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ABSTRACT: We formulate a Zg-parafermionization/bosonization scheme for one-
dimensional lattice models and field theories on a torus, starting from a generalized Jordan-
Wigner transformation on a lattice, which extends the Majorana-Ising duality at £ = 2. The
Zy-parafermionization enables us to investigate the critical theories of parafermionic chains
whose fundamental degrees of freedom are parafermionic, and we find that their criticality
cannot be described by any existing conformal field theory. The modular transformations of
these parafermionic low-energy critical theories as general consistency conditions are found
to be unconventional in that their partition functions on a torus transform differently from
any conformal field theory when k > 2. Explicit forms of partition functions are obtained
by the developed parafermionization for a large class of critical Zg-parafermionic chains,
whose operator contents are intrinsically distinct from any bosonic or fermionic model in
terms of conformal spins and statistics. We also use the parafermionization to exhaust all
the Zi-parafermionic minimal models, complementing earlier works on fermionic cases.
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1 Introduction

As a central task in quantum many-body theory, various bosonic and fermionic phases
with/without symmetries have been identified and classified in recent decades, no-
table examples being topological-phase classifications [1-4] beyond the Landau-Ginzburg
symmetry-breaking paradigm. Perhaps the simplest generalizations of bosonic or fermionic
degrees of freedom are parafermions, which are defined by generalized fractional commuta-
tion relations and emerge on the edges of two-dimensional fractional quantum phases [5-13].



Many efforts have been also done on the classification of gapped parafermionic topological
orders without symmetry [12, 14-18] and with symmetries [19].

Parafermions naturally emerge in critical Zg-clock models [14, 20-22] which are made
of generalized bosonic spins. The typical example is the well-known critical quantum trans-
verse Ising model (k = 2), which is “equivalent” to a massless Majorana fermionic chain,
i.e., a Zy parafermion [23]. However, the Majorana fermions and the Ising spins are sig-
nificantly different in nature in that the Majorana fermions, which are local excitations in
Majorana system and obey fermion statistics, are forbidden to exist in the local excita-
tion content of the Ising chain, whose local excitations are bosonic. Thus, more precisely
speaking, the massless Majorana fermion chain is actually equivalent to a proper stack-
ing [24-27] of the critical Ising chain and a gapped Kitaev chain in its Zs-topologically
nontrivial phase [28] providing the fermionic nature. Therefore, the critical theories of
fermions (e.g., the critical theory of Majorana chains) are called “fermionic conformal field
theories” to be distinguished from the critical bosonic theories, i.e., the so-called confor-
mal field theories (CFTs). The classification [29] and the minimal and rational models of
fermionic CFTs [27, 30-32] are of intense interest recently.

In fact, the construction of the general critical theory of the Z-parafermionic systems
still remains an open problem for k£ > 2, and the significant distinctions of parafermion
statistics from boson and fermion statistics imply that these parafermionic critical the-
ories with k£ > 2 may not be described by any existing CFT, e.g., bosonic or fermionic
CFTs. In this respect we note that there have been progress on the concept called
“parafermionic CFTs” [21, 22, 33, 34], which are field theories containing parafermionic
operators, but still obeying the conventional modular invariance of bosonic CFTs. Indeed,
they are found to describe the bosonic systems like Zj clock models [22, 33, 34], rather
than genuinely parafermionic systems of our current interest whose fundamental degrees of
freedom are parafermions. Therefore, the study on the (genuinely) parafermionic critical
systems and the fundamental constraints on their low-energy effective theories is important
and interesting in its own right and enriches the general framework and methodology of
CFTs. Furthermore, the classification and solution of minimal and rational [23, 35, 36]
Zy-parafermionic models beyond k = 2 were still lacking due to the absence of full under-
standing on parafermionic systems.

In this work, we investigate the fundamental properties of general critical theories of
underlying parafermionic chains and their relation to parafermionic topological phases. As
a main method of our study, we first develop a (1+1)-dimensional parafermionization to-
gether with a bosonization as its inverse to relate a parafermionic theory to a bosonic theory
by a one-to-one correspondence. It can be also regarded as an attachment construction
using a nontrivial topological phase of a parafermionic chain [12, 14-18] generalizing the
Kitaev-chain attachment argument in k& = 2 [25-27]. From this viewpoint, parafermionic
chains and bosonic chains are expected to be indistinguishable locally since their differ-
ences result from this global topological factor. The parafermionization method also enables
us to study the general properties of partition functions of critical parafermionic chains,
which obey unconventional modular transformations, distinct from any existing bosonic or
fermionic CFT. The source of this unconventional modular invariance is also interpreted



from a lattice viewpoint, and we propose it as a general consistency condition on any crit-
ical theory of parafermionic systems. We also apply the parafermionization to explicitly
calculate the partition function of a large class of critical parafermionic chains, from which
their intrinsic fractional statistics can be read off.

The paper is organized as follows. In section 2, we first introduce a generalized
Jordan-Wigner transformation to obtain the fermionization. Next, it is re-interpreted
as the attachment construction in section 3. The unconventional modular transforma-
tion is investigated in section 4. Then, we show that the CFTs obeying conventional
modular invariances cannot correctly describe the lattice model of critical parafermionic
phases in section 5. Finally, we exhaust the remaining Zg-~o-parafermionic minimal models
beyond solved bosonic/fermionic cases, and discuss a large class of minimal/nonminimal
parafermionic systems to quantify their parafermionic statistics in section 6, and conclude
in section 7. Appendices include CFTs on a torus reviewed in appendix A, a detailed
discussion on the state-operator correspondence in appendix B, and partition functions of
the Zjy~o-parafermionic minimal models in appendix C.

2 Fradkin-Kadanoff transformation and boundary conditions

Let us consider a quantum Zjg-generalization of Ising degrees of freedom or Zg-spin, o; and
7j, at each site j in a one-dimension lattice:

E_ _k _ T
O'j—Tj—l, o;

I s
o7, T, =T, Tjo;T; = w0y, (2.1)

where w = exp(i27/k), and ¢’s and 7’s are bosonic in the sense that they all commute at
different sites and the local Hilbert space at the site j is (minimally) k-dimensional. They
are local operators that can be represented as

010...0
001 0 100... O
OwO... O
oji=QL@ i [ QLE®-, T=L®| ... _ 1@,
000...1 D
000... kTt
100...0 “

(2.2)
where 1 is the £ X k unit matrix and the matrices other than 1; appear only in the
k-dimensional local Hilbert space at the site j.

