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1 Introduction

A period of an accelerated expansion in the Early Universe is thought to be necessary for
explaining the large-scale properties of the present day Universe. The standard description
of such an inflationary stage is given by coupling the space-time metric to one or more
fundamental scalars, which have a nontrivial potential that temporarily dominates the
energy density of the Universe. There is, in fact, a wide variety of such inflationary models.
A particular class, called a-attractors [1, 2] (see also the earlier related works [3, 4]), stands
out as being in an especially good agreement with the current observational data.

This class of models has certain universal predictions for the important cosmological
observables ng (scalar spectral index) and 7 (tensor-to-scalar ratio). It has been understood
that the key reason for this is a specific property of the kinetic terms of the scalars. More
precisely, they are characterized by hyperbolic geometry [5, 6]. In fact, the original works on
a-attractors focused mostly on effectively single field models.! The widest generalization
in the context of two-field models, which brings into sharp focus the essential role of
the hyperbolic geometry of the scalar kinetic terms and of uniformization theory, was
introduced in [14] and further explored in [15, 16] by considering models whose scalar
manifolds are arbitrary hyperbolic surfaces, which can be much more complicated than the
Poincaré disk.

Although single-field inflationary models are the most studied, it is quite natural to
consider models with more than one scalar field. The reason is that the underlying particle
physics descriptions, including string compactifications, usually contain many scalars. So
it makes sense to expect, in the context of a fundamental theory of matter and gravity,
that more than one field would play an important role during an inflationary stage. In
view of very recent developments in the literature, there may also be another motivation
to be interested in multi-field cosmological models. Namely, it was conjectured in [18]
that quantum gravity requires the scalar potential to satisfy a certain condition, which ex-
cludes dS minima and seems to be in severe tension with single-field slow-roll inflationary
models [19, 20]. It was argued in [21] that one can reconcile slow-roll inflation with the
conjecture of [18] by considering multi-field models. One should note, however, that there
are already serious objections [22-26] to that conjecture, whose only motivation is that it
is rather difficult to find well-under-control stringy constructions that have (meta-)stable
dS minima.? It could be helpful, in sorting out arguments for or against the conjecture, to
better understand multi-field inflationary models and their embeddings in string compacti-

1By ‘effectively’ single-field models we mean two-field models on the Poincaré disk, in which however
one studies only radial trajectories. The importance of the hyperbolic geometry of the scalar manifold
is much more manifest in the recent works [7-13], which investigated novel behavior due to trajectories
with nontrivial angular motion on the Poincaré disk. Note that this kind of trajectories had already been
considered in a much wider context in the earlier references [14-16].

2The main conceptual objection can be summarized as follows. Effective field theory considerations
clearly indicate the necessity to include quantum (in particular, non-perturbative) effects in order to obtain
dS minima, while those string theory dS-related considerations which are sufficiently rigorous at present
are essentially classical (relying on nontrivial background fluxes). So there should be no surprise at the
difficulty, which can likely be overcome only upon developing a better non-perturbative understanding of
string theory.



fications. Regardless of whether one is motivated by the conjecture of [18] or by the general
expectation that more than one scalar field could play an important role for inflation, it is
natural to be interested in two-field models as the simplest case of multi-field ones.

Most of the time, the equations of motion of two-field cosmological models are solved
numerically in the literature. See, in particular, [15-17] for such numerical investigations
in two-field a-attractor models. Our goal here will be to find exact solutions by imposing
the requirement that the model possesses a Noether symmetry. This method is well-known
in the context of extended theories of gravity, where it has long been used to find classes
of exact solutions [27-30]. The basic idea is that the presence of a Noether symmetry
constrains the form of an otherwise arbitrary function in the action (in our context, the
scalar potential) and allows one to simplify the equations of motion. In general, this method
does not give all solutions of the field equations, but only a certain subset. However, having
exact solutions to analyze is often more informative conceptually than performing numerical
analysis. Furthermore, the relevant Noether symmetry may have a deeper meaning, if the
two-field models under consideration could be embedded in some fundamental particle
physics setup, like a class of string theory compactifications.

The Noether symmetry method was already applied to one-field a-attractor models of
inflation in [31]. However, due to the limitation to a single scalar field, that analysis could
not illustrate the essential role played by the hyperbolic geometry of the scalar manifold.
Here we will apply the Noether symmetry method to the two-field generalized a-attractors
of [14-16]. A key feature of this class of models is that the scalar manifold is a hyperbolic
surface. For a Riemannian 2-manifold, hyperbolicity amounts to the condition that the
Gaussian curvature is constant and negative. In fact, it is inversely proportional to the a-
parameter of these models. We will focus on the simplest class of hyperbolic surfaces, called
elementary, of which there are three types: the Poincaré disk, the hyperbolic punctured disk
and the hyperbolic annuli (see, for example, [15]). Using a separation-of-variables Ansatz,
we show that two-field a-attractor models, with scalar manifold given by any elementary
hyperbolic surface, have a ‘separated’ Noether symmetry for a certain form of the scalar
potential. The existence of such a symmetry requires a different form of the scalar potential
for each of the three types of elementary hyperbolic surface. The hyperbolic geometry of
the scalar kinetic terms will play an essential role in this derivation.

It turns out that the special kind of Noether symmetry, which we find using the
separation of variables Ansatz, not only selects a particular form of the scalar potential,
but also fixes the value of the otherwise arbitrary a-parameter.®> That a specific value
of the a-parameter is required for a separated Noether symmetry may seem unexpected.
However, it is also very intriguing. Recall that it is not uncommon, especially in the
context of string theory, to have particular points in a certain parameter space, where an
(enhanced) symmetry occurs, although there is no such symmetry at generic points of that
parameter space. It would be very interesting to understand whether this peculiar feature
can help find specific embeddings of two-field a-attractor models with a separated Noether
symmetry in a more fundamental particle physics framework.

3This condition may be relaxed for more general Noether symmetries, which are not of the separation-
of-variables type. We hope to say more on this in a future publication.



We also find many exact solutions of the equations of motion of two-field a-attractor
models, which admit a separated Noether symmetry. To achieve this, we transform the
relevant Lagrangian to a new system of generalized coordinates, which is adapted to the
Noether symmetry. We investigate each of the elementary hyperbolic surfaces in detail and
find a variety of exact solutions of the field equations in each case.

The organization of the present paper is the following. In section 2, we briefly review
the action for the class of cosmological models known as generalized two-field a-attractors.
The two-dimensional scalar manifold of those models is a hyperbolic surface. We write
down the action for each elementary hyperbolic surface, namely the Poincaré disk, the
hyperbolic punctured disk and the hyperbolic annuli. In section 3, we write the cosmolog-
ically relevant point-particle Lagrangian (the so-called ‘minisuperspace Lagrangian’) and
impose the condition that it has a Noether symmetry. This leads to a coupled system of
seven PDEs. Using a separation-of-variables Ansatz, we find solutions of that system for
each elementary hyperbolic surface, in particular determining the form of the scalar poten-
tial which is compatible with the separated Noether symmetry. In section 4, we find new
generalized coordinates that are adapted to this Noether symmetry. In sections 5, 6 and 7,
we investigate the equations of motion of the two-field a-attractor Lagrangian in the new
coordinate system for the Poincaré disk, hyperbolic punctured disk and hyperbolic annuli
respectively. We find many exact solutions in each of the three cases. Section 8 summa-
rizes our results and briefly mentions some directions for further research. Appendix A
recalls the basic definitions and properties of elementary hyperbolic surfaces (whose ge-
ometry is described in detail in reference [15]). Appendix B illustrates some of the new
exact solutions.

2 Two-field cosmological a-attractor models

Generalized two-field a-attractors are a class of inflationary models obtained from Ein-
stein gravity coupled to a non-linear sigma-model with two real scalar fields, whose target
space (known as the scalar manifold) is a hyperbolic surface. This system is described by
the action

5= [dtay=g [? 5 G(6)06'06" ~V(9) | | (2.1)

where R is the scalar curvature of the 4d space-time metric g,,,,, the fields ¢! with I =1,2
are two real scalars and the non-linear sigma-model metric G1;(¢) is a complete hyperbolic
metric, i.e. a complete metric of constant negative Gaussian curvature K.* For brevity, we
use the notation 0¢!d¢’ = g“”(?u(blaycbj.

The simplest example is obtained by taking the scalar manifold to be the Poinaré disk
D. In this case, using polar coordinates on ID and considering only radial trajectories, one
recovers the original one-field a-attractors of [1, 2]. It was understood in [5, 6] that the

4Tt is convenient to write the Gaussian curvature as K = ——C"Z“

in terms of an arbitrary positive

parameter . (There are differing conventions in the literature, namely: either K = —z- |, K = —2 or

K = —3-.) It was shown in [14] that such models have universality properties similar to those of [1, 2],
hence the name ‘a-attractors’.



universal properties of the latter arise from the hyperbolic geometry of the Poincaré disk.
Later, reference [14] considered a very wide generalization of the Poincaré disk models, ob-
tained by taking the scalar manifold to be an arbitrary hyperbolic surface and showed that
the universal properties of the original one-field a-attractors persist under certain condi-
tions. Specific examples of generalized two-field a-attractors were explored in more detail
in [15-17]. In particular, [15] studied a-attractors whose scalar manifold is an elementary
hyperbolic surface, i.e. the Poincaré disk, the punctured hyperbolic disk or a hyperbolic
annulus. We briefly review their definitions and properties in appendix A.

Our goal here will be to show that, for each of the elementary hyperbolic surfaces,
the cosmological model obtained from the action (2.1) possesses a Noether symmetry for
a certain value of the parameter a and a particular form of the scalar potential V(¢). To
achieve this goal, it will be useful to rewrite (2.1) in the form:

5= [atev=g [f 09— a0 v (2.2

where now the two real scalars are ¢ and 6 and all the information about the hyperbolic
geometry of the sigma-model metric is contained in the function f(y). Such a rewriting
can be achieved for any metric Gy, which admits a U(1) isometry parameterized by € and
S0, in particular, for any of the elementary hyperbolic surfaces. Namely:

o Poincaré disk. When Gp; is the metric on the hyperbolic disk D, the action (2.1)
can be written as:

Z0Z
SD:/d4m\/—g [J;—?)a 029

aozzp V)| (2.3)

in terms of a complex scalar Z = ¢! + i¢>. Writing the latter as:
Z = pe'? (2.4)

and performing the field redefinition:
¥
=tanh| — | , 2.5
P < vV 6a> (25)

we find that (2.3) acquires the form (2.2) with the following function f(¢p):

3 2

fol) = 5 sink? ( » w) . (2.6)

e Hyperbolic punctured disk. For G; the metric on the hyperbolic punctured disk D*,
the action (2.1) can be written as:

(0}

Sy = [d'sv=g [f - G {00+ 200 =V (0)| . @)

Hence, the field redefinition:

¢ =v2a In(|Inp|) (2.8)



transforms it into (2.2), where now the function f(yp) is:

Jo(¢) =20 exp <—\/g @) : (2.9)

e Hyperbolic annulus. When G is the metric on a hyperbolic annulus A, (2.1) acquires

the form:
R aC?

= [d'zy/=g |5 - 1 2+ p*(00)*} — V(p,0 2.1

S [atov=g | - ot {002+ A0} - V()] (20

where Crp = 217;}?. This can be transformed to the expression in (2.2) by the
redefinition: |+ sin(Cilnp)
+sin(Cr Inp

=12l 2.11

4 “ n[ cos(Crlnp) ]’ (2.11)

which leads to the following function f(¢p):

falp) = 2aCF cosh? <\/§E> : (2.12)

3 Noether symmetries in two-field a-attractors
We now investigate under what conditions the action (2.2), namely:
R 1
s= [dev=g |5 - 5002 - 102 - vico) (3.1)

has a Noether symmetry. As usual, we will consider the following Ansatz for the four-
dimensional inflationary metric:

dst = —dt* + a*(t)di?, (3.2)

as well as spatially-homogeneous scalar fields ¢(x*) = ¢(t) and 0(x*) = 0(t). Substituting
these in (3.1), we obtain:
S = /d4x a3 [w + ﬁ + Mm —Vi(p,0)]| . (3.3)
a 2 2
Note that, since here a, ¢ and 6 depend only on time, the action per unit spatial volume
in (3.3) can be viewed as the classical action of a mechanical system with three degrees
of freedom.

To use the Noether method, we have to rewrite the Lagrangian in (3.3) in canonical
form, namely as £(q’,¢%) in terms of some generalized configuration space coordinates ¢’
and the corresponding generalized velocities ¢°. To achieve this, we use integration by parts
in the @ term in (3.3). This allows us to write the action per unit spatial volume in (3.3)
as [dt £, with the following Lagrangian density:

L= —3aa® + a32¢2 + a?’f(;p) A —a®V(p,0) . (3.4)
In this point-like Lagrangian, we can view {a, ¢, 0} as generalized coordinates on the con-

figuration space M = R? x S'. Then {a,a, o, @,9,9} provide coordinates on the corre-
sponding tangent bundle 7M. Let us now write down the conditions for (3.4) to have a
Noether symmetry.



