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The theoretical description of these processes must account for collinear parton-photon
configurations, retaining the dependence on the photon momentum fraction, and includes
the parton-to-photon fragmentation functions. We extend the antenna subtraction method
to include photon fragmentation processes up to next-to-next-to-leading order (NNLO) in
QCD. Collinear photon radiation is handled using newly introduced fragmentation antenna
functions and associated phase space mappings. We derive the integrated forms of the frag-
mentation antenna functions and describe their interplay with the mass factorisation of the
photon fragmentation functions. The construction principles of antenna subtraction terms
up to NNLO for identified photons are outlined, thereby enabling the application of the
method to different photon production processes at colliders.

KEYWORDS: Higher-Order Perturbative Calculations, Factorization, Renormalization
Group, Specific QCD Phenomenology

ARX1v EPRINT: 2201.06982

OPEN AccCESS, © The Authors.

Article funded by SCOAP?, https://doi.org/10.1007/JHEP04(2022)031


mailto:thomas.gehrmann@uzh.ch
mailto:robins@physik.uzh.ch
https://arxiv.org/abs/2201.06982
https://doi.org/10.1007/JHEP04(2022)031

Contents

1 Introduction 1
2 Mass factorisation of the photon fragmentation functions 3
3 Photon production cross section 5
3.1 Subtraction at NLO 7
3.2 Subtraction at NNLO 10
3.2.1 Fragmentation contribution 11

3.2.2 Direct contribution: structure and final-state mass factorisation 15

3.2.3 Direct contribution: double real level 16

3.2.4 Direct contribution: real-virtual level 20

3.2.5 Direct contribution: double virtual level 24

4 Integration of Xfl’ fragmentation antenna functions 27
5 Integration of X; fragmentation antenna functions 30
6 Conclusions 35
A Mass factorisation kernels 36
B Integrated X:,? fragmentation antenna functions 38
B.1 Initial-final configuration 39
B.2 Final-final configuration 43

1 Introduction

The production of photons at large transverse momenta is studied for a variety of final-state
configurations at particle colliders, for example in inclusive photon production, photon pair
production or photon-plus-jet production. These observables probe fundamental QCD and
QED dynamics, help to constrain the parton content of the colliding hadrons, and yield
final states that are also of interest in new particle searches. At the LHC, measurements
of single-photon [1-4] and di-photon [5-7] observables are now reaching an experimental
accuracy of a few per cent, thereby demanding a comparable level of precision for the
corresponding theory predictions.

The leading-order parton-level production process of photons at large transverse mo-
menta is their radiation off quarks, which is also called prompt or direct production. An-
other source of final-state photons is their radiation in the hadronisation process of an
ordinary jet production event, called fragmentation process. This photon fragmentation



process is described by (non-perturbative) fragmentation functions of different partons into
photons [8, 9]. The contribution of the fragmentation process to a photon production ob-
servable can be minimised by imposing an isolation criterion, which requires the photon to
be well-separated from any final-state hadrons in the event. In experimental measurements,
the photon isolation is formulated by allowing only a limited amount of hadronic energy in
a fixed-size cone around the photon. For a finite-sized cone, this hadronic energy threshold
must be non-zero to ensure infrared safety of the resulting observables, consequently leading
to a non-vanishing fragmentation contribution that must also be accounted for in the the-
ory predictions. An alternative isolation procedure is to use a dynamical cone [10], which
lowers the hadronic energy threshold towards the center of the cone and fully suppresses the
fragmentation contribution. While theory predictions at higher orders frequently employ
the dynamical cone isolation due to its simplicity, all experimental measurements to date
are based on fixed-cone isolation. The uncertainty resulting from using different isolation
prescriptions in theory and experiment forms a systematic source of error that is difficult
to quantify.

For a fixed-size cone isolation, it is not even possible to disentangle the prompt and
fragmentation processes, since the parton-level collinear photon radiation off a final-state
quark is kinematically indistinguishable from photon fragmentation. After renormalisa-
tion and mass factorisation of the incoming parton distributions, this parton-level process
yields a left-over collinear singularity, which is absorbed into the mass factorisation of the
photon fragmentation functions [8]. Consequently, the next-to-leading order (NLO) cor-
rections for inclusive photon [11-16], photon-plus-jet [17] and di-photon production [18]
depend on the photon fragmentation functions. These fulfil DGLAP-type evolution equa-
tions [9] with an inhomogeneous term from the quark-to-photon splitting, with a priori
unknown non-perturbative boundary conditions. Parametrisations of the photon fragmen-
tation functions mainly rely on models for these boundary conditions [19-21]. The only
measurements were performed up to now at LEP [22, 23], enabling an determination of
the photon fragmentation functions [24] and a critical assessment [25] of the previously
available models.

Calculations of next-to-next-to-leading order (NNLO) QCD corrections for inclusive-
photon [26, 27], photon-plus-jet [27, 28] di-photon [29-34] or tri-photon production [35,
36] have been performed up to now only for dynamical cone isolation (or variations
thereof, [37]). Theory predictions for fixed-cone isolation were not feasible at NNLO QCD
up to now, since none of the available QCD subtraction techniques at NNLO is able to
handle fragmentation processes. Most recently, first steps in this direction were taken with
the calculation of heavy-hadron fragmentation in top quark decays [38], which incorporates
the perturbative heavy-quark fragmentation at NNLO QCD [39, 40]. It is the objective
of this paper to extend the antenna subtraction method [41-43] to be able to account for
photon fragmentation up to NNLO.

In section 2, we review the mass factorisation of the photon fragmentation functions
up to NNLO, which forms the basis for the compensation of collinear singularities between
direct and fragmentation processes. The different contributions to photon production cross
sections up to NNLO in QCD are described in detail in section 3, where we construct



the antenna subtraction terms that are required to handle collinear photon radiation at
NLO and NNLO. These antenna subtraction terms contain novel fragmentation antenna
functions for double real radiation at tree level and single real radiation at one loop, which
are differential in the final-state photon momentum fraction. The integration of these
fragmentation antenna functions over the respective antenna phase spaces is described in
sections 4 and 5. Finally, we conclude in section 6 with a discussion of possible applications
and extensions of the newly developed formalism. Two appendices document the relevant
mass factorisation kernels and all integrated NLO fragmentation antenna functions for
identified photons or partons.

2 DMass factorisation of the photon fragmentation functions

Collinear photon radiation off partons leads to singularities in cross sections involving iden-
tified final-state photons. These singularities are absorbed into a redefinition (mass factori-
sation) of the parton-to-photon fragmentation functions. This factorisation is performed at
a fragmentation scale u,, and the resulting mass-factorised fragmentation functions con-
sequently depend on pu,. The relation between mass-factorised and bare fragmentation
functions can be expressed as

Dia'y(zv ,Ug) = Z I"i*)j(z7 N(Qz) ® D]-B_W(z) ) (2.1)
J

where flavours 4,5 € {g,q,q,7}. Ti—; are the mass factorisation kernels of the fragmenta-
tion functions. We use a bold letter to indicate that these kernels carry colour factors. For
a compact notation we have introduced a photon-to-photon fragmentation function D, _.,.
It is given by

D’YH’Y(Za :ug) = Df—w

(2) =0(1—2). (2.2)

In the convolution on the right-hand side of (2.1), we indicate the variable z on both
components with the implicit understanding that z only emerges after performing the
convolution. This prescription will allow us in the subsequent sections to distinguish con-
volutions in final-state momentum fractions z and in initial-state momentum fractions x
related to the parton distribution functions (PDF), which appear simultaneously in some
of the higher-order expressions.

Equation (2.1) can be written in matrix form, i.e.
D, (2, i) = T(z, 42) © DE(2). (2.3)

In the equation at hand D, and Df are vectors in flavour space and I' is a matrix in flavour
space. The mass factorisation kernel has a perturbative expansion in the strong coupling
constant as and in the electromagnetic coupling «. The bare fragmentation functions
can now be expressed in terms of the mass-factorised fragmentation functions by inversion
of (2.3),

DE(Z) = 1—‘71(27 HZ) ® D’Y(zv :ug)v (2.4)



which can be expanded in a and «; to obtain the bare fragmentation functions up to a
required perturbative order. For the calculation of isolated photon production processes
up to NNLO in QCD, this expansion is required to order a'al.
For the quark-to-photon fragmentation function we find

o
Df—)fy(z) = Dqﬁv(zv /“Lg) - %I‘((](D}V
@ 1 1 ol alt! @ 0
~ 52 (T4 ® Dy + Ty © Dy + 5T — 20, T )

(2.5)

while the gluon-to-photon fragmentation function reads

o
Df_w(z) = Dyr(z, ui) - i (I‘;l—)m ® Dygsy + Z Fg(yl—)>q ® Dy
q

ol alt! - 1 0

+%q%_%§pgﬁwg0, (2.6
q

where the sum runs over all quark flavours (and also includes anti-quarks) and we have
used that Fé% = 0.
It will prove useful to introduce some additional notation for combinations of terms

that are involved in the mass factorisation of the fragmentation functions. We define

0 _ Ym0
Ft(z—)w - %Ft(z—)w’
o o
B, = T, @ (Dyy = 50, ) + T, © Dy + ST
0 _ 0) _
RO, = 19, =0,
« @
P, =T, @ Dy + ST, (Dysy = 200 )+ 220 (27)
q
and rewrite the relation between the bare and the mass-factorised fragmentation func-
tions as
0 Qs (1
DE,(2) = Diowy (2 ) = B (i) = 52 F (2 ). (2.8)
We can further decompose FEQ,Y into
1 1),A 1),B 1),C
), = FO + P+ (2.9)
with
Fst =T © Dy + T @ Dyyry
Pl = T{y © Dyosy + 3T, © Dy
q
DB _ _%na 0
Fg—)w - —%I‘glq ® I‘t(z—)w’



nB _ _“ 1 0
Fg—)w - _ﬂzrg—)m ®I‘((1—)w’
q

FOLC — Y pO)

q— o 4
1,c _ %
FO = %rggv. (2.10)

3 Photon production cross section

Any isolated photon production cross section at higher orders in QCD consists of a direct
and a fragmentation contribution. Its general form reads:

A" =d6y + > dé, ® DY (3.1)

Py
2

with p € {q;,q;,g}. d&, is the cross section for the production of parton p with large trans-
verse momentum and d&, describes the direct contribution to the photon production cross
section. Beyond the Born approximation, it contains singularities originating from config-
urations where partons are collinear to the photon. The bare fragmentation contribution
in the above equation further decomposes in two parts: a piece where d&, is convoluted
with the mass-factorised fragmentation functions and the mass factorisation counterterms
of the fragmentation functions, which will cancel the parton-photon collinear singularities
in the direct contribution.

Genuine QCD infrared singularities that do not involve the photon are fully contained
inside the direct contribution, where they compensate each other between partonic subpro-
cesses of different multiplicity. By using a dynamical photon isolation, which regulates any
parton-photon collinear configuration and discards the fragmentation contribution, these
singularities can be handled with generic QCD subtraction methods up to NNLO. Following
this procedure, NNLO results have been obtained for photon-plus-jet production [26, 27],
di-photon production [29-32], di-photon-plus-jet production [33, 34] and tri-photon pro-
duction [35, 36]. In the following, it is assumed that the genuine QCD singularities have al-
ready been handled using antenna subtraction, such that only the remaining parton-photon
collinear singularities remain to be dealt with. The subtractions for infrared-singular gen-
uine QCD and parton-photon collinear configurations are largely independent (except for
the occurrence of simple collinear quark-photon singularities in a single type of genuine
QCD subtraction terms, discussed in section 3.2.3 below) up to NNLO, such that the
corresponding subtraction terms can just be combined in an additive manner. We will
thus discuss only the construction of parton-photon collinear subtractions, their interplay
with the mass factorisation of the parton-to-photon fragmentation functions, and generic
fragmentation function contributions in the following.

The cross section dg; is expanded in powers of ag, i.e.

o

2
S 46NEO 4 (O‘S) d6NNLO 1 0(a?). (3.2)

dé; = dotC + 5 5 2



With the power counting of the fragmentation functions given by Dg/q/o ., = O(a), the

different contributions to the photon cross section at the different levels of accuracy read

de7 R0 = 4510, (3.3)
de7TFYNLO = 45O+ 45t0 @ Dy + 37 d60 @ Dyyy = Y A6 @ FY . (3.4)
q q
and
X,NNLO A NNLO A NLO A NLO 0
e = dghNO Z A6 @ D,y — Z Aoy e F
. Z 60 @ ggw +dsNO @D, ,, —ds0w %‘;ng. (3.5)

We used (2.8) to express the bare fragmentation functions in terms of the mass-factorised
fragmentation functions and used that Fé(iy = 0. The sums in the above equations also
run over anti-quarks. In general, the fragmentation functions are flavour-sensitive while
the mass factorisation kernels are flavour-blind.

