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1 Introduction

This paper is devoted to the study of four-point correlation functions of half-BPS single-
trace operators in four-dimensional maximally supersymmetric Yang-Mills theory (N = 4
SYM). The theory is integrable in the planar limit [1] and it is believed that various
observables can be computed exactly for an arbitrary value of ’t Hooft coupling constant.

In general, the four-point correlation functions of half-BPS operators are complicated
observables inN = 4 SYM and their explicit expressions are available for the first few orders
of the weak coupling expansion, at best. At strong coupling, the AdS/CFT correspondence
predicts that, in the planar limit, the correlators coincide with scattering amplitudes of four
closed string states dual to the respective four half-BPS operators located at the boundary
of AdS. Their calculation requires quantization of strings on AdS5 × S5 target space and
can not be performed by currently existing methods.

It was recently recognized that difficulties at weak and strong coupling can be allevi-
ated by a judicial choice of the half-BPS operators [2]. The latter are built from K scalar
fields (with K ≥ 2) each carrying one unit of the R-charge. Their four-point correlation
function at Born level (zero coupling constant) is given by the product of free scalar prop-
agators stretched between the four operators in a pairwise manner (see the leftmost panel
in figure 1). These bunches are called bridges. The number of propagators in each of them
defines the length (or rather width) of the connecting bridge. A generic contributing graph
contains six bridges whose length varies between 0 and K. Choosing the half-BPS opera-
tors appropriately and taking their R-charge K to be arbitrarily large, one can ensure that
the four bridges connecting the four operators in a sequential manner have a large length
O(K) whereas the length of the remaining two stays finite.

Two types of such correlation functions dubbed the simplest and asymptotic in ref. [2]
are shown schematically in figure 1. Their distinguished feature is that, for finite ’t Hooft
coupling in planar N = SYM, they can be expressed in terms of new building blocks O`

dubbed the octagons. The correlation functions in question can be viewed as two polygons
glued together along the four bridges of large lengths. The octagon describes each of these
polygons and depends on a nonvanishing length ` of the internal bridge. In the limit when
the lengths of all glued-up bridges around the polygon perimeter are large, the four-point
functions factorize into a bi-linear combination of octagons.

The definition of the octagon relies on a dual description of the correlation functions
in planar N = 4 SYM in terms of an effective two-dimensional integrable theory describ-
ing the string world-sheet in the AdS/CFT correspondence [3–6]. The octagon takes into
account the propagation of excitations (known as magnons) with the (mirror) energy E

on the world-sheet across the internal bridge `. Their contribution to O` is proportional
to e−E` and is accompanied by the product of two hexagon form factors encoding magnon
scattering. This leads to a representation of the octagon as an infinite sum over excitations
crossing the bridge of finite length ` [2]. It is similar to analogous form factor representa-
tions of two-point correlation functions of local operators separated by a proper time ` in
integrable models, see, e.g., ref. [7].
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Figure 1. Diagrammatical representation of the four-point correlation function of heavy half-BPS
operators in the Born approximation (left-hand side of the equality) and at finite ’t Hooft coupling
(right-hand side). The half-BPS operators are represented by the four grey blobs with exactly K

outgoing lines, solid lines denote scalar propagators with the accompanying label counting their total
number. The ‘simplest’ correlator corresponds to the zero length bridge ` = 0, the ‘asymptotic’ one
is given by the sum over ` ranging from 0 to K/2. Factorization of the correlator into the product
of two octagons is shown in the right-hand side of the equation. Each octagon describes excitations
(wave lines) propagating on a world-sheet of an open string and crossing the bridge of length `.

The hexagon form factors are known for arbitrary ’t Hooft coupling [3] as a solution
to bootstrap form factor axioms [8]. Thus, having evaluated the aforementioned sums over
all excitations, one would obtain a finite-coupling representation of the octagons. This was
accomplished in refs. [9, 10], where a concise formula for O` was given in terms of a deter-
minant of a semi-infinite matrix. This result served as the starting point of our analysis in
refs. [11, 12], where the octagon at zero-length bridge ` = 0 was further cast as the Fredholm
determinant of an integral operator acting on a semi-infinite line. The kernel of the operator
in question turned out to be closely related to the Bessel kernel that previously appeared
in the study of the Laguerre ensemble in random matrix theory [13, 14]. Taking advantage
of this property, we constructed in ref. [12] a systematic expansion of the octagon O`=0 at
strong coupling by applying the method of differential equations originally developed in
refs. [7, 15] for calculation of two-point correlation functions in integrable models.

Strong coupling expansion of the octagon O` takes the following general form

O` = exp
(
−gA0 + 1

2A
2
1 log g +B + A2

2g +O(1/g2)
)
, (1.1)

where the expansion coefficients Ak and B (with k = 0, 1, 2, . . . ) depend on the bridge
length ` as well as on the coordinates of the four operators. The coefficient B defines the
coupling-independent correction to the exponent in (1.1) and it plays a special role in the
method of differential equations. It arises there as an arbitrary integration constant and,
in order to find it, we have to rely on another approach.

Our main goal in the present work is to extend the findings of refs. [11, 12] to the
octagon O` with an arbitrary bridge length ` and to determine the missing coefficient func-
tion B. We demonstrate that this can be achieved by combining the method of differential
equations with another powerful technique based on the strong Szegő limit theorem [16, 17].
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This theorem describes the asymptotic behavior of determinants of Toeplitz matrices
of the form Tn(a) = (aj−k)nj,k=0, with ak being the Fourier coefficients of a function a(eiθ)
defined on a unit circle, in the limit when their size goes to infinity, n→∞. For sufficiently
smooth functions a, it reads

detTn(a) = exp
(
−nÃ0 + B̃ + . . .

)
, (1.2)

where the first two terms are given by Ã0 = −(log a)0 and B̃ =
∑∞
k=1 k(log a)k(log a)−k,

with (log a)k being the Fourier coefficients of the function log(a(eiθ)), and the ellipses
denote contributions vanishing as n → ∞. A comprehensive review of the strong Szegő
limit theorem can be found in refs. [18–20].

We observe that for n ∼ g, the expressions on the right-hand side of (1.1) and (1.2)
possess similar forms. The reason for this is that, as we argue below, the relation (1.1) can
be derived by applying the strong Szegő limit theorem to a certain integral operator. Notice,
however, that in counter-distinction to (1.2), the relation (1.1) contains a logarithmically
enhanced term. We explain its origin in a moment.

We should mention that this is not the first time that the strong Szegő limit theorem
comes to the rescue in solving complicated physical problems. A notable example is a
calculation of the correlation function M2

n = 〈σ0,0 σ0,n〉 of two spins separated by n lattice
sites in the two-dimensional Ising model (see refs. [19–22], for a historical review). This
correlation function can be cast into the form of the Toeplitz determinant detTn(a) with
the symbol a depending on parameters of the model. The strong Szegő limit theorem
predicts the asymptotic behavior of Mn at large n which coincides with the celebrated
Onsager formula for the magnetization in the Ising model.

Analyzing the octagons in N = 4 SYM theory, we encounter a continuous version
of Toeplitz determinants. The generalization of the strong Szegő limit theorem to this
case was devised by Akhiezer [23] and Kac [24] and it is known as the Szegő-Akhiezer-
Kac formula. This formula provides the asymptotic behavior of determinants of integral
operators with sufficiently smooth kernels acting on a finite interval [0, R] as R → ∞. It
takes the form similar to (1.1) with R ∼ g and yields a definite prediction for the first three
terms in the exponent of (1.1).

We show below that, for an arbitrary bridge length `, the octagon O` is given by the
Fredholm determinant of the so-called truncated Bessel operator acting on the interval
[0, 2g]. Applying the Szegő-Akhiezer-Kac formula at strong coupling, i.e., for g � 1, we re-
cover the known expression for the leading O(g) term in (1.1) but obtain a divergent result
for the coefficient function B. This happens because the integral kernel of the Bessel oper-
ator is singular and it does not fulfill the applicability conditions of the strong Szegő limit
theorem. We identify the corresponding singularity as a Fisher-Hartwig singularity [25].
Its presence modifies the asymptotic behavior of the octagon and generates an additional
log g contribution in (1.1).

At present, generalizations of the Szegő-Akhiezer-Kac formula to the Bessel operator
with Fisher-Hartwig singularities is only known for specific (unphysical) values ` = ±1/2,
see ref. [26]. For our purposes, we have to extend these results to arbitrary `. We do it by
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formulating a conjecture for the determinant of the Bessel operator with a Fisher-Hartwig
singularity. Being applied to the octagon O`, it unambiguously fixes the coefficients A0,
A1 and B in (1.1) for arbitrary `.1 We verify that their values are in perfect agreement
with outcomes of numerical computations. Taking thus obtained expressions for A0, A1
and B as initial conditions, we apply the method of differential equations to determine all
remaining coefficients in the strong coupling expansion of the octagon.

Our subsequent presentation is organized as follows. In section 2, we define four-
point correlation functions of half-BPS operators and discuss their relation to the octagons
in the limit when the operators become infinitely heavy. In section 3, we work out a
representation of the octagon as the Fredholm determinant of the Bessel operator. We use
this representation in Secton 4 to show that, at weak coupling, the octagon is given to any
order in ’t Hooft coupling by multilinear combinations of the so-called ladder integrals. We
also demonstrate that in the null limit, when the four half-BPS operators sit at the vertices
of a null rectangle, the octagon satisfies the Toda lattice equations and it can be found in a
closed form. In section 5, we formulate a conjectured generalization of the Szegő-Akhiezer-
Kac formula for the Bessel operator with a Fisher-Hartwig singularity and apply it to
determine the first three coefficients in the strong coupling expansion of the octagon (1.1).
In section 6, we employ the method of differential equations to find the remaining expansion
coefficients in (1.1). Properties of the resulting series in the inverse coupling are discussed in
section 7. We demonstrate that certain class of corrections can be resummed to all orders,
thus improving convergence of the strong coupling expansion. We compare the obtained
expressions with numerical results and observe a perfect agreement. Concluding remarks
are given in section 8. The Szegő-Akhiezer-Kac formula for the Bessel operators with a
Fisher-Hartwig singularity is derived in appendix A. In appendix B, we apply this formula
to compute the Dyson-Widom constant B in (1.1) in different kinematical regions and
compare it with numerical results of ref. [12]. In appendix C, we discuss a relation between
the Fredholm determinants of Wiener-Hopf and Bessel operators. In appendix D, we test
the obtained expressions for the octagon by comparing them with the results of numerical
computations. In appendix E, we obtain an equivalent representation for the leading term
in the strong coupling expansion (1.1). Finally, in appendix F we construct the similarity
transformation that allows us to simplify a determinant representation of the octagon.

2 Correlation functions of heavy half-BPS operators

In this paper, we study four-point correlation functions of single-trace scalar half-BPS
operators OK = tr[(yΦ)K ] in planar N = 4 SYM. These operators are built out of K
copies of the scalar fields (yΦ) =

∑6
I=1 y

IΦI(x) projected onto auxiliary six-dimensional
null vectors yI . The pair of variables xµ and yI defines the coordinates of OK in the
space-time and isotopic R-space, respectively.

The scaling dimension of OK is protected from quantum corrections and equals its
R-charge, ∆K = K. In a similar manner, two- and three-point correlation functions of
these operators do not depend on the ’t Hooft coupling g2 = g2

YMNc/(4π)2 and coincide
1The resulting expression for B is conventionally called the Dyson-Widom constant.
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with their Born level expressions. Their four-point correlation function takes the following
general form

G4 = 〈OK(1)OK(2)OK(3)OK(4)〉 =
(
y2

12y
2
34

x2
12x

2
34

)K
GK(z, z̄, α, ᾱ) , (2.1)

where OK(i) denotes the half-BPS operator with the coordinates (xi, yi) and G(z, z̄, α, ᾱ)
is a nontrivial function of the ’t Hooft coupling. It also depends on two pairs of complex
variables (z, z̄) and (α, ᾱ) defined by the two types of the cross-ratios

zz̄ = x2
12x

2
34

x2
13x

2
24
, (1− z)(1− z̄) = x2

23x
2
14

x2
13x

2
24
,

αᾱ = y2
12y

2
34

y2
13y

2
24
, (1− α)(1− ᾱ) = y2

23y
2
14

y2
13y

2
24
, (2.2)

where xij ≡ (xi−xj)2 and y2
ij ≡ (yi−yj)2 with y2

i = 0. The variables α and ᾱ are complex
conjugate to each other. For variables z and z̄, the same holds true in the Euclidean
signature, whereas in the Lorentzian signature they are independent. In what follows, we
study the properties of the correlation function (2.1) in the limit K → ∞ when all four
half-BPS operators become infinitely heavy.2

It was previously realized that the correlation function (2.1) reveals some interesting
properties in the above limit. At weak coupling, explicit expressions for G4 are known up
to three loops for arbitrary weights Ki of the four half-BPS operators [27, 28]. They are
given by a linear combination of conformal integrals with the coefficients depending on the
choice of the R-charge polarization (or, equivalently, the y-variables) of the operators. Up to
three-loop order, the emerging conformal integrals fall into two different classes — ‘simple’
ladder-type integrals, expressible in terms of classical polylogarithms, and ‘complicated’
integrals, given by lengthy expressions involving Goncharov’s polylogarithms. Examining
the coefficients in front of the complicated integrals, one finds that, in application to (2.1),
there exists a special choice of the polarizations of the half-BPS operators (to be specified
shortly) for which these coefficients vanish simultaneously up to K loops. In this case,
the weak coupling expansion of G4 only involves the ladder integrals up to order g2K and
the complicated conformal integrals contribute starting from the order O(g2K+2). This
suggests that in the limit K → ∞, the corresponding expressions for G4 should simplify
significantly to any order in the weak coupling expansion.