3.1 The Noether system

Recall that a symmetry generator is a vector field X defined on T'M, which preserves
the Lagrangian:
LxL=0, (3.5)

where L x is the Lie derivative along X. In fact, to generate a Noether symmetry of L, the
vector field X has to be of the specific form:

0 . 0 0 0 o . 0
X=X+ +Ao— )\ A Ao— 3.6
9a " M9a T e, T e T a0 T Vg8 (36)
where the coeflicients )\, ¢ are functions of the configuration space coordinates {a, ¢, 0}.

Hence, the condition (3.5) becomes:

oL oL oc ;. oL oL oL
)\a%‘f‘)\ 8 +)\ 8 )\4)9%4-)\986 )\9% 0. (37)

Let us now investigate the implications of this condition for the Lagrangian (3.4).
First, note that all terms in (3.7) are either quadratic in the generalized velocities a, ¢ and
0 or contain no velocity at all. So we can view the left-hand side of (3.7) as a second degree
polynomial in the generalized velocities. Since we want to find functions A, , g(a, ¢, ), for
which the symmetry condition (3.7) is satisfied identically, we have to require that each
coeflicient of this polynomial vanishes separately. Therefore, computing the various terms
in (3.7) for the Lagrangian (3.4), we find the following coupled system (where in brackets
we indicate the corresponding coefficient of the velocity polynomial):

O\g
-2
(E1) (coeff. of a“) 9 =0,
3 1))
.2 . d e _
(E2) (coeff. of ¢*) : 2)\a +a 90 0,
. 3 2
(E3) (coeff. of 67)  : DF@Nat 5@PAe+af(0) S5 =0,
o« . 8)\(1 28A
(E4) (coeff. of ayp) —6 a5 0 =0,
R 8)\a 2 a)\g _
(E5) (coeff. of af) 6755 fle )a— =0,
¥ O, oNg
(E6) (coeff. of ¢0) 0 + )5 oo
(E7) (ind. of velocity) 3V e+ aVod, +aVorg =0 . (3.8)

In the next subsections, we will show that equations (E1)-(E6) can be solved for any
function f(y), such that the scalar manifold metric in (3.1) is hyperbolic, i.e. with a
constant negative Gaussian curvature. Then, equation (E7) determines a particular form
of the scalar potential. As in [31], we will look for solutions with the following separation-
of-variables Ansatze:



Let us begin by considering equations (E1), (E2) and (E4), which do not depend on f(¢p)
and hence have the same form for any elementary hyperbolic surface.
3.2 Solving equations (E1), (E2) and (E4)
Substituting (3.9) in equation (E1), we obtain the following first order ODE:
dA;

Its general solution is:
A
A = A1
1(a) NR (3.11)
where A is an arbitrary integration constant.
Equating the expressions for A, obtained from (E1) and (E2) in (3.8), we have:
ONa 10X,
=-_—. 3.12
da 3 0y (3.12)
Substituting (3.9) in (3.12), we find the following set of equations:®
dA1 AQ(CL) d<1>2 1
e I ORI XORE RO (313)
where k = const.. Using (3.11) in the first equation of (3.13) gives:
3 A

Let us now consider equation (E4). Substituting (3.9), (3.11) and (3.14) in this equa-~
tion gives:

d®
- 86701@1(9) +305(p)O2(0) =0 . (3.15)
This, together with the last relation in (3.13), implies that:
8 dd,
=—— 3.16
27 3k dp (3.16)
Using the second equation of (3.13) in (3.16), we end up with the following ODE:
d’®a(p) 3
29 = 1
) L) -0, (317)

whose general solution is:

®y(p) = by sinh (\/2@) + by cosh (\/g gp) , (3.18)

where by 2 = const.. Using this in (3.13), we find:

<I>1(<p):k:\/§ blcosh<\/§<p>+b2s,mh<\/§¢>] . (3.19)

Note that our results above for A;(a), Az2(a), ®1(p) and P2(p) are consistent with those

of [31], except that by was set to zero in that work.

®For convenience, as well as for easier comparison with [31], we have assigned the % coefficient in (3.12)
to the first equation in (3.13).



3.3 Solving equations (E5) and (E6)

Now we turn to equations (E5) and (E6) of (3.8). We will see below that, for an arbitrary
function f(p), the (E5)-(E6) system does not have a solution compatible with (3.19).
However, recall that we are only interested in functions f, such that the sigma-model
metric in (3.1), namely the metric ds? = dp? + f(p)d6?, is hyperbolic. We will show now
that, for any such f(¢), equations (E5) and (E6) can be solved in a manner compatible
with (3.19).

Let us begin by substituting (3.9) in (E5). This gives

O3(0) = c% with ¢ = const. (3.20)
and A
Aq(a) — Ba2d—ag =0 with B = const. , (3.21)

as well as an equation for ®3(¢) which we will write down shortly. Using (3.11) allows us

to solve (3.21) as
2 A

As(a) = T3 5452

(3.22)
where we have set an additive integration constant to zero in order to ensure that % #£0
and d®2 # 0.5 Upon using (3.20) and (3.22), equation (E5) reduces to the following

algebralc relation:
66 1

e flp)

Let us now consider equation (E6) of (3.8). Substituting (3.14) and (3.22), one finds
that the a-dependence factors out of this equation. Then, using the third relation of (3.13)
together with (3.16), equation (E6) reduces to:

P3(p) = P1(ep) - (3.23)

dd; 68 1 dd

it A (3.24)
de ¢ flp) dy
Comparing the last relation with (3.23), we conclude that
1 do 1 do
1 a% __14% (3.25)
(1)3 dgp (1)1 d(p
which implies:
By() = —20 (3.26)
3\P) = =7 .
P1(p)

where ®( = const.. Substituting (3.26) in (3.23), we obtain:

Oy (p C(I’O VI (3.27)

d02

5The sixth equation in (3.8) implies that d% = 0 and = 0 if there is a non-vanishing additive

constant in (3.22).



and thus
/68Dy 1

c Vi)

Clearly, for arbitrary f(¢), the expression in (3.27) is not compatible with the ®;(¢p)

D3(¢) (3.28)

solution found in (3.19). However, we are interested only in functions f(y), for which
the scalar manifold metric in (3.1) is hyperbolic. In other words, we are only considering
f() such that the Gaussian curvature K of the metric ds? = dp? + f(¢)d#? is constant
and negative. This restricts the form of the function f. To see how, let us compute the
Gaussian curvature in question:

LRS- f7)

K=
4 f2 ’

(3.29)

where f' = 0,f. Imposing the condition that K = const. < 0, we can view (3.29) as an
ODE for f(¢). Solving it, we obtain:

fle) = [C’f cosh( | K| gp) +C¥ sinh( | K| go)r with CY, = const. . (3.30)

Substituting (3.30) in (3.27), we find that the result has the same form as (3.19). To
completely match the two expressions for ®1(p), we have to take

3
Kl=3 - (3.31)

Note that this will restrict the value of the a-parameter in each of the three cases with f
given by (2.6), (2.9) and (2.12), as we will see shortly.”

Let us now compare in more detail the solution (3.27), with f given by (3.30), to
the expression in (3.19), for each elementary hyperbolic surface. The general form of f
in (3.30) reduces to the specific form, in each of the three cases listed in equations (2.6), (2.9)
and (2.12), for the following respective choices of the integration constants:

f=fo cf =0 and (C$)* = 3?0‘ ,
f=fp (Cf)? = 2a and ey =-cv
f=fa (CF)* = 2aC% and =0 . (3.32)

Substituting these three cases for f(¢) in relation (3.27) and comparing with (3.19) gives

"In [14], the normalization K = —% was imposed for any hyperbolic surface. In the present work,
however, the coefficients of proportionality between K and i are different for each of the elementary
hyperbolic surfaces. This follows from writing the relevant kinetic terms with the normalizations given

in (2.3), (2.7) and (2.10), which is convenient for easier comparison with most of the literature.

~10 -



the following conditions for the existence of a solution:

1 [2ac Py 16
]D) : b — b = — e
1 0 ’ 2 L 35 ; @ 9 )
2 [2acdg 4
1 3k 3 ) 2 1 ) « 3
2Cr [2ac®g 4
A by = bo =0 = - 3.33
1 3]{3 /B ) 2 ) « 3 ( )

To recapitulate, we have shown that, upon choosing integration constants satisfying
the constraints (3.33), the solutions of equations (E5) and (E6) are compatible with those
of (E1), (E2) and (E4). More explicitly, the solutions for the functions ®1(¢) in the three
cases of interest have the form:

D Qi(p) = kbg\/g sinh( :cp> , Dy () = bo cosh<\/§ (p) ,
D* . Dy(p) = kbl\/g exp <— g30> ; ®y(p) = —byexp (—\/ggp) )
A Dy(p) = kbl\/z cosh(\/ggp) , Do(p) = by sinh<\/§ <p> . (3.34)

while ®3(yp) is given by (3.26) in all three cases. Also, for any function f, the solutions for
A17273(CL) are:

A 3 A

Al(‘l):m ) A2(a):—§w )

A
Ba3?

As(a) = —g (3.35)

as can be seen in (3.11), (3.14) and (3.22).

3.4 Solving equation (E3)

Next, we consider equation (E3) of the system (3.8). Substituting the solutions for A; 2 3(a)
given in (3.35), we find that the a-dependence drops out from (E3). Then, using the third
relation in (3.13), as well as (3.16) and (3.20), we find that (E3) reduces to:

4
3| F(P)@1(p) = 5 f'®1| ©1(8) — 81(2)O1(6) =0 . (3.36)
Substituting (3.27) in (3.36) gives:

(3£ —2f?) ©1(0) - 8f()01(0) =0 . (3.37)

Since the form of f(¢p) is fixed for each elementary hyperbolic surface, equation (3.37) is
an ODE for the function ©1(#). This ODE admits solutions if and only if the following
condition is satisfied:

g/fgz; = 3° 8_f2fl2 = const. =q . (3.38)

- 11 -



It is easy to check that the expression 3/ 2g fo ” is indeed constant in each of the three

cases of interest, namely the Poincaré disk, the punctured hyperbolic disk and the hyper-
bolic annuli. More precisely, substituting f respectively from (2.6), (2.9) and (2.12) gives:

w=-1 , gq=0 , q=CF . (3.39)
In fact, one can show directly that 31 Qg f2f ? — const. for any f(¢), such that the scalar

manifold metric in (3.1) is hyperbolic. Namely, using the form of f(p) given in (3.30) with
|K| =2, we obtain:

3f2—2f% 3

- 8f 8

Let us now study equation in (3.38) for each of the three values of ¢ given in (3.39).

[(CP)? = ()] . (3.40)

e Poincaré disk. For ¢ = —1, relation (3.38) gives:

07()+61(0) =0 , (3.41)
with the obvious solution
©1(0) = C1sinf + Cycos b . (3.42)
Then (3.13) implies:
@2(0) =k (Cl sin @ + Cs5 cos 9) , (3.43)
whereas (3.20) gives:
O3(0) = ¢ (Crcosh — Cysinb) . (3.44)

e Hyperbolic punctured disk. For ¢ = 0, equation (3.38) becomes:
o) =0, (3.45)
whose solution can be written as:
01(0) = C30 + 6 with C3,00 = const. . (3.46)
Using (3.46) as well as (3.13) and (3.20), we find:

@2(9) = ]{3(030 + 90) and @3(9) =cCs . (3.47)

e Hyperbolic annulus. For ¢ = C%, equation (3.38) takes the form:
07(h) — C%01(0) =0 , (3.48)
which has the general solution
©1(0) = Cy cosh(CRrb) + Cs sinh(CRro) . (3.49)
Hence, (3.13) and (3.20) give:

©2(0) = k[Cycosh(Cgrb) + Cssinh(CRrb)]
O3(0) = ¢CR [Cysinh(CRrO) + C5 cosh(Crb)] . (3.50)
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3.5 Solving equation (E7): the scalar potential

So far, we have found functions A, (a,@,0), which solve equations (E1)-(E6) of the
Noether system (3.8). Now we will show that the last equation of that system, namely
(ET), determines the scalar potential V (¢, #), if the latter is assumed to have the separation
of variables form:

V(p,0) =V(p)V(0) . (3.51)

We begin by substituting (3.9) and (3.51) into (E7). Then, using the solutions for
Aq23(a) given in (3.35) as well as the last relation in (3.13) (namely ©2 = k©1), we find
that (E7) reduces to:

3|V (0)21(0) — SV (0)0a(0) | V(0)01(6) — 2V (0)Bs(0)V(0)0s(6) =0 . (3.52)
2 38

Note that here we have not used any particular form of the function f. Hence, for any
f(¢), and thus for any ®123(¢) and O 23(6), we have the pair of equations

3|V ()@1(0) - V()@ (0) V'(6) ©3(0)
%V(ap)% ®)

, (3.53)

where p = const.. Clearly, then, one has two separate equations for the two functions f/(ga)
and V(G) Let us now study these two equations for each of the three types of elementary
hyperbolic surface.

o Poincaré disk. Substituting the D expressions from (3.34) and (3.33) into (3.53), we
find the following equation for V (p):

i), VE[E- 2z (yRe)]
dg sinh (\/gcp) cosh(ﬁgp)

Its general solution has the form:

V(p) = Vj cosh? (\/é@) cothe ( 24,0) , (3.55)

where Vj is an integration constant.