In the cross section dé; the final-state particle ¢ has to be identified. This holds not
only for the case ¢ = « but also when ¢ is a parton. Therefore, it is useful to rewrite the

higher-order cross section as

ANLO ~R ~S ~S
dé /n N (d6ft - dof - dof,))

+ /n (a6} — doT - asT,) (3.6)
and
ANNLO __ ~RR _ 35S _ 148
da; = /n+2 (daz- —day — daj(l-))

n (46 — da] — doT,))

+ / (do}V - da} — daly,)) | (3.7)

where we divided the subtraction terms in a part in which the identified particle remains
resolved and a part in which particle ¢ is unresolved, i.e. in the reduced matrix element
there is no momentum corresponding to particle ¢ alone, but it is part of a cluster of
identity j € {g;,q;,9}. The subscripts of the integral signs refer to the number of final-
state particles.

All explicit poles in dc}jT(v) and d&%w) have to cancel against the mass factorisation
terms of the fragmentation functions. It should be noted that the composition of these
cross sections slightly deviates from the pure QCD case [43], where all counterterms from
the mass factorisation of the incoming parton distributions are contained in dé” and dé&V.
In d(}f(w) and d&g(,y), only counterterms associated with the parton distributions are in-
cluded, while the mass factorisation counterterms of the photon fragmentation functions
are not included, but added explicitly to (3.6) and (3.7). This distinction will allow a more
transparent identification of infrared cancellations associated with the photon fragmenta-
tion process in the following.



3.1 Subtraction at NLO

The form of the NLO cross section is given in (3.4). Using additionally the notation of (3.6)

NLO , we have

g7 TANLO = / (daR o> Zda >
n+1
- / (a6 —as7)
+ [ Y (~dof,) - doP o w,)
" q

+ / > d67 ® Doy + / 467 @ Dy, (3.8)
n q n

for da

where each individual line is free of implicit and explicit divergences. d&f(v) subtracts
the quark-photon singular collinear configurations of d&ﬁ. At NLO, these configurations
always yield a quark as a parent cluster so that there is no contribution to d&;q( ) The
flavour sum runs over {u, d, s, ¢, b} and does not distinguish between quarks and anti-quarks
as Dy_sn = Dg_..

The full d&rf(v) subtraction term is a sum of contributions of the type,

1
dO'q(,y N{]%LO Z d(pn—i-l(kly HE )knvk’y;ppr)r

perm. n+1
xAg(l;:q,k;d‘,k )Qq n+2( Ky - ) ({k}nv z). (3.9)

The antenna function in (3.9) mimics the singular ¢ || 7 limit of the real-radiation matrix
element. At NLO one can always choose the A} antenna function in its final-final or
initial-final crossing to subtract this limit. We indicate the reference momentum with a
check-mark and the identified particle with a superscript (id.). The reduced matrix element
is a Born-level jet matrix element and it is multiplied with the charge @), of the quark, to
which the photon becomes collinear. z is the momentum fraction of the photon within the
cluster momentum k(4. It is given by z = 23 (k:q, k;/ y kg ) with the general definition for
the NLO momentum fraction

1. id. _ Sab
23 (Fa ki he) = . (3.10)
The jet function Jf,? ) applies the jet algorithm as well as any cuts on the photon. Con-
sequently, it retains an explicit functional dependence on z. The new class of antenna
functions in (3.9), in which a final-state particle is identified, are called fragmentation
antenna functions.

The limit in which the photon becomes collinear to the reference momentum corre-
sponds to the limit z — 0, and this configuration will be vetoed by the jet function. The
reference particle can be either in the final or in the initial state, i.e. final-final or initial-final
fragmentation antenna functions can be used. In the case of an initial-final fragmentation



antenna function we exclusively use the initial-state momentum as the reference direction
in the definition of the momentum fraction z. Therefore, in this case we have Izzq = Py
in (3.9).

To integrate the subtraction term we have to factorise the phase space in (3.9) and
make the integration over z explicit. A different phase space factorisation applies for the
cases of initial-final and final-final antenna functions.

Using the initial-final phase space factorisation [42], we obtain

_ dx 2 Sy
d®p1(. - kgs koo 5Py p2) = APy (- hggyys - - ;pq,pQ)?%&Pg(s (z — ‘”) dz,

(3.11)
where ¢? = (py — ky — kg)* = —Q? and d®2 = dPa(q, py; kv, kq). We used that in the case
of an initial-final antenna we have Eg = Pg-

Using the final-final phase space factorisation [41], one can rewrite the n + 1 particle
phase space as

~ _ S
dPri1(.. . kg k1 p1,p2) = Ao kg, kg, - - -5 p1,p2)d®s Py 6 (z — W) dz,
Sqy + Sqq

(3.12)
where d®3 = d®s3(kg, kv, kqg; l;:q + k(7)) and P, is the integrated two-body phase space, i.e.

(2 — 2¢)

Ti—0 s €. (3.13)

Ibzzt/}yp2::2f3+QQﬁfl+e
After factorising the phase space in (3.9), the integration of the subtraction term d65(7)
can be performed:

R dx 1
dog(v) = *NRI/LOQg Z /?/0 dzd®,(ki, ... kg, .., kn;zp1,D2)

perm.

x SlnAg;;d“(x, MO o( o kg ) I ({En; 2) (3.14)
where VYo = N o Cle), with C(e) = (4me™72)" /(87?). In case a final-final antenna
function is used there is no explicit z-dependence in the subtraction term. Ag:gd'v is the
integrated fragmentation antenna function. The subscript corresponds to the reference
particle used in the definition of the momentum fraction. The integration of a general
X 2 ’ji,f‘j fragmentation antenna function with identified particle j and reference particle ¢ in
the initial-final configuration reads

s 1 a Q? Si
y0idj _ g/ndq) ke k) X 01 5 _ v
5 (@,2) C(e) 204, piskjs k) Xigi™ 500 | 2 545+ Sik

2 TEC —€ .
- %p(el_e) (Qz) J(@,2) X0 (w, 2) (3.15)

with ¢* = (p; — k; — k)2 = —Q? < 0 and the Jacobian factor is given by

J(@,z)=1—z) 2% (1—-2)°. (3.16)



It originates from expressing the integration over the two-body phase space as a single
integration over z. After expressing the invariants in the antenna function in terms of z
and z, all terms of the form (1 — z)7'7¢ and (1 — z)~!7¢ are expanded in distributions,
where we use the notation

log"(1 — u)
1—-u

Dy (u) = [ ] ,n€Np. (3.17)
+

The integrated A} fragmentation antenna function in the initial-final configuration
reads

—€ 1 1 z 2z zz 1
Oldv _ 2 51 — (0) _ d hiad - 1—
Ay ) = (@) [ 2 (L mmg (2 ¥ g — g gt T o)

1 z 1 1
+ (—4 1 + 5@0(33‘) + 55(1 —z) (log(1 —2) + log(z))> pﬁ,%)( )} + O(e),
(3.18)
where pg%) denotes the quark-photon splitting function given in (A.3). In the final-final
configuration the integration of a fragmentation antenna functions X ?j’,;d'j with identified
particle j and reference particle ¢ takes the form

i 1 - _ Sii i
949 (2) = @ /d(I)g (k: kj, ks i + k(kj)) Pyls (z - Sﬂjg}g) X

eVE€ _ _ _ Sijk _ 0,id.
= msiji“ez ‘1-2) 6/0 dsj(sijr — sj) s EXl]k1 ](sjk,z).

(3.19)

As in the initial-final integration, we obtain a Jacobian factor from rewriting one of
the two non-trivial integrations of the three-body phase space as an integration over z.
The remaining integration is straightforward for the tree-level X fragmentation antenna
functions. The final-final fragmentation antenna function needed to subtract quark-photon
collinear singularities is Ag ((5, Aid-, q). Its integrated form reads

1 . 1 1 2 3 1 log(z
A = (o) [~ g9 + 5+ (g g lontt =2+ 752 ) )
L0, (3.20)

It can be seen from (3.18) and (3.20) that the quark-photon collinear singularity is
manifest in an 1/e-pole at the integrated level. This pole is cancelled by the mass factori-
sation contribution of the fragmentation functions, which reads

dol? ®F N’NLOQ2 /dzo@ (kiy- ooy kgy s knsp1,p2)

perm.

1
XS—MQQG TOMY (. kg o) IS ({k}n; 2), (3.21)

n



where 1, denotes the fragmentation scale and we have expanded out the mass factorisation
(0)

counterterm F;7, in terms of coupling factors and colour-ordered coefficients I' as outlined
in (2.7) and in detailed appendix A. The Born cross section is

Q68 = N 3 (R} st p2) g MO Ky )T (R} =) (3:22)
perm. n
In here, the jet function depends on z because the quark momentum k, denotes a quark-
photon cluster containing a photon with momentum fraction z. The normalisation factors
are related by N5 o/ (2m) (4me72)" = N 0/2.
Adding the integrated subtraction term (3.14) and the mass factorisation contribu-
tion (3.21), one has

d
dé ()—i—da ®F) :—NNLOQ2Z/ x/ dz—dCD (K1, .oy kgs e kns zp1, pa)
perm.
1),id. n
XISV (Gq) MOy kg o) TS (T 2). (3.23)

Combination of the integrated initial-final fragmentation antenna function (3.18) with
the mass factorisation kernel yield the NLO fragmentation dipole

TG, q) = AY ) — Ly

5 270(2)6(1 - 2). (3.24)

In case a final-final A9 fragmentation antenna function is used, the dipole reads

1
2
where the integrated fragmentation antenna function is given in (3.20). The fragmentation
dipoles (3.24) and (3.25) are e-finite. Therefore, having expressed dc}:{(w + d&f ® F((IQW in
terms of these dipoles the pole cancellation between the direct part and the mass factori-

TG q) = AP () = S > T (2), (3.25)

sation contribution is guaranteed.
The fragmentation contribution to the photon production cross section at NLO takes
the form

d67 @ Diyy = N5, Z/dzdcp (K1, kiy .o ki p1,02)

perm.

1
X? Di—w(za MZ)Mg—i-Q(' o kia ce ) J?S?)({k}nv Z) ) (326)

where 7 can be a gluon or a quark. z is the momentum fraction which the photon carries
away from its parent momentum k; during the process of fragmentation.

3.2 Subtraction at NNLO

The pole cancellation among the different pieces (3.5) at NNLO is more involved. These
pieces can be rearranged according to whether they contain the mass-factorised photon
fragmentation functions (fragmentation contribution) or not (direct contribution). The
direct contribution contains all photon-parton singular configurations and their associated
counterterms from the mass factorisation of the photon fragmentation functions.

~10 -



3.2.1 Fragmentation contribution

The fragmentation contribution appears in isolated photon cross sections only from NLO
onwards. Consequently, its contribution at NNLO amounts to an NLO-type correction to
the production of an identified parton, which subsequently fragments into the photon. This
contribution can be further divided into the generic NLO hard subprocess cross sections,

~7+X,NNLO __ ~R NS ~ S NS
dé7; = /n B (Ao — &g — dafy,) — dég)) @ Dy

+3 [ (a6 - ao¥ - aof,) — d6%)) @ Dy
q n
A ~S ~AS ~S
+ . (dafL —doy — dag(g) — daq(g)) ® Dg_yy

AV ~T ~T ~T
+/n (dUg —dO'g —dO'g(g) —dO'q(g)) ®Dg—>'y (327)

and terms resulting from the mass factorisation of the photon fragmentation functions,

corresponding to the mass factorisation kernels Fgll’VA and Fég)’i? in (3.5):

d6, O = 3 a0 @ UFIA — 46l0 @ CUF(UA

o F SFN (3.28)
q

Expanding these kernels yields the full fragmentation contribution:

~v+X,NNLO _ ;~v+X,NNLO . 7+X NNLO
dé f = dé f

+do

_ ~R S N ~ S
— Z[L+1 (dO'q — dO'q — dO'q(q) — dO'g(q)) ®Dq%'y
q
AV AT AT 5B &
+ Z/n (daq —d6, —doy, —do, ® Fglq> ® Dysry
+3 [ (-5 - 07 @ G2Ti0, ) @ Dy

A ~S ~S
+ - (daf —do, — dag( )~ daq(g)> ® Dg_yy

+ /n (da—gV —do] —del, —def @ rggg> ® Dy sry

+ /n (—daj{(g) —dog @ o ngg) ® Dysry (3.29)

where we used the expression for the kernels given in (2.10). Each line in (3.29) is free of
explicit and implicit divergences.

