PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: January 8, 2019
REVISED: March 14, 2019
ACCEPTED: April 11, 2019
PUBLISHED: April 29, 2019

Effective potential for revolving D-branes

Satoshi Iso,%" Hikaru Ohta®’ and Takao Suyama®
@Theory Center, High Energy Accelerator Research Organization (KEK),
Tsukuba, Ibaraki 305-0801, Japan

b Graduate University for Advanced Studies (SOKENDAI),
Tsukuba, Ibarakt 305-0801, Japan

E-mail: iso@post.kek. jp, hohta@post.kek. jp, tsuyama@post.kek. jp

ABSTRACT: We quantize an open string stretched between DO-branes revolving around
each other. The worldsheet theory is analyzed in a rotating coordinate system in which the
worldsheet fields obey simple boundary conditions, but instead the worldsheet Lagrangian
becomes nonlinear. We quantize the system perturbatively with respect to the velocity
of the D-branes and determine the one-loop partition function of the open string, from
which we extract the short-distance behavior of the effective potential for the revolving
DO-branes. It is compared with the calculation of the partition function of open strings
between DO-branes moving at a constant relative velocity.

KEYWORDS: Bosonic Strings, D-branes

ARX1v EPRINT: 1812.11505

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP04(2019)151


mailto:iso@post.kek.jp
mailto:hohta@post.kek.jp
mailto:tsuyama@post.kek.jp
https://arxiv.org/abs/1812.11505
https://doi.org/10.1007/JHEP04(2019)151

Contents

1 Introduction 1
2 Open strings stretched between revolving D-branes 4
2.1  Open strings in the rotating coordinate system 4
2.2 Perturbative Hamiltonian with respect to v 6
3 One-loop partition function 7
3.1 Improved perturbation 8
3.2 Perturbative calculations of the trace 8
3.3 Diagonal elements: [H1]p, [H?]p and [Hz]p 10
3.4  One-loop open string partition function 12
4 Effective potential at short distance 12
4.1 Massive contributions: V,>1(r,w) 13
4.2 Massless contributions; Vy(r,w) 14
5 DO-branes at constant velocities 16
6 Conclusions and discussions 20
A Improved perturbation theory 22
B Mode expansions 23
C Calculation of [Hz]p 23
C.1 Diagonal parts 25
C.2 [We]p 26
C3 [ViVilp 27
Useful formulae for traces and derivation of the partition function (3.21) 30
Matrix elements for low lying states 31
F Integration for Vy2 and Vg3 33
G [Hél)]p for the linear system 33

1 Introduction

D-branes in the superstring theory have played pivotal roles in understanding nonpertur-
bative behaviors of string theory. They are also widely used in the string phenomenology
and cosmology (for reviews see [1-3] and references therein). In many cases, static con-
figurations of D-branes are considered, especially those with a fraction of supersymmetry



preserved. It is partially because these configurations are of particular interest in math-
ematical settings but also because the analysis is simple and exact calculations can be
performed. However, in many phenomenologically or cosmologically interesting situations,
D-branes are moving and no supersymmetries are preserved. For example, if our universe
is described by the brane-world scenario [4-7], those branes may have experienced irregular
motions in the very early universe. In particular, if D-branes are accelerating to each other,
they would emit closed string radiation [8-10], and particle creation of open strings would
occur [11]. Then we may ask [12, 13]: what are the final configurations of such moving
D-branes? Do D-branes collapse or scatter away from each other? In the D-brane scenario
of universe and in the D-brane constructions of the standard model of particle physics,
answering these questions will be relevant to study stability of our universe as well as the
moduli stabilization, which may include the hierarchy problem of the electroweak scale
against various UV scales.

As a first step towards answering these questions, we study a pair of DO-branes of
bosonic string theory which revolve around each other in the flat space-time and calculate
potential between them. In this paper, we will not discuss the underlying mechanism of the
rotation, but instead, we analyze properties of open strings stretched between such a pair of
DO-branes.! In particular, potential between DO-branes is read from the one-loop partition
function of the open strings. If DO-branes are far from each other, the system is more
appropriately described by the closed strings and the potential is given by the gravitational
potential. In [14], the amplitude for the exchange of a single closed string between two
DO-branes was obtained. The result is for DO-branes moving along arbitrary trajectories
with small accelerations, and includes contributions from all massive closed string modes.
See also [15]. On the other hand, if the distance is shorter than the string scale, massless
open string modes dominate and the effective dynamics of DO-branes are described by the
DBI action, or the Yang-Mills action if we neglect higher derivative terms [11, 16, 17]. In
this paper, in order to take into account massive open string states as well as the massless
states, we calculate one-loop partition function of open strings stretched between revolving
DO-branes. We are interested in the behavior when the relative distance of DO-branes is
shorter than the string length [16].

Let us here recall the well-known result of the one-loop open string partition function
Z = —VT between DO-branes at rest with relative distance y. It is given [18] by

oo o0 2

Z :/0 ;l—zTr [6_27T3L0] = T/O %(871'20/8)_%6_%877(2'8)_24 (1.1)
where n(is) = e—2ms/24 H;f:l(l — 6_27””5) and 7T is the time duration of the configuration.
If y > v/a/, we can use the modular transformation n(is) = s~'/?5(i/s) and the expansion
n(i/s)** = exp(27/s) + 24 + --- to obtain the effective potential V(y) o 24/y** that
is dominated by the closed string massless modes such as a graviton, if the closed string
tachyon is neglected. In the present paper, we are interested in the opposite limit y < va/
where low energy open string modes dominate the potential. The Dedekind n-function can

IThis is certainly different from a freely rotating classical open string which can be readily analyzed.



be expanded as n(is)"2* = Y20 | ¢,e 2" where c_1 = 1,¢9 = 24,¢1 = 324,¢2 = 3200
and so on. Then the effective potential V can be calculated as a sum

o d 2n7r+% s
V) =~ e | szf/zz% )

:_Zm,/ zm / “3e (1.2)

where the open string tachyon (c_1) is neglected. The s-integral is UV divergent at s = 0.

Here we simply evaluate it by an analytical continuation, which gives a constant (see (4.4)).
As a function of the distance y, the effective potential V(y) behaves regularly near the origin
y = 0. The massless contribution n = 0 gives a linear potential r» while the massive contri-
butions can be expanded in positive powers of y?, and we get the potential V = Yoo Vn;

12 Y2
Voly) = NEART=TY

Vl(y):%<1+;<$>—;<$>2+m>. (1.4)

Here Vy(y) is the massless mode contribution and V;(y) is the first excited massive mode

(1.3)

contribution. What we would like to study in the present paper is the behavior of the
effective potential V(y,w) near y = 0 when DO-branes are revolving around each other
with angular velocity w and distance y = 2r. Since the potential is an analytic function of
the velocity v = wr of each DO-brane, it is naturally expected that the mass squared m? =
(n+y?/(27)%a’) is replaced by something like (n+f;(r?/a’, v)) where fi(r?/a’,v) is a regular
function of 2 and v, and i specifies a different excitation. The function f; is, of course,
reduced to f;(r?/a’,0) = (2r)?/(27)%?a’ when DO-branes are at rest.? For this purpose,
we perturbatively calculate the partition function of open strings stretched between such
revolving DO0-branes, which is a generalization of eq. (1.1) and given in eq. (3.21). For
comparison, we also calculate the partition function of open strings stretched between DO0-
branes moving at a constant relative velocity 2v, which is given in eq. (5.23). Eq. (3.21) is
the main result of the present paper.
The action of the worldsheet theory is simply given by

1
Ao

S =— d*0 00X, 0" X" (1.5)
The quantization of this theory is, however, not so simple since the boundary conditions
of X* are complicated due to the rotation of DO-branes at the ends of the open strings.
Actually, since the DO-branes are moving, the boundary conditions depend on the value
of X% and the spatial and temporal coordinates are mixed with other. To overcome this

2The partition function is invariant under v — —v and an even function of the velocity v. But it does
not mean that the energy eigenvalue is a function of v2. Rather, a pair of eigenvalues appear that are
exchanged under the symmetry v — —v as seen in the discussion after eq. (5.23).



difficulty, we study the worldsheet theory by employing the rotating coordinate system
in the target space. In this formulation, the boundary conditions of the worldsheet fields
become simple, but instead, the coordinate transformation generates higher order terms
of the world sheet fields in the action and makes the system nonlinear. We thus analyze
this system perturbatively with respect to the velocity of the DO-branes and calculate the
one-loop partition function of the open strings, from which the short distance behavior of
the potential between the revolving DO-branes is extracted.

This paper is organized as follows. In section 2, we quantize open strings stretched
between revolving D0-branes. We reformulate the worldsheet theory of the open strings so
that the boundary conditions of the worldsheet fields become simple, but in compensation,
the system becomes interacting and the resulting theory must be quantized perturbatively.
In section 3, we calculate the one-loop partition function, based on the formalism developed
in [19]. This is regarded as the effective potential for the DO-branes. The short-distance
behavior is investigated in section 4. In section 5, we make a comparison of our result with
the one obtained from DO0-branes moving with constant velocities. Section 6 is devoted to
conclusions and discussions. Details of the calculations are summarized in appendices.

2 Open strings stretched between revolving D-branes

2.1 Open strings in the rotating coordinate system

As a simple system of rotating D-branes in bosonic string, we consider two DO-branes in the
flat space-time revolving around each other like a binary star. We assume that the orbits
of the DO-branes lie on the z-y plane. Their positions (x1,y;) and (z2,y2) are changing
with time and given by

{ x1(t) = rcoswt, { x9(t) = —r coswt, 2.1)

y1(t) = rsinwt, ya(t) = —rsinwt.

The revolving motion of the DO-branes is not a classical solution unless there is an at-
tractive potential between D-branes. Here we implicitly assume that it is generated either
by exchanges of closed strings between DO-branes or by introducing suitable background
fields. In the following we restrict ourselves to consider the situation in which the angular
frequency of the D0O-branes is small so that the background fields can be treated perturba-
tively around the flat background space-time. Analysis including the backreaction is left
for future investigations.