Such a generalized Zj-spin picture in a finite chain is, roughly speaking, equivalent to
a parafermionic system by the following Fradkin-Kadanoff transformation [20] generalizing
the Jordan-Wigner transformation:

Y2j—1 = 0 H Tis Yo = w(k_l)/2aj H i, (2.3)
1<j i<j
where, for a finite chain j = 1,2,--- , L, the product terminates at the most “left” site 1:
Jj—1 J
Yoj—1 = 0 H iy e = wF Y 20, H Ti- (2.4)
i=1 i=1



Note that the product for vs; includes 7;. As a generalization of Majorana fermions (k = 2),
the parafermionic degrees of freedom satisfy

=1k =7 = w0y (£ 5), (2:5)

which we will take as a defining feature of the parafermionic chains and we can forget about
the bosonic model {o;, 7;} we started with. The Hilbert space of the parafermionic chain
is defined to be the same as that of the following auxiliary local Zj-spins

&5 =251 [ ( =172 yo; 1) ;7 = w2 951724 (2.6)
i<j

which turns out to be the inverse of the Fradkin-Kadanoff transformation (2.4). However,
the parafermionic and the dual bosonic models are intrinsically different in the definition
of locality of operators,! while they still share the same Hilbert space. When k > 2, there
is one additional significant aspect in a finite chain with sites j = 1,2,--- , L as follows.
The last relation in eq. (2.5) signifies the absence of a unitary translation symmetry U
such that UijT =it j=1,2,---,2L —1 and U~ar,UT = ~1, because U, if existing,
acting on both sides of v91v1 = w*vy1v2r would be inconsistent with 172 = w7y2y1 when
w* # w, i.e., k > 2. Therefore, the branch cut connecting o7, and 7; is not equivalently
oriented with the other links between v; and 7,11 when k£ > 2. Nevertheless, we can still
define a different translation transformation Vipang by the help of the auxiliary bosonic
spins conversely defined by the parafermions as in eq. (2.6), satisfying

vl = . ~ /1 _ =
V:EraHSlUJ Vjcransl = 0j+1; V;JTaHSlTJ Vvtransl = Tj+1 (27)

with (6741, 7r+1) = (61,71), which completely determines, by the relation (2.4), the action
of Viransl o the original parafermionic chain {v;} with a finite length 2L as:

ViranstV2j-1 Vil ang = V2j4+1 ( (k=1)/2,1 ’71)
; 1)/ (2.8)
%ransl’ﬁjvtransl = 2j+2 ( ( )/ Y2 ’Yl)
for the parafermions at j=1,2,---,L—1, while, for an infinitely long chain j=---,—-2,—1,
0,1,---, the finite-length corrections (w (k D/ ny v = T{r ) coming from the leftmost site dis-
appear. Additionally, the boundary parafermions transform as,
‘/transYYQLfl‘/tianS] =N ( (k=1) /2 T ) va (2 9)

VvtranslfY?LVtJLansl =72 ( (= /Z’YTFh) Qf7

where ) is a generator of global Z; symmetry defined below. Such a translation transfor-
mation also keeps the algebra (2.5) since, if we define ’y} = VcranstVt];ansl: then 'y;’s satisfy
the same algebra (2.5) by replacing v; — 7}. Thus, Virang is the appropriate translation

'Here the intrinsic non-locality of fermions is reflected by the fact that the (para)fermion operators
cannot be represented by any local matrix (without string operators) no matter how we choose the basis.
Therefore, Zy is always a global symmetry of general parafermionic Hamiltonians.



transformation for parafermionic chains of a finite or infinite length, and it will be used
when we formulate the parafermions on a general space-time torus later in section 4 and
appendix A.

We will use the subscript “b” to label the bosonic spin system (2.1) and “f” for the
parafermionic system (2.5). In either picture, there exist global Zj symmetries: @ fnyfl =
w*y and Qonb_l = w*o generated by:

Q=11 [”(l_k)/%&_mﬂ ; Qp = HT (2.10)

%

and they are the same Qf = @ by eq. (2.4). In this paper, we will focus only on
parafermionic systems with such Zj; symmetries.

Now we derive the exact correspondence between the parafermionic chains and Zj-
spin bosonic chains of finite length L under twisted boundary conditions. Without loss of
generality (see the discussion later), we consider the nearest-neighbor coupling and compare
the edge-closing term

olopw ™ = {wf(kﬂ)/Q’YIVzL} (W™ 1Qy)T

_ |:w_(k+1)/2’YI’YQL] (wqb—i-al—l)*’ (211)
with the corresponding terms in the bulk:
UJT'+1UJ’ = [W_(Hl)/Q’Y;jHWj] , I1<ji<L—-1), (2.12)

where a1 is a mod-k integer-valued parameter specifying a Zy-twisted boundary condition
of the Zj-spin chain imposed by

ori1 = wor, (2.13)

and we have restricted to the bosonic Hilbert subspace by the Z; symmetry: @Q, = w®
where g is defined modulo k. From eq. (2.11) and Q5 = Qp, we obtain the following
mapping between the Hamiltonians:

/Hf(sl)‘Qf:wqb = Hb(l + 51 — Qb)’Qb:wqba (2.14)

where Hy(s1) denotes the Hamiltonian of the parafermionic chain twisted by Q‘? and
Hy(a1) for the bosonic chain twisted by Qp'. For general edge-closing terms Hegge with

a finite range legge < L, we can define the unit twisting as acting Qedge = Hie:d%e T =

Hée:d%e [w(lfk)/%ygi_lrm} on Hegge as Qe_dlgeHedgeQedge- From eq. (2.12), we expect that the
parafermionic chain and its bosonic dual obtained by eq. (2.6) are locally indistinguishable
since, on an infinitely long chain j = --- ,—1,0,1--- without boundaries, the Hilbert-
space dependent boundary twistings are irrelevant. We will see that the global aspect of

the difference can be understood by a topological-phase attachment in section 3.



The partition-function correspondence with the inverse temperature 5 as the imaginary
time can be obtained as

Zyy50 = Tr{(Qy) 7 exp[—BH(51)]}

k—1
=> TI"|Q,-:wqb{(Qf)1+52 exp[—BHy(1 + 51— q)]}
q,=0
k—1
= > Tr{Py, (Qb) ™ exp[-SHp(1 + 51 — @)]}
=0
k—1
- Z Teq > (w™®Qu)” (Qu)' 2 exp[—AH (1 + 51 — )]
Qb =0 p=0
1
= o 2wt e e Ty Q)2 expl - Hy(an)]}
al,a2
_! S wtrsma)ts )z o (2.15)
ai,a2

by the Hamiltonian correspondence (2.14) with a1 2 summed from 0 to k—1, the projection
operator onto the Hilbert subspace with @y = w

i w qbe , (2.16)

:v \

the correspondence Q¢ = @, and

Za1,a2 = Tr{(Qb)a2 exp[_ﬁHb(al)]}’ (2'17)

where Z, 5, and Z,, 4, are parafermionic and bosonic partition function under correspond-

)

rection as well. Here, the convention of “(1 + s2)” is made so that (s1, s2) reduces to the

ing boundary-condition twistings, and we have inserted QSCHSQ to twist the temporal di-

conventional Zy spin structure when k£ = 2, and we will call it a “paraspin” structure.
Additionally, this convention is convenient in that s; and so are on an equal footing in
eq. (2.15). In the following discussion, ai2 and s;2 are all defined mod k and we will
keep using curly Z to denote the parafermionic partition functions and Z for the bosonic
partition functions.

