (VEVs) to the vector-like particles with the quantum numbers
(1,1,1/2,—1) and (1,1, —1/2,1) under the SU(3)c x SU(2)1, x U(1)r,, x U(1) g1, gauge
symmetry from asc] intersections [5, 14].

This brane-splitting results in standard model quarks and leptons as [15],

Fr(Qr, L) = QL+ L,
Fr(Qr,Lr) = Ur+ Dr+ Er+ N. (3.2)



\

Figure 1. Pati-Salam gauge group SU(4) x SU(2);, x SU(2)g is broken down to the standard
model gauge group SU(3)c x U(2) x U(1);3r x U(1)p_r via the process of brane splitting that
corresponds to assigning VEVs to the adjoint scalars, which arise as open-string moduli associated
with the positions of stacks a and ¢ in the internal space.

Three-point Yukawa couplings for the quarks and the charged leptons can be read from
the following superpotential,

Wy = Y.QLULHE + Y.QyDRHY + Y5 L'E Hp,. (3.3)

The additional exotic particles must be made superheavy to ensure gauge coupling
unification at the GUT scale. Similar to refs. [1, 16] we can decouple the additional exotic
particles except the four chiral multiplets under SU(4)c anti-symmetric representation.
And these four chiral multiplets can be decoupled via instanton effects in principle [17-19],
and we will present the detailed discussions elsewhere.

We now turn our attention toward the four dimensional low energy effective field theory.
N = 1 supergravity action is encoded by three functions viz. the gauge kinetic function
fz, the Kéhler potential K and the superpotential W [20]. Each of these functions in turn
depend on dilaton S, complex T', and Kéhler U moduli.

The complex structure moduli U can be obtained from the supersymmetry conditions
as,

iR, ixt

Ut = =
Ri+34R, 14 By

(3.4)

<
Il

These upper case moduli in string theory basis can be transformed in to lower case s, t, u



moduli in field theory basis as [21],

e ® (VImU'ImU2Im U3
Re (S) = )
2 |U1U2U3|
. e~ % ImUJ Uk ut —
Jy — i ] = (1,2
Re <U,> 27‘(’ ImUkImUl U] ) (]7kal) ( ) 73)7
jy _ i
Re(t)) = = (3.5)

where j denotes the ;' two-torus, and ¢4 is the four dimensional dilaton which is related
to the supergravity moduli as'

—1/4

2me? = (Re(s) Re(u1) Re(ug) Re(ug)) . (3.6)
Inverting the above formulas we can solve for U moduli in string theory basis in terms of
s and u as,
U7]? Re (uF) Re (u!) . o
~ =\ R RS k1) = (1,2,3). 3.7
Im (U7) Re (u/)Re (s) ’ (k1) =(1,2,3) (3.7)

The holomorphic gauge kinetic function for any D6-brane stack x wrapping a calibrated
3-cycle is given as [23],

1 .
fo= s [e—¢ / Re(e~ Q) — i / 03} , (3.8)
Tl I, IL
where the integral involving 3-form {23 gives,
13 o
; Q3 = [I(rLR, + 27 Pt RY). (3.9)
@ i=1
It can then be shown that,
1 1 2 3 nti2B3ul n23e? L2 ud 310
fo = 4K, Ty M T & 9(B2+B3)  9(BitBs)  9(Bith2) ) (3.10)

where the factor k is related to the difference between the gauge couplings for U(N,) and
Sp(2N,), SO(2N;). ky = 1 for U(N,) and k, = 2 for Sp(2N,) or SO(2N,) [24]. Since, the
standard model hypercharge U(1)y is a linear combination of several U(1)s,

1

Qe (3.11)

1 1 1
QY = 6@(11 + §Qa2 - §Qc1 - 9

Therefore, the holomorphic gauge kinetic function for the hypercharge is also taken as a
linear combination of the kinetic gauge functions from all of the stacks as [25, 26],

1 1 1 1
szgfa1+§fa2+§fc1+§f02- (3.12)

There was a typo in [22] in the paragraph after equation (18) where ¢4 is related to the supergravity
moduli.



The Kéhler potential to the second order for the moduli M and open string matter fields
C;, Cy is given by:

— — A

K(M7 M7 C? C)

(M, M) + Z RCZ-C‘]-(M7 M)Cléj
untwisted 4,5
+ Y. Kg,e, (M, M)CyCy, (3.13)
twisted, 6

where C; correspond to the D-brane positions and the Wilson lines moduli arising from
strings having both ends on the same stack while Cy correspond to strings stretching
between different stacks comprising 1/4 BPS branes. The untwisted moduli fields Cj, C_’j
are not present in MSSM and must become heavy via higher dimensional operators.?

Let us determine the Kahler metric K CoCl (M, M) for the twisted moduli. We denote
the Kahler potential arising from strings stretching between stacks x and y as K, and
G%y = 91{ — 6J denotes the angle between the cycles wrapped by the branes x and y on the
; 0%, = 0. Following [21, 28, 29], we find two cases for

the Kéhler metric in type ITA theory:

4§ two-torus with the constraint 37

j k l
. 07,<0,0;,>0,0,, >0
FEIPECS » r(es,) |I( _kez,gy) r( —leéy)
X (] 4 )0 (¢ 4 §6) =100 (41 )10y (3.14)

j k l
. 07,<0,06;,<0,0,, >0

o - €¢467E(2+2310gy)J L1+ G%y)\J NG ngy) \l F(Qéy)
Ty —

U(-6%,) \ T(=0%) \T(1-0)

X (t) + 89) 710 (g ) L0 (¢ )0, (3.15)

The Kéhler metric for the branes parallel to at least one torus which give rise to non-chiral
matter in bifundamental representations (1/2 BPS scalar) like the Higgs doublet is,

Riges = [(s+ 8" + )& + ) + )] (3.16)
The superpotential is given as,
W=W+ %MQB(M) cecP 4 éYam(M) cechor ... (3.17)
and the minimum of the tree-level F-term supergravity scalar potential is given by?
V(M, M) = %Gy KNGy - 3)
= (FMKynFY - 3e9), (3.18)

2D-branes wrapping rigid cycles can freeze such open string moduli [27], however such rigid cycles
without discrete torsion are not present in TC/(Zs X Zz).
3In our analysis we assume that D-terms do not affect the soft terms [30, 31].

~10 -



where Gy = 0y G, Kyn = OO K, KMYN s the inverse Kahler metric, and the auxiliary
fields FM are,
FM — GRKMNG . (3.19)

Thus supersymmetry is broken via F-terms from some of the hidden sector fields M ac-
quiring VEVs, thereby generating soft terms in the observable sector [1, 22, 28]. Gravitino
gets massive by absorbing Goldstino via the superhiggs mechanism.

my g = /2. (3.20)

The normalized soft parameters viz. the gaugino mass, squared scalar mass and trilinear
parameters are given by [32],

1

_ M
M = 2Re f, (F O fa),
mﬂzcy = (m§/2 + Vo) — Z FMEN 9y 0y log(Kyy),
M,N
Apy, = FM[KM + Onr log(Yay-) — Om log(f(xyf{yszzx)]’ (3.21)

where Ky is the Kihler metric for branes parallel to at least one torus and FM denotes
auxiliary fields.

