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ABSTRACT: Theories such as massive Galileons and massive gravity can satisfy the presently
known improved positivity bounds provided they are weakly coupled. We discuss the form
of the EFT Lagrangian for a weakly coupled UV completion of massive gravity which
closely parallels the massive Galileon, and perform the power counting of corrections to
the scattering amplitude and the positivity bounds. The Vainshtein mechanism which
is central to the phenomenological viability of massive gravity is entirely consistent with
weak coupling since it is classical in nature. We highlight that the only implication of
the improved positivity constraints is that the EFT cutoff is lower than previous assumed,
and discuss the observable implications, emphasizing that these bounds are not capable of
ruling out the model contrary to previous statements in the literature.
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1 Introduction

In the last decade a number of infrared modified theories of gravity have been developed to
provide a new perspective on dark energy and the cosmological constant problem. Lorentz
invariant massive gravity theories are perhaps the simplest and physically best motivated
examples of these theories, where we imagine that some hidden ‘dark energy /gravity’ sector
spontaneously breaks diffecomorphisms, giving a mass to the graviton. An explicit UV
theory capable of doing this is not known at present, but it is known how to write down
the effective field theory (EFT) for the Goldstones/Stiickelberg fields of the spontaneously
broken symmetry [1]. A generic such theory is known to break perturbative unitarity at the
exceptionally low scale A5 = (m4Mp1)1/ 5 where m is the graviton mass, which is too low
to make much use of these theories phenomenologically. It is, however, possible to engineer
the form of the mass term so that the scale of perturbative unitarity violation is raised to
the scale A3 = (m2Mp;)'/3, significantly improving the observational window of usefulness



of these EFTs [2-4]. Remarkably, the Az theories of massive gravity are classically free of
ghosts, meaning that they propagate nonlinearly 5 degrees of freedom [3, 5].

From the very beginning of the development of these theories, it was clear that they
exhibited a decoupling or double scaling limit, obtained by sending m — 0 and Mp; — oo
while keeping A3 fixed, and that in this limit the dynamics of the helicity-0 and helicity-1
modes is equivalent to a Galileon theory [6] coupled to a Maxwell vector [2, 3, 7-11]. This
simple fact creates an immediate tension in the possible UV completion of these theories
since it has been argued by means of S-matrix analyticity (positivity bounds) that the
massless Galileon does not admit a standard, local, Lorentz invariant UV completion [12].
There have been three possible solutions to this:

Approach 1 Theories of massive gravity, like the massless Galileon, admit a nonstandard
UV completion, where some of the standard requirements are discarded (e.g.
strict locality).

Approach 2 Theories of massive gravity should be coupled to new light states which play
a crucial role in recovering consistency of the positivity bounds.

Approach 3 Theories of massive gravity may admit a standard Wilsonian UV completion
in which the terms arising beyond the decoupling limit can be used to respect
the positivity bounds.

For example in approach 1, it is possible to give up the requirement of polynomial
boundedness of the S-matrix (locality) without discarding analyticity, and this changes
the import of the positivity bounds since the Froissart bound need no longer apply [13].
Indeed, it is far from clear that a gravitational theory should exhibit locality in the same
sense as a local field theory [14, 15], and it is expected that polynomial boundedness
is violated for massless graviton scattering amplitudes at least away from the forward
scattering limit [16]. In this approach, the strong coupling scale A3 may not necessarily
imply the existence of new states, as in a standard Wilsonian completion, but may exhibit
some more fundamentally non-perturbative UV completion [17-20], and the failure of the
usual positivity constraints may be a signature of this [21].

An example of approach 2 is the ‘warped massive gravity’ model considered in [22],
which is a five-dimensional brane model that describes in four dimensions an effectively
massive gravity theory but with a non-local mass term due to a continuum of light states.
These light states modify the usual assumptions, of a single pole at mass m and a branch
cut beginning at 4m?, which are used in the usual derivations of the positivity bounds.

In what follows, we shall focus exclusively on approach 3, which is the most conserva-
tive.! The basic tension of this approach is that the improved positivity bounds we will
discuss later imply that:

Terms which vanish as - Terms which are finite as
m—0 m — 0 but vanish when g, —0 ) ’

Tt is important to emphasize that whenever conclusions are drawn as to the possible existence of a UV
completion with our assumption of being in the third approach, this does not preclude the existence of a
UV completion along the lines of the first or second approaches.



where g, is a coupling constant effectively playing the role of A. Given the phenomeno-
logically desired small mass for the graviton, the third approach then necessarily forces us
into considering weakly coupled g, < 1 theories.? In an interesting recent study, ref. [24]
used the improved positivity bound to constrain massive gravity with the prior assumption
that g, > 1, which would of course be in tension with this approach. In this study, we
show that the improved positivity bounds are fully consistent with the Cheung & Remmen
“island of positivity” [25] when g, < 1, which is entirely compatible with the Vainshtein
mechanism [26].