3 Attachment constructions and bosonizations as inverse

To manifest the physical meaning of the parafermionization (2.15), we rewrite it as

— 51,52
31732 - § : z—a1,—a2 a1,a2s (31)

0«17“2

where the coeflicient is defined as

2me
Zayiay = €XD { A (I1+s1+a1)(1+s2+az)|. (3.2)



When k = 2, 231°;2 reduces to the partition function of the nontrivial topological phase of
the Kitaev chain as the Zy-Arf invariant [25-27], coupled with a background Zs-gauge field
(a1,az). Additionally, when both the parafermionic and the bosonic theories are coupled
to dynamic Zi-gauge fields, the resultant gauged theories are the same modular invari-
ant theory with the orbifold partition function Zup, = k= 25172 Zs1 50 = k1 Zam Zay as

generalizing k = 2 cases [26].

3.1 Attachment of a gapped parafermionic chain
Here, we will argue that eq. (3.2) is exactly the partition function of a generalized Kitaev
phase by using the results from ref. [17], where it is shown that the open parafermionic chain

lel

open = -7 Z Z {{ (k=1) /272J+1'72j]p - 1} (33)

] 1p=0
has k-fold degenerate gapped ground states representing the dangling edge modes and
having Zj, charges as Qy = w% with ¢y = 0,1,--- ,k — 1, separately. Here, the additional
constant “—1” in Hepen is to normalize the ground-state energy density to be zero. The
complicated polynomial summation will be useful for closing the chain as we will see later.
In addition, the lattice model above is exactly solvable since the nearest-neighbor hoppings
commute with each other and thus the energy of ground states can be saturated by

k= 1)/272j+1721 =1, (3.4)

which implies that, by eq. (2.10),

Qflas. = w2410, (3.5)

On the other hand, we can extract the charge sector with Q; = w% by the projection
operator (2.16). Thus, in the ground-state sector, we have

1 k—1

p=0

Since only the gy sector takes a nonzero positive value of P qp> We can gap out the other
ground state(s) by the following Hamiltonian:

Hclose = Hopen - (P(;f - 1)

:_;’g{g{[ " 1)/272]“721} —1}+[ 0 e’ qf}p_l}' (37)
p=0 | j=1

With the last interedge coupling, the model is still exactly solvable and gapped. By a direct
observation, eq. (3.7) is exactly the Zj-twisted Hamiltonian by an s; = g5 — 1 twisting,
i.e., the Zj, charge of the gapped unique ground state being gy = 1 + s1. Thus, we obtain

the partition function as

2552 = Tr(Q ) 52 exp[—BHelose (51)]

o
A exp %Z(l + 51)(1 + s2) (3.8)



deeply into the gapped phase. After coupling it to a background Zg-gauge field (a1, az),
the partition function is precisely that in eq. (3.2).

Therefore, we can view the parafermionization (3.1) as first coupling the bosonic model
with the closed parafermionic chain H.ese in a conjugate Zj representation, i.e., having
opposite Zj, charges, and then orbifolding the Zj; symmetry. Such an attachment interpre-
tation generalizes the former k = 2 cases of bosonization and fermionization by Jordan-
Wigner transformations, whereas the sign in the conjugation is irrelevant there and the
closed Kitaev chain is exactly solvable deeply in the topological phase.

3.2 Bosonization as an inverse

The parafermionization (3.1) is actually invertible and it is directly proven that

E lzsl’s2 1 z:sll’s/2 " =0, 0. o
R T —ai,—a2 T 781,87 782,550
ai,a2
1 1 *
L 51,82 L (81,52 _
§ : kz_all’_aék (Zfal,fc@) - 5a1,a/16a2,a’2’ (39)
51,52
thereby
1 *
_ E : 81,52
Za1,a2 - % (Z—d1,—ag) 251,82 (3'10)
51,82

as a bosonization. The significance of the invertible parafermionization and its inverse is
emphasized as follows. Let us suppose that we have a critical parafermionic chain composed
by fundamental degrees of freedom as parafermions. We can use the bosonization (3.10) to
transform it to its bosonic counterpart and study various properties of the bosonic partition
function Zg, 4, using powerful theoretical methods developed for bosonic systems. Finally,
we do the parafermionization (3.1) to map it back to the original parafermionic picture,
thereby obtaining the corresponding properties of the critical parafermionic theories. As
we will see in the next section, such an invertibility of the parafermionization will play an
essential role when we investigate the requirement on modular-transformation condition of
the effective field theories of critical parafermionic chains (2.5).

4 Modular transformation of critical parafermions

In this section, we will consider general parafermionic chains at criticality, in which no
relevant length scale exists except for the divergent correlation length in the thermodynamic
limit. Conformal field theories are powerful tools to describe various universality classes
of critical spin models, and their partition functions are modular invariant when the low-
energy effective theories are formulated on a space-time torus [23]. We expect that the
field theories of critical parafermionic chains also have a general modular transformation
rule on a torus which is parametrized by a complex number,

T=T]+ 1T, (4.1)

to be introduced below from the lattice viewpoint.



To investigate the properties under modular transformation, we first define a
parafermionic chain on a discrete space-time torus and then take a proper continuum limit.
The procedure is analogous to the bosonic case reviewed in appendix A. The space-time
torus is discretized by introducing a “lattice” spacing [y along the imaginary time and
the (spatial) lattice spacing ag, which implies that the system length is Lag; see figure 1.
The partition function twisted by (s1, s2) in the space-time torus, similarly to eq. (A.5), is
defined as

B
Z;?f; =Tr {(V’t];ansl)ﬂ/ﬁo [Q(B)]"F" T exp l—/o dtH s (t; 81)1 } , (4.2)

where T is the time-ordering operator and Vi;ang is defined by eq. (2.8) with the additional
“1” in the exponent (1 + s2) to reproduce the spin-structure convention when k = 2
as mentioned before. The imaginary-time evolution is induced by the time-dependent
Hamiltonian during the time ¢ € [0, (5/50)50]:

Hy(ts51) = (Virana)" Ho(r) (Vi) when ¢ € [nfo, (n +1)50). (4.3)
Similarly, we have also defined a time-dependent Zj, generator:

Q(t) = (Virans))" Qf (Vikana )+ when & € [nfo, (n + 1)5o), (4.4)

which is actually time-independent, i.e., Qf(t) = Qs by eq. (2.10) and the translation
transformation Vipang in eq. (2.8). The time evolution (4.2) is visualized for the discrete
space-time in figure 1. The additional (Vt];ansl)ﬁ /Po in the partition function (4.2) effectively
moves the state (V] involved in the summation by “Tr” to match it with the Hamiltonian
Hs(B;s1) as in figure 1, which is displaced from #H¢(0;s1) by aof3/By along the spatial
direction. Thus, the space-time lattice in figure 1 can be seen as a torus with the lateral
slope 5o/ ap.