The only singularity which is subtracted in d&(f(q) corresponds to the ¢ || g limit, in
which the two partons form a parent quark and the original quark momentum within the
quark-gluon cluster is identified. The subtraction term takes the form

. 1
o5y = Nk D dPpia(kr, .. kg 7--'7/€g7---,kn+1;p1,pz)sn+1
perm.
x X9 (ks, kg, KAYMO o (- Kgq), - I ({EYnsu) (3.30)

- 11 -



where we used the same notation as in (3.9) to indicate the reference parton with momen-
tum ks and the identified quark momentum k,. The momentum £k, is the momentum of
the gluon which is colour connected to the quark for the specific colour ordering. w is the
momentum fraction of the quark in the cluster momentum k4. It reads
v S
u= 2 (k;s, K k;g> - ﬁ . (3.31)
For the subtraction of a quark-gluon collinear limit either a D or A} antenna function
can be used and the reference particle can be in the initial or final state. The convolution
of the subtraction term with the quark-to-photon fragmentation functions is given by

N 1
da—f((I)@Dq_W _NJ / dvd@n+1(k1a'--7k(17"'7kg7'"akn—kl;plapZ)SiH
perm. n
X X (s, kg, kI VMO o (- Kggys - - ) IS ({k}ns 2 = wv) Dysn (v, i2) .

(3.32)

In here, we have two momentum fractions: v denotes the fraction of the photon momentum
in the quark-photon cluster. The quark itself is part of a quark-gluon cluster, in which

(n)

it carries a momentum fraction u. The jet function Jp,” has to reconstruct the photon
momentum from the mapped momentum k(4. The momentum fraction of the photon in
the quark-gluon-photon cluster momentum k,,) is given by z = uv, which is entering the
jet function.

The subtraction term d&i( 9 subtracts the ¢ || ¢ limit. In this case the cluster identity

is a gluon. This subtraction term reads

1
Sn+1

d&g(q 'N;et Z d(I)n-H(kl""vkqv~~-7kq7--~7kn+1;p17]32)

perm.

X Xg(ESvk;d'akq’)M2+2(~ k(qq ) ({k}na u) + (q < ‘I)} , (3.33)

where we have indicated that there is an identical term in which the anti-quark is identified.
Both of these terms are convoluted with the same fragmentation function since D, =
Dg—. The antenna function in (3.33) can be either a E or GY antenna and they can
be used in the initial-final or final-final configuration. The convolution of (3.33) with the
fragmentation function takes the same form as (3.32).

The integration of the subtraction terms (3.30) and (3.33) proceeds in the same man-
ner as the integration of dﬁfﬁ). After integrating over the antenna phase space the frag-
mentation antenna function retains an explicit dependence on the momentum fraction.
Performing the convolution with the fragmentation functions, we find

A dx Ldu
do_(?(q)®Dq%’Y: Jet Z / / dz/ 7d<1> kl,"'akqa--'akn;xplaPZ)
perm.
L oid. z "
x o= Xy 4 (1) Dy <u’“§> MO o( kg, ) TS (ks 2)
(3.34)
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The jet function again only depends on z = wv. In case a final-final antenna function is
used to subtract the ¢ || g limit, there is no explicit dependence on and integration over x.

To obtain a fragmentation dipole from the integrated fragmentation antenna function
it has to be combined with the mass factorisation contribution from the fragmentation
functions. For the case at hand the corresponding mass factorisation contribution is F((11_>)’§4 .
It reads

d6) ® 71“513(1 N

Ldu 1
Jet Z/ / 77d(1) klv"'akqa"wkn;pl’pQ)

perm.
iy z
T Dy (22) Mo ) D). (339)
where we used ./\/3 ./\/3et (4me=78)  as N /(2m) and where the mass factorisation kernel is

expanded according to (A.1). Combining (3.34) and (3.35), we find

A6 ® Dysy +d67 ® —rglgq ® Dysry
dx Ldu 1 z
Jet Z / / dZ/ 7dq) kla'-'7kt17'"ak‘n;l’pbp?)?Dq*}’y (u»ﬂz)
perm. n
X (A4 ) = 01— )00 (W) Mo (ks )T (Rniz) . (3.36)

If the reference particle in the fragmentation antenna function X{ is in the initial state
there is an additional contribution from the mass factorisation terms of the initial-state
parton distributions. In this case we would have to replace the integrated fragmentation
antenna function by the dipole which includes this contribution. There are two final-final
fragmentation dipoles for the limit under consideration,

J(l) id. q( ) .AO id. q(u) M—Qe T

,id. ,id. —2¢
T, ) “(g,9) = Dg,gd “(u) = pg >

2.9 P (). (3.37)

In the initial-final configuration we have

T8V G, q) = AT (u, @) — 2 T (@)8(1 — ) — pg T (w)s (1 — ) ,

2,4

1),id.q 0,id. 1 o1 —2¢ (1
Toy " (3.4) = Dyt (u,0) = Sup* TR (@)d(1 - ) = i Tl ()d(1 —2),  (3.38)
where we also included the contribution from the mass factorisation terms of the initial-
state parton distributions, which are mass-factorised at the factorisation scale ugp. The
remaining poles of the identified dipoles are all proportional to §(1 — x) §(1 — u) so that a
cancellation with the virtual contribution can take place. The expressions for the .AO id-g

and DO id-9 integrated antenna functions are given in appendix B.
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In case the identified quark is part of a quark-anti-quark cluster resulting from a gluon
splitting, we have

. dz Ldu
dUgT(q)@)DqHV: Z/ / dz/ —d®,(k1, ..., kg, ..., kn;zp1,p2)
perm.
1 id. z n
x§x§; (@, u) Dgmsry (u,u§> M o(o kg, ) TS ({KYns 2)
(3.39)

where kg is the momentum of the gg-cluster. The overall factor 2 accounts results from
summation over quark and anti-quark of flavour ¢, which have identical fragmentation
(1)

functions to photons. The additional contribution coming from Fg4§‘ in (3.29) takes
the form

d6) & rggq ® Doy

Ldu 1
—2N Z/dz/ —dd,( kl,...,k‘g,...,kn;xpl,pg)s—

perm.
—ZE z n
X T Dy (22) Mol g ) IOz =), (3.40)

where we used '/\Get = (4me ™ E) g/ (277)./\73@. Usually there is an additional factor of NV
when going from the Born normalisation to the virtual normalisation factor. This factor
is absent in (3.40) since the normalisation in (3.39) refers to a four-quark matrix element,
while the Born normalisation factor in (3.40) refers to a two-quark matrix element.

Combination of both contributions yields

. . o
6]y © Dysy +d67 @ iré% ® Dysy

dx Ldu 1 z
Z/ /dz/ — dd,( /~€1,...,kg,...,l{n;:1cpl,1102)S—Dq_w (u"u?l)

perm.

X (A2, 0) = g0 (1 = )T (W) Mo kg, )0 (k)i 2) - (3.41)

The term which is convoluted with the fragmentation function defines another frag-
mentation dipole, containing a G or EY antenna function for the ¢ || g limit. For the
reference particle being in the final state the corresponding dipoles read

id. 0,id. ¢’ _
5™ (a.9) = €50 () = p> T w),
Ty (9,9) = G357 (w) = p* TR (), (3.42)

and for an initial-state reference particle we have

T8 (G, ) = 8 (u, ) — i T ()o(1 — ),

Jé; ,id.q’ ( ) gO Jid. ¢/ ( .73) _ M;2€ I‘(%)(U)(S(l _ $) ) (343)
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0id-¢" o4 go id. ¢’ go 1d-7" 516 documented

The integrated antenna functions 50 d-g" 3
in appendix B. As the dipoles (3.42) and (3.43) correspond to a ﬂavour—changing limit,
they are e-finite.

Using these fragmentation dipoles the NNLO fragmentation contribution (3.29) can
be implemented using the antenna subtraction formalism.

3.2.2 Direct contribution: structure and final-state mass factorisation

The direct contribution to the NNLO photon production cross section reads according
o (3.5):

~ANNLO _ RR
de N0 = /n , (da —d&d Zd ,Y)>
ARV _ 3T AT AT
+ / (dav —doy - Zdaq(v) - dag(v))
n+1 q
AVV AU AU AU
+/ (da,y —dé, — Zdaq(v) - dag(7)> . (3.44)
" q

This contribution contains final-state parton-photon collinear singularities that are can-
celled by the mass factorisation terms of the fragmentation functions. The relevant terms
at NNLO are as follows:

A7+ X,NNLO _ ~NLO 0 510 g 1),B 510 o
oy == (d ® Ft(H)v +do 2 t(H)v ) —dogm @ o F.EH)V
q

. Z dOA'(I;O F(l) C dALO ® F(l),C

q—= 2 g—

N Qs N g
=3 [asf e e, ~ [defe ST, (3.45)
q n

The individual lines in the above expressions (3.44) and (3.45) are free of implicit sin-
gularities. However, each term contains explicit poles in €, which eventually have to cancel
among the different contributions. To guarantee the cancellation we also have to include
additional mass factorisation terms of the initial-state parton distributions at different lev-

dATU

els of the calculation. These terms are contained inside the in the above expression
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and take the general form

~+X,NNLO 1 ~S,NLO

d&1sniFL = _/n+1 Thip © ( A&, ) ; (3.46)
7+ X,NNLO TNLO

d&1sniF2 = /FPDF®( Ao, ) : (3.47)

Finally, products of mass factorisation terms of initial-state parton distributions and
final-state fragmentation functions appear at the double virtual level. These mixed

O 1 ~
467 XNNLO _ / ri) ( 1“5}27) @ (dof) . (3.48)

We discuss the cancellation of the implicit and explicit singularities at each level of final-

terms read:

state multiplicity.

3.2.3 Direct contribution: double real level

The double-real subtraction terms in which the photon becomes unresolved can be decom-
posed into the parts d5°¢, dg%?, d65¢ and d6°¢ as it is done for genuine QCD subtraction
terms [43]. The notion of colour connection is however slightly different here, since the
final-state photon can not become soft. It is thus only colour connected to one of the
hard emitters in its antenna function. The second hard emitter is only used as reference
momentum to define the collinear momentum fraction, and does not play a role in any
unresolved limit. If this reference momentum is shared with another antenna function, the
configuration is still viewed as colour unconnected and thus part of dg¢

The single unresolved subtraction term dé>¢ follows the same construction pattern as
the NLO real subtraction term. Moreover, in a single unresolved limit the photon can only
become part of quark-photon cluster. Consequently, we have d&i(’i) = 0. The subtraction
term for a single collinear ¢ || v limit reads

A a 1
dé S NRR Z d‘bn+2 kl?"'7k7“"kn+17k’y;pQ’p2)Si

perm. n+2
XAg(ﬁévk}yd7k )Q2 n+3( ak(q'y)v .. ) n+1 ({k}n+1, ) ) (349)

where the momentum fraction z = Zg(ﬁq,k,iyd‘,kq) is given in (3.10). The subtraction
term (3.49) subtracts the single collinear quark-photon limits of the corresponding double
real radiation matrix element. In the construction of the double real subtraction term
we use the A} fragmentation antenna function in its initial-final configuration, where it
contains only the final-state quark-photon collinear limit. In case there is no initial-state
quark in the corresponding double real matrix element an initial-state gluon momentum is
used as reference momentum in the A3 antenna function.

The subtraction term at hand introduces spurious additional singularities in almost
colour connected and colour disconnected limits as the jet function allows an additional
parton to become unresolved. Likewise, the genuine QCD double real subtraction term of
type dé%? (which were originally constructed for a dynamical photon isolation) contains
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reduced matrix elements that can develop collinear quark-photon singularities once a fixed-
cone photon isolation is applied. One has to account for both these types of spurious
singularities when constructing the subtraction terms d6%¢ and d5*¢. Terms of the form
of (3.49) are reintroduced at the real-virtual level upon integration over the antenna phase
space. They combine with the term d&f ® (—FEIO_)W) in (3.45) and form fragmentation
dipoles, which were introduced in (3.24).