Although it appears that soft terms may depend on the Yukawa couplings via the super-
potential, however these are not the physical Yukawa couplings which exponentially depend
on the worldsheet area as discussed in section 4. Both are related by the following relation,

Yxpyhzys:yxyzmeK/Q (KxKsz) 1/2 (3.22)

To calculate the soft terms from supersymmetry breaking we ignore the cosmological
constant Vj and introduce the following VEVs for the auxiliary fields (3.19) for the s, t and
u moduli [33],

F® = 2\/§Cm3/2Re(s)@se*”S,

Flt = 2y/30my ), (Re(ui)e”;e*”? + Re(ti)ege*ivf) , (3.23)

Here, the factors s and ; denote the CP violating phases of the moduli. The constant C'
is given by the gravitino-mass mg /2 and the cosmological constant V as C? = 1 + Sn‘{S .
3/2

O, and @f’u are the goldstino angles which determine the degree to which supersymmetry
breaking is being dominated by any of the dilaton s, complex structure (u?) and Kihler
(t') moduli constrained by the relation,

3
> (1977 +[0f) +|0s” = 1. (3.24)
i=1
Unlike the s- or u-moduli dominant supersymmetry breaking, the case of -moduli dominant
susy breaking depends on the physical Yukawa couplings via the area of the triangles and
thus we shall only concentrate on the following two scenarios:
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1. The u-moduli dominated supersymmetry breaking with the goldstino angle ©; set to
zero, such that F'* = F* = 0.

2. The u and s-moduli supersymmetry breaking with F'* # 0 .
The cosmological constant, Vj is taken to be zero in all cases.
3.1 Supersymmetry breaking with u-moduli dominance
In the u-moduli dominant susy breaking ©5 = 0 and the auxiliary fields (3.23) become,
= V3mgp(u' + )0, i=1,2,3. (3.25)

To calculate the soft terms, we need to know the derivatives of the Kéhler potential with re-
spect to u. Defining f(my =P f(gy and using (3.14) and (3.15), we compute the derivatives
with respect to u' as,

{ 3. dlog K9, 061
al(ggffxy - Z Ogj - axiy - il —iy)’ (3.26)
U 1 Oy u 4(ut + ut)
02 log Rgﬁy — ’ dlog Kgy 82953/ 0 log f(gy 691:16:31 6051/ 5z‘j
ouious ,; 00%,  uldu + o(0%,)? out ow T 4 (ul + )2

From the Kéhler potential in (3.15), we have

) 8logl~(0 1 d . 1 d ) o
V(e )= ——"Y = ———logT(1—67,) — =—— logI'(¢”, ) —log(¢’ +t 2
( :ry) 80%@ 7E+2d9%y og ( zy) 2d030y 0og ( my) Og( + )7 (3 7)
- 9%logKD,  dV(67)
\I/’(Hiy)z Y = vz, (3.28)

o(0h,)2  ded,

The angles 67, = 0J — 6] are related to the u moduli as,

. 2817 |Reu* Reu! -
tan(76]) = n;wRe;jRZ where (j, k1) = (T,2,3). (3.29)

And the derivative of the angles are defined as,

. 1 . NE .
967 — 4= sin(2m67) when j =k
O = (u +a") 2 = {14. | jy , (3.30)
U [E sm(27r9])]y when j # k

where [f(07)]2 = f(0]) — f(6]). And the second order derivatives become,

& [sin(4m07) + 4Sln(271’03)]x when j =k =1
ikl — = (uF @) + i) 829?@ _ % [sin(4m67) 4sm(27r03)]§ when j # k =1

o ukou' — = [sm(47r03)] when j=k#lorj=1#k

16% [sm(47r9])]y when j #k #1#j

(3.31)
We can now substitute the parametrizations (3.25)—(3.28) in the general expressions (3.21)
to calculate the soft terms:

- 12 —



« Gaugino mass parameters:*

—\/§m3/2 ’ j —iyj 9— j
M, = TiRef, Jz_:l (ReuJ ©je 72 (B”ﬁl)ngcl];lé) ,
U,k 1) = (1,2,3). (3.32)

Bino mass parameter is then related to the linear combination of the gaugino masses
for each stack as,

1
My = " Zz: Co fu My, (3.33)

where the coefficients ¢, correspond to the linear combination of U(1) factors which
define the hypercharge, U(1)y = Y ¢, U(1),, cf. (3.12).

e Trilinear parameters:

3
b3 o (1 St S

7=1

3 .
+ ‘Q[m3 1203e7M, (3.34)

where z, y, and z label those stacks of branes whose intersections define the corre-
sponding fields present in the trilinear coupling. Since the differences of the angles
may be negative 0., = 6, — 0, it is useful to define the sign parameter,

_H(0¢ 0, z<0
ey = [[(-1) 1) H(z) = (3.35)
i 1, z>0
where the value n;, = —1 indicates that only one of the angle differences is negative

while 1, = +1 indicates that two of the angle differences are negative.

o Squarks and sleptons mass-squared (1/4 BPS scalars):

3 3

i Som o N A

m2,=m3, [1-3 3 0,0,e im0 (4 +3° (0w (6, )+05m 00 m’(egcy)))}
m,n=1 j=1

(3.36)

_d) %
Here, the functions ¥(6,,) = 781%(29 “Ksu) i the case of Ney = —1 are
Ty

if 0, <0 (3.37)

, 1 d < 1 d . L
Jy — L P T A N j J7i
w(65,) vE + 5 g logI'(—67,) > 707 log (1 +67,) + log(t! +¢)

Yy zy
if 6,y >0:

; 1 d ) 1 d ) .
TG ) = — S % logT(1 =07 ) — =—% 1og (67 ) + log(t! +
(67,) 7E+2d%y ogT'(1 —67,) 2 a0, ogI'(6,) + log(t + /),

“There was a typo in [1] in equation (29), the factor 2=+ T2 was missed.
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and in the case of 7., = +1 are

if 0,y <0: (3.38)
: 1 d . 1.d .
(0],) = e+ YT log (1 +67,) — 5 — logI'(~;,)

Ty 2 Oy

—log(# +t7)
if 6,y >0:

} 1 d . 1 d . o
W7 ) = =% ogD(09 ) — =2 logT(1 — 6. ) — log(t! + ¥
(62,) w+2d% ogT'(64,) 2 a0l og'(1 —67,) — log(t’ + /),

' . . i dv(6,)
and W' (0,,) is just the derivative ¥/ (6 ) = T
zy

o Higgs (1/2 BPS scalar) mass-squared is computed using the Kéhler metric (3.16) as:

3
= m3 (1 -3 |93\2) | (3.39)
3.2 Supersymmetry breaking via u-moduli and dilaton s

Now we also include a non-zero VEV for the dilaton s in the auxiliary fields (3.23) to get

F& = \/§m3/2[(3 +5)0.e™ 7 4 (u' + u")Oze . (3.40)

Substituting above parametrization (3.40) and the expressions (3.25)—(3.28) in the general
formulas (3.21), the soft parameters are found as follows:

¢ Gaugino mass parameters:

—\/§m3/2 3 . . . .
- 22 J o= 9= (Br+B1),,7 1kl —iv0,,1,,2,.3
IRe], > Re(u!)©; e "2 nl 131, + OsRe(s)e " n,nin; |,

Jj=1 :
ok, 1) = (T,23).