Then, by the bosonization transformation (2.6) and its resultant Hamiltonian corre-
spondence (2.14), we obtain the correspondence of partition functions

Zlatt :% Z 281,82 Zlatt (4.5)

51,52 —ai,—a2 -ai,a2’?
ai,a2

where Z}ﬁtzz is the partition function of its bosonic dual formulated on the torus in eq. (A.5)

rewritten as
B
Ziitgm =Tr {(Vtiansl)ﬁ/ﬁo [Qb(B)]% T exp l—/ dtHy(t; al)] } . (4.6)
0

We consider the following standard continuum limit [37-40]:
Bo,ap — 0 with By/ag, f and Lag fixed, (4.7)

and various lattice couplings are scaled to keep the correlation length £ fixed, where &
has the same length dimension as ap and the (dimensionless) lattice correlation length is
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Figure 1. The visualization of the partition function Z, ,,: the dash arrow points along the vector
(11, 72) and the state |¥) is summed over. The solid arrow denotes the si-twisted link between o,
and ~y; which is effectively moved by Vians) during the time evolution. The temporal twisting Q?‘H
is not explicitly shown in this figure. Here we have included v2;_1 and 72; into one unit cell thereby

denoted by vy2;_1,2; for the sake of clarity.

* *

&/ap. Then we have the following two dimensionless parameters which are invariant in the

"= L@ = f (4.8)

defining the complex number 7 in eq. (4.1). Without changing the low-energy physics

continuum limit:

(e.g., long-distance correlations), we can take the critical parafermionic chain H; in the
thermodynamic limit L — oo (§ ~ Lag and £/ag — o), to be at the corresponding infrared
renormalization-group (RG) fixed point. Its bosonic dual Hj is also at the critical RG fixed
point, since Hy and H; are locally indistinguishable in the thermodynamic limit, where
the effect of different choices of boundary conditions disappears. Up to some non-universal
factor [39], the critical bosonic partition function Z2% in eq. (4.6) converges to that of
CFTs in the continuum limit as

Zaha2 (7.) =Tr [(Qb)azng(a1)7c/24qu(a1)fc/24} , (4_9)

where ¢ = exp(27iT) and § = ¢* with 7 = 71 + 79, and L§(a;) and L§(a;) are a;-twisted
conformal-transformation generators of the bosonic CFT with a central charge ¢ [23]. It fol-

lows from eq. (4.5) that the parafermionic partition function Z1% in eq. (4.2) converges to

1
T = 1 X 2, Zaran(7) (4.10)

ai,a2

in the continuum limit. Indeed, the underlying lattice system with the partition function
Z,,5,(T) is at a critical point since it depends only on the dimensionless ratio 7 = /Lag or
71 = (B/LBoy) rather than any length scale. In addition, we know that the partition function

~10 -



of a critical bosonic system as a CF'T, in the absence of Zj; or gravitational anomaly, obeys
the modular-invariance condition? due to the emergent large-diffeomorphism invariance in
conformal invariant field theories [41]:

Zay,ar+ar (T +1) = Zay a0, (7); (4.11a)
Z—a3,a (=1/T) = Zay a5 (7). (4.11Db)

By the help of the invertibility (3.9), we derive the modular transformation of the partition
function of the critical parafermionic chain as

Zs1 (r+1) Z 8511,:9822 23’1,52( 7); (4.12a)
51,85
Zom(—1/7) = 3 S Zg 5 (7), (4.12b)
51,55
where
’ *
T = l<:2 S (ki) (4.13a)
a1,az
’oo 1
shst = = P (zZ%:Z%) : (4.13b)
ai,a

These two transformations reduce to

251752+51 (T + 1)"?7:2 - Zsl,SQ (T)’kZQ; (414&)
Z_SZ,SI (_1/7—)"45:2 = ZS1,82 (7—>’k‘=2 (414]3)

in the case of fermionization when k = 2, in agreement with the bosonic case (4.11).
Thus the fermionic spin structure appears as a Zs-gauge field on the torus. However, for
general k£ > 2, the paraspin structure no longer behaves as eq. (4.14) under the modular
transformation although it plays a similar role of Zj twisting on a torus.

To understand this unconventional transformation when k& > 2, let us consider, for
simplicity, 7 € iR as in figure 2. We start from a T transformation, 7 — 7+ 1. In addition
to the Zj twisting, the solid arrows in figure 2 (a) also carry the algebraic information in
that they connect the last site 2L and the “next” site 1, which, according to the algebra
in eq. (2.5), in a distinct way from the other links connecting two neighboring ~; and ;41
when w # w*. Such a piece of algebraic information is irrelevant or invisible when k = 2
because w*|y—2 = w|g=2. When k > 2, the partition function on the 7-transformed space-
time torus cannot be identified with Z, s,45, (7+1) due to the additional appearance of the
algebraic change on the link circled in figure 2 (a), crossed by the temporal arrow during the
continuum limit ag, Sg — 0, although the si-twisting information on that link can be fused
with s9 to be (s2 + s1) by a temporal Zi-gauge transformation. For an S transformation

2In this work, we use “modular invariance” to denote the invariance of physics under the modular
transformations of the spacetime torus. When describing the partition functions, it should be implicitly
understood as “modular covariance”.
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Figure 2. (a) T transformation of spacetime torus: the transformation 7 — 7 + 1 crosses an
additional branch cut during the continuum limit ag, 8g — 0. (b) S transformation: the space-time
plane is effectively rotated by 90 degrees, after which the branch-cutting link along the spatial
direction is reversed.

T — —1/7, we assume that there are also solid arrows along the temporal direction to
represent similar branch cuts so that the space and time are on the same footing in order
to have a S-transformation property since S transformations partially have the effect of
interchanging space and time. However, no matter how these temporal arrows are oriented,
either the spatial or temporal orientation will be reversed by the S transformation as in
figure 2 (b), for example. That the orientation is relevant when k& > 2 makes the current
S-transformation rule (4.13b) unconventional as well. On the other hand, the cases of
k = 2 do not have these problems since the orientation of the closing link is irrelevant due
to w|g=2 = —1 = w*|y—2 there. We will also see in the next section that no matter how we
adjust the reference “periodic” point of s1 2 = 0, the modular transformation (4.12) cannot
be the same as the conventional form when k& > 2.

Furthermore, since we consider general critical parafermions without reference to
Hamiltonian, we conclude that the modular transformations (4.12) and (4.13) as the
modular invariance requirement and consistency conditions for parafermionic systems (2.5)

at criticality.

5 Traditional Zg-paraspin invertible topological phases

In this section, we will show that if the partition function z°1:*2 of an invertible topological
field theory with a Zg-paraspin structure obeyed the traditional modular invariance by T
and S,

251,52FS1 — 81,82, ,—82,51 _ 51,52 (5‘1)
then it is always trivial (equals to 1) when k € 2Z + 1, or behaves as an Zy-Arf invariant,

551,52 (_1)(1+31)(1+52)’ (5.2)
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in addition to the trivial phase on a torus when k € 2Z, contradicting our result of eq. (3.8).
Furthermore, the partition function Z, s, would transform conventionally as eq. (4.14)
if the attached topological phase z°"*2 on the bosonic theory Zg, ., obeys the modular
invariance (5.1). In this sense, the traditional modular invariance is inapplicable to our
parafermionic chains.

