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1 Introduction

The production of photons at large transverse momenta is studied for a variety of final-state
configurations at particle colliders, for example in inclusive photon production, photon pair
production or photon-plus-jet production. These observables probe fundamental QCD and
QED dynamics, help to constrain the parton content of the colliding hadrons, and yield
final states that are also of interest in new particle searches. At the LHC, measurements
of single-photon [1–4] and di-photon [5–7] observables are now reaching an experimental
accuracy of a few per cent, thereby demanding a comparable level of precision for the
corresponding theory predictions.

The leading-order parton-level production process of photons at large transverse mo-
menta is their radiation off quarks, which is also called prompt or direct production. An-
other source of final-state photons is their radiation in the hadronisation process of an
ordinary jet production event, called fragmentation process. This photon fragmentation
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process is described by (non-perturbative) fragmentation functions of different partons into
photons [8, 9]. The contribution of the fragmentation process to a photon production ob-
servable can be minimised by imposing an isolation criterion, which requires the photon to
be well-separated from any final-state hadrons in the event. In experimental measurements,
the photon isolation is formulated by allowing only a limited amount of hadronic energy in
a fixed-size cone around the photon. For a finite-sized cone, this hadronic energy threshold
must be non-zero to ensure infrared safety of the resulting observables, consequently leading
to a non-vanishing fragmentation contribution that must also be accounted for in the the-
ory predictions. An alternative isolation procedure is to use a dynamical cone [10], which
lowers the hadronic energy threshold towards the center of the cone and fully suppresses the
fragmentation contribution. While theory predictions at higher orders frequently employ
the dynamical cone isolation due to its simplicity, all experimental measurements to date
are based on fixed-cone isolation. The uncertainty resulting from using different isolation
prescriptions in theory and experiment forms a systematic source of error that is difficult
to quantify.

For a fixed-size cone isolation, it is not even possible to disentangle the prompt and
fragmentation processes, since the parton-level collinear photon radiation off a final-state
quark is kinematically indistinguishable from photon fragmentation. After renormalisa-
tion and mass factorisation of the incoming parton distributions, this parton-level process
yields a left-over collinear singularity, which is absorbed into the mass factorisation of the
photon fragmentation functions [8]. Consequently, the next-to-leading order (NLO) cor-
rections for inclusive photon [11–16], photon-plus-jet [17] and di-photon production [18]
depend on the photon fragmentation functions. These fulfil DGLAP-type evolution equa-
tions [9] with an inhomogeneous term from the quark-to-photon splitting, with a priori
unknown non-perturbative boundary conditions. Parametrisations of the photon fragmen-
tation functions mainly rely on models for these boundary conditions [19–21]. The only
measurements were performed up to now at LEP [22, 23], enabling an determination of
the photon fragmentation functions [24] and a critical assessment [25] of the previously
available models.

Calculations of next-to-next-to-leading order (NNLO) QCD corrections for inclusive-
photon [26, 27], photon-plus-jet [27, 28] di-photon [29–34] or tri-photon production [35,
36] have been performed up to now only for dynamical cone isolation (or variations
thereof, [37]). Theory predictions for fixed-cone isolation were not feasible at NNLO QCD
up to now, since none of the available QCD subtraction techniques at NNLO is able to
handle fragmentation processes. Most recently, first steps in this direction were taken with
the calculation of heavy-hadron fragmentation in top quark decays [38], which incorporates
the perturbative heavy-quark fragmentation at NNLO QCD [39, 40]. It is the objective
of this paper to extend the antenna subtraction method [41–43] to be able to account for
photon fragmentation up to NNLO.

In section 2, we review the mass factorisation of the photon fragmentation functions
up to NNLO, which forms the basis for the compensation of collinear singularities between
direct and fragmentation processes. The different contributions to photon production cross
sections up to NNLO in QCD are described in detail in section 3, where we construct
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the antenna subtraction terms that are required to handle collinear photon radiation at
NLO and NNLO. These antenna subtraction terms contain novel fragmentation antenna
functions for double real radiation at tree level and single real radiation at one loop, which
are differential in the final-state photon momentum fraction. The integration of these
fragmentation antenna functions over the respective antenna phase spaces is described in
sections 4 and 5. Finally, we conclude in section 6 with a discussion of possible applications
and extensions of the newly developed formalism. Two appendices document the relevant
mass factorisation kernels and all integrated NLO fragmentation antenna functions for
identified photons or partons.

2 Mass factorisation of the photon fragmentation functions

Collinear photon radiation off partons leads to singularities in cross sections involving iden-
tified final-state photons. These singularities are absorbed into a redefinition (mass factori-
sation) of the parton-to-photon fragmentation functions. This factorisation is performed at
a fragmentation scale µa, and the resulting mass-factorised fragmentation functions con-
sequently depend on µa. The relation between mass-factorised and bare fragmentation
functions can be expressed as

Di→γ(z, µ2
a) =

∑
j

Γi→j(z, µ2
a)⊗DB

j→γ(z) , (2.1)

where flavours i, j ∈ {g, q, q̄, γ}. Γi→j are the mass factorisation kernels of the fragmenta-
tion functions. We use a bold letter to indicate that these kernels carry colour factors. For
a compact notation we have introduced a photon-to-photon fragmentation function Dγ→γ .
It is given by

Dγ→γ(z, µ2
a) = DB

γ→γ(z) = δ(1− z) . (2.2)

In the convolution on the right-hand side of (2.1), we indicate the variable z on both
components with the implicit understanding that z only emerges after performing the
convolution. This prescription will allow us in the subsequent sections to distinguish con-
volutions in final-state momentum fractions z and in initial-state momentum fractions x
related to the parton distribution functions (PDF), which appear simultaneously in some
of the higher-order expressions.

Equation (2.1) can be written in matrix form, i.e.

Dγ(z, µ2
a) = Γ(z, µ2

a)⊗DB
γ (z). (2.3)

In the equation at hand Dγ and DB
γ are vectors in flavour space and Γ is a matrix in flavour

space. The mass factorisation kernel has a perturbative expansion in the strong coupling
constant αs and in the electromagnetic coupling α. The bare fragmentation functions
can now be expressed in terms of the mass-factorised fragmentation functions by inversion
of (2.3),

DB
γ (z) = Γ−1(z, µ2

a)⊗Dγ(z, µ2
a), (2.4)
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which can be expanded in α and αs to obtain the bare fragmentation functions up to a
required perturbative order. For the calculation of isolated photon production processes
up to NNLO in QCD, this expansion is required to order α1α1

s.
For the quark-to-photon fragmentation function we find

DB
q→γ(z) = Dq→γ(z, µ2

a)−
α

2πΓ(0)
q→γ

−αs2π

(
Γ(1)
q→q ⊗Dq→γ + Γ(1)

q→g ⊗Dg→γ + α

2πΓ(1)
q→γ −

α

2πΓ(1)
q→q ⊗ Γ(0)

q→γ

)
,

(2.5)

while the gluon-to-photon fragmentation function reads

DB
g→γ(z) = Dg→γ(z, µ2

a)−
αs
2π

(
Γ(1)
g→g ⊗Dg→γ +

∑
q

Γ(1)
g→q ⊗Dq→γ

+ α

2πΓ(1)
g→γ −

α

2π
∑
q

Γ(1)
g→q ⊗ Γ(0)

q→γ

)
, (2.6)

where the sum runs over all quark flavours (and also includes anti-quarks) and we have
used that Γ(0)

g→γ = 0.
It will prove useful to introduce some additional notation for combinations of terms

that are involved in the mass factorisation of the fragmentation functions. We define

F(0)
q→γ = α

2πΓ(0)
q→γ ,

F(1)
q→γ = Γ(1)

q→q ⊗
(
Dq→γ −

α

2πΓ(0)
q→γ

)
+ Γ(1)

q→g ⊗Dg→γ + α

2πΓ(1)
q→γ ,

F(0)
g→γ = Γ(0)

g→γ = 0 ,

F(1)
g→γ = Γ(1)

g→g ⊗Dg→γ +
∑
q

Γ(1)
g→q ⊗

(
Dq→γ −

α

2πΓ(0)
q→γ

)
+ α

2πΓ(1)
g→γ , (2.7)

and rewrite the relation between the bare and the mass-factorised fragmentation func-
tions as

DB
i→γ(z) = Di→γ(z, µ2

a)− F(0)
i→γ(z, µ2

a)−
αs
2πF(1)

i→γ(z, µ2
a) . (2.8)

We can further decompose F(1)
i→γ into

F(1)
i→γ = F(1),A

i→γ + F(1),B
i→γ + F(1),C

i→γ (2.9)

with

F(1),A
q→γ = Γ(1)

q→q ⊗Dq→γ + Γ(1)
q→g ⊗Dg→γ ,

F(1),A
g→γ = Γ(1)

g→g ⊗Dg→γ +
∑
q

Γ(1)
g→q ⊗Dq→γ ,

F(1),B
q→γ = − α

2πΓ(1)
q→q ⊗ Γ(0)

q→γ ,
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F(1),B
g→γ = − α

2π
∑
q

Γ(1)
g→q ⊗ Γ(0)

q→γ ,

F(1),C
q→γ = α

2πΓ(1)
q→γ ,

F(1),C
g→γ = α

2πΓ(1)
g→γ . (2.10)

3 Photon production cross section

Any isolated photon production cross section at higher orders in QCD consists of a direct
and a fragmentation contribution. Its general form reads:

dσ̂γ+X = dσ̂γ +
∑
p

dσ̂p ⊗DB
p→γ , (3.1)

with p ∈ {qj , q̄j , g}. dσ̂p is the cross section for the production of parton p with large trans-
verse momentum and dσ̂γ describes the direct contribution to the photon production cross
section. Beyond the Born approximation, it contains singularities originating from config-
urations where partons are collinear to the photon. The bare fragmentation contribution
in the above equation further decomposes in two parts: a piece where dσ̂p is convoluted
with the mass-factorised fragmentation functions and the mass factorisation counterterms
of the fragmentation functions, which will cancel the parton-photon collinear singularities
in the direct contribution.

Genuine QCD infrared singularities that do not involve the photon are fully contained
inside the direct contribution, where they compensate each other between partonic subpro-
cesses of different multiplicity. By using a dynamical photon isolation, which regulates any
parton-photon collinear configuration and discards the fragmentation contribution, these
singularities can be handled with generic QCD subtraction methods up to NNLO. Following
this procedure, NNLO results have been obtained for photon-plus-jet production [26, 27],
di-photon production [29–32], di-photon-plus-jet production [33, 34] and tri-photon pro-
duction [35, 36]. In the following, it is assumed that the genuine QCD singularities have al-
ready been handled using antenna subtraction, such that only the remaining parton-photon
collinear singularities remain to be dealt with. The subtractions for infrared-singular gen-
uine QCD and parton-photon collinear configurations are largely independent (except for
the occurrence of simple collinear quark-photon singularities in a single type of genuine
QCD subtraction terms, discussed in section 3.2.3 below) up to NNLO, such that the
corresponding subtraction terms can just be combined in an additive manner. We will
thus discuss only the construction of parton-photon collinear subtractions, their interplay
with the mass factorisation of the parton-to-photon fragmentation functions, and generic
fragmentation function contributions in the following.

The cross section dσ̂i is expanded in powers of αs, i.e.

dσ̂i = dσ̂LO
i + αs

2πdσ̂
NLO
i +

(
αs
2π

)2
dσ̂NNLO

i +O(α3
s) . (3.2)
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With the power counting of the fragmentation functions given by Dq/q̄/g→γ = O(α), the
different contributions to the photon cross section at the different levels of accuracy read

dσ̂γ+X,LO = dσ̂LO
γ , (3.3)

dσ̂γ+X,NLO = dσ̂NLO
γ + dσ̂LO

g ⊗Dg→γ +
∑
q

dσ̂LO
q ⊗Dq→γ −

∑
q

dσ̂LO
q ⊗ F(0)

q→γ , (3.4)

and

dσ̂γ+X,NNLO = dσ̂NNLO
γ +

∑
q

dσ̂NLO
q ⊗Dq→γ −

∑
q

dσ̂NLO
q ⊗ F(0)

q→γ

−
∑
q

dσ̂LO
q ⊗ αs

2πF(1)
q→γ + dσ̂NLO

g ⊗Dg→γ − dσ̂LO
g ⊗ αs

2πF(1)
g→γ . (3.5)

We used (2.8) to express the bare fragmentation functions in terms of the mass-factorised
fragmentation functions and used that F(0)

g→γ = 0. The sums in the above equations also
run over anti-quarks. In general, the fragmentation functions are flavour-sensitive while
the mass factorisation kernels are flavour-blind.

In the cross section dσ̂i the final-state particle i has to be identified. This holds not
only for the case i = γ but also when i is a parton. Therefore, it is useful to rewrite the
higher-order cross section as

dσ̂NLO
i =

∫
n+1

(
dσ̂Ri − dσ̂Si − dσ̂Sj(i)

)
+
∫
n

(
dσ̂Vi − dσ̂Ti − dσ̂Tj(i)

)
(3.6)

and

dσ̂NNLO
i =

∫
n+2

(
dσ̂RRi − dσ̂Si − dσ̂Sj(i)

)
+
∫
n+1

(
dσ̂RVi − dσ̂Ti − dσ̂Tj(i)

)
+
∫
n

(
dσ̂V Vi − dσ̂Ui − dσ̂Uj(i)

)
, (3.7)

where we divided the subtraction terms in a part in which the identified particle remains
resolved and a part in which particle i is unresolved, i.e. in the reduced matrix element
there is no momentum corresponding to particle i alone, but it is part of a cluster of
identity j ∈ {qj , q̄j , g}. The subscripts of the integral signs refer to the number of final-
state particles.

All explicit poles in dσ̂Tj(γ) and dσ̂Uj(γ) have to cancel against the mass factorisation
terms of the fragmentation functions. It should be noted that the composition of these
cross sections slightly deviates from the pure QCD case [43], where all counterterms from
the mass factorisation of the incoming parton distributions are contained in dσ̂T and dσ̂U .
In dσ̂Tj(γ) and dσ̂Uj(γ), only counterterms associated with the parton distributions are in-
cluded, while the mass factorisation counterterms of the photon fragmentation functions
are not included, but added explicitly to (3.6) and (3.7). This distinction will allow a more
transparent identification of infrared cancellations associated with the photon fragmenta-
tion process in the following.
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3.1 Subtraction at NLO

The form of the NLO cross section is given in (3.4). Using additionally the notation of (3.6)
for dσ̂NLO

γ , we have

dσ̂γ+X,NLO =
∫
n+1

(
dσ̂Rγ − dσ̂Sγ −

∑
q

dσ̂Sq(γ)

)

+
∫
n

(
dσ̂Vγ − dσ̂Tγ

)
+
∫
n

∑
q

(
−dσ̂Tq(γ) − dσ̂Bq ⊗ F(0)

q→γ

)
+
∫
n

∑
q

dσ̂Bq ⊗Dq→γ +
∫
n
dσ̂Bg ⊗Dg→γ , (3.8)

where each individual line is free of implicit and explicit divergences. dσ̂Sq(γ) subtracts
the quark-photon singular collinear configurations of dσ̂Rγ . At NLO, these configurations
always yield a quark as a parent cluster so that there is no contribution to dσ̂Sg(γ). The
flavour sum runs over {u, d, s, c, b} and does not distinguish between quarks and anti-quarks
as Dq→γ = Dq̄→γ .