M, =

(3.41)
and the Bino mass parameter is similarly defined as (3.33).
e Trilinear parameters:
4
:Eyz = _\[m;g/gz l . < + ZGIW\II Hk —|— ng’]\l/ Hk )]
7=1
3 4 .
+ {mg/g (@367173 + @Se*m) ) (3.42)

where j = 4 corresponds to Oj.

o Squarks and sleptons mass-squared (1/4 BPS scalars):

4 3
i — Smn - . i A
m2,=m3 [1—3 Y OpOpeOmmm) (4+Z(9gy U(03,)+05m 00 \If’(%y)))}

m,n=1 j=1

~ 14 -



where now ©, = ©O; is also included in the sum while the functions W(0,,),
U'(0;,) and the terms 9%“, 0%” are defined similarly as before in equa-
tions (3.27), (3.28), (3.30) and (3.31). While the terms associated with the dilaton s

are given as,

89j 1 .1z
j,5 — 3) %Y — g Y
02, = (s +5) s ypm {sm(27r9 )L, (3.44)
i 0207 L [sin 4767]" hen j =k
B = ()5 +) gt = £ o7 FATH hen 72 (3.45)
uros — &= [sin 47r07} when j # k,
and ,
- 9%, ; INE:
7,88 — - — ry L [ .
02,° = (s +5)(s +3) 5505 — 16 {sm 476’ + 4 sin(276 )L/, (3.46)
where k,[ # s.
o Higgs mass-squared (1/2 BPS scalar):
iy =iy |15 (104 + 047)] (3.47)

3.3 Soft terms from susy breaking

We now systematically compute the soft terms from susy breaking in the general case of
u-moduli dominance with dilaton modulus s turned on. The complex structure moduli U
from (3.4) are,

(U1, Us, Us} = (5+ 2zf)} (3.48)

(o33

and the corresponding u-moduli and s-modulus in supergravity basis from (3.5) are,

() = ffe¢4fe¢4f€¢4
1, U2, U3t = o 2 55

e

. 3.49
2\ﬁ7r ( )
Using (3.10) and the values from the table 3, the gauge kinetic function becomes,
27e™%  9y/5e % 9\/Te %4
{fa7fb7f0} = 3/4 5 5 3/4 (350)
8 53/4VTr’ 16y/Tm ~ 16 53/

To calculate gaugino masses M; o3 respectively for U(1)y, SU(2); and SU(3). gauge
groups, we first compute M, . using (3.41) as,

_ Ms/2 _ —i72 —iv3 _ —iva
Mo = \[(35@ L€ — 5006712 4 14036 1004¢74),
_ M3/2 —y2 _ A4
My =2 7 (5e 0y — de @4),
_ 3/2 —im 173
M=o (5¢701 +4e7203) (3.51)
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7ol > w63

a| —tan! (%) tan~—! (%) —tan~!
V5

N
ot

%)

ot

b| —tan! (75) 0 tan~! (@)
¢ | tan~1 (%) -5 tan~1 <§>

Table 5. The angles (in multiples of 7) with respect to the orientifold plane made by the cycle
wrapped by each stack of D-branes on each of the three two-tori.

Bino mass parameter My (3.33) is then computed as,

My = T3 (175,077 — 1005077 4 112056775 — 20036 ~1). (8:52)
99v/3

Therefore, the gaugino masses for U(1)y, SU(2); and SU(3). gauge groups are,

M; = MY ms/2 (175@1671'% _ 1092671'72 + 112@3671’73 o 20@4672‘74) ,

" 993
— _ Ms)2 —ive Q. _ f.—iV4
M2 = Mb = 3\/§ (56 @2 4e @4) y
— _ M3/2 i _ —iy2 —ivs _ —iva
My =M, = - \/?:(35@16 509e 112 + 1405¢ 100,¢ ) (3.53)

Next, to compute the trilinear coupling and the sleptons mass-squared we require the
angles, the differences of angles and their first and second order derivatives with respect to
the moduli. In table 5 we show the angles made by the cycle wrapped by each stack D6
branes with respect to the orientifold plane,

. 2Bty
70! = tan! (fX) . (3.54)
nx
The differences of the angles, Giy = 9; — 0 are,
{0.,0.,0.} {—0.13386,—0.401581,0.535441} {0.36614,—0.901581, 0.535441}
{0.13386,0.401581, —0.535441} {0.,0.,0.} {0.5,-0.5,0.}

{-0.36614,0.901581, —0.535441}  {—0.5,0.5,0.} {0.,0.,0.}
(3.55)

To account for the negative angle differences it is convenient to define the sign function

0gy» Which is —1 only for negative angle difference and +1 otherwise,
{1,1,1}y {-1,-1,1} {1,-1,1}
= ()"0 — | 11,1y {1,1,1) {1,-1,1} |, (3.56)
{-1,1,-1} {-1,1,1} {1,1,1}

where H (z) is the unit step function. And the function 7,, can thus be defined by taking
the product on the torus index i as,

1 1 —1
nxyznaiy: -1 1 —-1]. (3.57)
! 1 -1 1
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Using above defined a;y and niy, we can readily write the four cases of functions ¥(6,,)
defined in (3.37) and (3.38) into a single expression as,

. 1 o 1 L S
W(07,) = ey (2w<0> (0500 + 50O (1 = 03, 00,) + v — log(t! + t])) . (358)

where 9(9)(z) is called the digamma function defined as the derivative of the logarithm
of the gamma function. The successive derivatives of the logI'(z) yield the polygamma
function (™) (z) as,

dm

¥ (z) = 5 logT(2), (3.59)

with the following properties,

d
L0 (2) = 40 (2),
E%Mmﬂiz%:iwnﬂiz) (3.60)
Similarly, the derivative ¥’ (Ggy) = dq;gj‘g”y) can be expressed succinctly as,
Ty
. ;1 . 1 .
W(6),) =yt (500 (03,0) + 001 = 02, ) (3:61)

where we have utilized the property (3.60) and have neglected the contribution of the
t-moduli.

Lastly, by making use of appropriate Kronecker deltas and defining u* = s, we can
express the various cases of the first and second derivatives of the angles as,

imm _— (,m -m 8933::; O 5. ,Sin(2779i) v
Oy = (u" +u )Gum = (—1)m1(-1) ,JT y7
i=1,2,3 m=1234. (3.62)
. 526
,mn — m —=m n =N zry
oy = (" W) G g

T

sin(470?) + (—1)1—04m)(1=0im) 4 gin(2767)
mn 16w

y .
_sin(476") |

167 y
i=1,2,3 mn=1234. (3.63)

+ (1 _ 5m7n)(_1)(1*54,m)(1*54,n)(5i,m+5i,n)(_1)1*5¢,m*5¢,

Utilizing above results while ignoring the CP-violating phases 7, the gaugino masses,
trilinear coupling (3.42) and sleptons and squarks mass-squared (3.43) parameters are
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obtained as follows,

My = myg)5(1.020570; — 0.05831820; + 0.65316405 — 0.1166360.),
My = mg5(0.9622505 — 0.76980,),
Mj = mg5(1.122630; — 0.1603750, + 0.4490503 — 0.320750.4),

Ao = Aupe = Auey = M3 /2( —1.655150; — 0.076902605 + 0.21043803 — 0.21043864),
mi =m2, = m3/22<1 —0.69191801% — 0.251923010; + 1.386970103 + 0.2974870,0,
— 0.73046405% + 1.386970503 + 1.055210:0, — 2.4633103>
— 0.104624050,, — 1.610466)42),

my. =ms /22(1 +0.67220201> + 0.024956010; — 2.836160103 + 0.3350050, 04

ac

3
ml\D
Il

—2.0228505% — 0.1139330,03 — 1.68771020,4 + 0.71230303>
—0.122343030,4 + 0.588437@42>. (3.64)
All above results are subject to the constraint,
07 +03+03+07=1. (3.65)

In appendix A, we also compute the soft terms for the model with exact gauge coupling
unification that was previously studied in ref. [1].