We start with a definition of modular-transformation orbits:

(51, 50)] = {(Z Z)(i;) : (‘Z Z) eSL(Q,Z)}, (5.3)

in addition to the Zj property of the paraspin structure:
[(s1,82)] = [(s51 4+ K, 52)] = [(s1, 52 + k). (5.4)
We first prove that
[(s1,52)] = [ged(s1, 82, k), 0] = [0, ged(s1, s2, k)], (5.5)
where “gcd” denotes the (non-negative) greatest common divisor. It can be shown as

follows. We note that

51 S2 k
d =1. .
8¢ ged(sy, s2, k) ged(s1, s2, k)" ged(sy, s2, k) (5.6)

Then, by Dirichlet’s theorem on arithmetic progressions, there exists an integer N > k

such that
S1 52

N 5.7
ged(st, s2, k) " ged(st, s2, k) (5.7)
is a prime number thereby
S1 82 k
d|N =1
&¢ ged(sy, s2, k) + ged(sy, s2, k) ged(sy, s2, k)
and then
ged (NSl + Sg,k) = ng(Sl,SQ,k). (58)
It implies that there exists a unique integer M so that
M (N sy + s2) = ged(s1, s2,k) mod k. (5.9)
By egs. (5.4), (5.3), (5.9), we obtain
[(Ns1+ s2,—s1)] = [(Ns1 + s2,8cd(s1, 52, k))]
= [(ng(Slv 52, k)a —Nsy — 52)]
= [ged(s1, 82, k), 0]. (5.10)
On the other hand, we have the following equivalence relation within the orbit
[(s1,52)] = [(s1, Ns1 + s2)] = [(Ns1 + s2, —5s1)] (5.11)
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hence giving eq. (5.5). Thus, any (s1,s2) must fall in a class [(r,0)] = [(0,r)] where r
divides k. In addition, [(r,0)] # [(+’,0)] if both r and " divide k and r # /, because [(r,0)]
only contains the elements of the form as (rZ,rZ).

In a short summary, the modular invariance requires the following form on the partition
function of the topological field theory z%1:°2:

551,82 — f(ng(Sl; S0, k)) (512)
Since the partition function is defined up to a Zj phase, let us impose a normalization:

fa) =1, (5.13)

1,0 0

0 = 20.=1 = 1. Therefore, the value of 29

which implies z exactly gives the Zj charge of
the untwisted sector.

For general k, we know that the ratio z(0,1)/2z(0, —1) = 1 is the square of Zj, charge of
the untwisted sector by the operator formalism of the partition function. The normalization

above implies that (09 = +1 and

- (z(o’o)>82+1 = (£1)%2TL, (5.14)

When k € 2Z + 1, then [(0,1)] = [(0,2)] which implies that the untwisted sector has
a trivial Z; charge, namely z(®9 = 1. Then, 2(512) = 1 for any (s1,s2) by modular
invariances.

When k € 27, we can have two phases: z(°152) = 1 and a nontrivial one satisfying

2(082) = (—1)s2 L) (5.15)

which gives the result as
S(s1,82) — (_1)(14‘51)(1"'52)’ (5.16)

reduced to the Arf invariant when treating s; 2 as modulo 2. In conclusion, we could have
one single Zy nontrivial phase only if k € 27Z.

Therefore, when k > 2 especially k € 27 + 1, traditionally modular invariant Z-
paraspin topological field theories (5.1) cannot correctly describe the low-energy property of
gapped Zg-parafermionic chains and modular invariance for parafermionic systems should
be modified to be eq. (4.12).

6 Minimal parafermionic models and fractional statistics

Minimal models, or more precisely, Virasoro minimal models are an essential concept
in two-dimensional CFTs, whose energy spectra can be arranged into finitely many ir-
reducible representations of the Virasoro algebra. The bosonic minimal models have been
exactly solved and classified into an ADE classification [35, 36]. The fermionic (i.e., Zg—o-
parafermionic) minimal models are also exhausted by fermionizations of the bosonic mini-
mal models with a global Zs symmetry [27, 30, 31].
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In the first part of this section, we will obtain the remaining minimal Zj—parafermionic
models with k > 2 by our parafermionization/bosonization method.

In the second part, we will derive the fixed-point partition functions of a large class of
critical parafermionic chains that are not necessarily Virasoro minimal.

In addition, it is well known that the fermionization (k = 2) of the critical quan-
tum transverse Ising model yields the massless Majorana fermions obeying fermion statis-
tics rather than bosonic statistics, although the local operators of the Ising model are all
bosonic. As we will see, when k > 2, the conformal spins of the fundamental field opera-
tors in the critical parafermionic theory can be neither integral (bosonic) nor half-integral
(fermionic).

6.1 Minimal Zg~o-parafermionic models

Let us take a Zp~o parafermionic model, which is Virasoro minimal, i.e., its spectrum is
built from finitely many irreducible Virasoro representations. Then, we bosonize it by our
bosonization formula (3.10) to obtain a bosonic theory. Such a bosonic theory must also
be Virasoro minimal since the summation in eq. (3.10) is finite thereby unchanging the
Virasoro-minimal nature of the spectrum. Moreover, this bosonic theory has a global Zg~.o
symmetry “inherited” from the parafermionic model. However, it has been shown that the
only bosonic minimal models with a global Zj~o symmetry are the critical and the tricritical
three-state Potts models [30, 31, 42], where k = 3. The central charges are ¢ = 4/5 for
the critical Potts model and ¢ = 6/7 for the tricritical Potts model. Therefore, the bosonic
theory above can only be one of these two models. Finally, we can parafermionize this
bosonic theory back by eq. (3.1) to the original Z_s-parafermionic minimal theory. We
consider these two possibilities below.