We begin by reviewing the origin of the improved positivity bounds, and their ap-
plication to a weakly coupled massive Galileon [27] in section 3, before moving onto the
closely parallel discussion for massive gravity in section 4, and close with a discussion of
the Vainshtein region in weakly coupled massive gravity in section 5.

2 Origin of improved positivity bounds

The original positivity bounds which applied to the forward scattering limit were derived
for scalars in [12]. In the forward limit, these have been extended to particles of all spins
in [28] and for example utilized to put constraints on ‘approach 3’ UV completions of
massive gravity® in [25, 30]. These were extended for scalars beyond the forward scattering
limit in [31] (for earlier work see [32-36]) and for general spin particles in [37].

2.1 Positivity bounds

For example, in the case of spin-zero scattering the general positivity bounds applied to a
2 — 2 scattering amplitude A(s,t) take the form [31]

YENM )y S0 for N>1,M >0, 0<t<4m?, (2.1)

where Y 2N-M) () is defined by the following recurrence relation

M/2 1 M=V/2
Y CNM) () = Z CTB(2(N+T),M721")+W Z (2(N+k)+1)BpY CN+R.M=2k-1) (9 3)
r=0 even k=0

where M? = Min(pu + /2 — 2m?) = 2m? +t/2, and the coefficients ¢, and B are defined
recursively by,

k=1 92(r—k),. . ko 92(r—k)-1
Ck rz:;) =Nk with ¢p=1, and Br=(-1) ; (2(1{:—r)+1)!cr >0. (2.4)

2In this manuscript, the value of g. determines whether or not we are in ‘weak/strong coupling’. This
differs from the notion of ‘strong coupling’ sometimes referred to, which is when perturbative unitarity
breaks down for a given irrelevant operator along the lines of [23].

30ther S-matrix constraints on massive spin-2 fields have been considered in [29] and complement these
(improved) positivity bounds.



Here BN:M) denotes 1
BN (1) = — o oM B(v,1)],_, (25

where B(v,t) is the pole-subtracted scattering amplitude,*

A A A

B(U,t):A(S,t)— _s_mQ_t_mQ_ua

— (2.6)

with v = s + /2 — 2m?, and analyticity together with the Froissart bound implies that

°° 2du v? ImA(u,t)

Blv,£) = b(t) +/4m2 T (02— 2m2) (i 1)2 - 2mPE 2 2.7)

The generalization of these bounds to elastic scattering for two particles of arbitrary spin
is given in [37].

2.2 Improved positivity bounds

As pointed out in [27] (see also [28]) these basic positivity bounds can be improved by
using knowledge of the right-hand side of the inequalities, evaluated in the regime in which
perturbation theory is valid. Specifically, assuming that perturbation theory can be trusted
up to a scale eA > m where € < 1, then we may define (see [27, 31])

2

M *1m A(p, t)
P+ t/2 — 2m2)2N Tkl

E

B0 = BEYD @) -

2(—1)% (2N + k)! / A (28)
4m?

Tk12F (M — k)]

b
Il

0

We can then compute Y(2N M) (t) out of B(2N M) (t) via the recurrence relations defined
in (2.3) where we now take M? = €2A? +t/2 — 2m? ~ ¢2?A%. Following the arguments
of [31] it follows that

YNy > 0. (2.9)

For example, focusing on the case of no t derivatives, M = 0, then we have

e2A2
(2N,0) ,\ _ pN0) 2 ,/ Im A(p,t)
Y t)=1DB 2N)! d 0, N2>1 2.10
a - ® 7r( ) Am? 'u(u—l—t/2—2m2)2N+1 - =1, (210)

and further focusing on N = 1 we have

4 [N Im A
> / dp— A (2.11)
v=0 " T Jam2 (u+1t/2 —2m?2)3

B0 (1) = 92B(v, t)

Further focusing on the forward scattering limit, ¢ = 0, and making use of the optical
theorem to relate the imaginary part of the scattering amplitude to the total cross section
Ototal(s) for the two particles to scatter, then we have

4 [N Tm A( 4
BRY(0) > / du-2 ”72 _ / m’ “"total 2 (2.12)
T Jam2 (u—2m?2) m2 —2m?2)

41t is not strictly necessary to subtract the t-channel pole, but for spin-zero scattering is more elegant.




