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1 Introduction

The space of four-dimensional AN/ = 2 superconformal field theories (SCFTs) has a rich
structure. The best known N = 2 SCFTs are the SU(NV.) gauge theories with N; fun-
damental matter hypermultiplets where N; = 2N, is satisfied so that the beta function
vanishes. While these theories are well-described by Lagrangian, there are many N = 2
SCFTs whose Lagrangian description is not known, such as Argyres-Douglas SCFTs [1-3],*
Minahan-Nemeschanskey theories [14, 15], and an infinite series of non-Lagrangian SCFTs
of class S [16]. To study general N’ = 2 SCFTs including these non-Lagrangian theories,
we need a technique that relies only on the symmetry and unitarity of SCFTs.

Recently there was important progress in this direction. The authors of [17] showed
that the operator product expansions (OPEs) of a special class of BPS local operators
are naturally encoded in a two-dimensional chiral algebra. These BPS operators are called
“Schur operators” since they contribute to the Schur limit of the superconformal index [17—
19]. We call the superconformal multiplets including a Schur operator “Schur multiplets.”

The existence of the associated chiral algebra implies, along with the four-dimensional
unitarity and superconformal symmetry, that the “c central charge” of any interacting
four-dimensional A" = 2 SCFTs is constrained by ¢ > & [20], which is saturated by the
minimal Argyres-Douglas SCFT.? Moreover, a similar analysis for N' = 2 SCFTs with a
flavor symmetry leads to a universal bound involving ¢ and the flavor central charge [17, 21].
For more recent works on the associated chiral algebras, see [22-50].

Let us briefly sketch how these bounds on the central charges were derived from the
chiral algebra analysis. In four-dimensional A/ = 2 SCFTs, the superconformal symmetry
and the unitarity impose strong constraints on superconformal multiplets appearing in

'For recent discussions on A’ = 1 Lagrangians that flow to the Argyres-Douglas SCFTs, see [4-13].

2Qur normalization of the four-dimensional central charge is such that a free hypermultiplet has ¢ = %

1
and a = ;.



OPEs, which we call “selection rules” in the following. In particular, the selection rules
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Co0.0) X Bi ~ B+ > C, (Lt #7(%1)+-~, (1.1)
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were used to derive the central charge bounds mentioned above. Here, l?R and C, R(.7)
are two types of Schur multiplets labeled by the SU(2)r charge R and the spin (j,7) of
the superconformal primary field, and the ellipses stand for non-Schur multiplets.® In
particular, the l§1 multiplet is a Schur multiplet including a flavor current, and the 6\0(070)
multiplet is the stress tensor multiplet. The above selection rules (and unitarity) are
crucial in deriving the central charge bounds. For example, the bound ¢ > % was derived
by interpreting the reality of the OPE coefficients for the second selection rule in (1.1) in
terms of the two-dimensional chiral algebra.* This implies that identifying the selection
rules for Schur multiplets provides a powerful tool to reveal universal constraints on general
N =2 SCFTs.

Moreover, the selection rules are also important in recovering four-dimensional OPEs
from the two-dimensional chiral algebra. Indeed, the 4d/2d correspondence of [17] implies
that Schur operators with different quantum numbers could correspond to two-dimensional
operators with the same quantum numbers. Therefore, it is generically non-trivial to
recover four-dimensional OPEs from two-dimensional OPEs. The selection rules, how-
ever, strongly constrain Schur multiplets appearing in the four-dimensional OPEs and
therefore will be useful for reconstructing the four-dimensional OPEs from the associated
chiral algebra.

In this paper, we study the selection rules for

Co(o,0) X O3, (1.2)

up to non-Schur multiplets, where @SM is an arbitrary Schur multiplet. Since the Schur
operator in the stress tensor multiplet 50(070) maps to the Virasoro stress tensor in the
associated chiral algebra, the selection rules for (1.2) are particularly important in the study
of the 4d/2d correspondence. In particular, they reveal how the four-dimensional operator
associated with a Virasoro primary is related to those of the Virasoro descendants. Indeed
we find that, when four-dimensional Schur operators @ and O’ respectively correspond to
a Virasoro primary and its descendant in the associated chiral algebra, the SU(2) g charge
of O is always smaller than or equal to that of O’ (see for example (4.31)). Note that the
selection rules for 6\0(070) X (:’\0(0’0) and 50(0,0) x By were already identified respectively in [20]
and [51], which we generalize to (1.2) for all Schur multiplets OS™ in this paper.

3For the precise definitions of Br and C R(j,7) See section 2.
“In this interpretation, it was assumed that Co<z £ for £ > 0 are absent in interacting N/ = 2 SCFTs
since they involve higher spin currents.



To derive the above selection rules, we study three-point functions of the form
<é\0(070)(’)1(’)2), where O and Oy are arbitrary Schur multiplets. Our strategy is to write
down the most general ansatz for the three-point functions and then impose the (semi-
)shortening conditions corresponding to the Schur multiplets. The same strategy was
employed in [20, 51, 52] to compute several three-point functions. We stress that, since
our analysis relies only on the (semi-)shortening conditions which purely follow from the
superconformal algebra, our results are applicable to any four-dimensional N’ = 2 SCFT.

Before studying the selection rules for (/7\0(0,0) X OSh we first apply our strategy to
the selection rules for

f)’\Rl XB\RZ, (1.3)

as a warm-up. While these rules were already identified in [53],> we believe it is worth
showing an explicit derivation of the rules. Moreover, we evaluate the most general expres-
sions for the three-point functions <f§ R, B, r,O) with O being an arbitrary Schur multiplet,
which contain more information than the selection rules.

Let us here make an observation on our OPE selection rules. For some of the OPEs we
study in this paper, the three-point function of the corresponding superconformal primary
fields turns out to vanish even though three-point functions involving their descendants do
not. This reflects the fact that the sum of the U(1), charges of the superconformal primary
fields in three-point functions is non-vanishing. On the other hand, we find that the sum
of the U(1), charges of Schur operators in these multiplets always vanishes, which suggests
that the Schur operators play a central role in Schur multiplets. With this observation, we
give a conjecture on the OPE selection rules for general Schur multiplets in section 5.

The outline of this paper is as follow. In section 2, we review the four-dimensional N =
2 superconformal algebra and the (semi-)shortening conditions for the Schur multiplets, and
also introduce a useful formalism [52, 54, 55] to analyze the superconformal three-point
functions. In sections 3 and 4, we derive the two types of three-point functions <l§ Ri B R, OF)
and (CAO(O’O)OlIl (’)%2> respectively. From these correlation functions, we present the 3, Ry B, Ro
selection rule and the 6\0(070) x OS5 gelection rules. section 5 is devoted to conclusions and
discussions, where we conjecture more general selection rules between Schur multiplets as a
natural generalization of our results. In appendix A, we summarize the nilpotent structure
of the Grassmann variables what we call Fierz identities, and appendices B, C, and D are
the details of our calculations.

2 (Semi-)shortening conditions and three-point functions

In this section, we review the four-dimensional N = 2 superconformal algebra and the
short multiplets following [56] and introduce a useful formalism constructed in [52, 54, 55]
for the computations of correlation functions of SCFTs. We follow the convention of [17]
unless otherwise stated.

®See eq. (3.44) in particular.



2.1 Superconformal shortening and semi-shortening conditions

The four-dimensional N' = 2 superconformal algebra is the superalgebra su(2,2|2), whose
generators are the dilatation, translations, special conformal transformations, Lorentz
transformations, Poincaré supercharges Q?, and va', conformal supercharges S;* and g‘j‘i,
and SU(2)r x U(1), charges Rij and r. Here o = 4 and & = 4 are the Weyl spinor indices
and i,j = 1,2 are SU(2) g indices.

A general long multiplet of the four-dimensional N' = 2 superconformal algebra is
labeled by five eigenvalues of the Cartan subalgebra for the primary state, namely, the
conformal dimension A, the Lorentz spin (j, 7), the irreducible representation R of SU(2)g,
and the U(1), charge 7. Here, the superconformal primary field is defined as a state
annihilated by all conformal supercharges, S{* and 5% We denote the superconformal pri-
mary field by |A, r)EZl':fZ’;;)(mmdzj), where the parentheses in the scripts such as (i - - - iag, )
denote the total symmetrization of the indices. Acting Q¢ and QVM on the primary, we
can generate 256(2R + 1)(2j + 1)(27 + 1) components of the long multiplet. These long
multiplets satisfy unitarity bounds,

A>E;, if ;i #0, (2.1)
A:EZ—Q or AZE“ if ]120, (22)

where E; and j; are defined by
Ey :=2R+2+25+7r, Ey :=2R+2+2j5, —r, J1:=17, J2 i =17. (23)

An N = 2 Poincaré supersymmetric field theory has a unitarity bound called the
BPS bound, and if a long multiplet saturates the bound it becomes a short multiplet
whose number of components is half the original one. The above unitarity bounds for
N =2 SCFTs play a similar role; when the eigenvalues (A, R, r, j,7) saturate the unitarity
bounds (2.1) or (2.2), a long multiplet is sho?ened.) If we consider the case of j = 0,A =
>(1/1"'22.R

E; — 2, the superconformal primary field |A o) satisfies the condition
J

BU: QUA)LEE =0, for a=+. (2.4)

Similarly, for 7= 0, A = F5 — 2, the superconformal primary field satisfies the condition

B2 ng%;'f?gz)j) =0, for &= (2.5)
These two conditions B! and B? are called shortening conditions. On the other hand, for
A = FEj, the following condition is possible:
1 CBQUIA) ) =0, for j>0,
c (2.6)
eaﬁngng)““'lw) =0, for j=0.

%We take R so that the Dynkin label for the irreducible SU(2)z representation is 2R.



Multiplet Condition Conformal dimension and U(1), charge of the primary
Br B'NB? A =2R, r=0,

Dro,7) B'NnC? A=2R+7+1, r=7+1,

Dr(j,0) c'np? A=2R+j+1, r=—j—1,

Criij) clnC? A=2R+j+7+2, r=j—7,

Table 1. The list of Schur multiplets. Their shortening conditions are shown in the middle column.
The rightmost column denotes the conformal dimension and the U(1),. charge of the superconformal
primary field. Here (3, 7) is the Lorentz spin of the superconformal primary field field.

Similarly for A = E5, we can impose

ap ~(.i i1.-~~i2R) _ =
) € Qa|A>(ﬁa2~--a2j—) 0, for 7>0,

C?: o o (2.7)
fdﬂQgQg‘Aylqu) — 07 for 7= 0.

These two conditions C' and C? are called semi-shortening conditions.