6.1.1 Parafermionic minimal model dual to the critical three-state Potts
model (¢ =4/5)

The first Zg~o—parafermionic minimal model has its bosonization as the critical theory of
the three-state Potts model at its ferromagnetic self-dual point. Under a twisted boundary
condition, the lattice bosonic Hamiltonian takes the form as:

2 (L-1
Hito == 224 0 [(0)7(0560) 7+ ()| + (o0 (™ P+ ()P o (6.1)
p=1 [ j=1

Its (fixed-point) critical partition function under the periodic boundary condition is

0,0
Zps = X0 + x3” + Ix2/5 + ><7/5|2 + 2’X2/3’2 + 2\X1/15|2, (6.2)

where yp, is the character of an irreducible representation of Virasoro algebra with a confor-
mal dimension h and its form under general twisting can be seen later in eq. (6.13) (where
Q= x0+x3 5= X2/3 ch = X1/15 and = X2/5 + X7/5). Although the complete (chiral)
primary operator content of the Potts model contains parafermionic operators, they do not
enter into the local-operator content determining the partition function Zg’ootts, namely any
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character product xp, X;kzj in the expansion of Zg’c?tts above satisfies the bosonic statistics:
h; — hj € 7. (6.3)

It implies the Potts model is bosonic in nature, as it should be.
Then we can evaluate the partition function Z,i;? of the parafermionic minimal model,
e.g., with the lattice realization
2L—1

Hils= ) (‘W’Y;”Yyﬂrl) - WHSI')’;L'YI +h.c, (6.4)
j=1

whose bosonic correspondence by eq. (3.10) is in the same universality class as the Potts
model (6.2). We select the paraspin structure as (1 4+ s1,1 + s2) = (0,0) so that the
ground state of so-twisted Hamiltonians can be generated by a partition function on the
complex plane without any operator insertion other than the identity operator, i.e., the
partition function on torus having xoxg. The reason for such a choice is discussed in detail
in appendix B, which turns out to be related to the conformal spins of parafermionic fields.
For the paraspin structure (1 + s3,1+ s2) = (0,0), by eq. (4.10), we have

—-1,—-1 * *
Zoy = Ixo+xs1? + Ixass + xassl” 2000 + x3)X5 s + 2(x2s5 + X7/5)X0 15 (65)

of which several operators have fractional statistics, i.e., other than bosonic or fermionic
statistics. They can be seen more clearly when represented by the scaling dimension A
and conformal spin S:

Pa,s = X(a+5)/2X(Aa—8) /2 (6.6)

which gives

%;{1:@WH4%3+©w+@hm+@wp+@uﬁp+¢ww4+@wm
+2®Pg/3 _9/3+ 2P11/37/3 + 2P7/151/3 + 2Pa2/15,4/3- (6.7)

Interestingly, all the operators above have spins that are multiples of 1/3, i.e., S € Z/3,
while the characters like xo/3X7 /5 with anomalous spins are not allowed to occur in the
partition function. It is consistent with the fact that the fundamental degrees of freedom
are Zs parafermions with the spins £1/3 as the elementary units. The partition functions
under other paraspin structures are given in appendix C, which complete the first one of
the two Zj~o-parafermionic minimal models.

Let us discuss more on the spectra (6.7). Besides the bosonic operators like the identity
operator ®g and the energy operator ®33, the operator content also contains the funda-
mental parafermionic field ®,/3 _5/3, which is genuinely parafermionic with fractional statis-
tics. Furthermore, this parafermion operator ®g/3 _5/3 is even not mutually local with itself
due to its multivalued two-point correlator calculated in traditional CFTs [21, 22]. In addi-
tion, the field of ®5/3 5/3 which is mutually local (by the calculations in traditional CFTs)
with the existing ®5/3 _5/3 does not show up above. However, the state-operator correspon-
dence (see appendix B) of traditional bosonic/fermionic CFTs implies that all the operators
in eq. (6.7) are local/mutually local [41]. Therefore, the concept of (mutual) locality of the
critical parafermionic field theories is sharply distinct from the bosonic/fermionic CFTs.
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6.1.2 Parafermionic minimal model dual to the tricritical three-state Potts
model (¢ =6/7)

The other parafermionic minimal model has its bosonization as the tricritical three-state
Potts model. The bosonic theory has the partition functions under boundary twistings
as [42, 43]:

0,0
Zipotts = X0+ xs1° + IX1/7 + Xzz/?\2 + Ixs5/7 + X12/7|2

+ 2|xa/31° + 2lx10/211* + 20x1/21 %, (6.8)
Z&}Potts = ZtofPotts = |xo0+ xs/° + IX1/7 + X22/7\2 + Ix5/7 + X12/7|2
+ (@ +?) (Jxagsl + xaoja* + by ?) (6.9)
and
Ztlfflgotts = Zfﬁ.}ﬁim
= w?® {X4/3(X0 +x5)" + X10/21(X1/7 + Xa2/7)" + X1/21 (X577 + X12/7)*} +c.c.
+ |X4/3|2 + |Xlo/21|2 + |X1/21|2- (6.10)

Then, we parafermionize it by eq. (4.10) back to the parafermionic minimal model with the
paraspin (s1, $2) satisfying (1+s1,14 s2) = (0,0) to see the fundamental operator content
as explained in appendix B:

-1
2z, =|xo+ xsI° + ’)(1/7+><22/7|2 + |X5/7+X12/7|2
+2 {X4/3(X0 +x5)" + X10/21(X1/7 + X22/7)" + X1/21(X5/7 + X12/7)*} , (6.11)

or expressed by scaling dimensions and conformal spins:
25 = g0+ 5 5+ Bs 5 + Prog + Po/70 + o753+ Pogj73 + Pasyz0 + Pros70
+ Pi7/7 -1+ Pz + Pogyro + 2 ((1’4/3,4/3 + P1g9/3,—11/3 + P13/21,1/3
+®76/21,-8/3 T P16/21,-2/3 + ‘1337/21,75/3> ; (6.12)

from which the conformal spins of the operator content can be also shown to be consis-
tently the multiples of 1/3, i.e., S € Z/3. The partition functions under other paraspin
structures (s1,$2) can be found in appendix C, which complete the derivation of the last
Zj-parafermionic minimal model.

So far, we have exhausted all the Z;-parafermionic minimal models in addition to the
completed fermionic minimal models [27, 30]. In the following part, we will consider a large
class of parafermionic models which are not necessarily Virasoro minimal.

6.2 Critical parafermionic theories dual to Zi-clock models

Critical Zg-clock models with general interactions are expected to realize the following
partition function with the central charge ¢ = 2(k — 1)/(k + 2) [21, 22]:

k
1 _ I
Z;;haZ _ Z Z §|17(7‘)|20J (m+a1)a2Ll7lfclm(7')cfn+2a1 (1), (6.13)
m=—k+1 | [
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where 7)(7) is the Dedekind’s 7 function and the integral multiplicity L,; (0 <, 1 <k)is
given by the modular invariant solutions L; ;x», X’;Ll, of the SU(2)-current algebra system [23].
Here, !, (7)’s are string functions derivable from the coset su(2)y /(1) construction satisfy-
ing ¢k, =d, =0, = ck+m with cm# mod 2 = 0 [23], and |n(7 )|205n(7')cf_;';,2a1 (1) can be
seen as the partition function of the primary field with the Zj x Zj, charge of (m — aq,0).
The self-duality can be proven by the invariance under Z; gauging, which generalizes
the Kramers-Wannier duality [38, 44, 45] in that gauging Zj, effectively neutralizes the Z
charge or eliminates the nontrivially Zg-charged primary fields, e.g., spin order parameters,
from the local-operator spectrum which thus only contains purely Zk—charged fields, i.e.,
various disorder parameters. The parafermionization of eq. (6.13) by eq. (4.10) yields the
partition function in the universality class of a large class of critical Z;-parafermionic chains,

k—1 1+81 a1)(1+s2)

