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1 Introduction

Conformal higher spin (CHS) models in four-dimensional Minkowski space [1] were pro-
posed more than thirty years ago.! A few years later, CHS superalgebras [4, 5] and asso-
ciated gauge theories in the cubic approximation [6, 7] were constructed, as an extension
of the seminal work by Fradkin and Vasiliev on higher-spin superalgebras [8-10] and in-
teracting massless higher-spin theories [11, 12]. Finally, the Lagrangian formulation for
a complete interacting bosonic CHS theory was sketched [13] and fully developed [14] in
2002; see also [15-17] for more recent related studies. However, gravitational interactions
of CHS fields still remain quite mysterious.

For every positive integer or half-integer s > 1, the gauge-invariant action for a con-
formal spin-s field contains 2s derivatives, and therefore it is a higher-derivative theory for
s > 1. This higher-derivative structure implies that the problem of a consistent deformation
of CHS actions from flat to curved gravitational backgrounds is nontrivial. For instance,
since the 1985 work by Fradkin and Tseytlin [1] it was reasonably clear that there should
exist a consistent formulation for all CHS models on arbitrary conformally flat backgrounds.
However, such a formulation has been developed only recently [18], and it also works for
generalised CHS models. The latter describe conformal spin-s fields of depth ¢ > 1, which
have been studied for more than thirty years [19-28]. Dynamics of the conformal graviton
(s = 2) can be consistently defined on an arbitrary Bach-flat background, since the corre-
sponding gauge-invariant model is obtained by linearising the Weyl gravity action about its
stationary point, and the equation of motion for conformal gravity is that the Bach tensor
vanishes. The same is true of the conformal gravitino (s = 3/2), since the corresponding
gauge-invariant model is obtained by linearising the action for conformal supergravity [29].

!The CHS gauge fields introduced in [1] are naturally realised as component fields of the conformal
higher spin supermultiplets [2, 3].



For quite some time it was believed that the dynamics of a single conformal spin-s
field could be consistently defined on Bach-flat backgrounds for any s > 2, see e.g. [30, 31].
However, recent studies of the conformal spin-3 theory [30-33] have demonstrated [31, 32]
that gauge invariance of a pure spin-3 field can only be upheld to first order in the back-
ground curvature. It was then conjectured by Grigoriev and Tseytlin [31] that it might
be possible to restore gauge invariance by switching on a coupling to a conformal spin-1
field. This idea has been confirmed by Beccaria and Tseytlin [32] who explicitly worked
out the spin 1-3 mixing terms. Nevertheless, due to its higher-derivative nature, the pure
spin-3 sector to all orders in the background curvature is still unknown, and the story of
the conformal spin-3 field in curved backgrounds remains so far unfinished.

It appears that new insights into the problem under consideration may be obtained by
studying somewhat simpler dynamical systems — generalised CHS fields in a gravitational
background. The point is that one can decrease the number of derivatives appearing in the
action by increasing the depth of the gauge transformations. This bypasses some of the
technical difficulties associated with higher-derivative models such as the conformal spin-3
one. It is for this reason that in this paper we concentrate on conformal maximal depth
(CMD) fields and work out the cases s = 5/2 and s = 3.

This paper is organised as follows. In section 2 we summarise the basics of generalised
conformal fields and review their gauge invariant formulations on arbitrary conformally flat
backgrounds. Section 3 reviews the extension of the CMD spin s = 2 model to Bach-flat
backgrounds. In sections 4 and 5 we demonstrate how one can make use of lower-spin
fields to achieve a gauge invariant description of CMD spin s = 5/2 and s = 3 fields in
a Bach-flat background, respectively. Concluding comments are given in section 6. The
main body of the paper is accompanied by a technical appendix.

2 Generalised conformal gauge fields

Throughout this work we make use of the conformal calculus described in [18] (building
on the earlier work [34]), to where we refer the reader for further details. The parts of this
formalism that are essential to the models constructed in this paper are as follows.

In modern approaches to conformal gravity [29], the structure group of the space-time
manifold is promoted from the Lorentz group to the conformal group. The geometry of
space-time is then described by the conformally covariant derivative

1
Vo =ea"0n — 5wabww,;,c —b,D — P Ky (2.1)

where M;.,ID and K, are the Lorentz, dilatation and special conformal generators respec-
tively. Upon imposing appropriate constraints on the torsion and curvature tensors, one
can show that the algebra of conformal covariant derivatives in the two-component spinor
notation (we adopt the spinor conventions of [35]) takes the form

[Vaa: Vg] = =(645CapmaM™ + capCypss )
1 . : .
1 (EQBVMCQB(;’Y + Eangcdg(;’y)Kyy . (2.2)



Here Cyp,s and C 56 are the self-dual and anti self-dual parts of the Weyl tensor and are
related to the Weyl tensor Cpq through

1
Cogay = §(Uab)a(2)(00d)a(2)cabcda (2.3a)
_ 1 )
Ca) = §(Uab)a(2)(00d)a(2)0abcd, (2.3b)
1 Lo a@) s @A
Cabed = E(Uab)a@) (0ea) @ Coay + §(Uab) @ (50)4@ Craqay - (2.3c)

The commutation relations (2.2) should be accompanied by
D, Vgs] = V5, (Ko, Vs] = 45 Map +4eapMy g — deapesD. (2.4)

Models for generalised conformal higher-spin gauge fields [19-28] in arbitrary confor-
mally flat backgrounds were first constructed in [18]. Below we summarise their main
properties.