Using (3.42) and (3.44) inside (3.53), we obtain:

(p) =0 . (3.54)

dV(0) p(Cysinf+ Cocosb)

_P /(0) = .
e ¢ (C1cosf — Cosinh) vie)=0, (3.56)

whose solution is:

A

V(0) = Vo [Chcos O — Cysinf] < (3.57)

with VO = const..
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Therefore, for the case of the hyperbolic disk, the form of the scalar potential, that
is compatible with Noether’s symmetry, is:

V (g, 8) = Vp cosh? (\/é«p) cothe (\/é«p) [C1 cos O — Cy sin 9]_§ , (3.58)

where Vp = const.. Note that this expression reduces to the single-field result of [31]
for p = 0. It is also worth pointing out that the #-dependence in (3.57) allows as a
special case the particular form needed for natural inflation. Indeed, by taking Co =0
and £ = —2, we have V(G) = const. x cos?f. In that regard, it may be interesting to
make a connection to the recent considerations of [8] on realizing natural inflation in
two-field attractor models.

Hyperbolic punctured disk. Using the D* expressions from (3.34) and (3.33) in (3.53),

we have: ~
W) Bl v Jie) o
iy + > <1 e e Vip)=0, (3.59)

V() = Vo exp <—\/§ o+ ie@D) . (3.60)

Now, substituting the solutions for ©; 3 from (3.46) and (3.47) inside (3.53), we end
up with:

whose solution is:

9 ¢
The solution of the last equation is:

V(0) = Vy exp {p 0 (;) + gz)] . (3.62)

C

v (6) p<0+ 90>‘7(9> _0. (3.61)

Note that p = 0 again gives a result independent of 8 and thus leads to an effectively
single-field system. It may be interesting to investigate this special case further and
to see whether or how it differs from the single-field system studied in [31] (which
arises from taking p = 0 for the Poincaré disk).

Hyperbolic annulus. Finally, from the A expressions in (3.34) and (3.33), substituted
in (3.53), we obtain:

o, 1120 (1)
dip sinh (\/§<p> cosh( % go)

Hence, in this case the solution for V is:

V(p) = Vj sinh? (\/E(p) coth“é)?% <\/§Q@> . (3.64)

V(p)=0 . (3.63)
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Now substituting (3.49) and (3.50) in (3.53), one finds the following equation for V:

v (0) p [Cycosh(Crf) + Cssinh(Crb)]

46 cCr [Casmh(Crl) + Oy cosh(Crp)] * O =0 (3.65)

whose solution is given by:

p

V(0) = Vi [Cy sinh(Crb) + Cs cosh(Crh)] % . (3.66)

4 New variables: cyclic coordinate

In this section, we will look for a suitable coordinate transformation (a, p,0) — (u,v,w),
such that w is the cyclic coordinate corresponding to the symmetry with generator X that
we found above. This will be very useful for finding analytical solutions of the a-attractor
equations of motion for the following reason. In the new variables the symmetry generator
will have the form X = % and thus the condition Lx £ = 0 will become:

875
ow

This will simplify the relevant equations of motion significantly, as we will see below. Note

=0 . (4.1)

that, due to (4.1), the Euler-Lagrange equation for w becomes:

d oL
it 4.2
dt 0w ’ (42)
which shows that the generalized momentum p,, = a— is conserved.

To find such coordinates, we must solve the conditions ixdu = 0, ixdv = 0 and

txdw = 1, which amount to the system:

ou ou ou
)\8 +)\a +)\980—0,
ov ov ov
)\8 + Ay 8 +)\960—0,
ow ow ow
)\aa +)\ 3 + Xo— 20 =1, (4.3)

Since the first two equations in (4.3) are formally identical, the general solutions for
u(a, p,0) and v(a, ¢, ) will have the same form. Ensuring different functions for v and v
will be due to choosing different values for (some of) the constants that characterize this
general form, as will become clear below.

4.1 Finding the coordinates u and v

In this subsection we consider the first equation in (4.3), namely

ou | Ou . Ou
Mgy T g, +)\960 0. (4.4)

As already pointed out, this will enable us to find not only u, but v as well.
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We will look for solutions with the separation of variables Ansatz:
u(a, p,0) = Au(a)®u()Ou(0) . (4.5)
Using (3.9), (4.5) and the last relation in (3.13) (i.e. ©2 = kO1), equation (4.4) reduces to:
[A101 4, @, + kA2 D24, P, ] ©10, = —A3P3A,D,030;, . (4.6)

Separating out the 6-dependence gives:

O5(0)  dOL(0)
0.(0)0,(0) do

=cy (4.7)
and
Alq)lA;q)u -+ ]{JAQCDQAUQ); + cpA3P3 A, D, =0 (48)

for some ¢y = const.. Now, substituting A; 2 3(a) from (3.35) in (4.8), we find that the
a-dependence factors out provided that:

=cq (4.9)

Ay(a) =a (4.10)

where for convenience we have set the overall multiplicative integration constant to one.®

Substituting (4.10) and (3.35) in (4.8) gives:

o, 2
gk%d d;@) + <09c1>3 - ca<1>1> By(p) =0 . (4.11)

This equation has different coefficients for each elementary hyperbolic surface, since the
functions ®; 2 3(¢) differ in each case (see equation (3.34)). Before specializing to the var-
ious cases, we can further simplify (4.11) by using the expressions (3.27)-(3.28) and (3.16)
for @153 in terms of the function f(y). This allow us to bring (4.11) to the form:

db(p) , [2 ~%1(0)]
dy 7(¢)

Pu(p) =0 . (4.12)

To recapitulate, the solution for A,(a) is independent of f and is given by (4.10). On
the other hand, the solutions for ®,(¢) and ©,(0) do depend on the form of the function
f and are determined by equations (4.7) and (4.12), respectively. Let us now find ®, and
0O, for each type of elementary hyperbolic surface.

8Note that, to preform a coordinate transformation (a,¢,0) — (u,v,w), we only need a particular
solution of the system (4.3).
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e Poincaré disk. For f(yp) given in (2.6) with @ = % (see the corresponding row

in (3.33)), we find that (4.12) acquires the form:

do.(p) | VE|E (i)

dip sinh (@ ¢) COSh<\/§ ?)

This equation has the general solution:

u(p) =0 . (4.13)

2cq

o] 3

where we have again set the overall integration constant to one for convenience.
Note that the single-field result for ®,(¢) in (4.14) is obtained by taking ¢y = 0.
Then, setting ¢, = 3, we find from (4.14) and (4.10) the same particular solution for
u(a, ) = Ay(a)Py(p), as that in [31].

Now, substituting (3.42) and (3.44) in (4.7), we find:

d©,(0) cg (Crsinf + Cycosh) B
do c (C1cos® — Cysinf) ©u(0) =0, (4.15)

whose solution is:

0.(0) = (Cy cosf — Cysinf) ™ ¢ (4.16)
with the overall integration constant once again set to one.

e Hyperbolic punctured disk. Taking f(y) as in (2.9) with a = % (in accordance with
the D* row of (3.33)), equation (4.12) becomes:

d®,(p) 312ca ¢ 3
- | — - — = P, =0. 4.17
i 8[3 cexpl /5w () (4.17)
This ODE is solved by
Bu(p) = oxp | o+ L exp( /2 (4.18)

where again the overall integration constant has been set to one.

The solution of (4.7), after substituting (3.46) and (3.47), is given by:

ot =ss[20(2 2] )

where the overall integration constant was set to one.

e Hyperbolic annulus. For f(p) given by (2.12) with o = 3 (as in the A line of (3.33)),
equation (4.12) becomes:

3| co _ 2ca 2 3
dP.(p) | V[~ o (yie)]

di smh(ﬁ ¢) cosh<\/§ ¢)

u(p) =0 . (4.20)
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Hence, the solution in this case is

2cq

D,(p) = [coth (\/gcp)] o [sinh <\/§Qp>] . (4.21)

Finally, the solution of (4.7), after substituting (3.49) and (3.50), has the form:

)

0,(0) = [Cysinh(Crh) + Cs cosh(Crh)] % . (4.22)

Remark on the coordinate v: so far, we have found a function u(a,p,f) =
Au(a)®yu(9)Oy(0), for each of the three cases under consideration, that solves the first
equation in (4.3). As mentioned above, the second equation in (4.3) is then solved by a
function v(a, p,0) = Ay(a)P,(p)Oy(0), such that A,, ®, and ©, have the same general
form as their u-indexed counterparts. To ensure that v is a different function, one has to
choose different values of the constants ¢, and ¢y than those taken for the function w.

4.2 Finding the cyclic coordinate w

Now we will consider the last equation in (4.3), namely:

ow ow ow
Mea— FAo=—+Xg— =
+ + 959

e Mo, 1. (4.23)

As usual, we will make the separation of variables Ansatz:
w(a, p,0) = Ay(a)Py(p)O,(0) . (4.24)

Substituting (4.24), (3.9) and (3.35) in (4.23), it is easy to realize that the a-dependence
can be canceled within each term by taking

Apla) = = a®? . (4.25)

Using (4.25) and the relation Oy = kO (see (3.13)), we find that (4.23) acquires the form:

3

2
2

3p

Now we will show that one can remove the ¢-dependence in (4.26) by a suitable choice

[@1Dy, — kPyP7,] 010, — —P39,030,, =1 . (4.26)

of the function ®,,(¢). The result will be an equation for ©,,(0). Indeed, let us take:

b0
P3(p)

Then, obviously, the second term in (4.26) becomes independent of . In addition, one
can show that the combination [®;®,, — kPo®! | in the first term, with ®,, given by (4.27),
is a constant for each of the three cases in (3.34). In fact, one can see directly that this

Py(p) =

with ¢o = const. . (4.27)
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combination is constant for any function f(¢) compatible with the hyperbolic geometry of
the scalar manifold. Indeed, using (3.16), (4.27), (3.26) and (3.27), we obtain:

i D0 (2 8 ~goc (7317
@1y, — kOy®], = 3 [(P —3<1>}_65f. (4.28)

Now recall relation (3.40), which holds for any f(¢) of the form (3.30) with |K| = 2. Using
this relation, we find that (4.28) implies:

¢OC 4 qf)oC
66 951

where for convenience we also wrote the result in terms of the constant ¢ defined in (3.38).
We are finally ready to extract an ODE for ©,,(6). Substituting (4.27) and (4.29)
into (4.26) gives:

B1D,, — kDo, = [(C*’) (c;ﬂ (4.29)

§§[Cq@1(9) O, (0) — B3(0) O,,(0)] =1 . (4.30)
Then, using (3.20) and setting
do = _gg (4.31)

in order to simplify the equation, we obtain from (4.30):
O1(6) ©1,(6) — 4©1(6) ©,(6) ~1 =0 | (432)

Let us now solve the last equation for each type of elementary hyperbolic surface.

e Poincaré disk. In this case ¢ = —1 (see (3.39)) and ©1(0) is given by (3.42). There-
fore, (4.32) becomes:
dOy,
[C cos @ — Cysin b 7 + [Cisinf 4+ Cocos0]0©,(0) —1=0 . (4.33)

The general solution of the last equation can be written as:

sin 0

Oult) = "

+ Cy[Cy cos§ — Cysin b)] with Cy = const. . (4.34)

Note that, upon redefinition of the integration constant C’g, the solution can also be
written as:

Ou(0) = COC?Q + Cy [C cos — Cysin b (4.35)
2
or as: | /eing .
sin cos
== . 4.
O.,(0) 5 ( cr + s ) + Cy [C1 cos O — Cosin 6] (4.36)

The last form might seem preferable, since it is symmetric with respect to interchange
of the trigonometric functions sin and cos. However, this form requires both C7 # 0
and Cy # 0. On the other hand, the forms (4.34) and (4.35) allow one to take
respectively the limits Co = 0 and C; = 0. Since we will be particularly interested
in the limit Cy = 0, we will use the form (4.34) in what follows (although we will
comment more on using (4.36) below).
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e Hyperbolic punctured disk. In this case ¢ = 0 (see (3.39)). Also, ©1(f) has the
form (3.46). Substituting these in (4.32), we obtain the ODE:

C50.,(0)—1=0, (4.37)

which has the solution:

Ow(f) = 60,3 + const. . (4.38)

e Hyperbolic annulus. In this case, relation (3.39) gives ¢ = C'}Q%. Using this and the
relevant O1(#) expression (3.49), we find that (4.32) acquires the form:

Cgr [04 sinh(CRG) + C5 COSh(CRH)] @Zu ((9)
— C%[Cycosh(CRrh) + Cs sinh(Crb)|0,(0) =1 . (4.39)

Similarly to the I case above, the general solution of (4.39) can be written in three
equivalent ways, namely:

- ~
Ou(6) = SméiCRe) + Cy[Cysinh(Cf) + Cs cosh(Crh)] (4.40)
C2C5
o h(CRro
Ou(0) = —M + Cy[Cysinh(CRl) + Cs cosh(Cro)] (4.41)
20,
or
1 (sinh(CgrA) cosh(CRro) ~ )
Ou(0) = ) ( . — Cr + Cp|[Cysinh(Crb) + Cs cosh(Cro)] .