The Schur multiplets are defined as multiplets satisfying a shortening condition or a
semi-shortening condition for each of the chiralities. There are four types of Schur multiplet,
which are denoted as B, Dro,7)» Dr(j), and CAR(M—) in the notation of [56]. See table 1
for the definition of the four types and the relations among the quantum numbers of their
superconformal primary states.

Some of these Schur multiplets contain important operators. For example, the é\o(o,o)
multiplet contains the stress-tensor operator and the SU(2)r x U(1), conserved current
operator. We can regard the semi-shortening conditions as the conservation equations of
these operators. In this Dpaper, we assume that the theory we are considering has a unique
stress-tensor multiplet Co(o 0)- This assumption leads to a constraint on the three-point
functions involving two stress tensor multiplets, as discussed later. The CO( ;) multiplet is
a higher-spin generalization of the stress-tensor multiplet Co(o,o) and contains a higher spin
current operator. It is expected that interacting (S)CFTs containing such a higher spin
current have a decoupled free sector [57-59]. On the other hand, the Bp multiplets are
half-BPS multiplets whose superconformal primary field is annihilated by both Q,' and
Qa2 As mentioned in section 1, the Bl multiplet particularly contains a conserved flavor
current. Finally, the Dyg,0) & DO(O,O) multiplet is an N/ = 2 free vector multiplet, whose
superconformal primary field has the conformal dimension 1, and its (semi-)shortening
conditions imply the massless equation of motion.

2.2 Superspace formalism

In this subsection, we review a useful superspace formalism following [52, 54, 55]. We
denote by z = (z#,0%,0%) the coordinate of the N’ = 2 superspace. We then define



chiral /anti-chiral variables 2/, and derivatives D’ Dg; as’

ol =t £i0f ot 0V
. 0 .0 _ 0 0
i (FH Gt o —i(0: M) -
Dy, = 07 +i(c"0") o St Dg; = 555 i(0;0 )aﬁa:“ .
In the superspace formalism, the (semi-)shortening conditions reviewed above are expressed
in terms of the covariant derivatives D!, and Dg;. For example, letAE(il...i2R)(z) be a
superfield for the Br multiplet. Then the shortening conditions for Br imply that any

correlation function involving L, ...;,,)(21) satisfies

Da <£’Ll Z2R (2)01(21)02(22) > - O

D% (Liyigg) (2)01(21)Oa(22) ---) = 0, (2.8)
where O1(z1), Oa(22), - -+ are superfields for general superconformal multiplets. In the rest

of this section, we review basic techniques to solve differential equations of this form. We
use them in sections 3 and 4 to derive selection rules for the Schur multiplets.

To that end, we first introduce the following chiral and anti-chiral variables for given
two points z1, 29 in the superspace:

- M — M
.TD .— QI —:ZZl _x2++210110' 02,

012 := 01 — 6o, 012 := 01 — 0o,

where wm is anti-chiral for z; and chiral for zo. Next, we introduce superconformal covariant

U(2)r and SU(2)r matrices respectively as

2
ui? (212) == 5£ + 4if12,77, 912, al-j(Zm) = (2;) ui? (212), det u, (212) 1,
(2.9)
where 213 := (2%, 0%, 04). These matrices satisfy the relations
u? (212) ¥ (212) = ui? (221) ;" (212) = OF, (2.10)
Ui (z12) = —Uji(221), (2.11)

where 1;5(212) == 4,;*(212)€x;,° with €, being the SU(2) g invariant tensor. We also define
C

a spin SL(2,C) covariant matrix

g (y5) 1= 2204 (2.12)

2
Ty

NI

These matrices (2.9) and (2.12) are building blocks of superconformal two-point functions.

"Following the notation of [60], we define spinorial variables Zaa = (0 )aa , 24* = 2#(5,)** and the
short-handed notations 2> = 2*z, = —3tr(zi), (2 )aa = —Z3Taa. We also use 6 = (6), 0= (0a) =
€ash®, 0 = (6%) and 0= 0s) = edﬁ%. Complex conjugate of Grassmann variable is (6)* = .

8Except these 4;;(212), all other SU(2)r indices are raised and lowered as C* = ¢ C;, C; = €;;C7.



Next, for given different three points zi, z2, and z3 in superspace, we introduce the

superconformally covariant variable Z; = (X104, 0%, 0%;) by

X = j’iél,fi'i?’jiil , Xl = X{f 11’3237211 ) (213)
N s ((a=1\ pdi _ (a—1y  poi

Ol =1 ((Z35)aallis — (13 )acb) , (2.14)
Orai =1 ( ?Qi(ji_gl)oéd - %3z(~1_31) a) - (2.15)

The variable Z; transforms similarly to z;. In particular, the following identity will be

important in our calculations below:

Xog — Xag = 416 04, . (2.16)

Similar variables Zs and Z3 are defined as cyclically permuting z1, zo and z3 in the above
definition.” These Z variables play central role in expressing three-point functions. We
also define SU(2)r matrices using Z; as

’u,ij(Zl) = Uz‘k(212)ukl(2’23)ulj(331) = 55 - 41(3)11.)(1—1(1)31' ’ (217)
wi(Z1) =u(Z1) = 6] + 4161, X107, (2.18)
1/2
. g X :
W20 (5) wiz). (219)
i

2.3 (Semi-)shortening conditions for three-point functions

Let us now consider a three-point function of three quasi superfields ®z,(z;) for i = 1,2, 3.
We denote their conformal dimension and U(1),. charge by (¢;+¢;) and (g; —¢;) respectively.
The subscript Z; expresses SU(2)r and SL(2, C) indices collectively. A general three-point
function (P, (21)Pz,(22)Pz,(23)) is written as

(IE23, .’L‘3Q)]
Hjljzfg(ZS) )

(2.20)

NI
(7, (21) 1, (22) D1, (23)) = T3 la(213), (xlg,a;glg}(T (8223

);
(23)" (23)™ (a35) ™ (a3,)"

where T i{ ! and Tg 2 are some functions composed of (2.9) and (2.12) in the representation
of SU(2)r x SL(2,C) specified by Z; and Zy. On the other hand, the function H(Z3)
satisfies following homogeneity property

H7 7,15 ()\S\X, 2O, 5\(:)) = )\QaS\QaHjlszB (X,0,0), (2.21)
where a and a are fixed by

a—2a=q +q@ —q3, a—2a=q1+q—qs. (2.22)

9The conformal dimension of (Xaq4, 0™, 0%) is (1, %, %), and the U(1), charge is (0, %, —%), respectively.



Therefore H(Z3) has the conformal dimension g3 + g3 — (¢1 + ¢1) — (g2 + ¢2) and the
U(1), charge (g3 — g3+ @1 — ¢1 + @2 — q2). The function H(Z3) is not fully determined
by the global superconformal symmetry. When some of the ®z,(z;) correspond to a (semi-
)short multiplet, their shortening conditions restrict the form of H(Z3). For example
in [20, 51, 52, H(Z3) is determined in such cases, up to an overall constant.
The formalism (2.20) is very useful when we consider the (semi-)shortening conditions
such as (2.8). Since the prefactor in (2.20)
T [a(z13), 1 (213, w31)] T3 [(223), 1 (293, 733)]

2\41 (.2 \TD (.2 \92 (.2 %2 ’

(2%5)™ (235)" (225)™ (23;)
can be factorized into two-point functions (®z, (21)®71(z3)) and (®z,(22)P2(23)), it triv-
ially satisfies the (semi-)shortening conditions. This implies that the (semi-)shortening

(2.23)

conditions only constrain the function H(Z3). Therefore, hereafter, we focus on H(Z3).
It is easy to find that Dy, Dy, Dy and Dy act on H(Z3) as

ol (Z3) = —i(#5,)  5us' (231) DY H(Z3),
D1oiH(Z3) = i(.%i_;)gduij (Zlg)D?H(Zg) , (2.20)
boH(Z3) = i(F3,)), sus' (232) QP H(Z3) ,
DowiH(Z3) = —i(iggl)ﬂauij(zzza)Q?H(Zs) ,
where derivatives DiB , Df , Q5 and Q% are defined respectively as
DY = :8 s Dfé = ~8 + 41@31‘&78 ,
9034 903, 0X3ae
0 gy o - o
Q¥ i=——— Q% 1< 2.25
a@?ia 863@‘ s aX?)adc ( )

(

Moreover, quadratic derivatives such as DliaDi gy (Z3) are also concisely written in terms
of DIB, Df , QF and Q% . For instance,

;' (z31)up (231)
2
31

D DI H(Zs) = — @Bj,ﬁﬁjH(Z;;) . (2.26)
Therefore, the (semi-)shortening conditions are now translated into partial differential equa-
tions of H(Z3) with respect to Z3s.

While the (semi-)shortening conditions of the first and second superfields, ®z,(z1)
and ®z,(z2), are easily expressed as partial differential equations for H(Z3), it is not
straightforward to translate the conditions for the third superfield ®z,(z3) into a similar
equation for H(Z3). To consider the (semi-)shortening conditions of the third superfield,
we change the variable from Z3 to Z5.'% Indeed, using the cyclicity of z, zo and z3, the
correlation function (2.20) is also expressed as

T [i(212), 1 (23, Z91)] T [i(z32), I(33, 259)]
(23)™ (23,)™ (23)™ (a3,)"

IOHere, we can also use Z1 instead of Zs.

G\7112\73(Z2) ) (2'27)




for some function G(Zz). The action of D%, and Ds4; on the G(Z2) are given by

D3, G(Z5) = —i(F3)), 5ui' (223)877G(Z2) (2.28)
Ds34iG(Zo) = i(irgzl)@duij(z*sz)SfG(Zz) ; (2.29)

where the derivatives are now defined by

0 = 0 =i 0 . B
8= 0 4 410y, &%= — 4 4i0), . 2.30
005, “0X204 905 4 20X 04 (2:50)

As shown in [52, 55], Z3 and Z; are related as
T35 Xal3y = —(X2) ™, Ta3XaTgy = —(X2) ™,
i‘gzééuij(,@g) = —Xgl(:)é, uij(Z32)@2j§3Q3 = (:)31')2?:1 . (2.31)
Using these relations, we see that the function G 7,7,7,(Z2) is related to Hy, 7,7,(Z3) by

Tf [aT(ZQ),I(XQ,Xg)}

GJ1IQJS(Z2) = (XQ)th (Xz)lh
2 2

HLIQJ?, <X2_1’ _1X2_1627 ié2X2_1> . (2.32)

It is important to consider the third superfield conditions since it is insufficient to fix the
function H(Z3) only considering the first and second superfields of the (semi-)shortening
conditions in section 4.2.