The above properties of the perturbative expansion for G4 can be understood using
the dual description of four-point correlation functions within the hexagonalization ap-
proach [3–5]. It takes full advantage of integrability of planar N = 4 SYM and allows one
to obtain an equivalent expression for G4, valid for any value of ’t Hooft coupling, as a corre-
lation function of four hexagon operators 〈H1H2H3H4〉 in some integrable two-dimensional
theory describing excitations propagating on a string world-sheet in the AdS/CFT. In the
limit of infinitely heavy operators K →∞, for a special choice of the R-charge polarization,

2In planar N = 4 SYM, this limit corresponds to taking Nc → ∞ with g2 fixed and, then, sending K
to infinity.
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this two-dimensional correlation function factorizes into the product of two-point functions
of hexagon operators 〈H1H2〉〈H3H4〉, see ref. [2]. The latter have been dubbed the oc-
tagons, O` = 〈H1H2〉. By inserting a complete set of intermediate states, the octagon can
be expressed as a sum of the product of two hexagon form factors

O` = 〈H1H2〉 =
∑
ψ

〈H1|ψ〉 e−Eψ`〈ψ|H2〉 , (2.3)

where Eψ is the (mirror) energy of the excitation ψ,3 and the bridge length ` is given by
the number of the scalar propagators stretched between the operators in G4 (see figure 1).
The properties of the magnon excitations as well as their hexagon form factors are known
explicitly from integrability for any ’t Hooft coupling [3].

For the four-point correlation functions described by Feynman diagrams shown in
figure 1, the hexagonalization approach at large K yields, schematically,

G(s) ∼ [O(s)
`=0]2 , G(a) ∼

K/2∑
`=0

[O(a)
` ]2 . (2.4)

Following ref. [2], we shall refer to them as the simplest and asymptotic correlators, re-
spectively. Similarly to the reduced correlation function in (2.1), the octagon depends on
the ’t Hooft coupling and two pairs of cross-ratios, (z, z̄) and (α, ᾱ). For the correlation
functions (2.4), corresponding values of α and ᾱ are fixed by the choice of the R-charge
polarization of the half-BPS operators4

α(s) = ᾱ(s) = 1 , α(a) = ᾱ(a) = 1
2

(
zz̄ +

√
(zz̄)2 − 4zz̄

)
. (2.5)

A somewhat unusual feature of the ‘asymptotic’ correlation function is that the R-charge
polarization of the half-BPS operators involved depends on the space-time coordinates.

The relation (2.3) provides a nonperturbative definition of the octagon in planar N = 4
that is valid for arbitrary ’t Hooft coupling. It contains an infinite sum over excitations
propagating on the world-sheet of the octagon across the bridge of length `. Direct evalua-
tion of this sum for finite coupling is an extremely complicated task. However, it becomes
feasible both at weak and strong coupling.

At weak coupling, for g2 < 1, the contribution of an n-particle state to (2.3) scales as
O(g2n(n+`)). As a consequence, to any loop order, O` receives contributions only from a
finite number of magnons. A calculation shows that O` is given by a multi-linear combi-
nation of ladder integrals [2, 10, 29]. Its substitution into (2.4) yields a perturbative series
in g2 that agrees for K →∞ with the results of refs. [27, 28] mentioned above.

At strong coupling, for g2 � 1, the sum in (2.3) can be carried out using the clustering
procedure developed in [30] in application to three-point correlation functions of non-
protected operators. The resulting expression for the octagon looks as O` ∼ e−gA0+O(g0)

3In the hexagonalization approach, these are elementary magnons and their bound states propagating
in the mirror channel.

4In the notations of ref. [2], these two relations correspond, respectively, to X+ = X− = −(1− z)(1− z̄)
and X+ = X− = 1− (1− z)(1− z̄), with X+ = −(z − α)(z̄ − α)/α and X− = −(z − ᾱ)(z̄ − ᾱ)/ᾱ.

– 6 –



J
H
E
P
0
4
(
2
0
2
1
)
2
5
7

with some function A0 depending on the cross-ratios.5 It possesses a typical semiclassical
behavior anticipated within the AdS/CFT with A0 having the meaning of the minimal area
of a string that ends on four BMN-like geodesics [31, 32].

At finite coupling, the sum in (2.3) can be cast as a determinant of a semi-infinite
matrix [9, 10]. In our previous paper, we used this result to show that the octagon at
zero-length bridge O`=0 can be expressed as the Fredholm determinant of the (integrable)
Bessel kernel. This representation proved to be very useful because it allowed us to apply
powerful methods of integrable models to computing the octagon. In the next section, we
review the findings of refs. [11, 12] and extend that consideration to the octagons with
arbitrary `.

3 Octagon as Fredholm determinant of Bessel operator

In this section, we recall the determinant representation of the octagon derived in refs. [9,
10] and recast it as the Fredholm determinant of a certain integral operator, schematically,

O` = 〈H1H2〉 ∼ det(1−H) . (3.1)

This relation should not be surprising since two-point functions in two-dimensional integral
models admit similar representation in terms of Fredholm determinants, see, e.g., ref. [7].
A notable example is the one-dimensional impenetrable Bose gas, in which case the integral
operator H coincides with the Wiener-Hopf operator (see eq. (3.24) below). We demon-
strate below that for the octagon, the operator H in (3.1) coincides with the truncated
Bessel operator.

3.1 Determinant representation

As was shown in refs. [9, 10], the sum over the intermediate states in (2.3) yields the
representation

O`(z, z̄, α, ᾱ) = 1
2

√
det(1− λ+CK) + 1

2

√
det(1− λ−CK) , (3.2)

where Cmn = δn+1,m − δn,m+1 and Kmn are semi-infinite matrices (with m,n = 0, 1, . . . )
and λ± = 2 [cosφ− cosh(ϕ± iθ)] are scalar factors.

The matrix elements Kmn are given by the integral involving the product of two Bessel
functions

Kmn = g

2i

∫ ∞
|ξ|

dt

(
i
√

t+ξ
t−ξ

)m−n
−
(
i
√

t+ξ
t−ξ

)n−m
cosφ−cosh t Jm+`

(
2g
√
t2−ξ2

)
Jn+`

(
2g
√
t2−ξ2

)
. (3.3)

The expressions for λ± and Kmn together depend on the coupling constant g, bridge length
` and four variables ξ, φ, ϕ, ξ. The latter are related to the cross-ratios (2.2) according to

z = e−ξ+iφ , z̄ = e−ξ−iφ , α = eϕ−ξ+iθ , ᾱ = eϕ−ξ−iθ . (3.4)

5For large bridge length ` = O(g), the function A0 also depends on ¯̀= `/(2g).
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The variables ξ, ϕ, θ take real values. The variable φ is real in Euclidean signature, whereas
in the Lorentzian signature, it is convenient to switch to the variable y instead

φ = π + iy . (3.5)

Expanding (3.2) in powers of the matrix CK, one finds that the terms involving n such
matrices describe the contribution to (2.3) from n magnons and their bound states.

As was demonstrated in refs. [11, 12], the matrix H± = λ±CK has interesting prop-
erties.6 Namely, it can be brought to a block-diagonal form by an appropriate similarity
transformation

H± = Ω−1
(
k± 0
0 k′±

)
Ω , k′± = U−1k± U , (3.6)

where k± and k′± are semi-infinite matrices. The matrices k± are defined below in (3.8). The
matrices Ω and U can be found in appendix F, their explicit form is not important for our
purposes. Applying the relation (3.6), we can simplify the expression for the octagon (3.2)
as follows

O`(z, z̄, α, ᾱ) = 1
2 det(1− k+) + 1

2 det(1− k−) ≡ 〈det(1− k)〉 , (3.7)

where 〈. . .〉 denotes an average over k = k+ and k = k−.
The matrix elements (k±)mn (with m,n = 0, 1, 2 . . . ) are given by

(k±)nm = (−1)n+m(2n+ `+ 1)
∫ ∞

0

dx

x
J2n+`+1(

√
x)J2m+`+1(

√
x)χ±(x) , (3.8)

with the functions χ±(x) being

χ±(x) = cosh y + cosh(ϕ± iθ)
cosh y + cosh

√
x/(2g)2 + ξ2 . (3.9)

These functions decay exponentially fast at large x and play the role of an ultraviolet cutoff
in the integral (3.8). As we demonstrate below, the asymptotic behavior of the octagon at
strong coupling is controlled by the behavior of χ±(x) around the origin x = 0.

Notice that the dependence of k± on the coupling constant and the kinematical vari-
ables y, ξ, ϕ, θ resides only in χ±(x). For real variables, χ+(x) and χ−(x) are complex
conjugate to each other. The same applies to the matrix elements (k+)nm and (k−)nm as
well as to the Fredholm determinants of these matrices in (3.7). As a consequence, the
octagon O`(z, z̄, α, ᾱ) takes real values.

For the ‘simplest’ and ‘asymptotic’ correlation functions defined in the previous section,
the octagons on the right-hand side of (2.4) are given by a general expression (3.7) with the
variables α and ᾱ being replaced by their values (2.5). Using (3.4), we find that eq. (2.5)
translates to

coshϕ(s) = cosh ξ , coshϕ(a) = 1
2

e−ξ , θ(s) = θ(a) = 0 . (3.10)

6In these papers, the matrix H was studied for zero-length bridge ` = 0. The same analysis can be
repeated verbatim for arbitrary `.
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Substituting these expressions into eqs. (3.7)–(3.9), we obtain the following representation
for the corresponding octagons O(s) and O(a)

O(i)
` (z, z̄, α, ᾱ) = det(1− k(i)) , (3.11)

with i = a, s. Here, the semi-infinite matrices k(s) and k(a) are determined by eq. (3.8)
with χ±(x) replaced by the functions χ(s)(x) and χ(a)(x), respectively, which read

χ(s)(x) = cosh y + cosh ξ
cosh y + cosh

√
x/(2g)2 + ξ2 ,

χ(a)(x) =
cosh y + 1

2 e−ξ

cosh y + cosh
√
x/(2g)2 + ξ2 . (3.12)

We recall that, according to (3.4) and (3.5), the variables y and ξ are related to the cross-
ratios of the space-time distances (2.2) as

y = −1
2 log(z/z̄) , ξ = −1

2 log(zz̄) . (3.13)

Notice that χ(s)(0) = 1 and χ(a)(0) = (cosh y + 1
2 e−ξ)/(cosh y + cosh ξ) < 1 for real y. As

innocent as it might look, this property will play an important role in what follows.

3.2 Bessel operator

In this subsection, we show that the determinants of the semi-infinite matrices entering
eqs. (3.7) and (3.11) can be expressed as the Fredholm determinants of the so-called Bessel
operator.

Let us consider log det(1−k) = −
∑
n≥1 tr(kn)/n, where a semi-infinite matrix k takes

the form (3.8) with χ±(x) replaced with some function χ(x). Applying (3.8), we can express
tr(kn) as an n-fold integral,

tr(kn) =
∫ ∞

0
dx1· · ·

∫ ∞
0

dxnK`(x1, x2)χ(x1) . . .K`(xn, x1)χ(xn) , (3.14)

where K`(x, y) is given by

K`(x, y) = 1
√
xy

∞∑
n=0

(2n+ `+ 1)J2n+`+1(
√
x)J2n+`+1(√y)

=
√
xJ`+1(

√
x)J`(

√
y)−√y J`+1(√y)J`(

√
x)

2(x− y) . (3.15)

This function is known in the literature as the Bessel kernel, see, e.g., refs. [13, 14].
Defining an integral operator with the kernel (3.15)7

K`(χ)f(x) =
∫ ∞

0
dyK`(x, y)χ(y)f(y) , (3.16)

7The operator (3.16) is related to a self-adjoint operator with the kernel K`(x, y)(χ(x)χ(y))1/2 by a
similarity transformation.
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for a test function f(x), the expression on the right-hand side of (3.14) can be written as
tr(Kn

` ). This allows us to express O`(χ) ≡ det(1− k) as the Fredholm determinant of the
operator (3.16)

O`(χ) = det
(
1−K`(χ)

)
[0,∞) . (3.17)

Here we inserted the subscript to indicate that the operator (3.16) acts on the positive
half-axis.

The determinant in (3.17) depends on the choice of the cut-off function χ(x). For the
octagons (3.7) and (3.11), its form is fixed by the relations (3.9) and (3.12), e.g.,

O(a)
` = O`(χ(a)) , O(s)

` = O`(χ(s)) . (3.18)

For the special choice χ(x) = θ(s − x), the determinant (3.17) previously appeared in
the study of level spacing distributions in the Laguerre ensemble in random matrix the-
ory [13, 14]. In this case, the operator K` acts on the interval [0, s] and the Fredholm
determinant (3.17) gives the probability that no eigenvalues belong to it. As was shown
in ref. [14], it can be found exactly in terms of a Painlevé transcendent. We argue in sec-
tion 4.3, that the same quantity governs the asymptotic behavior of the octagon at weak
coupling in the limit when the four operators in (2.1) are located at the vertices of a null
rectangle.