We then consider an open string stretched between these DO-branes. As explained in
the introduction, we choose the rotating coordinate system for the target space-time in
which the DO-branes are static. In the original coordinate system used in the action (1.5),
the target space metric is simply given by

ds® = —dt* + da® + dy* + (dz")? (2.2)



where i = 3,4, ---,25. We then introduce the rotating coordinate system defined by

ti=t, (2.3)
Z = xcoswt + ysinwt, (2.4)
g := —xsinwt + y cos wt, (2.5)
&=zt (2.6)

In this coordinate system, the orbits of the DO-branes (2.1) become static

{ .fl(t) =T, { .’Z‘Q(t) = -, (27)
gi(t) =0, g2(t) = 0

but the metric takes the following non-diagonal form:
ds? = —dt* + di* + dy? + 2wdt(2dy — §di) + w* (&% + §2)dt* + (di")* (2.8)

Accordingly, the worldsheet action becomes

1

S =—
4o/

/ d’c [—aafaaf + 0, XX + 0,Y Y + 0, X'0°X;
+2w0,T(XY —YIX) + w? (X2 4+ Y?)9,TOT| . (2.9)

We have chosen the conformal gauge. This is allowed if the DO-branes satisfy the equation of
motion and the conformal symmetry is preserved. In the present case, it is slightly violated
at the boundaries, but the violation is expected to be small as far as the angular frequency
is small compared to the string scale. The modification of the target space metric due to
the external field is treated as vertex operator insertions. In the following calculations, we
ignore such corrections to the effective potential under an assumption w/mg, < 1. We
want to come back to this issue in future publications.
By rescaling the fields as X* — rX*, the action is given by

r2

S =

4ol

/ d’o [—aa:faaf + 0, XX + 0,Y Y + 0, X'0°X;
1200, T(X0°Y — YOO X) + v2(X2 + 172)aa:faa:f] . (210

where v := rw is the velocity of the DO-branes.®> The boundary conditions for the rescaled
fields, X and Y, are simple in the new coordinate system,

. +1, (=0 . 0, (=0
X(r,0) = { . ((0 _ 77)) Y(r,0) = { ( ) (2.11)

However, the boundary condition for T is still nontrivial. Indeed, the variation of the
action with respect to T gives the following boundary term:

’1“2

_ i T % YR Y, % 2/ v2 2 T
5|, = —gredT [0 +u(X0,¥ ~ Vo, %) + (X + V0, 7] | 212)

3Note that the relative velocity is 2v and the distance is y = 2r.



By using (2.11), T must satisfy
(1 —v2)8,T —vd,Y =0, (c =0)
(1 =020, T +v8,Y =0. (0c=m)

These conditions are linear in the world sheet fields since we have substituted the boundary

(2.13)

values of (2.11) for the nonlinear terms that would have appeared in (2.13). To simplify

these conditions, we define a new field 1" as
v ~

T:=T-— Y 2.14
1 0295(0) (2.14)

where 5
2(o) =1— 2. (2.15)

T

Using the boundary condition (2.11) for Y, it can be shown that the field T satisfies the
ordinary Neumann boundary condition 0,7'|,=0» = 0. We also introduce a new field X

X =z(0) + X. (2.16)

Then X|y—0r = Y|s=0r = 0 are satisfied. For notational simplicity, we use tilde-less
notations for Y =Y and X; = X; in the following discussions.

To summarize, the new world sheet fields X,Y,T and X; (for i = 3,---25) satisfy the
boundary conditions

X‘O'Zo,ﬂ' = 07 Y|U:0,7r = 07 8G'T‘G':0,7T = 07 Xi|o:0,7r =0 (217)
and the world sheet action is given by
g — _ ’1”2 /dQO' _XZ_Y2_(X@')2+ X/_g 2—|—(Y’)2—|-(Xi/)2
dmad 7

+ [1 - 1)2((X +JJ(U))2 —I—YQ)}

(T+ 11]36_(25”)2 _ (T’+ - <x(a)Y’— iy)f
_ <T+ f”f}ly) ((X +2(0))V — YX)

X

+ 2 <T’+ 1_”7)2 <x(a)Y'— iY)) ((X—i—a?(a))Y’—Y <X’— i))] (2.18)

In the rotating coordinate system, the action (2.18) becomes nonlinear in compensation

for the simple boundary conditions. We analyze this theory perturbatively in the nonrela-
tivistic limit v < 1.

2.2 Perturbative Hamiltonian with respect to v

The worldsheet Hamiltonian H can be obtained in the standard manner. It is decomposed
into two parts:
H = H.(X,Y,T) + Hgeo( X"), (2.19)

where H, governs the subsystem consisting of X, Y and T while Hp. is a free Hamiltonian
for X*. We now focus on the non-trivial part H,o. Let IIx, ITy and II7 denote the canonical



momenta of X, Y and T, respectively. Hyo is given in perturbative series with respect to
the velocity v as

H,ot = Hy+ vV + 02 Va + O(v?), (2.20)
where
" ma 2 2 r? 2 2 2 §
HO:/O dor | S5 (T AT AT )+ {—(0, TP+ (0, X)* + (0, )P |+, (221)
™ [ona r2 2r2
Vi— /0 do | T (XTly —Tx Y )5 — 0, T(X0,Y =0, XY )+ 5 0,TY |, (222)
N e 2 2 (112 2
VZZ/O do T { (XHY Yﬂx) —.T(U) (HT—I-Hy)
—22(0) (H?FXJr (XIy —YII X)Hy) }
r’ 2/ v2 2 2 2 2 4 129
+- 2 (0, T)H(X2+Y2) +a(0) ((aUT) +(8,Y) )—l—fz(a)Y&,Y—ﬁY
4o T T
+22(0) ((0,T)* X + X (0,Y)* -0, XY9,Y) +% (0, XY?-XY0,Y) } : (2.23)

In the next section, we quantize the Hamiltonian up to the second orders of v and
calculate the one-loop partition function of the open string to obtain the potential between
revolving DO-branes.

3 One-loop partition function

We are interested in the one-loop partition function of the rotating open string. It is
given by

7 / % Tr [e—Qﬂs(Hmt—é)] (77(2'8))721
0 2s

> ds
— iy o —278(Hyot — 1) 727Tms —21 1
| gl 11 (31)

where 7(is) = e~ 2™/24[>°_ (1 — e~2™™%). The contributions from the X; fields in Hpee
(1 =3,---,25) and the (b, c)-ghosts have been included in this expression. The one-loop
determinant of a scalar field is written as

det(A +m?)"1/? = exp [/ ?;Tre_(AerQ)s} = V7, (3.2)

where 7 is the time duration. Thus the open string one-loop partition function (3.1) gives
the minus of an effective potential V(r,w), integrated over time,* for the two DO-branes:

4 The stationary system of revolution is invariant under the time translation and the effective potential
is given by removing the zero mode integral of T. When we compare the calculation with the constant
velocity system in section 5 the integration needs a care.



Z = —=VT. By the open-closed string duality, it is written as an exchange of a single closed
string and approximately described by low energy closed string modes when the distance
2r is much larger than the string length. In section 4, we will instead investigate the
short distance behavior of the effective potential V(r,w) at which open string low energy
modes dominate.

In this section, we will calculate the partition function (3.1) perturbatively with respect
to v. In the following, we perform the calculation in the Euclidean space by the Wick
rotation of the world sheet variable from T — —iT'. Thus the velocity v is also analytically
continued to v.

3.1 Improved perturbation

In order to calculate the partition function, we need to know the energy spectrum of the
Hamiltonian. We will perform perturbative calculations with respect to v, but even per-
turbatively it is not so straightforward since Hy, V1, V2 are not commutable with each other
and we may need to diagonalize the Hamiltonian. Instead of explicitly diagonalizing it,
we use a method of the improved perturbation [19]. This method is briefly reviewed in
appendix A. The basic idea is that we can systematically construct a new Hamiltonian
Hy(v) = 02, v"Hy such that it has the same eigenvalues as those of the original Hamil-
tonian H = H,., but each term H,, commutes with Hy. Once H, is explicitly given, it is
straightforward to take a trace to obtain the partition function.
In the following, we calculate up to the second order of the v-expansion:

Ho(v) := Ho +vH; +v*Hy + O(v?). (3.3)

The first term Hj is given by the original free Hamiltonian in (2.21). As mentioned above,
Hy(v) shares the same eigenvalues with Hio to all orders in v, so we can replace H,o, with
Hy(v) within the perturbation theory. Also note that H; and Hs can be constructed such
that they commute with Hy. In our case, their explicit forms are given by

1
Hy = Vi, Hy:=Vo0— ) —Vi Vi (3.4)
m##0

Here the operator V; (i = 1,2) is decomposed into V; ,, as

Vi=> Vim, [Ho, Vim] = mVim (3.5)

where m’s are eigenvalues of the free Hamiltonian Hy. In particular, V; g is the operator
contained in V; that are commutable with Hj.