In the following sections, we will use the above formalism and techniques to study the
three-point functions of Schur multiplets.

3 BRl X BR2 fusion

In this section, we study the most general expressions for three-point functions of two half-
BPS Schur multiplets B r and an arbitrary Schur multiplet OF.11 Our result is particularly
consistent with the fusion rules for B, Ry X B Rr, wWhich were first obtained in [53].

The general expression for the three-point function (B, Br,OF) is given by

~1 1 R Cm
L L o~ _ ' (213) - ui;:::l (313)%{”1 (223) - -~ ungZRQ (223)
(Liiriany) (2L G jany) (22) 07 (23)) = (a2,02,) ™ (22,22)
317713 327723

A
X H(ll"'l2R1)(m1"'m2R2) (Z3) )

(3.1)

where L;,...i,,)(2) is the superfield of Br multiplet, and the parentheses denote the total
symmetrization of the indices. Hereafter, we will often omit the parentheses with the
understanding that the indices associated with the same Latin and Greek alphabet letters
are always totally symmetrized.

"By definition, SU(2)g irreducible representation R of Br must be R > %



Each of the gRl and B\R2 multiplets satisfies two shortening conditions as shown in
table 1. As we have mentioned in the previous section, the shortening conditions are
translated into differential equations for H(Z3). For the two B multiplets, the differential
equations are written as

DGHI, 1y Yoms-may) (Z3) = 0. (3:2)
DGH . Yy omamy) (Z3) = 0, (3.3)
Qo s oy t-t21y) (Z3) = 0 (34)
Q?mH£1-~msz)(ll~-lgRl)(Z3) =0. (3.5)

It is easy to solve (3.3) and (3.4), since these are merely first-order linear equations for

O or O. In contrast, (3.2) and (3.5) contain both X and © (or ©) derivations and therefore

are more complicated. However, if we use the Z3 := (X3, 03,03) coordinate instead of

Z3 = (X3,03,03), the two equations (3.2) and (3.5) become simpler, because D and Q%
are expressed in terms of Z3 as

DY = 9 . QY= :a . (3.6)

903, 0034

Indeed, the most general solution to (3.3) and (3.4) is simply expressed in terms of Z3 as

T T e I
H(ll'“l2R1)(m1-~~m2R2)(Z3) = fll"'l2R,1 ;M1-M2R, (X3) + Ggml Gghglz'“lle 7m2~~m2327010'é(X3)

+ O3m, O3m, O31, Oy, hi...lml mg-man, (X3)
(3.7)

while that of (3.2) and (3.5) is written in terms of Z3 as

T 7 iz v 50 T o
H(ll"'lle)(ml’“mQRg)(Z3) = fl1~~~l2R1 M1 "M2R, (X3) + @§m1 @gllglgmlglgl ,m2-~~m232,ao’z(X3)

+ é3m1 é3m2 @311@312Bi“‘12R1 ;M3 M2Ry (X3) .
(3.8)

Here, we use the short-hand notation

®3m1 @37712 = @%mleaﬁ@ﬁ 93m1é3m2 = égmlﬁaﬁéﬁ

3msg 3msg *

(3.9)

The above two expressions, (3.8) and (3.7), must be equal under the relation (2.16). There-
fore, our strategy is to rewrite (3.8) in terms of Z3 by using (2.16) and restrict the param-
eters in the expression to be consistent with (3.7). This gives us the most general solution
to the equations (3.2)—(3.5).

After solving (3.2)—(3.5), we have to check it also satisfies the (semi-)shortening condi-
tions of the third superfield OF(z3). In this process, we relate H(Z3) to G(Z5) using (2.32)
and see if the G(Z3) satisfies the differential equations corresponding to the third set of
(semi-) shortening conditions.

Below, we apply this strategy to evaluate the most general expression for the three-
point function (B, Br,OF).

~10 -



3.1 <B\Rll§Rzl§R3>

Let us first consider the case of OZ in the B, r, multiplet. In this case, the function H(Z3)
has dimension —2R := 2R3 — 2Ry — 2R» and vanishing U(1), charge. Note here that Ry,
Rs, and Rj3 are constrained by the inequalities 0 < Ry + R3 — Ro and 0 < Ry + Ro — Rs.
In other words, R3 must be such that

|R1 — RQ‘ < R3 < Ry + Rs. (3.10)

Moreover, since the primary of gR is a scalar, so is the H(Z3). Therefore, the function

H(Z3) only carries SU(2) g indices. The most general ansatz for H(Z3) is then written as'?

1 M M1, Mamsi
H(Z3): —_— <A/61 €] + B m11€l + o= mat €lama * * " €]
NER 1m1 €lams 5 Clams p) 2 3ma RMR
(X3) X3 X3 X3
X (€lpyihy €lar, kQRl—R)(EmR+1k2R1—R+1 T €m232k233) ) (3.11)

where R € Z>q, and kj - - - ko, are the SU(2)r indices associated with gRg. As mentioned
above, indices associated with the same Latin and Greek alphabet letters, such as [y - - - laR, ,
are totally symmetrized. On the other hand, the same function should also be written in
terms of Z3. The most general expression in terms of Z3 is given by

> 1 Mz, Mz, m, My
H(ZQZZ(X§V%<AQW“Q”W_%B xémlbma+*7 xéml x;mQ €lgms """ €lpmp
X (61R+1k‘1 T €l2R1k2R1—R)(emR+1k2R1—R+l T 6m2R2k2R3) : (3.12)

For the above two expressions to be consistent, the coefficients A, B and C have to satisfy
some conditions. To identify the conditions, we change the variables from Z3 to Z3 in (3.12)
by using (2.16). Using the Fierz identities summarized in appendix A, we see that the
conditions are

R(R-1)

B=4iRA, C=-16——

A, (3.13)

for an arbitrary constant A. Up to an overall constant, the function H(Z3) is written as

W(Zs)ymy - u(Zs)
(Z3) = 1mZX2)R — (6lR+1k1 T €laR, kQRl—R)(emRJrleRl—RJrl . '€m2R2k2R3) :
3

(3.14)

This is the most general expression for H(Z3) satisfying (3. 2) (3.5).

Although it satisfies the shortening conditions of the BRI and BR2 multiplets, it is
non-trivial whether the expression (3.14) satisfies the shortening conditions of the third
multiplet B Ry~ To check the shortening conditions for B Ry, let us relate the H(Z3) to G(Z2)
using (2.32). Indeed, as reviewed above, the correlation function (3.1) is also written as

I lle ~ n2R

u;(212) Uy, (212)W)  (232) -y, 0 (232)
25 2 b 22 fora G(11“~l2 Y(J1--J2Rry ) (112 )(Z2)' (3.15)
(2fp25p) 1 (w55755) T i 2 s

LMt = 0, X0a0%.
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The function G(Z3) is uniquely fixed by H(Z3) via (2.32), i.e.,

ul  (Z2)uf | (Zo)

lin “Plpm
G(Z,) = = (XQ)R/R, = (GlRlJrljl T el2leR)(€jR+1nR/+1 o '6j2R2n2R3) ,  (3.16)
2

where R’ := Ry + R3 — Rs. Now, the shortening conditions for ERS are written as

e (Z2) =0,  S(G

n' T n1--naR,

nl...nQRS)(ZQ) =0, (3.17)
with S and S defined by (2.30). Since (3.14) trivially satisfies the above two equa-
tions, the expression (3.16) also satisfies the shortening conditions for the third Schur
multiplet B, Rs-

In the rest of this paper, we omit the subscript 3 of X3, 03 and O3 in the expression for
H(Z3). Similarly, we omit the subscript 2 of X5,05 and O3 in the expression for G(Z3).

3.2 (Br,Br,Dry(j0))

Let us turn to the case of O in the Dhpyj0) multiplet.’® In this case, the function H(Z3)
has dimension —2R + j + 1 and U(1), charge —j — 1. Since the highest possible degree
of © in H(Z3) is two (see (3.7)), the only possible value of j is j = 0, and therefore the
U(1), charge of H(Z3) is indeed —1. From (3.7), we see that the most general expression
for such H(Z3) is given by

0,6y,

(X2)R (€t3m, -+ 6lR+1mR—1)(€lR+2k1 T EZZleZRl—R—l)(emRkQRl—R o 'Emszszg) J

(3.18)

H(Z3) = A

where ki ---kop, are the SU(2)g indices for 2533(0,0). As mentioned at the end of the
previous subsection, (X, ©, 0) stands for (X3, ©3,©3) here. However, when we change the
variables from Z3 to Z3, this expression cannot be written in the form of (3.8).!* This
means that theie are no solutions to (3.2)-(3.5). Therefore, the Dg(; o) multiplet does not
appear in the Br, x Bg, selection rul(/e\. Noti that its conjugate implies that the Dpg(q 3
multiplet also does not appear in the Bgr, X Bgr, fusion. By using the same argument, we
can extend our results to that H(Z3) for a non-vanishing correlation function (Bg, Br,O)
must be U(1), neutral.

3.3 <B\R1 B\Rzé\RS(]’j)>

Let us finally consider the case of O in the C, Rs(j,7)- DBy using the similar argument in
previous section 3.2, 7 = j is necessary for the three-point function to be non-vanishing.
Therefore the function H(Z3) has dimension 2 — 2R + 2j and U(1), neutral, where we

13Note here that the result for OF in the Dr(o,5) multiplet follows from this case by CPT.
Y“In particular, ©;, ©;, cannot be mapped to Om, O, .
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recall that R := R; + Ry — R3. The most general solution to (3.3) and (3.4) is written as

1 Mm111 Mmlll Mm2l2 .
B1B1

H(Zs) = X2(R-1) [ <A/6l1m1 €lamy + B’ X2 €lymy T ' X2 X2

+ D/®m1f31 @,6’111612m2:| (613m3 T elRmR)(€IR+1k1 T ellekQRl_R)
X (Empyskam nos " Emanyhan,) (Xﬁg s X Bﬁ) , (3.19)

where k; and (8;, ;) are the SU(2)z and SL(2, C) indices associated with CAR3( On the

other hand, the most general solution to (3.2) and (3.5) is written as

33

_ 1 M; Ml Ml v
H(Z3> = W |: <A611m1612m2 + B )%;m €lymy T C )—é;m X%;m XﬁlBl
+ Déllﬁl @Blm1€l2m2:| (El3m3 T EZRmR)(61R+1k’1 " €lag, kQRl—R)
X (6mR+1k2R1—R+1 o '6m2R2k2R3) (Xﬂzﬁz o X52j52j> ’ (3'20)

For the above two expressions to be consistent, the coeflicients have to satisfy some condi-
tions. Unless R = 0, the conditions are

R—1)(R—2-2j)
2

B=4i(R-1)A, C= —16( A, D =14i(25)A. (3.21)
On the other hand, for R = 0 or equivalently R3 = R; + Rs, all the coefficients have to
vanish. Therefore, the three-point function (Br,Br,Cr,(j ;) vanishes if Ry = R1 + Ra.