The subtraction terms for colour connected double unresolved limits including the pho-

ton are d&‘g(% and d&s(bl) In both cases the unresolved limits correspond to triple collinear

configurations. The singular limit which is subtracted by d&qs(’% is the triple collinear

q |l g || v limit, while the limit subtracted by dAS(bl) is the triple collinear ¢ || 7 || ¢ limit.

Therefore, the only X antenna functions needed are A9(q, g,7v,q) and E{(q,q,~,q) [41].
We use these antenna functions exclusively in their initial-final configuration.

The subtraction term for the limit where the photon and a gluon simultaneously be-
come unresolved reads

1

ASb

G o) = NN d®nio(k, ... kg, kg,...,k‘nJrl,k‘,y;pq,pg)T
perm. n+2

X"i?l(ﬁéakgakfiyd.vk )Q2 n+2( k(q'yg)v . )7‘]7(1”) ({Iz‘i}nvz) ) (350)

where the momentum k4 is the momentum of the gluon to which the final-state quark is

colour connected. The momentum fraction of the photon in the cluster momentum kg4, )

isz=2 (ﬁq, kivd', kg, kq) with the general definition of the NNLO momentum fraction

v . Sab
2a (ko KV ko ky) = ————2 3.51
4( @b ¢ d) Sab + Sac + Sad ( )

The subtraction term for the ¢ || v || ¢ limit reads

1
dASb1 NRR Z d(I)TL+2 kla"'>kq’7"'7 kq’a"'akn—i-hk’y;p(japQ)SiH
perm. n
X B (B, ks B i) Q2 Mo gy )y I ((Rdns 2)
(3.52)

where the momentum fraction z is given by z = z4 (ﬁq, kivd', kg k:q/).

In case there is no initial-state quark in the corresponding double real matrix element,
we use an initial-state gluon momentum in the X antenna functions in (3.50) and (3.52) as
the reference momentum. The integration of these two X fragmentation antenna functions
is explained in detail in section 4. After integrating over the antenna phase space the
contributions (3.50) and (3.52) are added back at the double virtual level.

The antenna functions in dé*; (’7; contain single unresolved singular limits which have

to be subtracted to guarantee an overall successful subtraction (see [43] for details). The
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single unresolved limits of das(:l) are subtracted by

o 1
do S(b2 = NRR Z d(pn—l-Q ]{;17"-71€ PR kgv"'7kn+1ak’y;p(jap2)572Qg

perm. n+

< (A9pgs g K) AP K Big)) MO, By ) ({R)52)

+AY(Bg, K" k) A3Pg. ki kS Mol K(Gaygys -+ )T ({R] 52 =wv)) .
(3.53)

The first term in the above equation subtracts the single unresolved gluon limit while
the second term subtracts the single unresolved photon limit of flg. In the first term the
momentum fraction z of the photon in the cluster momentum is calculated from the first
mapped momentum set, i.e.

_ < id. v _ Sqv _ L id.
z=2z3 (p(ja k5 7k(gq)) T+ it PP 24 (pq,kr7 kg, k‘q) . (3.54)

using an initial-final mapping:

k(gq) = kg + kq — (1 — l’)pq,
P; = Tpg, (3.55)

with z being the initial-state momentum fraction. It is crucial that the momentum fractions
in (3.50) and in (3.53) coincide in the single unresolved limits to guarantee the cancellation
of the single unresolved singularities.

For the second term in (3.53) two momentum fractions have to be calculated. In the
first antenna function we identify the photon, i.e. we calculate its momentum fraction in
the (g7)-cluster, which reads

8/\
u =z (Pg, B k) = —D— 3.56
3\ Dg» ", Rq S + Siq ( )

In the second antenna function we identify the (g7)-cluster within the ((g7y)g)-cluster.

The corresponding momentum fraction reads

v . Sz Sa _|_SA

v =z (P, K k) = avae 4y T S4q 3.57

’ (pq o g) 83(va) T %49 Sav T S4q T Sig ’ (357

where we again used (3.55) to rewrite the momentum fraction in terms of the original

momentum set. The momentum fraction of the photon within the (ggy)-cluster is then
given by

S4v « pid.
Z=uv=———"—— =24 (D4, kY, kg kq) , (3.58)
Sqy T 49 T Siq ( ! )

which coincides with the NNLO momentum fraction in (3.50). Note that the two terms

in (3.53) are added back at the real-virtual level after integration over the primary antenna

phase space. The term in which the photon is in the primary antenna will combine with the

(0) ) in dw+X NNLO

contribution d&f(q) ® (—Fg¢2y to form the fragmentation dipole of (3.24).
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T,

q(v)
below and combine with the newly introduced one-loop fragmentation antenna functions.

The term in which the photon is part of the secondary antenna will contribute to d&

The subtraction of the single unresolved limits of the EY antenna function in (3.52)
takes a similar form. However, this antenna function only contains single unresolved limits
involving the photon. Therefore, we only obtain terms in which the photon is part of the
primary antenna function, i.e.

5 1
do EIS(:2 - _NRR Z d(I)"H-Q kly--'akq’v' c kq_'a-..7kn+lak’7;pdap2)57Qg/
perm. 2
X (A§ o, K kg B (P Ko Kiing) Mo Ky - I ({k} sz =u)
+Ag(ﬁq,k}yd k )Eg(pwkad )’kql>M2+2(... 7k((q"y)tj) . ({];‘} L= uU)) .

(3.59)

The first term subtracts the v || ¢’ limit and the second term the ~ || ¢’ limit. In both

cases two momentum fractions are calculated. In the first term we have u = 23 (ﬁq, kiyd', kq/)

and v = z3 (235, ki(‘qi;v), kq/). The momentum fraction of the photon in the (¢’v¢)-cluster is
given by the product of the two momentum fractions, i.e.

Sy L gid.
z=uv = =z Gy ke kg kg ) 3.60
Sor + Saq + Saz 4 (pq v o gy g ) ( )

where we expressed the mapped momenta from the first initial-final mapping in terms
of the original momentum set. For the second term the construction of the momentum
fraction follows the same steps with the replacement ¢’ +» ¢’. Since both terms in (3.59)
have the photon in the primary antenna function, they both combine with the contribution
d&g(q) ® (—F,(I(BW) upon integration and form a fragmentation dipole of the form of (3.24).

To successfully compensate all oversubtractions of photonic limits in dé%¢ and dé5?,

as well as in the genuine QCD dé%?, one also has to introduce the dé (’c) and dAS(fj)

subtraction terms. The subtraction terms in d&f(’i) consist of a primary QCD antenna
function, in which the final-state quark to which the photon becomes collinear acts as a
hard radiator and the fragmentation antenna function AY, i.e.

1

ds RR :

dosy =N p;n AP0k, .. kg, k‘g,...,kn_;,_l,k‘%pq,pg)m
XX??(km7kg7kq)Ag(ﬁ¢f7k}yd7k(qg))Qc21 M7(1]+2(' e 7k((qg)'y)7 e )J'r(ln) ({%}n,z) )

(3.61)

where parton m is colour connected to the gluon. The subtraction terms in dﬁf(’s) are
needed to reproduce the correct soft-collinear limits of the real radiation matrix element.

The last contribution to the double real subtraction term is dAj(;l). It takes care of
colour disconnected double unresolved limits. It reads

dASd NRRZ Z dq)n_t,_g k17..-7kq7"'7 kgv"wkn-‘rl?k’Y;p(j’pQ)T
| perm. e

X AQ (P, K Kg) XS (i, o, b ) Q2MS o (- Ky )T ({Rdns2) - (3.62)
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Here one of the radiators i or m can correspond to the initial-state quark used in the
AY antenna function. Recall that the reconstructed momentum fraction z3 vanishes in
the initial-state collinear limit. Therefore, the above subtraction term does only subtract
colour disconnected unresolved limits even if they share the same initial-state radiator.
Terms in d&f’fj sharing the same initial-state radiator are added back at the real-virtual
level while terms with distinct radiators are added back at the double virtual level.

There are no contributions of the form d&j(’s) or dAS(;l).

3.2.4 Direct contribution: real-virtual level

The real-virtual subtraction terms in which the photon becomes unresolved can be decom-
posed into the parts d67>¢,dé7"* and dé7*, following the structure used for genuine QCD
subtraction terms [43].

The first contribution to the real-virtual subtraction term dc}:{( ) is given by integrating

das(z) in (3.49) over the antenna phase space. One finds

& a dz
T NRV/ / dz Z d(I)n+1 kl,...,k q --7kn+1;xpl§7p2)

perm.

AT (@, 2) Q2 M 5 (. ks ) ST ({k}nsas 2), (3.63)

sn+

where the integrated fragmentation antenna function is given in (3.18). The reduced matrix

element in d&qT(’;l) is a real radiation jet matrix element. Therefore, there is a corresponding

contribution in d6[f @ (—F((IQW), which is part of dal'\y/f%x NNLO Tt reads

X 1
~defeFl) = —iNRV QY / Adzd®, 1 (k1, .. kg - kns1; Dgs p2)

perm.
1 —4Z€ n
$ gl T EM g ) T (i), (360

where, as at NLO, the factor 1/2 is due to the different normalisations of the photon and

jet matrix elements. Combining both contributions, we find

~T.a dl‘
—aoys —dof e B, = NPV Q2 3 [ /dzd¢n+1(k1,...,k ko1 29 p2)
perm.
1 1),idy, - n
XS+;éé”@@mdﬁnu¢mn»ﬁ+thﬂwx

(3.65)

where the initial-final fragmentation dipole is given in (3.24). Terms of the form of (3.65)
are e-finite but contain single unresolved limits, which have to be subtracted to guarantee
an overall successful cancellation of the singularities.
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To subtract the ¢ || v limit of the one-loop matrix elements, the following term is
required:

N 1
dO';F(’:) = NRV Z d@n-i-l(kl)"'akqa“'7kn7k’y;p(f7p2)57

perm. n+1
X AY(Bg, kY k) Q2 M- Ky, - IS ({Rdni 2) -

1
NRV Z /—dq)nJrl (k1,...,k ’.”’kn’k’y;l‘pq’pZ)Sing

perm. n+

x (A3(pgs K5 ko)3(1 = ) + T3 (a(Bg), alkg)) (@) AS(Bg, K" o))
X Mo (ks I (ki 2) (3.66)

where we used that the ¢ || 7 limit of a one-loop matrix element can be subtracted using the
one-loop colour-subleading antenna function flé [41]. For photon production it is sufficient
to use this one-loop fragmentation antenna function in the initial-final configuration, with
the initial-state momentum as a reference momentum in the definition of the momentum
fraction. The integration of this class of fragmentation antenna functions is discussed in
section 5. Note that in case there is no quark in the initial-state we use an initial-state
gluon momentum as the reference momentum.

The J gl) term in (3.66) is a QCD dipole, unrelated to the photon. It contains the
integral of the first contribution in (3.53), where the primary antenna is a QCD antenna
function, as well as contributions from the mass factorisation of the incoming parton dis-
tributions from (3.46). Combining these two contributions yields the integrated inclusive
QCD dipole factor which can be found in [43]. The momentum fraction entering the jet
function is the same as at NLO, i.e. z = z3 (ﬁq, k:iyd', kq).

The integration over the contribution d&i(’fy) takes the same form as the last term

n (3.66), i.e

~ c (s 1
d T () — ARV E /—d‘I’n_H ki,...,k ,...,kn,kw;mpq,pg)si
perm. n+1

x I (m(Fm), a(iq)) (2) AY (B KEEhig) Q2 MO (- gy )T (ibns2)
(3.67)
1

where Jg5’ is the inclusive dipole corresponding to the primary antenna function used
in d&i’i) in (3.61). The superscript s indicates that the photon enters the secondary,
(1)

unintegrated antenna function. In case parton m is in the initial state, J5’ also contains
the mass factorisation countertems for the incoming parton distribution.

In general, it is necessary to include additional terms to correctly subtract the ¢ || v
limit of the corresponding real-virtual matrix element without introducing spurious poles
in €. These terms take the same form as (3.67), but in this case the integrated dipole
contains momenta from the mapped momentum set {k}. These extra terms also form part

~T,c(s)
of do ()
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Combining the contributions (3.66) and (3.67), the expression

~RV AT ~T.b ~Tc(s)
/m (dav _d"“/_zq:@ aty ~ 4% )) (368)

is free of explicit and implicit singularities.

At this point we have not added back the contribution in dé? o 3 in which the photon is
part of the primary antenna function. To distinguish this contribution from the contribu-
tion which is included in (3.66) we denote it as dAS(:i( ?) where the superscript p indicates

that this contribution originates from the piece of double real subtraction term dé& (73 in

which the photon is in the primary antenna.
After integrating over the phase space of the primary antenna, this contribution takes
the form

45T = N2 3 / dv/—dcbnﬂ Ko kg Fonsrs 204, 2)

perm.