Given a conformal gravity background, a generalised conformal gauge field qbg()m)d(n)
is characterised by three positive integers; m,n and ¢t. The first two specify the Lorentz
type of ¢((1t()m)d(n)' This field transforms in the representation (m/2,n/2) of SL(2,C) and is
usually said to carry spin s = %(m +n). The third integer ¢ is known as the depth, and it

determines the number of derivatives that appear in the gauge transformation of ¢S()m)d(n)’
A®

Qg1 -Om ) Qt1...Cpy)

5A¢((Jzt()m)c'x(n) = v(al(dl o Vagay 1 <t <min(m,n). (2.5)
The ordinary CHS fields with |m —n| < 1 and ¢ = 1 are sometimes referred to as Fradkin-
Tseytlin fields [26].

In order for the gauge field ¢(t2m)d(n) and the gauge parameter AY in (2.5)

«a a(m—t)a(n—t)

to be primary (i.e. annihilated by K,q), the field must have the following (Weyl) weight
(t) _ _1 (®)
]D)gba(m)d(n) = <t +1 5 (m + n)> ¢a(m)a(n) . (2.6)

From d)S()m)d(n) we may construct generalised higher-spin Weyl tensors [18]

5(t) — Bi. .. Bn— (t)
Qa(m+n7t+1)d(t71)(¢> - v(al ! Vanfwl B Q42 Cmtn—t41) 81 Brtr160..6_1
(2.7a)
5+(t) 2y — Bi. .. Bm—t11 5(t)
Qta(m-l—n—t-&-l)d(t—l)(d)) - V(Oél ! vOém—t+1 t+1¢am_t+2..,am+n_t+1),61..,Bm_t+1d1...dt_1 !
(2.7b)
which are primary and possess the Weyl weights
20 _ 1 20
D&Y, rinan@ = (2 50— ) €0 (@) @250
D 5= (22 e 5 2.8b
a(man—t+a(—1) (@) = | 2 = §(n = 1) | € in—ta)a(e—1)(9) - (2.8b)



Let £ be a primary scalar field of weight +4. Associated with £ is the functional
S = /d4xe£, e ! = det(e,™) (2.9)

which is invariant under the gauge group of conformal gravity. Upon degauging (see sec-
tion 3), these properties mean that the action (2.9) is invariant under Weyl transformations.
In this paper we will refer to such action functionals as primary.

In any conformally flat background, the commutator of conformal covariant deriva-
tives (2.2) vanishes. This significantly simplifies the construction of CHS models. Indeed,
in such backgrounds one can show that the generalised higher-spin Weyl tensors are gauge
invariant,

_ 5(t) _ s 5@ N
Cabed =0 = 5A¢a(m+n—t+1)a(t—1)(¢) - 5/\Q:o¢(m+n—t+1)d(t—1)(¢) =0. (2.10)

However this is not true in a general curved background, where the gauge variation is
proportional to the Weyl tensor. All of these properties mean that the associated action,

Smnd) (4 ] = jmtn / dtped AT (GEl) sy (@) Fec,  (211)

is primary in any background, but gauge invariant only in conformally flat ones.

3 Conformal spin-2 model in Bach-flat background

Given a gauge field gb(()f()m)d(n) it is clear that we may decrease the number of derivatives
appearing in the action (2.11) at the cost of increasing the depth ¢ of the gauge transfor-
mations. This significantly reduces the amount of work required to perform calculations
in backgrounds more general than conformally flat ones. Therefore, the remainder of this
work will focus on extending the gauge invariance of the skeleton action (2.11) to arbitrary
Bach-flat backgrounds for CMD fields with spin s = 2,5/2, 3.

We begin by reviewing the gauge-invariant model for the maximal depth spin-2 field
(corresponding to m = n =t = 2) in a Bach-flat background [18]. Upon degauging, its ac-
tion coincides with the one studied earlier in ref. [36], where it was suggested that gauge in-
variance could only be upheld in an Einstein space. See below for further discussion on this.