Next, we consider the semi-shortening conditions for Cp,(; ;. For that purpose, we
relate H(Z3) to G(Z2) via (2.32). Indeed, the three-point function (3.1) can be rewritten as

~ 1 ~ l2r ~ ~ M2R
<ui11 . o ’U/i2R11 (212)) (uk"fl e uk2R33 (Z32)> (I(slﬁl [P Ié2]ﬁ2g (1'32)) (Iﬁlal PPN IB2j52] (1'2‘3))

(2fyasy) 1 (23505 R+

5 ((01++027)(81-+-d;) (Z,). (3.22)

(l1-lary )(d1-J2Rry ) (N1~ M2R,)

and the explicit form of G(Z2) becomes

G(Z3) = KUT ul .+ 4i(R - 1)]\4]'111 uf

l1j1 “l2j2 X2 Tl
. 16(R - 1)(R —2- 2]) %111 %212 (X—1)5151
2 X2 X2

+ 4i(2j)()_(1éj1)51(éll)‘(1)5lulf2j2]
X (€135~ €pjp ) (X 102020 (X 71)923%

T T
lpp1ma 'ul2R1n2R17R( 2)
(X2)2R1—R+1 (EJ‘RanRrRH e €j232n233) .

(3.23)
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In terms of G(Z3), the semi-shortening conditions for C, Rs(j,j) are written as

5 _ 3 L
S(%Gnl"'”2R3)(51"'52j)(51"'52j) =0, S(SLG”l"'"2R3)(51"'521)(51"'521') =0, (3.24)
for j > 0 and
€apSeS Grompny) =05 Sa(uSsh Gyomapy) =0, (3.25)

for j = 0. It is straightforward to check (3.23) satisfies these conditions.
In summary, the function H(Z3) in (Bg,Br,Cr,; ;) is given by, up to an overall

constant
1 . My,
H(Z3) = m <€l1m1 6l2m2XﬁlBl + 41(R — 1)%6127”2)(/31[31
(R_1>(R_2_2])M 1 M 1 o -
- 16 5 ;21 1 )ng; 2 X 5,5, + 41(20)Om, 894, €lams
% (6137”3 o 6ZR””‘R)(EZRJrlkl " €lgp, k2R1—R)(€mR+1k2R1—R+1 T €m2R2k2R3)
- <Xﬂ2ﬁ'2 o Xﬁﬁw) ’ (3.26)

for any mteger or half—lnteger j >0 and R3 < Ry + Ry. Therefore, the CR3(J ;) multiplet
appears in BR1 X 5’32 fusion for |[R; — Ra| < R3 < Ry + Ry — 1.

3.4 Selection rule

In the above subsections, we have computed the most general expression for non-vanishing
three-point functions of the form (Bg, Br,O). From these results, we see that the selection
rules for two Br multiplets are written as

Ri1+R2 Ri+R2—1 oo
Br, X Br, ~ Z Br + Z ZC L2y (3.27)
2 2
R=|R1—R2|>0 R=|R1—R2| £=0

up to non-Schur multiplets. This is particularly consistent with eq. (3.44) of [53]. Espe-
cially, for Ry = Ro = 1, the selection rule is written as

81 XBlNBl—I—Bg—FZ[ 0(272 51( )], (3.28)

Lt
272
=0
which is consistent with the harmonic superspace analysis in [61].

4 60(0’0) X OSchur fsion

In this section, we turn to the selection rules for (?0(070) x OS5 o1 an arbitrary Schur
multiplet @5Mr These selection rules are important in studying the corresponding two-
dimensional chiral algebra, since the highest weight component of the SU(2)gr current
operator in the stress-tensor multiplet (?0(070) is mapped to the Virasoro stress-tensor op-
erator in the chiral algebra [17]. To derive the selection rules, we compute the three-point
functions of the form (CAO(O’O)OL O2) for two Schur multiplets Ot and O%2.
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Recall here that the stress-tensor multiplet CAO(O’O) has two semi-shortening conditions

DD H(Z3) =0, (4.1)
€D D" PH(Z3) =0 (4.2
The most general solution to these two equations are respectively written as
H(Z3) = f(X,0) + gh(X,0)0% + hiaa)(X,0)0°,
H(Z3) = [(X,0) + gr.a(X,0)0™ + hisa(X,0)0% (4.4)
where
Q% = @%¢;0" | 0% = (:)dieij(:)dj. (4.5)

For the above two expressions to be consistent, the functions f,g,h, f , g, and h have to
satisfy some conditions. Moreover, they are also constrained by the (semi-)shortening
conditions associated with OF' and O%2. Below, we solve all these conditions to find
general expressions for H(Z3). Since the concrete calculations are highly involved, we here
write the results and, details of the computations are in appendices B, C, and D.

4.1 (é\o(o’o)gROI)

Let us first consider the three-point function ((?0(070)3 rO7T). We denote by J(z) the super-
field of the stress-tensor multiplet Cy(g ). The three-point function is then written as

am (Z23> . _a'mm{( 23)
(j(z1)ﬁ(j1...j2R)(22)01(23» | — 2J2R2 - H(Imlmmm)(Zy,). (4.6)
(%13313) (%2%3)

The (semi-)shortening conditions for é\o(o,o) and Bg are encoded in (3.4), (3.5), (4.1),
and (4.2). The three-point function is consistent with these four conditions only when
O is gR, é\R(j,j)’ or é\R—l(j,j)- Up to an overall constant, the expressions for H(Z3) in
these three cases are written as

~ u Z
Br - W(%@ e ematon): (4.7)
CR(J}J') : <€m1k’1X,31,81 - 41(2j)ém151 (:)51k1> (€maks * - EmszQR)X5252 o 'X52j5'2j , (4.8)
~ 1 Mm m . = . .@m em = = .
CR—l(j,j) : ﬁ < X12 : Xﬁ1,31 - 2‘767”11,31 6517712 + 41‘7 )1(2 : ®B1i(X@Z)ﬁl (4 9)

x (emSkl T 6m2R’£2R—2)X52/32 T Xﬁ2j52j )

where k; and (f;, BZ) are respectively the SU(2)g and SL(2,C) indices associated with the
third multiplet. The derivations of these functions are given in appendix B.

We see that these are also consistent with the (semi-)shortening conditions for the
third Schur multiplet. Indeed, using (2.32), we see that the function G(Z3) corresponding
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to the above H(Z3) is written as

2 Ujing (ZQ)

Br o =Sa " (€ans - €annan); (4.10)
SCE - BTN ST
7:3) X2X2 X4
X (€amz ** €amman) Xy b - f((;_ - (4.11)
é\R—l(j,j) : )_;2(]\?(‘12]‘2)?5151 —2j(:) (3)5”2 +41j@ 195, é (—(:)i)51>
X (€jam ** €jamnan-2) Xy b+ .):(5—2]%$2j . (4.12)

Here n; and (;,0;) are respectively the SU(2)g and SL(2,C) indices associated with the
third multiplet OF. These equations are all consistent with the (semi-)shortening conditions
for the third multiplet.

Let us briefly comment on the case of O in CAO(O’O). When we assume that/\t}/l\ere is
only one stress tensor in the theory, the corresponding three-point function (Cy(9,0)B1Co(0,0))
has to be symmetric under the action of Zy exchanging the first and the third multiplets.
This Zo symmetry implies that the function G(Z5) is invariant under (Xz,©s,07) <
(—X2,—O2,—-03). However, the expression (4.12) is not invariant under this Zs ac-
tion. Therefore, in an SCFT with unique stress tensor multiplet, the three-point function
<é\0(070)3\1€0(070)> must vanish [52].

Before closing this subsection, let us also make a quick comment on the correlation
function <(?0(070)Z§RCA R—1(j,j))- In CFTs, any correlation function of conformal descendant
fields is obtained by differentiating the correlation function of the conformal primary fields.
This particularly implies that, when a correlation function of conformal primary fields van-
ishes, the corresponding descendant correlators also vanish. This, however, is not the case
for superconformal descendants in SCFTs. Indeed, when we set all Grassmann variables,
0123,0123, to zero in (4.9), the correlation function vanishes. This shows that the cor-
relator of the three superconformal primary fields in Co(o,o) BR, and C, R—1(j,j) Vanishes,
while there are non-vanishing correlators involving superconformal descendants. This is a
common feature of SCFTs [62].

4.2 (Co(0,0)Dr(j,0)07F)
Let us next consider <50(070)75R(j70)(’)1>. We denote by ]\_f(jl...jm)(al...agj)(z) the superfield
of a ﬁR(JGO) multiplet. The three-point function is written as

< (Zl)le Jor)( a1-~-a2j)(22)02(z3)>

_ (aj:m o 'aj:}?R(Z%))(IOélM T Ia2j’.Y2j (z23)) H("yl---f'yzj)Z
w5ty (w5y) T (@3) (mamz)

(Zs3) . (4.13)

In this case, the function H(Z3) has to satisfy the semi-shortening conditions (4.1) and (4.2)
associated with the stress tensor multiplet Cyo), the shortening condition (3.4) of Z_)R(j,o)’
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and the following semi-shortening condition of D R(,0):

yA .
Q'Y mHW’ZIYQ mzzl;i; (Z3) = 07 for J> O, (414)

We see that a non-vanishing solution to (4.1), (4.2), (3 4) and (4. 14)/(4 15) exists if
and only if O is in the Dp R-1(0j-1) Dr0.5)» Pr-1(0,5) CR 1(1,j+414+1)5 CR+ L1 gt d)
or Cp_1(jy jji+1
each of these third multiplets, we find that the only possible third multiplets O which can
have a non-vanishing H(Z3) are Dy ), CRJF%(jl’jHlJF%), and CRfé(ijﬁ%).
expressions for H(Z3) for these three cases are written, up to an overall constant, as

) multiplets. Moreover, considering the (semi-)shortening conditions for

The explicit

U, ky (Z3) o1
DR(OJ) : 1)&2 (Emzkz T 6m2R/€212)(6~',131 T 6,-Y2j5-2j) , for j# 5 )
CR+%(j17j+j1+%) : @Blkl (€maty - EmQRkZRH)(e%Bz o 6"72j52j+1)
Xﬁ152j+2 T X,82j1 52j+2j1+1 ) (4.16)

e k

5 . @Blku mi (Z3) ] ]

R—%(j1.j+i+3) ° X2 (€maky * EmszQRq)(eﬁlﬁQ T 672]-32]-“)

x X

X
B1B25+2 B2y P2j+251+1

where j; > 0 is an integer or a half-integer, and k; and (5;, ,B,) are respectively the SU(2)r
and SL(2,C) indices for the third multiplet. Note that the first expression for the case of
O in the Dp( ;) multiplet is only for j # 1/2. In the case j = 1/2, the function H(Z3)
has two independent terms as

1 B
H(Z3) = X2 <Aum1k1(z3) €515 ¥z X2 <(®m1X) 951k1 Mmlkle“h/%) )
X (6m2k‘2 T €m2Rk2R) ) (4'17)

where A and B are arbitrary constants. For the detail of derivations of (4.16) and (4.17),
see appendix C.