3.2 Perturbative calculations of the trace

Now we calculate the trace in the partition function (3.1) with the Hamiltonian Hyot
in (2.20). By using the method of improved perturbation, the difficulty of calculation
Tre—2™sHrot due to the non-commutativity of Hy and V; is resolved by rewriting the trace



in terms of a much easier improved Hamiltonian, Hy(v). Due to the commutativity of H,
in Hy(v), it can be expanded as

Tr [6727rerot] = Tr |:6727rsHo(v)]
=Tr [6_2WSHO] — 2mvsTr [e_%SHUHl]

—2mv? (sTr [6727T5H0H2:| — ms?Tr [e*QWSHOH%]) (3.6)
up to O(v?). The traces are taken over the eigenstates |7i; k) of Hy where k is the momentum
and 7i represent the eigenmodes of harmonic oscillators. Since Hj is a free Hamiltonian,
and X,Y and T obey simple boundary conditions (2.17), the eigenvalues and eigenstates

of Hy are explicitly given. In the following, we recall them for fixing the notations.
The free Hamiltonian Hj is given in terms of the mode operators as

2

T ~
HO = a/p2 + 2o —+ HO (37)
where
B oo
Hy= > > Nun Ny =2t ol ;. (3.8)
pu=T,XY n=1

For our conventions of the mode expansions, see appendix B. Note that N, _, = N, hold.
We denote the eigenstates of Hy as |72; k) which is given by

k)= [I @50 ™x(@¥,,)" ™ (aL,,) |0 k) (3.9)

mx,my,mr=1

and satisfies Ny, |78 k) = nip,my|7i; k) and p|ni; k) = k[n; k).
With these notations, we can evaluate traces of the form:

—27u —2T2u dk _ mo'u —2nuH
Tr [e 2™H00] = Te wa /2776 2maluk? ) [e 2 HOO} (3.10)
where ~
tr [ 727 00| = 37 2N (5 k| Ol ) (3.11)

T
and N(f) := 37 _7 xy D=y M M. In order to simplify the calculation, we denote [O]p
as the diagonal element of O satisfying

(1i; k|O|7i; k) = (ni; k[[O] p|n; k), (3.12)

which are sufficient in the calculations (3.11). The remaining task to calculate the partition
function is to calculate the diagonal elements of Hi, H 12 and Ho, and then to integrate over
the Schwinger parameter s. In section 3.3, we obtain [H1]p, [H?]p and [Hs]p, which enable
us to calculate Trle=2™sH0 [} 5] and Tr[e=2"*Ho [2]. Then in section 3.4, we determine the

one-loop partition function up to O(v?).



3.3 Diagonal elements: [Hy]p, [H?]p and [H2]p

As defined in (3.4), the operator H; is the part of the operator V; (2.22) that commutes
with Hy; namely Hj|state) # |state), but has the same energy eigenvalues of Hy. Using
the mode expansions given in appendix B, it is straightforward to obtain

2ia/ 1 21 1
k#0 k#0

For any 7, the diagonal matrix element (i; k| Hy|73; k) vanishes and
[Hi]p = 0. (3.14)

Thus, we find that the trace Tr [e‘zWTHOHl} in (3.6) vanishes. Actually, this should be the
case since the energy spectrum of the rotating open string is independent of the direction
of the rotation, and the linear terms in v must vanish.

To determine [H?]p, we take the square of (3.13) and collect terms which commute

with Hy. We find

2 4(0/)2 2
[Hilp = — 59" (2Nxv(2) + Nx (1) + Ny (1))
4
+ P (2NTy(2) + NT(l) —+ Ny(l)) s (315)
where we defined
=1 =1
Np(z):=>_ — N, N () =Y —NunNun (3.16)
n=1 n=1

for u,v = T, X,Y. Note that the unperturbed states |7i; k) are the eigenstates of these
operators. By using the general formulae in appendix D, we can sum over all the excited
states of the open string and obtain the trace Tr[e~27sH0 H7].

We now show the result of [Ha|p. It is much more complicated since Vo defined
by (2.23) contains quartic terms in the world sheet variables, and we need to appropriately
regularize the infinite sum appearing in the intermediate states. We leave the calculations
in appendix C, and show the final result here. [Hs|p is a sum of [Va|p in (C.10) and
— > mV1,=mVim]p/m in (C.11). Each of them contains many terms including various
divergences. However, many terms in (C.10) and (C.11) are miraculously cancelled with
each other, and the final result turns out to be quite simple;

[HQ]D = [VYZ]D - Z %[‘/1,7mvl,m]D

m70
= O 2Ny (2) + Nx(1) + Ny (1)] — 5(Ne(2) - N (2)
— S (Vr(2) + Ny (2)) — 308 — 50(1)
+ ffg (Nx(O) + Ny (0) + NT(O)+1C(O)> . (3.17)

~10 -



Since every term is written in terms of the operators N, (z) and N, (z), we can use the
general formulae in appendix D to calculate the trace Tr [6_27FSH0 HQ].

Several comments are in order. First, the last line is proportional to the non-zero
modes of Hy including the zero-point energy ¢(0)/4 = —3/24. Thus it can be interpreted as
the wave-function renormalization of T, X and Y fields with the following renormalization
factor, Z~' = 1 + o/w?. In interacting theories, a one-particle state af|0) is no longer an
eigenstate of the Hamiltonian and we need to construct a state to include a Z-factor so
that a state Z'/2 (a’|0) + [multi)) is a properly normalized eigenstate of the interacting
Hamiltonian. Here |multi) is a sum of multi-particle states and Z is interpreted as the
probability of the eigenstate to be in the single-particle state a'|0). In the perturbation
theory, Z-factor can be read from the renormalization of the free Hamiltonian, and in the
present situation, it is given by

Zl=14dw?>1. (3.18)

The same wave-function renormalization factor appears in a simpler calculation of the one-
loop partition function of DO-branes at a constant relative motion discussed in section 5.
Since the wave function renormalization gives O(v?) correction to the coupling parameter
v, the last line of [Hs|p does not contribute to the calculation of the effective potential up
to O(v?). Thus we should replace eq. (3.17) with
% 4 1,49 2

[Hlp = 5 [2Nxy (2) + Nx (1) + Ny (1)] = 5 N7(2) = ga'p” = —((1) (3.19)
in the following calculations.

Second, the final result turned out to be very simple after the miraculous cancellations
between (C.10) and (C.11). Especially, the operator-valued terms with divergent coeffi-
cients, for example (C.8), cancel completely. This cancellation might be intimately related
to the renormalization property of the non-linear sigma model (2.10). At the one-loop
level, the beta function of the target space metric is proportional to the Ricci tensor of the
metric. Since the background metric of (2.10) is flat and Ricci tensor vanishes, the back-
ground metric of the action should not be renormalized even though divergences appear in
the intermediate steps of the renormalization procedure.

Finally, the only remaining divergence appears in the zero-point energy which is in-
dependent of o'/r? in H,. This zero-point energy must be also renormalized to obtain
a sensible mass spectrum of the rotating open string, and we need to find the correct
renormalization scheme to fix the finite part, say €g, of Ha;

2
2
One possible way to fix €y will be to check the BRST algebra of the worldsheet theory (2.10),
as it determines the intercept for strings in the Minkowski space-time. Another possible

(1) — €. (3.20)

way will be to examine the behavior of the one-loop partition function in the closed string
channel, or in other words, at large distances. There must be the contribution from the
massless graviton exchanged between the D0-branes which must give us the Newton po-
tential. Since the large distance behavior of the partition function would depend on €g, the

- 11 -



requirement for reproducing the Newton potential may choose the correct value for ¢y. In
the following, we leave €y to be an unknown parameter.
3.4 One-loop open string partition function

By using eq. (3.6), egs. (3.14), (3.15), and (3.19), and various formulae derived in ap-
pendix D, we can calculate the one-loop open string partition function (3.1). Many terms
are miraculously cancelled and we have a very simple form

3

4 Knlgn 4 2q™
2 2
X [1—2717) (—7[28 =g —l—eos—;s E =g

n=1 n=1

1
> d r2 1 T2
Z = 'T/ 2—8(87r2a’s)_%e_%sn(is)_24 <1 - v2>
0 S

+ 0w,  (3.21)

where ¢ := e~2™ and n(is) = ¢"/>*[[>°_,(1 — ¢™). The derivation of this expression is
summarized in appendix D. In the v — 0 limit, eq. (3.21) is reduced to the partition function
in eq. (1.1) for DO-branes at rest. Then let us compare eq. (3.21) with the partition function
for D-branes moving with a constant relative velocity 2v, which is given in eq. (5.23). Some
of the v?-corrections in eq. (3.21) that come from the non-zero modes, namely the third
term of the v2-corrections in the square bracket in eq. (3.21), are exactly the same as
the v?-corrections in the constant-velocity case in eq. (5.23). This term came from the
O(v)-mixing of 7" and Y in (3.13), which exists in both systems. Eq. (3.21), however,

2_corrections. That is, the first and the second terms in the curly bracket

contains more v
in eq. (3.21) are peculiar only for the revolving case, and do not exist in eq. (5.23). Thus we
can say that the partition function for the revolving case contains not only the corrections

due to the velocity v but also corrections due to the acceleration w.

4 Effective potential at short distance

The one-loop partition function (3.21) of the open string gives the effective potential
V(r,w) = —Z/T between the two DO-branes induced by the exchange of a single closed
string. In the present calculation, we are interested in the short distance behavior of the
potential, namely r < Va!. We expand the potential as a sum

o0

V(r,w) = Z Vi (1, w), (4.1)

n=-—1

where each term V,(r,w) corresponds to the contribution of the open string states with
the mass level n + 1 to the partition function. n corresponds to the power of ¢ in the
g-expansion of the integrand of (3.21). Therefore, e.g., V_1(r,w) is the contribution from
the tachyon, and Vy(r,w) comes from the states which are massless when v = r = 0,
and V,>1(r,w) are those from massive open string states. In the following, we ignore the
tachyon contribution V_1(r,w).
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4.1 Massive contributions: V,,>1(r,w)

First let us consider contributions of the massive open string states. It is rather straightfor-
ward to evaluate the massive contributions V,,(r,w) with n > 1. For example, by expanding
the partition function (3.21) with respect to ¢ and take the linear terms in ¢, we obtain

Vi(r,w) as
*d 204
Vi(r,w) = —/ Q—Sf(s,r)eﬁ” [324 + <0 - 64860> v?s + 432@232] +0@wh), (4.2
0 S s
where )
1.\ 2 1 g2
f(s,r) = (1 - 31;2) (87%a’s) > e nal®. (4.3)

27‘2
The term e~ =o’® is nothing but the effect of stretched open strings with distance 2r, and the

_1
additional factor (1 — %v2) 2 comes from the v? correction to the momentum integration.
To determine Vi (r,w), we use the following formulae

00
- A ;z f(Sa r)e—27rssk

(1) Ty et (- 1) (e ) L

The integral with k£ < % is defined by the analytic continuation for k. Using this formulae,

Lo 9% + 27meg W r?
27 m2a/

2

—44 — 1872 + 5Tmeg , 4 r? 1\
(1 + 97 aw 2o
).