For bosonic spin-s fields with m = n = s, we may choose the gauge field to be real,

t) () _ 7@
haiae) = Pals)ats) = Pals)as (3.1)
This means that (2.7a) and (2.7b) coincide,
(t) — & _ &®
ea(2s—t+1)o'c(t—1)(h) T Qa(2s—t+1)o'c(t—1)(h) - Q:oa(Zs—t+1)d(t—1)(h) : (32)

Since we will be dealing exclusively with CMD fields, we will usually drop all labels that
refer to ¢ when its value is clear from the context.
The spin-2 field hy(2)q(2) is defined modulo the depth 2 gauge transformations

5>‘h04(2)d(2) = v(041(041v062)0'42)>" (3.3)



Here both hy(2)4(2) and A are primary and have Weyl weights
Dhg@)a2) = Pa@a@),  DA=—A. (3.4)

As is the case for all four-dimensional bosonic models with maximal depth, the action (2.11)
is second order in derivatives and it takes the form

Sg(?eleton = /d4$ € Q:a(g)d(h)qza(?))d(h) +c.c., Q:Oé(3)d(h) = v(a16ho¢2a3)dﬁ : (3.5)

This functional is not gauge invariant if the background Weyl tensor is non-vanishing,
Cqa4) # 0, and one can show that its variation under (3.3) is equal to

keleton

535S o = 2 / d4xeA{Ca(3)5V5d¢a(3)d(h) + 2¢a<3>d(h)v5d05a(3)} tee  (3.6)

However, there is one non-minimal primary term that can be added to Séilleton,

S\ = / ' e h*PDC ) Phgia)402) + cc. (3.7)

The variation of (3.7) under (3.3) is

OrS\ = O3S imeton + (2 / d'z e AB* P @ h9)400) + C-C-) ; (3.8)
where By 2)4(2) 1s the Bach tensor,
Ba@a() = V7 (0162 Ca52) = Vier" Var)*Caa)(a) = Baya) (3.9)
It follows that the primary action
Scits = SSiuteton — S\
= / d'ze {@a(3)d(h)¢a(3)d(h) — ha(Q)‘j‘@)Ca(g)ﬁ(z)h5(2)a(2)} +e.c. (3.10)

is gauge invariant in any Bach-flat background,

535 —0. (3.11)
Ba(2)a(2=0
To make contact with the existing literature, it is useful to present the degauged version
of this model. The process of degauging consists of fixing the special conformal symmetry
by gauging away the dilatation connection, b, = 0. After this, the special conformal
connection may be shown to be proportional to the Schouten tensor, f.,, = %Pab. The
conformal covariant derivative then reduces to

1
by =0 — V,="Dy+ 5Pabe (3.12)

where D, = €, 0y, — %wabCMbc is the torsion-free Lorentz covariant derivative.



Upon degauging and converting to vector notation, the action (3.10) takes the form

4 1
Sé?gls _ —8/(14376 {DathDahbc _ gDahachhbc _ 2Rabhachcb + thabhab

+ QCabcdh“chbd} (3.13)

where we have made use of (2.3) and the definition hq(2)4(2) := (0*)aa(0?)achas for sym-
metric and traceless hgp. It is invariant under the degauged transformations (3.3),

ha@)a2) = Diar(ar Pas)an) A — 5 Ra@)a@)A (3.14)

where R 5.5 = (09 aa(0?) 84 (Rap — %%bR) is the traceless part of the Ricci tensor. In
vector notation the transformations (3.14) read

1 1 1
O\hap = <Dan — 2Rab> A — Znab (D — 2R> A (3.15)

The action (3.13) consists of two sectors that are independently invariant under Weyl
transformations. Various combinations of these functionals were studied earlier in [19, 20,
37-39] when trying to construct Weyl invariant second-order models for a symmetric trace-
less rank two tensor. However the question of gauge invariance was first raised in [19, 20],
but only in the case of an (A)dS4 background, where the last term in (3.13) is not present.
Much later, the correct action (3.13) was proposed in [36], but the authors considered only
gauge transformations of the type

1
5/\hab = <Dan — 477ab|j> A (316)

Consequently, it was concluded that gauge invariance could only be upheld in Einstein
spaces, where (3.15) and (3.16) coincide. It is important to emphasise that the equation
of motion resulting from (3.13) was observed in [25] to be invariant under the gauge trans-
formations (3.15) in an arbitrary Bach-flat background. However the authors of [25] were
interested in coupling the model to conformal gravity, which lead to the conclusion that
the system was inconsistent.