Note here that the second and third lines of (4.16) are proportional to ©, which means
that the three-point functions of the superconformal primaries vanish. This can also be
seen from the fact that the sum of the U(1), charges of the superconformal primaries does
not vanish.

4.3 (Co(0,0)Cr(5 OF)

Let us finally consider the correlation function <CAO(0 O)CAR(] J)(f) ). Since we have already
studied the cases of O = BR/ Dri(0,5), and DR/(] 0), the only remaining case we have to
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study here is OF = C, R/(j2.72)» 0 Which case the three-point function is written as

a1 ), (G oy B1-B2;,),(B1++Ba2s
<j<Z1>J‘ iie L X i S 2]2)(23)>

(J1-J2r)
(@ ) YL - Ly (@93)) (D = Lo, (39)) (415
g5y (255) % (235) P

< H (’71'"7251)("71'"’923'1)(51---623'2)(51"-5252)(Zg) :

(m1--mag)(k1---kopr)

where J (&IJO;;])) (G1:-2g) (z) is the superfield in the C, Rr(;,; multiplet. In this case, the H(Z3)

has to satisfy the semi-shortening conditions (4.1) and (4.2) associated with 6\0(070) and

the semi-shortening conditions for the other two Cp( multiplets. The semi-shortening

J1,J1)

conditions for the second multiplet, C, R( are written as

1.7
Q (nHY T — g for gy >0, (4.19a)
Qa(mQ%,Hf“mmm) =0 for 71 =0, (4.19b)
and
QW(mH,(,szf.‘;f;))(wm%)Z =0 for ji >0, (4.20a)

Qe(m Qo Hor ) = 0 for j; =0, (4.20b)

while the semi-shortening conditions for the third multiplet, C, R/( are similarly ex-

J2.72)°
pressed in terms of G(Z3).

We have found that a non-vanishing H(Z3) in (4.18) satisfying all these semi-
shortening conditions is possible only for the following two types of correlator:!®

<5()(0,0)5R(j+e1 ,j)é\R(j+€z,j+£1+Z2)> ) (4.21)

~ ~

<C0(O,O)CR(]‘+€1,j)5R+1(j+€2,j+£1+£2)> : (4.22)

up to charge conjugation, where ¢; and ¢o are non-negative (half-)integers. Note that the
function H(Z3) is U(1), neutral for all these cases. Since general solutions for H(Z3) in
these two cases are highly involved, it is beyond the scope of this paper to identify the most
general expression for the allowed H(Z3). However, we find a special solution for each of
the above two types of correlators,'® which is sufficient to identify the selection rule.

15WWe will show other type correlation functions does not satisfy semi-shortening conditions in appendix D.

50ur method is as follows. We first solve all the semi-shortening conditions for smaller spins j = 1/2,1
and so on to find the explicit expression for H(Z3). We then guess an ansatz (4.23) and (4.29) for general
Jj, and check that the ansatz satisfies the (semi-)shortening conditions for arbitrary j.

~ 18 —



Let us first focus on (4.21). Unless j = ¢; = 0, our special solution is written as

H(Z3) — %(ETHQICQ - 6m2Rk2R)(X62j+1ﬁ2j+l .. ,X’B2j+2ezﬁ2j+2e2)

. . 2j .
% (6"7/2j+152j+2£2+1 . E"'/zj+2zlf32;+2zl+222) (Z(_l)k (202 + 2);, (27)
prd (201 +2)x \ K
2R X

@n

X |:6m1k1 + 41(2j + 1) <6m1k1 ((:)Wmé’ym) + o°R + 1(

@W,@WXWXW]

Yk émw)) X2

—4(2j+1)(2j+2)6m1k1 X1
G Cin T . .
x (XW”lem) e (X’Yka " k> (E’Yk+1,3k+16"¥k+15k+1 L 6’72;‘52]‘6’92]'523') )
X2 X2 '

(4.23)

Here (20 +2), := % is the Pochhammer symbol, and v (and 4/ when present) are
contracted after totally symmetrized as (yy/y1 ---). Similarly, m is also contracted after
totally symmetrized as (mmjimg---). On the other hand, in the case j = ¢; = 0, we find
a solution with several free parameters:

2 _ L
H(Z3) = €miky X;TRQRIQR |: (A _ B% + Cm1X4m2) X P1B1 x 8252

A1 i ol ahes .
ool ~6%e 1m1)X5252
X

+ 20, ((4iA — B)®M0% 1 (4iB — 20)
B 252(2522 —1) (16A + 8iB — 20)@31@51 952@/32] (Xﬁaﬁs . X’BQeQﬂzzQ) ’
(4.24)

where A, B, and C are arbitrary constants, and mj and mo are combinations of variables
defined in (A.2).

Note that, for j = ¢; = R = 0, the three-point function (50(0’0)5()(0’0)5()@2732)) has
a Zo-symmetry, under the assumption of uniqueness of the stress tensor multiplet. The
Zo symmetry implies that the function H(Z3) has to be invariant under (X3, ©3,03) <
(— X3, —O3,—03). This condition constrains (4.24) as follows.

e If /5 is a half-integer such that ¢5 > %, the Zs symmetry implies A = B = C = 0.
Therefore, no Cy(g, ¢,) for such £ appears in the Cy(g,0) X Co(0,0) fusion.

e If /5 is an integer such that f5 > 1, the Zs symmetry implies B = 2iA,C = 0, and
therefore our solution (4.24) reduces to up to an over all constant

H(Zs) = 2 [(1 - 21“;;))25151

X2
‘ 81 ol _ @b s
+2i(2€2)<@61®51—4i@le@ —_——— 1m1>] e

X2
% (XB2/32 .. ,X’Bz@lﬁ@) )
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o If /oy = %, the Zo symmetry implies A = 0,C = 2iB, which reduces our solu-
tion (4.24) to

A m Mo —m3\ 54 _
H(Zs3) = — ((1 - 2172)(2 1> XPh 4 eh @51) : (4.26)
o If {5 = 0, the Zy symmetry implies B = 2iA. Therefore our solution (4.24) reduces to

A .My C (m]—my

This corresponds to the three-point functions of the stress tensor multiplet and is
consistent with [52] (see also [20] for its implication in the associated two-dimensional
algebras). As shown in the paper, the two constants A and C are related to the
conformal anomalies, a and ¢, of the four-dimensional SCFTs as

A= > _(da—o), 028%(461—50). (4.28)

Let us now turn to the second type of correlator, (4.22). In this case, the function
H(Z3) has dimension 2¢; and vanishing U(1), charge. We see that there is no non-trivial
solution for o = 0. For ¢5 > 0, we find the following special solution:

H(Z3) = (:)/gi @f; (Xﬂzﬂz . X‘Bzzzﬁzeg) (€myks

T €m2Rk2R+2)

(4.29)

% (6’Y1ﬁze2+1 . 6'Y2j/82j+2é2)(6’71/82j+222+1 . 672j+2e152j+2e1+252) ,

up to a constant prefactor.!” Note here that, for R = j = ¢; = 0, the Zy symmetry
discussed above constrains (4.29) as

H(—X3,~05,-03) = (-1)*> 71 (B0 ) (X0 Khnli) - (4.30)

It must be equal to H(X3,03,03), and therefore, fo must be a half-integer, otherwise
correlation function should vanish.

4.4 Selection rules

We here write down the selection rules for (?0(070) x OS5 read off from the three-
point functions we computed above. Note that all the following rules are only up to
non-Schur multiplets.

171t has very recently been shown in [63] that the square of the OPE coefficient of 50(0,0) Xé\n—l(@ n=1y D
2 0 2

é\n(%’%) for n € N is proportional to [}, (¢—¢;) with ¢, = Z((SZ_T_?;

of H(Z3) for this channel vanishes when ¢ =¢; fori =1,2,--- ,n.

This implies that the constant prefactor

—90 —



4.4.1 50(0’0) X Z§R fusion

The 50(0,0) x B r selection rules are as follows.

e For R > 1, the selection rule is

CO(OO) XBRNBR—F;%[ R(L.L) +CR—1(§,§) . (4.31)
e For R =1, because of the Zs-symmetry, the selection rule is
Coo0) X B ~ By + ;% [Cuie,oy + Cogean )] (4.32)
which is consistent with [51].
e For R = %, the rule is
R oo
0(0,0) X B1 ~ 51 ;C% (L. (4.33)
4.4.2 60(0’0) X ﬁR(J,O) fusion
The selection rules for CAO(QO) x D R(;,0) are written as follows.
e For R > 0,
CO(0,0) DR(] 0) NDR(] 0) +€§% [ ]+ +§7§) CR_%U"‘%‘F%,%)] . (4.34)
e For R =0,
R oo
Co(0,0) * Do(j,0) ~ Dao(j,0) +Z[% iy %g}- (4.35)
£=0

Note here that, for the C, R,(j,7) type multiplets on the right-hand sides, the corresponding
three-point functions of the superconformal primaries vanishes. This reflects the fact that
the sum of the U(1), charges of the primaries in three-point function is non-vanishing.
However, the sum of the U(1), charges of the Schur operators in the same multiplets
vanishes, which implies that the three-point functions of the Schur operators can be non-
trivial. Note also that the selection rules for CAO(QO) X Dryo,j) are obtained by taking the
charge conjugate of (4.34) and (4.35).
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4.4.3 60(0’0) X aR(j,j) fusion

The selection rules for é\o(o,o) x C, R(j,7) are written as follows.