We can obtain yet another representation for (3.17) by using the following integral
form of the kernel (3.15) (see, e.g., ref. [14])

K`(x, y) = 1
4

∫ 1

0
dt J`(

√
xt)J`(

√
yt) . (3.19)

Substituting this relation into (3.16) and examining tr(Kn
` ), we find that it can be re-

expressed as

tr(Kn
` ) =

∫ 1

0
dt1· · ·

∫ 1

0
dtnB`(t1, t2) . . . B`(tn, t1) ≡ tr(Bn

` ) , (3.20)

where B` is an integral operator acting on the interval [0, 1]. It is defined as

B`(χ) f(t) =
∫ 1

0
dt′B`(t, t′)f(t′) ,

B`(t, t′) = 1
4

∫ ∞
0

dx J`(
√
tx)χ(x)J`(

√
t′x) . (3.21)

The operator B`(χ) is known in the literature as the truncated Bessel operator and the
function χ(x) is referred to as its symbol, see, e.g., ref. [33].

Using the relation (3.20), we thus arrive at another equivalent representation of the
determinant (3.17)

O`(χ) = det
(
1−B`(χ)

)
[0,1] . (3.22)

This relation holds for an arbitrary cut-off function χ(x). Replacing the latter with (3.9)
and (3.12), we get from (3.17) and (3.22) two equivalent representations of the octagon as
Fredholm determinants of the operators K` and B`.
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Each of these representations has it own advantages. As we demonstrated in refs. [11,
12], in the special case of ` = 0, the representation (3.17) can be used to derive a system of
integro-differential equations for the octagon that is valid for arbitrary ’t Hooft coupling. At
weak coupling, these equations can be solved perturbatively to obtain an explicit expression
for the octagon to any desired loop order. At strong coupling, they allowed us to derive an
expansion in powers of 1/g up to a constant O(g0) term. The latter arises as an integration
constant and its determination requires an additional input. It comes from applying the
strong Szegő limit theorem to (3.22). We show in section 5, that the constant O(g0) term
mentioned above is unambiguously given by the Szegő-Akhiezer-Kac formula.

3.3 Continuous bridge length

By definition, the bridge length ` equals the number of the scalar propagators stretched
between two half-BPS operators (see, e.g., figure 1) and, therefore, it takes nonnegative in-
teger values. Applying eq. (3.22), we can extend the definition of the octagon to continuous
real values of `.

According to (3.15), (3.16) and (3.21), the `−dependence of the operators K`(χ) and
B`(χ) is carried by the Bessel functions J`(x). Although the latter are well-defined for
arbitrary `’s, the requirement for the integral in (3.21) to converge in the vicinity of x→ 0
imposes the condition ` > −1.

The values ` = ±1/2 are of special interest because the product of the octagons O1/2(χ)
and O−1/2(χ) is related to the Fredholm determinant of a truncated Wiener-Hopf operator
W(χ)

O−1/2(χ)O1/2(χ) = det
(
1−W(χ)

)
[−1,1] . (3.23)

The operator W(χ) acts on the interval [−1, 1] and is defined as

W(χ)f(t) =
∫ 1

−1
dt′W (t− t′)f(t′) ,

W (t− t′) =
∫ ∞

0

dz

π
cos(z(t− t′))χ(z2) . (3.24)

The derivation of the relation (3.23) can be found in appendix C.
It is interesting to note that, for the cut-off function χ(x) given by the Fermi-Dirac

distribution, the Fredholm determinant on the right-hand side of (3.23) coincides with a
temperature dependent two-point correlation function in the one-dimensional impenetrable
Bose gas [7]. In addition, for χ(x) = θ(s− x), which corresponds to the zero temperature
limit of the Fermi-Dirac distribution, the same determinant defines the probability that an
arbitrary interval of length s contains none of the eigenvalues in a random matrix Gaussian
unitary ensemble [34].

The determinant of the Wiener-Hopf operator (3.24) has been intensively studied using
both the method of differential equations [7] and the strong Szegő limit theorem [18]. We
shall use these findings together with (3.23) to test our predictions for the octagon.

– 11 –



J
H
E
P
0
4
(
2
0
2
1
)
2
5
7

4 Octagon at weak coupling

As was alluded to in section 2, the perturbative expansion of the octagon at weak coupling
involves only ladder integrals qk defined in eq. (4.7) below. The hexagonalization procedure
allows us to organize this expansion in the number of particles n = 0, 1, . . . propagating
across the bridge in the dual representation of the octagon (2.3). The n-particle state starts
to contribute to (2.3) only at order O(g2n(n+`)) and the weak coupling expansion of the
octagon takes the form [2, 10, 29]

O` = 1 +
∑
n≥1
I`,n ,

I`,n =
∞∑

L=n(n+`)
g2L ∑

L1+···+Ln=L
dL1...LkqL1 . . . qLk , (4.1)

where the functions I`,n are given by multilinear combinations of the ladder integrals with
the expansion coefficients dL1...Lk (with Li ≥ 0) depending on the bridge length `.

4.1 Expansion in ladder integrals

Explicit expressions for the functions I`,n can be found using the determinant representa-
tion of the octagon (3.22) in a straightforward fashion. Namely, expanding the determinant
in powers of the Bessel operator, we can identify I`,n as a contribution to O` containing
exactly n copies of the operator B`(χ), e.g.,

I`,1 = − tr B` ,

I`,2 = 1
2
[
(tr B`)2 − tr(B2

` )
]
,

I`,3 = −1
6
[
(tr B`)3 − 3 tr B` tr(B2

` ) + 2 tr(B3
` )
]
, . . . (4.2)

where tr(Bn
` ) (with n = 1, 2, . . . ) is defined in (3.20). For small g, it is convenient to replace

x = (2gz)2 in (3.21) and use an equivalent representation for the Bessel kernel

B`(t, t′) = 2g2
∫ ∞

0
dz z χ̂(z)J`(2gz

√
t)J`(2gz

√
t′) , χ̂(z) = χ(4g2z2) . (4.3)

Notice that, according to (3.9) and (3.12), the function χ̂(z) = χ(4g2z2) is independent of
the coupling constant.

Expanding the product of the Bessel functions in (4.3) in powers of g2, we can write
B`(t, t′) as a double series in

√
t and

√
t′ with its coefficients proportional to the following

integral

qk(χ) = 2k
∫ ∞

0
dzz2k−1χ̂(z) , (4.4)
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with k ≥ 1. Its substitution into (4.2) yields the expressions for I`,n of the form (4.1). For
instance,

I`,1 = (g2)`+1
∞∑
k=0

g2k(−1)k+1
(

2(`+ k)
k

)
q`+k+1

Γ2(`+ k + 2) ,

I`,2 = (g2)2(`+2)
[

(`+ 2)2q`+1q`+3 − (`+ 1)(`+ 3)q2
`+2

(Γ(`+ 3)Γ(`+ 4))2

+ g2 2(`+ 1)(`+ 4)q`+2q`+3 − 2(`+ 2)(`+ 3)q`+1q`+4
(`+ 2)(Γ(`+ 2)Γ(`+ 5))2 +O(g4)

]
,

I`,3 = (g2)3(`+3)
[

(`+ 1)(`+ 4)2q`+5q
2
`+2 + (`+ 2)2(`+ 5)q`+1q

2
`+4

(`+ 3)3(`+ 4)4(`+ 5)2Γ6(`+ 3)

− 2(`+ 1)(`+ 5)q`+2q`+3q`+4 + (`+ 2)(`+ 4)q`+1q`+3q`+5
(`+ 2)5(`+ 3)4(`+ 4)3(`+ 5)2Γ6(`+ 2)

+
(`+ 1)(`+ 2)2q3

`+3
(`+ 4)2(`+ 5)Γ6(`+ 4) +O(g2)

]
. (4.5)

Expressions for higher order coefficients are too lengthy. To save space, we do not present
them here.

Obviously, the integral in (4.4) depends on the choice of the cut-off function χ̂(z) =
χ((2gz)2) defined in (3.9) and (3.12). Since the functions χ±(x) and χ(i)(x) differ by an
overall x-independent factor, the corresponding integrals q±k = qk(χ±) and q(i) = qk(χ(i))
are proportional to each other

q±k = cosh y + cosh(ϕ± iθ)
cosh y + cosh ξ q

(s)
k , q

(a)
k =

cosh y + 1
2 e−ξ

cosh y + cosh ξ q
(s)
k . (4.6)

For χ = χ(s)(x) given by (3.12), the function q
(s)
k can be expressed in terms of classical

polylogarithms

q
(s)
k = 2k

∫ ∞
0

dz z2k−1 cosh y + cosh ξ
cosh y + cosh

√
z2 + ξ2

= (1− z)(1− z̄)
z − z̄

k∑
m=0

(−1)m (2k −m)!k!
(k −m)!m! logm(zz̄) [Li2k−m(z)− Li2k−m(z̄)] , (4.7)

where y and ξ are related to the cross-ratios z and z̄ by the relation (3.13). The expression
in the second line of (4.7) is known as the ladder integral at k loops [35].

Substituting the relations (4.5)–(4.7) into eq. (4.1), we can obtain the weak coupling
expansion for the octagon to any order in the coupling and for arbitrary values of the
kinematical variables y, ξ, θ, ϕ.

4.2 Octagon in null limit

The octagon has interesting properties in the Lorentzian limit x2
12, x

2
13, x

2
24, x

2
34 → 0 when

the four operators in (2.1) approach the vertices of a null rectangle. In terms of the cross-
ratios (2.2) and kinematical variables (3.13), this limit corresponds to z → 0 and z̄ → ∞
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with zz̄ kept fixed, or equivalently

y →∞ , ξ = fixed . (4.8)

The two remaining variables ϕ and θ remain finite in this limit.
It follows from (4.6), that the functions q±k and q(i)

k all coincide as y → ∞. Together
with (4.1) this implies that, at weak coupling, the octagon O` has a universal asymptotic
behavior in the null limit, independent of the cross-ratios α and ᾱ, or, equivalently, the
variables ϕ and θ. A close examination of (4.7) shows that the function q(s)

k scales in the
limit (4.8) as q(s)

k ∼ y2k, thus producing large perturbative corrections to (4.1) enhanced
by powers of y2.

For the octagon with zero-length bridge, O`=0, such corrections exponentiate

logO`=0 = −Γ(g)
2π2 y

2 + C(g)
8 + g2ξ2 , (4.9)

where the functions Γ(g) and C(g) are known exactly [11]. This relation implies that to
any order in g2, perturbative corrections to logO`=0 scale as y2 in the null limit (4.8). This
property does not hold for ` ≥ 1, though.

For the octagon with bridge length ` ≥ 1, weak coupling corrections to logO` scale in
the null limit as (g2y2)k with k ≥ `+ 1. To resum them, we consider the following double
scaling limit

g → 0 , y →∞ , s = 2gy = fixed . (4.10)

Excluding the coupling constant in favor of s, we can re-expand logO` in powers of 1/y and
determine accompanying s-dependent coefficient functions. Neglecting corrections sublead-
ing in 1/y, we get

logO0 = −s
2

4 ,

logO1 = − s
4

64 + s6

576 −
11s8

49152 + 19s10

614400 +O(s12) ,

logO2 = − s6

2304 + s8

24576 −
7s10

3686400 −
s12

26542080 +O
(
s14
)
, . . . (4.11)

For arbitrary `, the expansion of logO` starts at order O(s2(`+1)) and runs in powers of s2.
A question arises whether these series can be summed up to all orders in s2.

4.3 Toda lattice equations

Let us show that, in the double scaling limit (4.10), the octagon O` satisfies nontrivial
finite-difference relations known as the Toda lattice equations.

We start with the determinant representation (3.17) and notice that the cut-off func-
tions (3.9) and (3.12) simplify in the double scaling limit (4.10) and approach

χ(x) ∼ 1
1 + e(

√
x−s)/(2g) , (4.12)
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where we replaced the hyperbolic functions by their leading asymptotic behavior. Remark-
ably, this expression is the one of the Fermi-Dirac distribution with T = 2g and µ = s

taking on the meaning of the temperature and chemical potential, respectively. The strict
double scaling limit (4.10) corresponds to the zero temperature when χ(x) reduces to the
step function θ(s−

√
x).

Substituting χ(x) = θ(s−
√
x) into (3.16) and (3.17), we find that the octagon in the

double scaling limit is given by the Fredholm determinant of an integral operator with the
Bessel kernel (3.15) acting on the finite interval [0, s2]

O` = det
(
1−K`

)
[0,s2] , (4.13)

where the operator K` is defined by eq. (3.16) with χ(x) = θ(s2 − x). As was already
mentioned, the same Fredholm determinant defines the probability that no eigenvalues lie
on the interval [0, s2] in the Laguerre unitary ensemble. For arbitrary `, it can be computed
in terms of a Painlevé transcendent [14].

For nonnegative integer `, the Fredholm determinant in (4.13) can be expressed in
terms of the modified Bessel functions [36, 37]

O` = e−s2/4 τ`(s) , τ`(s) = det
[
Ij−k(s)

]
j,k=1,...,`

. (4.14)

This relation takes into account all perturbative corrections to the octagon of the form
(g2y2)k in the null limit. For lowest values of `, we have

τ0 = 1 , τ1 = I0(s) , τ2 = I2
0 (s)− I2

1 (s) , . . . (4.15)

The function τ`(s) is closely related to the τ−function in the Okamoto’s theory of the
Painlevé V equation [38–40]. As such, it satisfies a finite-difference relation, which reads

s2 τ` τ`+2
τ2
`+1

= (s∂s)2 log τ`+1 . (4.16)

It coincides with the Toda lattice equation.8 We immediately verify that the expansion
of (4.14) at small s agrees with (4.11). We also checked that the expressions (4.11) satisfy
the relation (4.16).