4 Yukawa couplings

Yukawa couplings arise from open string world-sheet instantons that connect three D-
brane intersections [34]. Intersecting D6-branes at angles wrap 3-cycles on the compact
space T® = T2 x T? x T2. For instance in the case of three stacks of D-branes wrapping
on a T2 the 3-cycles can be represented by the wrapping numbers in a vector form as:

] = (a,le) = 24 = R(ng + 7ly) - 24,

[y] = (np,lp) = 25 = R(np + 7ly) - a8,

[I.] = (ne,le) = 2z = R(ne + 7le) - x, (4.1)
where 7 is the complex structure parameter, (ng,l,) € Z? is the wrapped l-cycle, z € R
and z, € C respective to the brane a. The triangles bounded by the triplet of D-branes
(Zas 2, 2c) Will contribute to the Yukawa couplings [35]. A closer condition,

Za+ 2+ 2. =0, (4.2)

ensures that triangles are actually formed by the three branes. The Diophantine equa-
tion (4.1) together with the closer condition can be solved to get the following solution:

Ty = &x
a d 9
1,
xb:%x, T =x0+ I,
1,
Te = %ba:, (4.3)
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where I, is the intersection number, d = g.c.d.(Iup, Ipe, Icq) is the greatest common divisor
of the intersection numbers, | € 7Z arises from triangles connecting different points in
the covering space T® but the same points under the lattice T2 of the triangles and
xo € R depends on the relative positions of the branes and the particular triplet (i, j, k) of
intersection points,

Z.Zoala"'a’-[ab|_1
jzovla'”al‘[bC’_lv
kE=0,1,--- |l — 1, (4.4)
such that xg can be written as
(i,5,k) = =+ ' + K (4.5)
xo(t,7,k) = — 4+ — + —. .
ok I Ibc Ica

Relaxing the condition that all branes intersect at the origin, we can introduce brane shifts
€q, @ = a, b, c to write a general expressions for z( as
J k d(Iabec + Ieq€p + Iabea)

1
zo(i,j, k) = — + — 4+ — + , 4.6
0( J ) Iab Ibc Ica IabIbcIca ( )

where we can absorb these three parameters into only one as,

_ Tavee + Ieaep + Ipeeq

4.7
IabIbcIca ( )

This is obvious due to the reparametrization invariance in T2 since we can always choose
two branes to intersect at the origin and the only remaining freedom left is the shift of
third brane. The formula of the areas of the triangles can then be expressed using (4.6) as,

Alza, 2) = f\/]za|2\zb\2 (Rezq7)?

1 k 2
—  Ayr(l) = 2(27r) AlLpIyelq| < + E + 1 +e+l> , (4.8)

where A is the Kéhler structure of the torus. Finally, the Yukawa coupling for the three
states localized at the intersections indexed by (i, j, k) is given as,

Aiir(l
}/ijk = hquaabc Zexp <_ ]k(,)) ) (49)

ez 2T

where the real phase o4p. = sign(lgplpeleq) comes from the full instanton contribution [35]
and hg, is due to quantum correction as discussed in [29]. For the ease of numerical
computation real modular theta function is used to re-express the summation as

9 0 (t) _ Ze—wt(6+l)2€2l7ri(5+l)¢’ (4'10)
¢ lezZ
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where the corresponding parameters are related as,

1 j k
5=f+i+—+e,

Iab Ibc Ica
¢ =0,
A
t = SlLaleleal: (4.11)

Notice that the theta function ¢ is real, however ¢ can be complex while ¢ is an overall
phase.

4.1 Adding a B-field and Wilson lines

Strings being one dimensional naturally couple to a 2-form B-field in addition to the metric.
To incorporate the turning on of this B-field leads to a compler Kéhler structure of the
compact space T? such that,

J=DB+iA, (4.12)

and the otherwise real parameter t is changed to a complex parameter x as,
J
K= a|fab1bcfca|- (4.13)

Secondly, we can also add Wilson lines around the compact directions wrapped by the D-
branes. However, to avoid breaking any gauge symmetry Wilson lines must be chosen corre-
sponding to group elements in the centre of the gauge group, i.e., a phase [35]. For a triangle
formed by three D-branes a, b and ¢ each wrapping a different 1-cycle inside of T?, the Wil-
son lines can be given by the corresponding phases exp(27if,), exp(27if), and exp(27if.)
respectively. The total phase picked up by an open string sweeping such triangle will
depend upon the relative longitude of each segment, determined by the intersection points:

627rixa9a e?ﬂimbebeQﬂ'ixch _ eQﬂ'ix(Ibcaa'f'IcaebJ'_IabeC)‘ (414)

In general, considering both a B-field as well as Wilson lines we get a complex theta
function as

) , .
9 [¢ (/i) _ Zeﬂzﬁ(5+l)262m(5+1)¢7 (415)
leZ
where
ik
P A
Iab * Ibc * Ica te
<f> = Iabec + Ibcea + Icaaba
J
5= STl (4.16)

4.2 O-planes and non-prime intersection numbers

To cancel the RR-tadpoles we need to introduce the orientifold O-planes that are objects
of negative tension. In addition for each D-brane a, we must include its mirror image a’
under QR. Such mirror branes will in general wrap a different cycle Il,,, related to II,
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by the action of R on the homology of the torus. Consequently we also need to include
the triangles formed by either of the branes or their images. As an example the Yukawa
coupling from the branes a, b/, and ¢ will depend on the parameters Iy, Iy., and I,
where the primed indexes are independent of the unprimed ones.

Furthermore, the three intersection numbers may not be coprime in general. Therefore,
to avoid overcounting we need to involve the g.c.d. of the intersection numbers as d =
g'C'd'(Iab7 Iy, Ica)'

Finally, to ensure that triangles are bounded by D-branes, the intersection indices must
satisfy the following condition [35]

i+7+k=0 modd. (4.17)

4.3 The general formula of Yukawa couplings

Therefore, the most general formula for Yukawa couplings for D6-branes wrapping a com-
pact T2 x T2 x T2 space can be written as, compact space as

3
5
Yiijny = hquoae [ ] 0 [ (r)] ("), (4.18)
r=1 ¢
where
5 o i o )
9 [¢(T)] (KJ(T)) _ Z eﬂz(é( )41,-)2k( )627”(5( )41, )¢ )7 (419)
Ir€Z

with r = 1, 2,3 denoting the three 2-tori. And the input parameters are defined by

s = 130 KOO + 1) 10 o0
- ISI;) Ic(g) IISE) IabIbcIca d(’”)’
5 — 16 + 1568 + 15060
B () ,
) IO
W= @mz (4.20)

The theta function defined in (4.15) is in general complicated to evaluate numerically.
However, for the special case without B-field, defining J' = —iJ = A and ' = —ik the ¢
function takes a more manageable form,

9 [5] (IQ/) — Zefﬂﬂ/(5+l)262ﬂ'i(5+l)¢’

o leZ

reaemnne 6 — ) . —
define Lb] (k) = e ””5262”1545193(77(@%)—#1/4;5),6 ™), (4.21)

in terms of v3, the Jacobi theta function of the third kind.
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a
b c

Figure 2. Brane configuration for the three 2-tori where the third 2-torus is tilted. Fermion mass
hierarchies result from the intersections on the first 2-torus.

5 Semi-realistic Yukawa textures

Yukawa matrices for the Model 18 depicted in table 3 are of rank 3 and the three inter-
sections required to form the disk diagrams for the Yukawa couplings all occur on the first
torus as shown in figure 2. The second and third tori only contribute an overall constant
that has no effect in computing the fermion mass ratios. Thus, it is sufficient for our
purpose to only focus on the first torus to nearly reproduce the correct the masses of the
standard model fermions.

5.1 Mass matrices from 3-point functions

For the wrapping numbers listed in table 3, the intersection numbers on each torus are
given as,

1Y =3 19=1 1 =1,

V=9 1¥=1 19=y, (5.1)
V=3 12=1 1%=1

ca

As the intersection numbers are not coprime, we define the greatest common divisor, dV) =
g.c.d.(I(l) I,Si), Ic(;)) = 3. Thus, the arguments of the modular theta function as defined

ab
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in (4.20) can be written as,

b

(1) Z(l) J(l) k(l) egl) + 3651,1) + 6(1) S(l)
"o oy

2

Tt T3 5 , (5.2)

oM = 390 4 oV 4 o), (5.3)
971

kD — — (5.4)

and recalling (4.4), we have ¢ = {0,...,2}, and j = {0,...,2} and k = {0,...,8} which
respectively index the left-handed fermions, the right-handed fermions and the Higgs fields.
Clearly, there arise nine Higgs fields from the bc sector.