The full dσ̂Sq(γ) subtraction term is a sum of contributions of the type,

dσ̂Sq(γ) = NR
NLO

∑
perm.

dΦn+1(k1, . . . , kn, kγ ; p1, p2) 1
Sn+1

×A0
3(ǩq̄, kid.

γ , kq)Q2
qM

0
n+2(. . . , k(qγ), . . . )J (n)

m ({k̃}n; z). (3.9)

The antenna function in (3.9) mimics the singular q ‖ γ limit of the real-radiation matrix
element. At NLO one can always choose the A0

3 antenna function in its final-final or
initial-final crossing to subtract this limit. We indicate the reference momentum with a
check-mark and the identified particle with a superscript (id.). The reduced matrix element
is a Born-level jet matrix element and it is multiplied with the charge Qq of the quark, to
which the photon becomes collinear. z is the momentum fraction of the photon within the
cluster momentum k(qγ). It is given by z = z3

(
ǩq̄, k

id.
γ , kq

)
with the general definition for

the NLO momentum fraction

z3
(
ǩa, k

id.
b , kc

)
= sab
sab + sac

. (3.10)

The jet function J
(n)
m applies the jet algorithm as well as any cuts on the photon. Con-

sequently, it retains an explicit functional dependence on z. The new class of antenna
functions in (3.9), in which a final-state particle is identified, are called fragmentation
antenna functions.

The limit in which the photon becomes collinear to the reference momentum corre-
sponds to the limit z → 0, and this configuration will be vetoed by the jet function. The
reference particle can be either in the final or in the initial state, i.e. final-final or initial-final
fragmentation antenna functions can be used. In the case of an initial-final fragmentation
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antenna function we exclusively use the initial-state momentum as the reference direction
in the definition of the momentum fraction z. Therefore, in this case we have ǩq̄ = p̌q
in (3.9).

To integrate the subtraction term we have to factorise the phase space in (3.9) and
make the integration over z explicit. A different phase space factorisation applies for the
cases of initial-final and final-final antenna functions.

Using the initial-final phase space factorisation [42], we obtain

dΦn+1(. . . , kq, kγ , . . . ; pq, p2) = dΦn(. . . , k(qγ), . . . ; p̄q, p2)dx
x

Q2

2π dΦ2δ

(
z − sq̌γ

sq̌γ + sq̌q

)
dz ,

(3.11)
where q2 = (pq − kγ − kq)2 = −Q2 and dΦ2 = dΦ2(q, pq; kγ , kq). We used that in the case
of an initial-final antenna we have ǩq̄ = p̌q.

Using the final-final phase space factorisation [41], one can rewrite the n + 1 particle
phase space as

dΦn+1(. . . , kq̄, kγ , . . . ; p1, p2) = dΦn(. . . , k̃q̄, k(qγ), . . . ; p1, p2)dΦ3P
−1
2 δ

(
z − sq̄γ

sq̄γ + sq̄q

)
dz ,

(3.12)
where dΦ3 = dΦ3(kq̄, kγ , kq; k̃q̄ + k(qγ)) and P2 is the integrated two-body phase space, i.e.

P2 =
∫

dΦ2 = 2−3+2επ−1+εΓ(2− 2ε)
Γ(1− ε) s

−ε . (3.13)

After factorising the phase space in (3.9), the integration of the subtraction term dσ̂Sq(γ)
can be performed:

dσ̂Tq(γ) = −N V
NLOQ

2
q

∑
perm.

∫ dx
x

∫ 1

0
dz dΦn(k1, . . . , kq, . . . , kn;xp1, p2)

× 1
Sn
A0, id.γ

3,q̄ (x, z)M0
n+2(. . . , kq, . . . ) J (n)

m ({k}n; z) , (3.14)

where N V
NLO = NR

NLOC(ε), with C(ε) = (4πe−γE )ε /(8π2). In case a final-final antenna
function is used there is no explicit x-dependence in the subtraction term. A0, id.γ

3,q̄ is the
integrated fragmentation antenna function. The subscript corresponds to the reference
particle used in the definition of the momentum fraction. The integration of a general
X0,id.j
i,jk fragmentation antenna function with identified particle j and reference particle i in

the initial-final configuration reads

X 0,id.j
3,i (x, z) = 1

C(ε)

∫
dΦ2(q, pi; kj , kk)X0,id.j

i,jk

Q2

2π δ
(
z − sij

sij + sik

)

= Q2

2
eγEε

Γ(1− ε)
(
Q2
)−ε
J (x, z)X0,id.j

i,jk (x, z) (3.15)

with q2 = (pi − kj − kk)2 = −Q2 < 0 and the Jacobian factor is given by

J (x, z) = (1− x)−εxεz−ε(1− z)−ε . (3.16)
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It originates from expressing the integration over the two-body phase space as a single
integration over z. After expressing the invariants in the antenna function in terms of x
and z, all terms of the form (1 − x)−1−ε and (1 − z)−1−ε are expanded in distributions,
where we use the notation

Dn(u) =
[

logn(1− u)
1− u

]
+
, n ∈ N0 . (3.17)

The integrated A0
3 fragmentation antenna function in the initial-final configuration

reads

A0,id.γ
3,q̂ (x, z) =

(
Q2
)−ε [

− 1
2εδ(1− x)p(0)

γq (z) + 1
2 −

x

2 + z

4 + xz

4 + 1
2zδ(1− x)

+
(
−1

4 −
x

4 + 1
2D0(x) + 1

2δ(1− x) (log(1− z) + log(z))
)
p(0)
γq (z)

]
+O(ε) ,

(3.18)

where p(0)
γq denotes the quark-photon splitting function given in (A.3). In the final-final

configuration the integration of a fragmentation antenna functions X0,id.j
ijk with identified

particle j and reference particle i takes the form

X 0, id.j
3,i (z) = 1

C(ε)

∫
dΦ3

(
ki, kj , kk; k̃i + k(kj)

)
P−1

2 δ

(
z − sij

sij + sik

)
X0, id.j
ijk

= eγEε

Γ(1− ε)s
−1+2ε
ijk z−ε(1− z)−ε

∫ sijk

0
dsjk(sijk − sjk)1−2εs−εjkX

0, id.j
ijk (sjk, z) .

(3.19)

As in the initial-final integration, we obtain a Jacobian factor from rewriting one of
the two non-trivial integrations of the three-body phase space as an integration over z.
The remaining integration is straightforward for the tree-level X0

3 fragmentation antenna
functions. The final-final fragmentation antenna function needed to subtract quark-photon
collinear singularities is A0

3(ˇ̄q, γid., q). Its integrated form reads

A0,id.γ
3,q̄ (z) = (sqγq̄)−ε

[
− 1

2εp
(0)
γq (z) + 1

4 + z

8 +
(
−3

8 + 1
2 log(1− z) + log(z)

2

)
p(0)
γq (z)

]
+O(ε) . (3.20)

It can be seen from (3.18) and (3.20) that the quark-photon collinear singularity is
manifest in an 1/ε-pole at the integrated level. This pole is cancelled by the mass factori-
sation contribution of the fragmentation functions, which reads

dσ̂Bq ⊗ F(0)
q→γ = 1

2 N
V
NLOQ

2
q

∑
perm.

∫ 1

0
dz dΦn(k1, . . . , kq, . . . , kn; p1, p2)

× 1
Sn

µ−2ε
a Γ(0)

γq (z)M0
n+2(. . . , kq, . . . ) J (n)

m ({k}n; z) , (3.21)
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where µa denotes the fragmentation scale and we have expanded out the mass factorisation
counterterm F(0)

q→γ in terms of coupling factors and colour-ordered coefficients Γ as outlined
in (2.7) and in detailed appendix A. The Born cross section is

dσ̂Bq = N LO
jet

∑
perm.

dΦn({k}n; p1, p2) 1
Sn
M0
n(. . . , kq, . . . )J (n)

m ({k}n; z) . (3.22)

In here, the jet function depends on z because the quark momentum kq denotes a quark-
photon cluster containing a photon with momentum fraction z. The normalisation factors
are related by NB

jetα/(2π) (4πe−γE )ε = N V
NLO/2.

Adding the integrated subtraction term (3.14) and the mass factorisation contribu-
tion (3.21), one has

dσ̂Tq(γ) + dσ̂Bq ⊗ F(0)
q→γ = −N V

NLOQ
2
q

∑
perm.

∫ dx
x

∫ 1

0
dz 1
Sn

dΦn(k1, . . . , kq, . . . , kn;xp1, p2)

×J
(1), id.γ
2,q̄ (q̄, q)M0

n+2(. . . , kq, . . . ) J (n)
m ({k}n; z) . (3.23)

Combination of the integrated initial-final fragmentation antenna function (3.18) with
the mass factorisation kernel yield the NLO fragmentation dipole

J
(1),id.γ
2,q̂ (q̂, q) = A0,id.γ

3,q̂ (z, x)− 1
2 µ
−2ε
a Γ(0)

γq (z) δ(1− x) . (3.24)

In case a final-final A0
3 fragmentation antenna function is used, the dipole reads

J
(1), id.γ
2,q̄ (q̄, q) = A0,id.γ

3,q̄ (z)− 1
2 µ
−2ε
a Γ(0)

γq (z) , (3.25)

where the integrated fragmentation antenna function is given in (3.20). The fragmentation
dipoles (3.24) and (3.25) are ε-finite. Therefore, having expressed dσ̂Tq(γ) + dσ̂Bq ⊗F(0)

q→γ in
terms of these dipoles the pole cancellation between the direct part and the mass factori-
sation contribution is guaranteed.

The fragmentation contribution to the photon production cross section at NLO takes
the form

dσ̂Bi ⊗Di→γ = NB
jet
∑

perm.

∫ 1

0
dz dΦn(k1, . . . , ki, . . . , kn; p1, p2)

× 1
Sn

Di→γ(z, µ2
a)M0

n+2(. . . , ki, . . . ) J (n)
m ({k}n; z) , (3.26)

where i can be a gluon or a quark. z is the momentum fraction which the photon carries
away from its parent momentum ki during the process of fragmentation.

3.2 Subtraction at NNLO

The pole cancellation among the different pieces (3.5) at NNLO is more involved. These
pieces can be rearranged according to whether they contain the mass-factorised photon
fragmentation functions (fragmentation contribution) or not (direct contribution). The
direct contribution contains all photon-parton singular configurations and their associated
counterterms from the mass factorisation of the photon fragmentation functions.
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3.2.1 Fragmentation contribution

The fragmentation contribution appears in isolated photon cross sections only from NLO
onwards. Consequently, its contribution at NNLO amounts to an NLO-type correction to
the production of an identified parton, which subsequently fragments into the photon. This
contribution can be further divided into the generic NLO hard subprocess cross sections,

dσ̂γ+X,NNLO
f1

=
∑
q

∫
n+1

(
dσ̂Rq − dσ̂Sq − dσ̂Sq(q) − dσ̂Sg(q)

)
⊗Dq→γ

+
∑
q

∫
n

(
dσ̂Vq − dσ̂Tq − dσ̂Tq(q) − dσ̂Tg(q)

)
⊗Dq→γ

+
∫
n+1

(
dσ̂Rg − dσ̂Sg − dσ̂Sg(g) − dσ̂Sq(g)

)
⊗Dg→γ

+
∫
n

(
dσ̂Vg − dσ̂Tg − dσ̂Tg(g) − dσ̂Tq(g)

)
⊗Dg→γ (3.27)

and terms resulting from the mass factorisation of the photon fragmentation functions,
corresponding to the mass factorisation kernels F(1),A

q→γ and F(1),A
g→γ in (3.5):

dσ̂γ+X,NNLO
f2

= −
∑
q

dσ̂LO
q ⊗ αs

2πF(1),A
q→γ − dσ̂LO

g ⊗ αs
2πF(1),A

g→γ . (3.28)

Expanding these kernels yields the full fragmentation contribution:

dσ̂γ+X,NNLO
f = dσ̂γ+X,NNLO

f1
+ dσ̂γ+X,NNLO

f2

=
∑
q

∫
n+1

(
dσ̂Rq − dσ̂Sq − dσ̂Sq(q) − dσ̂Sg(q)

)
⊗Dq→γ

+
∑
q

∫
n

(
dσ̂Vq − dσ̂Tq − dσ̂Tq(q) − dσ̂Bq ⊗

αs
2πΓ(1)

q→q

)
⊗Dq→γ

+
∑
q

∫
n

(
−dσ̂Tg(q) − dσ̂Bg ⊗

αs
2πΓ(1)

g→q

)
⊗Dq→γ

+
∫
n+1

(
dσ̂Rg − dσ̂Sg − dσ̂Sg(g) − dσ̂Sq(g)

)
⊗Dg→γ

+
∫
n

(
dσ̂Vg − dσ̂Tg − dσ̂Tg(g) − dσ̂Bg ⊗

αs
2πΓ(1)

g→g

)
⊗Dg→γ

+
∫
n

(
−dσ̂Tq(g) − dσ̂Bq ⊗

αs
2πΓ(1)

q→g

)
⊗Dg→γ , (3.29)

where we used the expression for the kernels given in (2.10). Each line in (3.29) is free of
explicit and implicit divergences.

The only singularity which is subtracted in dσ̂Sq(q) corresponds to the q ‖ g limit, in
which the two partons form a parent quark and the original quark momentum within the
quark-gluon cluster is identified. The subtraction term takes the form

dσ̂Sq(q) = NR
jet
∑

perm.
dΦn+1(k1, . . . , kq, . . . , kg, . . . , kn+1; p1, p2) 1

Sn+1

×X0
3 (ǩs, kg, kid.

q )M0
n+2(. . . , k(gq), . . . )J (n)

m ({k̃}n;u) , (3.30)
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where we used the same notation as in (3.9) to indicate the reference parton with momen-
tum ks and the identified quark momentum kq. The momentum kg is the momentum of
the gluon which is colour connected to the quark for the specific colour ordering. u is the
momentum fraction of the quark in the cluster momentum k(gq). It reads

u = z3
(
ǩs, k

id.
q , kg

)
= ssq
ssq + ssg

. (3.31)

For the subtraction of a quark-gluon collinear limit either a D0
3 or A0

3 antenna function
can be used and the reference particle can be in the initial or final state. The convolution
of the subtraction term with the quark-to-photon fragmentation functions is given by

dσ̂Sq(q) ⊗Dq→γ = NR
jet
∑

perm.

∫ 1

0
dv dΦn+1(k1, . . . , kq, . . . , kg, . . . , kn+1; p1, p2) 1

Sn+1

×X0
3 (ǩs, kg, kid.

q )M0
n+2(. . . , k(gq), . . . )J (n)

m ({k̃}n; z = uv)Dq→γ(v, µ2
a) .
(3.32)

In here, we have two momentum fractions: v denotes the fraction of the photon momentum
in the quark-photon cluster. The quark itself is part of a quark-gluon cluster, in which
it carries a momentum fraction u. The jet function J

(n)
m has to reconstruct the photon

momentum from the mapped momentum k(gq). The momentum fraction of the photon in
the quark-gluon-photon cluster momentum k(gq) is given by z = uv, which is entering the
jet function.