(4.42)

5 Equations of motion for the Poincaré disk

In this section our goal will be to find solutions to the equations of motion of the La-
grangian (3.4) for the case of the Poincaré disk. For that purpose, we will first rewrite the
Lagrangian in terms of the new coordinates (u, v, w) with the cyclic variable w. As already
pointed out, this will lead to a significant simplification of the equations that will enable
us to find analytical solutions.

Let us begin by summarizing the relevant results, which we have obtained so far for
the two-field cosmological model based on the Poincaré disk. For f(y) given by (2.6) with
o =18 as in (3.33), the Lagrangian (3.4) has the form:

3.:2 4 3 .
L = —3ai® + af +3 a® sinh? (\/;90> 0% — a®V(p,0) . (5.1)

We found that (5.1) has a certain Noether symmetry, when the scalar potential is of the
form (3.58), namely:

V (g, 0) = Vp cosh? (\/g @) cothe (\/g go) [C cos O — Oy sin 9]7% . (5.2)
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Also, according to (4.10), (4.14), (4.16), (4.25), (4.27) and (4.34), the general form of the
new variables u, v and w, with the latter being the cyclic coordinate corresponding to the
Noether symmetry of section 3, is the following:

u(a,p,0) = a |cosh (\/i@)

v(a,p,0) = a cosh<\/§ <p>
_ 3/2 o 3 .
w(a,p,0) = Cya* sinh 3¥ sinf , (5.3)

where for convenience we have denoted Cy, = —ﬁ cgo and have taken Cy = 0 in (4.34).
Note that, to obtain this expression for the coefficient C,,, one has to take into ac-
count (4.31), as well as the relevant coefficient for ®;(y) according to (3.33)—(3.34). Fi-

nally, we have labeled the ¢, and ¢y constants, characterizing the functions u(a, ¢,6) and

2cY

- a ]

coth<\/§ (p) (C1cosf — Cysin 9)_679

© ‘

- %o

coth (\/g 4,0) (C1cos — Cysin 9)_079

- a

v(a, p,d), with upper u and v indices, respectively, to underline the fact that their values
in the two cases are independent of each other.

Now we are ready to rewrite the Lagrangian in terms of the variables (u,v,w) and
to study the resulting equations of motion. An important remark is in order, though,
before we embark on that investigation. Namely, the Lagrangian (5.1) is subject to the
Hamiltonian constraint £, = 0, where

oL .,
Er=—¢ — 4
£= g4 1 L (5.4)

is the energy function corresponding to any point particle Lagrangian £(q%,¢') with gen-
eralized coordinates ¢*. It is well-known that the Hamiltonian E, is conserved on any
solutions of the Euler-Lagrange equations, i.e. that for such solutions one has E, = const..
So imposing the constraint £, = 0 (which is equivalent to the first order Einstein equation,
often also called Friedman constraint) only results in a relation between the integration
constants of the Euler-Lagrange equations; see for example [27]. Instead of just using the
Hamiltonian constraint at the end of the computation, in order to eliminate one of the
integration constants, it is tempting to try to utilize it from the start, in order to facilitate
the search for solutions. However, since this constraint is generally (highly) non-linear,
there is no guarantee that it will make a crucial difference for that purpose. In particular,
for the cases that we will investigate below, it will turn out not to be useful in our search
for analytical solutions.

5.1 Lagrangian in the new variables

To obtain the Lagrangian in terms of the new variables u, v and w, we only need a particular
coordinate transformation (a,¢,6) — (u,v,w). Hence, we can choose convenient values
for the arbitrary constants ¢, and ¢’ in (5.3). Particularly simple (and convenient for
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comparison with [31]) expressions are obtained for the following choices:
U U U (Y 3
g =0 , cg=3 and g=-C , CG=j . (5.5)

Substituting (5.5) in (5.3) gives:’

3
— 3 h2 \/7
u = a’ cos <P
_3/2 3 .
v = a”/“ sinh 3¢ (Crcosf — Casind)
o 3/2 3 .
w = Cy a”’* sinh 3¢ sinf . (5.6)

Note that here we need C; # 0, to ensure that v and w are independent variables. However,
this was already tacitly assumed when using the ©,,(6) solution (4.34) in (5.3); to allow
for C1 = 0, one would have to use the form (4.35) instead.

From now on, we will work with the coordinate transformation (5.6), whose inverse

1/3
w},

1(v, GN L L ]
C’%w Cuw

transformation is:

_ d(v GV L1

TV ee\wTa,) T
2 /

p = 2\/; arccoth %

. Cw v CQ
6 = arccot [Cl (w + %>:| . (5.7)

Note that, when € = const. , the variables v and w coincide up to a constant and the result-

ing expressions in (5.6) and (5.7) are consistent with the single-field ones obtained in [31].
Now, substituting (5.7) in (5.1)—(5.2), we find that in the new variables the La-
grangian is:

142 41 41 C2 8 O uzet!
L=ttt o [1+ 22 )? 42 i — W : 5.8
3w "3’ +3(13,( +6'12> T30, T (5:8)

As already mentioned above, the single-field case is obtained for w = const. x v and p = 0.
In that case, the Lagrangian (5.8) is consistent with that in [31]. Also, note that the mixed
term drops out for Co = 0, which is exactly the special case relevant for natural inflation
as mentioned below (3.58).1

9 As mentioned earlier, here we use (4.34), since we are interested in encompassing the special case with
C3 = 0. For a discussion of the coordinate transformation and resulting Lagrangian, when using the form
of the ©,, solution in (4.36), see footnote 10 below.

ONote that, if we had used the ©,, solution in (4.36) (still with Cy = 0), then the third line of (5.6)

would have been modified to w = Cyy a®/% sinh (/2 ) (C1 cos 0 + Czsin0) with Cu = — e\ /22 and
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Before we begin looking for solutions, let us underline again that (5.8) is subject to
the Hamiltonian constraint £, = 0, where

oL oL . oL .
E, = %u—i—% +87 - L , (5.11)

as discussed above.

5.2 Solutions

It is convenient to introduce the notation:

=2 (5.12)

@)

Then the Euler-Lagrange equations of (5.8) are:

C CQCw..
<1+022) e =0,

uztl 8/ 1 . Cy .
om o — 3 <012”+ c2C, w) =0

umT2

uii — u? — 3Vj (% + 1) ~0. (5.13)

Um

Note that in the single-field limit, which for us is given by p = 0 (equivalently, m = 0) and
v = const. X w, this system is in complete agreement with [31].
To simplify the system (5.13), let us express w from the first equation, namely

. CoC
W= —02 UC)’Q v, (5.14)
and introduce the function
a(t) = ul(t) . (5.15)
Substituting (5.14) and (5.15) in the second and third equations of (5.13) gives:
ﬂm+2
U — *‘/OCQ m M1 =0 5
.. 3 aerl
u— gVo(m +2) o 0, (5.16)
where for convenience we have denoted Cp = C? + C3.
C1,2 # 0. Then, the inverse transformation would be:
B [CT (w— vCyW)? + C3 (w + UCw)Q] v
“=1" 4C,C2C2, ’
Y = \/> arccoth 2, 0201”\[ R
V€2 (w —vCu)? + C3 (w+vC)?
_ Co(w + vCly)
6 = arccot [701(1” — ’UCw):| (5.9)
That would lead to the following Lagrangian:
14 1(CE403) 1 ., 2 (C3-C%) .. uzetl
cemg G (P ) e e - W B0

Clearly, in this case, the mixed v term would vanish for C; = Cs.
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Before we begin solving (5.16), let us make an important remark. Equation (5.14) can
be solved immediately for w in terms of v. One of the integration constants in this solution
is determined by the constant of motion ¥, that is due to the Noether symmetry. Indeed,
in general, Y is given by:

oL 81 C e
Yo= —— = - 1+ =2 - D 1
0= Bu 303( +C?> T3¢0, (5.17)

The first equation in (5.13) (equivalently, equation (5.14)) is precisely the time derivative
of (5.17), due to the fact that w is a cyclic coordinate. So the general solution for w is:

C2Cy ~

wt) = ——222_y(t) + Dot + C¥ | 5.18

()= ~rery ez ) ; (518)

where 3y = 3((,%5(3”2)20 and C{’ = const.. Hence, using (5.18) and (5.15) in (5.11),
we have: ) . )
4 . 4 v ™ 3 CiC

Ere_2i24 2 Vi 4 2 T1Xw  y2 5.19

S R ¥ (0o B T T (o2 ) (5.19)

As alluded to earlier, the constraint F; = 0 is highly nonlinear and we have not found it
helpful in looking for exact solutions. So we will utilize it only at the end, in order to fix
one of the integration constants of the solutions of (5.16) that we will manage to find.
Now let us turn to solving the system (5.16). It simplifies significantly for three special
choices of m, namely m = 0, —1, —2. We will begin by investigating these special cases in
order of increasing complexity. Finally, we will address the generic case with m # 0, —1, —2.

5.2.1 Special cases: m = 0, —1, —2

The simplest special cases are m = 0 and m = —2. So we will consider them first, before
turning to the m = —1 case.

e m =0 case. In this case, the system (5.16) reduces to:

=0,
s 3
u— EV ou =0, (5.20)
with the general solution:
o(t) = CYE+Cy
1 1
u(t) = CY cosh(2 3V t> +C3 sinh(2 3V t> , (5.21)
where Cf'y = const. and C7 , = const..
Substituting (5.21) in (5.19) with m = 0 gives:
4 (C¥)? 3 Cic?
Er = [(C}) = (C8)°] Vo + 5 () L 2 . (5.22)

3(C2+C32) ' 16(C2+C2)
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Hence, we can enforce the Hamiltonian constraint £, = 0, for example, by taking:
3 9
(CY)2==Z(Cf+-C§)chf-—(c%f]vb—-giC?CﬁEﬁ~ (5.23)

Note that, depending on the choice of integration constants, these m = 0 solutions
can have either w = const. X v (which is the single-field limit) or w # const. x v. In
appendix B.1 we illustrate genuine two-field trajectories obtained in the latter case
for certain values of the integration constants.

m = —2 case. In this case, (5.16) acquires the form:
.3
U+ ZVOC’ov =0,
w=0, (5.24)
whose general solution is:
v . (1 v 1
v(t) = CY sin 5 3VoCot ) + C5 cos 3 3WVoCot )
u(t) = Cl't+C5 . (5.25)
Substituting (5.25) in (5.19) with m = —2, we find:

v\2 v\2 4 u\2 3 0120120 2
Ep= [(CI) +(C3) } Vo - g(cl) + 16 mzo . (5.26)
1 2

So, to ensure that £y = 0, we can take for instance:

3 9 (C?C?

u\2 v\2 V)2 1~w 2

= - = . 2
(CY) 4[(01) +(C2)]V0+647(012+022) 0 (5.27)
Note that, for m = —2 and Cy = 0, our scalar potential is of the kind relevant for

natural inflation, namely V ~ cos? 6. It would be interesting to compare the solution
with Noether symmetry obtained here to the considerations of [8].

m = —1 case. In this case, the system (5.16) becomes:

3
i}+§VoC'0ﬂ:0 ,

. 3
ﬂ—gvov =0. (5.28)
Denoting for convenience
3
ng%, (5.29)
we find from the first equation:
5
U= — . 5.30
aco (5.30)
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Differentiating (5.30) twice gives:

@

QG

U=

(5.31)

where v(4) = %. Substituting (5.31) in the second equation of (5.28), we end up with:
o™ + Q*Chv =0 . (5.32)
Recall that Cy > 0 by definition. So the general solution of (5.32) has the form:

v(t) = CY cosh(wt) cos(wt) + C3 sinh(wt) cos(wt)
+C3 cosh(wt) sin(wt) + Cf sinh(wt) sin(wt) (5.33)

with w = 1/1Q 001/4 = 1/3W% 03/4. Hence, using (5.30), the solution for @(t) is:

@ = CVsinh(wt) sin(wt) + CY cosh(wt) sin(wt)
—C¥sinh(wt) cos(wt) — C¥ cosh(wt) cos(wt), (5.34)

where CY = C¥/\/Cy for i = 1,...,4.
Using (5.33) and (5.34) in (5.19) with m = —1, we obtain:

(C503 — CYCY) 3 CiCZ
Vot = 17w 2
Jorroz P16y

Clearly, we can ensure that E; = 0 by choosing appropriately any one of the inte-

Er = (5.35)

gration constants C7 _, in terms of the remaining constants in (5.35).