The second-last term in the right side of (5.2) can be used to redefine the shift on each
torus as
= 9 .

(5.5)

It can be noted from (5.1) that the intersection numbers on the second and third tori are
either one or zero whose effect on the Yukawa couplings will be an over-all constant. The
selection rule for the occurrence of a trilinear Yukawa for a given set of indices is given as,

i 450 4 kD = 0 mod 3. (5.6)
Then, the mass matrices will take the following form for the specific values of s():

V1A 4+ v4D + v7G veC + v3F + vQ v5B + vsE + vo P
Mg~ | v9C + v3F + v6Q v5B + vsE + vo P v1 A+ v4D + v7G |, (5.7)
v5B + v FE + vo P v1 A + v4D + v7G v9C + v3F + v6Q
1A+ v4D + v7G v3C + vgF' 4+ v9Q) voB + v5E + vgP
My ~ | v9C + v3F +v6Q vsB + voE + v5P v7 A+ v1D + v4G |, (5.8)
vsB + vsE + vo P v4 A + v7D + v1G v6C + voF' + v3Q)

1A+ v4D + v7G voC + v3F 4+ v4Q v5B + vgE + vo P
Moay— g ~ | v3C + v6F +v9Q vsB + v2E + v5P vgA+viD + 01 G |, (5.9)
9B + vsE + vgP v7 A+ 11D + v4G vgC + voF + v3Q

1A+ v4A+ v7A v3D + vgD + v9D VoG + v5G + vgG
Ms(l):fj/?) ~ | v3D 4+ veD + v9D 123G + v5G + v8G V1A +v4A+v7A |, (5.10)
1G4+ v5G + 138G V1A 4+ v4A+ v7 A v3D + vgD + vg D
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where v; = (H;) and the Yukawa couplings A, B, C, D, E, F, G, P, and @ are given by

[ (1) (W17 /950 [ 27 /970
A=9 ‘ 9/ ) B=4¢ <o 9/ , C=9 D 9/ ,
oM o S o o) of
Dy 6(1)+% 9JM . E=v 6(1)+% 9JM Py 5(1)—% 9JM) |
S of S o ey of
e 1] /951 [ _27 /950 [ _17 /950
G=9 ‘ 3 9J/ , P=9 ‘ 5| (2 , Q=19 ‘ 9| (2 . (5.11)
S o S o oM of
The cases (5.7), (5.8) and (5.9) have a similar structure whereas the last case (5.10) ap-
pears to forbid three different real eigenvalues. Thus, we only choose the case s(!) = —j asa

representative scenario for the first three cases and will ignore the last possibility. The mass
matrices for up quarks, down quarks and charged leptons are respectively given as follows:

H'A+H:D,+H'G, H3C,+HSF,+HQ, H?B,+HE,+HSP,
(My)ij~| HIC,+H3F,+HSQ, H}B,+H2E,+H)P, H.A,+H.D,+H:G, |, (5.12)
H?B,+HSE,+H2P, H:A,+H'D,+H!G, HSC,+H)F,+H3Q,
HIA+HDg+HIGy H3Cy+HSF)+H)Qq H3By+H3E +HSP,
(Mg)ij~| H)Cq+HIFy+HSQq H5By+HAE +H Py HiAg+HYDg+H3Gy |, (5.13)
H3By+HSE)+H3Py HijAq+HIDg+H}Gy HSCq+HIFy+H3Q,

HYA.+H}D.A+H!G. HiC.AHSF.+HQ. H3B.AH3E.+HSP,
(Me)ij~| HICe+H3F.A+HSQ, HSB.+H2E+HP, HIA.+H D +H3G. |,  (5.14)
H}B.+HSE.+H3P, HjAc+H D, +H)G, HSC.+HIF.+H3Q,

Notice that the two light Higgs mass eigenstates will arise from the linear combination of
the VEVs of the nine Higgs fields present in the model as,

,Ui d .
Hya=) %Hﬁ,d, (5.15)
Z(Uu7d)

with vi’d = <Hi,d>~

Pati-Salam gauge symmetry is broken down to the standard model by the process
of brane-splitting as schematically shown in figure 1, where the standard model particles
are localized at their respective brane intersections. The mass hierarchies of the standard
model are then easily explained by the relative shifting of the brane stacks. For instance,
the left-handed quarks are localized at the intersections between the stacks {a;, b} while
the right-handed up-type and down-type quarks are respectively localized between stacks
{a1, c1} and {ay, co}. Thus, if we shift stack ¢, in the orientifold by an amount €., while the
stack ¢; is unshifted (e, = 0), then the down-type quark masses are naturally suppressed
relative to the up-type quarks. Similarly, because the left-handed and the right-handed
charged leptons are respectively localized at the intersection between stacks {a>, b} and
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stacks {ao, ¢}, the shifting of stack «- by some amount ¢, will result in the suppression of
the charged lepton masses relative to the down-type quarks. Hence, the following observed
mass hierarchy is a consequence of pure geometry of the internal space,

My > Mg > Me. (5.16)

By running the RGE’s up to unification scale, we can determine the desired mass
matrices for quarks and leptons. For example, considering tan 8 = v, /vy = 50, the CKM
matrix at the unification scale u = My has been determined as [36, 37],

0.9754 0.2205  —0.0026i
Vexum = | —0.2203¢%003%0.9749 0.0318 |- (5.17)
0.0075e~19%"  —0.0311e>9%"  0.9995

The diagonal mass matrices for up-type and down-type quarks are respectively denoted as
D, and Dy, and are given as,

0.0000139 0O 0

Dy = my 0 0.00404 0 |, (5.18)
0 0 1
0.00141 0 0
Dg=my 0 0.0280 0 |, (5.19)
0 0 1

and obey the following relations,
Vo = URUE
Dy, = UM, UY, Dy = UdMUS, (5.20)
where U are the unitary matrices and MUMJ and MgM ;r are the squared mass matrices of
the up and down-type quarks. Similarly, the charged leptons mass eigenvalues at tan g = 50

are given as,
0.000217 0 O

De =m; 0  0.0458 0 |- (5.21)
0 0 1

where we have taken the ratio m,/my, = 1.58 from the previous study of soft terms [1].