At large s, the asymptotic behavior of the Fredholm determinant (4.13) was found in
ref. [14]

O` = e−s2/4+`s+c` s−`
2/2
[
1 + `

8s
−1 + 9`2

128s
−2 +

(
3`

128 + 51`3

1024

)
s−3 + . . .

]
, (4.17)

where the Dyson-Widom constant c` = log(G(1 + `)/(2π)`/2) is expressed in terms of the
Barnes G-function. Its value was first conjectured in [14] and later proved in [41]. It is
convenient to rewrite (4.17) as

logO` = −s
2

4 + `s− `2

2 log s+ c` +O(1/s) . (4.18)

Notice that the leading term in (4.18) is independent of the bridge length.
8Changing variables, s = et and τ`+1/τ` = exp(q`(t) − 2`t), one finds from (4.16) that q`(t) satisfies

equations of motion of the Toda lattice, ∂2
t q` = eq`+1−q` − eq`−q`−1 .
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The relations (4.14)–(4.18) describe the asymptotic behavior of the octagon in the
double scaling limit (4.10). By definition, the coupling constant is small in this domain.
In the following sections, we compute the octagon at strong coupling and compare it
with (4.18) in section 7.2.

5 Octagon at strong coupling

In this section, we study the octagon O` at strong coupling. We use the Fredholm deter-
minant representation (3.22) to derive the first few terms of the strong coupling expansion
of logO`.

5.1 Semiclassical expansion

In the AdS/CFT description, the four-point correlation function (2.1) is identified with
a scattering amplitude of four closed strings dual to the four half-BPS operators defin-
ing (2.1). It was argued in refs. [31, 32] that, in the limit of infinitely heavy operators,
i.e., for K → ∞, this amplitude can be computed using semiclassical expansion in string
theory. To leading order in coupling, it is given by the area of a classical folded string
that is attached to four BMN geodesics connecting the points xi on the AdS boundary and
rotates on the sphere.

The representation of the correlation functions as a product of the octagons (2.4)
corresponds to the factorization of the closed string scattering amplitude into two copies
of an off-shell open string partition functions. As a result, the strong coupling expansion
of the octagon is expected to have a typical semiclassical form

O` = exp
(
−gA0 + 1

2A
2
1 log g +B +O(1/g)

)
. (5.1)

Here A0 is the minimal area of a single sheet of the folded string. The two terms in-
volving functions A1 and B describe quadratic fluctuations of the string world-sheet. The
remaining terms in the exponent describe higher order quantum fluctuations. A direct
calculation of the coefficient functions A0, A1, B, . . . is impractical by the existing methods
in the AdS/CFT toolkit. We show below that they can be found by employing a powerful
technique based on the strong Szegő limit theorem.

The leading term A0 was computed in ref. [32] using the clustering procedure [30].
Its explicit expression is given in (5.7) below. In the previous work [12], we worked out
a systematic 1/g expansion of the ‘simplest’ octagon O(s)

`=0 by applying the method of
differential equations [7, 15]. This method allowed us to compute analytically all coefficient
functions in (5.1) except B. The latter appears as an integration constant for the system
of integro-differential equations for the octagon and it has to be determined independently
by other means. Our goal is to find the constant term B and to extend the findings of
ref. [12] to the octagon (5.1) with arbitrary bridge length `.

5.2 Szegő-Akhiezer-Kac formula

To find the asymptotic behavior of the octagon at strong coupling, we use its represen-
tation (3.22) as the Fredholm determinant of the truncated Bessel operator (3.21). The

– 16 –



J
H
E
P
0
4
(
2
0
2
1
)
2
5
7

dependence on the coupling constant enters (3.22) through the cut-off functions χ(x), see
eqs. (3.9) and (3.12). As was pointed out in section 4.3, these functions resemble the Fermi-
Dirac distribution with the coupling constant playing the role of the temperature. In this
way, the strong coupling expansion of the octagon is analogous to the high-temperature
expansion of correlation functions in two-dimensional integrable models [7].

The dependence of χ(x) on the coupling constant can be eliminated by substituting
x = (2gz)2 and introducing a notation for χ̂(z) = χ(4g2z2). According to (3.9) and (3.12),
the function χ̂(z) does not depend on g and is given by

χ̂±(z) = cosh y + cosh(ϕ± iθ)
cosh y + cosh

√
z2 + ξ2 ,

χ̂(s)(z) = cosh y + cosh ξ
cosh y + cosh

√
z2 + ξ2 ,

χ̂(a)(z) =
cosh y + 1

2 e−ξ

cosh y + cosh
√
z2 + ξ2 . (5.2)

Changing the integration variables in (3.21) to t = τ/(2g)2 and t′ = τ ′/(2g)2, we can
rewrite (3.22) as

O` = det
(
1−B`(χ̂)

)
[0,2g] , (5.3)

where the truncated Bessel operator B`(χ̂) acts now on the interval [0, 2g] and is defined by

B`(χ̂) f(τ) =
∫ 2g

0
dτ ′ B̂`(τ, τ ′)f(τ ′) ,

B̂`(τ, τ ′) = (ττ ′)1/2
∫ ∞

0
dz zJ`(τz)χ̂(z)J`(τ ′z) . (5.4)

In distinction to (3.21), its kernel does not depend on g.
The asymptotics of the determinant (5.3) at large g was studied in ref. [33]. It was

shown there that for real ` > −1 and sufficiently smooth function χ̂(z), such that χ̂(z) 6= 1
for z ≥ 0,9 it is given by

det
(
1−B`(χ̂)

)
[0,2g] = exp

(
2gψ̃(0)− `

2ψ(0) + 1
2

∫ ∞
0

dk k
(
ψ̃(k)

)2 +O(1/g)
)
, (5.5)

where a notation was introduced for

ψ(z) = log(1− χ̂(z)) , ψ̃(k) =
∫ ∞

0

dz

π
cos(kz) log(1− χ̂(z)) . (5.6)

The relation (5.5) is similar to the well-known Szegő-Akhiezer-Kac formula for determinants
of truncated Wiener-Hopf operators [23, 24]. The last term in the exponent of (5.5) stands
for corrections vanishing as g →∞. We discuss them in section 6 below.

9In what follows, we refer to functions satisfying these conditions as ‘regular’ symbols.
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We observe a remarkably similarity of expressions in the right-hand side of eqs. (5.1)
and (5.5). Matching the two relations, we deduce that

A0 = −2
∫ ∞

0

dz

π
log(1− χ̂(z)) ,

A1 = 0 ,

B = − `2 log(1− χ̂(0)) + 1
2

∫ ∞
0

dk k
(
ψ̃(k)

)2
, (5.7)

where ψ̃(k) is defined in (5.6). The formula for A0 is a generalization of the first Szegő
theorem [16] to the truncated Bessel operator. It coincides with the analogous expressions
obtained in refs. [12, 32] using different techniques.

We would like to stress that the relations (5.7) hold for arbitrary real ` > −1 and the
function χ̂(z) verifying the conditions mentioned above (i.e., a regular symbol). In our
previous work [12], we found that A1 = 1 in the special case of ` = 0 and χ̂ = χ̂(s)(z) (see
eq. (5.2)). This result obviously contradicts the second relation in (5.7).

To understand the reason for this, we note that, according to its definition (5.2),
the function χ̂(s)(z) satisfies the relation χ̂(s)(0) = 1 and, therefore, it does not fulfill
the conditions for the validity of the relations (5.5) and (5.7). Thus, χ̂(s)(z) defines a
singular symbol. Indeed, a naive substitution of χ̂(s)(z) into the last relation in (5.7) yields
a logarithmic divergence. We show in the next subsection, that careful analysis of the
determinant with the singular symbol leads to a finite expression, in which this divergence
gets replaced by a log g contribution, thus generating a nonzero result for A1, in agreement
with the finding of ref. [12].

In counter-distinction to χ̂(s)(z), the function χ̂(a)(z) satisfies χ̂(a)(z) < 1 and, there-
fore, it defines a regular symbol. In this case, the relations (5.7) describe the asymptotic
behavior of the asymptotic octagon O(a)

` = det(1−B`(χ̂(a))) at large g. For the functions
χ̂±(z), the requirement χ̂±(z) 6= 1 leads to nontrivial restrictions for the kinematic vari-
ables: sin θ sinhϕ 6= 0 or cosh ξ > cos θ coshϕ, otherwise. The relations (5.7) are applicable
to the octagon O±` as long as these conditions are satisfied. For the sake of simplicity we
assume that this is the case.

5.3 Fisher-Hartwig singularities

We demonstrated in the previous subsection, that the Szegő-Akhiezer-Kac formula (5.5)
has to be modified for χ̂ = χ̂(s)(z). At small z, we find from (5.2)

1− χ̂(s)(z) = z2 sinh ξ
2ξ(cosh ξ + cosh y) +O(z4) . (5.8)

Substituting this expression into (5.6), we deduce that ψ̃(k) ∼ −1/k at large k. As a conse-
quence, the second term in the expression for B in (5.7) also diverges logarithmically. This
divergence is a manifestation of a Fisher-Hartwig singularity [25] (see also [18], for a review).
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An expression for the symbol with the Fisher-Hartwig singularity ωβ looks as10

1− χ̂(z) = b(z)ωβ(z) , ωβ(z) =
(

z2

z2 + 1

)β
, (5.9)

where b(z) is a regular symbol and β is an arbitrary parameter. Comparing this relation
with (5.8) and (5.2), we find that β takes the following values for different functions

β(s) = 1 , β(a) = β± = 0 . (5.10)

At present, the large g asymptotics of the determinant of the Bessel operator (5.3) with the
singular symbol (5.9) is known only for specific values of the index of the Bessel function
` = ±1/2, see ref. [26]. In this case, the Bessel operator reduces to a sum or difference of
the Wiener-Hopf and Hankel operators.

For our purposes, we need an expression for the determinant of the Bessel operator for
arbitrary ` with a singular symbol of the form (5.9). We argue in appendix A, that it has
the following conjectural form

det
(
1−B`(χ̂)

)
[0,2g] = exp

[
2gψ̃(0) + 1

2

∫ ∞
0

dk

[
k(ψ̃(k))2 − β2 1− e−k

k

]
− `

2 log b(0)

+
(
β`+ 1

2β
2
)

log g + β

2 log(2π) + log G(1 + `)
G(1 + `+ β) +O(1/g)

]
,

(5.11)

where the functions ψ̃(k) and b(z) are defined in (5.6) and (5.9), respectively, and G is the
Barnes function. It is easy to check using (5.6) and (5.9) that ψ̃(k) ∼ −β/k at large k and,
therefore, the integral in the first line of (5.11) is well-defined.

The relation (5.11) generalizes the Szegő-Akhiezer-Kac formula (5.5) to symbols with
the Fisher-Hartwig singularity. The two relations coincide for β = 0. To find the asymptotic
behavior of the octagon O(s)

` , we substitute β = 1 into (5.11) and match it to (5.1). In this
way, we arrive at

A
(s)
0 = −2

∫ ∞
0

dz

π
log

(
1− χ̂(s)(z)

)
,

A
(s)
1 = (2`+ 1)1/2 ,

B(s) = 1
2

∫ ∞
0

dk

[
k(ψ̃(k))2 − 1− e−k

k

]
− `

2 log b(0)− log Γ(1 + `)√
2π

, (5.12)

where ψ̃(k) is given by (5.6) with χ̂ = χ̂(s)(z) and

b(0) = −1
2 χ̂
′′(0) = sinh ξ

2ξ(cosh ξ + cosh y) . (5.13)

The following comments are in order.
10A general expression for the symbol with the Fisher-Hartwig singularities also contains factors of form

[(z − i)/(z + i)]γ . They do not appear in our analysis.
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Comparing (5.7) and (5.12), we observe that the leading term A0 takes the same form
for all three cut-off functions in (5.2). The subleading term A1 in (5.12) is generated by
the Fisher-Hartwig singularity. It is sensitive to the asymptotic behavior of the function
χ̂(z) around the origin and does not depend on the kinematical variables. We verify, that
A1 = 1 for ` = 0 is in agreement with the finding of ref. [12]. The last relation in (5.12)
yields a prediction for the function B. We show in appendix B that for ` = 0, it agrees
with numerical results for this function obtained in ref. [12].

6 Strong coupling expansion

In the previous section, we applied the strong Szegő limit theorem to determine the first
three terms in the strong coupling expansion of the octagon (5.1) for three different cut-off
functions (symbols) (5.2). For regular symbols χ̂± and χ̂(a), they are given by (5.7) and,
for the singular symbol χ̂(s), by (5.12).