The subtraction term dσ̂Sg(q) subtracts the q ‖ q̄ limit. In this case the cluster identity
is a gluon. This subtraction term reads

dσ̂Sg(q) = NR
jet

 ∑
perm.

dΦn+1(k1, . . . , kq, . . . , kq̄, . . . , kn+1; p1, p2) 1
Sn+1

×X0
3 (ǩs, kid.

q , kq̄)M0
n+2(. . . , k(qq̄), . . . )J (n)

m ({k̃}n;u) + (q ↔ q̄)

 , (3.33)

where we have indicated that there is an identical term in which the anti-quark is identified.
Both of these terms are convoluted with the same fragmentation function since Dq→γ =
Dq̄→γ . The antenna function in (3.33) can be either a E0

3 or G0
3 antenna and they can

be used in the initial-final or final-final configuration. The convolution of (3.33) with the
fragmentation function takes the same form as (3.32).

The integration of the subtraction terms (3.30) and (3.33) proceeds in the same man-
ner as the integration of dσ̂Sq(γ). After integrating over the antenna phase space the frag-
mentation antenna function retains an explicit dependence on the momentum fraction.
Performing the convolution with the fragmentation functions, we find

dσ̂Tq(q) ⊗Dq→γ = −N V
jet
∑

perm.

∫ dx
x

∫ 1

0
dz
∫ 1

z

du
u

dΦn(k1, . . . , kq, . . . , kn;xp1, p2)

× 1
Sn
X 0, id.q

3,s (x, u)Dq→γ

(
z

u
, µ2

a

)
M0
n+2(. . . , kq, . . . )J (n)

m ({k}n; z) .

(3.34)
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The jet function again only depends on z = uv. In case a final-final antenna function is
used to subtract the q ‖ g limit, there is no explicit dependence on and integration over x.

To obtain a fragmentation dipole from the integrated fragmentation antenna function
it has to be combined with the mass factorisation contribution from the fragmentation
functions. For the case at hand the corresponding mass factorisation contribution is F(1),A

q→γ .
It reads

dσ̂Bq ⊗
αs
2πΓ(1)

q→q ⊗Dq→γ =

N V
jet
∑

perm.

∫ 1

0
dz
∫ 1

z

du
u

1
Sn

dΦn(k1, . . . , kq, . . . , kn; p1, p2)

×µ−2ε
a Γ(1)

qq (u)Dq→γ

(
z

u
, µ2

a

)
M0
n+2(. . . , kq, . . . ) J (n)

m ({k}n; z) , (3.35)

where we used N V
jet = NB

jet (4πe−γE )ε αsN/(2π) and where the mass factorisation kernel is
expanded according to (A.1). Combining (3.34) and (3.35), we find

dσ̂Tq(q) ⊗Dq→γ + dσ̂Bq ⊗
αs
2πΓ(1)

q→q ⊗Dq→γ

= −N V
jet
∑

perm.

∫ dx
x

∫ 1

0
dz
∫ 1

z

du
u

dΦn(k1, . . . , kq, . . . , kn;xp1, p2) 1
Sn
Dq→γ

(
z

u
, µ2

a

)

×
(
X 0, id.q

3,s (x, u)− µ−2ε
a δ(1− x)Γ(1)

qq (u)
)
M0
n+2(. . . , kq, . . . )J (n)

m ({k}n; z) . (3.36)

If the reference particle in the fragmentation antenna function X0
3 is in the initial state

there is an additional contribution from the mass factorisation terms of the initial-state
parton distributions. In this case we would have to replace the integrated fragmentation
antenna function by the dipole which includes this contribution. There are two final-final
fragmentation dipoles for the limit under consideration,

J
(1), id.q
2,q̄ (q̄, q) = A0,id. q

3,q̄ (u)− µ−2ε
a Γ(1)

qq (u) ,

J
(1), id.q
2,g (g, q) = D0,id. q

3,g (u)− µ−2ε
a Γ(1)

qq (u) . (3.37)

In the initial-final configuration we have

J
(1), id.q
2,q̂ (q̂, q) = A0,id. q

3,q̂ (u, x)− µ−2ε
F Γ(1)

qq (x)δ(1− u)− µ−2ε
a Γ(1)

qq (u)δ(1− x) ,

J
(1), id.q
2,ĝ (ĝ, q) = D0,id. q

3,ĝ (u, x)− 1
2µ
−2ε
F Γ(1)

gg (x)δ(1− u)− µ−2ε
a Γ(1)

qq (u)δ(1− x) , (3.38)

where we also included the contribution from the mass factorisation terms of the initial-
state parton distributions, which are mass-factorised at the factorisation scale µF . The
remaining poles of the identified dipoles are all proportional to δ(1− x) δ(1− u) so that a
cancellation with the virtual contribution can take place. The expressions for the A0,id. q

3,q
and D0,id. q

3,g integrated antenna functions are given in appendix B.
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In case the identified quark is part of a quark-anti-quark cluster resulting from a gluon
splitting, we have

dσ̂Tg(q) ⊗Dq→γ = −2N V
jet
∑

perm.

∫ dx
x

∫ 1

0
dz
∫ 1

z

du
u

dΦn(k1, . . . , kg, . . . , kn;xp1, p2)

× 1
Sn
X 0, id.q

3,s (x, u)Dq→γ

(
z

u
, µ2

a

)
M0
n+2(. . . , kg, . . . )J (n)

m ({k}n; z) ,

(3.39)

where kg is the momentum of the qq̄-cluster. The overall factor 2 accounts results from
summation over quark and anti-quark of flavour q, which have identical fragmentation
functions to photons. The additional contribution coming from F(1),A

g→γ in (3.29) takes
the form

dσ̂Bg ⊗
αs
2πΓ(1)

g→q ⊗Dq→γ

= 2N V
jet
∑

perm.

∫ 1

0
dz
∫ 1

z

du
u
dΦn(k1, . . . , kg, . . . , kn;xp1, p2) 1

Sn

×µ−2ε
a Γ(1)

qg (u)Dq→γ

(
z

u
, µ2

a

)
M0
n+2(. . . , kg, . . . ) J (n)

n ({k}; z = uv) , (3.40)

where we used N V
jet = (4πe−γE )ε αs/(2π)ÑB

jet. Usually there is an additional factor of N
when going from the Born normalisation to the virtual normalisation factor. This factor
is absent in (3.40) since the normalisation in (3.39) refers to a four-quark matrix element,
while the Born normalisation factor in (3.40) refers to a two-quark matrix element.

Combination of both contributions yields

dσ̂Tg(q) ⊗Dq→γ + dσ̂Bg ⊗
αs
2πΓ(1)

g→γ ⊗Dq→γ

= −2N V
jet
∑

perm.

∫ dx
x

∫ 1

0
dz
∫ 1

z

du
u

dΦn(k1, . . . , kg, . . . , kn;xp1, p2) 1
Sn
Dq→γ

(
z

u
, µ2

a

)

×
(
X 0,id.q

3,s (x, u)− µ−2ε
a δ(1− x)Γ(1)

qg (u)
)
M0
n+2(. . . , kg, . . . )J (n)

m ({k}n; z) . (3.41)

The term which is convoluted with the fragmentation function defines another frag-
mentation dipole, containing a G0

3 or E0
3 antenna function for the q ‖ q̄ limit. For the

reference particle being in the final state the corresponding dipoles read

J
(1), id.q′

2,q (q, g) = E0,id. q′

3,q (u)− µ−2ε
a Γ(1)

qg (u) ,

J
(1), id.q′

2,g (g, g) = G0,id. q′

3,g (u)− µ−2ε
a Γ(1)

qg (u) , (3.42)

and for an initial-state reference particle we have

J
(1), id.q′

2,q̂ (q̂, g) = E0,id. q′

3,q̂ (u, x)− µ−2ε
a Γ(1)

qg (u)δ(1− x) ,

J
(1), id.q′

2,ĝ (ĝ, g) = G0,id. q′

3,ĝ (u, x)− µ−2ε
a Γ(1)

qg (u)δ(1− x) . (3.43)
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The integrated antenna functions E0,id. q′

3,q = E0,id. q̄′

3,q and G0,id. q′

3,g = G0,id. q̄′

3,g are documented
in appendix B. As the dipoles (3.42) and (3.43) correspond to a flavour-changing limit,
they are ε-finite.

Using these fragmentation dipoles the NNLO fragmentation contribution (3.29) can
be implemented using the antenna subtraction formalism.

3.2.2 Direct contribution: structure and final-state mass factorisation

The direct contribution to the NNLO photon production cross section reads according
to (3.5):

dσ̂NNLO
γ =

∫
n+2

(
dσ̂RRγ − dσ̂Sγ −

∑
q

dσ̂Sq(γ) − dσ̂Sg(γ)

)

+
∫
n+1

(
dσ̂RVγ − dσ̂Tγ −

∑
q

dσ̂Tq(γ) − dσ̂Tg(γ)

)

+
∫
n

(
dσ̂V Vγ − dσ̂Uγ −

∑
q

dσ̂Uq(γ) − dσ̂Ug(γ)

)
. (3.44)

This contribution contains final-state parton-photon collinear singularities that are can-
celled by the mass factorisation terms of the fragmentation functions. The relevant terms
at NNLO are as follows:

dσ̂γ+X,NNLO
MF = −

∑
q

(
dσ̂NLO

q ⊗ F(0)
q→γ + dσ̂LO

q ⊗ αs
2πF(1),B

q→γ

)
− dσ̂LO

g ⊗ αs
2πF(1),B

g→γ

−
∑
q

dσ̂LO
q ⊗ αs

2πF(1),C
q→γ − dσ̂LO

g ⊗ αs
2πF(1),C

g→γ

=
∑
q

∫
n+1

(
dσ̂Rq − dσ̂Sq − dσ̂Sq(q) − dσ̂Sg(q)

)
⊗
(
− α

2πΓ(0)
q→γ

)

+
∑
q

∫
n

(
dσ̂Vq − dσ̂Tq − dσ̂Tq(q) − dσ̂Bq ⊗

αs
2πΓ(1)

q→q

)
⊗
(
− α

2πΓ(0)
q→γ

)

+
∑
q

∫
n

(
−dσ̂Tg(q) − dσ̂Bg ⊗

αs
2πΓ(1)

g→q

)
⊗
(
− α

2πΓ(0)
q→γ

)

−
∑
q

∫
n
dσ̂Bq ⊗

αs
2π

α

2πΓ(1)
q→γ −

∫
n
dσ̂Bg ⊗

αs
2π

α

2πΓ(1)
g→γ . (3.45)

The individual lines in the above expressions (3.44) and (3.45) are free of implicit sin-
gularities. However, each term contains explicit poles in ε, which eventually have to cancel
among the different contributions. To guarantee the cancellation we also have to include
additional mass factorisation terms of the initial-state parton distributions at different lev-
els of the calculation. These terms are contained inside the dσ̂T,Ui in the above expression
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and take the general form

dσ̂γ+X,NNLO
ISMF1 = −

∫
n+1

Γ(1)
PDF ⊗

(
−dσ̂S,NLO

q(γ)

)
, (3.46)

dσ̂γ+X,NNLO
ISMF2 = −

∫
n

Γ(1)
PDF ⊗

(
−dσ̂T,NLO

q(γ)

)
. (3.47)

Finally, products of mass factorisation terms of initial-state parton distributions and
final-state fragmentation functions appear at the double virtual level. These mixed
terms read:

dσ̂γ+X,NNLO
MF3 =

∫
n

Γ(1)
PDF ⊗

(
α

2πΓ(0)
q→γ

)
⊗
(
dσ̂Bq

)
. (3.48)

We discuss the cancellation of the implicit and explicit singularities at each level of final-
state multiplicity.

3.2.3 Direct contribution: double real level

The double-real subtraction terms in which the photon becomes unresolved can be decom-
posed into the parts dσ̂S,a, dσ̂S,b, dσ̂S,c and dσ̂S,d as it is done for genuine QCD subtraction
terms [43]. The notion of colour connection is however slightly different here, since the
final-state photon can not become soft. It is thus only colour connected to one of the
hard emitters in its antenna function. The second hard emitter is only used as reference
momentum to define the collinear momentum fraction, and does not play a role in any
unresolved limit. If this reference momentum is shared with another antenna function, the
configuration is still viewed as colour unconnected and thus part of dσ̂S,d.

The single unresolved subtraction term dσ̂S,a follows the same construction pattern as
the NLO real subtraction term. Moreover, in a single unresolved limit the photon can only
become part of quark-photon cluster. Consequently, we have dσ̂S,ag(γ) = 0. The subtraction
term for a single collinear q ‖ γ limit reads

dσ̂S,aq(γ) = NRR
∑

perm.
dΦn+2(k1, . . . , kq, . . . , kn+1, kγ ; pq̂, p2) 1

Sn+2

×A0
3(p̌q̂, kid.

γ , kq)Q2
qM

0
n+3(. . . , k(qγ), . . . )J (n+1)

n

(
{k̃}n+1; z

)
, (3.49)

where the momentum fraction z = z3(p̌q̂, kid.
γ , kq) is given in (3.10). The subtraction

term (3.49) subtracts the single collinear quark-photon limits of the corresponding double
real radiation matrix element. In the construction of the double real subtraction term
we use the A0

3 fragmentation antenna function in its initial-final configuration, where it
contains only the final-state quark-photon collinear limit. In case there is no initial-state
quark in the corresponding double real matrix element an initial-state gluon momentum is
used as reference momentum in the A0

3 antenna function.
The subtraction term at hand introduces spurious additional singularities in almost

colour connected and colour disconnected limits as the jet function allows an additional
parton to become unresolved. Likewise, the genuine QCD double real subtraction term of
type dσ̂S,a (which were originally constructed for a dynamical photon isolation) contains
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reduced matrix elements that can develop collinear quark-photon singularities once a fixed-
cone photon isolation is applied. One has to account for both these types of spurious
singularities when constructing the subtraction terms dσ̂S,c and dσ̂S,d. Terms of the form
of (3.49) are reintroduced at the real-virtual level upon integration over the antenna phase
space. They combine with the term dσ̂Rq ⊗ (−F(0)

q→γ) in (3.45) and form fragmentation
dipoles, which were introduced in (3.24).

The subtraction terms for colour connected double unresolved limits including the pho-
ton are dσ̂S,b1

q(γ) and dσ̂S,b1
g(γ). In both cases the unresolved limits correspond to triple collinear

configurations. The singular limit which is subtracted by dσ̂S,b1
q(γ) is the triple collinear

q ‖ g ‖ γ limit, while the limit subtracted by dσ̂S,b1
g(γ) is the triple collinear q ‖ γ ‖ q̄ limit.

Therefore, the only X0
4 antenna functions needed are Ã0

4(q, g, γ, q̄) and Ẽ0
4(q, q′, γ, q̄′) [41].

We use these antenna functions exclusively in their initial-final configuration.
The subtraction term for the limit where the photon and a gluon simultaneously be-

come unresolved reads

dσ̂S,b1
q(γ) = NRR

∑
perm.

dΦn+2(k1, . . . , kq, . . . , kg, . . . , kn+1, kγ ; pq̂, p2) 1
Sn+2

×Ã0
4(p̌q̂, kg, kid.

γ , kq)Q2
qM

0
n+2(. . . , k(qγg), . . . ), J (n)

n

(
{k̃}n; z

)
, (3.50)

where the momentum kg is the momentum of the gluon to which the final-state quark is
colour connected. The momentum fraction of the photon in the cluster momentum k(qγg)

is z = z4
(
p̌q̂, k

id.
γ , kg, kq

)
with the general definition of the NNLO momentum fraction

z4
(
ǩa, k

id.
b , kc, kd

)
= sab
sab + sac + sad

. (3.51)

The subtraction term for the q ‖ γ ‖ q̄ limit reads

dσ̂S,b1
g(γ) = NRR

∑
perm.

dΦn+2(k1, . . . , kq′ , . . . , kq̄′ , . . . , kn+1, kγ ; pq̂, p2) 1
Sn+2

×Ẽ0
4(p̌q̂, kq′ , kid.