The potential V;(r,w) is a generalization of the potential at rest in eq. (1.4). Since the

NI

we obtain

Vi (r,w) = \1/65 [1

1
8
+O(wt, 78 (4.5)

energy eigenvalue of the first excited massive states are split by the interactions, V;(r,w)
is a sum of various contributions from the hypersplitted states. Note also that since our
calculation is performed in the Wick rotated metric, the potential in the Lorentzian metric is
obtained by replacing w? with —w?. The potential correctly reproduces the static limit (1.4)
at w = 0. The relevant part of the potential is written as a positive power series of (r/lg;)?

w 2 r 2
Vo ~ Mgty | €1 + C2 + - —
Mstr lstr
w 2 r 4
+ Mspr 63+C4< ) + - <> + - (4.6)
Mstr Lstr

where we defined (2o’ )1/ 2 = Iy = 1/mgtr and ¢; > 0. As expected, the leading order

and (w/mstr)?;

potential is proportional to m3 r? and strongly attractive [20]. The second and higher
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terms in each bracket give angular-frequency corrections. The leading w? correction to the
effective potential is given by mgi,w?r?. In the superstring case, the potential must vanish
in the w — 0 limit where D-branes are at rest. Thus this w-dependent term gives the
leading order massive state contribution to the potential.

Other contributions V,(r,w) with n > 2 can be obtained similarly.

4.2 Massless contributions; Vo (7, w)

Next, let us consider contributions from massless open string states Vy(r,w) given by the
¢ terms in the expansion of the partition function (3.21);

Vo(r,w) = — /Ooo % f(s,r) [24 + <i - 4871'60) v2s + 161}232] + O(vh). (4.7)

It is a sum of contributions from massless vector bosons o', |k). This type of contributions
to the effective potential, in particular in the case of D3-branes, would correspond to the
Coleman-Weinberg type effective potential since its mass is given by the distance (i.e.
moduli) between the branes. In the current setup, since the mass also depends on the
angular frequency, the corresponding Coleman-Weinberg potential must be evaluated in
presence of time-dependent scalar expectation value. Note that the result of the integral
in (4.7) is singular at 7 = 0 and the determination of Vy(r,w) needs some care.

The effective potential Vy(r,w) can be obtained if one knows the first four eigenvalues
of Hy(v), which we denote them by E;(k,r,w) (i =0,---,3);

©ds [ dk [<
- _ i hathd —27s(E; (k,rw)—1) 21 —2nsEy(k,r,w) ) 4.8
Vo(r,w) /0 28/27r [E e + 2le (4.8)

=1

Since Hy(v) commutes with Hp, these eigenvalues can be obtained by diagonalizing the
upper-left four-by-four submatrix for Hy(v). They are given in appendix E and summa-
rized as

1 2
1%@):(1—#>a%?+£a,+r+#m

3
[—1 0 0 0
4 2a/ 21
0 ——2112 —ﬁkqﬂ —Zv
s r s
+ 20/ r 2 | O, 4.9
0 —ﬁkUQ %1)2 e kv (V) (4.9)
mr r
2' 2 / /
0 ——zv e kv %1)2
L T r T

corresponding to the states |72; k) with N (1) < 1.
The eigenvalues E;(k,r,w) (i =0,---,3) are given by

T2

+ 1+ 0% + Ei(k, 7, w), (4.10)

L 5 2
Ei(k,r,w) = (1 —3v ) o'k + —
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where

Eolk,r,w) = =1+ O(v?h), (4.11)
1
ik, r,w) = —2v2h(k,7“)_1 + O(v?), (4.12)
v
E(k,r,w) = 2v . h(k,r)2 + = [ o 2— 5]1(]43,7‘) ] + O(v%), (4.13)
Es(k,r,w) = —2v . h(k,r)2 + = [ e 2 — ih(k,r) +O(vY), (4.14)
and
2

h(k,r) = a'k?® +

o (4.15)
The integral (4.8) is nothing but the Schwinger parameter representation of the partition
function of (1 4 0)-dimensional particles whose energy is given by 27 FE;.

Now we perform the integrations (4.8). For the eigenvalue Ey(k,r,w), the integral can

be performed easily. We obtain

2

VOO — _ /OO @ % e-27ruE0(k‘,T‘,w) _ 1+ €07T2a/w T2
0 2s 27

24/
40/ <1 — ;w2r2> ma

The remaining integrals have more complicated forms. For the purpose of a rough estimate,

+ O(vh). (4.16)

we make the following approximation
h(k, )2 — Vo' |k, v2h(k,7)"t = 0. (4.17)

In this approximation, we obtain

2

% 4 dk 1 2.1 2
V01 — / 278 27 e—QWS(El(k,T,w)—l) - + 6077-105 w 2 - (418)
0 48 i 40/ (1 — w27‘2> e
3
o * ds dk —27s(Ea(k,rw)—1) /OO ds / dk —27s(E3(k,r,w)—1)
Vo2 + Vo3 = /0 25 / 2 € 0 2s 2w c
1+ (eom® — 2) dw? 72 (4.19)

O/(l _ 1&)27“2) 2o
3

The details of the integrations are given in appendix F.

The effective potential induced by the massless modes becomes a sum of (4.16), (4.18)
and (4.19),

3
Vo = Z Voi (4.20)
=0
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2

and in the Lorentzian metric, w? is replaced with —w?. In the limit, r < ly; and w < Mgy,

each term is written in the form of

r 2 r 2 w2 2
Metr — | +C | — 4.21
* (lstr > <lstr> <mstr > ( )

At w = 0, the potential becomes /12, which is proportional to the length of the

stretched string.

The typical form of the effective potential induced by the massless state (4.21) is
nothing but the Coleman-Weinberg potential for quantum particles in (1 4 0)-dimensions,
which can be seen as follows. For comparison and future generalizations to Dp-branes,
we will consider general cases in (1 4 p)-dimensions. In (1 + p)-dimensional field theory,
one-loop integral of a scalar field with mass m is given by

P+
—Trlog(A—i—mz)_l/Q :/ / gﬂ p+1 —(k24+m?)s

ds _p+1 2 p = even

2 £
N/ —S_Te_mgs ~ (m )p+1 (4.22)
e 25 (m?)72 logm? p = odd.

If mass is given by vacuum expectation value of some scalar field ¢, it gives the well-known
Coleman-Weinberg potential. In our case, mass is generated by the distance r between DO0-
particles and the angular velocity w. Thus the effective potential induced by open string
massless states is given by the typical form (4.21), namely p = 0 case in (4.22).

5 DO-branes at constant velocities

In this section, we study a system of DO-branes at a constant relative velocity for comparison
with the revolving case. One might think that the effective potential we obtained in the
last section could be derived in a simpler manner by considering a D-brane system with
a constant relative velocity. Namely, one may consider a system of two DO-branes whose

{ x1(t) =, { xo(t) = —r, 5.1)

y1(t) = vt, ya(t) = —vt.

trajectories are given by

In the following, we refer this DO-brane system as the linear system, and the revolving
DO0-branes discussed so far as the revolving system. At the moment ¢t = 0, the kinematic
configuration of the linear system is the same as that of the revolving system, as far as
the distance and the velocity are concerned. Therefore, one might expect that the effective
potential for the revolving system would be obtained from the linear system at ¢ = 0, at
least at the order of perturbation we performed in the previous sections, and the corrections
to the effective potential might coincide between these two systems. This is not the case
since the effect of one DO-brane propagates with a finite speed and the effective potential
depends on details of the trajectories of the other DO-brane at ¢ < 0. Thus the interaction
will depend not only on the velocity but on the acceleration at the moment of ¢ = 0. This
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was shown in the closed string channel in [14]. In this section, we will show similarities
and differences between these two systems in the open string channel.

Although the theory can be solved exactly in terms of a twisted boson [21], it is
instructive to solve the worldsheet theory for the linear system in a non-trivial coordinate
system similar to the rotational coordinate. We will observe that the resulting action has
a similar form to the action (2.10) for the revolving system, which helps us to compare the
two systems.

Consider the worldsheet theory of an open string with a boundary condition given
by (5.1). We introduce the following coordinate system (in the Euclidean signature):

=, (5.2)
y = ycoswzx — tsinwz,

t' = ysinwx + t coswz.