In this section, we apply the powerful method of differential equations [7, 15] to com-
pute subleading corrections to (5.1) suppressed by powers of 1/g

logO` = −gA0 + 1
2A

2
1 log g +B +

∑
k≥2

Ak
2k(k − 1)g

1−k , (6.1)

where the rational factors are inserted for convenience. The expansion coefficients in (6.1)
depend on the symbol (5.2). Applying (5.9) and (5.11), we can write expressions for the
coefficients A0, A1, B in a unified form by introducing the dependence on β

A0 =−2
∫ ∞

0

dz

π
log (1− χ̂(z)) ,

A2
1 = 2β`+β2 ,

B = 1
2

∫ ∞
0

dk

[
k(ψ̃(k))2−β2 1−e−k

k

]
+ β

2 log(2π)+log G(1+`)
G(1+`+β)−

`

2 log b(0) , (6.2)

where ψ̃(k) is defined in (5.6) and the variables β and b(0) control the behavior of the
symbol in the vicinity of the origin, χ̂(z) ∼ 1 − b(0)z2β . The relations (5.7) and (5.12)
correspond to β = 0 and β = 1, respectively.

Notice that the leading term of the strong coupling expansion (6.1) does not depend
on the bridge length `. This dependence first appears in O(log g) term which is linear in
`. The expansion in (6.1) is well-defined provided that ` stays finite as g → ∞. We show
below, that for ` = O(g) all terms in (6.1) scale as O(g) and the series has to be resummed.
We solve this problem in section 7.3.

6.1 Method of differential equations

In our previous work [11, 12], we applied the method of differential equations [7, 15] to
compute the expansion coefficients in (6.1) for the ‘simplest’ octagon O(s)

` at zero length
bridge ` = 0. The analysis in this section goes along the same lines and we refer to the
above mentioned papers for details.
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The method of differential equations allows us to obtain a system of exact equations
for the so-called potential u, defined as a logarithmic derivative of the octagon,

u = −2g∂g logO` . (6.3)

Substituting (6.1) into this relation, we obtain a generic expression for the potential at
strong coupling

u = 2gA0 −A2
1 +

∑
k≥2

Ak
k
g1−k . (6.4)

Notice that the function B does not contribute to u.
Using the representation of the octagon as the Fredholm determinant of the Bessel

operator (3.17), we can show that u satisfies the following exact relation

∂gu = −8g
∫ ∞

0
dz z2 q2(z)∂zχ̂(z) , (6.5)

where the function q(z) is a solution to the differential equation

(g∂g)2q(z) +
(
4g2z2 − `2 − g∂gu+ u

)
q(z) = 0 , (6.6)

subject to the boundary condition q(z) = J`(2gz) +O(g`+2) at weak coupling. Compared
to the case ` = 0 addressed in [11, 12], the only modification is the additional term (−`2)
inside the brackets in (6.6).

Being combined together, the relations (6.5) and (6.6) define a coupled system of
equations for u that is valid for any value of the coupling constant. At weak coupling,
it is straightforward to solve (6.5) and (6.6) perturbatively and expand u in powers of
g2. Together with (6.3), this leads to a weak coupling expansion of the octagon O` that
coincides with (4.1).

6.2 Quantization conditions

At strong coupling, we replace the potential in (6.6) with its general expansion (6.4) and
take into account (6.2) to get[

(g∂g)2 + 4(gz)2 − (`+ β)2 + A2
g

+ A3
g2 + . . .

]
q(z) = 0 . (6.7)

To leading order, neglecting terms suppressed by powers of 1/g inside the brackets and
requiring q(z) to be regular for gz → 0, we find that q(z) is proportional to the Bessel
function J`+β(2gz). Then, the coefficient in front of J`+β(2gz) is fixed by evaluating the
integral in the right-hand side of (6.5) at large g and matching it to the expected result (6.4),
which reads ∂gu = 2A0 +O(1/g) with A0 given by (6.2).

This leads to

q(z) = f(z, g)
[1− χ̂(z)]1/2

, f(z, g) = J`+β(2gz) +O(1/g) . (6.8)

At large gz, the Bessel function in the last relation behaves as (a0 sin(2gz) + b0 cos(2gz))/√
2πgz with some constant a0 and b0. To find subleading corrections to q(z), we look for

the function f(z, g) in a similar form

f(z, g) = 1√
2πgz

[
a(z, g) sin(2gz) + b(z, g) cos(2gz)

]
, (6.9)
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where a0 and b0 are replaced by an infinite series in 1/g with z-dependent coefficients,

a(z, g) =
∞∑
n=0

an(z)
(gz)n , b(z, g) =

∞∑
n=0

bn(z)
(gz)n . (6.10)

The symmetry of the differential equation (6.7) under the reflection z → −z leads to
a(−z, g) = −b(z, g). The coefficient functions an(z) and bn(z) can be found by substituting
eqs. (6.8)–(6.10) into (6.7) and equating to zero the coefficients in front of powers of 1/g.
In this manner, we obtain

1
2

[
a2(z,g)+b2(z,g)

]
= 1+ 4`2

β−1
32z2g2−

A2

8z2g3

+
(

3(4`2
β−1)(4`2

β−9)
2048z4 − A3

8z2

) 1
g4−

(
3(4`2

β−9)A2

256z4 + A4

8z2

) 1
g5 +O

(
1/g6

)
,

(6.11)

where the notation was introduced for `β = `+ β.
Substituting (6.8) and (6.9) into (6.5), we find that ∂gu is given by an integral involving

rapidly oscillating trigonometric functions. Up to corrections that are exponentially small
at large g, we can replace these functions by their mean values to get from (6.5)

∂gu = 2
π

∫ ∞
0

dz z∂z log(1− χ̂(z))
[
a2(z, g) + b2(z, g)

]
. (6.12)

According to (6.4), the expression in the left-hand side is given by a series in 1/g with expan-
sion coefficients proportional to Ak (with k = 0, 1, . . . ). Taking into account (6.11), we find
that the right-hand side of (6.12) has a similar form. Matching the coefficients in front of
powers of 1/g on both sides of (6.12), we can determine the coefficients Ak for any index k.

6.3 Expansion coefficients

A first few coefficients are given by11

A2 =−1
4(4`2β−1)I1 ,

A3 =− 3
16(4`2β−1)I2

1 ,

A4 =− 1
128(4`2β−1)

((
4`2β−9

)
I2 +16I3

1

)
,

A5 =− 5
256(4`2β−1)

((
4`2β−9

)
I1I2 +4I4

1

)
,

A6 =− 3
8192(4`2β−1)

(
80(4`2β−9)I2I

2
1 +(4`2β−9)(4`2β−25)I3 +128I5

1

)
,

A7 =− 7
16384(4`2β−1)

(
80(4`2β−9)I2I

3
1 +3(4`2β−9)(4`2β−25)I3I1

+(4`2β−9)(4`2β−21)I2
2 +64I6

1
)
,

A8 =− 1
262144(4`2β−1)

(
8960(4`2β−9)I2I

4
1 +672(4`2β−9)(4`2β−25)I3I

2
1

+448(4`2β−9)(4`2β−21)I2
2I1 +5(4`2β−9)(4`2β−25)(4`2β−49)I4 +4096I7

1
)
, (6.13)

11We present expressions for the coefficients Ak (with 2 ≤ k ≤ 30) in the supplementary material attached
to this paper.
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where, as before, `β = ` + β and a notation was introduced for the so-called ‘profile’
function,

In(χ̂) =
∫ ∞

0

dz

π
z1−2n∂z log(1− χ̂(z)) . (6.14)

For ` = 0 and β = 1, or equivalently `β = 1, the relations (6.13) coincide with analogous
expressions in ref. [12], see eq. (5.18) there.

According to (5.9), ∂z log(1 − χ̂(z)) ∼ 2β/z for z → 0 and the integral in (6.14) is
divergent for n ≥ 1/2. As explained in ref. [12], the integral (6.14) has to be defined by
analytically continuing In from complex n with <en < 1/2 to positive integer n. In this
manner, we obtain an equivalent representation for the profile function

In(χ̂) = 1
(2n− 1)!!

∫ ∞
0

dz

π
(z−1∂z)nz∂z log(1− χ̂(z)) , (6.15)

which is well-defined for arbitrary nonnegative n. For n = 0, the function (6.15) gives the
leading term of the strong coupling expansion (6.2), A0 = 2I0. The dependence on the
kinematical variables enters In through the cut-off function χ̂(z). Using (5.9), we get

In(χ̂) = (−1)nβ + In(1− b) , (6.16)

where In(1− b) is given by (6.15) with χ̂(z) replaced by 1− b(z).
Being combined together, the relations (6.2) and (6.13) determine the strong coupling

expansion of the octagon (6.1) to arbitrary order in 1/g. It has the following interesting
properties. The coefficient A1 accompanying log g term in (6.1) is independent of the
kinematical variables, whereas the coefficients in front of powers of 1/g depend on the cut-
off function χ̂(z). These coefficients grow factorially for generic values of the kinematical
variables. Applying the standard resummation technique, we can use the strong coupling
expansion to compute the octagon for finite coupling [12].

The expansion coefficients A2k and A2k+1 (with k ≥ 1) are even polynomial in `β of de-
gree 2k. They vanish for `β = ±1/2 and simplify significantly for half-integer `β . We show
in the next section that in this case, the series (6.1) can be resummed to all orders in 1/g.

7 Properties of strong coupling expansion

In this section, we use eqs. (6.1), (6.2) and (6.13) to demonstrate that certain type of cor-
rections to the octagon can be summed up to all orders in 1/g, thus improving convergence
properties of the strong coupling expansion.

7.1 Resummation

Following ref. [12], we split the expression for the octagon (6.1) as

logO` = −2gI0 −
1
8(4`2 − 1) log g +B + logO`,q , (7.1)
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where logO`,q is given by

logO`,q = 1
8(4`2β − 1) log g +

∑
k≥2

Ak
2k(k − 1)g

1−k . (7.2)

The relation (7.1) holds up to corrections which are exponentially small at large g.
Notice that the dependence on the index ` of the Bessel function and the strength β

of the Fisher-Hartwig singularity enters (7.2) through their sum `β = ` + β. This is not
the case for the coefficient function B defined in (6.2).

According to (6.13), the 1/g−series for logO`,q contains terms involving powers of I1.
All such terms can be eliminated by changing the ’t Hooft coupling to

g′ = g − I1/2 . (7.3)

The expansion of logO`,q in the shifted parameter g′ becomes

logO`,q = 1
8(4`2β − 1) log(g′)−

(4`2β − 1)(4`2β − 9)
3072g′3

I2

−
(4`2β − 1)(4`2β − 9)(4`2β − 25)

163840g′5
I3

−
(4`2β − 1)(4`2β − 9)(4`2β − 21)

196608g′6
I2

2 +O(1/g′7) . (7.4)

As a check, we verify that for `β = 1, this expression coincides with eq. (6.7) in [12].
It is remarkable that for half-integer `β , the series (7.4) can be resummed, e.g.,

logO`,q

∣∣
`β=± 1

2
= 0 ,

logO`,q

∣∣
`β=± 3

2
= log(g′) ,

logO`,q

∣∣
`β=± 5

2
= 3 log(g′) + log

(
1− I2/(2g′)3

)
,

logO`,q

∣∣
`β=± 7

2
= 6 log(g′) + log

(
1− 5I2/(2g′)3 − 9I3/(2g′)5 − 5I2

2/(2g′)6
)
, . . . (7.5)

We observe that logO`,q vanish for `β = ±1/2. As we show in a moment, this property
represents a nontrivial test of the relations (6.13).

Let us examine eq. (7.1) for ` = ±1/2 and β = 0. In this case, the symbol (5.9) is
regular and the determinants of the corresponding Bessel operators should be described by
the Szegő-Akhiezer-Kac formula (5.5). Indeed, for β = 0, we find from (7.1) that O`=±1/2 =
exp(−2gI0 + B) with B given by (5.7). We would like to emphasize, that for β = 0 the
octagons O`=±1/2 do not receive corrections suppressed by powers of 1/g. The same is
true for their product O−1/2O1/2 which coincides with the determinant of the Wiener-Hopf
operator (3.23). Vanishing of power suppressed corrections to the latter is exactly what one
should expect because, according to the Geronimo-Case-Borodin-Okounkov formula [42,
43], the subleading corrections to the determinant of the Wiener-Hopf operator with a
regular symbol are exponentially small at large g [44]. For generic `, subleading corrections
to (5.5) are power suppressed. They can be found from (7.1) for β = 0. For half-integer
`’s, these corrections can be obtained in a closed form from (7.5).
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7.2 Null limit

Let us examine the octagon (7.1) in the null limit introduced in (4.8). We demonstrated
in section 4.2, that, at weak coupling, the octagon simplifies in this limit. Its leading
asymptotic behavior for y → ∞ with s = 2gy held fixed is described by the Fredholm
determinant of the Bessel operator (3.22) with a sharp cut-off function χ(x) = θ(s−

√
x).

For s� 1, it takes the form (4.18). At strong coupling, the octagon is given by the same
determinant but with the cut-off function replaced with (3.9) and (3.12). The transition
from weak to strong coupling can be interpreted as a variation of the determinant of the
Bessel operator B`(χ) as a function of χ.

Going to the null limit at strong coupling, we take g > y � 1 and put ξ = 0 for
simplicity. The dependence of the octagon (7.1) on the kinematical variables is carried by
the function B and the profile functions Ik. The asymptotic behavior of the latter was
determined in [12]

I0 = y2 + π2

2π , I1 = log y
π

+O(y0) , Ik = O(y0) , (7.6)

for k ≥ 2. Taking into account these relations, we find that for g′ � 1 or equivalently
g � log y/π, the expression on the right-hand side of (7.4) does not depend on y. The
asymptotic behavior of the function B is given by (see eq. (B.9))

B = log 2
2π2 y

2 + `

2y + log y
4 +O(y0) . (7.7)

Substituting these relations into (7.1), we get

logO` = −y
2

π

(
g − log 2

2π

)
+ `

2y + log y
4 + c`(g) +O(log y/g) , (7.8)

where c`(g) = −gπ + (β` + β2/2) log g + O(g0) does not depend on y. Comparing the
relations (4.18) and (7.8), we observe that logO` has the same dependence on y both at
weak and strong coupling but the coefficients in front of y2, y, log y and O(y0) terms have
different dependence on the coupling constant and the bridge length `.