4 Conformal spin-3 model in Bach-flat background

The next case that we would like to analyse is the CMD spin-3 field hy(3)q(3), with
m=n=t=3. Its gauge freedom is

5>\ha(3)d(3) - v(al(dl vagdg Vag)d3))\ . (41)
Both hq(3)4(3) and A are primary and have Weyl weights

Dha@3)a) = ha@a@), DA =—2A. (4.2)



The conformal skeleton action
3 a(d)a 3
Sieton = — / d*z e €M (MCama(h) +cc Cawa@(P) = Ve hoyosanams
(4.3)

has gauge variation equal to

5)‘Sé£1231eton = / d4$ e { 8€a(4)d(2) (h)vadv’ydca(?))’y +4Va70a(4) v7d¢a(4)d(2) (h)

+ 16Vad€a(4)d(2) (h)Vdea(g)Wr ?Ca(gﬂvadvvdcto‘(‘”d(z) (h) } +c.c. (4.4)

Once again, there is only one possible non-minimal primary term that is bilinear in h,3)4(3),
3 .
S = / Atz e P FDhgo oo+ cc., (4.5)
and its gauge variation proves to be equal to

1
3\SG = —=6\55)

4 ad pa(2)a(2 a(2)a(2 ad
9 Skeleton + </d 336)\{ —2V™B @4 )ha(3)d(3) —-3B () )V ha(3)d(3)

8 ~a(3)5 3 8 3 ~6(3)
+ §COt( )ﬂvmca( )Bhoz(3)c'v(3) + gCa( )Bvﬁéca( )Bha(3)a(3)

4 « o 3
+ gc (3)’80 (3)'8V56ha(3)a(3)} + C.C.> . (46)

We would like to point out that in deriving (4.6), there is a nontrivial contribution arising
from integration by parts. We discuss this technicality in more detail in the appendix.
It follows that in a Bach-flat background, the deformed action
SO = 58 o+ 290 (4.7)

Skeleton

is gauge invariant only to first order in the background Weyl tensor, since

5,5

8 4 ~c(3)5 a(3 a(3 ~c(3) 5
. . = /d xe/\{QC ( WV/}B(J ( )5ha(3)d(3) + 20 mvﬁﬁ'c ( )5ha(3)d(3)
a(2)a(2)=

+ COBBCEOIT o hy oy d(3)} +c.c. (4.8)

This is the best that one can achieve without making use of any extra fields.

Our result (4.8) is analogous to the conclusion of refs. [31, 32] that the pure spin-3
action cannot be made gauge invariant beyond the first order in curvature. It was also
conjectured in [31] (and later confirmed in [32]) that it might be possible to restore the
spin-3 gauge invariance by introducing a coupling to a conformal spin-1 field. For the CMD
spin-3 field, we are going to demonstrate that gauge invariance can indeed be restored by
switching on a coupling to certain lower-spin fields.



To this aim, we introduce two lower-spin fields x,(3)4 and @q), along with their
complex conjugates Yo4(3) and P4 4)- They each carry the following conformal properties

DXa@3)a = Xa(3)a KgiXa@)a =0, (4.9a)
Dpa(ay =0, K001 =0, (4.9b)

and are defined modulo gauge transformations

NXa@)a = Ca(?,)ﬁvﬂd)\ - 2V,3dCa(3)5/\, (4.10a)
NPa(a) = Ca@A- (4.10b)

The right hand sides of (4.10) are fixed by the conformal properties (4.9). To cancel the
variation (4.6) we introduce the following couplings between the two lower-spin fields and h,

S = / dho e OOED Gy Py ot e, (4.11a)
S}(:;) = /d4gj€ ha(3)d(3) {Ca(ii)ﬁvﬁﬂ'spd(?))ﬂ _ 3v550a(3)690d(3)6} +c.c., (411b)

both of which are primary. Under the gauge transformations (4.1) and (4.10) the function-
als (4.11) vary as follows:

(3) _ 4 ~c(3)B a3 ~c(3)f a(3
(5)\th = /d xXe {C ( )ﬁX ( )Béz\ha(S)d(B) — )\|:3C ( )ﬁVMC' ( )/Bha(g)d(g)
+ Ca(3)ﬁvﬁﬁ'éd(3)ﬁha(3)d(3) + Ca(3)ﬁ0d(3)ﬁvwha(3)d(3)] } +c.c., (4.12a)
(3) _ 4 a(3)a(3 _— B
NSy = /d Te {(Ah (B )|:Ca(3)6v5590d(3)ﬁ - 3V550a(3)5%(3)5}
~6(3)/ (3 a(3)B8 Fa(3)f
- )\{40 ( )BVBBC ( )ﬁha(g)d(g) + BB oA )’Bvﬁﬁ'ha(g)d(g)] } +c.c.  (4.12Db)
Of course, the presence of the non-diagonal sector (4.11) forces us to introduce kinetic

terms for each field so that we may cancel the first term in each of the variations (4.12a)
and (4.12b). It turns out that the appropriate kinetic actions take the form?

1 o

SR =35 / d*z e x* PV, 0V 0 Xaa) + o0, (4.13a)
1 .