In this new coordinate system, the trajectories (5.1) of the DO-branes become simply
i (t) =r, xh(t) = —r,
{} ’ (5.5)
Y1 (t) =0, yQ(t) =0,

v = tanrw. (5.6)

provided that w satisfies

Note that this relation between v and w is the same as the one (2.1) for the revolving
system up to O(v?).
The worldsheet action in this coordinate system is

7,2

S =

/ﬁahﬁWT+%XWX+&YW?+%WWX

47l
+200, X (TOYY —YOT) + v2(T? + Y29, XX + O |.  (5.7)

Note that we have rescaled the fields by r. This is quite similar to the worldsheet ac-
tion (2.10) for the revolving system.
The boundary conditions for X and Y are determined by (5.5). Define X by

X =xz(0) + X. (5.8)
Then, X and Y obey
=Y

o=0,7

X =0. (5.9)

o=0,7

One can show that T obeys the Neumann boundary condition;

0, T

= 0. (5.10)

o=0,7
Note that, unlike the revolving system, we do not need any field redefinition like (2.14) to
simplify the boundary condition for T. We define T by

.t
T=-+T, (5.11)
T
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where ¢ is the coordinate zero mode of T. In the following, we use Y instead of Y for
notational simplicity.
The Hamiltonian is given as

Hinear = HYY +0V" + 02V) + 0(0h), (5.12)
where
I i yed 7
Hé):/o do [TQ(H2T+H§(+H§/)+47m/{(8UT)2+(8UX)2+(8UY)2}}
2 v,
T T 19
v /”d 2mal (TTy —I17Y)+ ” 4 X(T8,Y -9 TY)+—2T2 O TY |, (5.14)
= g |— - 5 Yo ol —Ug o ) .
) ; 5 X y — Ll ool 20/
) i ol ~ 2 r 2 (2 2 4 2 2
V" = do | —(T1ly —YTII 0. X)) (T*+Y —(T*+Y
2 /0 o r2 ( Y T) +47TO/{( ) ( + )+7T2( + )
8 4 =9 2
+—tT——0, X (T*+Y?) ¢ |. (5.15)
w2 ™

242 from the interaction part V2(l) to

5

Note that we have moved a term proportional to v
the free part Hél) since the sum 72 4+ v%t? is the distance squared between the DO-branes.
This is necessary to improve the behavior of the perturbative result for small v. From this

Hamiltonian, using the improved perturbation theory in appendix A, we can construct
2 (v) = B + 0B + 0 H + 0(u*) (5.16)

which is a counterpart of Hp(v) (3.3) in the linear system. Note that the terms in the second
line in (5.15) do not contribute to H2(l)7 and we can drop them in the following discussions.
Recall that V; and V5 in the Euclideanized theory for the revolving system are

T 9 / 2 2 2
Vi = / do {_ T Np(XTy —TIxY) + ——8,T(X0,Y — 0, XY) + W;a,aUTY} ,
0

r? 2T«
(5.17)
Vy = /0 do [”:;‘ {(XTy = YT1x)? + (o) (1} — 113) }
+ 4:—:’{<86T)2(X2 + Y2) + %YQ + x(O')Z((aUT)Z _ (8UY)2> } . (5.18)

where only terms which contributes to H; and Hs are shown above. The interaction terms
Vl(l) and VQ(Z) have a quite similar structure to their counterparts in the revolving system.
However, there are some differences.

5Since the system of DO-branes at a constant relative motion does not have invariance under time
translation, the zero-mode of T' is no longer decoupled. It is a big difference from the revolving system
noted in footnote 4, and we need to compare two systems at ¢t = 0.
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Apart from the potential term v?t?/72a’ in the linear system in (5.13), there are two
differences between the revolving and the linear systems. First, 7' and X are exchanged in
many terms in the interactions Vi and V5. Since T' and X obey different, Neumann and
Dirichlet, boundary conditions, these terms give different contributions to [Hz|p; namely
the first line of (3.17) in the revolving system. Second, V5 in the revolving case has the
following terms

/ "do [mx< (113 — 112) + fdoﬂ((aa:r)? — (@Y, (5.19)
0 T

r2

which do not exist in the linear case VQ(Z). The diagonal part of (5.19) which contributes
to Ha is given by the second line of (3.17) in [H2]p in the revolving system. Therefore,
the results for the linear system are actually different from those for the revolving system.
There are other terms in Vo which are absent in V2(l), but they do not contribute to the
results up to O(v?).

After straightforward calculations in appendix G, we obtain

2 2 e
! r 1
H = o'p® + —an,tQ + 5t Z(NT,n + Nxn + Nyn) — 3’ (5.20)
n=1
l 27, Z 1 T Y (
5.21)
nyﬁO

For [Hél)] p (see appendix G), most of the terms are cancelled and the following terms for
the wave function renormalization

1) 3
[Hy] = (Z N1y + Nxn + Ny, 24) (5.22)

remains. It is the same as (3.18). Once the wave function is renormalized, it does not affect
the final results of the partition function up to O(v?). We have seen that the perturbative
expansion of the linear system is similar to the revolving systems, but the above differences
lead to the apparently different results.

Let us calculate the partition function of the linear system using Hél) (v). As we

O]

mentioned above, H; " includes the term proportional to t2. Therefore, the eigenvalues of

the zero modes, t and p, no longer take continuous values. Instead, they form a harmonic

(0)

oscillator with the angular frequency 2v/7. The effect of H," in eq. (5.21) to the partition

function can be easily determined by diagonalizing it. We find that this gives shifts +2v /7
O]

to the eigenvalues of Hy’. Since HQ(Z) does not contribute to the partition function up
to O(v?), we see that H(()l) (v) reproduces the correct partition function of the twisted

boson [21]

dS 2v 2v -1 —22
7= - "“’SH<1‘ ) () (1‘ ")
/0 25(1 e q" q q

1—q7r =

o dS _2 27‘2 —24 4 2 >
= e 1— =
/0 2s sinh(2vs)e (is)” [ 2m ( T ;

L OWY) (5.23)
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up to O(v?). This can be regarded as a consistency check of the calculation and the validity
of the formalism we employed in this paper. The v? corrections in the linear system give
the third term in the v? corrections in the revolving system in eq. (3.21). Note that the
partition function itself is a function of v, but the energy eigenvalues are shifted by 4-2v /7.
This comes from the O(v)-mixing between the world sheet variables, 7' and Y. Also note
that after Wick rotation to the Lorentzian metric v — v, the integrand has poles at integer
values of 2vs/m, which generates an imaginary part in the partition function. It reflects
open string pair creation [11]. Such imaginary part does not exist for the revolving system
since the distance between D-branes are constant and non-adiabatic particle creation does
not occur.

6 Conclusions and discussions

We have calculated one-loop partition function of an open string stretched between two DO-
branes which revolve around each other. To quantize the corresponding worldsheet theory,
we introduced new fields which satisfy simple boundary conditions. In compensation, it
makes the worldsheet action nonlinear. We analyze the resulting system perturbatively,
using the formalism developed in [19]. One of the advantages of using the method of the
improved perturbation is the fact that Hp(v), containing all perturbative information on
the energy spectrum, commutes with Hy by construction. This enables us to separate the
massless contributions from the massive ones, and also to expand the trace as in (3.6).
After lengthy calculations, we obtained the partition function in eq. (3.21). The result
shows that it is indeed different from the linear system in which D0-branes are moving at
a constant relative velocity, but the final formulae is surprisingly simple. It is one of the
main results in the paper.

We then calculated the effective potential between such a pair of DO-branes in the
bosonic case when their separation is shorter than the string length. Here we summarize
the basic structure of the effective potential. It has various contributions from massless
and massive open string states and is given by the following form

3 2 2 2 2
(@YY (o @ V) (o 4
V ~ Mstr ZZ; <1+Cl (mstr) > <lstr) + (cl + ¢ <mstr> ) (lstr> + O(w™,r%)

(6.1)

where ¢ = 162\/2/7 > 0. The result shows that there is an attractive force between the
rotating bosonic DO-branes. A contribution from the open string tachyon is neglected in
this expression.

One of our motivation for this calculation is to investigate towards a possibility of

a revolving Dp-brane system to make a resonant bound state at short distance [22-24].

p+1

«r V rotates with an

Suppose that a Dp-brane with finite volume V and mass M = g; 'm
angular momentum L = Mr%w. Then the centrifugal repulsive force is given by Mrw?
and under the angular momentum conservation, the centrifugal potential becomes Vi, =

L?/2Mr?. As we saw in the case of DO-branes in the bosonic string, strong attractive
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potential is generated by the one-loop open string amplitude: c;m3,,r? for r < lg;. In the
Dp-brane case, an integration over the position of the end point of open strings gives the
volume factor V' o« gsM and the most dominant part of the effective potential will be given
by cgsM (7 /ls;)? for r < lgt;. Under the angular momentum conservation, w? is replace
by (J2/M7r?)? and the centrifugal potential is given by L2/2Mr2. When the attractive
potential balances with the repulsive centrifugal potential, we have a classical solution
with the angular velocity w ~ g;/ 2mstr. However, such a classical bound state with the
large angular velocity w is quantum mechanically unstable against emitting closed string
emission. Furthermore, if we lived on such a D3-brane, the Lorentz symmetry is strongly
violated [25]; thus a construction of the standard model based on this kind of D-brane
configurations in the bosonic string would not be phenomenologically viable. In addition,
ifw~ gs1 / Qmstr, we need to take into account the effect of background fields which makes the
revolving motion on-shell, as mentionted at the beginning of section 2. These corrections
are expected to modify the dimensionsless constants c, c;.