5.2.2 Generic case: m # 0,—1, —2

For m # 0,—2 the two equations in (5.16) are always coupled. In principle, one could
use a procedure similar to that used for the m = —1 case above, in order to reduce the
system to a single fourth order ODE. Namely, we can express @ from the first equation
in terms of v and ¥. Upon differentiating this expression twice, we would obtain 4 in
terms of v and its derivatives up to and including v¥). Finally, substituting the results
for (v, v) and a(v,...,v™) in the second equation of (5.16), we would end up with a
single 4th order ODE for v(t). However, this equation is generally nonlinear and rather
messy. Alternatively, one could substitute the expression for @(v,?), resulting from the
first equation of (5.16), into (5.19) in order to obtain a 3rd order ODE for v(t) from the
constraint £, = 0. This equation, however, is also highly nonlinear and quite messy.
Despite not being able to solve (5.16) analytically in full generality, we will nevertheless
manage to find particular classes of solutions for any m < —2 or m > 0.
For that purpose, let us first note that the two equations in (5.16), together, imply
the relation:
Comuii=(m+2)vv . (5.36)
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So we can view (5.36) and one of the equations in (5.16) as the two independent equations
to solve. An obvious Ansatz solving (5.36) is

v:icyﬂ/m?Qa. (5.37)

However, notice that, in order to have real solutions with this Ansatz, we need to assume
that m < —2 or m > 0. Substituting (5.37) in any of the two equations of (5.16), we end
up with:

) . 2\2 _
a—%%% Q&WWm+%(%Z)2u:0. (5.38)

Depending on the sign of the @ term,!! the solutions of (5.38) are:

u(t) = Cf sinh(@t) + C3 cosh(wt) for ()™ (m+2) >0 (5.39)
and
u(t) = CY sin(wt) + C4 cos(wt) for (£F1)™(m+2) <0, (5.40)
where
- 1 /3 —m/2 m 4+ 2 7
— 24/ 2 1)m B — . 41
> 2\/2%00 [y 2] () (5.41)
Substituting (5.37) and (5.39) in (5.19), we have:
g2y (2N w21, 3 Ci0h (o
Er = +1 —_— . — 3 42
e =iy (M) (O - O+ Sy e ()
while using (5.37) and (5.40) inside (5.19) gives:
g2y (A 2N w21, 3 Ci0h (o
Er = +1 —_— — 3 . A4
e =Vily P (T2 ) O+ O+ S G

Clearly, one can always satisfy the Hamiltonian constraint E, = 0 for the expression (5.42),
upon fixing suitably an integration constant. On the other hand, (5.43) can vanish only
for the minus sign in (£1)™ together with m being odd. In that case, the condition
(£1)™(m + 2) < 0, together with the earlier requirement m € (—oo0, —2) U (0, 00), implies
that m > 0. Hence, the system (5.16) has particular solutions with @(t¢) of the form (5.40),

“_»

only for the sign of the v(t) expression in (5.37), as well as m odd and positive.

To illustrate the above considerations, let us write down, for example, the particular

o(t) = \E alt) |

u(t) = CY sinh(wt) + CF cosh(wt) (5.44)

solutions for m = 1:

"Note that this sign is correlated with the choice of sign in (5.37).

—97 —



and

o) = /L

u(t) = Cf sin(@wt) + C4 cos(wt) (5.45)

with @ = 34/ % V()CO_1/2 and (C%)? = ‘l/—g ‘Zi%}z $2 4+ (C%)? | where the “+” corresponds
to (5.44) and the “—” to (5.45).
In view of the m = —1 case considered above, relation (5.36) also seems to suggest

looking for solutions with an Ansatz of the form % = const. x ¢. Unlike (5.37), however,
such an Ansatz would lead to two independent equations for v since it does not solve
identically (5.36), but instead brings it in the form v® —const; xv = 0. Indeed, substituting
the same Ansatz @ = const. x ¥ in any of the two equations in (5.16), would lead to an
equation of the form © + consty X v = 0. Since in general const; # const?, the two
equations for v(¢) would be incompatible. One can ensure const; = const3 by viewing it as
a constraint relating Vg, Cy and m and then solving it for one of those constants in terms
of the other two. In that case, one would still end up with a solution of the same kind
as (5.39) or (5.40), but with at least one of the previously arbitrary integration constants
now fixed.

6 Equations of motion for the hyperbolic punctured disk

In this section, we will look for solutions of the equations of motion for the case of the
hyperbolic punctured disk. Let us begin with a summary of the necessary results from the

previous sections.

For the hyperbolic punctured disk, we have a = % according to (3.33). Hence, us-

ing (2.9), the Lagrangian (3.4) acquires the form:

3,52 4 3 .
L= —3aa® + % + 3 a® exp (_\[2(’0> 62 — a3V (p,0) , (6.1)

where the potential is

3 3
V(p,0) =Vp exp (—\/gcp + ;;e\/;a> exp( % 02) (6.2)

in accord with (3.60) and (3.62); note that, for technical simplicity, here and in the following
we will only consider the 6y = 0 case. In addition, from (4.10), (4.18), (4.19), (4.25), (4.27)
and (4.38), we have:

— o oxp |- G, 3 % g2
u(a,p,0) = a exp! \/690+20 exp<\/;¢>] exp<269>
P, 0) = p /6 ¥ 2% P 9 12 p 2%
_ 3/2 3
w(a,p,0) = Cypa”*0 exp| — ¢ (6.3)
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where we have denoted C,, = _%@\ / % and have taken const. = 0 in (4.38) for conve-
nience. Notice that we used (4.31), (3.26) and the D* lines for ®1(p) in (3.33)—(3.34), in
order to obtain the expression for Cy, given above.

6.1 Lagrangian in the new variables

To rewrite the Lagrangian (6.1) in terms of (u,v,w), let us first choose suitably the con-
stants ¢z’ and ¢ in (6.3). It is convenient to take:

cg =0 , ci=- and cp=c , c,=0 . (6.4)

a
3
U = a?’/zexp(— 8@) ,

6\/%90 + 62

2 )

w = Cypa’?8 exp <—\/§gp) , (6.5)

whose inverse transformation has the form:

9 1/3
o= (2mo- )
u w

v = exp

'LU2
p = (2/3)1/2 1n<21n1)—u202> 5

w

0 = wCo (6.6)
Substituting (6.6) in (6.1)—(6.2) gives:
L:—iz‘ﬁlnv—gu@:}%g%w?—%u%m , (6.7)
where for convenience we introduced the notation
m = % : (6.8)

as in the previous section. Notice that the Lagrangian (6.7) can be simplified upon ex-
changing v for a new variable 0, defined through:

O=ulnv . (6.9)

Indeed, equation (6.9) implies that v = /%, Substituting this in (6.7), we find:

8 .. 41 5
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Recall also that (6.10) is subject to the Hamiltonian constraint E; = 0, as discussed in the
previous section.

Before we begin looking for solutions of the equations of motion, it is worth making a
couple of remarks. First, one can easily see from (6.9) that the expression for ¢ is not of the
form (4.5), and consequently not of the same form as the u and v solutions in (6.3). Note,
however, that the separation of variables Ansatz (4.5) only enables us to find a particular
class of solutions of (4.4). Furthermore, for any u and v satisfying the latter equation, the
expression uf(v), where f(v) is an arbitrary function of v, is clearly a solution of (4.4) too.

Finally, let us comment on the single-field case, which is again obtained for m = 0.
At first sight, it might seem that there is a problem, as (6.5) implies w = const. x u for
0 = const., whereas the Lagrangian (6.10) depends explicitly on u, and not on o, after
setting m = 0. However, this is exactly the correct dependence, since the Lagrangian
does not contain the usual kinetic terms for v and v, but only the mixed 4t term. As
a result, the u-variation gives the v-equation of motion and vice-versa. This will become
apparent shortly.

6.2 Solutions

Let us now turn to investigating the equations of motion of the Lagrangian (6.10). Clearly,
the w-equation is:

=0, (6.11)

Hence, we immediately have:
w(t) =X+ Cf (6.12)

where C’ = const. and ¥, is the Noether symmetry constant of motion, up to a nu-
merical factor. Substituting (6.10) and (6.12) in the general expression (5.4), we find the
Hamiltonian:

4 ¥.2
3C2

] . X

Ep = —§u6+%u26m”/“+ (6.13)
As in the previous section, the constraint £y = 0 will not turn out to be helpful in finding
new analytical solutions, due to its non-linearity. So we will use it only at the end, to
fix one of the integration constants of the solutions of the Euler-Lagrange equations that
we find.

The u and ¢ equations of motion, following from (6.10), are:

3 )
il — évomuem”/“ =0,

. 3 .
0+ SVo(mi — 2u)e™t =0 . (6.14)

Note that, due to the unusual kinetic term, the first equation in (6.14) arises from the

A o . oL d oL
v-variation, i.e. from oo dt 95

Clearly, taking m = 0 simplifies greatly the system (6.14). So let us consider this case first.

= 0, while the second one comes from the wu-variation.
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e Special case: m = 0. In this case, (6.14) acquires the form:

i=0,

. 3
0= Vou=0. (6.15)

Recall that, as pointed out above, m = 0 corresponds to the single-field limit. Obvi-
ously, in view of (6.11), the first equation in (6.15) is consistent with the single-field
identification w = const. X u when 6 = const., that we discussed in subsection 6.1.
The solutions of (6.15) are:

u=Cit+0C5
1 3
0= SVoCy t3~|—§VoC§ t+Cit+C; (6.16)
where C with ¢ = 1,...,4 are integration constants. Note that this is quite different

from the analogous solutions in the Poincaré disk case, given in (5.21). It may
be worth exploring further what distinguishing features that may lead to for the
punctured disk case, even with just one scalar field.

Now, substituting (6.16) in (6.13) with m = 0, we obtain:

8 432
_ *\ 2 * Yk *
To ensure that £, = 0, we can take for example:
1[8 452
C3)P=—|-CiCs — - == 6.18
€2 = [5eic - 35 (6.18)

Note that the solutions above can have w # const. X u, even though m = 0, depending
on the choice of integration constants. In appendix B.2 we illustrate such two-field
solutions for particular values of the constants.

e Generic case: m # 0. Now let us consider the generic case with m # 0.
Then, one could solve the first equation in (6.14) algebraically for ©, obtaining

b= ln( 3‘/%m%) . Substituting this expression in the second equation of (6.14),

one would find a fourth order ODE for wu(t). However, the resulting equation is

highly non-linear and thus cannot be solved analytically in full generality. Alterna-

tively, one could substitute v = ln(ﬁ%) in the constraint Fx = 0, in order to

obtain a third order ODE for w(¢). This equation, though, is also highly nonlinear and
unwieldy. So we will pursue a different route instead. Namely, we will use a certain
Ansatz that will enable us to find particular analytical solutions for any m > 0.

mo/u 8

= Womu Substituting

Notice that, from the first equation in (6.14), we have e
this in the second equation of (6.14), we end up with:

m(ud + id) — 2uii =0 . (6.19)
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Clearly, one can view (6.19) and one of (6.14) as the two independent equations to
solve. Therefore, an obvious Ansatz, that solves (6.19) identically, is:

b= (6.20)

m

Substituting (6.20) in any of the two equations in (6.14), we obtain:

ii(t) — gVome u(t) = 0 . (6.21)

The solutions of this equation are:

u(t) = Cf sinh(wyt) + C5 cosh(wit) for m > 0 (6.22)
and
u(t) = CF sin(wyt) + C5 cos(wit) for m<0, (6.23)
where
3
Wy = §V06|m| . (6.24)

Let us now impose the Hamiltonian constraint. Substituting (6.20) and (6.22)
in (6.13), we obtain:

x ] 4%
m >0 : Ep=eVp [(C3)* = (C))*] + 302 (6.25)
while substituting (6.20) and (6.23) in (6.13) gives:
*\ 2 *\ 2 4 Zz
m<0 : Ep = eV [(C3) +(Cl)]+§c2 : (6.26)

Clearly, one can ensure that (6.25) satisfies the constraint £, = 0 by fixing suitably
Cf or C5. On the other hand, the expression (6.26), following from (6.23), is incom-
patible with the Hamiltonian constraint. Hence, this constraint allows only particular
solutions of the form (6.22).

Note that (6.20), together with (6.9), implies that v = const.. Nevertheless, this is
not a degenerate case, since from (6.6) we can see that all of a(t), ¢(t) and 0(t) are
nontrivial functions. For v = const., however, it is evident that ¢ and 6 become func-
tionally dependent. So this particular solution corresponds to yet another effectively
single-field system, although it has m # 0. It would be very interesting to understand
whether there is a deeper reason for this outcome.