5.2 Fitting the quark masses and mixings

In the standard model, the quark matrices M, and M, can always be made Hermitian by
suitable transformation of the right-handed fields. We consider the case that My is very
close to the diagonal matrix for down-type quark, which effectively means that Ug and Ulflz
are very close to the unit matrix with very small off-diagonal terms, then

Verm ~ UU% ~ U, (5.22)
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where we have transformed away the right-handed effects and made them the same as the
left-handed ones. Thus, the mass matrix of the up-type quarks becomes,

My, ~ Ve DuVor- (5.23)
And the absolute value of M, is given as,

0.000265544 0.0010868 0.00746948
|My|=m | 0.0010868 0.00480762 0.0309592 | - (5.24)
0.00746948 0.0309592  0.999004

Henceforth, we need to fit (5.24) and (5.19) to explain the mixing and the eigenvalues of
the up-type and down-type quarks by fine-tuning the coupling parameters and the Higgs
VEVs in (5.12) and (5.13). It looks at the first glance that the solution can be easily found,
but we should keep in mind that the nine parameters from the theta function controlled by
the D-brane shifts and Wilson-line phases are not independent. Examining (5.24) and (5.8)
it is clear that we are tightly constrained by the off-diagonal terms. For instance, consider
the ratio of the terms (12) and (33),

7)30 + ’U@F + ’UgQ
ng + UGC + UgF

~ 0.001, (5.25)

which is only possible if we have € o < 1, << 1, and & <L

Comparing (5.12) and (5.13) with the up-type quarks matrix M, and the diagonal
down-type quarks matrix Dy, we obtain an exact fitting by expending the nine up-type
Higgs VEVs and the nine down-type Higgs VEVs respectively.

| M| = [ My,
|M34| = Dg. (5.26)

Here, we have set the Kihler modulus on the first 2-torus defined in (5.4) as (1) = 45 and
evaluate the couplings functions (5.11) by setting geometric brane position parameters as
e&l) =0 and e&l) = 2/9 which yields in an exact fitting for the following VEVs,

vy = 0.000265535 v} = 4.57419 x 1077
2 =0.0426383 vi=0
3 =5.72205 v3 = 0.114556
4 =0.0309592 v} = —8.59558 x 1077
5 =10.0425567 w5 = 0.00056 (5.27)
v8 = 0.00635385 0§ = —0.000609616
7 =0.0309592 v = 0.000161524
vS =0.0273106  v5 =0
v) = —0.0242253 v = 3.24411 x 1075,

— 96 —



1 Lo e e eee\eeeeeeeeeeeeeeeeeeee--e--e--s]
0.100 ,_\/
¢ 00t -

S

~ 0.001;

ARG v
1075} muon
10-6[ — electron |

oio 012 014 0.‘6 018 110
Q)

e

Figure 3. Log plot of the spectrum of eigenvalues of the charged leptons mass as a function of brane

position parameter egl) for kK1) = 45. The dashed colored horizontal lines correspond to the mass

eigenvalues of tau, muon and electron {1,0.0458,0.000217}m. from (5.21). The exact solution will

only be obtained if the respective colored lines touch the dashed grid-lines for a specific value of egl).

The nearest-fit is obtained at eS) = 0.206558 with eigenvalues {0.999993,0.0171119, 0.00053237}m..

5.3 Fitting the charged lepton masses

Note that the down-type quark mass matrix and the lepton mass matrix both involve the
same down-type Higgs VEVs. Thus, once the parameters needed to fit the down-type mass
matrix are fixed, the only freedom in calculating the charged lepton mass matrix is from

the geometric position 6(51) of each brane against the set value of the parameter (). We

have calculated the spectrum of mass eigenvalues for charged leptons by varying eél) from
0 to 1 for various values of x(!). Figure 3 shows one such spectrum for the specific value of

k() = 45. Tt can be easily seen that the nearest match is obtained for egl) = 0.206558,

0.000526961 —0.00410568  8.71084 x 10~
| M3e| = m, 0.0000218487 0.0171173  —5.03921 x 1078 (5.28)
—1.99023 x 1072 9.46941 x 1076 0.999993
with eigenvalues {0.999993,0.0171119,0.00053237}m., where tau lepton is fitted exactly
while the muon’s mass comes out to be only 37% while the electron is about 2.45 times
heavier than (5.21). Notice, that these results are only at the tree-level and there could

indeed be other corrections, such as those coming from higher-dimensional operators, which
may contribute most greatly to the electron and muon masses since they are lighter.

6 Yukawa couplings from 4-point functions

We now turn our attention to the discussion of four-point functions that affect more greatly
to the masses of the lighter fermions. We are looking for four-point interactions such as

D OBy O Dyl dE Dl (6.1)

where (b;y are the chiral superfields at the intersections between stack x and y D6-branes.
The formula for the area of a quadrilateral in terms of its angles and two sides and the solu-
tions of diophantine equations for estimating the multiple areas of the quadrilaterals from
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Figure 4. A picture of two quadrilaterals with different field orders. The red brane repeats in
a next cycle and can still form a similar quadrilateral with the blue brane. This coupling also
contributes to the four-point function.

non-unit intersection numbers are given in [38, 39]. In addition to these formulae, there is
a more intuitive way to calculate the area for these four-sided polygons. A quadrilateral
can be always taken as the difference between two similar triangles. Therefore, since we
know the classical part is

Zyqy ~ e Aauad (6.2)

it is equivalent to write [40],

Zga ~ e~ 1A= Al (6.3)

/
tri

and Ay < A}, as shown in figure 4. From the figure we can see the two quadrilaterals

Taking the absolute value of the difference reveals that there are two cases: A > A

are similar with different sizes, but the orders of the fields corresponding to the angles are
different, which is under an interchange of 6 <+ 1 — 8, 8 = v, A\, p,o. These different field
orders may cause different values for their quantum contributions. Here, we shall only
consider the classical contribution from the 4-point interaction and ignore the quantum
part which was shown to be further suppressed, consult [40] and references therein for
details. Therefore, we are able to employ the same techniques which have developed for
calculating the trilinear Yukawa couplings.

For a quadrilateral formed by the stacks a, b, b, ¢, we can calculate it as the difference
between two triangles formed by stacks a, b, ¢ and ¥, b, c. In other words, they share the
same intersection Ij.. Therefore, if we use this method to calculate the quadrilateral area,
we should keep in mind that the intersection index k for I, remains the same for a certain
class of quadrilaterals when varying other intersecting indices. Here we set indices ¢ for
Loy, j for I.,, 2 for Iy, and j for I, as shown in figure 5. We may calculate the areas of
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aq

Figure 5. A diagram showing the areas bounded by stacks of D-branes which give rise to the
Yukawa couplings for quarks and leptons via world-sheet instantons. The Yukawa couplings of the
up-type quarks are from the areas by stack ai, b, c¢1, the down-type quarks by stack aq, b, c3, and
the leptons by as, b, ca. The four-point function corrections to the Yukawa couplings of the up-type

quarks are from the areas by stack a1, b, b, ¢1, the down-type quarks by stack a1, b, &', co, and the
leptons by as, b, V', cs.

the triangles as we did in the trilinear Yukawa couplings above [35]

1 ik 2
Aijp = = (2m)2 A | I Ty La| | +— + 2 + — l
ijk 2( 7T) T2| abdbe ca| (Iab + Ica + Ibc + €+ ) ,
1 9 { J k 2
Azgk = 7(27]—) AT2|Ib’bIbcch’| — + +-—+e+/ ) (64)
2 Ib/b ch/ Ibc

where i, j, k and 1, 3, k are using the same selection rules as eq. (5.6). Thus, the classical
contribution of the four-point functions is given by

Zyel = Ze—i\Aijk—A”M‘ (6.5)
10

Note that this formula will diverge when A;jr = A,, which is due to over-counting the zero

area when the corresponding parameters in eq. (6.4) are the same. In such a case, Zy, =
1

T+ e~ 2= [4isk=Aukl We will not meet this special situation in our following discussion.