‘Agjjdfy(x) U)Ag(ﬁq, kg? k; ) ( R k(qg)? s )J1(1n) <{l;:}n7 = ’Uﬂ)) .
(3.69)

SnJrl

This expression is very similar to (3.32). The momentum fraction v is the momentum
fraction of the photon in the (gy)-cluster. It is an external convolution variable. u =
23 (ﬁq, kfld‘, kg) is the momentum fraction of the quark in the (¢qg)-cluster, which is calculated
during the mapping. Therefore, z = uv describes the momentum fraction of the photon
within the (ggy)-cluster. Note that the momenta entering the integrated antenna function
are unmapped momenta. Equation (3.69) combines with the counterterm contribution

« _
d ( ) X F((IQ)’Y Met2 (47T€ ’YE / d'U
perm

1 —4€

qu)m_l(kl,...,kq,...,k'g,...,kn+1;pq,p2)siuaz IO ()
n+1

X AY(Bg, Fog, I YMD (- Kiggys - I (kb2 = wv) . (3.70)

such that

T,b
—ds a(y i( % +doy q(q) ®Ft(1—)>7

1
NRVQq Z / dv/id(bn-i-l kla"'ak 7"‘7kgv"')kn+1;xpﬁup2)5«7

perm. n+1

x IS0 (@(pg), a(kg)) (2, v) A3 (B, kg, K IM o (- Kggys-- VIS ({R}ns 2 = wv) .
(3.71)

Compared to (3.65) the fragmentation dipole does not multiply a real radiation matrix
element but an unintegrated antenna function and a reduced matrix element. In the case
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in which the photon becomes unresolved in a gluon type cluster we have

~T.b
—do, 3" + dofy @ FW,

1
NRVQQ Z / dv/id(bn—i-l kl?"')k(j’w"akq’)"'ukn-i-l;xp(i?pQ)Si

perm. n+1

(T80, 7 k) (0) ES g )

IS G5), (k) (2, 0) B9 By, ki ki >)

XMoo kg I ({R}ns 2 = wv) - (3.72)
Contributions of the form of (3.71) and (3.72) subtract parts of the single unresolved limits

of (3.65).

In general it is necessary to include additional terms to achieve an overall subtraction
of the unresolved limits in (3.65). Two classes of these additional terms are distinguished.
The first class consists of all subtraction terms in which the unintegrated antenna function

is a fragmentation antenna function. We call this contribution daT(,yC)1 ®) 1t has the form

ATc() AS 0

1
SNPQ2 Y / B O o

perm. n+1

x IS0 ((Pg), alkgg))) (2, 0) XS (R gy KM YMS o Kggys - ) ({Rbns 2 = wo) -
(3.73)

In contrast to (3.71) the momenta entering the identified dipole belong to the mapped
momentum set {k}. —d&?{ci( P4 46 o) ® é_)w takes a similar form. In this case the
unintegrated antenna function subtracts a ¢ || ¢ limit.

The second class of newly introduced subtraction terms does not contain an uninte-
grated fragmentation antenna function. We denote this contribution by dAT(si( P) and it

has the form

~d672®) 4 465 @ FO)

q(v) q—
1
— NRVQEY S / O O
! perm. Snt1
xI50 " (@(Pg)s alka)) (2, 2) X9 (ki bty b)) ML (o ot ags gy ) ({Ri 2)

(3.74)

where i and m can be any hard radiator but not the final-state quark entering the integrated
dipole. This contribution also contains those terms from dﬁf(’fj), in which the two antenna
functions share the same initial-state radiator. Note that there is no contribution of the

~T,c2 (p)
type d& Ooly)
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Combining all terms in which the photon is part of the primary (integrated) antenna
function, we find

(a6 — as% — 55, — oS, ) @ JL0

) ( dAT(bi » + dAq(Q) ® Ft(l(gv)

+ (ol + dosy @B, ) + (—dols) + doy ) @ FY, )

+ (o} 3 + dog o B (3.75)

~Ta ~
( da()—d R®Fgl,y

where we have absorbed the contributions from daT(s; ® into d&;ﬁ’s;.
None of these terms subtracts explicit poles or unresolved limits of d&ﬁv, thus decou-

pling from the remaining subtraction at the real-virtual level.

3.2.5 Direct contribution: double virtual level

At the double virtual level all subtraction terms which have not yet been added back are
combined. The terms in dﬁjU(v) include integrals of subtraction terms in which the photon
becomes unresolved. All explicit poles in d&g(v) cancel against the mass factorisation terms
of the fragmentation functions.

The first contribution in dé¥_,, d6¥% is given by the first term of A6 after inte-
a(v) qa(v)

a(y)?
grating over the antenna phase space. It is combined with the corresponding contribution

d6Y @ (~Fy%,) in (3.45):

—day s —doy @ FQ,
=NVQ2 Y / dz/—d@ (kiy - kgs e kns g, D2)
perm.
idey Ay — n
<G T8 ) alk) )M ol VI (i) (370

This expression still exhibits explicit poles in the dimensional regulator € coming from
the one-loop matrix element. The poles of the one-loop matrix element cancel with one-
loop dipoles, resulting from integrated antenna functions in inclusive or fragmentation
kinematics.

To organise the cancellation of the terms, it is helpful to collect the contributions
from d&*? and d67* and combine them with mass factorisation contributions from the
fragmentation functions alone (3.45) as well as with mixed initial-final mass factorisation
contributions (3.48). For the case in which the photon becomes unresolved in a quark-type
cluster this combination yields

~Ub Qs .
dUU(V) + g Og(q) @ Ft(l(g’y - 7daf ® (F ((1~)>’y + F( o ) + dU @ I'ppr ® Félv

1
=NVQ2 Ny / dz/—d(IJ kl,...,kq,...,kn;qu,pg)s—

perm. n

x (Aij?“(% 2) + AN (@, 2) — AT (@, 2) © TR (2)
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1 —26 0,id. 0 1
~5Ha Az q(x,z)@F(w)(z)ﬂLi

+5 () (MR @ TRE) - TRE) ) Ml by IR,
(3.77)

(1 pa) "2 L) (2) TR ()

Note that this combination of antenna functions and mass factorisation kernels can be
related to a combination of NNLO coefficient functions for semi-inclusive deep inelastic
scattering [44]. It is useful to rewrite (3.77) as a sum of a finite two-loop fragmentation
dipole and a convolution of two fragmentation dipoles, i.e.

—doy ) + oy, @ FPL, - 22dop @ (F(LP + FINS) + o) @ Depe © FYY)

q—" q—"
1
_N’VVQQP;H/ dz/—d@ (k1,...,k ,...,k:n;:qu,pg)s—n
ld ld 7ld A n
< (T57 @) + T50 (@) © T50 (6 0)) Mol ks )T ([ 2)

(3.78)

where the one-loop dipoles are given in (3.24) and in (3.38) respectively. The two-loop

(2 )

quark-to-photon dipole J (4, q) expressed in terms of fragmentation antenna functions

and mass factorisation terms reads
2),id.y 4 20,id. Aid.
TG, q) = AP (@, 2) + A (w, 2)
,id. ,id. —2¢
— (A3 (@ 2) @ (ADS U (,2) — T (2)))

_% (qu) e Fglq)(z)- (3.79)

Since this two-loop dipole is e-finite, the poles in (3.78) are all contained in the frag-

(1 )ldQ(

mentation dipoles for identified partons J q). These poles partly cancel the poles

1 (3.76).

For the case in which the photon is clustered into a gluon, we find

dAUb

(0)

Qs .. B 1),C
g(q) gy dag ® (F( W+ F

9= g )

1
NVVN/Q Z/dz/—d@ kl,...,kg,...,kn;qu,pg)s—

perm. n
y (éf;;d~7(x, 2) = 8 (1,2) @ TO)(2)
—2¢ ~
+(12) (P e T () - rgg(z))) MOyl kg )T (R 2), (3.80)

with
~ 171
1) _ 0 1
Fgg) =35 (2 ngg) ®p( ) — 5 pﬁ,}) . (3.81)
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We can rewrite (3.80) as a sum of a two-loop dipole and the convolution of two fragmen-
tation dipoles,

~Ub
da(

1
= NV, Q2 Z/dz/—d@ 1y T o g p2)

perm. n

(4,9) + 25076, 0) @ I8 (0,9)) Mol g, ) (RY; 2),
(3.82)

A s ~B 1),C
) T dOg) ® F, — dag ® (Fgﬁ)v + FEH)V>

< (g

where the one-loop dipoles are given in (3.24) and in (3.43) respectively. The two-loop

gluon-to-photon dipole reads

2,4 3,4
2) "X F()
- (Ma) Y9 (2) : (383)

Note that all three dipoles in (3.82) correspond to flavour-changing limits. Therefore, all

oy (0, 9) = E05(w2) = 2 (A5 2) @ (6535 (2,2) = 1 *T(2)

three of them are by themselves e-finite.
Two more contributions from the double real subtraction terms and real-virtual sub-
traction terms have to be added back, d&> aly ) and dé7 e ) Among these contributions only

the terms in dé (% ®) consist of two fragmentation antenna functions. Integration over the

antenna phase space and combination with mass factorisation contributions from (3.45)
and (3.48) yields

—do i + dAT()@F() _%dﬁf@) (1),5 +d6) ®FPDF®F()

q(v) = q—w
dxy dz 1
_NVVQq Z / dz/—l—Qdé k‘l,...,k:q,...,kn;xlpq,xgpg)s—
perm. n
Jid. 1),id. n
x (TS24, q) @ T8 q)) Mol gy IS (s 2) (3.84)

where [ can either be a quark or a gluon. If [ is in the final state there is no contribution
from the mixed initial-final mass factorisation contribution (3.48).

Integrating the subtraction terms of d&qT(’s)(s) over the antenna phase space, we obtain

—d&U(? +d6? @ Tppr @ FY)

q—
d:c1 dwg 1
_NVVQ2p;1/ /77(1(1) kl,...,kq,...,kn;xlpq,xgpg)s—n
,id. n
x (I50797(@,q) @ T (,0)) Mo (- gy )T (ks 2) (3.85)

where [ is either a quark or a gluon in the initial or final state. In contrast to (3.84), the
secondary dipole in the equation at hand is an inclusive dipole, i.e. it has no explicit z
dependence so that the convolution in the final-state momentum fraction is trivial. In the
convolution of the two dipoles we have included terms from the mixed initial-final mass

— 96 —



factorisation contribution (3.48). To complete the fragmentation dipoles in (3.85) also pure
final-state mass factorisation terms are needed. Since these terms cancel after summation
of the different terms in (3.85), they do not appear on the left-hand side of the equation.

The last contribution to the double virtual subtraction takes into account the terms
from dﬁf("/) and d&jﬂ(fﬁ ®) and we denote it dg¥; (7). Adding the corresponding mass factori-
sation contributions yields

dAUd

iy +dor @FL, +d67 @ Tepr @ FY

dzi d 1
NVVQ2 Z / dz/ﬂﬂd@ k‘l,...,k:q,...,kn;xlpq,mgpz)s—

x (T30 7(@.0) © T 6m) ) MiLa(e b ) (i 2) (3.86)

where ¢ and m can be any partons in the process but not the identified quark in the final
state.

We have rewritten all double virtual subtraction terms in which the photon becomes

unresolved in terms of two newly introduced two-loop fragmentation dipoles J é )id. "(q,q)

and J g’id"y(cj g) and convolutions of two dipoles in which one dipole is always given by

Jid.
T3,

in the convolution terms cancel the explicit poles in dG "/

q). All two-loop parton-to-photon dipoles are by themselves e-finite. The poles
U,a
a(v)”

4 Integration of X¢ fragmentation antenna functions

X? initial-final antenna functions are kinematically described by a scattering process of
the form
q—l—p—>kj—|—k:l+l<:k. (4.1)

The final-state momenta and the initial-state momentum p are massless p? = k:]2 = kl2 =
k? = 0 and we have ¢> = —Q? < 0. The fully inclusive integrated X antenna functions
are obtained by integration over the corresponding three-body phase space [45]:

1 Q?
Xi?jkl(l‘) = W /dq)S(kjakk;a ki; p, Q)%ngkla (4.2)
with 2 = Q%/(2p - ¢) and the normalisation factor
4me VB

For initial-final fragmentation antenna functions the same normalisation as in (4.2) is
used but the integration remains differential in the final-state momentum fraction z, i.e.

i 1 P+ k)2 Q2
Xoajkcllj(x’ Z) = W /dq)S(kjv kk7kl;pa q) 5 (Z — l’w) 27TXO]kl (44)

The final-state momentum fraction is fixed by the additional §-distribution and it describes
the fraction of energy carried by particle j in the unresolved limit. In the definition of the
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momentum fraction the initial-state momentum p is used as a reference momentum, which
can be seen by rewriting its definition

(kj +p)° 5
z =z~ 5 = — JE . (4.5)
Q Sjp + Skp + Sip

For an identified photon i.e. j =  there are two fragmentation antenna functions:
A%G, 9,74, q) containing the triple-collinear ¢ — gg~y configuration and E9(4,¢,+'%, )
containing the triple collinear ¢ — ¢'¢’y configuration. To integrate these fragmentation
antenna functions, we use the reduction to master integrals technique. Using

1 1
. 2\
2rio(k) = e T R e (46)

we rewrite the phase space integrals as 2 — 2 three-loop-integrals with forward scattering
kinematics.