7 Equations of motion for the hyperbolic annuli

In this section, we turn to finding analytical solutions of the equations of motion for the
hyperbolic annuli case. As before, we begin by summarizing the relevant results from
sections 3 and 4.
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In the A case, we have from (3.33) that a = %. Using this and (2.12), we find that
the Lagrangian (3.4) becomes:

3,52 4 3 .
L= —3aa® + % + 3 a®C% cosh? (\/; gp) 62 — a3V (yp,0) (7.1)

with potential given by:

p D
V (g, 0) = Vjsinh? (\/E ap) coth*‘k (\/i ap) [Cysinh(Crf) + Cs cosh(Crh)] % , (7.2)

according to (3.64) and (3.66). In addition, the new variables u, v and w, with w being

the cyclic coordinate, have the form:

u u
~ - %Ca - ‘0

3 [ eC2 g
u(a, p,0)=a | sinh (\/i gp) coth <\/§ 4,0) ) [Cy sinh(CRrA) + Cs cosh(Crh)] ““k

v
c
- - a - 0

3 i cC? cg
v(a, @, )= | sinh <\/§ gp) coth <\/§ cp) : [Cy sinh(CRrA) + Cs cosh(Crh)] &

w(a, @, 0)=Cy, a®/? cosh <\/§ (p) sinh(CRrb) , (7.3)

where we have used (4.10), (4.21), (4.22), (4.25), (4.27) and (4.40). Also, for convenience

we have denoted C\, = —ﬁ\ / % and have taken Cp = 0 in (4.40). Finally, note that,
RV5 c®o

similarly to sections 5 and 6, we have obtained the expression for C, here by using (3.26),

the A lines for ®1(p) in (3.33)—(3.34), (4.27), (4.31) and (4.40).

7.1 Lagrangian in the new variables

In the hyperbolic annuli case, it is convenient to choose the constants, defining the coordi-
nate transformation (a, ¢, 0) — (u,v,w), as follows:

g =0 , ¢ == and cg=cC% , == . (7.4)

u = a’/? sinh(@@) ,

v = a3/? cosh (\/g gp) [Cysinh(CRrO) + Cs cosh(CRrO)]

w = Cya’/? cosh <\/§ go) sinh(Cgf) . (7.5)

Note that, to have independent functions for v and w, we need C5 # 0 in (7.5). However, we
have already assumed that by choosing to use inside (7.3) the form of the ©,,(6) solution,
given by (4.40).
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The inverse of the transformation (7.5) is:

1 v 04 2 1
a = S|\ — A7
2 \w G, c2

1/3
w? u2} ,

9 1/2
—2\/§arccoth wil (v Gy 1
7= V3 wlczZ\w ¢,) "2 ’
1 Cw /(v Cy
0= — thj—| — — =— . 7.6
o arcco [05 (w Cw):| (7.6)
Using (7.6) in (7.1) and (7.2), we obtain the following action:
4 41 41 C3 8 Cy V"
L=-0?— i+ -— (1- 2 )+ o — Vo—— 7.7
3" " 3¢z’ 305( cz) " Taeee, T Vg (00)
where for convenience we have denoted
p
=— . 7.8

Note that for C4 = £C5 the w? term in (7.7) drops out, whereas for Cy = 0 the mixed v
term vanishes. Finally, recall also that the Lagrangian (7.7) is subject to the Hamiltonian
constraint £, = 0. Due to its non-linearity, this constraint again will be of practical use
only for fixing an integration constant of the solutions of the Euler-Lagrange equations.

7.2 Solutions

Let us now look for solutions of the equations of motion of (7.7). In order to keep the 2
term in the Lagrangian, we will assume that C7 # Cg.n Then the w-equation immedi-
ately gives:

. C4Cw .
The solution of the latter is
C4Cy A
t) = —————=—0(t Yot +CY 7.10

A~ 22
where C’ = const. and Yo = %%Eo with ¥y being the Noether symmetry con-
5 4

stant of motion. Substituting (7.7) and (7.10) in the general expression (5.4), we obtain
the Hamiltonian:

4, 4 @ ™ 3 CiC?

-~ o 5tw g2 11
3 " 3(cz—czy P Voumr T g ez — oy (7.11)

E.

Using (7.9), we find that the u and v Euler-Lagrange equations acquire the form:

. 3 A umTt
v — g‘/ocomum72 =0 5
.3 o™
i — gVO(m - 2)um—1 =0, (7.12)

12We will comment on the degenerate Cy = +Cj5 case in an appropriate place below.
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where we have denoted Cy = C2 — C7. One can easily notice that the system (7.12)
becomes exactly the same as (5.16) under the simultaneous formal substitutions m — —m
and Vo — —Vj. However, we would like to keep Vi > 0, in order to have a positive-definite
scalar potential. So we will view (7.12) as a different system, albeit quite similar to (5.16).
Clearly, the special choices of m, that simplify significantly (7.12), are m = 0,1,2. Let us
consider them first, before turning to the generic case with m # 0,1,2.

7.2.1 Special cases: m = 0,1, 2

As in section 5, we begin with the simplest cases, namely m = 0 and m = 2.

e m =0 case. From (7.12), we now have:

=0,
.3
U‘f'ZVOU:O . (7.13)
Hence, the solutions are:
v(t) = C{t+C5
1 1
u(t) = CY sin(2 3Vo t) +C3 cos<2 3Vo t) . (7.14)

Substituting (7.14) in (7.11) gives:

(1) 3 Cicy
(C3-CF)  16(C3 - CF)
Hence, to impose the constraint £, = 0, we can take for instance:

3
1

¥2 . (7.15)

Be = [(CFY + (O] %o~ 5

v u u 9
(C})* == (C2 - C3) [(Ch )? + (02)2} Vo + GZCE?CEUE(% : (7.16)

Note that these m = 0 solutions can have either w = const. x v (single field limit) or
w # const. X v (genuine two-field case), depending on how the integration constants
are chosen. In appendix B.3 we illustrate such genuine two-field solutions for certain
values of the constants.

e m =2 case. In this case, (7.12) gives:
@—%%%vzo,
i =0 . (7.17)
Obviously, then, the solution for wu(t) is:
u(t)=Clt+Cy . (7.18)

However, unlike Cj in section 5, C’o here can have either sign. So we have the following
two cases for v(t):

. 1 /. A " 1 A .

v(t) = CY smh(2 3V Co t) + C5 cosh<2\/ 3V Co t> for Co>0, (7.19)
Vo 1 A v 1 A A

v(t) = C} sm<2\/3Vo\Co\ t) + C5 cos<2\/3V0|Co| t> for Co<0. (7.20)
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Using (7.18), together with either (7.19) or (7.20), inside (7.11) gives:

3 C2C?
Sbw 2

Be = [(C3) = VP Vo + 5 + (o e ey

Clearly, we can ensure that £, = 0 by fixing suitably one of the integration constants
in the last expression.

e m =1 case. Now we obtain from (7.12):
3 .
v — g‘/[)cou =0 s
3
i+ Vv =0 (7.21)

The system (7.21) can be reduced to a single ODE by expressing u from the first
equation, namely:

U 3
= = ith =-V, 7.22
U 2 wi Q g0 ( )

and substituting this result in the second equation. One then finds:
o™ 4+ Q*Cov =0 . (7.23)
Depending on the sign of Co, equation (7.23) has the following solutions:

» For Cy > 0 we have:
v(t) = CY cosh(wt) cos(wt) + C3 sinh(wt) cos(wt)
+C4 cosh(wt) sin(wt) + Cf sinh(wt) sin(wt) , (7.24)

where w = \/%Qé’éﬂ. Substituting (7.24), as well as the resulting wu(t)
from (7.22), into (7.11) gives:

el Nl ¥all 2,12

Jez—cz: 'Ti6(cz-c)

m For Cy < 0, the solution of (7.23) is:

Er =

v(t) = CY sin(wt) + C5 cos(wt) + C3 sinh(wt) + C} cosh(wt) (7.26)
where & = 1/Q|Co|1/2. Now (7.11) becomes:
Cm2 Cv2 CUZ_Cv2 22
Eﬁz[( 1) +( 2) +( 3) ( 4)]%_1_3 C5Cw Z% (727)

16 (C2—C3)

N e

Clearly, one can ensure that both (7.25) and (7.27) satisfy the Hamiltonian constraint
E, =0 by fixing appropriately an integration constant.
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Remark on Cy = 0. As noted in the beginning of section 7.2, when Cy = C2 — C} = 0,
one cannot use equation (7.9). Instead, the w equation of motion gives ¢ = 0, with the

solution
v(t) = Cit + Cy (7.28)
for any m. Then, the remaining two equations of motion acquire the form:
.3 CpC2 v 1
w—i-gVom Oy um-? =0.
.3 v
i — gvo(m — Q)Um_l =0. (7.29)

So we have the following u(t) and w(t) solutions:

e m = 0: in this case, the solutions of (7.29) are:

R 1 A 1
u = C3sin (2 3V0t> + C4 cos (2 3V0t>

w=Cst+Cs . (7.30)
Evaluating the Hamiltonian on these solutions gives:
Ep = (é§ + C*Z) Vo — 5—60323 +C5% (7.31)
C2C,,

where we have used that €} = % &, >0 with Yo being the Noether symmetry con-
stant of motion.

e m = 2: now (7.29) has the following solutions:

u(t) = Cst + Cy

3., CuC2 (1 . 1. R R
w(t) = ~1 0 C45 <601t3 + 202t2> + Cst + Cy . (7.32)
Thus, the Hamiltonian becomes:
. 4 . 3 .
Er =03V + gc?? — 1730323 +C5% (7.33)
C2C,,

where again we have used C; = % 20

e m = 1: in this case, the solutions of (7.29) are given by:

1. 4 3.4 . .
u=—1:VC 3 — 1600 2+ O3t + Cy (7.34)
3 VoCwC2 (1 o5 1 2w 84 5 oo\ ~ .
= ——2 | =WCit° + -VpCat™ — -Cst” — 8Cyt Cst+Cg .
128 Oy 2001+402 303 4 + Cs5t + Cp
Hence the Hamiltonian gives:
o 4 . 3 .
Ep = CyCyVy + §C§ — 160523 + C5X0 (7.35)
where we have substituted C; = %Cgcfw 0.

Obviously, in all three special cases with Co = 0 one can satisfy the Hamiltonian
constraint E, = 0 by fixing suitably one of the integration constants.
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7.2.2 Generic case: m # 0,1,2

This case is similar to that considered in subsection 5.2.2. More precisely, for arbitrary m
it is not possible to find the exact solutions of equations (7.12) in full generality. However,
just as in section 5.2.2, we will be able to find particular classes of exact solutions. Unlike
there though, here we will find solutions for any m # 0, 2.

To begin, let us observe that, together, the two equations in (7.12) imply the relation:

Comiiu=(m—2)vv . (7.36)
One can take (7.36) and one of (7.12) as the two independent equations. An Ansatz that
solves (7.36) is given by:
éo m
(n—2)

v ==+ (T (7.37)

To obtain real and nontrivial solutions from this Ansatz, we need that (go_rg) > 0, or in

other words:

Co>0 and me (—o0,0)U(2,0) (7.38)
or
Co<0 and me(0,2) . (7.39)
Substituting (7.37) in either equation of (7.12), one finds:
. 3 C’om %
— =Vo(£1)™(m — 2 =0. 4
it~ 2 Vo(£1)™(m >(m_2> w=0 (7.40)

The solutions of (7.40) depend on the sign of the combination (+1)™(m — 2), namely:

u(t) = CY sinh(wt) + C3 cosh(wt) for ()™ (m—2) >0 (7.41)
and
u(t) = CY sin(wt) + C4 cos(wt) for (£1)™"(m—-2) <0, (7.42)
where
.13 " Com \*
w=3 §V0|(j:1) (m —2)] (m—2> . (7.43)

Note that the (£1) in (7.40) is correlated with the + sign in (7.37).
Let us now impose the Hamiltonian constraint. Substituting (7.37) and (7.41)
into (7.11) gives:

Com 3 C2?

2) [(C;)Q - (C%)Q] + Tﬁng , (7.44)

m —

Ep =V (£1)™ <

whereas using (7.37) and (7.42) in (7.11) leads to:
Com \*

202
2) ()2 + (O] + o5

16(C2 - C3)

Er =V, (il)m< 2. (7.45)

m —
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Clearly, there is no problem to satisfy E; = 0 for the expression in (7.44), by choosing
suitably C}' or C§. On the other hand, for (7.45) a more careful discussion is needed.
Unlike in sections 5 and 6, now the E% term can have either sign. Let us consider first
Cy = C2 — C% > 0. In that case, either m < 0 or m > 2; see (7.38). Only m > 2, however,
can ensure Ez = 0. The reason is that, since the X2 term in (7.45) is positive, we need the
Vo term to be negative, which can only be achieved for (+1)™ = —1. Then, the condition
(£1)™(m — 2) < 0 in (7.42) implies that m > 2. Now let us consider Cy < 0, in which
case 0 < m < 2 according to (7.39). Hence the condition (£1)™(m — 2) < 0 implies that
(£1)™ = +1, which is exactly what is needed to have a positive Vj term in (7.45), when
the 22 term is negative.

To summarize, the Hamiltonian constraint allows solutions with u(¢) as in (7.42) only
in the following two parts of the parameter space:

1) Co > 0: m odd and m > 2, together with the minus sign in (7.37).
2) Cp<0: 0<m < 2and a plus sign in (7.37).

As an example of the above considerations, let us write down the particular solutions
for m = 3 and Cy > 0. In that case, the + sign in (7.37) leads to the solution

v(t) = \/3Chu(t)

u(t) = C}'sinh(wt) + CF cosh(wt) (7.46)
while the — sign gives:
v(t) = —\/3Co u(t)
u(t) = C}'sin(wt) + C3 cos(wt) , (7.47)

~ _ 3 /31/2 ~3/2
where @ = 51/ *5-VoCy’ ™.