S%) = 5 / Az e PP IV 4OV 40V V4 o) + .. (4.13b)

2The two terms on the right of (4.13a) coincide modulo a total derivative. The same is true of (4.13b).



They are both primary and prove to have the following gauge variations
5,\5’>(<3;—<) =— /d4zne {Cé‘(?’)ﬁxa(g)éﬁho{@)d(g)

+A [Xa(3)dvad3a(2)d(2) +SBa(2)d(2)Vadxa(3)d} }—H:.c. , (4.14a)
575 = / d*ze { — G\ h3)8(3) [ca(g)ﬁv 55Pa)’ —3V Bgca(g)%d(g)ﬁ']

[630‘ & O‘Vadtﬁa(z;)+8Va"’B°‘(2)é‘(2)Va°"<ﬁa(4)+3¢a(4)vadvaé‘3a(2)d(2)] }+C-C-

(4.14Db)
From (4.12) and (4.14), it follows that the conformal action
@) _g® 03 840 1643 8m)
Schas =Spn +—+ 3 Sy — SSW th—gSW (4.15)
= / d433€{ €W (M) €4 414(2) (B) 207 P C )PP hg ) 6)
8 a@B)iy by b 4 44y oy .au. oy a 16, 0 (3)a(3) A 3
+aX *®iy,4v, Xaa(3)~ 3% WVs*Va"VaVa Pat 5 h ) ()Cd(fi)ﬁxa(g)/j
8, a(3)a(3 SN ~ ;
3h (3)ad )[Ca(g)ﬁvﬁﬁ'g@d(g)ﬁ—3vﬁBCa(3)’8§0d(3)ﬁ:| }+C.C. (416)
has gauge variation that is strictly proportional to the Bach tensor,
S\ =— / d4xe)\{4V0‘dB°‘(2)d(2)hQ(3)d(3) +6B DGR oo
16 . . L
+ 5 X Vo Bagya@) +16Baarz Vo X H16B VL0V, 54 )
4. . . . .
+63vaaBa@)a(Q)vaasde)+8¢d(4)vaozvaaBa(2)a(2)}+C.C‘ (417)
It is therefore gauge invariant when restricted to a Bach-flat background,
5xS8g —0. (4.18)
Ba(2)a(2)=0

Due to the presence of the kinetic terms, the action (4.15) does not reduce to (4.3) in the
conformally flat limit, but rather to

_g®

Skeleton 3 XX (4.19)

16 .3) 8,03
+ 35~ 350

Cabcd 0

Finally, it is of interest to provide the degauged version of the pure spin-3 sector (4.7).
In vector notation, (4.7) may be shown to take the form

2
S® _g / d*ze {D“hacdDbthd — 2D hied D P + 6 Rgph®heg® — th“bChabc

— 8Capeah® h fbd} (4.20)



where we have made use of the definition hs) (09 0a(0%)ad (%) aghape for symmetric

and traceless hgp.. The gauge transformatlons are then equivalent to

)
Ohape = <D(anDc) _2R(ach) _D(aRbc >)\+77 < ) Dd+ RD )+ D )R DC)D> A.

3
(4.21)
The conversion of the lower-spin sectors in (4.15) is a straightforward but tedious matter

and will be omitted as the final expressions are not illuminating.

5 Conformal spin-5/2 model in Bach-flat background

Maximal depth fermionic models (half-integer spin) differ from their bosonic counterparts
in that their skeletons (2.11) are all third order in derivatives. This makes extending
them to Bach-flat backgrounds technically more challenging, but conceptually there is no
difference. In particular, as we show below, lower-spin fields must also be introduced to
render the spin-5/2 system gauge invariant beyond first order in the Weyl curvature.

The CMD spin-5/2 field Va(3)a(2) (which corresponds to m — 1 =n =t = 2 in the
notation of section 2) is defined modulo depth two gauge transformations

AVa(3)a@) = V(ai (@ Vasds) Aag) - (5.1)
Both 94(3)a(2) and A, are primary and carry Weyl weights
1 3
Da@)a@) = 5%a@a@:  Dla=—JA (5.2)
The skeleton sector (2.11),
SGhanlt 0] =1 [l @ )EualD) + ce. (53)
is composed of the two generalised Weyl tensors

Coa®) = ViarVoasanags  Ca@a®) = Via"Var"Voypape - (6:4)
Under the transformation (5.1) it varies as
5/2
6)\Sékélgton
. 5 - ~ : 5 _ 3 . _
=i [ atae {2 OOV 50 + 3V FCTOE 5(5) — SOV 50D
. . B 1_ . R ) . )
- v, c? (4)%(4>ﬂ'(¢)] — 3l [ = VPOV €50 (@) + OC D500 (1)
T 6V76075(3)V5ﬁ@,3(4)d(w) + 2VﬂBCﬁ(3)7V7d@5(4)B(¢) + 5V55Vf‘07ﬁ(3)é?6(4)5(1/})
n 1ovﬁmﬂ<3>vﬁ%ﬁ(m(w) + 405(4)5@6(4)d(¢) + 40/6(3)7V7dv/85@5(4)5(¢)