7.3 Large bridge limit

Deriving the strong coupling expansion in the previous section, we tacitly assumed that
the bridge length ` stays finite as g →∞. In this subsection, we examine the limit when `
scales as O(g) with ¯̀= `/(2g) held fixed. This limit was previously studied in ref. [32]. It
was shown there, that the leading term A0 in the expansion of the octagon (6.1) acquires
a nontrivial dependence on ¯̀ (see eq. (7.15) below). In this section, we apply the results
obtained above to describe dependence of the octagon on ¯̀.

We recall, that the expansion coefficients in (6.13) are polynomial in `β = ` + β. At
large `, we have A2k = O(`2k) and A2k+1 = O(`2k). As a consequence, for ` = O(g),
the contribution to (6.1) from terms with even and odd coefficients scales as O(g) and
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O(g0), respectively. Neglecting the latter, we examine the asymptotic behavior of the even
coefficients in (6.13) at large `

A2 = −I1`
2 , A4 = −I2

8 `
4 , A6 = − 3I3

128`
6 , A8 = − 5I4

1024`
8 , . . . (7.9)

A close examination reveals that the rational factors in (7.9) coincide with the expansion
coefficients of −2x2/

√
4− x2 at small x. This leads to the following integral representation

for A2k with k ≥ 1

A2k = −
∫
C

dx

2πi
2x2

√
4− x2

`2k

x2k+1 Ik , (7.10)

where the integration contour C encircles two cuts on the real axis located at x ≤ −2
and x ≥ 2.

To find the contribution of (7.10) to the strong coupling expansion (6.1), we introduce
the generating function

F (¯̀) =
∑
k≥1

A2k
g2k = −

∫
C

dx

2πi
2x√

4− x2

∫ ∞
0

dz

π
z∂z log(1− χ̂(z)) 4¯̀2

x2z2 − 4¯̀2 , (7.11)

where ¯̀ = `/(2g). Here we replaced the profile function Ik with its integral representa-
tion (6.14) and performed the summation over k. The integrand in the last relation has
poles at x = ±2¯̀/z. For z2 < ¯̀2 these poles are located on the branch cuts x2 > 4 and, de-
forming the integration contour C away from the cuts, we find that they do not contribute
to F (¯̀). For z2 > ¯̀2, we pick up residues at the poles x = ±2¯̀/z to get

F (¯̀) = − 4
π

∫ ∞
¯̀

dz

z
∂z log(1− χ̂(z))

¯̀2√
1− ¯̀2/z2

+ 4β ¯̀. (7.12)

The additional term in the right-hand side comes from the residue at infinity. It ensures
that F (¯̀) = O(¯̀2) for small ¯̀.

Using the generating function (7.11), we can evaluate (6.1) as

logO` =−g
[
A0 +2β ¯̀(log(2¯̀)−1)+ ¯̀log b(0)− 1

2

∫ 1

0

ds

s2 (1−s)F (¯̀s)
]

+O(g0) , (7.13)

where we replaced A1 and B defined in (6.2) by their leading asymptotic behavior at large
g. The last term in the right-hand side of (7.13) describes the contribution of terms with
odd coefficients A2k+1. Substituting (7.12) into (7.13), we find after some algebra that the
expression inside the brackets in (7.13) takes a simple form

logO`(χ̂) = 2g
∫ ∞

¯̀

dz

π
log(1− χ̂(z))

√
1− ¯̀2/z2 +O(g0) , (7.14)

where ¯̀= `/(2g). We verify, that for ¯̀= 0 this expression coincides with the leading term
of the strong coupling expansion (6.1). For nonzero ¯̀, the relation (7.14) takes into account
corrections to the octagon of the form g(`/g)k to all orders in k. Using expressions for the
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expansion coefficients (6.13), it should be possible to determine subleading corrections
to (7.14). This question deserves further investigation.

From the point of view of the strong Szegő limit theorem, the relation (7.14) provides
the leading asymptotic behavior of the Fredholm determinant of the Bessel operator B`(χ̂)
in the double scaling limit of large g and ` with their ratio held fixed.

Another representation for the ‘simplest’ octagon O(s)
` with a large bridge length

` = O(g) was derived in ref. [32] using the clustering procedure [30]

logO(s)
` = g

π

∫ ∞
−∞

dϑ

(
ξ coshϑ+ i¯̀ cosh2 ϑ

sinh(ϑ− i0ξ)

)
log(1 + Y (ϑ)) , (7.15)

where the function Y (ϑ) is defined as

Y (ϑ) = − cosh y + cosh ξ
cosh y + cosh(ξ coshϑ+ i¯̀sinhϑ)

. (7.16)

The second term inside the brackets in (7.15) has a pole at ϑ = 0, the integration contour
is deformed using the ±i0 prescription, depending on the sign of ξ.

To show the equivalence of the two representations (7.14) and (7.15), we change the
integration variable in (7.15) from the real ϑ to a complex z

z2 = (ξ2 − ¯̀2) sinh2 ϑ+ 2i¯̀ξ sinhϑ coshϑ . (7.17)

The integration contour Cz in the complex z-plane has two branches z+ and z− corre-
sponding to ϑ > 0 and ϑ < 0, respectively. They are complex conjugate to each other,
z− = z∗+ with Im z+ > 0, and merge at the origin. We have z+ ∼ (2i¯̀ξϑ)1/2 for ϑ→ 0 and
z+ ∼ eϑ(ξ + i¯̀)/2 for ϑ→∞.

Changing the variables to (7.17), we get from (7.15)

logO` = g

π

∫
Cz
dz log(1− χ̂(z))

[
i

z

√
¯̀2 − z2 + iξ ¯̀

z
√
ξ2 + z2

]
, (7.18)

where χ̂(z) = −Y (ϑ) coincides with the function χ̂(s) defined in (5.2). The expression
inside the brackets has a pole at z = 0 and the two branching points z2 = −ξ2 and
z2 = ¯̀2 which are located on different sides of the integration contour Cz. The prescription
(−i0ξ) in (7.15) transates to z2

± ∼ 2i¯̀ξ(ϑ− i0ξ) for small θ. This amounts to shifting the
integration contour in (7.18) around z = 0 in such a way that Cz can be further deformed
to encircle the cut that starts at z2 = ¯̀2 and goes to infinity. Then, the second term inside
the brackets in (7.18) gives vanishing contribution and the first one yields (7.14).

8 Conclusions

In this paper, we developed a new technique for computing correlation functions of heavy
half-BPS operators in planar N = 4 SYM theory for arbitrary coupling constant. The
starting point of our analysis was a representation of these correlation functions in terms
of the octagons O` with an arbitrary bridge length `. We argued that O` can be expressed
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as the Fredholm determinant of the integrable Bessel operator and demonstrated that this
representation is very efficient in deriving expansion of the octagon both at weak and strong
coupling. The presented results generalize those obtained in ref. [12] for zero-length bridge.

The introduction of a nonvanishing bridge ` leads to interesting novel features of the
octagon. At weak coupling, perturbative corrections are enhanced in the null limit y →∞
when the four operators sit at the vertices of a null rectangle. For ` = 0 such corrections
exponentiate and scale as logO0 ∼ y2 to any order in g2. For ` > 0 the corrections to logO`

scale as (g2y2)`+n+1 with n ≥ 0, so that the power of y2 increases with the loop order. We
found that the resummed expression for O` is related to the τ−function of the Okamoto’s
theory of the Painlevé V equation and obeys the well-known Toda lattice equation.

At strong coupling, we exploited the determinant representation of the octagon to de-
rive the first few terms of its expansion at large g from the strong Szegő limit theorem. To
achieve this goal, we had to generalize results previously obtained in mathematical litera-
ture for asymptotic behavior of the determinant of the Bessel operator. As a byproduct of
our analysis we formulated a (conjectured) modified Szegő-Akhiezer-Kac formula for the
determinant of the Bessel operator with a Fisher-Hartwig singularity.12

One of the consequences of our consideration was the elucidation of the universal origin
of the coefficient A1 accompanying the log g term in (1.1). We showed that A1 is a linear
function of the bridge length `, independent of the kinematical variables. This property is
a manifestation of the Fisher-Hartwig singularity and it is related to the behavior of the
symbol of the Bessel operator around the origin.

The Szegő-Akhiezer-Kac formula describes the first three terms of the strong coupling
expansion of the octagon (1.1) and yields the coefficients A0, A1 and B. In our analysis, we
used their expressions as initial conditions for the method of differential equations. This al-
lowed us to compute the coefficients of the strong coupling expansion of the octagon to any
order in 1/g. In terms of the strong Szegő limit theorem, they determine subleading, power
suppressed corrections to the determinant of the truncated Bessel operators and closely re-
lated Wiener-Hopf operators. We found that these corrections have an interesting iterative
structure and can be resummed to all orders in 1/g for specific values of the bridge length `.

There is a number of important issues that deserve further investigation. Analyzing
subleading corrections to the octagon at strong coupling, we systematically ignored expo-
nentially small terms. The latter are interesting in their own right as they may shed some
light on non-perturbative effects at strong coupling. For the Wiener-Hopf operators with
regular symbols, the Geronimo-Case-Borodin-Okounkov formula provides a systematic way
to account for exponential suppressed terms. It would be interesting to find its analogue
for the Bessel operators with regular and singular symbols, which in the present situation
describe ‘asymptotic’ and ‘simplest’ octagons, respectively.

When discussing the octagons with large bridge length ` = O(g), we found that the
leading terms of the form g(`/g)n can be resummed to all orders into a simple expres-
sion that matches result previously obtained using the clustering technique. It would
be interesting to extend this analysis to subleading effects and find a generalization of the
Szegő-Akhiezer-Kac formula in the double scaling limit g, `→∞ with ¯̀= `/(2g) held fixed.

12We checked this formula in different ways and left its rigorous proof to specialists.
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The formalism developed in this paper can be applied to computing other observ-
ables in N = 4 SYM which are related to operator determinants. One such example of
particular interest is the behavior of the six-point gluon MHV scattering amplitude at a
specific kinematical point corresponding to zero values of some Mandelstam invariants [45].
The leading double logarithmic behavior of the amplitude is controlled by anomalous di-
mensions whereas the constant term can be cast as a determinant of the tilted flux-tube
kernel. At strong coupling, it has the leading asymptotic behavior similar to that of the
octagon (1.1). The reason for this is that the twisted flux-tube kernel defines an integral
operator with a matrix symbol possessing a Fisher-Hartwig singularity and its determinant
can be computed by the technique developed in this work.
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A Bessel operator with Fisher-Hartwig singularity

In this appendix, we formulate a conjecture (5.11) for the Fredholm determinant of the
Bessel operator (5.4) with the symbol having a Fisher-Hartwig singularity of the form (5.9).

According to its definition (5.4), the truncated Bessel operator B`(χ̂) acts on the
interval [0, 2g] and depends on the symbol χ̂(z). For sufficiently smooth function χ̂(z)
verifying the condition χ̂(z) 6= 1 for 0 ≤ z < ∞, the Fredholm determinant of B`(χ̂) is
given at large g by the relation (5.5), see ref. [33].

The relation (5.5) is a generalization of the strong Szegő limit theorem to the truncated
Bessel operator. This theorem has been originally formulated for determinants of Toeplitz
matrices of large size [16, 17]. In continuum limit, the latter become the determinants of
truncated Wiener-Hopf operators W(χ) defined in (3.24).13 As in the case of the Bessel
operator, it is convenient to switch to the function χ̂(z) = χ(4g2z2) and use an equivalent
representation of the same operator

W(χ̂)f(t) =
∫ 2g

−2g
dt′ Ŵ (t− t′)f(t′) ,

Ŵ (t− t′) =
∫ ∞

0

dz

π
cos(z(t− t′))χ̂(z) . (A.1)

The operator W(χ̂) acts on the interval [−2g, 2g] and, in virtue of translation invariance
of the kernel, its determinant only depends on the length of the interval.

13The symbol of the operator (3.24) is an even function of z, this condition can be relaxed for a generic
definition of the Wiener-Hopf operator.
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The strong Szegő limit theorem states that the Fredholm determinants of the Wiener-
Hopf and Bessel operators with a regular symbol χ̂ are given at large g by [23, 24, 33]

det(1−W(χ̂))[−2g,2g] = exp
(

4gψ̃(0) +
∫ ∞

0
dk k

(
ψ̃(k)

)2 + . . .

)
,

det
(
1−B`(χ̂)

)
[0,2g] = exp

(
2gψ̃(0)− `

2ψ(0) + 1
2

∫ ∞
0

dk k
(
ψ̃(k)

)2 + . . .

)
, (A.2)

where ψ̃(k) is defined in (5.6). Here the ellipses denote corrections vanishing as g → ∞.
According to the Geronimo-Case-Borodin-Okounkov formula, the subleading corrections to
the first relation in (A.2) are exponentially small at large g [44]. For the Bessel operator,
analogous formula is not known in the literature. In fact, we show in section 6, that
subleading corrections to the second relation in (A.2) are instead power suppressed at
large g. We also develop there a technique that allows us to compute these corrections to
any order in 1/g, see eq. (A.14) below.