γ , kq̄′)Q2
q′ M0

n+2(. . . , k(q′γq̄′), . . . ), J (n)
n

(
{k̃}n; z

)
,

(3.52)

where the momentum fraction z is given by z = z4
(
p̌q, k

id.
γ , kq′ , kq̄′

)
.

In case there is no initial-state quark in the corresponding double real matrix element,
we use an initial-state gluon momentum in the X0

4 antenna functions in (3.50) and (3.52) as
the reference momentum. The integration of these two X0

4 fragmentation antenna functions
is explained in detail in section 4. After integrating over the antenna phase space the
contributions (3.50) and (3.52) are added back at the double virtual level.

The antenna functions in dσ̂S,b1
j(γ) contain single unresolved singular limits which have

to be subtracted to guarantee an overall successful subtraction (see [43] for details). The
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single unresolved limits of dσ̂S,b1
q(γ) are subtracted by

dσ̂S,b2
q(γ) = −NRR

∑
perm.

dΦn+2(k1, . . . , kq, . . . , kg, . . . , kn+1, kγ ; pq̂, p2) 1
Sn+2

Q2
q

×
(
A0

3(pq̂, kg, kq)A0
3(ˇ̄p˜̂q, k

id.
γ , k(gq))M0

n+2(. . . , k((gq)γ), . . . )J (n)
n

({˜̃k
}
n

; z
)

+A0
3(p̌q̂, kid.

γ , kq)A0
3(ˇ̄p˜̂q, kg, k

id.
(γq))M

0
n+2(. . . , k((γq)g), . . . )J (n)

n

({˜̃k
}
n

; z = uv
))

.

(3.53)

The first term in the above equation subtracts the single unresolved gluon limit while
the second term subtracts the single unresolved photon limit of Ã0

4. In the first term the
momentum fraction z of the photon in the cluster momentum is calculated from the first
mapped momentum set, i.e.

z = z3
(

ˇ̄p˜̂q, k
id.
γ , k(gq)

)
=

s˜̂qγ
s˜̂qγ + s˜̂q(gq)

= sq̂γ
sq̂γ + sq̂q + sq̂g

= z4
(
p̌q̂, k

id.
γ , kg, kq

)
, (3.54)

using an initial-final mapping:

k(gq) = kg + kq − (1− x)pq̂ ,
p̄˜̂q = xpq̂ , (3.55)

with x being the initial-state momentum fraction. It is crucial that the momentum fractions
in (3.50) and in (3.53) coincide in the single unresolved limits to guarantee the cancellation
of the single unresolved singularities.

For the second term in (3.53) two momentum fractions have to be calculated. In the
first antenna function we identify the photon, i.e. we calculate its momentum fraction in
the (qγ)-cluster, which reads

u = z3
(
p̌q̂, k

id.
γ , kq

)
= sq̂γ
sq̂γ + sq̂q

. (3.56)

In the second antenna function we identify the (qγ)-cluster within the ((qγ)g)-cluster.
The corresponding momentum fraction reads

v = z3
(

ˇ̄p˜̂q, k
id.
(γq), kg

)
=

s˜̂q(γq)
s˜̂q(γq) + s˜̂qg

= sq̂γ + sq̂q
sq̂γ + sq̂q + sq̂g

, (3.57)

where we again used (3.55) to rewrite the momentum fraction in terms of the original
momentum set. The momentum fraction of the photon within the (qgγ)-cluster is then
given by

z = u v = sq̂γ
sq̂γ + sq̂g + sq̂q

= z4
(
p̌q̂, k

id.
γ , kg, kq

)
, (3.58)

which coincides with the NNLO momentum fraction in (3.50). Note that the two terms
in (3.53) are added back at the real-virtual level after integration over the primary antenna
phase space. The term in which the photon is in the primary antenna will combine with the
contribution dσ̂Sq(q) ⊗ (−F(0)

q→γ) in dσ̂γ+X,NNLO
MF to form the fragmentation dipole of (3.24).
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The term in which the photon is part of the secondary antenna will contribute to dσ̂T,bq(γ)
below and combine with the newly introduced one-loop fragmentation antenna functions.

The subtraction of the single unresolved limits of the Ẽ0
4 antenna function in (3.52)

takes a similar form. However, this antenna function only contains single unresolved limits
involving the photon. Therefore, we only obtain terms in which the photon is part of the
primary antenna function, i.e.

dσ̂S,b2
g(γ) = −NRR

∑
perm.

dΦn+2(k1, . . . , kq′ , . . . , kq̄′ , . . . , kn+1, kγ ; pq̂, p2) 1
Sn+2

Q2
q′

×
(
A0

3(p̌q̂, kid.
γ , kq̄′)E0

3(ˇ̄p˜̂q, kq′ , kid.
(q̄′γ))M

0
n+2(. . . , k((q̄′γ)q′), . . . )J (n)

n

({˜̃k
}
n

; z=u v
)

+A0
3(p̌q̂, kid.

γ , kq′)E0
3(ˇ̄p˜̂q, k

id.
(q′γ), kq̄′)M0

n+2(. . . , k((q′γ)q̄′), . . . )J (n)
n

({˜̃k
}
n

; z=u v
))

.

(3.59)

The first term subtracts the γ ‖ q̄′ limit and the second term the γ ‖ q′ limit. In both
cases two momentum fractions are calculated. In the first term we have u = z3

(
p̌q̂, k

id.
γ , kq̄′

)
and v = z3

(
ˇ̄p˜̂q, k

id.
(q̄′γ), kq′

)
. The momentum fraction of the photon in the (q′γq̄′)-cluster is

given by the product of the two momentum fractions, i.e.

z = u v = sq̂γ
sq̂γ + sq̂q′ + sq̂q̄′

= z4
(
p̌q̂, k

id.
γ , kq′ , kq̄′

)
, (3.60)

where we expressed the mapped momenta from the first initial-final mapping in terms
of the original momentum set. For the second term the construction of the momentum
fraction follows the same steps with the replacement q′ ↔ q̄′. Since both terms in (3.59)
have the photon in the primary antenna function, they both combine with the contribution
dσ̂Sg(q) ⊗ (−F(0)

q→γ) upon integration and form a fragmentation dipole of the form of (3.24).
To successfully compensate all oversubtractions of photonic limits in dσ̂S,a and dσ̂S,b,

as well as in the genuine QCD dσ̂S,a, one also has to introduce the dσ̂S,cq(γ) and dσ̂S,dq(γ)

subtraction terms. The subtraction terms in dσ̂S,cq(γ) consist of a primary QCD antenna
function, in which the final-state quark to which the photon becomes collinear acts as a
hard radiator and the fragmentation antenna function A0

3, i.e.

dσ̂S,cq(γ) = NRR
∑

perm.
dΦn+2(k1, . . . , kq, . . . , kg, . . . , kn+1, kγ ; pq̂, p2) 1

Sn+2

×X0
3 (km, kg, kq)A0

3(p̌q̂, kid.
γ , k(qg))Q2

qM
0
n+2(. . . , k((qg)γ), . . . )J (n)

n

({˜̃k
}
n

; z
)
,

(3.61)

where parton m is colour connected to the gluon. The subtraction terms in dσ̂S,cq(γ) are
needed to reproduce the correct soft-collinear limits of the real radiation matrix element.

The last contribution to the double real subtraction term is dσ̂S,dq(γ). It takes care of
colour disconnected double unresolved limits. It reads

dσ̂S,dq(γ) = NRR
∑
l

∑
perm.

dΦn+2(k1, . . . , kq, . . . , kg, . . . , kn+1, kγ ; pq̂, p2) 1
Sn+2

×A0
3(p̌q̂, kid.

γ , kq)X0
3 (ki, kl, km)Q2

qM
0
n+2(. . . , k(γq), . . . )J (n)

n

(
{k̃}n; z

)
. (3.62)
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Here one of the radiators i or m can correspond to the initial-state quark used in the
A0

3 antenna function. Recall that the reconstructed momentum fraction z3 vanishes in
the initial-state collinear limit. Therefore, the above subtraction term does only subtract
colour disconnected unresolved limits even if they share the same initial-state radiator.
Terms in dσ̂S,dq(γ) sharing the same initial-state radiator are added back at the real-virtual
level while terms with distinct radiators are added back at the double virtual level.

There are no contributions of the form dσ̂S,cg(γ) or dσ̂S,dg(γ).

3.2.4 Direct contribution: real-virtual level

The real-virtual subtraction terms in which the photon becomes unresolved can be decom-
posed into the parts dσ̂T,a, dσ̂T,b and dσ̂T,c, following the structure used for genuine QCD
subtraction terms [43].

The first contribution to the real-virtual subtraction term dσ̂Tq(γ) is given by integrating
dσ̂S,aq(γ) in (3.49) over the antenna phase space. One finds

−dσ̂T,aq(γ) = NRV
∫ dx

x

∫ 1

0
dz

∑
perm.

dΦn+1(k1, . . . , kq, . . . , kn+1;xpq̂, p2)

× 1
Sn+1

A0,id.γ
3,q̂ (x, z)Q2

qM
0
n+3(. . . , kq, . . . ) J (n+1)

n ({k}n+1; z) , (3.63)

where the integrated fragmentation antenna function is given in (3.18). The reduced matrix
element in dσ̂T,aq(γ) is a real radiation jet matrix element. Therefore, there is a corresponding
contribution in dσ̂Rq ⊗ (−F(0)

q→γ), which is part of dσ̂γ+X,NNLO
MF . It reads

−dσ̂Rq ⊗ F(0)
q→γ = −1

2 N
RV Q2

q

∑
perm.

∫ 1

0
dz dΦn+1(k1, . . . , kq, . . . , kn+1; pq̂, p2)

× 1
Sn+1

µ−2ε
a Γ(0)

γq (z)M0
n+3(. . . , kq, . . . ) J (n+1)

n ({k}n+1; z) , (3.64)

where, as at NLO, the factor 1/2 is due to the different normalisations of the photon and
jet matrix elements. Combining both contributions, we find

−dσ̂T,aq(γ) − dσ̂Rq ⊗ F(0)
q→γ = NRV Q2

q

∑
perm.

∫ dx
x

∫ 1

0
dz dΦn+1(k1, . . . , kq, . . . , kn+1;xpq̂, p2)

× 1
Sn+1

J
(1),id.γ
2,q̂ (q̂, q)M0

n+3(. . . , kq, . . . ) J (n+1)
n ({k}n+1; z) ,

(3.65)

where the initial-final fragmentation dipole is given in (3.24). Terms of the form of (3.65)
are ε-finite but contain single unresolved limits, which have to be subtracted to guarantee
an overall successful cancellation of the singularities.
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To subtract the q ‖ γ limit of the one-loop matrix elements, the following term is
required:

dσ̂T,bq(γ) = NRV
∑

perm.
dΦn+1(k1, . . . , kq, . . . , kn, kγ ; pq̂, p2) 1

Sn+1

×A0
3(p̌q̂, kid.

γ , kq)Q2
qM

1
n+2(. . . , k(qγ), . . . )J (n)

n

(
{k̃}n; z

)
.

+NRV
∑

perm.

∫ dx
x
dΦn+1(k1, . . . , kq, . . . , kn, kγ ;xpq̂, p2) 1

Sn+1
Q2
q

×
(
Ã1

3(ˇ̄pq̂, kid.
γ , kq)δ(1− x) + J

(1)
2 (q̂(p̄q̂), q(kq))(x)A0

3(ˇ̄pq̂, kid.
γ , kq)

)
×M0

n+2(. . . , k(qγ), . . . )J (n)
n

(
{k̃}n; z

)
, (3.66)

where we used that the q ‖ γ limit of a one-loop matrix element can be subtracted using the
one-loop colour-subleading antenna function Ã1

3 [41]. For photon production it is sufficient
to use this one-loop fragmentation antenna function in the initial-final configuration, with
the initial-state momentum as a reference momentum in the definition of the momentum
fraction. The integration of this class of fragmentation antenna functions is discussed in
section 5. Note that in case there is no quark in the initial-state we use an initial-state
gluon momentum as the reference momentum.

The J
(1)
2 term in (3.66) is a QCD dipole, unrelated to the photon. It contains the

integral of the first contribution in (3.53), where the primary antenna is a QCD antenna
function, as well as contributions from the mass factorisation of the incoming parton dis-
tributions from (3.46). Combining these two contributions yields the integrated inclusive
QCD dipole factor which can be found in [43]. The momentum fraction entering the jet
function is the same as at NLO, i.e. z = z3

(
p̌q̂, k

id.
γ , kq

)
.

The integration over the contribution dσ̂S,cq(γ) takes the same form as the last term
in (3.66), i.e.

dσ̂T,c (s)
q(γ) = NRV

∑
perm.

∫ dx
x
dΦn+1(k1, . . . , kq, . . . , kn, kγ ;xpq̂, p2) 1

Sn+1

×J
(1)
2 (m(km), q(kq))(x)A0

3(ˇ̄pq̂, kid.
γ , kq)Q2

qM
0
n+2(. . . , k(qγ), . . . )J (n)

n

(
{k̃}n; z

)
,

(3.67)

where J
(1)
2 is the inclusive dipole corresponding to the primary antenna function used

in dσ̂S,cq(γ) in (3.61). The superscript s indicates that the photon enters the secondary,
unintegrated antenna function. In case parton m is in the initial state, J

(1)
2 also contains

the mass factorisation countertems for the incoming parton distribution.
In general, it is necessary to include additional terms to correctly subtract the q ‖ γ

limit of the corresponding real-virtual matrix element without introducing spurious poles
in ε. These terms take the same form as (3.67), but in this case the integrated dipole
contains momenta from the mapped momentum set {k̃}. These extra terms also form part
of dσ̂T,c (s)

q(γ) .
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Combining the contributions (3.66) and (3.67), the expression∫
n+1

(
dσ̂RVγ − dσ̂Tγ −

∑
q

(
dσ̂T,bq(γ) − dσ̂T,c (s)

q(γ)

))
(3.68)

is free of explicit and implicit singularities.
At this point we have not added back the contribution in dσ̂S,b2

q(γ) in which the photon is
part of the primary antenna function. To distinguish this contribution from the contribu-
tion which is included in (3.66) we denote it as dσ̂S,b2(p)

q(γ) , where the superscript p indicates
that this contribution originates from the piece of double real subtraction term dσ̂S,b2

q(γ) in
which the photon is in the primary antenna.

After integrating over the phase space of the primary antenna, this contribution takes
the form

dσ̂T,b2(p)
q(γ) = NRVQ2

q

∑
perm.

∫ 1

0
dv
∫ dx

x
dΦn+1(k1, . . . , kq, . . . , kn+1;xpq̂, p2)

× 1
Sn+1

A0,id.γ
3,q̂ (x, v)A0

3(ˇ̄pq̂, kg, kid.
q )M0

n+2(. . . , k(qg), . . . )J (n)
n

(
{k̃}n; z = uv

)
.

(3.69)

This expression is very similar to (3.32). The momentum fraction v is the momentum
fraction of the photon in the (qγ)-cluster. It is an external convolution variable. u =
z3(ˇ̄pq̂, kid.

q , kg) is the momentum fraction of the quark in the (qg)-cluster, which is calculated
during the mapping. Therefore, z = uv describes the momentum fraction of the photon
within the (qgγ)-cluster. Note that the momenta entering the integrated antenna function
are unmapped momenta. Equation (3.69) combines with the counterterm contribution

dσ̂Sq(q) ⊗ F(0)
q→γ = NR

jet
α

2π
(
4πe−γE

)ε
Q2
q

∑
perm.