The reduction is performed with the program Reduze2 [46]. For the integration of the
two photonic fragmentation antenna functions we find nine master integrals. The master
integrals are calculated using their differential equations in the two kinematic variables x
and z. The boundary conditions are fixed by integrating the solution of the differential
equations over z and comparing the result with the inclusive master integrals calculated
in [45].

The master integrals take the general form

I(z,2) = (1 —2)%2(27“A(x, 2) + 2 *B(z, 2)) (4.7)
with a € {—1,0,1}. After being inserted into the antenna functions, the factor (1 — z)*~2¢
can give rise to factors of the form (1 — x)~!172¢ whose expansion reads

1 1 (—2¢€)"
1-2¢ __
(1—x) =501 —2)+ §n: —Dn(x), (4.8)

where we used the notation introduced in (3.17).

Potential factors of the form 27172 do not have to be expanded in terms of distribu-
tions, since the endpoint z = 0 corresponds to a soft photon singularity. This singularity
will be regulated by the jet function, which requires a minimum pr of the photon so that
the endpoint z = 0 does not contribute to any observable with a photon in the final state.
However, to check the result of the integrated fragmentation antenna functions we also
derive the master integrals with the exact scaling in z = 0 in the limit of z — 0.

In the scattering

q +p — p1(ky) + p2(ka) + p3(ks) (4.9)

12 different propagators appear from which four are cut propagators. Using four-momentum
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conservation k3 = q + p — ky — ko, they read

Dy = (q—ky)?,

Dy = (p+q—ky)?,

Ds = (p—ko)?,

Dy = (q—k2)?,

Ds = (p+q—ka)?,

Dg = (q — ky — k2)*,

D7 = (p—ky = k2)*,

Dg = (ky + k2)?,

Dy = k2,

Dyo = k3,

D1y = (q+p—ky—k2)?,
Diz = (p—k,)* + Q2 (4.10)

where the cut propagators are Dg — D15. We label the master integrals by the propagators
in the corresponding integral (omitting the cut propagators, which we require in each
integral), for example:

2 —2d+3
27 D

13,7 = CEV [tk athy 5 (D) 5(Dag) 5/(D1) 6 (Dra) SR
The factor Q?/z originates from rewriting the d-distribution fixing the momentum fraction
z in (4.4) in terms of 6(Dj2). As there are seven linearly independent scalar products the
integration families consist of the four cut propagators and three additional propagators.
We find three integral families and in total nine master integrals which are summarised in
table 1.

The phase space integral I][0] has been calculated directly by carrying out the three-
body phase space integral and by solving the differential equation in the kinematic variable
z and fixing the boundary condition by comparing to the inclusive three-body phase space.
It reads

1-2
110] = N (QF) (1 —a)! 207112741 — 2) 1%, (4.12)
with the normalisation factor

2*5+4Eﬂ.73+26 P2(2 _ 6)
I'? (3 — 2¢)

N = (4.13)
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family | master | deepest pole | behaviour at x =1 | known to order
1[0] e’ (1 —z)t-2 all
A I[5] et (1 —z)72 all
1[2,3,5] €2 (1—z)~ 172 el
I[7] e (1 —z)t-2 €
B I[-2,7] e’ (1 —x)l=2e €2
I[-3,7] e (1 —z)t-2e €
12,3,7] €2 (1 — )72 e (el at x =1)
O I[5,7] e (1 —x)2% e (el at v =1)
1[3,5,7] €2 (1 —z)72 e (ehatx=1)

Table 1. Summary of the double real radiation master integrals.

The only other master integral which admits a simple closed form solution is the master
integral I[5]. We find

15] = Ny (1 — 26)2 (Q2>—2e (1 — z)2a%

2 L (1—26)T(1+¢)
I'(1—e) )

X <262F1(€, 2¢,1+€2)— 2" (4.14)

All other master integrals have been calculated in terms of a Laurent expansion in e.

The integrated antenna functions are then obtained by reducing the integrand in (4.4)
to these master integrals, and applying (4.8) to extract the end-point contributions in
z = 1. The results for A%197(z. 2) and £%197 (2, 2) are too lengthy to be expressed in the

4,799 9’7
text here, and are included as supplementary material.

5 Integration of X; fragmentation antenna functions

The inclusive integrated one-loop antenna functions in the initial-final configuration are
defined as [45]

1 02
Xl (2) = C¢(€)/d¢2(kj7kk§pi7Q)27_‘_X¢1,jk7 (5.1)

where Xi{ jk 18 the unintegrated one-loop antenna function and d®, the two-particle phase
space. We define the integrated initial-final one-loop fragmentation antenna functions in
line with (5.1) as

L 1 S QZ
e = —/d@ ki ki;ping)d [ 2 — —2— | ==X}
i,5k (z,2) C(e) 2(kj, ki; pis q) (2 3ij+3ik> on ik
Q2 eVE¢€ —e
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The integration takes the same form as for the XY initial-final fragmentation antenna
functions, see (3.15) above. The Jacobian factor J is given in (3.16). As can be seen
from (5.2), no actual integration has to be performed to obtain the integrated fragmenta-
1,id.j

tion antenna functions X; .. However, to express the integrated fragmentation antenna

2,
functions in terms of distrijbutions in (1—z) and in z we first have to cast the unintegrated
antenna functions in a form suitable for this expansion. Therefore, deriving the integrated
initial-final one-loop fragmentation antenna functions follows the steps of the derivation of
the integrated initial-initial one-loop antenna functions presented in [47]. In contrast to the
NLO X9 antenna functions which only contain rational terms in the invariants, the one-
loop antenna functions X4 also contain logarithms and polylogarithms in the invariants.
These functions have branch cuts in the limits x — 1 and z — 0. Therefore, the expansion
in distributions in z = 0 and x = 1 cannot be performed directly. We follow the strategy
of [47] and express the one-loop antenna functions in terms of one-loop master integrals.

The one-loop master integrals appearing in the expressions for the one-loop antenna
functions are the one-loop bubble Bub(s;;) and the one-loop Box(s;j, six) in all kinematic
crossings. The expression for the one-loop bubble reads

(4m) T(1 + e)T2(1 — ) i

Bub(s;;) =
ublsy) = | Y502 — 11 —20) e(1— 2¢

) (—Sij)ie = AQ,LO (—Sij)ie s (53)

and the expression for the one-loop box is

BOX(SZ']'7 Sik)

2(1 — 2¢) 1
= e 2,LO

SijSik

—€
SiiSik Siik — Sii — Sik
X U oF | —€,—€1 — g 22T J !
Sij = Sijk Sijk — Sij
—€
SijSik Sijk — Sij — Sik
+ | — o F —67—651—65%
Sik — Sijk Sijk — Sik

—€
_ —SijkSijSik S [ —e—e1— e Sijk(Sijk — Sij — Sik)
(8ij — sijk) (Sik — Sijk) T T (sigk — sig)(Sijk — Sik)

(5.4)

For the following discussion we adopt the labelling to p; — p1, k; — k3 and ki, — ko
in (5.2), so that the particle with momentum k3 is identified and the momentum p; is the
reference momentum. Using this convention, the invariants expressed in terms of z, z and

Q? read

s12 = (p1 — ko)? = —Q*—"~,

3= (p1 —k3)? = —Q*=,
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so3 = (ko + k3)? = —QQ(I;Uy

S123 = (k‘l + ko — p1)2 = —Q2 . (5.5)

Both master integrals are well-defined in the Euclidean region, in which all invariants
are smaller than 0. The master integrals have to be analytically continued from this
kinematic region, to the kinematic region under consideration given by

512 <0, 513<0, s93>0, 5193= —Q2 <0. (5.6)

The analytic continuation of the bubble master integral is straightforward, taking into
account s;; — si; + 40 in (5.3).

In the analytic continuation of the box integrals, the prefactors in front of the hyperge-
ometric functions as well as the hypergeometric functions themselves have to be considered.
In particular branch cuts of the hypergeometric functions in the kinematic endpoints = = 1
and z = 0 have to be avoided: for these values the arguments of the hypergeometric
function must not be unity or +o0o. To further avoid explicit imaginary parts from the
hypergeometric functions, their arguments are moreover transformed to be less than +1
using their well-known transformation rules [48]. It is noted that this will typically require
to partition the kinematic region defined by (5.6) into up to four segments [49, 50|, see
figure 1 below. In the following, we discuss the transformations of the arguments for the
different hypergeometric functions appearing in the box master integrals for all kinematic
crossings: Box(s12, s23), Box(s13, s23) and Box(s12, $13).

In Box(s12, s23) the arguments of the hypergeometric functions read

_ 8123 — 812 — 823 ?
ai(s12,823) = s —s 1 2_2
8123 — S12 — 523
as(si2,523) = s — s z,
5123 513 Xz
as(s12, s = = — . 5.7
3(s12, 523) (513 + s23) (512 + 513) l—z—2 (5:7)

All arguments vanish in the kinematic endpoint z = 0. However, a; and a3 are equal
to unity in the kinematic endpoint x = 1. Therefore, the analytic continuation of the
corresponding hypergeometric functions proceeds by expressing these functions as hyper-
geometric functions in terms of new arguments:

1 1—=x
a1(s12,823) = 1 — = ;
( ) ai(s12, 523) z
_ 1 (1—2)(1-=2)
as(s12,823) =1 — = . 5.8
3(s12, 523) as(si2, $23) Tz (5:8)

The arguments a1 and ag vanish in the endpoint = 1 but yield unity in the endpoint z = 0.
Therefore, to obtain an expression for Box(si2, s23) which does not contain hyperge-
ometric functions with branch cuts in z = 0 and z = 1, it is necessary to distinguish the
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R2 T1 U4
Us U,

Ry T Uy

0 1 0 1 0 1

Figure 1. Kinematic regions in the (z, z)-plane relevant for the analytic continuation of the box
master integrals. The kinematic endpoints are z = 0 (blue line) and x =1 (red line).

two regions

Ry = {513,823 : 513 + 823 > 0 & 2 < 1 — z},
Ry = {513,523 : 513 + 8523 <0 2> 1 —2}. (5.9)

The regions are depicted in figure 1. In region R; which contains the endpoint z = 0 we
use the hypergeometric functions with the arguments given in (5.7), while in region Ra,
which contains the endpoint x = 1 we express Box(si2, s23) in terms of hypergeometric
functions with arguments @1, ao and as.