For the singular symbol χ̂, the relation (A.2) has to be modified. In our analysis, we
encountered singular symbols of two different kinds. The first one is χ(x) = θ(s2 − x) or
equivalently χ̂(z) = θ(s2−4g2z2). We have shown in section 4.3 that this function describes
the asymptotic behavior of the octagon at weak coupling in the null limit. In this case, the
Fredholm determinants of the Wiener-Hopf and Bessel operators are given by [14, 34, 41]

det(1−W(χ)) = exp
(
−s

2

8 −
1
4 log s+ 1

3 log 2 + 3ζ ′(−1) +O(1/s)
)
,

det(1−B`(χ)) = exp
(
−s

2

4 + `s− `2

2 log s+ log G(`+ 1)
(2π)`/2

+O(1/s)
)
, (A.3)

where ζ ′(−1) = 1/12 − logA is the derivative of the Riemann zeta function and A is the
Glaisher constant. Notice that the exponents in both relations scale quadratically with
s and subleading corrections run in powers of 1/s. The second relation in (A.3) leads
to (4.18).

The second singular symbol takes the form (5.9). It has the Fisher-Hartwig singularity
and describes the asymptotic behavior of the ‘simplest’ octagon at strong coupling. For the
symbol (5.9), the Fredholm determinant of the Wiener-Hopf operator (A.1) was derived so
far only for specific values of β in ref. [46] and its general expression was conjectured to
be, see, e.g., ref. [18],

det(1−W(χ̂))[−2g,2g] = exp
[
4gψ̃(0) +

∫ ∞
0

dk

(
k(ψ̃(k))2 − β2 1− e−k

k

)

+β2 log(2g) + log G
2(β + 1)

G(2β + 1) +O(1/g)
]
, (A.4)

where the function ψ̃(k) is defined in (5.6) and G is the Barnes function. As compared
with (A.2), this relation contains the additional terms generated by the Fisher-Hartwig
singularity. It follows from (5.9) and (5.6) that ψ̃(k) ∼ −β/k at large k. The β−dependent
term on the first line of (A.4) is needed for the integral to be well-defined.
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For the determinant of the Bessel operator with the symbol (5.9) we put forward the
following conjecture

det
(
1−B`(χ̂)

)
[0,2g] = exp

[
2gψ̃(0)− `

2 log b(0) + 1
2

∫ ∞
0

dk

(
k(ψ̃(k))2 − β2 1− e−k

k

)

+
(
β`+ 1

2β
2
)

log g + β

2 log(2π) + log G(1 + `)
G(1 + `+ β) +O(1/g)

]
,

(A.5)

where the function b(z) is defined in (5.9). We show in section B that for ` = 0 and χ̂ = χ̂(s)

(see eq. (5.2)) the relation (A.5) correctly reproduces numerical results for the determinant
of the Bessel operator obtained in ref. [12]. In addition, the relation (A.5) can be checked
in various ways.

We recall that the determinants of the Wiener-Hopf and Bessel operators are related
to each other by the relation (A.3). It is straightforward to verify that the two expressions
in (A.3) satisfy (C.4). Analogous relation holds between determinants of the operators
W(χ̂) and B±1/2(χ̂)

det
(
1−B1/2(χ̂)

)
[0,2g] det

(
1−B−1/2(χ̂)

)
[0,2g] = det(1−W(χ̂))[−2g,2g] . (A.6)

We verify using (A.2) that this relation holds for a regular symbol χ̂. Substituting (A.4)
and (A.5) into (A.6) we find that it is also satisfied for the singular symbol (5.9).

Choosing b(z) = 1 in (5.9) and applying (A.5), we can obtain the Fredholm determinant
for the Bessel operator with the symbol χ̂(z) = 1− ωβ(z). The calculation shows that∫ ∞

0

dz

π
logωβ(z) cos(zx) = −β

k

(
1− e−k

)
, (A.7)

where ωβ(z) is defined in (5.9). Replacing ψ̃(k) in (A.5) with this expression, we find after
some algebra

det
(
1−B`(1−ωβ)

)
[0,2g] = exp

[
−2gβ+

(
β`+ 1

2β
2
)

logg

+ 1
2β log(2π)− 1

2β
2 log2+log G(1+`)

G(1+`+β) +O(1/g)
]
. (A.8)

For ` = ±1/2, this relation agrees with the findings of ref. [26].
The leading terms in eqs. (A.4) and (A.5) are proportional to ψ̃(0) =

∫∞
0 dz log(1 −

χ̂(z))/π. Replacing χ̂(z) with its expression (5.9), we get

ψ̃(0) =
∫ ∞

0

dz

π
log b(z) +

∫ ∞
0

dz

π
logωβ(z) . (A.9)

The two terms in the right-hand side define the leading asymptotics of the determinants
of the operators with symbols 1 − b(z) and 1 − ωβ(z), respectively. This suggest that the
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appropriately taken ratio of the determinants should approach a finite value for g → ∞.
For the Wiener-Hopf operator W(χ̂), this is known as the localization property [47]

lim
g→∞

det(1−W(χ̂))
det(1−W(1− b)) det(1−W(1− ωβ)) = e2C , (A.10)

where C does not depend on g and is defined below.
We can show using (A.5) that the determinant of the Bessel kernel B`(χ̂) has the same

property

lim
g→∞

det(1−B`(χ̂))
det(1−B`(1− b)) det(1−B`(1− ωβ)) = eC , (A.11)

where the constant C is the same as in (A.10). It is given by

C =
∫ ∞

0
dk k

∫ ∞
0

dz

π
log b(z) cos(zk)

∫ ∞
0

dz′

π
logωβ(z′) cos(z′k)

= −β
(1

2 log b(0)−
∫ ∞
−∞

dz

2π
log b(z)
1 + z2

)
. (A.12)

Here we applied (A.7) and used the parity property b(z) = b(−z) to extend the integration
region to the whole real axis.14 The integral in the last relation can be evaluated by
applying the Wiener-Hopf decomposition b(z) = b+(z)b−(z) = b+(z)b+(−z) where b+ and
b− are analytical in the upper and lower half-plane, respectively. Then, computing the
integral by residues, we get

C = β log b+(i)
b+(0) . (A.13)

Notice that C is linear in β and it is independent of the index ` of the Bessel function.
Universality of the constant in the right-hand side of (A.10) and (A.11) follows from (A.6).

The Szegő-Akhiezer-Kac relations (A.4) and (A.5) hold up to contributions suppressed
by powers of 1/g. Denoting the O(1/g) corrections to the exponents of (A.4) and (A.5) as
∆W and ∆B,`, respectively, we find from (6.1)

∆B, ` =
∑
k≥2

Ak
2k(k − 1)g

1−k , ∆W = ∆B,−1/2 + ∆B, 1/2 , (A.14)

where the expansion coefficients are given by (6.13) and the second relation follows
from (A.6).

We demonstrated in section 6, that power suppressed corrections to the determinant
of the Bessel operator have an interesting iterative form and they can be found in a closed
form for specific values of parameters, see, e.g., eqs. (7.5) and (7.14). For the Wiener-Hopf
operator, we find from (A.14) and (6.13)

∆W = −β
2I1
2g −

β2I2
1

8g2 −
β2 ((β2 − 1

)
I2 + 4I3

1
)

96g3 − β2 ((β2 − 1
)
I1I2 + I4

1
)

64g4

− β2 (20(β2 − 1)I2I
2
1 + (β2 − 1)(β2 − 4)I3 + 8I5

1
)

1280g5 +O(1/g6) . (A.15)

14For the symbol χ̂(s) defined in (5.2), b(z) is an even function of z. For arbitrary b(z) the expression for
C is more involved.
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As expected, ∆W vanishes for β = 0. Using (7.5), we deduce

∆W (β = ±1) = log
(
g′/g

)
,

∆W (β = ±2) = 4 log(g′/g) + log
(
1− I2/(2g′)3

)
,

∆W (β = ±3) = 9 log(g′/g) + log(1− I2/(2g′)3)

+ log
(
1− 5I2/(2g′)3 − 9I3/(2g′)5 − 5I2

2/(2g′)6
)
, (A.16)

where g′ = g − I1/2 and the functions Ik are introduced in the main text in eqs. (6.14)
and (6.16).

B Application of Szegő-Akhiezer-Kac formula

In this appendix, we apply the Szegő-Akhiezer-Kac formula (5.11) to compute the function
B(s) defined in (5.12) in various kinematical limits and compare the obtained results with
the findings of ref. [12].

It is convenient to rewrite the expression for B`(y, ξ) ≡ B(s) in (5.12) as

B`(y, ξ) = B0(y, ξ)− log Γ(1 + `)− 1
2` log

( sinh ξ
2ξ(cosh ξ + cosh y)

)
,

B0(y, ξ) = 1
2 log(2π) + 1

2

∫ ∞
0

dk

(
k(ψ̃(k))2 − 1− e−k

k

)
,

ψ̃(k) =
∫ ∞

0

dz

π
log

(
cosh

√
z2 + ξ2 − cosh ξ

cosh
√
z2 + ξ2 + cosh y

)
cos(kz) . (B.1)

The variables y and ξ parameterize the cross-ratios (3.13) and (2.2). We consider four
different kinematical regions, we refer the reader to ref. [12] for explanation of their physical
significance.

y = ξ = 0. In this case, we have

ψ̃(k) =
∫ ∞

0

dz

π
log(tanh2(z/2)) cos(zk) = −1

k
tanh(kπ/2) . (B.2)

Notice that ψ(k) ∼ −1/k at large k. As explained in section 5.3, this is a manifestation of
the Fisher-Hartwig singularity. The integral in the expression for B0 in (B.1) is well-defined
and its calculation yields

B0 = −6 logA+ 1
2 + 7 log 2

6 + log π = 0.960875 , (B.3)

where A is the Glaisher’s constant. This result is very close to the numerical value found
in ref. [12], see eq. (6.9) there. For arbitrary bridge length, we have

B` = − log Γ(1 + `) + ` log 2− 6 logA+ 1
2 + 7 log 2

6 + log π . (B.4)
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ξ = 0, y = i(π − φ). The calculation of ψ̃(k) gives

ψ̃(k) =
∫ ∞

0

dz

π
log

( cosh z − 1
cosh z − cosφ

)
cos(kz) = cosh((π − φ)k)− cosh(πk)

k sinh(πk) . (B.5)

At small φ, we get from (B.1)

B` = − log Γ(1 + `) + ` log φ+ 1
2 log(φπ) + . . . , (B.6)

where dotes denote terms vanishing as φ → 0. For ` = 0 this relation coincides with the
analogous expression in ref. [12], see eq. (6.17).

ξ = 0, y � 1. Taking into account (B.5), we get

ψ̃(k) =
∫ ∞

0

dz

π
log

( cosh z − 1
cosh z + cosh y

)
cos(kz) = cos(yk)− cosh(πk)

k sinh(πk) . (B.7)

Substituting this expression into (B.1), we obtain after some algebra

B0(y, ξ) = 1
2 log(2π) +

∫ ∞
0

dk

2k

(
e−k− 1

cosh2(πk/2)

)

+
∫ ∞

0

dk

4k

[
(cos(yk)− 1)2

cosh(πk)− 1 + 4− (cos(yk) + 1)2

cosh(πk) + 1

]
. (B.8)

The integral in the second line can be evaluated at large y by replacing 1/(cosh(πk) ± 1)
with their Mellin-Barnes representation. This leads to the following result for B` at large y

B` = log 2
2π2 y

2 + `

2y+ logy
4 − log Γ(1+`)−3 logA+ 1

4 + 5log 2
6 + 3

4 logπ+O(1/y2) . (B.9)

For ` = 0 this relation agrees with eq. (6.27) in [12].

y = iπ, ξ � 1. In this limit, the expression for ψ̃(k) can be simplified as

ψ̃(k) ∼
∫ ∞

0

dz

π
log(1− e−z2/(2ξ)) cos(kz) = −

(
ξ

2π

)1/2 ∑
p≥1

p−3/2 e−k2ξ/(2p) , (B.10)

where in the second relation we replaced logarithm by its series expansion. Replacing ψ̃(k)
in (B.1) with this expression, we obtain a representation of B` as a double series. Its
resummation gives

B` = 1
4(2`+ 1) log(2ξ)− log Γ(1 + `) + 1

4 log π + c+ . . . , (B.11)

where dots denote terms vanishing for ξ →∞ and a notation was introduced for

c = 1
4 log(4π) + 1

4π
∑
p≥0

(−1)pζ
(

1
2 − p

)
ζ
(
p+ 3

2

)
= 0.348761 . (B.12)

For ` = 0 the expression for B0 agrees with eq. (6.12) in [12].
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C Relation between Bessel and Wiener-Hopf operators

In this appendix, we follow ref. [34] to prove the relation (3.23). For half-integer `, the
Bessel functions J`(x) are expressible in terms of trigonometric functions, e.g., J−1/2(x) =
(2/(πx))1/2 cosx and J1/2(x) = (2/(πx))1/2 sin x. Using these relations, we get from (3.21)

B∓1/2
(
t21, t

2
2

)
= 1

2(t1t2)−1/2 [W (t1 − t2)±W (t1 + t2)] , (C.1)

where the functionW (t1−t2) is the kernel of the Wiener-Hopf operator (3.24). In a similar
manner, the function W (t1 + t2) defines the kernel of the Hankel operator. Equation (C.1)
implies that for ` = ±1/2 the Bessel operator reduces to a sum or difference of truncated
Wiener-Hopf and Hankel operators acting on the interval [0, 1], see, e.g., ref. [48].