— 1500 055 PPy, )d(w)] } +c.c. (5:5)

~10 -



Unlike the previous bosonic models, for spin-5/2 there is a family of non-minimal primary
counter-terms, which is generated by the following two functionals®

S :i/d4xewa(3)é‘(2){ —Cu(3)’ VP ﬂ% s +V B8 ey B e

+ 3Ca(2)6(2)va3w5(2)5d(2)} +c.c., (563)
o(5/2 . al(3)a& h — ; _
Sl(\Tl\//I) —1/d4g;e¢ (3) (2){Ca(3)5v55¢ﬁ(2)3d(2) _ 2vﬁﬂca(3)ﬂwﬁ(2md(2)

+ 3V’ Ca2)® @500 )} +eec. (5.6b)

The overall coefficients in (5.6) are chosen so that their variations may cancel that of (5.3).

To first order in the Weyl tensor, it may be shown that any linear combination of the
two functionals, a1Syy, (5/2) 1 g 5’1(\151\//[2), with as # 0 will have gauge variation not proportional
to that of Séi{je)ton Therefore it suffices to consider only the first structure (5.6a). Indeed,
its gauge variation may be shown to be

(5/2) _ s o(5/2) [ 4 «|3p BB@UBE] Bip BRR)

Skeleton

(Y - 13 ~ A2y —
+BARBER) 51/’5(2 _ 107/3(3) vwcavﬂ(%q%@)ms) — 706!75(2) vwcvﬁ(?)wﬁ(mﬁ.(g)

3

9 . : ‘
_ 2 /AB(3) B(2) . . _ BB pB(2)Bd B(2)Ba BB
307G Vi) | A [V Bo P sy 50)t 1 BTV Vs

: . 49 _ ... iy
BB ghey, Y asitog 80y _Les®g . aes@y,
+B V%82~ 520" VO a0 3O7 Vi O 530 509)

9 A 3 |
-3¢ WPV 55502 }+c.c.>. (5.7)

We see that once again, using just the spin-5/2 field, gauge invariance can only be
controlled to first order in the Weyl tensor. To go beyond this order we need to introduce
two lower-spin fields? Xa(2)a and ¢q(3). They possess the conformal properties

3

DXa(2)a = 5Xa()a Kg5Xa@2)a =0, (5.8a)
1

Do 3y = 5%a(3) Kgspa3) =0, (5.8b)

and are defined modulo the gauge transformations
S Xa@a = Ca@ @ Vsads — V5aCa@2)’@Ag, (5.9a)
0xPa(3) = Ca@) A5 - (5.9b)

3There are also two more functionals of the form i f d*z e @3 3a(3 a(2>(1Z) +c.c., where Jq(3)4 (2)(1/3)
is a composite primary field depending on C_’d( and zpa@)a@, However they prove to be equivalent to (5.6)

modulo total derivatives.

“In principle one could also consider the field Pa(4)a, Which has the same conformal properties as ¢ (3)
but has the gauge transformation dxpa(a)a = a(4)5\d. However this field turns out to be unnecessary in
the construction.
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The primary couplings between these fields and the spin-5/2 field take the form

51(55)6/2) = i/d4xe¢a(2)a(3)@d(3)ﬁ'xa(m tee., (5.10a)

Their gauge variations may be shown to be
Sy = i/ dlae {Aa [Caﬁ@)CWS)VW%@)B(:&) + Ca™ OV 3 CP Oy 156
N 2@6(3)vwgavﬁ(z%(m(s)] o [@am@)v&ﬂvﬁaxﬁ(m
+ 2V7’6@d’8ﬁ(2)vyﬁxﬁ(2)g + B’B(2)QBX5(2)B} } + c.c., (5.11a)

(5/2) _ . 3 A3 Sy
5A5w¢ _ 1/d4:ne {)\a [076(3)0 Wﬁ(g)vwd’ﬁ(s)ﬁ'@) +3C ”/5(2)VW07/3(3)¢B(3)B(2)]

4@ [Caﬁ(3)vﬁﬁvﬂﬁvﬂﬁwﬁ(3) _ 3Boﬂﬂ(2)vfyﬁ¢g(3)

- 2V753a75(2)4p5(3)} } +ecec. (5.11b)
The kinetic actions required to cancel the variations in (5.11) proportional to the lower-spin
fields are
S>(<5x’/2) = ;/d4xexa(2)dvad)_(ad(2) + c.c., (5.12a)
/2 _ 1 [ 1 i)y ayg.ag.a
Sep ) =75 /d 2e P OIV42V 4"V pq(3) + c.c. (5.12b)