As a final remark note that, among the particular solutions above, there are solutions
with m = 1, obtained for Cy < 0 as can be seen from (7.39). However, we already found the
most general solution with m =1 and Cy < 0 in subsection 7.2.1, namely (7.26) together
with (7.22). Hence, the latter must contain as special cases the particular m = 1 solutions
coming from (7.41) and (7.42), together with (7.37). One can verify that this is indeed
the case, upon setting to zero either the pair C7, or the pair C3, of integration constants
in (7.26).

8 Summary and discussion

We studied two-field cosmological a-attractors whose scalar manifold is any elementary hy-
perbolic surface. We imposed the requirement that these models have a Noether symmetry
and found those solutions of the symmetry conditions which follow from a separation-of-
variables Ansatz. In particular, we showed that such separated Noether symmetries exist
only for a certain value of the parameter a. To prove these results, we rewrote the cos-
mologically relevant Lagrangian in canonical form, i.e. as £(¢’, %) in terms of generalized
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coordinates {¢'} = (a, ¢, 0), where a(t) is the metric scale factor and ¢(t), 6(¢) are the two
scalar fields. A generic Noether symmetry generator has the form (3.6), where A, ., o(a, ¢, 0)
are functions on configuration space such that (3.5) is satisfied. With the separation of vari-
ables Ansatz, we found that the functions A, , ¢ have the following form for the elementary
hyperbolic surfaces:

e Poincaré disk (D):

(C1sin6 + Cy cos ) sinh 3 0
Mo = \/g Akby (Vie)

2 al/2
3 (Cysinf + Cycosb) cosh(\/gcp)
Ao = —2 Akby
2 a3/2
N = —j\/gAkbz (C1cosf — Cysinb) , (8.1)

ad/? sinh<\/g <p>

where A, k, by, C1,Cy are constants. Notice that this is effectively a two-parameter
family of Noether symmetries, since three of the five parameters occur only in the
combination Akby and the latter appears only as an overall multiplier, which thus
can be factored out of the symmetry condition (3.7).

e Hyperbolic punctured disk (ID*):

A = 1\/3%1)1 (C30 + o) eXP(—\/gw)

2 al/?
3 (Cs0+00) exp(—/20)
Ay = — Akby
2 a3/2
NE exp (/1)
/\9 - _Z 5 k‘bl 3T 5 (82)

where A, k,by1,Cs,6y are constants. The same comment as below equations (8.1)
applies, namely (8.2) effectively gives a two-parameter family of symmetries.

e Hyperbolic Annulus (A):

[C4 cosh(CR#) + Cs sinh(Cr#)] cosh( /2 o
M = 1\/3 Akby (Vi)

2 al/?
5 [Cacosh(Cpb) + Cssinh(Cpo)] sinh (/2 0)
Ao = — 5 Akby
2 32

\ 3 \/§ Akby [Cysinh(CRrb) + Cs cosh(CRrb)]
) —

T4V 2 Cp a3/2008h<\/§g0) ’

where A, k, by, Cy, C5 are constants. Again (8.3) is a two-parameter family of Noether

(8.3)

symmetries.
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In (8.1)—(8.3), we have collected the results of (3.9), (3.35), (3.34), (3.33), (3.26), (3.42)—
(3.44), (3.46), (3.47), (3.49) and (3.50). Note that, clearly, one can absorb the overall Akb; o
factors in (8.1)—(8.3) inside the arbitrary constants 6y and Cj, ¢ = 1,...,5; we have kept
them explicit to facilitate tracing how the above results are obtained throughout section 3.

The requirement for the existence of a Noether symmetry restricts the form of the
scalar potential. We showed that, to be compatible with the symmetries (8.1)—(8.3), the
Lagrangian (3.4) has to have the following form:

3,2

4 . - )
L =—3ad®+ % +30° (@) 6 - 'V (p.6) (8.4)

where

fp = sinh<\/§<p> . for =exp <—\/g<p> . fa=Cr cosh<\/§g0> (8.5)

and
of /3 ml /3 . em
Vb = Vp cosh 3 ¢ | coth 3 ¢ | [C1cos® — Cysinb] ,
_ B ™ i ALY
V*—Voexp< \[2<p+26 )eXp[m9<2+03 ; (8.6)
s 12 3 m 3 : m
Va = Vy sinh 3¢ coth 3¢ [Cy sinh(CRrO) 4+ C5 cosh(CRro)]

with Vy and m being arbitrary constants. Note that the scalar potentials (8.6) depend,
in each of the three cases, only on those two parameters of the corresponding Noether
symmetries (8.1)—(8.3), which are essential, as should be the case.

Furthermore, we simplified the Euler-Lagrange equations of (8.4), for each of the three
elementary hyperbolic surface cases, by transforming to generalized coordinates adapted
to the corresponding Noether symmetry. This enabled us to find many exact solutions.
For some values of the parameter m (the special cases in sections 5, 6 and 7), we found the
most general solutions of the equations of motion. For the rest of the m-parameter space
(the generic m cases), we found classes of particular solutions.'?

An obvious open direction to pursue further is to investigate the physical consequences
of the solutions which we have found. More precisely, one should explore what kinds of
Hubble parameter, as a function of time, these solutions give. Furthermore, what parts of
the parameter space lead to inflationary expansion and/or to actual attractor behavior of
the solutions. It would also be interesting to understand how the results of [8] on obtaining
natural inflation in two-field a-attractors relate to our considerations. We already pointed
out above that the relevant #-dependent part of the scalar potential can be obtained as a
special case of Vp in (8.6). Hence, it is worth exploring whether one can find a realization
of hypernatural inflation which is compatible with the Noether symmetry investigated

13For the punctured disk case, we considered only 6y = 0 for simplicity.
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here. In a similar vein, it is very interesting to understand whether considerations on
primordial non-Gaussianity (along the lines of [32]) or dark energy (along the lines of [33])
in a-attractor models can be compatible with our Noether symmetry. It is also worth
investigating possible embeddings into suitable classes of string compactifications.'® In this
context, the special value of the a-parameter required by our separated Noether symmetry
might play an important role. It could be related to a point of enhanced symmetry in
some larger parameter space. Or it could be a manifestation of a moduli stabilization
mechanism, if the a-parameter becomes a modulus in the underlying compactification.

Another important problem (on which we plan to report in the near future) is to find
more general solutions to the Noether symmetry conditions that do not rely on the separa-
tion of variables Ansatz. Indications are that such solutions have an elegant mathematical
theory, though only a subclass of them restricts the value of the a-parameter (equivalently,
the Gaussian curvature) of the scalar manifold. It would be interesting to compare the
solutions of the equations of motion in the presence of such more general symmetries to
the solutions of the field equations that we obtained here. This might uncover some charac-
teristic features of cosmological behavior which arise in the presence of separated Noether
symmetries when compared to more general symmetries.

A different line of investigation is to extend the study of Noether symmetries to two-
field models defined on arbitrary hyperbolic surfaces and to general multifield models and
to explore their description in the Hamiltonian approach. A proper formulation of this
problem requires the geometric approach to Noether symmetries provided by the jet bun-
dle formalism.

While the Noether approach requires the Lagrangian formulation discussed in the
present paper, we should mention that classical cosmological dynamics can also be studied
using the formulation used in [14-17], which is obtained by solving the Friedmann equation
in order to eliminate the cosmological scale factor a(t). As explained in those references,
this leads to a geometric system of non-linear second order ODEs which involves only the
scalar fields ¢!. In fact, the Friedmann equation provides an energy shell constraint which
must be imposed on the Lagrangian system described by (3.4) in order to isolate those
solutions of the Euler-Lagrange equations which are of actual cosmological relevance. Due
to the non-holonomic character of this equation, the resulting geometric system of ODEs
for ¢! does not generally admit a non-constrained Lagrangian formulation. This system
of ODEs defines a dissipative geometric dynamical system on the tangent bundle of the
scalar manifold, which can be studied with the methods of dynamical systems theory [36].
In particular, symmetries of the cosmological model could be studied directly at this level
using Lie’s theory of symmetries of systems of ODEs, which in this setting has an elegant
geometric formulation. We hope to address this topic in the future.
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A Elementary hyperbolic surfaces

Any smooth and complete hyperbolic surface is isometric to a quotient of the hyperbolic
plane H (the open upper half plane of the complex plane endowed with the Poincaré
metric) by a discrete subgroup of its group of isometries PSL(2,R). Elements of PSL(2,R)
are classified according to their fixed points. Elliptic elements have a single fixed point
located in H, parabolic elements have a fixed point on the conformal boundary!® OH of
H and hyperbolic elements have two distinct fixed points on OH. A complete hyperbolic
surface is called elementary if it is isometric with H or with a quotient of H by a cyclic
subgroup of PSL(2,R) (i.e. a group generated by a single element), which is of parabolic or
of hyperbolic type. There are three types of elementary hyperbolic surfaces: the hyperbolic
disk D (also called the Poincaré disk, since it is isometric with H), the hyperbolic punctured
disk D* and the hyperbolic annuli A(R). The hyperbolic disk and hyperbolic punctured
disk are unique up to isometry, while the isometry class of a hyperbolic annulus depends
on a real modulus R > 1. We briefly discuss these hyperbolic surfaces in turn, referring
the reader to [15] for more detail:

e Poincaré disk. The Poincaré disk D is the open subset of the complex plane C defined
by the condition
lz| <1, (A.1)

endowed with the complete hyperbolic metric:

(1:“22)2 dedz . (A.2)

For various reasons, some going as far back as [35], in the literature on cosmological

ds® =

a-attractors this metric appears in the scalar kinetic terms with a different overall
constant factor. One can transform (A.2) to polar coordinates p and 0, determined via
z = pe'? with p € [0,1), and then, by changing suitably the radial variable, to semi-
geodesic coordinates (see [15]). This is what is achieved with the redefinition (2.5)
that maps the action (2.3) into the form (2.2).

e Hyperbolic punctured disk. The hyperbolic punctured disk D* is the open subset of
C defined by
0<lzl <1, (A.3)

5The hyperbolic plane does not have a boundary in the sense of manifold theory. However, one can
define a conformal boundary for H (‘a boundary at infinity’, which is H = IR U {c0}) by using the
conformal structure of the hyperbolic metric, in the same vein as for the Penrose conformal boundary in
general relativity. See [14] and references therein for details and generalization.
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endowed with the complete hyperbolic metric:

ds® = % (dp* + p*d6?) (A4)
(pInp)
where p = |z| and § = arg(z) are polar coordinates on the complex plane. As
explained in [15], one can transform this metric to semi-geodesic coordinates, i.e. to
the form ds? = dp? + f()df? using a certain change of variables ¢ = ¢(p). This is
what the transformation (2.8) amounts to.

A~

e Hyperbolic annuli. The hyperbolic annulus A(R) is the open domain in the complex
plane defined through:

1 . .
7 <|z| <R where R>1 |, (A.5)

endowed with the complete hyperbolic metric (in polar coordinates):

T
2ln R

Ch

ds® = 5
[pcos (CrInp)]

(dp* + p?d6?)  where Cp =

(A.6)

The transformation (2.11), modulo an overall numerical factor, maps the metric (A.6)
to the form ds? = dy? + f(p)df?, where ¢ € (—o0,00). Note that ¢ < 0 corresponds
to % < p < 1, while ¢ > 0 corresponds to 1 < p < R.

We refer the reader to [15] for more detail on the geometry of elementary
hyperbolic surfaces.

B Nontrivial trajectories for m = 0

In this appendix we illustrate some of the exact solutions we have obtained in sections 5, 6
and 7. A comprehensive investigation of the phenomenological implications of all new
solutions, in their entire parameter spaces, is a rather laborious effort that we leave for
the future. Nevertheless, here we will illustrate, in a certain corner of parameter space,
the existence of nontrivial two-field trajectories among our solutions for m = 0, in each of
the three elementary hyperbolic surface cases.'® We will also consider the behavior of the
Hubble parameters in the three cases, for the relevant parts of parameter space.

B.1 Poincaré disk

In section 5 we pointed out that, for the Poincare disk case, the single field limit is obtained
when m = 0 and w = const. X v. Indeed, for m = 0 the scalar potential becomes:

V(p,0) = Vi cosh? (\/2@) , (B.1)

16The possibility of having nontrivial multi-field trajectories, even for a potential without angular depen-

dence, was already shown in [10, 11].
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Figure 1. Plots of o(t) for different values of the constants Cf'y. On the left, C{ = 2 and C3
takes the following values: C%¥ =5 (solid line), C¥ = 4 (dashed line) and C¥ = 3 (dotted line). On
the right, C¥ = 5 and C}' takes the following values: C7 = 2 (solid line), C}* = 3 (dash-dotted
line) and C}* = 4 (space-dotted line). Note that the solid lines on the left and right sides are the
same curve.

as can be seen from (8.6), while w = const. x v implies § = const., as is evident from (5.7).
However, by choosing suitably the integration constants in (5.18) and (5.21), one can have
w # conts X v even for m = 0. Thus, one can obtain nontrivial (p, ) trajectories, even
though the potential has no angular dependence.