In the case of D-branes in the superstring theory, the situation will become different.
Suppose we start from a BPS configuration such as a pair of Dp-branes at rest. When w = 0,
such configurations of D-branes are BPS, and therefore, there is no force between them.
If they are revolving around each other, it would generate attractive potential as in (6.1).
But in superstrings, many terms are cancelled due to the supersymmetry; especially w-
independent terms are completely cancelled. Thus in the typical form of the effective
potential generated by massive states (4.6), some of the coefficients must vanish: e.g.
c1 = c3 = 0. It is further known that when two branes are moving with a constant relative
velocity, the v? terms also cancel [16, 17]. For revolving Dp-branes (for odd p), massless
open string states induce the following Coleman-Weinberg (CW) type effective potential;

vy ((2) ve () o () e(2)) o

where n; is the number of degrees of freedom of the field i. Supersymmetry may impose
>, (=1)Fin; = 0.  If the attractive potential is dominated by the CW potential, the
balancing condition with the centrifugal potential becomes different from the bosonic case,

and a possibility of a bound state with much lower angular frequency would arise. It is
because the attractive potential in the superstirng case is much weaker than the bosonic

one, and we might expect

w r
, — < L. 6.3
Mstr lstr ( )

If such a bound state can be shown to exist, it would escape the problems of strong Lorentz

violation as well as the rapid closed string emissions in phenomenological applications. We
hope to come back to this issue in future.
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A Improved perturbation theory

In this appendix, we briefly review the improved perturbation theory developed in [19].
Consider a Hamiltonian of the form

H = Hy+ A\V; + \*Va. (A1)

In the interaction picture, we regard Hy as the free part and the remaining part as the
perturbation. Instead, we decompose H as

H = Ho(\) + AV (N, (A.2)

where
Ho(\) := Ho+ AHy + N2Hy + N3Hz + - -- (A.3)
V(\) := Vi — Hy + A\(Va — Hy) — \2H3 — - - (A.4)

The operators Hi, Ho, H3 etc. are to be determined later. One can construct a perturbation
theory based on this decomposition up to any desired orders of perturbation with respect
to A. The time evolution of operators are given by a unitary operator U (), t) which satisfies

%U()\,t) CCVOLOULD, V) = e N () emiHONE (A 5)

The solution satisfying U(A,0) = I is

UN\t) =14 (—i)) /t dty V(A ty)
0
—i—(—z’)\)?/otdtl /Otl dta V(N t1)V (A t2)

—i—(—i)\)?’ /Ot dty /Otl dts /Ot dts V()\, tl)V()\, tz)V()\, t3)
O (A.6)

As proved in [19], this operator does not have any secular terms provided that H,, are
appropriately chosen. To show the explicit expressions for them, let us introduce operators
Via (i =1,2) which satisfy

Vi=2_ Via [Ho, Via] = waVia- (A.7)

Explicitly, they are given as
Vie= D [m)(m|Viln)(nl, (A.8)
Em—En=wq

where |n) are the eigenstates of Hy. In terms of these operators, H; and Hs are given as

H1 = Vl,Oa (Ag)

1
Hy=Vo0— Y — it Vi Via: (A.10)
a,b#£0 ¢

Note that these operators commute with Hy. For systematic derivations of higher H,
(n > 3), see [19].
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As a result, it turns out that the time-dependence of all operators in this system is
given in terms of oM to all orders of perturbation theory. Therefore, the eigenvalues

of Hy(A) should be the same as those of the full Hamiltonian H to all orders in A.

B Mode expansions

The worldsheet theory (2.10) becomes a free theory when v = 0. In this case, the quan-
tization of the worldsheet fields is straightforward. In the Euclidean theory, their mode
expansions at 7 = 0 are as follows:

t \/2a! T
=14 Za—"cosna, (B.1)
r r n
n#0
V2! X
X = - .
. Z sinno, (B.2)
n#0
V2! ay
Y = - .
. Z sin no, (B.3)
n#0
r
II — al cos no, B4
T ﬂ_p o Z n ( )
n#0
IIx = — il Z o sinno, (B.5)
TV 20/
n#0
Iy = — il Z o) sinno (B.6)
™2/
n#0

Note that the radius r appears above because of the rescaling X" — rXH" mentioned
below (2.9). The commutation relations of the mode operators are

[ag,a%] = [aX,aX] = [a,{,an};] = Nptm. (B.7)

C Calculation of [H2|p

In the appendix, we calculate the diagonal part of Hs, which is given as the following sum;

[HQ]D - [%]D - Z %[Vvl,—mvl,m]D- (Cl)
m#0

The calculations are complicated since Vo defined by (2.23) and (V4)? contain quartic
terms in the world sheet variables, and we need to appropriately regularize the infinite sum
appearing in the intermediate states. Let us first look at the following term in Vs:

o /
/0 do %XQH%. (C.2)
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The diagonal part of this operator is obtained by substituting X? and H% with their
diagonal parts given by

20/ 1 _
[X(O')2] D=7 Z EDX’H sin® no, (C.3)
n#0
2
[Hy(U)Q]D = 52 ZnDyn sin® no, (C.4)
n#0

where D, ,, are defined by

1
Dy 3= =Ny + 6(n), (L=T,X,Y) (C.5)
and 6(n) is the step function;
1, (n>0)
6(n) := (C.6)
0. (n<0)

A suitable regularization of the summations is necessary. As a result of the substitution,
we obtain (see (C.25))

{ / do ™ XQHY] _ / do ™ (X [T ] (c.7)
0 D r
42 Z DXnDYm 4QZDXTL Yn— 8QZDXTL
nm;éO n#0 n#0

By using the formulae (C.32), we see that the expression contains the following term
/

5 (2Nx(2) +¢(1)) 2Ny (0) + ¢(-1)), (C38)

where -
)= (C.9)

n=1

is the Riemann zeta function. Most of the infinite sums can be regularized by using
((—1) = —1/12 or ((0) = —1/2, but {(1) can not be regularized by the zeta function
regularization. It will be, however, observed that this kind of divergences cancels among
various terms within Hs.

Other terms in [V2|p can be obtained in a similar manner. Using the diagonal parts
of the products given in appendix C.1, we find

Valp = 25561 (2N7(0) + Nx(0) + Ny (0)) + S5¢(1)¢(-1)

/

+ 55 | Nxyv(2) + }(NTX(Q) + N7y (2))

2
FNx(2)(Ny (0) + N7 (0) + Ny (2)(Nx (0) + Nr(0)
FCD(Nx(2) + Ny (2)) + 5 Nr(1) + S (Vx(1) + Ny(1) + 5(0)

— S (Ve(2) - Ny (2)) - 35 (C10)

For details of the calculation, see appendix C.2.
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Next we evaluate the second term in Hs (3.4). Since the calculation is similarly per-

formed, it is given in the appendix C.3. The final result is

/

-3 L Vil =~ ) N (0)+ Ny (0)+ Ny (0) - S5 C(1C(-1

m;é[)
/

_’_% NXY(Q)—%(NT)((Q)‘{'NTY(Q))

—Nx(2)(Ny (0)+N7(0)) — Ny (2)(Nx (0)+Nr(0))

)~ (1)

(D) (Nx (2)+ Ny (2) ~ g Nr(1) 4 2 (Nx (1) 4Ny (1))
N (0)+ Ny (0)+ Nr(0) + 5C(0)°| — 25 (Nr(2) + Ny (2)).
(C.11)

C.1 Diagonal parts

To derive the explicit form of [H3]p, we need the diagonal parts of products of fields. They

are given as follows. For products including 7" and Ilr,

2
r
[Mr(o)r ()], = ﬁpz + 27T2 ;
n#0

20/ . o
— Z nDr p,sinno sinno’,
" n#0
(7 (0)0,T(c")] , = L Z nDr ,, cosno sinno’,

g n#0
(0T (o)lIr(0")] , = — L Z nDr,, sinno cosno’.

T
n#0

(0T (0)0,T(0")] , =

For products including X and Ily,

2/ . .
(X (o)X (o) = = Z EDXJL sin no sinno’,
n#0
2
[ILx (o) (0")] ,, = % Z nDx p,sinno sinno’,
mral
/ 2@’ /
[0:X(0)0:X(0")] ) = = Z nDx , cosno cosno’,
n#0
(X (0)Ix (0")] p= L Z Dx ,, sinno sinno’,
T n#0
Iy (o)X (0”)] p= _— Z Dx ,, sinno sinno’,
™
n#0

2
(X (0)0,X(0")] p= o Z Dx ,, sinno cosno’,
n#0
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E nDr 5, cosno cos no’,

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

(C.20)

(C.21)



/
[0:X(0)X (0")] ) = 2% Z Dx ,, cosno sinno’, (C.22)

n#0
/ /L . /
Mx(0)0,X(0")] ) = —= Z nDx psinno cosno’, (C.23)
T n#0
/ { . /
[0 X (o)lIx(c")] ;= = Z nDx , cosnosinno’. (C.24)
T
n#0

Those including Y and Iy have the same form as above.

C.2 [Va]p
The diagonal part of (C.2) can be calculated as follows:

s /
/0d07’2[X2] 7"22 DXanDym'/ do sin® no sin® mo

m#0
r2 Z S DxnDyim + 25 Z —Dxn (nDyn + (—n)Dy,—n)
n m;éO n;é()
TQZ DXn Ym 422 X,n Yn_822 X,n-
n,m7#0 n#0 n#0
(C.25)
We have used the following identities
Dx _p,=—-Dx,+1. (n #0) (C.26)
We introduce the following notations:
m
Dplw = Z gDu,nDu,m, (027)
n,m7#0
DZV = ZDu,nDu,na (0.28)
n#0
1
Dpu(x) = — Dy (C.29)
n#0
In terms of these operators, (C.25) can be written as
/ /
The other terms contributing to [Va2]p are as follows:
™ 9 l 1
[ e Aol = 2 (Db + D - 50r©)),
27‘(04
- [ o[ty Y]p = 0.
27Ta
- [ ao Ip[YTly]p = 0.,
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r 3 12

do %x(oﬂﬂib— S Dv(-1) — 55 Dy (1),
/0 o SO0 [X%p = 15 (ke + Dkr = 5D1(0))
[ e 0T ol = 5 (D + DEr - 5r(0))
[ m o107l = 75 Dr(~1) ~ 5 5 Dr(1),

1 1
- [ dr a0V Pl = ~ 35Dy (1) = 53 Dr(),
/ do 4 a(o)[Y0,Y]p = ~ by,
0 T T

™ r? 12 3
/ do Y3 = — Dy (1).
0 i

Al T2

Summing all of them, [V3]p is given as

/

[Valp = 52 (Dxy + Dyx + Dxr + Dy + 2D%y + Dy + D)

L (Dr(1) - Dy(1)) ~ 30 + (©31)
m2 0t Y 3*P T '
To extract the divergent terms, we use the formulae:
1
Dy = (1) 2Ny (0) + (1)) + 4Nx(2)Ny (0) — ZNx(2), (C.32)
D%y = 2Nxy(2) + Nx(1) + Ny (1) + ¢(0) (C.33)
Dr(1) — Dy (1) = 2Np(2) — 2Ny (2), (C.34)
and so on. Here we use the zeta function regularized values: ((—1) = —1/12 and ¢(0) =

—1/2. By using these results, we obtain (C.10).