For Box(s13, s23) the arguments of the hypergeometric functions read

5123 — 513 — S23 1-2
a1(8137823) = 5123 — S13 - _Z_$ 7
$123 — 813 — S23
az(s13,523) = 5123 — 523 -
5123 512 3:(1 _ Z)
) _ 5.10
az(s13, 523) (s12 + s23)(s13 + $12) = o

The arguments a; and ag are equal to unity for the endpoint x = 1. Moreover, arguments
as and ag are unity for z = 0. After expressing Box(s13, S23) in terms of hypergeometric
functions with arguments

1 11—z

a1(s13,823) 11—z’

ai(s13,523) = 1 —

as(513,523) = 1 — az(s13,823) = 2,

1 z(1—x)
as(s13,823) =1 — = , 5.11
3(s13, 523) az(s13,s23) x(l—2) (5-11)

none of these functions contains branch cuts in the kinematic endpoints. However, the

arguments a; and as are larger than unity for z > x. Therefore, the hypergeometric
functions with arguments a; and as yield a non-vanishing imaginary part in this region.
To separate the imaginary part of Box(sis, s23) from the hypergeometric functions we
distinguish the regions

T) = {s12,823 : s12+ s23 > 0 & z > x},

T = {812, S93: 819+ 503 <0 2 < x} (5.12)
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and apply the transformations of argument a; and a3 in (5.11) only in region T and not
in region Tj.
For Box(s12, s13) the arguments of the hypergeometric functions read

$123 — S12 — S13 1—-=z

ai(si2,513) = = ;
$123 — S12 l—xz—2

81293 — 812 — 813 1l—=x
as(s12,513) = =

5123 — S13 z—x’
as(s1, $13) = 5123 S23 _ (1—2)z (5.13)
7 (s12 + s23) (513 + S23) z—2)(1—z—2)" ’

The argument a1 is equal to unity in the kinematic endpoint z = 0. To avoid the corre-
sponding branch cut of the hypergeometric function we map this argument to
1 z

ai(si2,813) =1— = . 5.14
1{s1, 513) ai(s12,813) l-—= (5:14)

The endpoint z = 0 is mapped to a; = 0. However, we have a; — +00 as x approaches 1.
To avoid this other branch cut of the hypergeometric function we apply (5.14) only in the
region Ry and keep the argument a; in region Rs.

The hypergeometric function with argument as does not yield any branch cuts in
the kinematic endpoints. However, the argument ao is larger than unity in region T7.
Therefore, we apply the following mapping in region T;:

1 _l—z

a2(812,813) - 1—=x '

ao(s12,513) = 1 — (5.15)

For the analytic continuation of the hypergeometric function in a3 we have to distinguish
the regions

Up = {s12,513,823 : S13+ 823 >0 A s12+ 503 <0 2<1—x A z<zx},
Us = {512,513,523 : S13 + $23 <O A s129+ 823 <0 z>1—x A z <z},
Us = {s12,513,823 : S13+ 823 >0 A s12+ s3>0 2<1—x A 2>z},
Uy = {512,513,523 : S13 + 23 <0 A 812+ 823 >0 z2z>1—x A z>z}. (5.16)

The different regions are shown in figure 1. For as, we have

a3(312,313) >1 in Uy UUy, (5.17)
CL3(812,813) <0 in UyUU;. (518)

Moreover, ag = 1 for z = 0. Therefore, we map the argument a3 of the hypergeometric
function in region U; U Uy to
1 z(1—2)

Ga(s12, 513) az(s12,s13) (1l —x) (5.19)

by means of an appropriate identity for the hypergeometric function. In the region U,
the hypergeometric function with argument a3 does not have a branch cut in x = 1 and
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no mapping of the argument is required. To obtain the analytic continuation of the third
hypergeometric function in Us, we take the result in region U; U Uy and apply the trans-
formation

5 1
as(sio, s13) = ) = a3(s12, 513) , (5.20)

1 — as(s12,513
to the argument of the hypergeometric function. Note that even though the arguments of
the hypergeometric functions in region Us and Us are the same, the result in Us contains
additional terms originating from the analytic continuation from region UyUUy to region Us.

After having performed the analytic continuation of the master integrals in the dif-
ferent parts of the physical region the expansion in terms of distribution can safely be
performed. We have checked that the expressions in the different regions are continuous
at the boundaries.

We have cast the hypergeometric functions in the box master integrals in a form that
an expansion in terms of distributions in z = 0 can be performed. The same does not
hold for the endpoint z = 1. However, at the level of the integrated fragmentation antenna
functions we are able to recover any distributions in z = 1 by exchanging particles 2 and 3
which corresponds to exchanging z with 1 — z. To this end, factors of the form 1/(s12s13)
have to be rewritten using partial fractions.

After inserting these bubble and box master integrals in the X1 antenna functions, the
expansions of factors z717¢ and (1 — 2)~'7¢ in terms of distributions can be performed.
The results in the different segments of the physical region, figure 1, can then be recast in
a form that ensures that the pole terms and the coefficients of the distributions in z and
(1 — x) take the same form in all segments.

The z-integration of the resulting expressions recovers the known real-virtual initial-
final master integrals [45] and enabled us to identify an error in their numerical implemen-
tation for jet production in deep-inelastic scattering [51].

The relevant one-loop integrated fragmentation antenna function for photon produc-
tion is .,Zlé ;d'v (z,z). Its expression is very lengthy and is enclosed as supplementary mate-
rial together with the expressions for the other integrated one-loop fragmentation antenna
functions.

6 Conclusions

In this paper, we extended the antenna subtraction method to account for identified pho-
tons in the final state, and derived all required ingredients for the computation of photonic
cross sections up to NNLO. This extension required to introduce novel fragmentation an-
tenna functions, which are differential in the momentum fraction of the final-state photon.
The unintegrated forms of the fragmentation antenna functions could be inferred from their
inclusive QCD counterparts. They come with novel forms of phase space factorisation at
NLO and NNLO, allowing to retain the photon momentum fraction as a variable in all
stages of the event reconstruction. The corresponding integrated fragmentation antenna
functions were newly computed for all photon and parton fragmentation processes at NLO
and for photon fragmentation up to NNLO.
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The developments in this paper allow to compute the NNLO corrections to processes
involving final-state photons (also in association with jets), with a realistic fixed-cone based
isolation prescription for the photon. The new subtraction terms are largely separate from
previously derived subtraction terms obtained for an idealised dynamical-cone isolation,
and can be added to existing NNLO implementations. First applications could be photon-
plus-jet or di-photon production, where NNLO corrections for fixed-cone based isolation
will allow to accurately quantify the effects of the photon isolation procedure. Moreover,
it will then also become possible to compute NNLO-accurate cross sections for alternative
photon isolation prescriptions [52, 53] (or even without any photon isolation) and to inves-
tigate observables that could allow for direct determinations of the photon fragmentation
functions at hadron colliders [54].

The formalism derived in this paper for fragmentation antenna functions can be further
generalised from photons to identified hadrons. Cross sections for identified hadrons are
obtained by convoluting cross sections for the production of specific partons with parton-to-
hadron fragmentation functions. Their description at higher orders requires fragmentation
antenna functions, differential in the momentum fraction of a final-state quark or gluon.
The full set of these functions at NLO is already given in appendix B. An extension to
NNLO will require the integration of all double real and real-virtual fragmentation antenna
functions, each in initial-final and final-final kinematics. In the initial-final case, no inte-
gration is required for the real-virtual functions and the results are obtained directly along
the lines of the section 5; they are included as supplementary material. More conceptual
work and new master integrals are needed for integrated fragmentation antenna functions
for identified partons in the double real case, as well as in final-final kinematics.
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A Mass factorisation kernels

The components of the mass factorisation kernels I' are given in [24]. Adopted to our
notation they read

0., = @ (4me ™) (w*/u2) T (=),

0 —
ri, =0,
r0_ =6(1-2),
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=1 =0 forpe{qqq},

Y=p Y=p T
0, =6(1-2),
I‘gzq, = I‘gl_)>q, =0 forq#dq,
Fg%g =0,
), =d61-2),
oo, ~o.

1
F(vl'y =%
N2 -1 ¢
1 _ 2/, 2 1
F‘(I—)>q - < N ) (47’[’6 q/E) (:u //’La) Ft(;{q)(z)a
I‘gl_)m = (4me7E)" (,uz/,u?l) (N Fg?(z) + Ny Félg{F(zD ,

0, = (4me™)" (u2/u2) T4 (=),

I, = (N2N_ 1) (4me™7)" (42 /2) TE(2). (A1)

Since we set Dy_,, = O(a), the mass factorisation kernels I‘gl_)w and I‘gl_)w are non-zero.
Moreover, we decomposed the kernels by factors NV and Ny. The factorisation kernels can
be expressed in terms of leading order and next-to-leading order splitting functions, i.e.

1
) = —-p9(),

171 1
1 0 0 1
M) = 5 [5a0l ©pE) - 50 E)]

q
M) = i),
M) = —5 ().
T(:) = 5 (),
T p) = — (),
r(z) = —%pé%)(z). (A.2)
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The factors of 1/2 appearing in (A.2) originate from decomposing the colour factors Cp =
(N2 —1)/(2N) and Tg = 1/2 in [24].
The lowest order splitting functions are given by

3
0 _
p((]q)(z) - 56(1 _Z) +2D0(Z) -1 -z,
pég)(z) = 1—2z+22%,
2
pgg)(z) = ;—24—2,

O(2) = 2501 = 2) £ 2Dy(2) + 2 — 44 22— 222,
z

Dyg 6
0 1
P (z) = —26(1 - 2),
2
P9 (z) = =2+, (A.3)

and the next-to-leading quark-to-photon and gluon-to-photon splitting functions read

1 9 1 1
pglq)(z) = —=4+ -2+ <—8 + 2,2) log z + 2zlog(1 — 2) + (1 - z) log? 2

2 2 2
4
+ [mgz(l — 2) 4 4log 2log(1 — 2) + SLin(1 — 2) — 32] P (),
82 46 8 8
p%)(z) = —-2+4+6z— 322 + % + (5 + 7z 4 §z2 + 32) log z
+(1 4 2)log? . (A.4)

B Integrated X fragmentation antenna functions

We express the integrated fragmentation antenna functions in terms of splitting func-
tions (A.3) and colour-ordered infrared singularity operators, which read

eE 71 3
e o 4 2 R(—s0)"C,

2I'(1 —¢) €2 + 26] (=540)
€YE 1 5

(1) ___ " |\t _s )€
qu (6) ng) - 2F(1 _ 6) _62 + 36] R( ng) )

L7 (€ 540) =

erE [1

n 11
2I'(1 —¢) €2

6e

I&])(E’ 899) = ] R(_Sgg)_€ )

1
ng?F(Q Sqq) = 0,

E 1
e I P
qg,F(67 ng) 2F(1 — 6) GGR( ng) )

evE 1

I(l) — ~R(— €. B.1
gg,F(€7 Sgg) 211(1 _ 6) 36R( Sgg) ( )

The invariant masses that appear in these pole terms and in the normalisation factors of
the integrated antenna functions are always constructed from three-parton invariants as

q2 = S12 + S$13 + s923 and Q2 = —q2.
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B.1 Initial-final configuration

The unintegrated X3 antenna functions in the initial-final configuration were introduced
in [42]. We recall their expressions here and give the results for their integrated form
differential in the final-state momentum fraction.

The quark-initiated quark-quark antenna function in the initial-final configuration
reads

Ag(iqa?’gaQq) =

513523 513 523 513 523

I 252 2s 2s S S
( 12 12 12 23 13
5123

+ ) +O(e). (B.2)

For the integration of the fragmentation antenna function we need to specify which parton
in the final state is identified. In case the final-state gluon is identified we find

—€

id. 1 1 =z 2z zz 1
Ao, 2) = (@) |58 =) + 5 = + 5+ 5 4 S8l - )

2 4 4

1 =«

+ (—4 -3 %Do(x) + %5(1 — ) (log(1 — 2) + log(z))) pgg)(z)} + O(e),
(B.3)

and for the case of an identified final-state quark we have

AF (2, 2) = 21 (e, ~Q?)d(1 — 2)6(1 — )

+ <Q2>_6 [— 2% (5(1 — z)pgg)(:n) +4(1— :v)pég)(Z)) + %5(1 —2)6(1 —x)

X fL‘Q
+5(1— 2) (; 5+ Dila) - %(1 +a)log(l —2) — T log(x)>

z Z2
4501 — ) (; 24 Due) — 5+ 2)log(1 — 2) + ii_z) log(z)>

—% (60— 2 (@) + 501 — o)) (2)) + 2 @Y (2)

+o - ] +O(e). (B.4)

In the subtraction of quark-photon collinear limits the antenna function A$(1,,3,,2,) is
used. Its unintegrated form coincides with (B.2) and we have .Ag:gj'“’ = Ag:lqd'g.

The unintegrated D-type quark-initiated quark-gluon antenna function is

Dg(iqﬂm?’g) =

2 2
1 <28123813 +28128123 +8123523 +2812813

3%23 512523 513523 S12 S23
5123523
+ s12 + +4s123 + 813) + O(e) . (B.5)
513
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It is symmetric under the exchange of gluons 2 and 3. Therefore, there is only one corre-
sponding integrated fragmentation antenna function, i.e.