251782 = Z Z 2/’7] Ll,l_ {CllJrSl( )leihﬂ 2a1( ) + cll+81+k(7-)cl1131+k72a1 (T)} )
” a1=0

(6.14)
which explicitly satisfies the consistency condition of the unconventional modular invari-
ance (4.13a), (4.13b). The conformal spins of the local physical operator content of the
s1-twisted CFT with 1+ s; = 0 are generically fractional and can be read from eq. (6.14)
with s = so = —1 (see appendix B) as {S}s,—=—1 of

{3}51 = {hll+51+Ak - hl1+3172a+)\k ‘Ll’l #0,A=0,landa=1,--- ,k} , (6-15)

where hl, is the conformal dimension related to c/,(7) [21, 22]:

I(k=1) N (Il —=m)(l+m)

—[ < <
) 2Kk +2) 4k ’ tsmsh (6.16)
™) Uk =) +(l—m)(l—|—m—2k:) I < m< 2% —1 '
2% (k + 2) 4k ’ " ’

in which m is set to stay in the interval [, 2k —1) by the cyclicity clm = cfn o, given before.

7 Conclusions

In this work, we propose a one-dimensional Zg-parafermionization/bosonization scheme on
critical parafermionic chains starting from a generalized Jordan-Wigner transformation. It
is shown to be equivalent to an attachment construction of attaching a nontrivial topo-
logical phase of a gapped parafermionic chain, generalizing the conventional fermioniza-
tion/bosonization. Such a parafermionization enables us to study the critical parafermionic
system whose fundamental degrees of freedom are fractionally statistical fields beyond
bosons and fermions. We find that the critical theories of the parafermions generally
obey unconventional modular-transformation rules and potentially have distinct concepts
of mutual locality, which are not in the framework of existing bosonic/fermionic CFTs.
Such a modular invariance requirement can be taken as general consistency conditions for
parafermionic critical field theories realizable on lattices. Its implication on the anomaly of
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parafermionic field theories and the concept of mutual locality in parafermions when k > 2
can be of future interest. We also apply our result to exhaust all the Zg-parafermionic mini-
mal models together with earlier works on k£ = 2. The applications to rational parafermionic
models with more complicated symmetries are expected in future works.
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A Space-time torus on lattices and modular invariance

In this part, we review how to formulate general (14 1)-dimensional bosonic CFTs twisted
by an onsite abelian symmetry G, taken as G = Z;, for simplicity, on a general space-time
torus parametrized by a complex number 7 = 7| + i79, starting from the underlying lattice
model.

Let us consider a bosonic chain with the bosonic degrees of freedom o; at the site ¢ in
4

short, e.g., 0; being (o7, o;

) for the Ising model. The system is of length L and we identify
OL+1 = wTUl. (Al)

The Hamiltonian is twisted at the link connecting o; and o1 by a symmetry operation
r mod k € Zy, as in eq. (2.13), and the twisted Hamiltonian is denoted as Hy(r). Addition-
ally, we also denote the Zj, generator as Q(o1,09,- -+ ,0r) which is r-independent.

For later convenience, we define the common translation transformation:

V:cranslo'i‘/t];ansl = Oj+1- (AQ)

We consider the following imaginary-time evolution by the time-dependent Hamiltonian
during the time [0, (8/80)Bo):

Hy(t;7) = (Visanst)” Hy (1) (Vilana ) when € [no, (n + 1)8). (A.3)

Here [y can be seen as a “lattice spacing” along the imaginary time and ag is the (spatial)
lattice spacing. Similarly, we can also have a time-dependent Zj generator:

Qu(t) = (Visans)" @b (Vi) when & € [nfy, (n+ 1)B0), (A1)

which is actually time-independent for generic bosonic systems since ¢’s commute between
distinct sites. Then we define the following partition function:

Z3 =T {(V&aml)ﬁ/ﬁo [Qu(B))° T exp [— /0 e r>] } : (A.5)
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Figure 3. The visualization of the partition function Zi‘?;t:
(11,72) and the state |¥) is summed over. The solid arrows denote the r-twisted link between the
sites L and 1 and the correspondng links moved by Vj;ans1 during the time evolution. The temporal

s-twisting is not shown explicitly in this figure.

the dashed arrows point along the vector

where 7 is the time-ordering operator. Such an evolution and the corresponding partition
function Z},?;t can be visualized on the discrete space-time lattice as in figure 3. If the
lattice model Hy(o1,09,--+) on an infinite chain is at criticality, i.e., if the correlation
length diverges {/ap — oo in the unit of the lattice constant ag as the system length
L — oo, then its universal properties are described by its lattice RG fixed point. Then,
without changing the low-energy physics, e.g., long-distance correlations, we take our lattice
Hamiltonian Hp(o1,09,---) to be at the corresponding infrared RG fixed point, which is
described by a CF'T after the following continuum limit is taken:

ap — 0, while fy/ap, 5 and Lay fixed, (A.6)

and various coupling constants in the lattice Hamiltonian are scaled to keep the correlation
length & ~ Lag fixed.?> We define the following ratios:

B Bo T
g A7
Lao 2 aq 7’17 ( )

which are invariant during the continuum limit. Then, up to some non-universal factor,
the partition function Z}f‘;t converges to the partition function of the corresponding CFT

Zpo(7) = Tr[(Qu) gH )~/ 24gHh () —c/24] (A8)

where ¢ = exp(27wit) and ¢ = ¢* with L3(r) and L§(r) the r-twisted conformal-
transformation generators of the corresponding bosonic CFT with a central charge ¢ [23].

3Here, we have already taken the lattice Hamiltonian Hj at its RG fixed point, so the coupling terms
do not need to be scaled.
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The partition function Z, 4(7) has no relevant length scale and it only depends on the
dimensionless number 7, which reflects the criticality of the lattice model.

Additionally, in the path-integral formalism of Z}f;t at the fixed point, the local degrees
of freedom {o;} are coarse-grained to be ¢(t,x) with x = jao, e.g., ¢(t,x) being the
configuration of local spin density in the Ising model. The symmetry operation r mod k
acting on ¢(t,x) is denoted as "¢(t,x) = w"¢(t,x), and the translation transformation
Viransl acts on ¢ as |¢p(t,x)) — |p(t,z — ap)) on the wave functional, where the minus
sign should be noted. The r-twisted Hamiltonian and the operators (Vt];ansl)ﬂ/ Bo(Qy(B)]°
at t = B in eq. (A.5) correspond to the following boundary condition in the path integral:

"6t + Lag) = o(t.) %0 (¢4 B+ 5 o) = 6(t,0) (4.9)
0
which is translated to, if we define z = (x + it)/(Lay),
"o(z+1) = ¢(2); "oz + 1) = &(2), (A.10)

as the boundary condition in the path-integral functional integration:

Zns = [ Do2) exp(=S[o(2)). (A.11)

reproducing eq. (A.8) for CFTs.

B Relation between local operators and partition functions on a torus

In this part, we will explain how to obtain the conformal dimensions of local operators in a
CFT from its partition function on a torus by a state-operator correspondence as follows.