We will illustrate these trajectories in a certain part of parameter space. To underline
their dependence on the parameters, we will explore how the trajectories change as we vary
two of the integration constants, namely C}' and C§, while keeping the rest fixed. Let us
make the following convenient choices:

01:\}3,02:0,szl,Vg:3,Eo:2,C’8”:1,C§’:O. (B.2)
Recall that the constant C7 is determined from the Hamiltonian constraint (5.23). To be
able to solve the letter, one needs C§ # 0 and even |C¥| > |C}'|. We also have to take
|C}*| > 1 for the choices in (B.2), in order to ensure a real and positive scale factor a(t) for
any ¢ > 0. This can be understood by noting that a(t)li—o = [(C}")? — (C¥)* — 3(C%)?] 5.
Thus, if (C%)? — (C¥)? — 3(CY)? < 0, then a(t) becomes complex in a neighborhood of
t = 0. So, to recapitulate, we need to take:

1< |CY < |CY . (B.3)

Now we are ready to investigate numerically the m = 0 solutions, obtained from
substituting (5.18) and (5.21), together with (5.15) and (B.2), into (5.7). On figure 1 we
have plotted the scalar ¢(t) for different choices of C{'y. On the left C} = const., while Cy
varies. In this case, the initial value of ¢ at t = 0 stays the same, although the shape of the
function ¢(t) changes. In particular, increasing C§ increases . On the right of figure 1,
Cy = const. and C}' varies. Clearly, now the initial value of ¢ also changes. However,
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Figure 2. The trajectories (¢(t),8(t)) for the same values of the constants as in figure 1. The dot
at one end of a trajectory denotes its starting point at ¢ = 0.

increasing C7' decreases ¢. In all of the cases on figure 1, ¢ starts at a finite value at ¢ =0
and ¢ — 0 as t — oo. Note that ¢ = 0 is precisely the minimum of the potential (B.1).

On figure 2 we have plotted the trajectories ((t),6(t)) obtained for the same values of
the constants C}', as in figure 1. At ¢ = 0 these trajectories start at § = 5, while as ¢ — oo
they tend to ¢ = 0. In fact, it is more illuminating to plot them in polar coordinates.
For easier comparison with the punctured disk and annuli cases, on figure 3 we plot these
trajectories in terms of the canonical radial variable of the Poincaré disk p € [0, 1), which
is related to ¢ via (2.5).!7 Clearly, when C} = const. and C5 varies, the starting point at
t = 0 remains the same, although the shape of the trajectory changes. When C§ = const.
and C7 varies, the starting point changes as well. In both cases, though, the trajectories
start at t = 0 at a finite p and as ¢ — oo they tend to p = 0, or equivalently ¢ = 0, which
is the minimum of the potential (B.1).

Finally, on figure 4 we plot the Hubble parameters H(t) = % for the same trajectories
studied above. In all cases, H(t) — 1 as t — oo. So the spacetimes, corresponding to these
solutions, asymptote to dS space. Note that the horizontal axis starts at ¢t = 0.4 only for
better visibility of the distinctions between the graphs. In each case, H(0) is finite. For
example, H(0) = 3.2 for the solid line, common for the left and right sides.

B.2 Hyperbolic punctured disk

The m = 0 potential for the hyperbolic punctured disk case is:

V(p,0) = Vo exp (—\/390) , (B.4)

as one can see from (8.6). To obtain the single-field limit, we also need w = const. X u
(implying that € = const.), as discussed in section 6. However, by appropriately choosing

"Note that for the ranges of ¢ and p relevant here, relation (2.5) becomes p ~ %(p. So in polar (¢,0)

coordinates, the trajectories are the same as on figure 3, up to a rescaling of the radial direction.
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Figure 3. The trajectories (p(t), G(t)), with p being the radial variable on the unit disk, for the
same values of the constants as in figure 1.

1.20+ 1.20

1.15. 1.154
1.107 1.10

1.05 1.054 .

1.00- T T o ] 1.00-

Figure 4. The Hubble parameters H(t) for the same values of the constants as in figure 1.

the integration constants in (6.12) and (6.16), we can have w # const. x u although m = 0.
So, in this case too, there are nontrivial two-field trajectories, even when the scalar potential
does not depend on 6. Before turning to their numerical investigation, it will be useful to

write down explicitly the inverse of (2.8). Substituting o = %, according to (3.33), gives:

p= exp(—eé “") , (B.5)

where we have also used that by definition p < 1 (see appendix A).

We will explore, again, the dependence of the (¢, #) trajectories on the two integration
constants characterizing u(t), namely C; and C3, while keeping all the other constants
fixed. In the process, a certain complementarity between the two constants in u(t) will
become even more apparent. It is convenient to take:

Co=1,Vp=3,%=2,C"=0,Ci=1, (B.6)
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takes the values: Cf =1 (dashed line), C} = 2 (space-dotted line) and C; = 3 (dash-dotted line).
Note that the dashed lines on the left and right sides are the same curve.

! |
54 51 [ !
I !
i /
44 41 !
i /
i . //
34 31 i ' /
¢ [0} 1 /
2 i //
21 I s
. -
! e
T == . 1=
— -
SN
O T T T T 1 = = T T T
¢ = » 3= m 5= 0 r r 3 m
8 4 8 2 8 8 4 8 2
0 0

Figure 6. The trajectories (¢(t),8(t)) for the same values of the constants as in figure 5. The dot
at one end of a trajectory denotes its starting point at ¢ = 0.

while solving the constraint (6.18) for C5. To ensure, with the choices (B.6), that the scale
factor a(t) > 0 for every ¢t > 0 and that (6.18) can be solved, we need:

C5>0 and CiC3>2. (B.7)

Let us now turn to the numerical investigation of the solutions, obtained by substitut-
ing (6.12) and (6.16), together with (6.9) and (B.6), into (6.6). On figure 5 we plot ¢(t);
on the left C7 = const. and C5 varies, while on the right C5 = const. and C7] varies. In all
cases @ — 00 as t — oo. This is in perfect agreement with the fact that the minimum of
the potential (B.4) is achieved for ¢ — co. Note that, due to (B.5), ¢ — oo corresponds to
p — 0. On figure 6 we plot the trajectories (¢(t),6(t)) for the same values of the constants
as in figure 5. On the left, for different choices of C3 (with C7 fixed) the trajectories start
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Figure 8. The trajectories (p(t),0(t)) for the same values of the constants as in figure 5.

at t = 0 at different values of ¢, while they all tend to ¢ — oo and 0 = %T as t — oco. On

the right, for different values of C} (with C5 fixed) all trajectories start at the same point,
while for ¢ — oo they tend to different values of 6. This is even more clear in polar (¢, )
coordinates; see figure 7. For easier comparison with the disk and annuli cases, on figure 8
we also plot the same trajectories in polar (p,6) coordinates, with p € (0,1) being the
canonical radial variable of the hyperbolic punctured disk. Note that at ¢ = 0, the different
trajectories start at different p, but as t — oo they all tend to p = 0, which corresponds to
the minimum of the scalar potential.

Finally, on figure 9 we plot the Hubble parameters corresponding to the trajectories
considered above. In all cases, H(t)|;—o is finite and H(t) — 0 as ¢ — oo. This is in
accordance with the fact that, for large ¢, the scalar ¢ — oo and thus the potential (B.4),
i.e. the effective cosmological constant, tends to zero. So the spacetimes of these solutions
tend to Minkowski space. This may represent a natural mechanism for relaxation of the
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Figure 9. The Hubble parameters H(t) for the same values of the constants as in figure 5.

cosmological constant. Or it may indicate that this class of models has to be considered
only in a finite time-range, assuming that at later times a different effective description
(for example, containing new fields) would become more appropriate.

B.3 Hyperbolic annuli

For the hyperbolic annuli case, the m = 0 potential is:

V(p,0) = Vp sinh? (\/i(p) , (B.8)

according to (8.6). From section 7, it is clear that the single-field limit is obtained when,
in addition, one has w = const. X v, which implies # = const.. However, just like in
appendices B.1 and B.2, one can have w # const. X v even when m = 0, for suitable choices
of the integration constants in (7.10) and (7.14).!® So, again, one can have nontrivial (¢, )
trajectories, even though the potential is independent of #. To study numerically those
trajectories, it will be convenient to use the canonical radial variable p of the hyperbolic

annuli, which is related to ¢ via (2.11). Note that the inverse transformation (with o = %

substituted) is:

2

In p = — arctan |tanh @ ell, (B.9)
Cr 8

where ¢ € (—00,00), with ¢ < 0 corresponding to p < 1 and ¢ > 0 corresponding to p > 1.
As before, we will study numerically the dependence of the nontrivial two-field tra-
jectories on the integration constants in u(t), i.e. on C}" and C¥, with all other constants
fixed. For convenience, let us take the following values:
1

04:0,05:%,01”:30,%:3,20:2,05”:1,05:3,}?:2, (B.10)

8In this appendix, we will focus on the generic Co # 0 case in section 7. Note, however, that for m = 0,

the solutions in the degenerate Co = 0 case are of the same form as for C # 0, as can be seen easily by
comparing (7.10) and (7.14) to (7.28) and (7.30), although the m = 1 and m = 2 solutions in the two cases
differ significantly.

— 50 —



Figure 10. Plots of ¢(t) for several values of C}'5. On the left, Ci' = 1 and Cy takes the values:
C% = —4 (black line), C% = —1 (blue line) and C§ = 2 (magenta line). On the right, C3 = —4
and C}" takes the values: C = —3 (red line), C? =1 (black line) and C}* = 4 (green line). Note
that the black lines on the left and right sides are the same curve.

Figure 11. The trajectories (¢(t),0(t)) for the same values of the constants as in figure 10.

with C} determined from the Hamiltonian constraint (7.16). This, in particular, means
that we are considering the annulus given by:

1

5 <p< 2. (B.11)
Note that, with the choices (B.10), we need to have:

(C3)* <23, (B.12)

in order to ensure that a(t) > 0 for any ¢ > 0. Finally, unlike in appendices B.1 and B.2,
the Hamiltonian constraint in this case does not impose any restriction on the choices of
C{ and C3.

Now we turn to studying numerically the m = 0 solutions, obtained from substitut-
ing (7.10) and (7.14), together with (B.10), into (7.6). On figure 10 we plot ¢(t); on the
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Figure 12. The trajectories (p(t),6(t)) for the same values of the constants as in figure 10. The
dot at one end of a trajectory denotes its starting point at ¢ = 0.
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Figure 13. The Hubble parameters H (t) for the same values of the constants as in figure 10.

left Cf = const. and C3 changes, while on the right C'§ = const. and C} changes. Note
that in all cases ¢(0) is finite; this is not obvious, because we have started the plots at
t = 0.1 in order to make the overall features of the graphs better visible. Also, on the right
side ¢(0) = —1.67 for all three graphs. Notice that in all cases ¢(¢) oscillates around ¢ = 0
with an ever decreasing amplitude. Eventually, as t — oo, the scalar ¢(t) settle at ¢ = 0,
which is the minimum of the potential (B.8). This is even more clear on figure 11, where
we plot the trajectories (¢(t),6(t)) for the same values of the constants as in figure 10.
The plots on figure 11 start at ¢ = 0.2, again for better visibility of the features of the
graphs at large ¢t. (They end at ¢ = 140.) This obscures the fact that all trajectories on
the right side start at the same point. To illustrate clearly the entirety of the trajectories,
it is most useful to change variables from ¢ to the radial coordinate p € (%, 2) of the hy-
perbolic annulus. On figure 12 we plot the trajectories (p(t),0(t)) for the same values of
the constants as in figure 10. We have restricted the plot to the segment with 6 € [0, 5],
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in order to make the graphs better visible. Clearly, they all oscillate around p = 1 with
decreasing amplitudes and, as t — oo, they settle at p = 1 and different values of . Note
that, due to (B.9), p = 1 corresponds precisely to ¢ = 0, which is the minimum of the
scalar potential (B.8). It is also interesting to observe that trajectories, which start closer
to p = 1, reach greater values of 8 as t — oo, although trajectories starting further from
p = 1 have greater amplitudes early on.

Finally, on figure 13 we plot the Hubble parameters for the same trajectories as in
figures 10-12. We have restricted the range of ¢ from below only to make the distinctions
between the graphs, as well as their features, visible. For each curve, H(0) is finite and
H(t) — 0 as t — oo. This is in agreement with the fact that at late times ¢ settles at
¢ = 0 and so the potential (B.8) vanishes. This conclusion is similar to the one at the
end of appendix B.2. However, the present case has the rather peculiar feature that H(t)
exhibits a damped oscillations pattern. Thus, this class of models describes a kind of a
cascading spacetime evolution. It would be interesting to explore whether, considered in a
finite-time range, a transient stage of this kind (at the time of horizon exit of the largest
observable CMB scales) might be helpful for explaining low multipole-moment anomalies
in the CMB.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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