They are both primary and prove to have the gauge transformations

588D = / d4xeXa{2vﬁﬁcdﬁ'*<2>vﬁﬁxﬁ(2)5 + Cdm(?)vﬁvﬁxmm} +ee,

(5.13a)
SSELA — / Az e X Co VIV G + e (5.13b)
It follows that the action
(5/2) _ o(5/2) 5/2) 37 o(5/2) , 17 (572) | 37 o(5/2) | 17 o(5/2)
Schs = Sskeleton ~ONM _ﬂsix +ﬂ5¢,¢ +ﬂSX;< +ﬂ5¥,¢ (5.14)
: () e | B -
_1/d4956{¢ D)€ ya() +9 1P [4Ca(3)ﬁv’36%(2)3a(2)
; - - o [17 ;
2 a(3)a(2 _
=V Ca) a2 a2y ~3Ca)™ )Vaﬁ%(zm‘a(z)} +9°® U[Mca(g)vvﬁ Pa2)
7o ¢ - 37 ca@aB3) A 37 W@ew d-
-V s (2)6]_24¢ D9 X o+ XDV 4 i)
17 —a(3 o @ @
+Z8¢ ()Vd Va*Va QDa(g,)}—"C.C., (5.15)
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has gauge variation that is strictly proportional to the Bach tensor

5/2 : al3 ; 3 7 ' 3(2),7
ASGhs = —i / d4$€{/\ [4Ba’85(2)vﬁﬂ%(z)ﬁ'(3) + VB D050

826w Ar T sere bs. 4 Mo b 4B@)
+B Vo Uga) t g B VA gy T 5 VA B )

_y.[osipe@bay, L Bps@agss,
Aa {V BT 5@ T 7BV Vsa)h02)

a 37 3y
+ BPRBR)yA Yame + ﬂB/B(Q)ﬁ XB@)B] } + c.c. (5.16)

It is therefore gauge invariant in any Bach-flat background

5,552 =0, (5.17)
Ba(2)a(2)=0

and has the conformally flat limit

§(5/2)

37 17
CHS — s 4 2lg) y LgBR) (5.18)

Skeleton 247 XX 94" PP

Cabea=0

6 Concluding comments

In this paper we have provided the first two consistent models for conformal higher-spin
fields propagating on four-dimensional Bach-flat backgrounds. To mitigate technical diffi-
culties, we have considered the simpler problem associated with conformal fields of maximal
depth. We have found that when s > 2, certain lower-spin fields are required in order to
restore gauge invariance beyond first order in the background curvature. We have explored
only the s = 5/2 and s = 3 cases in detail, but expect that similar models can also be
constructed for higher-spins. In such models it is likely that the number of lower-spin fields
required will increase. We plan to revisit these issues in the future.

It is important to point out that the lower-spin fields are not gauge fields in the sense
that they cannot have their own standard gauge transformations of the type (2.5). This
is because their conformal weights differ to that prescribed by (2.6). This property is an
artefact of the higher-depth nature of the CHS fields under consideration, and is one of
the main differences to the model analysed in [32]. In ref. [32], the authors considered a
coupling between the spin s = 1 and s = 3 conformal gauge fields with depth ¢ = 1. In that
context, it is possible to consistently entangle their gauge symmetries whilst simultaneously
preserving the conformal symmetry.

To illustrate this, let us denote these fields by hgé)[ and h;l(é)d@). According to (2.6),
if they are to be conformal and defined modulo depth 1 gauge transformations (2.5), then
their conformal weights are fixed to be 1 and —1 respectively. These restrictions allow for
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entangled gauge transformations such as®

(1) _ (1)
N 3ra) = Ve @1 M asas)ands) (6.1a)
D _ v O By A\ gy o B@7 D)
A = VeV + [CPDV AN 3w fo @+ cel.  (61b)
As per usual, the right hand sides are determined by the primary condition.
In contrast, for the maximal depth spin-3 field h® to be conformal and defined

a(3)a(3)
modulo the gauge transformations (4.1), its conformal weight must be equal to 1 (and so

its gauge parameter A(®) has weight —2). There is no possible way to deform the gauge
transformations of the spin-1 field (or spin-2 for that matter) to include the parameter A3
in a way that preserves its conformal symmetry and index structure. Thus we are forced
to introduce exotic fields such as xq(3)s and pqa(4), €q. (4.10), which are not technically
gauge fields and whose physical meaning is obscure.