C.3 [ViVilp

The diagonal part of the second term can be calculated as follows. For example, let us
consider the following term:

2 T =21ad
-y = / do =2 (110 X Ty ()] . / do' —=% [y X Ty (o)), (C.35)
m;ﬁO 0 "
which contributes to Hs. The diagonal part of this operator can be written as follows:

2
2a/ nl 1 (7 . .
—— — D71 Dx Dy ibntktim | — do cosnosin ko sin lo
2 b b b + +7
r mk T Jo
m,n,k,l7£0

P o L [ o sinhosinda]
S Z 7DX,kDY,l6k+l,m — [ do sinkosinlo| . (C.36)
" ol £0 TJo
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This expression can be obtained from (C.35) by substituting IIy(o)II7(0’), X (o)X (¢’) and
Iy (0)Ily (¢/) with their diagonal parts given in appendix C.1, and then inserting 0,4 x+1,m
and 0x4 ., at appropriate places in the sums. Performing the integrals, we obtain

!
« nl
=5 E — Dt o, Dx Dy 1 (—621,m61 k+n — 92k,mOk,i4+n — 02n,mOn k-+1)
m,n,k,l7£0

a)? 1
( )pQZkDX,kDy,k. (C.37)
k40

272

Again, this contains terms with divergent coefficients. For example,

o nl

T ]2 Z mk.DT,nDX,kDY,l(le,mdl,kJrn
m,n,k,1#0
o '
= —16,2¢(1) 2Ny (0) + (1)) + (finite). (C.38)

The other terms can be calculated similarly. In the following, we use an abbreviated
notation, for example,
(Tl X1y, 7 X1y )
2ma’

S S / do 27 M1 XTIy ()] . /O ﬂdg’_rz (M XTIy (o)),

m=#£0

We also use the notations

nl
+,+,+
D™ =Y —DuuDurDpix x4,

m,n,k,l17#0 mk
n
Dt = >~ DunDuaDpiat b,
m,n, k170
1
D}, =>" =Dy kDo,
k0

where
At t 1) = (F02,m0k1n £ 02k mOkitn T 02n,mOn k1) -

Then the results are given as follows:

(a')? o -
9,2 p* Dy + 32 D(TXY )v

(Il X1y, 7 X1y ) =

O/ 2 o

(Y Ty, MY ILy) = (2 S 1Dy + S D,
(I X1y, I YIlx) = ( ) P’ Dy + @DFEFJS(J‘;JF)’
(~TIrY T, T XTly) = B Db+ @Dﬁy} ",

2r2
& (=)
(QTTX&,Y, 80-TX80—Y) — @DTXX/ 5
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a/

(0,TY 05 X,0,TY 0, X) = S?D%_Y?_)’
(0, TX0,Y, ~0,TY 0, X) = ;’2 PG,
(=0, TY0,X,0,TX0,Y) = 8‘:; [)(T—Y,;(, ),

(Ty XTIy, 8, TX0,Y) = 80:2 P,

/
[T+ Y1l (6 _ _
(UrYTlx, 9, TY 0,X) = S?DT( YX )7

/
o ~(_
(Ir Xy, —=0,TY 0, X) = @D(T;{/’ﬂv

/
a ~(—
(~HrYTx,0,TX0,Y) = ¢ 5 Dt

/
o _ _
(0T X0, Y, Iy X1y ) = @D(T;é? g

a/ —+—
(0sTY 0, X, TIrYTlx) = @D(Tyx g

/
O o~ (=
(_aUTyaaX, HTXHy) = @D;XQJ{;JF)’
0, TX 0, Y Tly) = o Pl
(=0, TX0, Y, IrY1lx) = g5 Dryx ™,

2
(05TY,0,TY) = ——= D}y
T

It turned out that most of the terms cancel miraculously. As a result, we find

1 o n
- E —V1,-mVimlp = ——5 E — [DT,nDX,kDY,n+k + D7k Dx Dy
m 4r k
m#0 n,k#0
ntk#0  + Dp Dy pDx pir + Drpir Dy Dxp

o 2 1
t53 > DrgpDx Dy — = > DrnDyn. (C.39)

k10 n#0
k4170

To extract divergent terms, we use the following formulae:

S DDy = Nr(2) + Ny(2) + (1), (C.40)
n#0
>~ £ DraDxaDyaen = (1) (2N7(0) +¢(~1))
Ko + 2N (2) Ny (0) + 2Nx (2)N7(0) — Nrx(2)
1 1 1
- éNX(Q) - §NX(1) - §NX(0) — Ny (0)
+ Z Z % (NY,n NT,n)
n=1k=1
> 1
+ 7NT’nNy7n ks (0.41)
;n;ﬁ&_k k(n + k) *



> DrpwiDxpDyy = Nxy(2) = Nrx(2) — Nry(2) + Nx(0) + Ny (0)
k10
o ~ Ne(1) + Nr(0) + 2(0) (C.42)

and so on. Using these results and the following identity,

1
Nt Ny Ny o Nrpir = N
;;kk( ) T Y+k+; ;kk( ) Y INT itk Tv(2),

we obtain the result of (C.11).

D Useful formulae for traces and derivation of the partition function
(3.21)

In this appendix, we give general formulae for the traces such as
tr[e*Q“SHDNM(m)], tr[e*ZWSHONW(a;)] (D.1)

where Hy, N, (), Ny, (z) are defined in eq. (3.8) and eq. (3.16). Using them, we derive
the expression (3.21) for the partition function.
The calculation of these traces is reduced to considering a single harmonic oscillator

[an, a_p] = n, (D.2)
for which we determine
try, [672WSN"Nn] , N, = a_yay. (D.3)

The trace tr,, is taken over the Fock space of a,. It is easy to obtain

—om nqg" 1
tr, [ NN, ] = < _qqn T (D.4)
where ¢ =—2™. Using this formulae, we obtain
e pl—z " 0
tr [ —QﬂsHoN :| _ Z - H (1 . qm)—37 (D5)
n=1 m=1
> 2 x 2n O
tr[ —2msHopy ] Z 1-q™)73, (D.6)
n= 1( m=1

where we assumed p # v.
These formulae are sufficient to determine the partition function (3.1). For this pur-
pose, it is helpful to notice the following formulae

tr e—27rsﬁo (2]\7“1,(2) + Nﬂ(l) + Ny(l))} — Z m . H (1 — qm)—?), (D.7)
n=1 m=1



Then we obtain

—27rsl§fl
sl i) - [Tzzlq

3 4
—ms>tr [e_%SHOHﬂ = —7s? < (o) > Z 217 is) 3. (D.9)

ak2+eo n(is)™3, (D.8)

Interestingly, after performing the k-integration, one more cancellation occurs between
these two traces; i.e., the momentum integration of (D.9) becomes

’ 7 ! 4 > 2q"
/dke_%o‘ K gy [e_QWSHUHﬂ = (871'20/5)_% (Qs - 52) Z ﬁn(is)_?’ (D.10)
—4q

2T
n=1

whose first term in the parenthesis is cancelled by the momentum integration of the first
term in the square bracket of (D.8),

dk —27a’ sk? —2nsH 2 1.y—1% -3
/27r6 tr {e OH2i| = (8ra’'s) 2 - Z 277 (is) 2 +---. (D.11)

Finally, the partition function becomes

7"2 -
/ ZS(BW s)” Teww n(is) 24 (1 - ;v2>
0 S

4 5= q"
x |1 — 2702 ——s +6 s — —8°
o (S e L

N

+ 0. (D.12)

E Matrix elements for low lying states

We determine the matrix elements (7i; k|O|7i’; k) for O = H?, Ho, in order to calculate the
eigenvalues E;(k,r,w) of Hp(v) we need in subsection 4.2. The states |1i) we consider in
the following satisfy N (77) < 1.

First for the ground state with N(73) = 0, all of n$ are zero. Therefore, we obtain

(7i; k| HY |73; k) = 0, (E.1)
1
(7o k| Ho|73; k) = —go/k:2 + €o. (E.2)
After returning to the Lorentzian metric, —v?Hs /o’ gives the v? corrections to the energy
of the tachyonic state.
Then we consider the first excited states with N(7) = 1, which correspond to the

massless open string states excited by world sheet variables T, X,Y’; so there are three
states specified by the integers (n?,n:*,n}). We denote these states by

= (1,0,0), 7y =(0,1,0), 7iz=(0,0,1). (E.3)
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The diagonal matrix elements can be obtained easily. The results are

. . 1 4

(tiy; k[ Ha |ty k) = —ga/k‘2 -3t (E.4)
R . o 1

(nig; k|Ha|ng; k) = i gO/k2 + €o, (E.5)
. R o 1

<n3;l<:|H2\n3; k‘) = 1"7 — ga’kQ + €o- (E6)

We also need the off-diagonal matrix elements. To obtain them, we must use H; and
Hj, not just their diagonal parts [H?]p and [Ha]p. Using the expression (3.13), we find
that the only non-zero off-diagonal elements of H; are

2t 2ia/

(fiy; k| Hy|ris; k) = — (Tlo; k| Hy|misg; k) = . k, (E.7)

and their complex conjugates.
It turns out that most of terms in Hs do not contribute to the off-diagonal elements for
the states with N(7) = 1. This can be seen by considering the following matrix element

(0]t |1), [1) :=|n; = 1). (E.8)

The matrix elements for (m,n) = (1,0), (0, 1) are non-vanishing only if (0|ag|0) is non-zero,
and the other matrix elements vanish. This implies that terms with a zero mode in Hs
give non-zero off-diagonal matrix elements.