Co(0,0) X CR(+1,5) ™ DR—i—%(h—l,O) + DR—%(&—%,O) + Z [CR(]’+§+€1J+§)}

— £:

AR (4.36)

00 27
- Z [ RA1(7+5+601,7+% } + Z |:CR—1(j—§+£1J—§)] :
=1 =1
d Forjij_fl = 27R:%5
Co(0,0) % Lo+~ Dl(&—%p) + DO(&—%,O)
T Z { Lt+5+a.+E }+Z[ SOt5 0+ )] (4.37)
T+5 =1

oForj—j—él_Q,R:Q

o
Co(0,0) % Cog+£1.5) ~ %zl 1,0) + Z [ 0(7+5+60,7+% ]+Z{ L(G+5+0.7+5)

T+5=0 =1
(4.38)
e For 7=35>0, R>1,
Co0.0) * Cr(jj) ~ Br+ Bra1 + Z [ RG+L.j+4 )}
]+2
00 27 R
T Z [ R+1(j+5.5+% )} + Z [CR—l(j—g,j—%)} : (4.39)
=1 =1
e Forj=7>0, R=1,
Co(.0) % iy ~ Bi+ Ba + Z [ LG+L g4 )}
j+s
0 27 .
+ ; [ ; Cozny]- (4.40)

When j is an integer, the stress-tensor multiplet CAO(O’O) in the last term on the right-
hand side must be excluded by the Zs-symmetry, under the assumption of uniqueness
of the stress tensor.
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e For 7=5>0, R=

I\DM—I

J+5=0 =1
eforj=5=0,R=0
Co0.0) % Co.0) ~ D [CAOW) + 51(4%,“%)} : (4.42)
=0

The cases of j — 7 < 0 are obtained by the charge conjugates of the above ones.

5 Conclusions and discussions

In this paper, we have computed the three-point functions of the form <I/S’\Rl ERQC’D and
<é\0(070)()1(’)2> for arbitrary Schur multiplets O, O; and Oy. We have obtained the most
general expressions for these three-point functions, except for the two types correlators
n (4.21) and (4.22). For the two correlators in (4.21) and (4.22), we have found special
solutions to the semi-shortening conditions. From these results, we have derived the OPE
selection rules for (?0(0’0) x O5hr yup to non-Schur multiplets, where OSM™ ig an arbitrary
Schur multiplet. Our selection rules are listed in sub-section 4.4. We have also shown in
sub-section 3.4 that our results on the three-point functions (g Ry B r,O) are consistent with
the selection rules for gRl X 332 obtained in [53]. We emphasize that our analysis relies
only on the shortening conditions for Schur multiplets and therefore does not depend on
any detail of four-dimensional N/ = 2 SCFTs.

Let us here discuss an interesting constraint appearing in the selection rules for
CAO(O’O) x OS5hur - Quppose that @ and @ are two Schur multiplets so that ¢ appears
in the OPE of 50(070) x O, ie., 50(0,0) x O D O'. We denote by R®) and R'(®) the SU(2)g
charges of the Schur operators in @ and (', respectively. We also denote respectively by h
and h’ the holomorphic dimensions of the two-dimensional operators associated with the
Schur operators in @ and (’. See table 2 for the relation between the two-dimensional
holomorphic dimension and four-dimensional quantum numbers of operators. Now, we see
that our selection rules imply

R®) < R® — h<h', RO>RO — n>n. (5.1)

In the 4d/2d correspondence of [17], this means that the SU(2)r charge of the four-
dimensional ancestor of a two-dimensional operator is always smaller than or equal to
those of its Virasoro descendants. Since the SU(2)g symmetry is broken in the associ-
ated chiral algebra [17], this relation between the SU(2)g charge and the holomorphic
dimension is surprising.'® See also [64] for a remarkable discussion on reconstructing the
SU(2) g-filtration of the chiral algebra.

8Note that, since h is related to the SU(2)r charge R®) and the spin (5, 7)) of the Schur operator
by h = R® + j© 4+ 7% the constraint (5.1) can also be regarded as a constraint on the SU(2)r charges
and spins of the Schur operators in O and O’.
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Multiplet | Schur operator U(1), charge | SU(2)r | h

Br GRERY r= R R

Droy | Qu®i ) r=j+1 |R+1 |R+j+1
Dryj0) Qe r=-j-3 |R+3 |R+7+1
Criin) QU Qi L) ey [T =T R+1 |R+j+7+2

Table 2. Schur operators in Schur multiplets with their U(1), and SU(2)g charges. Here @ is
the superconformal primary field of the multiplet. The rightmost column shows the holomorphic
dimension of the corresponding operator in the two-dimensional chiral algebra.

Another interesting observation is that, in some of the OPE channels allowed by our
selection rules, the three-point function of the superconformal primaries vanishes even
though those of their descendants do not. As mentioned already, this is a common feature
of SCFTs [62]. Indeed, the vanishing of the three-point function of the primaries reflects
the fact that the sum of their U(1), charges is non-vanishing. Therefore, our selection
rules for Schur multiplets do not imply the non-vanishing of the three-point function of the
corresponding superconformal primaries.

On the other hand, when we focus on the Schur operator in each Schur multiplet,
we see that the sum of their U(1), charges vanishes whenever the corresponding three
Schur multiplets are allowed by the selection rules. This seems to suggest that the three-
point functions of Schur operators are always non-vanishing whenever the corresponding
Schur multiplets have non-vanishing three-point functions.'® This observation leads us to
a conjecture on BPS selection rules of general Schur multiplets. Suppose that a Schur
multiplet (’)§Chur appears in the OPE of O%Chur and Ogchur, ie., O?Chur X Og“h“r D O?S);Chur.

Let us denote the SU(2)p and U(1), charges of the Schur operators in the multiplets
(s)

respectively by RZ(S) and r;” for i = 1,2, and 3. Then we conjecture that the following two

conditions are satisfied:
K n =, RY - RY < R < RO+ RY. 652

Note that these conditions are necessary for the three-point functions of the Schur operators
to be non-vanishing. Recognizing (5.1) and (5.2) as principle of selection rule related to
four-dimensional N' = 2 SCFT whose stress tensor is unique, we recover our all selection
rules in section 3.4 and 4.4. We leave the detailed study of this conjecture to future work.
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A Fierz identities

In this appendix, we summarize useful identities for Grassmann variables © and (:)d‘i,
which we call Fierz identities. We first introduce the following variables:

M'; = 0 X060, (A.1)
my = trM? (A.2)
H{* = ©%(0),~. (A.3)

From the nilpotent structure of © and O, we see that the following Fierz identities hold?’

mima =0, m% = mil , (€M) iry(ma + 2m%) =0,
) , (A.4)
(GM)(ii’)(EM)(jj’)ml = E(Eijéi/]‘/ + Eijfei/j)ml .

Moreover, by using the variables m;, we can expand powers of X2 as [20]

1 1 Lomy mo Qm%

= = 1 —4iA— +8A— —8A“—

(XQ)A (XQ)A< 1 X2+ X4 X4

32i m$ 32 mi
+ ?A(AQ - 1)X—é + ?AQ(M — 1)X§> . (AB)
We can also derive?!

Miiry _ My mi—my  mE—my 0 X4 X O A6
X4 X4 X6 o X6 - X6 ‘ (A.6)

The following Fierz identities are derived by using the Mathematica package
grassmann.m [65]:

(0701 ¢,5)0011100% = (), (A.7)
(m? 4+ my)00%1°19e%22 = (A.8)
mi(eM);;,00%1°100% — (A.9)
m100%1419Q%222 — 3%(771% + mg)@@M X 4202 (A.10)

2(eM)i; = 6szk]
21Mij = @iaXadédfj aml = ter'
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mq

(eM);; 001 OO = X2 (eM) ()OO X 3202 (A.11)
(eM) 1700 m} = (eM)(;,00%“my = 0, (A.12)

(2m? — m,)00%* = )";iffd“ , (A.13)
mi;00%" = ;;é;%da, (A.14)
(eM)(ijr (€M) (11j1)OO = (Gf;) ((m% + )00 — )”;fif(da> . (A.15)
(€M) i) (eM) (11,041 §O%202 — —”121((6;%’;'))2&1&1)2@2&2 , (A.16)
H(1100% = 0, (A.17)

miHGS =0, (A.18)

miHES + (eM) ;004 = %(EM)(U)XM, (A.19)
%H@‘;’) - —sz\iﬁj) Koo, (A.20)

Wﬂgﬁ = — 5 (€M) ;)00 (A.21)

B (Co(0,0)BrOT)

In this appendix, we describe a derivation of the most general expression for the correlation
function <C0(070)BROZ> for various OF. Since the case of OF = Bp has been analyzed in
section 3.3, we here focus on OF = ﬁR/(j,O), Drr(0,5)> and Crr(j 7)-
B.1  (Co(0,0)BrRDr(5,0))

Let us first consider the case of OF = @R/(j,oy In this case, H(Z3) has dimension 2(R' —
R)+j—1and U(1), charge —j — 1. Since the absolute value of the U(1), charge is at most
one, the spin 7 must be zero. Then the only possibility for R’ is " = R — 1, which implies

_ A - _
H(Z3) = ﬁ@ﬂueﬂmemskl * Cmogrkop—_g - (B'l)

However, this is not consistent with (4.3) unless A = 0, and therefore the correla-
tion function (CO(07O)BR@R/(3»7O)> has to vanish. From charge conjugation, we see that
(Co(0,0/BRDR(0,5)) also vanishes.