∫ 1

0
dv

×dΦn+1(k1, . . . , kq, . . . , kg, . . . , kn+1; pq̂, p2) 1
Sn+1

µ−2ε
a Γ(0)

γq (v)

×A0
3(p̌q̂, kg, kid.

q )M0
n+2(. . . , k(qg), . . . )J (n)

n

(
{k̃}n; z = uv

)
, (3.70)

such that

−dσ̂T,b2(p)
q(γ) + dσ̂Sq(q) ⊗ F(0)

q→γ

= −NRVQ2
q

∑
perm.

∫ 1

0
dv
∫ dx

x
dΦn+1(k1, . . . , kq, . . . , kg, . . . , kn+1;xpq̂, p2) 1

Sn+1

×J
(1), id.γ
2,q̂ (q̂(p̄q̂), q(kq)) (x, v)A0

3(ˇ̄pq̂, kg, kid.
q )M0

n+2(. . . , k(qg), . . . )J (n)
n

(
{k̃}n; z = uv

)
.

(3.71)

Compared to (3.65) the fragmentation dipole does not multiply a real radiation matrix
element but an unintegrated antenna function and a reduced matrix element. In the case
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in which the photon becomes unresolved in a gluon type cluster we have

−dσ̂T,b2(p)
g(γ) + dσ̂Sg(q) ⊗ F(0)

q→γ

= −NRVQ2
q′
∑

perm.

∫ 1

0
dv
∫ dx

x
dΦn+1(k1, . . . , kq̄′ , . . . , kq′ , . . . , kn+1;xpq̂, p2) 1

Sn+1

×
(

J
(1), id.γ
2,q̂ (q̂(p̄q̂), q̄′(kq̄′)) (x, v)E0

3(ˇ̄pq̂, kq′ , kid.
q̄′ )

+J
(1), id.γ
2,q̂ (q̂(p̄q̂), q′(kq′)) (x, v)E0

3(ˇ̄pq̂, kid.
q′ , kq̄′)

)
×M0

n+2(. . . , k(q′q̄′), . . . )J (n)
n

(
{k̃}n; z = uv

)
. (3.72)

Contributions of the form of (3.71) and (3.72) subtract parts of the single unresolved limits
of (3.65).

In general it is necessary to include additional terms to achieve an overall subtraction
of the unresolved limits in (3.65). Two classes of these additional terms are distinguished.
The first class consists of all subtraction terms in which the unintegrated antenna function
is a fragmentation antenna function. We call this contribution dσ̂T,c1 (p)

i(γ) . It has the form

−dσ̂T,c1 (p)
q(γ) + dσ̂Sq(q) ⊗ F(0)

q→γ

= −NRVQ2
q

∑
perm.

∫ 1

0
dv
∫ dx

x
dΦn+1(k1, . . . , kq, . . . , kn+1;xpq̂, p2) 1

Sn+1

×J
(1), id.γ
2,q̂ (q̂(p̄q̂), q(k(qg))) (x, v)X0

3 (ǩl, kg, kid.
q )M0

n+2(. . . , k(qg), . . . )J (n)
n

(
{k̃}n; z = uv

)
.

(3.73)

In contrast to (3.71) the momenta entering the identified dipole belong to the mapped
momentum set {k̃}. −dσ̂T,c1 (p)

g(γ) + dσ̂Sg(q) ⊗ F(0)
q→γ takes a similar form. In this case the

unintegrated antenna function subtracts a q ‖ q̄ limit.
The second class of newly introduced subtraction terms does not contain an uninte-

grated fragmentation antenna function. We denote this contribution by dσ̂T,c2 (p)
q(γ) and it

has the form

−dσ̂T,c2 (p)
q(γ) + dσ̂Sq ⊗ F(0)

q→γ

= −NRVQ2
q

∑
l

∑
perm.

∫ 1

0
dz
∫ dx

x
dΦn+1(k1, . . . , kq, . . . , kn+1;xpq̂, p2) 1

Sn+1

×J
(1), id.γ
2,q̂ (q̂(p̄q̂), q(kq)) (x, z)X0

3 (ki, kl, km)M0
n+2(. . . kI , kM , . . . , kq, . . . )J (n)

n

(
{k̃}n; z

)
,

(3.74)

where i andm can be any hard radiator but not the final-state quark entering the integrated
dipole. This contribution also contains those terms from dσ̂S,dq(γ), in which the two antenna
functions share the same initial-state radiator. Note that there is no contribution of the
type dσ̂T,c2 (p)

g(γ) .
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Combining all terms in which the photon is part of the primary (integrated) antenna
function, we find(

dσ̂Rq − dσ̂Sq − dσ̂Sq(q) − dσ̂Sg(q)
)
⊗ J

(1), id.γ
2,q̂

=
(
−dσ̂T,aq(γ) − dσ̂Rq ⊗ F(0)

q→γ

)
+
(
−dσ̂T,b2 (p)

q(γ) + dσ̂Sq(q) ⊗ F(0)
q→γ

)
+
(
−dσ̂T,c1

q(γ) + dσ̂Sq(q) ⊗ F(0)
q→γ

)
+
(
−dσ̂T,c1

g(γ) + dσ̂Sg(q) ⊗ F(0)
q→γ

)
+
(
−dσ̂T,c2

q(γ) + dσ̂Sq ⊗ F(0)
q→γ

)
(3.75)

where we have absorbed the contributions from dσ̂T,ci (p)
q(γ) into dσ̂T,ci

q(γ).
None of these terms subtracts explicit poles or unresolved limits of dσ̂RVγ , thus decou-

pling from the remaining subtraction at the real-virtual level.

3.2.5 Direct contribution: double virtual level

At the double virtual level all subtraction terms which have not yet been added back are
combined. The terms in dσ̂Uj(γ) include integrals of subtraction terms in which the photon
becomes unresolved. All explicit poles in dσ̂Uj(γ) cancel against the mass factorisation terms
of the fragmentation functions.

The first contribution in dσ̂Uq(γ), dσ̂
U,a
q(γ) is given by the first term of dσ̂T,bq(γ) after inte-

grating over the antenna phase space. It is combined with the corresponding contribution
dσ̂Vq ⊗ (−F(0)

q→γ) in (3.45):

−dσ̂U,aq(γ) − dσ̂Vq ⊗ F(0)
q→γ

= N V VQ2
q

∑
perm.

∫ 1

0
dz
∫ dx

x
dΦn(k1, . . . , kq, . . . , kn;xpq̂, p2)

× 1
Sn

J
(1), id.γ
2,q̂ (q̂(p̄q̂), q(kq))(x, z)M1

n+2(. . . , kq, . . . )J (n)
n ({k}n; z) . (3.76)

This expression still exhibits explicit poles in the dimensional regulator ε coming from
the one-loop matrix element. The poles of the one-loop matrix element cancel with one-
loop dipoles, resulting from integrated antenna functions in inclusive or fragmentation
kinematics.

To organise the cancellation of the terms, it is helpful to collect the contributions
from dσ̂S,b1 and dσ̂T,b and combine them with mass factorisation contributions from the
fragmentation functions alone (3.45) as well as with mixed initial-final mass factorisation
contributions (3.48). For the case in which the photon becomes unresolved in a quark-type
cluster this combination yields

−dσ̂U,bq(γ) + dσ̂Tq(q) ⊗ F(0)
q→γ −

αs
2πdσ̂

B
q ⊗ (F(1),B

q→γ + F(1),C
q→γ ) + dσ̂Bq ⊗ ΓPDF ⊗ F(0)

q→γ

= N V VQ2
q

∑
perm.

∫ 1

0
dz
∫ dx

x
dΦn(k1, . . . , kq, . . . , kn;xpq̂, p2) 1

Sn

×
(
Ã0,id.γ

4,q̂ (x, z) + Ã1,id. γ
3,q̂ (x, z)− µ−2ε

F A
0,id.γ
3,q̂ (x, z)⊗ Γ(1)

qq (x)
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−1
2µ
−2ε
a A

0,id. q
3,q̂ (x, z)⊗ Γ(0)

γq (z) + 1
2 (µF µa)−2ε Γ(0)

γq (z) Γ(1)
qq (x)

+ 1
2
(
µ2
a

)−2ε (
Γ(0)
γq (z)⊗ Γ(1)

qq (z)− Γ(1)
γq (z)

))
M0
n+2(. . . , kq, . . . )J (n)

n ({k}n; z) .

(3.77)

Note that this combination of antenna functions and mass factorisation kernels can be
related to a combination of NNLO coefficient functions for semi-inclusive deep inelastic
scattering [44]. It is useful to rewrite (3.77) as a sum of a finite two-loop fragmentation
dipole and a convolution of two fragmentation dipoles, i.e.

−dσ̂U,bq(γ) + dσ̂Tq(q) ⊗ F(0)
q→γ −

αs
2πdσ̂

B
q ⊗

(
F(1),B
q→γ + F(1),C

q→γ

)
+ dσ̂Bq ⊗ ΓPDF ⊗ F(0)

q→γ

= N V VQ2
q

∑
perm.

∫ 1

0
dz
∫ dx

x
dΦn(k1, . . . , kq, . . . , kn;xpq̂, p2) 1

Sn

×
(
J

(2),id.γ
2,q̂ (q̂, q) + J

(1),id.γ
2,q̂ (q̂, q)⊗ J

(1),id.q
2,q̂ (q̂, q)

)
M0
n+2(. . . , kq, . . . )J (n)

n ({k}n; z) ,
(3.78)

where the one-loop dipoles are given in (3.24) and in (3.38) respectively. The two-loop
quark-to-photon dipole J

(2),id.γ
2,q̂ (q̂, q) expressed in terms of fragmentation antenna functions

and mass factorisation terms reads

J
(2),id.γ
2,q̂ (q̂, q) = Ã0,id.γ

4,q̂ (x, z) + Ã1,id.γ
3,q̂ (x, z)

−
(
A0,id.γ

3,q̂ (x, z)⊗ (A0,id.q
3,q̂ (x, z)− µ−2ε

a Γ(1)
qq (z))

)
−1

2
(
µ2
a

)−2ε
Γ(1)
γq (z) . (3.79)

Since this two-loop dipole is ε-finite, the poles in (3.78) are all contained in the frag-
mentation dipoles for identified partons J

(1),id.q
2,q̂ (q̂, q). These poles partly cancel the poles

in (3.76).
For the case in which the photon is clustered into a gluon, we find

−dσ̂U,bg(γ) + dσ̂Tg(q) ⊗ F(0)
q→γ −

αs
2πdσ̂

B
g ⊗

(
F(1),B
g→γ + F(1),C

g→γ

)
= N V VNq′Q2

q′
∑

perm.

∫ 1

0
dz
∫ dx

x
dΦn(k1, . . . , kg, . . . , kn;xpq̂, p2) 1

Sn

×
(
Ẽ0,id.γ

4,q̂ (x, z)− µ−2ε
a E

0,id. q′

3,q̂ (x, z)⊗ Γ(0)
γq (z)

+
(
µ2
a

)−2ε (
Γ(0)
γq (z)⊗ Γ(1)

qg (z)− Γ̃(1)
γg (z)

))
M0
n+2(. . . , kg, . . . )J (n)

n ({k}; z) , (3.80)

with
Γ̃(1)
γg = 1

2

( 1
2ε2 p

(0)
qg ⊗ p(0)

γq −
1
2εp

(1)
γg

)
. (3.81)
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We can rewrite (3.80) as a sum of a two-loop dipole and the convolution of two fragmen-
tation dipoles,

−dσ̂U,bg(γ) + dσ̂Tg(q) ⊗ F(0)
q→γ −

αs
2πdσ̂

B
g ⊗

(
F(1),B
g→γ + F(1),C

g→γ

)
= N V VNq′Q2

q′
∑

perm.

∫ 1

0
dz
∫ dx

x
dΦn(k1, . . . , kg, . . . , kn;xpq̂, p2) 1

Sn

×
(
J

(2),id.γ
2,q̂ (q̂, g) + 2 J

(1),id.γ
2,q̂ (q̂, q)⊗ J

(1),id.q′

2,q̂ (q̂, g)
)
M0
n+2(. . . , kg, . . . )J (n)

n ({k}; z) ,
(3.82)

where the one-loop dipoles are given in (3.24) and in (3.43) respectively. The two-loop
gluon-to-photon dipole reads

J
(2), id.γ
2,q̂ (q̂, g) = Ẽ0,id.γ

4,q̂ (x, z)− 2
(
A0,id.γ

3,q̂ (x, z)⊗ (E0,id.q′

3,q̂ (x, z)− µ−2ε
a Γ(1)

qg (z))
)

−
(
µ2
a

)−2ε
Γ̃(1)
γg (z) . (3.83)

Note that all three dipoles in (3.82) correspond to flavour-changing limits. Therefore, all
three of them are by themselves ε-finite.

Two more contributions from the double real subtraction terms and real-virtual sub-
traction terms have to be added back, dσ̂S,dq(γ) and dσ̂T,cq(γ). Among these contributions only
the terms in dσ̂T,c1 (p)

q(γ) consist of two fragmentation antenna functions. Integration over the
antenna phase space and combination with mass factorisation contributions from (3.45)
and (3.48) yields

−dσ̂U,c1
q(γ) + dσ̂Tq(q) ⊗ F(0)

q→γ −
αs
2πdσ̂

B
q ⊗ F(1),B

q→γ + dσ̂Bq ⊗ ΓPDF ⊗ F(0)
q→γ

= N V VQ2
q

∑
perm.

∫ 1

0
dz
∫ dx1

x1

dx2
x2

dΦn(k1, . . . , kq, . . . , kn;x1pq̂, x2p2) 1
Sn

×
(
J

(1),id.γ
2,q̂ (q̂, q)⊗ J

(1),id.q
2,l (l, q)

)
M0
n+2(. . . , kq, . . . )J (n)

n ({k}n; z) , (3.84)

where l can either be a quark or a gluon. If l is in the final state there is no contribution
from the mixed initial-final mass factorisation contribution (3.48).

Integrating the subtraction terms of dσ̂T,c (s)
q(γ) over the antenna phase space, we obtain

−dσ̂U,c2
q(γ) + dσ̂Bq ⊗ ΓPDF ⊗ F(0)

q→γ

= N V VQ2
q

∑
perm.

∫ 1

0
dz
∫ dx1

x1

dx2
x2

dΦn(k1, . . . , kq, . . . , kn;x1pq̂, x2p2) 1
Sn

×
(
J

(1),id.γ
2,q̂ (q̂, q)⊗ J

(1)
2 (l, q)

)
M0
n+2(. . . , kq, . . . )J (n)

n ({k}n; z) , (3.85)

where l is either a quark or a gluon in the initial or final state. In contrast to (3.84), the
secondary dipole in the equation at hand is an inclusive dipole, i.e. it has no explicit z
dependence so that the convolution in the final-state momentum fraction is trivial. In the
convolution of the two dipoles we have included terms from the mixed initial-final mass
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factorisation contribution (3.48). To complete the fragmentation dipoles in (3.85) also pure
final-state mass factorisation terms are needed. Since these terms cancel after summation
of the different terms in (3.85), they do not appear on the left-hand side of the equation.