Among the worldsheet fields, II7 is the only field which has a zero mode. It turns
out that

™ 2 /
- / do L2 (0)TI3X, (E.9)
0 T
is the only term in V5 which gives the off-diagonal matrix element
™ 2 / 2 /
(Fr; k| [—/ do ”f‘x(a)nr?px] IFios k) = — >k, (E.10)
0 T wr

and its complex conjugate.
The terms in — Zm?éo V1,—mV1,m/m which could possibly give off-diagonal matrix el-
ements are

1 s
Zm/o do

m7#0

T 2 2
My (XTI, — YTIx)]_ /0 do’# 0,TY],,  (E.11)

—21a
2

and its Hermitian conjugate. In fact, we find that the off-diagonal matrix elements of these
terms vanish.
In summary, the matrix elements of Hy(v) for the states with N (1) < 1 are

[0 0 0 0
4 20/ 27
0 1——2'02 —ﬂk;vz —Zv
1, 17,2 r? 2 m o T
1—- k . . E.12
< 31) )a + =y + v7€g + . _270/1“)2 1+%/v2 210/]4;@ ( )
r r r
2 2 / /
0 ——lv _za kv 1—1—%1)2
L r r
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Back to the Lorentzian metric and multiplying —v?/a/, these expressions give v%-

dependent corrections to the mass matrix of the open string massless states, whose 0-th
order energy is given by k% + r2 /7r20/2. Since H; and Hs mix these 3 states, we need to
diagonalize the matrix to obtain the energy eigenvalues. It is given in subsection 4.2.

F Integration for Vi, and Vo3

Recall that Ea(k,r,w) — 1 is given as

1 2
Ey(k,r,w)—1= (1 - 3w2r2> o'k* + (1 + eomd/w?) !

m2a/
1 2 ) o T w?r? -1
+ 2Vl wh(k,r)2 + o/w? — 20w 5 — g Mk, ) (F.1)
le’ 27
The integral
o] +00
Vg = — / ds / Ak oo (Ea(kire)-1) (F.2)
0o 258 J)_o 27
is very complicated. To see the behavior of Vys, we replace
Ey(k,ryw)—1— (1— 1@)27"2 o'k + (1 + eom?cd/w?) r
2\, Ty 3 0 7T2O[,
r2
+ 20/ w|k| 4+ o/w? — QQ/WQT' (F.3)
T
Then, the integral becomes
Voo — —2 /oo @ 6727rs[a’w2+(1+(eow272)a/w2)ﬂgi,]
0 2s
% /OO %6727{'8&/[(17%&)27‘2)]?24*2&)’6]. (F4)
0 27

The expression for Vs is obtained by flipping the sign of w. It can be written as

® ds _ 7,2 2oy 1,2y _r2
Vos — _2/ 27& 27rs[aw +(14+(eom*—2)d’w )7[2&,]
0 S

0
e e (.5)
2T

—0o0

The sum of them can be easily integrated and results in (4.19).

G [Hél)]D for the linear system

[HQ(Z)] p for the linear system can be calculated in a similar way as the revolving system.
The difference is that Ho(l) involves the term proportional to ¢* and the zero modes form
a harmonic oscillator. In terms of the creation/annihilation operators of the harmonic
oscillator, ¢t and p are written as

o/ . v
t= \/%(ao-FaT)v p=—i 27rOZ,(Oéo—CY(T))- (G.1)
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()

Then the free Hamiltonian for the zero modes in Hy’ is given by 2Y(Np + 3), where
[ao,aT] =1 and Ny := agao.

For products including 7' and II7, the diagonal parts are given as

2 1 2
[HT(J)HT(J’)]D = % (No + 2) + ﬁ Z nDr, cosno cosna’,
n#0
~ - ! 1 20/ 1
[T(O’)T(O’l)} L= % <N0 + 2) + 7% Z gDT,n cos no cosno’,
n#0
/ 2a/ . . /
[GUT(U)&,T(U )]D =— Z nDr,, sinno sinno’,
r n#0
I (! } __ vt
{ 7(0)T(0") 5 5 Z Dy, cosno cosno’,
a0
T /
[T(O’)HT(U )} 5 27r + — Z Dy, cosno cosno’.

For X, IIx and Y, Ily, mode expansions are given in the same form as those in the
revolving system.

Let us first look at differences between the revolving and the linear systems. Since
T and X obey different, Neumann and Dirichlet, boundary conditions, these terms give
different contributions to the partition function. For example, for the revolving system,
[Hs] has a contribution

o o 1 1
/0 do “5 (X ] = 5 [<<1>(2Ny<o> - o) HANX@)Ny (0) - GNX<2>]

+@

2Nxy(2) + Nx (1) + Ny (1) — % - ;C(O)] ;

while for the linear system, the corresponding contribution to [Hél)] is

4 o 1 1
/0 o T (72183 = 42[<<1>(2Ny<o> 12)+4NX<2>NY<0>—6NX<2>]

1

- 4‘;‘:2 [2N;<y(2) + Nx(1) + Ny (1) — 5~ ;C(O)] )

in which the second line has the opposite sign. Note that the divergent terms are common
in two cases. This turns out to be the case for all divergent terms.
In a way similar to the revolving system, each terms contributing to [V2(l)] p are calcu-

lated as follows:
/ /

/Oﬂdam[TQ] 3 ]p = " 2<DTY D3y 4= DT(O)>+LO;2 <N0+1>Dy(—1),

T wad! o va! 1
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™ ﬂ_a/ ~
- / do o [y ¥]p [ Tiz]p =0,
0

/

[ g 0o 10070 = 5 (P4 D 50r00)) 1% (ot )t

T

s 7“2
[ o i@, x 0 42(DXY Diy+50r(0))

W r? 4
| as T%)p =~ Dr(1),
0 T

4ol 72

oot 4, 1
/OdO' /72[Y ]D:WQDY(l)'

4o

Summing all of them, and using the same formulae as the revolving system, we get

a/

Vil = (1) [2 s (NT(O) +2Nx (0) + Ny (0) — é)}

o 1 1
+3 |:_NTY(2) + §NTX(2) - §NXY(2)

+ Nr(0)Ny (2) + N7 (2)Ny (0) + Nr(2)Nx (0) + Nx (0) Ny (2)

— NE(2) — T Nv(2) — {Ne(1) - SNy (1) + ﬂ
272}0; <N0 + ;) <Nx(0) + Ny (0) — 112> — (N7(2) + Ny (2))

We need to take some care when calculating the contribution to [Vl(l)Vl(l)] p that in-
cludes zero modes. For example, there is a following term in (IT xTTly, 11 XTHy):

T
21}7’2 Z Z <2v/7r+m+—2v/7r+m>

m=—00 n,k#0

1 2
X nkDx »n Dy 10m n+tk [ /da sin no sin k:a]
T

2

n#0
ges k?

o 2
8ur = 2u/m+2n

[DX,DY,n + No(Dxn + Dy — 1)] .

The terms includes no zero modes can be calculated in the same way as the revolving
system. Thus each contributions are obtained as follows:

; - @ ()
(HxTHy, HxTﬂy> = _@DXTY 16’027’2 Z n DX nDYn Dx n)

Z QDX,nDY,n + NO(DX,n + DY,n - )

81)7“2 2u/7+2n ’

n#0
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o o
(~IxIrY, —HxMyY) = —— DY — =N (Dy n Dy — D)

2 2
&r 4r =
! DxnDyn + No(Dxn + Dy — 1)
2 )
27r = 2u/m+2n
~ = (+,+,+)
(6, XT0,Y,0,XT0,Y ) = WDXTY e Z (Dx.nDyin — Dx.n)
n#0
Z o Dx n Dy + No(Dx 5 + Dy — 1)
2 )
8vr oprrd 2u/m+2n
+h+
(~0s X05TY,~0,X0,TY) = —STDE(YT g
2

(0sTY,0,TY) = == Diy,
T

(HXTHy, —HXHTY) _ (—HXHTY, HXTHY>

o Sy o
= wDXTY - Sur2 (2N0 + 1) Zn(DX,nDY,n - DX,n)
n#0
i/ Z nDX,nDY,n + NO(DX,n + DY,n - 1)
2 M
4r = 2u/m 4+ 2n
(fony,aaxfagy) - (OUXT&,Y HXTHY)
T g2 UXTY 161127"2 Z XntYn — Xvn)
n#0
Z QDX,nDY,n+N0(DX,n+DY,n - 1)
2 )
8vr oprrd 2u/m+2n
(H Ty, —agxa,TY) — (—&,X@UTY, Il XTHY>
—_ _i/ I (+7777)
8,,,,2 XTY >
(—HXHTY, &,XT(?,,Y) - (a,XTaUY, —HXHTY>
a/ ~(+777+) ﬂ-a,
= 52 D%iy "+ g 5 (@No+ 1) Y n(DxnDyn — Dxn)
n#0
o Z nDX,nDY,n + No(Dx, + Dy, — 1)
2 9
4r s 2u/m+2n
(—IxI7Y, —0,X9,TY) = (=8, X0, TY, —Ix1I7Y)
a (7’4"»»7)
8 DXYT ’

(6UXT&,Y, —&,X@UTY) ( 8, X0,TY,, XT Y)

a (+7+77)
- 8,,,,2 DXTY
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Again, most of the terms cancel. The remaining contributions are

- % Vi,V ==c {;—#20;2 {NT(0)+2NX(O)+NY(0)_€1;H
m##0

—7(3[2, —NTy(2)+%NTX(2)_%NXY(2)
+ N7 (0) Ny (2) 4+ Nr(2) Ny (0)+ N7 (2) Nx (0)+ Nx (0) Ny (2)
_%NT@)—%Ny(z)—iNTa)_zNY(l)
—NT(O)—N)((O)—NY(O)—’_%

_27;0;’2 (No+;) (NX(0)+NY(0)—112> +%(NT(2)+NY(2))

L0, (@.3)

As a result, summing up (G.2) and (G.3), we find
/

] = % [NT«)) + Nx(0) + Ny (0) - ;} , (G.4)

up to higher orders of v.
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