Let us consider a CFT with a fundamental field operator ¢(z,z) and start from the
complex plane {z € C}. We insert a local operator ®(z,z) made of ¢(z,z) at the origin
of the complx plane and denote the conformal spin of ¢(z,2) as S, = hy, — EP, which is
integral or half-integral if the CF'T is bosonic or fermionic, respectively. By a path integral,
this insertion defines a quantum state |¥) on a unit circle: S* = {z = exp(if) : § € [0,27)}

with the wave functional as:
Wpo (2€5")] = [ Deexp(=SIA}00,0)lompy on . (B.1)

where S[y] is the action and the path integral is performed on the disk D? = {|z| < 1}
with the boundary condition ¢ = ¢ on S!'. Since ®(0,0) is a local operator, it does not
introduce any branch cut for ¢ fields, i.e., PBC still held:

o(exp(27i)z, exp(—2mi)z) = p(z, Z). (B.2)

To evaluate the conformal dimensions (he,he), we simply act Lo or Lo on |¥), for

example:

LO\IJ[ch (z € 51)] = hq,\y[goo (z € 51)] . (B.3)
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Then we apply the following conformal coordinate transformation:
z = exp(w), z = exp(w), (B.4)

to transform the theory from D? to a half-infinitely long cylinder parametrized by {w =
t+iz|x ~x+27m,t € (—o0,0]}. Then, both sides of eq. (B.3) become:

(Lgyl + 2‘;) Vh(iz: 7 ~ 7+ 2m)] = ho Wiz : &~z +27)],  (B.5)
where Lgyl = Lo — ¢/24 is the generator of Virasoro algebra on the cylinder. Here ¥’ is
the wave functional under the new coordinate on the cylinder and the fundamental field
operator is transformed to ¢, by

9z \" 9z \"
! — _ _ e —
o (w, w) = <8w> (8w) vo(z, 2), (B.6)
which, by eq. (B.2), obeys the boundary condition:
exp (1278,) ¢’ (w + 2mi, w — 2mi) = ¢’ (w, w). (B.7)

It implies that the state |¥’) is obtained by a path integral on a half-infinitely long cylinder,
but with its spatial boundary condition twisted by exp(i27S,,).

On the other hand, the partition function on a torus twisted by a; in the spatial
direction, but without twistings along the temporal direction is

Zg, = Trexp [2777' (Lgyl(al) + Egyl(al))} : (B.8)

for a purely imaginary 7 € iR. Then, we take a1 = kS, when exp(i27S,) twisting is
realizable by a Zj; symmetry, as is the case with our paper. By the definition of the
characters x3’s, we obtain that (hg,he) must be the conformal dimensions of one of the
operators in the conformal family associated with the highest weight (h,h) appearing in
(Apj #0)

Zay=kS, = Y Ap i X0XG- (B.9)

h,h

Since ® is an arbitrary local operator, the local-operator content of the theory is composed
by the operators in the conformal families with the heighest weight (h, k) for nonzero Ap e

B.1 Examples: Ising model and Majorana fermion (k = 2)

Let us consider the Ising model with the central charge ¢ = 1/2, which is bosonic and
the fundamental degree of freedom is the spin operator ¢ whose conformal spin is trivial:
Ss = 0. Therefore, the local-operator content can be directly read from the partition
function with an untwisted Hamiltonian:

0,0 * * *
leing = XoXo t X1/2X1/2 T X1/16X1/16° (B.10)
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from which we see that the local operators belong to the conformal families of a (0, 0) opera-
tor (the identity operator), a (1/2,1/2) operator (the energy operator €), and a (1/16,1/16)
operator (the spin operator o).

For the massless Majorana fermion, the fundamental degree of freedom is the real
fermion 1 (2) with Sy = —1/2. Therefore, we need to choose

51 =28y = —land 14 s2 =0, (B.11)

)

in the fermionic partition function, where the additional “1” in the “1 + s2” above is
due to our convention (Qf)'™*2 of the operator insertion along the time direction for the

parafermionic partition function (2.15).

—-1,—-1 * * * *
2175 = XoX0 + XoXi 2 T X1/2X0 + X1/2X7 /25 (B.12)

from which we can conclude that the local operators are made from the conformal families
of a (0, 0) operator (the identity operator), a (0, 1/2) operator (the chiral Majorana operator
¥), a (1/2,0) operator (the chiral Majorana operator 1), and a (1/2,1/2) operator (the
mass operator ¥1)).

B.2 Examples: parafermions with k > 2

If we assume that the conditions of the framework developed above, e.g., the conformal
transformation (B.4), are still applicable for parafermions when k > 2, then the fact that

the fundamental parafermion field v, (%) has a conformal spin Sy, = —1/k [21, 22] implies

-1

that the partition function Z; L=1 can also tell us the local operator content. However,

as we see in section 6, the operators in this content can even mutually non-local with
themselves. It means that the notion of locality in parafermionic critical theories is different
from traditional bosonic/fermionic CFTs when k > 2.

C Partition functions of the Z;., parafermionic minimal models

As argued in section 6.1, Zy~o-parafermionic minimal models only exist when k& = 3, and
they are dual to the critical and the tricritical three-state Potts models. We calculate their
partition functions under general paraspin structures below.

C.1 Parafermionic minimal model dual to a critical three-state Potts model

By the general formalism (6.14), we can calculate the partition function of the parafermion-
ization of ferromagnetic three-state Potts model at its self-dual point, where L, ; = 6,7 [23]:

20 =2 = (1+w)(|B? +|C)?) + w*(BA* + CD*); (C.1)
zh =20 = (1 +w)(IB? +|CP?) + w(BA* + CD*); (C.2)
z2, = 2% = 2(B)? + |C?) + (CD* + BA); (C.3)
220 =20 = (|AP + |DP?) + (w + w*)(AB* + DC*); (C.4)
222 = (|A]* + |D|*) + 2(AB* + DC*), (C.5)
where
A=x0+x3; B=x2/3 C=x1/15 D= xo5 + Xv/5- (C.6)
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C.2 Parafermionic minimal model dual to a tricritical three-state Potts model

We apply the parafermionization (4.10) to the partition functions (6.8), (6.9), (6.10) of a
tricritical three-state Potts model to obtain the last parafermionic minimal model:

20— ZN — S (AD  BET 4 OF — D' - B - |F]); (C.7)
Z0 = 240 = w(A'D" + BE" + C'F” — D] — |E' — |F']P); (C8)
21" =z =AD" + B'E"™ + C'F” +2(|D|* + |E]* + |F|?); (C.9)
2?0 = 2 = (AP + B +|C']) — (D'A” + E'B” + F'C™); (€10

2% = (AP +|BP+|C'P) +2 (DA + EB* + F'C"), (C.11)

where

A"=xo0+ x5; B' = xa/7 + Xo2/7 €' = X357 + xa2/75 D' = xuy35 E' = X10/215 F' = xa/21-
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