We will consider both types of possible interactions (6.1) coming from considering b’
or from considering ¢’ independently.
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6.1 Mass corrections from 4-point functions considering b’

In the model of table 3, in addition to the intersection numbers in eq. (5.1), we have

e o K-
1) = 20, 1) =o, ) = -1,
1Y) = —4, 12 —o, 1% = 1, (6.6)

There are twenty SM singlet fields SE and one Higgs-like state H{hd. Similar to the Higgs
fields H;d, only three linear combinations of the twenty Si can contribute to the four-
point Yukawa couplings. Considering the following parameters with shifts | = —k/3 and
¢ = —k/9 taken along the index k,

ik

=@+@+@+z,

) o
dzlgcl)+1;(7l?+1§)+e,

_ii, (©5)

the matrix elements a; ;, on the first torus from the four-point functions can be expressed as

S 11341 Y0 1,234+ Dov( (1,3,3i+2
5 6 6
D=0 02,1,3i43 D i—002,2,3i+2 D j—0 32,3 3i+1 | » (6.9)

6 6 5
D=0 431,342 D_i—0 @3,2,3i+1 D_j—0 43,3,3i+3
and the classical 4-point contribution to the mass matrix given as,
6 5 6
w1 Do w3it1 Az U2 Y7o wai+3Aziv2 uz D)o w3ir2Azit1

_ 5 6 6
Zael = | w1 X oj_ogw3i43Azite U2 Yo Wait2Azip1 Uz Yo Wait1 Az | (6.10)

6 6 5
UL Y o W3i+2A3i41 U2 D o W31 A3 U3 D i W3i+3A3i42

where u;, w; are the VEVs and the couplings are defined as,

I )
A=0|° ¢:>2O <9‘; ) i=0,... I -1 (6.11)

Since, we have already fitted the up-type quark matrix |Ms,| exactly, so its 4-point
correction should be zero,
| May| =0, (6.12)

which is true by setting all up-type VEVs v/, and w!, to be zero. Therefore, we are essentially
concerned with fitting charged leptons in such a way that corresponding corrections for the
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down-type quarks remain negligible. The desired solution can be readily obtained by setting
ei? =0 and eﬁl) = 1/20 with the following values of the VEVs,

ul = —1/217, ul =1, ud = 1/100,

wh =0, i=1,...,14,

15 16 __ 17 (6‘13)
wh® = 0.172138, wi® = 0.0858488 wh” =0.0247877,

wi® = —0.0000123476, wl? = —0.0000513328, w3’ = —0.000123552.

The 4-point correction to the charged leptons masses is given by,

—0.000309961 0.000697239 0.000286827
|Mye| = m; [ —0.0000258237 0.0286827  0.0000836895 (6.14)
—0.00106232  0.00836895 6.97239 x 10~6

which can be added to the matrix obtained from 3-point functions (5.28) as,

0.000217  —0.00340844 0.000286835
|Mse| 4+ |Mae| = m; | —3.97501 x 1076 0.0458  0.0000836391 (6.15)
—0.00106232  0.00837842 1.

that can be readily diagonalized as,

0.00217014 0 0
m, 0  0.0457996 0 | ~ D., (6.16)
0 0 1

which exactly reproduces the correct masses of all three charged leptons cf. (5.21). Also,

the corrections to down-type quarks are kept to almost zero by setting efllcl) = 1/20,

| Myg| ~ 0. (6.17)
which preserves our previously obtained exact fit using 3-point functions (5.26).

6.2 Mass corrections from 4-point functions considering ¢’

There are four SM singlet fields SE and one Higgs-like state H{hd. Similar to the Higgs
fields Hlid, only three linear combinations of the twenty Si can contribute to the four-
point Yukawa couplings. Considering the following parameters with shifts | = —k/3 and
¢ = —Fk/9 taken along the index k,

5 = Ié) + ‘(71) + I;) 41,
=2+3, (6.18)
d= —~+ = + K + 4
1)1y n)
= -2+, (6.19)
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Figure 6. A diagram showing the areas bounded by stacks of D-branes which give rise to the

Yukawa couplings for quarks and leptons via world-sheet instantons. The Yukawa couplings of the
up-type quarks are from the areas by stack ai, b, c¢1, the down-type quarks by stack aq, b, c3, and
the leptons by as, b, ca. The four-point function corrections to the Yukawa couplings of the up-type
quarks are from the areas by stack a1, b, ¢/, ¢1, the down-type quarks by stack a1, b, ¢/, co, and the
leptons by as, b, ¢/, cs.

the matrix elements a; ;, on the first torus from the four-point functions can be expressed as,

G114+ G111 a1,2.3 a1,3,2
a2.1,3 222 a31+az34 |- (6.20)
as.1,2 a321+as24 as3.3,3

and the classical 4-point contribution to the mass matrix given as,

w1 (wa Ay + wiAp) ugws3 Az uzwa Az
Zsel = urws Ao uswo As us(wg A1 +w14y) | (6.21)
ujwoAs U9 (’UJ4A1 + wle) uzwsz Ao

where u;, w; are the VEVs and the couplings are defined as,

1) ‘ (1)
A=9 | T <9J, ) i=0,.. 1Y -1. (6.22)
¢(1) o

Since, we have already fitted the up-type quark matrix |Ms,| exactly, so its 4-point
correction should be zero,
| My, | =0, (6.23)

which is true by setting all up-type VEVs uf, and w’, to be zero. Therefore, we are essentially
concerned with fitting charged leptons in such a way that corresponding corrections for the
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down-type quarks remain negligible. The desired solution can be readily obtained by setting
ei? =1/4 and eib) = 3/4 with the following values of the VEVs,

ul=-1/27,  ui=1, ud = 1/100,
wh =1.8183, w2 = 0.000906372, (6.24)

w3 = 0.151488, w3 = —0.000264.

The 4-point correction to the charged leptons masses is given by,

—0.000309961 0.000697239 0.000286827
|Mye| = m, | —0.0000258237 0.0286827  0.0000836895 | . (6.25)
—0.00106232  0.00836895 6.97239 x 10~6

which can be added to the matrix obtained from 3-point functions (5.28) as,

0.000217  —0.00340844 0.000286835
|Mse| 4+ |Mye| = ms | —3.97501 x 107 0.0458  0.0000836391 | , (6.26)
—0.00106232  0.00837842 1.

that can be readily diagonalized as,

0.00217014 0 0
m., 0 0.0457996 0 | ~ D, , (6.27)
0 0 1.

which exactly reproduces the correct masses of all three charged leptons cf. (5.21). Also,

the corrections to down-type quarks are kept to almost zero by setting ef&l) =3/4,

—8.49479 x 10~7  0.00110164 0
|Mug) = | —0.0000408014 0 2.29359 x 107 | ~ 0, (6.28)
0 0.0000229359 0.0000110164

which preserves our previously obtained exact fit using 3-point functions (5.26).

In summary, we can correctly reproduce, the correct masses and mixings of quarks
and the masses of charged leptons at the electroweak scale. Finally, by choosing suitable
Majorana mass matrix for the right-handed neutrinos the suitable masses of neutrinos and
their mixings can be generated by type I seesaw mechanism.

7 Discussion and conclusion

We have studied the phenomenology of a new class of supersymmetric Pati-Salam intersect-
ing D6-brane model on a T®/(Zs x Zs) orientifold in type ITA string theory. The defining
characteristic of this new-class is that one of the wrapping numbers is 5 and models ex-
hibit approximate gauge coupling unification. We have discussed the SM fermion masses
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and mixings and supersymmetry breaking soft terms in the u-moduli dominated case and
the u-moduli dominant case together with the s-moduli turned on, where the soft terms
remain independent of the Yukawa couplings and the Wilson lines. The results depend on
the brane wrapping numbers as well as supersymmetry breaking parameters.

Although we are able to reproduce the extrapolated GUT-scale mass hierarchies and
the mixings of the standard model fermions in our intersecting brane model on a ITA
orientifold setting exactly, several issues remain to be addressed. The values of various
couplings and other parameters are not determined uniquely within the model and are
rather put by hand. All such parameters are the functions of open and closed string
moduli. For instance the Yukawa couplings depend on the geometric position of the stacks
of branes and the Kéhler moduli. Once we fix these moduli, the only freedom left is the
Higgs sector, i.e. finding a specific linear combination of nine pairs of Higgs states which
may be fine-tuned to yield the two Higgs eigenstates H, and Hy of the MSSM.