B.2 <60(0,0)B\R é\R’(j,j)>

Let us next turn to the case of OF = Cp (.7 In this case, the function H(Z3) has dimension
2(R' = R) + j + 7 and U(1), charge 7 — j. Recall that |7 — j| is at most one. Moreover,
since charge conjugation exchanges j and 7, we only need to study the cases of j > 7.
Therefore, we assume —1 < 7— j < 0. Then the possible combinations of R’ and 7 — j are
(R,7-7)=(R,-1), (R+3,—3), (R—3,—3), (R+1,0), (R,0), and (R—1,0). We study
the most general expression for H(Z3) in each of these cases below.
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B21 j=j—-1>0,RR=R
In this case, the only possible candidate for H(Z3) is

A ~

H(Zs) = ﬁemlkl o 6””‘213]621?)(5151 o X52j52j 652j+152j+2’ (B.2)
This is not consistent with (4.4) unless A = 0.
=__ 1 ’ 1
B22 j=j—-320,RP=R+3;
In this case, the only possible candidate is
H(Zs) = Aempy - 67”21?]“21?‘)(5151 o 'X52j71,3.2j—1Xﬁ2jd _ngﬂ ’ (B.3)
which is not consistent with (3.5) unless A = 0.
B23 j=j—-3;>0,RR=R—3
In this case, there are three possible terms in H(Z3);
1
H(Z3) = ﬁemlkl ©" " €mop_1kor—1
_ . — .. XaaX 3
/ / /8 13
(46810, + 008 (55254 o)
X X52BQ .. 'X52j71/32j71X182jd’ . (B4)
However, this is not consistent with (4.4) unless A= B = C = 0.
B24 7=3>0,RP =R
The only possible H(Z3) is of the form
H(Zs) = (Aepp X, o+ BX, ; Tk 0g &,
3= mik1 g, 8y BB X2 M1 Bk,
X €moko ‘..6m23k2RX52B2 ‘--Xﬁ%ﬂ'% . (B5)
The constraint (3.4) is then expressed as
0% X s
OZB(emlk’l"'6m2Rk’2R)X,3161"'Xﬁgjﬁ'gjmTzaa’ (B.6)

which implies B = 0. Moreover, for (B.5) to be consistent with (4.4), we should set
C = —4i(27)A. Indeed, with this condition imposed, the function (B.5) can be rewritten as

H(Z3) = Alemiin Xg, 5, — 4(2)Ok15:9 4, ) (€maks **~ €mankan) X5, X, 5,0 (BT)

and therefore satisfies (4.2). We also see that this expression satisfies (3.5).
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B25 7—j=0,RR=R-—1
In this case, the possible H(Z3) for j > 0 is of the form
1 Mm m ~ = C AGd!
H(Zg) == )(2( (AXﬁlﬁl‘X'IQQ + B@mlﬁ1951mz) + ﬁ@ml@nu@ Xﬂldeﬁld'> (B 8)
X (emBkl e €m2Rk2R72) X,BQBQ T XBQjBQj .

For this to be consistent with (3.5) and (4.2), we must impose B = —2jA and C = —4ijA.
On the other hand, for j =0, H(Z3) is given by

Mm m
H(Z3) =A X14 2 (emskl T E7712}274721!272) : (B.Q)

Using the Fierz identity (A.6), we see that this satisfies all the (semi-)shortening conditions.

C  (Co.0)Pr(j,0)OF)

In this appendix, we describe the details of our computations of (CAO(O’O)@R/(]-,O)OI) We
solve the equations (4.1), (4.2), (3.4), and (4.14)/(4.15) together with the (semi-)shortening
conditions associated with the third Schur multiplet OF. We note here that the most general
solution to (4.14) or (4.15) is written as

H = I o) * Lo oo O+ s s Omand *+ Fis- O
A (0T O B o
(2]65(71 f’?gm:%mﬁz}zf O e T (25 + 2)(:)(k@k )e k(ma f7(|772272¢]n)2’§)k/) (C.1)
@(vlgy o les:rln VfrﬂuRI) + éwég@a(ml fé:;yf,f;i)z
(91--925), T

Here f; are functions of X and ©. Note in particular that the superscripts 4; in f7(m1~~m2R)
are totally symmetric, which is implicit in the first term in the bracket in (C.1).?2

The function H(Z3) has dimension Az —2R —j —3 and U(1), charge r3 —j — 1, where
Az and r3 are the dimension and the U(1), charge of the third multiplet O respectively.
The case of O = BR/ has already been studied in section B.1. Moreover, H(Z3) turns
out to vanish for O = DR/(%O) Indeed, for OF = DR/(J/ 0), the U(1), charge of H(Z3)
is —j — j' — 2, which is not possible since the U(1), charge is bounded from below by —1.
Therefore, DR/( 7,0y dose not appear in the OPE of Co(o 0) X DR(] 0)- In the rest of this

appendix, we consider the remaining cases O = D R/(0,7 and C, RIGT)-

C.1  (Co(0,00Dr(0)Pr(0.5)

For OF = Dpi(o;, H(Z3) has dimension 2(R' — R) + (J — j) — 2 and U(l)r charge 7 — j.

Up to charge conjugation, the possible values of the U(1), charge is 0, 3, and 1. Therefore

727

22For example in the case of j = 1, fr is defined with some function f by f7(7”2) = 2 (fm2 4 )
while in (C.1) we further symmetrize as in #1 J‘?Z)B/ =1 (eﬂ'“fyzgl) + P2 f7(“ﬁ/)) using the function

f7 we have just defined, and SU(2)r indices are symmetrized similarly.
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the possible combinations of R’ and jare (R',7) = (R,j—1), (R—3,j—3), (R+ 1,7 —3),
(R,j), and (R —1,j). The shortening condition of the third multiplet Dy (g ; is

S(O;LG(Z2)n1-~~n2R/) =0, (C.2)

and the semi-shortening condition is
S Gy )(662-27) (Z2) = 0, for j >0, (C.3)
€apSiSh Grynyy)(Z2) =0, for j=0, (C.4)

where indices n;, §; and §; are related with the Dpi(o,5) multiplet. Below, we solve these
equations together with (4.1), (4.2), (3.4), and (4.14)/(4.15), for all possible values of R’
and 7.

Cl1 7=53—-1>0,R =R

In this case, H(Z3) is

A Y. .
H(Z3) = ﬁ(emlkl .. EmQRkQR)@’Yl%E%ﬂl o Y2iB25-2 , (C.5)
which is inconsistent with (4.14) unless A = 0.
Cl2 j=j—-3>0,RR=R-—3

In this case, the only possible H(Z3) is of the form?

=~ €

1
H(Z3) = )(4<A6 ﬁ.l@"mel + B

X %t xa

o . C =
A ngl (®m1X)d@ 3 9m1X>61@ﬁ1‘/2>

(C.6)

X (Emagky * Emsz2R71)(€f'y3B2 o '6;},2].,3%_1)-

For this to be consistent with (4.1) and (4.14), we must set B = —%A ,C = —%A.
Then the function G(Z32) given by (2.32) is now written as

G(Z2) T 1A<(] * 1)604161 (i_léé)QQUT (ZQ) - 416&151 (@le_léi)(i_léi)og

ij1

- 21(2j - 1)éj151 (iiléi)m ():(léi)oﬂ) (0'7)

X (Ejzm o 'EJQanR—1)(EO<352 e €a2j52j—1) :
However, we see that this does not satisfy the shortening condition (C.2) unless A = 0.
=-__ 1 ’ 1
Cl3 j=j—-320,RR=R+3

In this case, the possible solution is given by

A . 4 .
H(Z3) = ﬁeﬁil(ﬁmlkg e Emypkapgy ) (€770 2021 (C.8)

which is not consistent with (4.14) unless A = 0.

Z3Recall here that (:)d%?. = édieikéaujk.
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Cl4 7j=j>0,R =R
In this case, H(Z3) is given by

Mk, ) + B (@le)Ah G)Bllﬁ )
X2 X2

6"7252 . 6’3’2;‘52;’) )

1 o
H(Zg) = ﬁ <67151 (Aemﬂﬂ + C (Cg)

X (€maks *** Emaphar)(
It is straightforward to show that this satisfies (4.2). Let us next consider the semi-
shortening condition for the second multiplet. For j > 0, the condition (4.14) reads

o (B+8ijA—|—2jC)Xa' 2
0= 41@(m67m)k1 X4 - (€maks * - )(675 ) (C.10)

which implies B = —4i(2j)A — 2jC. On the other hand, for j = 0, the condition (4.15)
implies C' = —4iA. Note that the term proportional to B in (C.10) does not exist for j = 0.

To solve the conditions associated with the third multiplet, let us relate the above
H(Z3) to G(Z2) via (2.32). The result is generally written as

A . . M; n . ~ S—1A
G(Zg) = ﬁ <<6j1n1 — (41 —|—]C) )](12 1) €081 — 2]206]‘1041 (X 16711)51)

(C.ll)
X (Ejznz T 6j2R”2R)(604252 T €a2j52j) ’

where C' is a free parameter that is present only in the case of j > 0. We see that this
expression satisfies the shortening condition (C.2) for arbitrary C. On the other hand, the
1

semi-shortening condition implies C' = 0 unless j = 5. For j = %, the semi-shortening

condition does not restrict the value of C.

Cl5 j=j,RR=R-1
In this case, the possible H(Z3) is of the form

Bima

1 = - =
H(Zg) = ﬁ (@%1 <AXa’yl@ 5 + BXO(B1@;Y1m2) + CE;YlBlelmQ + D@ml ®m2@7181>

X (6m3/€1 U 6m2R/€2R—2)(6—y231 e 6&2]_,632]_). (0'12)
Note that this expression vanishes if 7 = 0. Therefore there is no non-trivial solution
for j = 0.
For j > 0, the above expression is consistent with (4.2) and (4.14) if and only if
C = 458 and D = i(A + B). With these conditions imposed, the function G(Z>) given
by (2.32) is written as

6(22) = (463100 (X 16 syl + B0, (X641,

A _ B M . ~ — =~ — .
U2 _ i(A+ B)®j1 ®j2 (X_l(_)i)al (X_191)51> (

C.13)
2 T3

X (€j3n1 T 6j2R”2R—2)<601252 T €a2j52j) .

It is then straightforward to see that A = B = 0 is necessary for this to be consistent
with (C.2) and (C.3). Therefore, no non-trivial solution exists in this case.
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C.2 (Co(0,0)PRr(j,0)CR (j1.32))

Let us now turn to the case of OF = C, R'(j1,72)- The function H(Z3) now has dimension
2(R"—R)+ (j1+72—7j) — 1 and U(1), charge 7o —j1 —j — 1. Since [Jo —j1 —j — 1] < 1,
the possible values of 72 — j1 are j, j + %, 7+1 5+ %, and j + 2. It is straightforward to
see that no non-trivial H(Z3) is possible for jo — j1=j + 3 and j + 2. Therefore, the only
possible values of R’ and Jo — ji are (R, 7o —j1) = (R,j+1), (R—1,j+1), (R+ 3,5+ 3),
(R—3,7+3), and (R, 7). The semi-shortening conditions for the third multiplet are (3.24)
and (3.25). Below, we solve all the (semi-)shortening conditions for each of the possible

values of 7o — j; and R'.

C21 32—j51=j+1,RR=R
In this case, the function H(Z3) is of the form

(O, X);,6;

— Baky s el . .
H(Z3) =A X2 ( maka " emQRkQR)(eﬁlﬁza 672;‘52;‘))(5152]'-9-3 X52j1/32j+2j1+2 ’
(C.14)
which is not consistent with the condition (4.2) unless A = 0.
C22 2—ji=j+1,RR=R-12>0
In this case, the possible H(Z3) is
1
H(Z3) = X4 (A(@le)Ble + B @m1@m2@5 /32> (€m3k1 e 'EmszzR—2) (0‘15)

X (€. 5 ++-€. . X . e X .
( Y183 72j52j+2) B1B2j+3 B2jq B2jy +2i+2

where j > 0, j; > 0, R > 1. We see that (4.2) implies B = —i(2j;1)A. Then the function
G(Z>) is written as

612 = 3 (630 (1761, w20 - 20,6, (F761), (191 )

1 1
X (€ama * " €anman—2) (€ardy * - 60‘27'52J'+2)X5152j+3 B 'X(52j152j+2j1+2 ’ (C.16)

which does not satisfy the conditions (3.24) and (3.25) unless A = 0.