Let us examine the eigenproblem for the operator W(χ) defined in (3.24)
∫ 1

−1
dt′W (t− t′)fλ(t′) = λfλ(t) . (C.2)

Since W (t) is an even function of t, the eigenfunctions fλ(t) have a definite parity under
t→ −t. Taking into account (C.1), we find that the even and odd eigenfunctions, f (+)

λ and
f

(−)
λ , respectively, satisfy the equation

2
∫ 1

0
dt′ (t t′)1/2B∓1/2

(
t2, t′2

)
f

(±)
λ (t′) = λ(±)f

(±)
λ (t) . (C.3)

Next, changing the integration variables to t2 and t′2, we observe that f (±)
λ (
√
t)/t1/4 diago-

nalize the operators B∓1/2(χ) introduced in (3.21). As a consequence, det(1−B∓1/2(χ) =∏
λ(±) leads to

det
(
1−B−1/2(χ)

)
det

(
1−B1/2(χ)

)
= det(1−W(χ)) . (C.4)

Combining this relation with (3.22), we finally arrive at (3.23).

D Numerical tests

In this appendix, we test the obtained expressions for the octagon by comparing them with
the results of numerical evaluation performed using the technique described in ref. [12].

Null limit. Let us consider the ‘simplest’ octagon (3.22) with the symbol given by the
function χ̂(s)(z) defined in (5.2). At weak coupling, for y � 1 with s = 2gy kept fixed, it
is described by the resummed expression (4.14). At strong coupling, for g > y � 1, we
use the strong coupling expansion of the octagon (6.1) with the coefficients given by (5.12)
and (6.13) for β = 1. In addition, we apply the Borel-Padé method to improve the series in
1/g (see ref. [12] for details). The comparison with the numerical values for y = 10, ξ = 0
and ` = 1 is shown in figure 2.
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Figure 2. The dependence of the octagon O`=1(χ̂(s)) on the coupling constant for y = 10 and
ξ = 0. Black dots denote numerical values, red and blue curves describe weak and strong coupling
expansions, respectively.
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-1

ℓ

logOℓ

Figure 3. The dependence of the octagon O`(χ̂(s)) on the bridge length ` for g = 2 and y = ξ = 0.
Comparison of numerical values (black dots) with large g expansion (6.1) (blue curve) and large `
expansion (7.14) (red curve). The two curves merge at ` ≈ 5, or equivalently ¯̀≈ 1.25.

Large bridge length limit. For ` = O(g) and g � 1, the leading asymtotic behavior of
the octagon is given by (7.14). As in the previous case, we consider the ‘simplest’ octagon
O`(χ̂(s)) and compute it numerically for various `’s at some reference value of the coupling
constant g = 2 and kinematical invariants y = ξ = 0. A comparison of the numerical
results with the strong coupling expansion (6.1) and the large ` expansion (7.14) is shown
in figure 3.

The Szegő-Akhiezer-Kac formula. Computing the octagon at strong coupling, we
applied the conjectured Szegő-Akhiezer-Kac formula (5.11) for special values of β specified
in (5.10). To test the relation (5.11) for arbitrary β, we choose the symbol of the Bessel
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(0, 0) (0, 1
4) (1

4 , 0) (0, 1
2) (1

2 , 0) (1
4 ,

1
4) (1

4 ,
1
2) (1

2 ,
1
4) (1

2 ,
1
2)

-2.21436 -2.96772 -2.04107 -3.66198 -1.86779 -2.69201 -3.31135 -2.44381 -3.00826
-2.19493 -2.95992 -2.02651 -3.66198 -1.86779 -2.69201 -3.31385 -2.45670 -3.01412
-2.19486 -2.95993 -2.02655 -3.66200 -1.86792 -2.69206 -3.31387 -2.45676 -3.01413

Table 1. The Szegő-Akhiezer-Kac formula (D.3) for g = 2 and different values of the pair (`, β).
The entries in the first row are obtained by neglecting O(1/g) corrections on the right-hand side
of (D.3), the entries in the second row take into account the O(1/g6) terms. The last row shows the
results of numerical evaluation. For `+ β = 1/2 the entries in the first and second raws coincide in
virtue of the first relation in (7.5).

operator to be (5.9) with the regular symbol b(z) being

b(z) = z2 + 1
z2 tanh2(z/2) . (D.1)

The rational for this choice is that for β = 1 the corresponding function χ̂(z) in (5.9)
coincides with χ̂(s)(z) defined in (5.2) for y = ξ = 0.

Substitution of (D.1) into (5.6) yields (see eqs. (A.7) and (B.2))

ψ̃(k) = −β − 1
k

(
1− e−k

)
− 1
k

tanh(kπ/2) . (D.2)

Taking into account this relation we get from (5.11) after some algebra

logdet
(
1−B`(χ̂)

)
[0,2g] =−(π+2β−2)g+ 1

2
(
2β`+β2

)
logg

− 1
2(β−1)2 log2+2(β−1) log

Γ
(

1
2 + 1

2π

)
Γ(1

2)Γ
(
1+ 1

2π

)+ 1
2β log(2π)

+` log2+log G(1+`)
G(1+`+β) + 1

2 + 1
2 logπ+ 2log2

3 −6logA+O(1/g) .

(D.3)

Power suppressed corrections to this relation are given by the last term on the right-hand
side of (6.1). It involves the expansion coefficients Ak (with k ≥ 2) defined in (6.13). We
use (6.16) and (D.1) to find the corresponding profile function as

In = (−1)n
[
β − 1 + 2η(2n− 1)

π2n−1

]
, (D.4)

where η(x) is a Dirichlet eta-function.
To test the relation (D.3), we evaluated the left-hand side of (D.3) numerically for

g = 2 and different values of ` and β, and compared it with the first few terms of the
strong coupling expansion. The results are shown in table 1.
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E Quantum curve representation

We use the relation (7.16) to verify that

log(1 + Y (ϑ)) = log (1 + e−ε`(ϑ)+y)(1 + e−ε`(ϑ)−y)
(1− e−ε`(ϑ)+ξ)(1− e−ε`(ϑ)−ξ)

, (E.1)

where ε`(ϑ) = ξ coshϑ+ i¯̀sinhϑ. Integrating by parts in (7.15) we get

logO(s)
` = − g

π

∫ ∞
−∞

dϑ

sinh2(ϑ− i0ξ)
×
[
Li2(− e−ε`(ϑ)+y) + Li2(− e−ε`(ϑ)−y)

− Li2(e−ε`(ϑ)+ξ)− Li2(e−ε`(ϑ)−ξ)
]
. (E.2)

Then, we change the integration variable to u = 2g coth θ and rewrite the above relation as

logO(s)
` =− 1

2π

(∫ −2g

−∞
+
∫ ∞

2g

)
du

(1−iuξδ)2

×
[
Li2(−e−F`(u)+y)+Li2(−e−F`(u)−y)−Li2(e−F`(u)+ξ)−Li2(e−F`(u)−ξ)

]
, (E.3)

where δ → 0 and integration goes over u2 ≥ (2g)2. Here the notation was introduced for

F`(u) = i`+ ξu√
u2 − (2g)2 = `Eψ(u)− 2iξpψ(u) , (E.4)

where Eψ and pψ are the (mirror) energy and momentum of excitations that contribute
to (2.3). The additional factor in (E.3) depending on δ ensures a convergence of the integral
at infinity. The relation (E.3) is similar to the quantum curve representation of three-point
correlation functions discussed in ref. [30]. Repeating the same analysis for the octagons
O± and O(a)

` we find that they admit similar representations.

F Similarity transformation

In this appendix, we construct the similarity transformation (3.6) for the matrix
H± = λ±CK which is given by the product of a scalar factor λ± and two semi-infinite
matrices defined in (3.2) and (3.3).

It is convenient to change the integration variable in (3.3) to x = 2g
√
t2 − ξ2 to get

another representation for the matrix K

Kmn = 1
2

∫ ∞
0

dx
hmn(x, 2gξ)

cosφ− cosh
√
x2/(2g)2 + ξ2 ,

hmn(x, σ) = im−n−1Pm−n(σ/x)Jm+`(x)Jn+`(x) ,

Pn(x) =

(
x+
√
x2 + 1

)n
−
(
x−
√
x2 + 1

)n
2
√
x2 + 1

, (F.1)

where σ = 2gξ. Here Pn(x) satisfies the property P−n(x) = Pn(−x) = (−1)n−1Pn(x). For
positive integer n, it is given by a polynomial in x of degree n − 1 and is related to the
Chebyshev polynomial of the second kind Pn(x) = (−i)n−1Un−1(ix).
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Let us introduce notation for the product of two semi-infinite matrices ĥ = Ch(x, σ),

ĥmn(x, σ) = hm+1,n(x, σ)− hm−1,n(x, σ)θ(m− 1) =
[
ĥee ĥeo
ĥoe ĥoo

]
, (F.2)

wherem,n ≥ 0 and we split ĥmn(x, σ) into four semi-infinite blocks depending on the parity
ofm and n (with ‘e’ and ‘o’ referring to even and odd indices, respectively). We show below
that the σ−dependence of ĥ(x, σ) can be eliminated by a similarity transformation

ĥ(x, σ) = Ω−1(σ) ĥ(x, 0) Ω(σ) . (F.3)

For σ = 0, it follows from (F.1) and (F.2) that ĥeo(x, 0) = ĥoe(x, 0) = 0 and, therefore, the
matrix ĥ(x, 0) takes a block diagonal form. Moreover, it is straightforward to verify that
nonvanishing entries of ĥmn(x, 0) obey∑

k≥0

(
Umkĥ2k,2n(x, 0)− ĥ2m+1,2k+1(x, 0)Ukn

)
= 0 , (F.4)

where Unm = (2n + 1 + `)θ(n − m). This relation implies that, for σ = 0, the diagonal
blocks of ĥ(x, 0) are related to each other as

ĥee(x, 0) = U−1 ĥoo(x, 0)U . (F.5)

Then, combining together the relations (F.1), (F.2) and (F.3), we find that the matrix
H± = λ±CK satisfies the relation (3.6).

We now observe that the relation (F.3) allows us to determine the matrix Ω(σ) up to
a gauge transformation Ω(σ)→ ωΩ(σ) with the matrix ω satisfying [ω, ĥ(x, 0)] = 0. Using
this property, we can fix a gauge by imposing additional conditions on the matrix elements
of Ω(σ) ∑

m≥0
Ω2m,2k+1(σ) =

∑
m≥0

Ω2m+1,2k(σ) = 0 ,

∑
m≥0

Ω2m,2k(σ) =
∑
m≥0

Ω2m+1,2k+1(σ) = 1 . (F.6)

Expanding both sides of (F.3) at small σ, it is possible to check that these relations un-
ambiguously fix the matrix Ω(σ). Then, we apply (F.3) and (F.6) to get for the matrix
elements of Ω(σ)ĥ(x, σ) = ĥ(x, 0) Ω(σ)∑

m,k≥0
Ω2m+1,kĥkn(x, σ) =

∑
k≥0

ĥ2k+1,n(x, σ) =
∑
m,k≥0

ĥ2m+1,2k+1(x, 0) Ω2k+1,n , (F.7)

where in the first relation, we split the sum into the even and odd value of k and used (F.6)
afterwards. In the second relation, we took into account that ĥ2m+1,k(x, 0) vanish for even
k. Replacing ĥ2k+1,n with its expression (F.2) and evaluating emerging telescoping sums,
we obtain

h0n(x, σ) =
∑
k≥0

h0,2k+1(x, 0) Ω2k+1,n(σ) . (F.8)
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Repeating this analysis for
∑
m,k Ω2m,kĥkn(x, σ), we obtain in a similar manner

h1n(x, σ) =
∑
k≥0

h1,2k(x, 0) Ω2k,n(σ) . (F.9)

Replacing h0n and h1n with their expressions (F.1) and taking into account that P−n(x) =
(−1)n−1Pn(x), we deduce from the last two relations

in+1Pn(σ/x)Jn+`(x) =
∑
k≥0

i2k+2J2k+1+`(x) Ω2k+1,n(σ) ,

inPn−1(σ/x)Jn+`(x) =
∑
k≥0

i2kJ2k+`(x) Ω2k,n(σ) . (F.10)

Finally, we integrate both sides of these relations with J2k+1+`(x)/x and J2k+`(x)/x, re-
spectively, to get Ω0,n = δn0 and

Ω2k+1,n = 2(2k + 1 + `)(−1)k+1
∫ ∞

0

dx

x
in+1Pn(σ/x)Jn+`(x)J2k+1+`(x) ,

Ω2k+2,n = 2(2k + 2 + `)(−1)k+1
∫ ∞

0

dx

x
inPn−1(σ/x)Jn+`(x)J2k+2+`(x) , (F.11)

where k, n ≥ 0 and Pn is defined in (F.1). These relations provide a concise representation
of the semi-infinite matrix Ω entering (3.6). It is straightforward to use it to expand Ω in
powers of σ = 2gξ.

We recall that the relations (F.11) hold in the gauge (F.6). Another representation
for the matrix Ω was recently derived in ref. [49] using a different technique. It differs
from (F.11) by a gauge rotation.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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