The last contribution to the double virtual subtraction takes into account the terms
from dσ̂S,dq(γ) and dσ̂T,c2 (p)

q(γ) and we denote it dσ̂U,dq(γ). Adding the corresponding mass factori-
sation contributions yields

−dσ̂U,dq(γ) + dσ̂Tq ⊗ F(0)
q→γ + dσ̂Bq ⊗ ΓPDF ⊗ F(0)

q→γ

= N V VQ2
q

∑
perm.

∫ 1

0
dz
∫ dx1

x1

dx2
x2

dΦn(k1, . . . , kq, . . . , kn;x1pq̂, x2p2) 1
Sn

×
(
J

(1),id.γ
2,q̂ (q̂, q)⊗ J

(1)
2 (i,m)

)
M0
n+2(. . . , kq, . . . )J (n)

n ({k}n; z) , (3.86)

where i and m can be any partons in the process but not the identified quark in the final
state.

We have rewritten all double virtual subtraction terms in which the photon becomes
unresolved in terms of two newly introduced two-loop fragmentation dipoles J

(2),id.γ
2,q̂ (q̂, q)

and J
(2),id.γ
2,q̂ (q̂, g) and convolutions of two dipoles in which one dipole is always given by

J
(1),id.γ
2,q̂ (q̂, q). All two-loop parton-to-photon dipoles are by themselves ε-finite. The poles

in the convolution terms cancel the explicit poles in dσ̂U,aq(γ).

4 Integration of X0
4 fragmentation antenna functions

X0
4 initial-final antenna functions are kinematically described by a scattering process of

the form
q + p→ kj + kl + kk . (4.1)

The final-state momenta and the initial-state momentum p are massless p2 = k2
j = k2

l =
k2
k = 0 and we have q2 = −Q2 < 0. The fully inclusive integrated X 0

4 antenna functions
are obtained by integration over the corresponding three-body phase space [45]:

X 0
i,jkl(x) = 1

C(ε)2

∫
dΦ3(kj , kk, kl; p, q)

Q2

2πX
0
i,jkl , (4.2)

with x = Q2/(2p · q) and the normalisation factor

C(ε) = (4πe−γE )ε

8π2 . (4.3)

For initial-final fragmentation antenna functions the same normalisation as in (4.2) is
used but the integration remains differential in the final-state momentum fraction z, i.e.

X 0, id.j
i,jkl (x, z) = 1

C(ε)2

∫
dΦ3(kj , kk, kl; p, q) δ

(
z − x(p+ kj)2

Q2

)
Q2

2πX
0
i,jkl . (4.4)

The final-state momentum fraction is fixed by the additional δ-distribution and it describes
the fraction of energy carried by particle j in the unresolved limit. In the definition of the
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momentum fraction the initial-state momentum p is used as a reference momentum, which
can be seen by rewriting its definition

z = x
(kj + p)2

Q2 = sjp
sjp + skp + slp

. (4.5)

For an identified photon i.e. j = γ there are two fragmentation antenna functions:
Ã0

4(q̂, g, γid., q) containing the triple-collinear q → qgγ configuration and Ẽ0
4(q̂, q′, γid., q̄′)

containing the triple collinear g → q′q̄′γ configuration. To integrate these fragmentation
antenna functions, we use the reduction to master integrals technique. Using

2πiδ(k2) = 1
k2 + iε

− 1
k2 − iε

, (4.6)

we rewrite the phase space integrals as 2→ 2 three-loop-integrals with forward scattering
kinematics.

The reduction is performed with the program Reduze2 [46]. For the integration of the
two photonic fragmentation antenna functions we find nine master integrals. The master
integrals are calculated using their differential equations in the two kinematic variables x
and z. The boundary conditions are fixed by integrating the solution of the differential
equations over z and comparing the result with the inclusive master integrals calculated
in [45].

The master integrals take the general form

I(x, z) = (1− x)a−2ε(z−εA(x, z) + z−2εB(x, z)) (4.7)

with a ∈ {−1, 0, 1}. After being inserted into the antenna functions, the factor (1− x)a−2ε

can give rise to factors of the form (1− x)−1−2ε, whose expansion reads

(1− x)−1−2ε = − 1
2 εδ(1− x) +

∑
n

(−2 ε)n

n! Dn(x) , (4.8)

where we used the notation introduced in (3.17).
Potential factors of the form z−1−aε do not have to be expanded in terms of distribu-

tions, since the endpoint z = 0 corresponds to a soft photon singularity. This singularity
will be regulated by the jet function, which requires a minimum pT of the photon so that
the endpoint z = 0 does not contribute to any observable with a photon in the final state.
However, to check the result of the integrated fragmentation antenna functions we also
derive the master integrals with the exact scaling in z = 0 in the limit of z → 0.

In the scattering

q + p→ p1(kγ) + p2(k2) + p3(k3) (4.9)

12 different propagators appear from which four are cut propagators. Using four-momentum
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conservation k3 = q + p− kγ − k2, they read

D1 = (q − kγ)2 ,

D2 = (p+ q − kγ)2 ,

D3 = (p− k2)2 ,

D4 = (q − k2)2 ,

D5 = (p+ q − k2)2 ,

D6 = (q − kγ − k2)2 ,

D7 = (p− kγ − k2)2 ,

D8 = (kγ + k2)2 ,

D9 = k2
γ ,

D10 = k2
2 ,

D11 = (q + p− kγ − k2)2 ,

D12 = (p− kγ)2 +Q2 z

x
, (4.10)

where the cut propagators are D9−D12. We label the master integrals by the propagators
in the corresponding integral (omitting the cut propagators, which we require in each
integral), for example:

I[−3, 7] = Q2(2π)−2d+3

x

∫
ddkγ ddk2 δ (D9) δ (D10) δ (D11) δ (D12) D3

D7
. (4.11)

The factor Q2/x originates from rewriting the δ-distribution fixing the momentum fraction
z in (4.4) in terms of δ(D12). As there are seven linearly independent scalar products the
integration families consist of the four cut propagators and three additional propagators.
We find three integral families and in total nine master integrals which are summarised in
table 1.

The phase space integral I[0] has been calculated directly by carrying out the three-
body phase space integral and by solving the differential equation in the kinematic variable
z and fixing the boundary condition by comparing to the inclusive three-body phase space.
It reads

I[0] = NΓ
(
Q2
)1−2ε

(1− x)1−2εx−1+2εz−ε(1− z)1−2ε , (4.12)

with the normalisation factor

NΓ = 2−5+4επ−3+2ε Γ2(2− ε)
Γ2 (3− 2ε) . (4.13)
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family master deepest pole behaviour at x = 1 known to order
I[0] ε0 (1− x)1−2ε all

A
I[5] ε−1 (1− x)−2ε all

I[2, 3, 5] ε−2 (1− x)−1−2ε ε1

B

I[7] ε0 (1− x)1−2ε ε2

I[−2, 7] ε0 (1− x)1−2ε ε2

I[−3, 7] ε0 (1− x)1−2ε ε2

I[2, 3, 7] ε−2 (1− x)−2ε ε0 (ε1 at x = 1)

C
I[5, 7] ε−1 (1− x)−2ε ε0 (ε1 at x = 1)
I[3, 5, 7] ε−2 (1− x)−2ε ε0 (ε1 at x = 1)

Table 1. Summary of the double real radiation master integrals.

The only other master integral which admits a simple closed form solution is the master
integral I[5]. We find

I[5] = NΓ

(1− 2ε
ε

)2 (
Q2
)−2ε

(1− x)−2εx2ε

×
(
z−ε2F1(ε, 2ε, 1 + ε; z)− z−2εΓ (1− 2ε) Γ(1 + ε)

Γ(1− ε)

)
. (4.14)

All other master integrals have been calculated in terms of a Laurent expansion in ε.
The integrated antenna functions are then obtained by reducing the integrand in (4.4)

to these master integrals, and applying (4.8) to extract the end-point contributions in
x = 1. The results for Ã0, id.γ

q,γqg (x, z) and Ẽ0, id.γ
q,γq′q̄′(x, z) are too lengthy to be expressed in the

text here, and are included as supplementary material.

5 Integration of X1
3 fragmentation antenna functions

The inclusive integrated one-loop antenna functions in the initial-final configuration are
defined as [45]

X 1
i,jk(x) = 1

C(ε)

∫
dΦ2(kj , kk; pi, q)

Q2

2πX
1
i,jk , (5.1)

where X1
i,jk is the unintegrated one-loop antenna function and dΦ2 the two-particle phase

space. We define the integrated initial-final one-loop fragmentation antenna functions in
line with (5.1) as

X 1,id.j
i,jk (x, z) = 1

C(ε)

∫
dΦ2(kj , kk; pi, q) δ

(
z − sij

sij + sik

)
Q2

2πX
1
i,jk

= Q2

2
eγEε

Γ(1− ε)
(
Q2
)−ε
J (x, z)X1

i,jk . (5.2)

– 30 –



J
H
E
P
0
4
(
2
0
2
2
)
0
3
1

The integration takes the same form as for the X0
3 initial-final fragmentation antenna

functions, see (3.15) above. The Jacobian factor J is given in (3.16). As can be seen
from (5.2), no actual integration has to be performed to obtain the integrated fragmenta-
tion antenna functions X 1,id.j

i,jk . However, to express the integrated fragmentation antenna
functions in terms of distributions in (1−x) and in z we first have to cast the unintegrated
antenna functions in a form suitable for this expansion. Therefore, deriving the integrated
initial-final one-loop fragmentation antenna functions follows the steps of the derivation of
the integrated initial-initial one-loop antenna functions presented in [47]. In contrast to the
NLO X0

3 antenna functions which only contain rational terms in the invariants, the one-
loop antenna functions X1

3 also contain logarithms and polylogarithms in the invariants.
These functions have branch cuts in the limits x→ 1 and z → 0. Therefore, the expansion
in distributions in z = 0 and x = 1 cannot be performed directly. We follow the strategy
of [47] and express the one-loop antenna functions in terms of one-loop master integrals.

The one-loop master integrals appearing in the expressions for the one-loop antenna
functions are the one-loop bubble Bub(sij) and the one-loop Box(sij , sik) in all kinematic
crossings. The expression for the one-loop bubble reads

Bub(sij) =
[

(4π)ε

16π2
Γ(1 + ε)Γ2(1− ε)

Γ(1− 2ε)

]
i

ε(1− 2ε) (−sij)−ε ≡ A2,LO (−sij)−ε , (5.3)

and the expression for the one-loop box is

Box(sij , sik)

= 2(1− 2ε)
ε

A2,LO
1

sijsik

×

( sijsik
sij − sijk

)−ε
2F1

(
−ε,−ε; 1− ε; sijk − sij − sik

sijk − sij

)

+
(

sijsik
sik − sijk

)−ε
2F1

(
−ε,−ε; 1− ε; sijk − sij − sik

sijk − sik

)

−
(

−sijksijsik
(sij − sijk)(sik − sijk)

)−ε
2F1

(
−ε,−ε; 1− ε; sijk(sijk − sij − sik)

(sijk − sij)(sijk − sik)

) .
(5.4)

For the following discussion we adopt the labelling to pi → p1, kj → k3 and kk → k2
in (5.2), so that the particle with momentum k3 is identified and the momentum p1 is the
reference momentum. Using this convention, the invariants expressed in terms of x, z and
Q2 read

s12 = (p1 − k2)2 = −Q2 (1− z)
x

,

s13 = (p1 − k3)2 = −Q2 z

x
,
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s23 = (k2 + k3)2 = −Q2 (x− 1)
x

,

s123 = (k1 + k2 − p1)2 = −Q2 . (5.5)

Both master integrals are well-defined in the Euclidean region, in which all invariants
are smaller than 0. The master integrals have to be analytically continued from this
kinematic region, to the kinematic region under consideration given by

s12 < 0 , s13 < 0 , s23 > 0 , s123 = −Q2 < 0 . (5.6)

The analytic continuation of the bubble master integral is straightforward, taking into
account sij → sij + iδ in (5.3).

In the analytic continuation of the box integrals, the prefactors in front of the hyperge-
ometric functions as well as the hypergeometric functions themselves have to be considered.
In particular branch cuts of the hypergeometric functions in the kinematic endpoints x = 1
and z = 0 have to be avoided: for these values the arguments of the hypergeometric
function must not be unity or +∞. To further avoid explicit imaginary parts from the
hypergeometric functions, their arguments are moreover transformed to be less than +1
using their well-known transformation rules [48]. It is noted that this will typically require
to partition the kinematic region defined by (5.6) into up to four segments [49, 50], see
figure 1 below. In the following, we discuss the transformations of the arguments for the
different hypergeometric functions appearing in the box master integrals for all kinematic
crossings: Box(s12, s23), Box(s13, s23) and Box(s12, s13).

In Box(s12, s23) the arguments of the hypergeometric functions read

a1(s12, s23) = s123 − s12 − s23
s123 − s12

= − z

1− x− z ,

a2(s12, s23) = s123 − s12 − s23
s123 − s23

= z ,

a3(s12, s23) = s123 s13
(s13 + s23)(s12 + s13) = − x z

1− x− z . (5.7)

All arguments vanish in the kinematic endpoint z = 0. However, a1 and a3 are equal
to unity in the kinematic endpoint x = 1. Therefore, the analytic continuation of the
corresponding hypergeometric functions proceeds by expressing these functions as hyper-
geometric functions in terms of new arguments:

ã1(s12, s23) = 1− 1
a1(s12, s23) = 1− x

z
,

ã3(s12, s23) = 1− 1
a3(s12, s23) = (1− x)(1− z)

xz
. (5.8)

The arguments ã1 and ã3 vanish in the endpoint x = 1 but yield unity in the endpoint z = 0.
Therefore, to obtain an expression for Box(s12, s23) which does not contain hyperge-

ometric functions with branch cuts in z = 0 and x = 1, it is necessary to distinguish the
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Figure 1. Kinematic regions in the (x, z)-plane relevant for the analytic continuation of the box
master integrals. The kinematic endpoints are z = 0 (blue line) and x = 1 (red line).

two regions

R1 = {s13, s23 : s13 + s23 > 0⇔ z < 1− x} ,
R2 = {s13, s23 : s13 + s23 < 0⇔ z > 1− x} . (5.9)

The regions are depicted in figure 1. In region R1 which contains the endpoint z = 0 we
use the hypergeometric functions with the arguments given in (5.7), while in region R2,
which contains the endpoint x = 1 we express Box(s12, s23) in terms of hypergeometric
functions with arguments ã1, a2 and ã3.

For Box(s13, s23) the arguments of the hypergeometric functions read

a1(s13, s23) = s123 − s13 − s23
s123 − s13

= −1− z
z − x

,

a2(s13, s23) = s123 − s13 − s23
s123 − s23

= 1− z ,

a3(s13, s23) = s123 s12
(s12 + s23)(s13 + s12) = −x(1− z)

z − x
. (5.10)

The arguments a1 and a3 are equal to unity for the endpoint x = 1. Moreover, arguments
a2 and a3 are unity for z = 0. After expressing Box(s13, s23) in terms of hypergeometric
functions with arguments

ã1(s13, s23) = 1− 1
a1(s13, s23) = 1− x

1− z ,

ã2(s13, s23) = 1− a2(s13, s23) = z ,

ã3(s13, s23) = 1− 1
a3(s13, s23) = z(1− x)

x(1− z) , (5.11)

none of these functions contains branch cuts in the kinematic endpoints. However, the
arguments ã1 and ã3 are larger than unity for z > x. Therefore, the hypergeometric
functions with arguments ã1 and ã3 yield a non-vanishing imaginary part in this region.
To separate the imaginary part of Box(s13, s23) from the hypergeometric functions we
distinguish the regions

T1 = {s12, s23 : s12 + s23 > 0⇔ z > x} ,
T2 = {s12, s23 : s12 + s23 < 0⇔ z < x} (5.12)
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and apply the transformations of argument a1 and a3 in (5.11) only in region T2 and not
in region T1.