So far, we have confined our attention to gauge fields with spin less than or equal
to three. A natural question to ask is whether similar lower-spin couplings are expected
to be necessary in the construction of gauge-invariant models for fields ¢g()m)a(n) with
m+mn > 6. For minimal depth gauge fields (¢t = 1), it is not hard to work out a higher-spin
generalisation of the gauge transformations (6.1). In the bosonic case, with m =n = s > 3,
it takes the form

O oya(s) = Vs (a1 Mg

(s)a(s) ag...5)Q2...05)

syt = Vi @A o+ |(s01-2a2) Co, P79 P

a(572)d(372) a1 a2...a572)d2...d3 a2--~a572):8(2)60.‘(5_2)

(6.2a)

(2 ara B B2y (D)
(s%a1=3(s=1)a2) Vo Ca, "IN s

—

3\ (1
+ 7(8_3)a10(a1a2ﬁ(2)Vﬁﬁ)\23)...&5,2)6(3)861(5—2)

N

Z(e— BB B(2) (1)
+2(3 3)a2V7"Claya, )‘ag...as,z)ﬁ(:’,)g'a(sfz)+C'C‘ , (6.2b)

which may be seen to be equivalent to (6.1) in the s = 3 case. The presence of the two
free parameters aj,as € R in (6.2b) signals that the greater the spin, the more freedom

there is to entangle the gauge transformations. Actually, analogues of (6.2b) also exist
for lower-spin gauge fields h((xl()s—s’)d(s—s’)

couple the parent field to a non-gauge field in a similar fashion to the maximal depth models

with 1 < s’ < s — 1. It is even conceivable to

presented in this paper.® Therefore, it seems reasonable to expect that the number of lower-
spin couplings required will increase with the spin of the parent field. However, explicit
calculations are needed in order to understand which lower-spin field(s) will be necessary.
So far, no calculations in Bach-flat backgrounds have been carried out for minimal depth
gauge fields hgl()s)a(s) with s > 3.

5By inspection of the weights, it is not possible for the gauge transformation of the spin-3 field to involve

the spin-1 gauge parameter.

(1)
a(3)a
bitrary Bach-flat background [40], and the action involves a non-gauge field, similar to the CMD models

SRecently we have constructed a gauge-invariant model for the conformal gauge field ¢ in an ar-

studied above.
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In conclusion we point out that the lower-spin fields in the CMD s = 5/2 and s =
3 models contribute to the Weyl anomalies. It would be interesting to compute these
contributions.
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A Aspects of integration by parts

In general, integrating by parts in conformal space is nontrivial because the conformal
covariant derivative carries extra connections that give non-vanishing contributions from
total derivatives.” However, under special conditions, which in practice are usually met,
we may follow the usual procedure and ignore any total derivatives that arise. These
conditions are not met for the non-minimal action (4.5) and so below we elaborate on how
integration by parts works in this case.

In what follows we drop the ‘4 c.c.” for simplicity. The gauge variation of (4.5) is

5)"51(\?1\)/1 = 2/d4w e v(aldlandQv'y)d3)\Ca(z)B(Q)hIB(Q)’Yd(g)

1 _ . _ .
=3 / d*ze [GleVMQQVQZdS)\ — 42017Ci3) VagiA — SEQWVQﬂCd(?,)"/A}

X OB )
1 .
= Trotal + 3 / dize )\{ — 6Va161 Vasas Vs [Ca(2)5(2)h5(2)’ya(3)]
AV 5 [Caa OO g5y 8] — 8V 5 Ciaga O hﬂ(g)a(s)} (A1)

Here Ztot.1 represents the total derivative that arises in moving from the second to third line,

1 .
T = [ dloe vz, (A2)
with
Zoa = 60" D hy) 450 V2 Vo A+ AAC D C O 3505
+ 6V PAVI[CT O ) 5506] = 6AVL V(OO ) 0s00s] - (A.3)

"We refer the reader to appendix D of ref. [18] for a more detailed discussion on this technical issue.
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Typically, the action that we begin with is primary (as it is here), which means that all
conformal covariant derivatives in the action take the form

1 .
Vai = Dag — 1PM-!WKBB (A.4)

where Dgq is the torsion-free Lorentz covariant derivative and P, ., 85 is the Schouten
tensor. Since we can always ignore total derivatives from the former, this allows us to
rewrite (A.2) as

1 o
ITotal = _12/d4xepaa’ﬁ5KBBZad . (A5)

The above expression vanishes in most cases because Z,4 turns out to be primary, however
this is not true for the current example and one can instead show that (A.5) reduces to

Trotal = 2 / dig e PaaBByy v {Acﬁ”/@) heya)a M} . (A.6)
By making use of the well-known Bianchi identity
Ddcabcd = _ZD[an]c — Daﬁéd(g)g' = D(dlﬁpﬂdg,ao’z;;) ) (A'7)

one can show that (A.6) is equivalent to
ITotal = 2/d4$6)\{Ca(g)’gvﬁﬁ'éd(g)ﬁha(g)d(g)} . (AS)

One must be careful to include this term when computing the gauge variation (4.6). This
subtlety regarding integration by parts does not occur elsewhere throughout this paper.
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