Fixing the brane positions is thus equivalent to fixing the open string moduli. Unless
these open string moduli are fixed, the low energy spectrum will contain non-chiral open
string states associated to the brane positions and the Wilson lines. We do not see such
scalar particles in Nature. Luckily so, otherwise they will also spoil the gauge coupling
unification in the MSSM. Therefore, it is tempting to eliminate such non-chiral fields by
considering intersecting D-brane models wrapping on rigid cycles. In the case of type II
compactifications, TO/(Zy x Z4) is the only known toroidal background possessing such
rigid cycles, see ref. [27] for details. This may be explored in a future study.
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A Soft terms from susy breaking for model in ref. [1]

Table 6 shows the well-studied previous model with wrapping number up to 3 with exact
gauge coupling unification. This model has been extensively discussed in refs. [1, 41-44].
The gaugino masses, trilinear coupling and the squared masses of sleptons and squarks
for this model computed in [44] did not take into account the fact that the third torus is
tilted. Consequently, there was some discrepancy in the trilinear coupling and the squared
sleptons and squarks masses. Below we perform the computation making use of Kronecker
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U(4)c x U(2) x U(2)g x USp(2)4

N | () x 022 x (n3,3) |ng [na|b |V | c|d|1]|2][3]|4
al 8| (0,-1)x(1,1)x(1,1) 0] 0 |3[/0[-3[0]1]|-1]0
bl 4| (3,1)x(1,0) x (1,-1) 2 | -2|-|-]0]0l0|1]0]-3
cl 4| B,-Dx@O1)x1,-1) [2] 2 |-|-]-|-|-1]0]3]0
1] 2 (1,0) x (1,0) x (2,0) X1=3, xa=1, x3 =2
202 ] (1,0)x(0,-1) x (0,2) By =-3, B =-3
3|2 (0,—1) x (1,0) x (0,2) By =-3, B]=-3
4| 2 (0,—1) x (0,1) x (2,0)

Table 6. D6-brane configurations and intersection numbers for the model on Type ITA T®/Zy x Z
orientifold.

deltas and the sign matrix afvy defined in (3.56), which conveniently takes into account the
signs in the derivative of the angles and the W-functions.
From table 6, the complex structure moduli U from (3.4) can be calculated as,

{U17U27U3} = {327211+Z}’ (Al)

and the corresponding u-moduli and s-modulus in supergravity basis from (3.5) are,

v — {6—054 \/;e_¢4 \/;6_4’4 },
T

N A )
e~ %4
5= > or (A.2)
Using (3.10) and the values from the table 6, the gauge kinetic function becomes,
\/ge—m
fo = w0 =6 b, c. (A.3)

To calculate gaugino masses M; o3 respectively for U(1)y, SU(2); and SU(3). gauge
groups, we first compute M, . using (3.41) as,

V3 . »
Ma = 7771,3/2 (6 27293 +e 173@2) N
V3 . »
Mb = ng/g (6 WQ@Q — e Z74@4) y
3 . .
MC = £m3/2 (672’\/1@1 =+ 677‘73@3) . (A4)
2
Bino mass parameter My (3.33) is then computed as,
1 2
My = 7(7faMa + fcMC)
fr 3
3V3 W 1, 1,
= ng/g (6 271(,_)1 + 56 172@2 + 56 2’y3®3) . (A5)
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0, | 6y | 65

a|—1/2| 1/4| 1/4
/4| 0 | —1/4
c|—1/4] 1/2 | —1/4

Table 7. The angles (in multiples of 7) with respect to the orientifold plane made by the cycle
wrapped by each stack of D-branes on each of the three two-tori.

Therefore, the gaugino masses for U(1)y, SU(2);, and SU(3). gauge groups are,

M1 = MY = 3l\é§m3/2 (6_171@1 + 56_7'72@2 + 26_173@3> s

V3

M2 = Mb = 77’)13/2 (6_7:’72@2 — 6_7:74@4) 5
Ms=M, = \égmg/z (e_iW@g + 6_”362> . (A.6)

We now require the angles, the differences of angles and their first and second order
derivatives with respect to the moduli to compute the trilinear coupling and the sleptons
mass-squared. In table 7 we show the angles made by the cycle wrapped by each stack D6
branes with respect to the orientifold plane in multiples of 7,

| 275 xs
0l = —tan™! <l~’v’<> . (A7)

%
0} . (A.8)
}

To account for the negative angle differences we make use of the Jiy function (3.56)
which is —1 only for negative angle difference and +1 otherwise,

(1,1,1) {-1,-1,1} {1,-1,1}
=00 L oy {1y {1, -1,1) |, (A.9)
(~1,1,-1} {-1,1,1} {1,1,1}

g

where H (z) is the unit step function. And the function 7,, can thus be defined by taking

the product on the torus index i as,

1 1 -1
Ny = [[oby =] -11 —1]. (A.10)
‘ 1 -1 1
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Using above defined a;y and niy, we can readily write the four cases of functions ¥(6,,)
defined in (3.37) and (3.38) into a single expression as,

. 1 o 1 . L
W(0,) = <2¢<0) (95,03, + 590 (1 = 0%, 00,) + 75 — log(t/ + t7)> , (A.11)

where (9 (z) is called the digamma function defined as the derivative of the logarithm
of the gamma function. The successive derivatives of the logI'(z) yield the polygamma
function (™ (z) as,

dm)

(n—1) o

logI'(2), (A.12)

with the following properties,

d
VO (E2) = 2yl (&),

d (0) (1)

Similarly, the derivative ¥'(67,) = dié;iy)

can be expressed succinctly as,

\III(Q%Z) - 77$y0xy (21#(1)(%;/9?0;/) + §¢(1)(1 - O—:L‘yegty)> ) (A14)

where we have utilized the property (A.13) and have neglected the contribution of the
t-moduli.

Lastly, by making use of appropriate Kronecker deltas and defining u* = s, we can
express the various cases of the first and second derivatives of the angles as,

fig = (4 ) S — (1) (s ST y
i=1,2,3 m=1,234. (A.15)
O = (u™ 4 a™) (u" + u") ai:fgzn
— G sin(476?) + (—1)(1_1‘2”)(1_51'”)4 sin(276?) |*
T y
(1= S) (= 1) (108m) (1 =0500)Fom +8i) (1)1~ i sin(4m0") x,
’ 16w |,
i=1,2,3 m,n=1,23,4 (A.16)

Substituting above results in (3.42) and ignoring the CP-violating phases 7, we obtain
the following the trilinear couplings,

3
AO = Aabc == Aacb = \[m3/2 [_ C'-)1 <27T + 2’YE' + 1/)(0) (1) + 1/1(0) (3>>
41 4 4

o () ron )

+ 03 (2% +© (i) + @ <i)> — 0y (2715 +© <i> + @ <i)> ] . (A7)
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Ignoring the CP-violating phases +*, the gaugino masses, trilinear coupling and sleptons
and squarks mass-squared (3.43) parameters are obtained as,

My =m3/5(0.51961501 +0.3464102 +0.86602503),

M3 =mg3/5(0.86602502 — 0.86602504),

M3 =mg3/5(0.86602502 +0.86602503),

Ag=m3/5(—0.29279701 — 1.4392502 — 0.57322803 +0.5732280),),

ma,=mi =mg5° (1 —2.029770,% +0.750,0, — 1.5010, — 0.04404660> — 1.50,03
+0.28690703° +0.7503504 + 0.286907@42) :
M. =mp=mzs° (1 —0.08809320:2 — 1.50102 +0.750103 +0.7501 04 — 0.08809320,>
10.750205 +0.75050, — 0.41904705% — 1.5050 4 — 2.40477@42). (A.18)

All above results are subject to the constraint,

4
> ;=1 (A.19)
i=1
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