For Box(s12, s13) the arguments of the hypergeometric functions read

a1(s12, s13) = s123 − s12 − s13
s123 − s12

= 1− x
1− x− z ,

a2(s12, s13) = s123 − s12 − s13
s123 − s13

= 1− x
z − x

,

a3(s12, s13) = s123 s23
(s12 + s23) (s13 + s23) = − (1− x)x

(z − x) (1− x− z) . (5.13)

The argument a1 is equal to unity in the kinematic endpoint z = 0. To avoid the corre-
sponding branch cut of the hypergeometric function we map this argument to

ã1(s12, s13) = 1− 1
a1(s12, s13) = z

1− x . (5.14)

The endpoint z = 0 is mapped to ã1 = 0. However, we have ã1 → +∞ as x approaches 1.
To avoid this other branch cut of the hypergeometric function we apply (5.14) only in the
region R1 and keep the argument a1 in region R2.

The hypergeometric function with argument a2 does not yield any branch cuts in
the kinematic endpoints. However, the argument a2 is larger than unity in region T1.
Therefore, we apply the following mapping in region T1:

ã2(s12, s13) = 1− 1
a2(s12, s13) = 1− z

1− x . (5.15)

For the analytic continuation of the hypergeometric function in a3 we have to distinguish
the regions

U1 = {s12, s13, s23 : s13 + s23 > 0 ∧ s12 + s23 < 0⇔ z < 1− x ∧ z < x} ,
U2 = {s12, s13, s23 : s13 + s23 < 0 ∧ s12 + s23 < 0⇔ z > 1− x ∧ z < x} ,
U3 = {s12, s13, s23 : s13 + s23 > 0 ∧ s12 + s23 > 0⇔ z < 1− x ∧ z > x} ,
U4 = {s12, s13, s23 : s13 + s23 < 0 ∧ s12 + s23 > 0⇔ z > 1− x ∧ z > x} . (5.16)

The different regions are shown in figure 1. For a3, we have

a3(s12, s13) ≥ 1 in U1 ∪ U4 , (5.17)
a3(s12, s13) ≤ 0 in U2 ∪ U3 . (5.18)

Moreover, a3 = 1 for z = 0. Therefore, we map the argument a3 of the hypergeometric
function in region U1 ∪ U4 to

ã3(s12, s13) = 1− 1
a3(s12, s13) = z(1− z)

x(1− x) (5.19)

by means of an appropriate identity for the hypergeometric function. In the region U2
the hypergeometric function with argument a3 does not have a branch cut in x = 1 and
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no mapping of the argument is required. To obtain the analytic continuation of the third
hypergeometric function in U3, we take the result in region U1 ∪ U4 and apply the trans-
formation

˜̃a3(s12, s13) = 1
1− ã3(s12, s13) = a3(s12, s13) , (5.20)

to the argument of the hypergeometric function. Note that even though the arguments of
the hypergeometric functions in region U2 and U3 are the same, the result in U3 contains
additional terms originating from the analytic continuation from region U1∪U4 to region U3.

After having performed the analytic continuation of the master integrals in the dif-
ferent parts of the physical region the expansion in terms of distribution can safely be
performed. We have checked that the expressions in the different regions are continuous
at the boundaries.

We have cast the hypergeometric functions in the box master integrals in a form that
an expansion in terms of distributions in z = 0 can be performed. The same does not
hold for the endpoint z = 1. However, at the level of the integrated fragmentation antenna
functions we are able to recover any distributions in z = 1 by exchanging particles 2 and 3
which corresponds to exchanging z with 1− z. To this end, factors of the form 1/(s12s13)
have to be rewritten using partial fractions.

After inserting these bubble and box master integrals in the X1
3 antenna functions, the

expansions of factors z−1−ε and (1 − x)−1−ε in terms of distributions can be performed.
The results in the different segments of the physical region, figure 1, can then be recast in
a form that ensures that the pole terms and the coefficients of the distributions in z and
(1− x) take the same form in all segments.

The z-integration of the resulting expressions recovers the known real-virtual initial-
final master integrals [45] and enabled us to identify an error in their numerical implemen-
tation for jet production in deep-inelastic scattering [51].

The relevant one-loop integrated fragmentation antenna function for photon produc-
tion is Ã1, id.γ

3,q̂ (x, z). Its expression is very lengthy and is enclosed as supplementary mate-
rial together with the expressions for the other integrated one-loop fragmentation antenna
functions.

6 Conclusions

In this paper, we extended the antenna subtraction method to account for identified pho-
tons in the final state, and derived all required ingredients for the computation of photonic
cross sections up to NNLO. This extension required to introduce novel fragmentation an-
tenna functions, which are differential in the momentum fraction of the final-state photon.
The unintegrated forms of the fragmentation antenna functions could be inferred from their
inclusive QCD counterparts. They come with novel forms of phase space factorisation at
NLO and NNLO, allowing to retain the photon momentum fraction as a variable in all
stages of the event reconstruction. The corresponding integrated fragmentation antenna
functions were newly computed for all photon and parton fragmentation processes at NLO
and for photon fragmentation up to NNLO.
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The developments in this paper allow to compute the NNLO corrections to processes
involving final-state photons (also in association with jets), with a realistic fixed-cone based
isolation prescription for the photon. The new subtraction terms are largely separate from
previously derived subtraction terms obtained for an idealised dynamical-cone isolation,
and can be added to existing NNLO implementations. First applications could be photon-
plus-jet or di-photon production, where NNLO corrections for fixed-cone based isolation
will allow to accurately quantify the effects of the photon isolation procedure. Moreover,
it will then also become possible to compute NNLO-accurate cross sections for alternative
photon isolation prescriptions [52, 53] (or even without any photon isolation) and to inves-
tigate observables that could allow for direct determinations of the photon fragmentation
functions at hadron colliders [54].

The formalism derived in this paper for fragmentation antenna functions can be further
generalised from photons to identified hadrons. Cross sections for identified hadrons are
obtained by convoluting cross sections for the production of specific partons with parton-to-
hadron fragmentation functions. Their description at higher orders requires fragmentation
antenna functions, differential in the momentum fraction of a final-state quark or gluon.
The full set of these functions at NLO is already given in appendix B. An extension to
NNLO will require the integration of all double real and real-virtual fragmentation antenna
functions, each in initial-final and final-final kinematics. In the initial-final case, no inte-
gration is required for the real-virtual functions and the results are obtained directly along
the lines of the section 5; they are included as supplementary material. More conceptual
work and new master integrals are needed for integrated fragmentation antenna functions
for identified partons in the double real case, as well as in final-final kinematics.
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A Mass factorisation kernels

The components of the mass factorisation kernels Γ are given in [24]. Adopted to our
notation they read

Γ(0)
q→γ = Q2

q

(
4πe−γE

)ε (
µ2/µ2

a

)ε
Γ(0)
γq (z) ,

Γ(0)
g→γ = 0 ,

Γ(0)
γ→γ = δ(1− z) ,
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Γ(0)
γ→p = Γ(1)

γ→p = 0 for p ∈ {q, q̄, g} ,

Γ(0)
q→q = δ(1− z) ,

Γ(0)
q→q′ = Γ(1)

q→q′ = 0 for q 6= q′ ,

Γ(0)
q→g = 0 ,

Γ(0)
g→g = δ(1− z) ,

Γ(0)
g→q = 0 ,

Γ(1)
q→γ =

(
N2 − 1
N

)
Q2
q

(
4πe−γE

)2ε (
µ2/µ2

a

)2ε
Γ(1)
γq (z) ,

Γ(1)
g→γ =

(
4πe−γE

)2ε (
µ2/µ2

a

)2ε
Γ(1)
γg (z) ,

Γ(1)
γ→γ = 0 ,

Γ(1)
q→q =

(
N2 − 1
N

)(
4πe−γE

)ε (
µ2/µ2

a

)ε
Γ(1)
qq (z) ,

Γ(1)
g→g =

(
4πe−γE

)ε (
µ2/µ2

a

)ε (
N Γ(1)

gg (z) +Nf Γ(1)
gg,F (z)

)
,

Γ(1)
g→q =

(
4πe−γE

)ε (
µ2/µ2

a

)ε
Γ(1)
qg (z) ,

Γ(1)
q→g =

(
N2 − 1
N

)(
4πe−γE

)ε (
µ2/µ2

a

)ε
Γ(1)
gq (z) . (A.1)

Since we set Dg→γ = O(α), the mass factorisation kernels Γ(1)
q→g and Γ(1)

g→g are non-zero.
Moreover, we decomposed the kernels by factors N and Nf . The factorisation kernels can
be expressed in terms of leading order and next-to-leading order splitting functions, i.e.

Γ(0)
γq (z) = −1

ε
p(0)
γq (z) ,

Γ(1)
γq (z) = 1

2

[ 1
2ε2 (p(0)

qq ⊗ p(0)
γq )(z)− 1

2εp
(1)
γq (z)

]
,

Γ(1)
γg (z) = 1

2
∑
q

Q2
q

( 1
2ε2 (p(0)

qg ⊗ p(0)
γq )(z)− 1

2εp
(1)
γg (z)

)
,

Γ(1)
qq (z) = − 1

2εp
(0)
qq (z) ,

Γ(1)
qg (z) = − 1

2εp
(0)
qg (z) ,

Γ(1)
gq (z) = − 1

2εp
(0)
gq (z) ,

Γ(1)
gg,F (z) = −1

ε
p

(0)
gg,F (z) ,

Γ(1)
gg (z) = −1

ε
p(0)
gg (z) . (A.2)
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The factors of 1/2 appearing in (A.2) originate from decomposing the colour factors CF =
(N2 − 1)/(2N) and TR = 1/2 in [24].

The lowest order splitting functions are given by

p(0)
qq (z) = 3

2δ(1− z) + 2D0(z)− 1− z ,

p(0)
qg (z) = 1− 2z + 2z2 ,

p(0)
gq (z) = 2

z
− 2 + z ,

p(0)
gg (z) = 11

6 δ(1− z) + 2D0(z) + 2
z
− 4 + 2z − 2z2 ,

p
(0)
gg,F (z) = −1

3δ(1− z) ,

p(0)
γq (z) = 2

z
− 2 + z , (A.3)

and the next-to-leading quark-to-photon and gluon-to-photon splitting functions read

p(1)
γq (z) = −1

2 + 9
2z +

(
−8 + 1

2z
)

log z + 2z log(1− z) +
(

1− 1
2z
)

log2 z

+
[
log2(1− z) + 4 log z log(1− z) + 8Li2(1− z)− 4

3z
]
p(0)
γq (z) ,

p(1)
γg (z) = −2 + 6z − 82

9 z
2 + 46

9z +
(

5 + 7z + 8
3z

2 + 8
3z

)
log z

+(1 + z) log2 z . (A.4)

B Integrated X0
3 fragmentation antenna functions

We express the integrated fragmentation antenna functions in terms of splitting func-
tions (A.3) and colour-ordered infrared singularity operators, which read

I(1)
qq̄ (ε, sqq̄) = − eεγE

2Γ(1− ε)

[ 1
ε2

+ 3
2ε

]
R(−sqq̄)−ε ,

I(1)
qg (ε, sqg) = − eεγE

2Γ(1− ε)

[ 1
ε2

+ 5
3ε

]
R(−sqg)−ε ,

I(1)
gg (ε, sgg) = − eεγE

2Γ(1− ε)

[ 1
ε2

+ 11
6ε

]
R(−sgg)−ε ,

I(1)
qq̄,F (ε, sqq̄) = 0 ,

I(1)
qg,F (ε, sqg) = eεγE

2Γ(1− ε)
1
6εR(−sqg)−ε ,

I(1)
gg,F (ε, sgg) = eεγE

2Γ(1− ε)
1
3εR(−sgg)−ε . (B.1)

The invariant masses that appear in these pole terms and in the normalisation factors of
the integrated antenna functions are always constructed from three-parton invariants as
q2 = s12 + s13 + s23 and Q2 = −q2.
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B.1 Initial-final configuration

The unintegrated X0
3 antenna functions in the initial-final configuration were introduced

in [42]. We recall their expressions here and give the results for their integrated form
differential in the final-state momentum fraction.

The quark-initiated quark-quark antenna function in the initial-final configuration
reads

A0
3(1̂q, 3g, 2q) = 1

s123

(
2s2

12
s13s23

+ 2s12
s13

+ 2s12
s23

+ s23
s13

+ s13
s23

)
+O(ε) . (B.2)

For the integration of the fragmentation antenna function we need to specify which parton
in the final state is identified. In case the final-state gluon is identified we find

A0,id.g
3,q̂ (x, z) =

(
Q2
)−ε [

− 1
2εδ(1− x)p(0)

gq (z) + 1
2 −

x

2 + z

4 + xz

4 + 1
2zδ(1− x)

+
(
−1

4 −
x

4 + 1
2D0(x) + 1

2δ(1− x) (log(1− z) + log(z))
)
p(0)
gq (z)

]
+O(ε) ,

(B.3)

and for the case of an identified final-state quark we have

A0,id.q
3,q̂ (x, z) = −2I(1)

qq̄ (ε,−Q2)δ(1− z)δ(1− x)

+
(
Q2
)−ε [

− 1
2ε
(
δ(1− z)p(0)

qq (x) + δ(1− x)p(0)
qq (z)

)
+ 9

16δ(1− z)δ(1− x)

+δ(1− z)
(

1
2 −

x

2 +D1(x)− 1
2(1 + x) log(1− x)− 1 + x2

2(1− x) log(x)
)

+δ(1− x)
(

1
2 −

z

2 +D1(z)− 1
2(1 + z) log(1− z) + 1 + z2

2(1− z) log(z)
)

−3
8
(
δ(1− z)p(0)

qq (x) + δ(1− x)p(0)
qq (z)

)
+ 1

4p
(0)
qq (x)p(0)

qq (z)

+ 3
4 −

x

4 −
z

4 −
xz

4

]
+O(ε) . (B.4)

In the subtraction of quark-photon collinear limits the antenna function A0
3(1̂q, 3γ , 2q) is

used. Its unintegrated form coincides with (B.2) and we have A0,id.γ
3,q̂ = A0,id.g

3,q̂ .
The unintegrated D-type quark-initiated quark-gluon antenna function is

D0
3(1̂q, 2g, 3g) = 1

s2
123

(
2s2

123s13
s12s23

+ 2s12s
2
123

s13s23
+ s123s23

s12
+ 2s12s13

s23

+ s12 + s123s23
s13

+ 4s123 + s13

)
+O(ε) . (B.5)
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It is symmetric under the exchange of gluons 2 and 3. Therefore, there is only one corre-
sponding integrated fragmentation antenna function, i.e.