C23 Jp—j1i=j+3,R=R+3;
In this case, the only possible candidate for H(Z3) is of the form
H( ) A@/BlleBl[h o Xﬁ2j152j1+1 (6’3’152j1+2 o 672j521+2j1+1)(6m1k2 o emQRk2R+1) :

(C.17)

By using (2.16), it is rewritten as

H(Z5) = A@51k1 (X5152 (2‘71)@ s ) Y X/32j1/82j1+2 (€maks ** Emanhoni1)
(C.18)

X (€., ceEL .
( Y1B2j1 +2 ’Y2j52j+2j1+1)
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We see that this is of the form of (4.4) and (C.1) and therefore satisfies (4.14)/(4.15)
and (4.2). On the other hand, the function G(Z3) is now evaluated as

.|.
Uy, (Z2) (o
G(25) = -1 <X®k>61 (€50ms * jarmanss ) (€arts -+ €omyinsr)
X X62j+251 X52j+2j1+152]-1 . (Clg)

We see that this expression satisfies the semi-shortening conditions associated with the
third multiplet for any 7 >0, j1 > 0 and R > 0.

C.2.4 jz—j1:j+%,R’:R_%
The only possible H(Z3) is of the form

1 -
H(Zs) = 45 <A%/31 -
O, O
Be,.lel 6520'/X0‘d + CXO‘% €316 B0 + DXaB1 €8ra 91/
x (6m2k1 T 6m23k2R—1)<6"y233 T 6»‘y2j52j+1>X51ﬁ'2j+3 T Xg2j1 Bajt2ji+1° (0'20)
In the case of j > 0, the constraints (4.2) and (4.14) imply that B = —4iA 4+ C and
D = —C. On the other hand, for j = 0, the constraints (4.2) and (4.14) imply B = —4iA.
Note that C' and D do not exist for j = 0. The function G(Z32) is now evaluated as

1 = = . . = 1= =~ 1=
ﬁ <A€a161 (X®k>62 + ((_41A +JC)€a151 (®j1X 1®k)(X 1@k)52

X2

G(Z2) =

+5C (Bj1an (X 104)5, (X710)s, = Bj,5, (X 7161)5, (X 105),, )

X (€j2n1 U €j2Rn2R—1)(€C¥253 T €a2j52j+2)X5152j+3 T X52]-152]-+2j1+2 ) (0'21)

which satisfies (3.24) and (3.25) if and only if C' = 0.
C.25 jo—ji=j,R =R

In this case, the only possible H(Z3) is

(Enukl B 'emszQR) s aYeled
H(ZS) - X2 AXﬂlBl 6%5‘2 + BXBldeBld’g 67152

(0.22)
X (6"72/5’3 a .6"Y2jﬁ'2j+l)X6262j+2 Y Xﬁ2j152j+2g‘1 )

Since é(iéj)@m& = @(i(:)j)(:)dd/ = 0, the constraint (4.2) is trivially satisfied. On the
other hand, the constraint (4.14) implies A = B = 0.

D <CO(0,0)CR(J'1 7J_1)CR'(J'27]_2)>

In this appendix, we show that the only non-vanishing three-point functions of the
form (CAO(QO)CARUI,J—l)(?R/(jM—QQ are those listed in (4.21) and (4.22). To that end, in
sub-section D.1, we will show that the three point function vanishes when the corre-
sponding H(Z3) has non-vanishing U(1), charge. In sub-section D.2, we show that
<é\0(070)CR(j+gz,j+gl+g2)CR+1(j+gl,j)> vanishes for any j,¢; > 0 and £5 > 0.
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jlajlaj2aj2) A7L17L2aL31L4)

JtL i+, i+ b+, j+ L k+4,200 + Kk, k+2,25 — k,2j + 20 — k —2),

2ot k+4,k, 205 +k+2,2j —k, 2j —k+20, —2),

( (
( ) | (
(G+14+01,5,+ 0o, 5+ +102) | (k44,200 + Kk, k+2,25+20, —k,2) — k — 2),
(JH1+Lo, 4+ +Lo, 5+01,7) | (
( )| (

JH1+ly+4lo, 5+ 4o, 5,5 +41 2o+ k+4,k, 2004+ k+2,2j+201 -k, 2j —k—2),

Table 3. The left column shows possible spin eigenvalues, and the right column shows the corre-
sponding values of parameters appearing in (D.5).

D.1 Non-vanishing U(1), charge

We first show that (CAO(O O)CAR(]-IJI)CAR/(J-Z J2)) vanishes when H(Z3) has U(1), charge &1. It
is straightforward to generahze it to the case of U( )r charge 3. While U(1), charge
vanishes, we can also show <C0(0 O)CR(leJrZQJHQ)CRHUJM”) is zero with same argument
for /5 > 0.

Since charge conjugation flips the sign of the U(1), charge, we focus on the case of
U(1), charge —1. Then we see from (4.3) that R’ = R must hold for a non-trivial solution to
exist. All possible combinations of four spin eigenvalues (j1, 71, j2, J2) are listed in table 3.
From (4.3), we see that the general expression for H(Z3) is of the form

H(Z?)) = (€m1k1 T 6m2Rk'2R) é’?"y’f(;y;y/)(%m’ml)(%mwh )I(X) ) (D'l)

where 7 stands for the Lorentz indices associated with the third multiplet, and we write
(X,0,0) for (X3,03,03). Since j; > 0, the semi-shortening conditions for the second
multiplet contain (4.20a). The condition (4.20a) particularly implies

3 i/e%ﬂf(%/)(’?l“"'mjl)(’71--'7251)1 —0

2 (6m1k‘1 T €m2Rk‘2R) @"y ) (D.2)

which means that f("Y"Y')("'/lmﬁzjl)(71"'72j1 Z f(%/'“'/l'""'/zjl)(71"'7271 2. Then the remaining

constraint arising from (4.20a) is expressed as

0
ed'ﬁ’l aXoco'c

f("y"y"'ﬂ“"'Y2j1)(71“’7271)I(X) =0. (D.3)

To show that there is no non-trivial solution to this equation, let us first write down
the most general expression for f(7V 713210072707 (X3). Recall first that Z stands
for the Lorentz indices associated with CAR(jM—Z). Therefore, the most general ansatz for
FOT23) (1220007 s written as

2j-2
= > Mefu(X), (D-4)

=0
Fr(X) = (Xé)A(XBB)h (X-W)Lz(eﬁB)L3(EvB)L4(XW)27 (D.5)
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where we use the short-hand notation (X)L = X%n ... X990 with 495,41 = 4 and
Y2142 = 4'. The parameters A, Ly, Lo, L3, and Ly are fixed by ji, 1,2, )2 and k as in
table 3.4 Substituting this general ansatz into the constraint (D.3), we obtain

252 . .
0= Z Ak [ L2 A (§{22)— L3 —3) (X/Bﬁ)Ll(X'y'Y)LQ*].(e"yﬁ)[@(e’yﬂ)Lzl(X"y/B)Z
AL;

W(Xﬁﬂ)[d (X'WW)Lz (G’VB)L3—1(€'yB)L4 (qu'/ﬂ)

+ Xpa
+ (linearly independent terms)| . (D.6)

This particularly implies that, for f(X) to be non-vanishing, Lo(A—Lo—L3—3) = AL3 =0
must hold for some k. However, this last set of equations has no solution for Iy > 0,
lo >0,7>1,and 2j —2 > k > 0. Therefore there is no non-trivial solution to the
constraint (D.3). In other words, when H(Z3) has U(1), charge —1, the correlation function

<é\0(0,0)é\R(j1Jl)é\R/(jQ,jQ)> vanishes.

D.2 Vanishing U(1), charge

In this sub-section we show that, even though the corresponding H(Z3) is neutral under
U(1),, the three-point function <é\0(070) 6R(j+£2,j+€1+€2)€R+1(j+£1,j)> must vanish for j, /1 > 0
and 49 > 0.

In the case of <é\0(070)aR(j+g27j+g1+g2)é\R+1(j+g17]')>, (C.1) and the fact that the third
multiplet has two more SU(2)p indices than the second one imply that

H(Z3) = O4, Onky€mrs emQRkQRHgE;l% ﬁzjzi:jjigjﬂ;:)l vz;+zzQ)(X) (D.7)
is the most general expression for H(Z3), where g is a function of X, {m;,~;, %} are indices
associated with CR(j+42 J4+e2), and {k;, Bj, BJ} are indices associated with CR+1(J+€1 ) In
the rest of this sub-section, we write 9 and g for v and 7, respectively. The function
¢ has many possible terms corresponding to different assignments of the spinor indices to
63;, 62;, X% X Bi0 X7 5, and X 52.%' . However, since the number of +; minus that of j;
is at least 205 + 1 > 2, every term contains at least one of the following factors

X’Yil ’.7]'1 X’Yig "ng , X’Yil "7]'1 X'Yig B , X’Yil ﬁ X’yig .

J2 J1 53’2

(D.8)

Let us focus on a k-th term in g, whose coefficient we denote by A;. Since all indices
Y0, Y2j420,420, are symmetric, the k-th term in g involves a piece proportional to
A X 0%+ or A\ X705 for some ¢ > 0. This means that H(Z3) involves a term propor-
tional to one of the following

)‘k(:)’ifokl @'YOkQX’YO’:YFFI ’ )\ké"'{okl e’yokQXfYOBi 9 (Dg)

24Note that j,¢1, and ¢5 are fixed by j1, 71, j2, and 72 as in the left column of the table.
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for some i > 0. When we change the variables from (X,0,0) to (X, 0, 0), it gives rise to
a term proportional to one of the following

MO0k O 04,0k, MO0k, O 4 O4, 0, (D.10)

which is prohibited by (4.2) since the most general solution to (4.2) is written as (4.4).2°
Therefore we must impose A, = 0 for (D.7) to satisfy the semi-shortening conditions. Since
k is arbitrary, this means that g = 0 as a function of X. Therefore, there is no non-trivial
solution to the semi-shortening conditions in the case of (Co(o 0)CR(J+£2,J+£1+€2)CR+1(J+€1 )
for j,¢1 > 0 and /5 > 0.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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