DY (@, 2) = —211) (6, ~QH)o(1 - 2)0(1 - 2)

Hsa— 2650 - 2)

+(@%) " [— i (601 = 2)p{) (2) + (1 — 2)pQ(x)) + "

1 =z 1 1+ 22
1- ———=+4D ——(1 log(l—2) — ———1
+6(1- 2) (2 5+ Dile) = 5L+ o) log(l — ) — 5 og<w>>
1 1-—
+5(1x)<D1(2)+(2++z22>log(1z)+( ”Z )
z (1-2)
11 1 z
2501 - o)l (2) — 5P @) — 2) + PR ) ~1— o~
2z xz 22 22 x2?
-t — = - — = — . B.
+ . + 5 7 S 5 + O(e) (B.6)
The three-quark quark-gluon antenna functions have the form
. 1 +513)% 2
Eg(lq; 2q/73q/) — 5 <(812 813) - 512513 + (512 + 513)) + 0(6) ’ (B?)
5123 523 523

A 1 [ (s13+s23)%  2s138923
Eg(lq/, 2q, 3q) = —8%23 < -~ — 1o + (s13 +s23) | +O(e). (B.8)

The first antenna function is symmetric in the final-state quark pair. There is one corre-
sponding integrated fragmentation antenna function, i.e.

. . 0,
ENAT (4, 2) = (Qz) [_2165(1 — 2)pj (2) - % + pq;:i) + %Do(ﬂf)ng)(z)
+0(1 —x) (; - %pgg)(z) + % (log(1 —2) + log(z))P((;g)(z)> +O(e).
(B.9)

The only unresolved limit of the antenna function in (B.8) is the flavour-changing initial-
final collinear limit. However, identifying the final-state parton ¢’ prevents it from becoming
collinear to the initial-state since any jet function will require a minimum transverse mo-
mentum of the identified particle. Therefore, the only integrated fragmentation antenna
function corresponding to (B.8) identifies the final-state quark ¢. We find

; —e 1 1 x 1
£0349(5,2) = (2) [_265(1 — @) — 5+ 5+ 5ad(l - 2)

_ (; _ %Do(z) +6(1— =) (; _ %log(l —a)+ bgﬁ)) pg‘;)(:c)} +0(e).
(B.10)
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The remaining quark-initiated antenna function is

1 . )2 2 .
GY(1y,2,3,) = —— <(515+323) - 513823) +O(e). (B.11)
5123 512 512

The GY antenna function at hand only contains the flavour-changing initial-final limit.
Using the same reasoning as for the EY antenna function, we find only one integrated
fragmentation antenna function:

; —€ 1 1 1
o9 (q,2) = (Q°) " |-5-0(1 — Q) — s+ 2 — 24 ZE 4 ~as(1 - 2)
2€ 2 4 2 4 2

— <le + Z - %Do(z) +6(1—2) (; - élog(l —x)+ bg2(33)>> pé?l)( )}
+0(e). (B.12)

The gluon-initiated quark-anti-quark antenna function is given by

R 1 253 $13  S12 | 2523 2823
A%2-.1,,3,) = —— | =2 22 T2 2780 O B.13
320 19, 34) 1923 <812813 * 512 * 513 * 512 s 513 +0(9 (B.13)

and its integrated form with an identified quark reads

0id.q 2y ¢| 1 0) pi(x) 1 0)
Aggh (@, 2) = (Q7) T | =580 = 2)plg) (2) — 1+ F25 4+ S Do(2)pl) (a)

- %5(1 —2) ( 1+ plY) (z)(log(z) — log(1 — z)))] +0(). (B.14)

As explained in [42], the gluon-initiated DY antenna function has to be decomposed into a
flavour-preserving and flavour-changing piece. The two resulting antenna functions are

. 1 [s? 253 483 25 65135
D§(19,29,3q) = o 22 13 4 2%18 23 T 13523
5793 \ 523 512593 S12 812(812 + 513) 512
35128 453 457
42212708 L T L Gsyy + —12 4 95 + 9523) +0(e), (B.15)
593 S12 523
DY, oy 20,80) = e (S 2 Bswsm A o0 (g
) ) = T 5 o 6 ' ’
S A A sT93 \ 512 S12(s12 + 513) 512 512

For the flavour-preserving antenna function the quark or the gluon in the final state can
be identified. In the former case we find

DY, 2) = —21(1) (e, ~Q)d(1 — 2)5(1 — 2)

+(@%) " [—21 (61— 20l (@) + 51~ 2)plf)(2)) + 1551~ )31 - 2)

—x+12)?
+6(1—=2) (Dl(az) + (—2 + % +x— x2) log(1—x)— W log(x)>
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+o6(1—x) (; - % +Di(z) — é(l +2)log(l—2)+ 21;—_22) log(z)>
~ 2001 = (@) — o ()80 — 1) + @Y ()~ S+ 5+
—f—ﬁjﬂjﬁ?—ig +0(e) (B.17)
and in the latter case
Dg:igd'g(x,z) = (QQ)_E [— %6(1 — x)pgg)(z) - g + % +x—2’ 42— % — % + m;z

— 2z x2 —.%3
+<1 BAT T | Do) + 00— ) <1og<1—z>+log<z>>> i (2)

+ %zé(l - :c)] + O(e). (B.18)

The only integrated fragmentation antenna function of the flavour-changing DJ antenna
identifies the final-state gluon. It reads

D4, @.2) = (@) [-500 - @) - S+ L - o

L 0
e 5 + 590(2)1)519) (z)

—0(1—2z) <—1 - }log(l - x)pg%) (x) + %log(aj)pg%) (x))] + O(e) .

2 2
(B.19)
There are two gluon-initiated gluon-gluon antenna functions:
. 1 (25} 253 251257
F(14,24,34) = — ( “123%23 | 9123513 4 2812713
5123 512513 512523 513523
25138 25128 25128
| 2513523 | 2812523 | 2512513 +85123> +O(e), (B.20)
S12 513 523
A 1 s12 4+ s13)% 25128
GY(1y,24,37) = — <( 12 ¥ 513)° 2810 13) +O(e). (B.21)
5123 523 523

Both antenna functions are symmetric under the exchange of parton 2 and 3. Therefore,
for each antenna function there is only one integrated fragmentation antenna function.

We find

Foid9(w,z) = =210 (e, ~Q*)6(1 — 2)5(1 — 2)

3,9
+(@%) " [— 2% (601 =2 (@) +6(1 —2)p{Q (2)) + %5(1 —2)5(1—x)
—x+12)?
+i(1—=2) (Dl(a:) + <—2 + % +x— x2) log(1—x)— W log(x)>
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—2+22%)?
+o(1—x) (Dl(z) + (—2 + % +z— 22> log(1—2)+ (1(1_—2)2) log(z)>
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51 (00 =2 @) + 001~} (=) + %Pé%) (+)pjy (2)

—2—z+2%)(2-2+2%)| +0() (B.22)

and
G304 (2,2) = (@) |- 52601~ 2l (2) + 5P (=) + 3 Dol@)plY)(2)
39 \E) = % Pqg o Pag 5 0\)Pgg

+5(1—2) ( — L

5~ 579 () + 5 (og(L = 2) + og(2)p(f) () | + 0.

(B.23)

B.2 Final-final configuration

The unintegrated X3 antenna functions in the final-final configuration can be found in [41].
We recall their expressions here and give the results for their integrated form differential
in the final-state momentum fraction.

The tree-level three parton quark-anti-quark antenna function reads

Ag(lé’ggﬂq) =

1 252 2 2
( Pl | T2 T2 %M 813) +0(e) . (B.24)

5123 \ S13523 S13 523 513 523

It is symmetric under the exchange of the quark pair. We find two integrated fragmentation
antenna functions. Identifying the gluon, we have

4 8 8 2
+0(e) (B.25)

i —e[ 1 1 3 1 1
Aoz) = ()| - g 4 g+ 5+ (—5 4 plogl- )+ Og(z)> o)

and in case the quark is identified, we find

—€

AG(2) = =21 (e,4%)0(1 = ) + (%)

1 3 =z 47 72
PN (%) °_z 5(1 —
26pqq(z)+8 8+< +6> (1-=2)

1+ 27 _3 o)

+Di(2) - %(1 +2)log(1— 2) + 5 loB() — Gl ()| + 0.

(B.26)

In the subtraction of quark-photon collinear limits the antenna function A3(14,3,,2,) is

used. Its unintegrated form coincides with (B.24) and we have .Ag:gd"y = Ag:gd‘g .

The tree-level quark-gluon antenna function can be expressed as

Dg(lqv 297 39) = dg(lqv 2gv 39) + dg(lqa 397 29) (B-27)
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with the sub-antenna

dg(lq,29,3g) =

2
1 (25793513 | S123823 | S12813 | 512
512823 $12 $23 2 2

2 + 312 4 96 10s + Slg) +O(e).  (B.28)
In the sub-antenna at hand gluon 3 acts as a hard radiator while the full antenna (B.27)
also contains the soft limit of gluon 3. The reference particle used in the definition of the
momentum fraction has to be a hard radiator. Therefore, if we want to use the quark-gluon
antenna function with the gluon as the reference particle we have to use the sub-antenna in
which the reference gluon is a hard radiator. Integrating (B.28) and remaining differential
in the gluon momentum fraction, we find

, —[ 1 5 =z 11 1 log(z)
Oidg, \ _ (.2 _L o LA S _ & (0)
DYI(2) = (%) [ SP () F 5ot ( o +glosl—2) + = >pgq (z)} +0(e)
(B.29)

and for the case where the quark momentum is identified we have

id. | 1 3z 167 w2
Pl () =~ e )01 =) + () |5l + -5+ (48 ! 6> e
1 1+ 22 11
+ Dy (z) — 5(1 + 2)log(1 —2) + =2 log(z) — ﬁpgg)(z) + O(e) .
(B.30)

When the quark acts as a reference particle we can integrate the full antenna func-
tion (B.27). In this case the fragmentation antenna function reads

2
0idg () — _o1((e, ¢?)5(1 — 27| L,y 0 132 132
Dy, 7(2) = —2L (e, ¢°)0(1 Z)+<q) [ 5o )3T T T g
49 2 1
— 4+ — 61— D —24 =42z —2%)log(1 —
+<16—|—6>5( z) + 1(z)+< otz z)og( 2)
1 — 2+ 2%)? 3
—( (lz)z) log(z)—Spg%)(z)]+O(e). (B.31)

The last quark-gluon antenna function is

Eg(lquq’v?’é’) = 2

1 ((812 +513)° 2512513
5123

+ (s12 + 513)> + O(e) . (B.32)
523 523

It is symmetric under the exchange of particle 2 and 3. Phase space integration with
reference particle ¢ and identified particle ¢ yields

&7 (2) = () [+ 2+ (— 33 + 5081 =) +1os(=)) 49 (2)] + 0.

12
(B.33)
In case the primary quark ¢ is identified, we have
0,id.q/_\ _ 1) 2 2\ —€ 1 11 1
£9380(2) = —a1()) (e, ¢2)0(1 - 2) + () {—12 — 5581 =2) + 3D(2)] + O
(B.34)
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The first gluon-gluon antenna function is

F3(14,24,3,) = 3(14,24,3¢) + f3 (14,3, 2) (B.35)
with the sub-antenna
1 252548 S13S 5128 8s
0 123513 13523 12513 123
1,,24,34) = + + + + O(e). B.36
$00:20:30) = - ( e e ) (© (B.36)

In (B.35) we have fixed 1, to be the hard radiator which is used as a reference particle in the
definition of the momentum fraction. Consequently, it does not contain the sub-antenna
19(24,14,3,). Integration of (B.35) over the phase space while remaining differential in the
final-state momentum fraction yields

4 11z 1122

]_—0 1dg( ) = _2I§;}])(an2)6(1 —z)+ <q2>_ [ 26p§%)( z) + 37 12 + 12

523 2 1
|51 - D 24 —+2—2%)log(1 —
+<144+6>5( z) + 1(z)+( +ote z)og( 2)

(1 — 2z 4 22%)?
(1-2)z

The second gluon-gluon antenna function is

1 ((s12+s13)%  2s12513
Gg(lgv2q’v3¢7’) = 52 ( s o
123 23 523

mg@)—;bﬁyuﬂ-+0@). (B.37)

) +0(e). (B.38)

It is symmetric under the exchange of particle 2 and 3. Using the gluon as reference particle
and remaining differential in the momentum fraction of ¢/, the phase space integration gives

i — 17 1
G () = () |- 3 + 5+ (15 + 5lon — 2) +10g()) Y )| + 0.
(B.39)
In case of an identified gluon we have
id. (1) - 1 =z 11
G () = ~210) e 31— 2) + () |5 = & = 13601 2) + 3Do(2)] + O(9).
(B.40)
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