D0,id.g
3,q̂ (x, z) = −2I(1)

qg (ε,−Q2)δ(1− x)δ(1− z)

+
(
Q2
)−ε [

− 1
2ε
(
δ(1− x)p(0)

gg (z) + δ(1− z)p(0)
qq (x)

)
+ 11

16δ(1− x)δ(1− z)

+δ(1− z)
(

1
2 −

x

2 +D1(x)− 1
2(1 + x) log(1− x)− 1 + x2

2(1− x) log(x)
)

+δ(1− x)
(
D1(z) +

(
−2 + 1

z
+ z − z2

)
log(1− z) + (1− z + z2)2

(1− z)z log(z)
)

−3
8δ(1− x)p(0)

gg (z)− 11
24p

(0)
qq (x)δ(1− z) + 1

4p
(0)
gg (z)p(0)

qq (x)− 1− 1
2x − x+ z

2

+ z

x
+ xz

2 −
z2

2 −
z2

x
− xz2

2

]
+O(ε) . (B.6)

The three-quark quark-gluon antenna functions have the form

E0
3(1̂q, 2q′ , 3q̄′) = 1

s2
123

(
(s12 + s13)2

s23
− 2s12s13

s23
+ (s12 + s13)

)
+O(ε) , (B.7)

E0
3(1̂q′ , 2q′ , 3q) = − 1

s2
123

(
(s13 + s23)2

s12
− 2s13s23

s12
+ (s13 + s23)

)
+O(ε) . (B.8)

The first antenna function is symmetric in the final-state quark pair. There is one corre-
sponding integrated fragmentation antenna function, i.e.

E0,id.q′

3,q̂ (x, z) =
(
Q2
)−ε [

− 1
2εδ(1− x)p(0)

qg (z)− 1
2x + p

(0)
qg (z)
2x + 1

2D0(x)p(0)
qg (z)

+ δ(1− x)
(1

2 −
1
2p

(0)
qg (z) + 1

2 (log(1− z) + log(z)) p(0)
qg (z)

)]
+O(ε) .

(B.9)

The only unresolved limit of the antenna function in (B.8) is the flavour-changing initial-
final collinear limit. However, identifying the final-state parton q′ prevents it from becoming
collinear to the initial-state since any jet function will require a minimum transverse mo-
mentum of the identified particle. Therefore, the only integrated fragmentation antenna
function corresponding to (B.8) identifies the final-state quark q. We find

E0,id.q
3,q̂′ (x, z) =

(
Q2
)−ε [

− 1
2εδ(1− z)p(0)

gq (x)− 1
2 + x

2 + 1
2xδ(1− z)

−
(1

2 −
1
2D0(z) + δ(1− z)

(1
2 −

1
2 log(1− x) + log(x)

2

))
p(0)
gq (x)

]
+O(ε) .

(B.10)
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The remaining quark-initiated antenna function is

G0
3(1̂q′ , 2q′ , 3g) = − 1

s2
123

(
(s13 + s23)2

s12
− 2s13s23

s12

)
+O(ε) . (B.11)

The G0
3 antenna function at hand only contains the flavour-changing initial-final limit.

Using the same reasoning as for the E0
3 antenna function, we find only one integrated

fragmentation antenna function:

G0,id.g
3,q̂′ (x, z) =

(
Q2
)−ε [

− 1
2εδ(1− z)p(0)

gq (x)− 1
2 + x

4 −
z

2 + xz

4 + 1
2xδ(1− z)

−
(1

4 + z

4 −
1
2D0(z) + δ(1− z)

(1
2 −

1
2 log(1− x) + log(x)

2

))
p(0)
gq (x)

]
+O(ε) . (B.12)

The gluon-initiated quark-anti-quark antenna function is given by

A0
3(2q̄, 1̂g, 3q) = − 1

s123

(
2s2

23
s12s13

+ s13
s12

+ s12
s13

+ 2s23
s12

+ 2s23
s13

)
+O(ε) (B.13)

and its integrated form with an identified quark reads

A0,id. q
3,ĝ (x, z) =

(
Q2
)−ε [

− 1
2εδ(1− z)p(0)

qg (x)− 1 + p
(0)
qg (x)
2z + 1

2D0(z)p(0)
qg (x)

− 1
2δ(1− z)

(
−1 + p(0)

qg (x)(log(x)− log(1− x))
)]

+O(ε) . (B.14)

As explained in [42], the gluon-initiated D0
3 antenna function has to be decomposed into a

flavour-preserving and flavour-changing piece. The two resulting antenna functions are

D0
3(1̂g, 2g, 3q) = 1

s2
123

(
s2

12
s23

+ 2s3
13

s12s23
+ 4s2

13
s12

+ 2s3
23

s12(s12 + s13) + 6s13s23
s12

+3s12s13
s23

+ 4s2
23

s12
+ 6s12 + 4s2

13
s23

+ 9s13 + 9s23

)
+O(ε) , (B.15)

D0
3,g→q(1̂g, 2q, 3g) = − 1

s2
123

(
s2

13
s12

+ 2s3
23

s12(s12 + s13) + 3s13s23
s12

+ 4s2
23

s12

)
+O(ε) . (B.16)

For the flavour-preserving antenna function the quark or the gluon in the final state can
be identified. In the former case we find

D0,id.q
3,ĝ (x, z) = −2I(1)

qg (ε,−Q2)δ(1−x)δ(1− z)

+
(
Q2
)−ε [

− 1
2ε
(
δ(1− z)p(0)

gg (x) + δ(1−x)p(0)
qq (z)

)
+ 11

16δ(1−x)δ(1− z)

+δ(1− z)
(
D1(x) +

(
−2 + 1

x
+x−x2

)
log(1−x)− (1−x+x2)2

(1−x)x log(x)
)
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+δ(1−x)
(

1
2 −

z

2 +D1(z)− 1
2(1 + z) log(1− z) + 1 + z2

2(1− z) log(z)
)

−3
8δ(1− z)p(0)

gg (x)− 11
24p

(0)
qq (z)δ(1−x) + 1

4p
(0)
gg (x)p(0)

qq (z)− 5
2 + 1

2x + x

2

− x
2

2 − z+ z

2x + xz

2 −
x2z

2

]
+O(ε) (B.17)

and in the latter case

D0,id.g
3,ĝ (x, z) =

(
Q2
)−ε [

− 1
2εδ(1− x)p(0)

gq (z)− 7
2 + 1

x
+ x− x2 + z − z

2x −
xz

2 + x2z

2

+
(

1− 2x+ x2 − x3

2x + 1
2D0(x) + 1

2δ(1− x) (log(1− z) + log(z))
)
p(0)
gq (z)

+ 1
2zδ(1− x)

]
+O(ε) . (B.18)

The only integrated fragmentation antenna function of the flavour-changing D0
3 antenna

identifies the final-state gluon. It reads

D0,id.g
3,g→q,ĝ(x, z) =

(
Q2
)−ε [

− 1
2εδ(1− z)p(0)

qg (x)− 3
2 + 1

x
− z

2x + 1
2D0(z)p(0)

qg (x)

−δ(1− z)
(
−1

2 −
1
2 log(1− x)p(0)

qg (x) + 1
2 log(x)p(0)

qg (x)
)]

+O(ε) .

(B.19)

There are two gluon-initiated gluon-gluon antenna functions:

F 0
3 (1̂g, 2g, 3g) = 1

s2
123

(
2s2

123s23
s12s13

+ 2s2
123s13
s12s23

+ 2s12s
2
123

s13s23

+ 2s13s23
s12

+ 2s12s23
s13

+ 2s12s13
s23

+ 8s123

)
+O(ε) , (B.20)

G0
3(1̂g, 2q′ , 3q̄′) = 1

s2
123

(
(s12 + s13)2

s23
− 2s12s13

s23

)
+O(ε) . (B.21)

Both antenna functions are symmetric under the exchange of parton 2 and 3. Therefore,
for each antenna function there is only one integrated fragmentation antenna function.
We find

F0,id.g
3,ĝ (x, z) = −2I(1)

gg (ε,−Q2)δ(1−x)δ(1− z)

+
(
Q2
)−ε [

− 1
2ε
(
δ(1− z)p(0)

gg (x) + δ(1−x)p(0)
gg (z)

)
+ 121

144δ(1− z)δ(1−x)

+δ(1− z)
(
D1(x) +

(
−2 + 1

x
+x−x2

)
log(1−x)− (1−x+x2)2

(1−x)x log(x)
)
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+δ(1−x)
(
D1(z) +

(
−2 + 1

z
+ z− z2

)
log(1− z) + (1− z+ z2)2

(1− z)z log(z)
)

−11
24
(
δ(1− z)p(0)

gg (x) + δ(1−x)p(0)
gg (z)

)
+ 1

4p
(0)
gg (x)p(0)

gg (z)

− (2−x+x2)(2− z+ z2)
]

+O(ε) (B.22)

and

G0,id.q′

3,ĝ (x, z) =
(
Q2
)−ε [

− 1
2εδ(1− x)p(0)

qg (z) + 1
2xp

(0)
qg (z) + 1

2D0(x)p(0)
qg (z)

+δ(1− x)
(1

2 −
1
2p

(0)
qg (z) + 1

2 (log(1− z) + log(z)) p(0)
qg (z)

)]
+O(ε) .

(B.23)

B.2 Final-final configuration

The unintegrated X0
3 antenna functions in the final-final configuration can be found in [41].

We recall their expressions here and give the results for their integrated form differential
in the final-state momentum fraction.

The tree-level three parton quark-anti-quark antenna function reads

A0
3(1q̄, 3g, 2q) = 1

s123

(
2s2

12
s13s23

+ 2s12
s13

+ 2s12
s23

+ s23
s13

+ s13
s23

)
+O(ε) . (B.24)

It is symmetric under the exchange of the quark pair. We find two integrated fragmentation
antenna functions. Identifying the gluon, we have

A0,id.g
3,q̄ (z) =

(
q2
)−ε [

− 1
2εp

(0)
gq (z) + 1

4 + z

8 +
(
−3

8 + 1
2 log(1− z) + log(z)

2

)
p(0)
gq (z)

]
+O(ε) (B.25)

and in case the quark is identified, we find

A0,id.q
3,q̄ (z) = −2I(1)

qq̄ (ε, q2)δ(1− z) +
(
q2
)−ε [

− 1
2εp

(0)
qq (z) + 3

8 −
z

8 +
(

47
16 + π2

6

)
δ(1− z)

+D1(z)− 1
2(1 + z) log(1− z) + 1 + z2

2(1− z) log(z)− 3
8p

(0)
qq (z)

]
+O(ε) .

(B.26)

In the subtraction of quark-photon collinear limits the antenna function A0
3(1q̄, 3γ , 2q) is

used. Its unintegrated form coincides with (B.24) and we have A0,id.γ
3,q̄ = A0,id.g

3,q̄ .
The tree-level quark-gluon antenna function can be expressed as

D0
3(1q, 2g, 3g) = d0

3(1q, 2g, 3g) + d0
3(1q, 3g, 2g) (B.27)
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with the sub-antenna

d0
3(1q, 2g, 3g) = 1

s2
123

(
2s2

123s13
s12s23

+ s123s23
s12

+ s12s13
s23

+ s12
2 + 2s123 + s13

2

)
+O(ε) . (B.28)

In the sub-antenna at hand gluon 3 acts as a hard radiator while the full antenna (B.27)
also contains the soft limit of gluon 3. The reference particle used in the definition of the
momentum fraction has to be a hard radiator. Therefore, if we want to use the quark-gluon
antenna function with the gluon as the reference particle we have to use the sub-antenna in
which the reference gluon is a hard radiator. Integrating (B.28) and remaining differential
in the gluon momentum fraction, we find

D0,id.g
3,g (z) =

(
q2
)−ε [

− 1
2εp

(0)
gq (z) + 5

8 + z

8 +
(
−11

24 + 1
2 log(1− z) + log(z)

2

)
p(0)
gq (z)

]
+O(ε)

(B.29)
and for the case where the quark momentum is identified we have

D0,id.q
3,g (z) = −2I(1)

qg (ε, q2)δ(1− z) +
(
q2
)−ε [

− 1
2εp

(0)
qq (z) + 3

4 −
z

8 +
(

167
48 + π2

6

)
δ(1− z)

+D1(z)− 1
2(1 + z) log(1− z) + 1 + z2

2(1− z) log(z)− 11
24p

(0)
qq (z)

]
+O(ε) .

(B.30)

When the quark acts as a reference particle we can integrate the full antenna func-
tion (B.27). In this case the fragmentation antenna function reads

D0,id.g
3,q (z) = −2I(1)

qg (ε, q2)δ(1− z) +
(
q2
)−ε [

− 1
2εp

(0)
gg (z) + 5

3 −
13z
12 + 13z2

12

+
(

49
16 + π2

6

)
δ(1− z) +D1(z) +

(
−2 + 1

z
+ z − z2

)
log(1− z)

+ (1− z + z2)2

(1− z)z log(z)− 3
8p

(0)
gg (z)

]
+O(ε) . (B.31)

The last quark-gluon antenna function is

E0
3(1q, 2q′ , 3q̄′) = 1

s2
123

(
(s12 + s13)2

s23
− 2s12s13

s23
+ (s12 + s13)

)
+O(ε) . (B.32)

It is symmetric under the exchange of particle 2 and 3. Phase space integration with
reference particle q and identified particle q′ yields

E0,id.q′

3,q (z) =
(
q2
)−ε [

− 1
2εp

(0)
qg (z) + 2

3 +
(
−17

12 + 1
2(log(1− z) + log(z))

)
p(0)
qg (z)

]
+O(ε) .

(B.33)
In case the primary quark q is identified, we have

E0,id.q
3,q̄′ (z) = −4I(1)

qg,F (ε, q2)δ(1− z) +
(
q2
)−ε [

− 1
12 −

11
12δ(1− z) + 1

3D0(z)
]

+O(ε) .

(B.34)
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The first gluon-gluon antenna function is

F 0
3 (1g, 2g, 3g) = f0

3 (1g, 2g, 3g) + f0
3 (1g, 3g, 2g) (B.35)

with the sub-antenna

f0
3 (1g, 2g, 3g) = 1

s2
123

(
2s2

123s13
s12s23

+ s13s23
s12

+ s12s13
s23

+ 8s123
3

)
+O(ε) . (B.36)

In (B.35) we have fixed 1g to be the hard radiator which is used as a reference particle in the
definition of the momentum fraction. Consequently, it does not contain the sub-antenna
f0

3 (2g, 1g, 3g). Integration of (B.35) over the phase space while remaining differential in the
final-state momentum fraction yields

F0,id.g
3,g (z) = −2I(1)

gg (ε, q2)δ(1− z) +
(
q2
)−ε [

− 1
2εp

(0)
gg (z) + 4

3 −
11z
12 + 11z2

12

+
(

523
144 + π2

6

)
δ(1− z) +D1(z) +

(
−2 + 1

z
+ z − z2

)
log(1− z)

+ (1− z + z2)2

(1− z)z log(z)− 11
24p

(0)
gg (z)

]
+O(ε) . (B.37)

The second gluon-gluon antenna function is

G0
3(1g, 2q′ , 3q̄′) = 1

s2
123

(
(s12 + s13)2

s23
− 2s12s13

s23

)
+O(ε) . (B.38)

It is symmetric under the exchange of particle 2 and 3. Using the gluon as reference particle
and remaining differential in the momentum fraction of q′, the phase space integration gives

G0,id.q′

3,g (z) =
(
q2
)−ε [

− 1
2εp

(0)
qg (z) + 1

2 +
(
−17

12 + 1
2(log(1− z) + log(z))

)
p(0)
qg (z)

]
+O(ε) .

(B.39)
In case of an identified gluon we have

G0,id.g
3,q̄′ (z) = −2I(1)

gg,F (ε, q2)δ(1− z) +
(
q2
)−ε [

−1
6 −

z

6 −
11
12δ(1− z) + 1

3D0(z)
]

+O(ε) .
(B.40)
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