Since we are now in the forward scattering limit, this bound is easily generalized to elastic
scattering of two arbitrary helicity particles A; and Ao, and we obtain®

Al )\2 —X2 ( )
B(2 0 / Mgtotal luo—total H 2.13
a0 m2 (1 — 2m2 + (u—2m2)3 |’ ( )

A=A
toltal ’
crossing flips the sign of the helicity. This is a result recently considered in [24]. We see

where the combination o () arises via crossing symmetry, since in the forward limit

that this is just a special case of the general procedure for improving all such positivity
bounds given in (2.9) [31] and generalized to all spins in [37]. The next order forward limit
bound is for example

)\1>\2 >\2
B (0) / W“’tal 2 S o (2“ g : (2.14)
D2 m2 —2m?2) (u—2m?2)

2.3 Mixing of orders

The improved positivity bounds considered in [27, 28] and more recently in [24] have the
feature that they mix orders of tree and loops. From a purely perturbative thinking, it
seems peculiar to place a constraint on the tree level amplitude by a contribution that
arises at one-loop order. The origin of the matching of tree and loop orders implied by
the optical theorem applies to the imaginary part of the scattering amplitude, but it does
not apply to the real part. The role of analyticity is to determine the real part from the
imaginary part, and the assumption of the Froissart bounds imposes a nontrivial constraint
on the real part which effectively mixes orders.

To see how this works, we can apply this formalism to the example of the massive
Galileon which will be considered in section 3. The tree level amplitude is assumed to
behave as

t
Atree(sat) - g*AO <A27 A2> ) (215)

where as we shall see in section 3, the leading contribution to the tree-level amplitude for
s,t > m?is Ag = (s + 3 +u?)/AS + - .. The n-loop amplitudes are of the form

n s i
Ap— loop(s t) —92+2 An <A2,A2> . (216)

If we compute the scattering amplitude at one loop, then we know via the optical theo-
rem that its imaginary part will be fixed in terms of its tree level contribution, so that
Im(Aone—loop (8 1)) ~ |Atree|® grows as gis® /A2 for s > m?, ie. A7 ~ /A% We further
know that Aone_loop(S,t) is a crossing symmetric, analytlc function of s with the usual
poles and branch cuts. It thus follows due to the growth of the imaginary part that the

®The only difference being that for By, a, (v,t) we do not subtract the t-channel pole since its residue is
itself s dependent [37].



form of the one-loop amplitude is an analytic function with 8 subtractions®

8/00 d Im(Aonefloop(/%t))
4

3
B s,t)+ Bon s,t) c
tree( ) one— loop Z n 2 'u(,u—2m2—|—t/2)8(,u—8)

n=0
1 &0 IHl(Aone 100p(,u7 ))
+7r”8/4m2 Kl 2m /2 () 210

with v = 2m? + s —t/2. The subtraction functions, which are undetermined by analyticity,
are related to the power law and log divergences which are removed by the addition of local
counterterms and so have the form

enlt) = cO(t) + 1o (1), (2.18)

n

where ¢7°(¢) comes from the leading classical Lagrangian and ¢5™*'°°P(¢)

are the one-loop

contributions. This split is sensitive to the renormalization prescription, but ¢, (t) is not.
The power of analyticity comes from the statement that we expect the exact amplitude

to respect the Froissart bound (unlike the one-loop amplitude which explicitly violates it)

which means that it is sufficient to perform only 2 subtractions. This can be rearranged as

Bexact 5 t —CL +Z / exact(;ua )) (219)

,U 2m2+t/2)2n+1
/oo d,u Im(Aexact(Mv )) +1US/OO dM Im(Aexact(M7t))
it 22 /25 (—5) 7 S 22 ()
and thus matching Aexact(s,t) = Atree(S,t) + Aone—loop(s,t) + ..., we infer a(t) ~ co(t),
and for the other subtraction functions

1 (2n,0) (2n,0) 2 /OO Im (Aexact (1, 1))
= — ’ ’ ~ — < < .
en(t) = Gyt (B0 B oop(®0) ~ | i e LS <3
(2.20)

Choosing an energy scale E = e\ > m with € < 1 sufficiently small that Im(Aexact (E?,t)) ~
Im(Aone_loop(Ez,t)) then

2
tree(t)_‘_cone—loop(t)%Q/E Mlm(Aone—loop(M,t)) 2/00 i Im(Aexact(M7t))
n (e 7 Jame M Gi—2m2 /20 7 fp Hlum2me g2
(2.21)
where the equality is true up to two-loop corrections. Thus the tree plus one-loop renor-

1
+ =8
™

C

malization coefficient ¢, (t) is bounded by the one-loop imaginary part,

2 (2 Im(Aone_toop(ttst))
tree one-loo one—loop \ M5
t P(t) 2 — d , 1<n<3. 2.22
Cn ()+Cn ()Nwémz ’u(,u—2m2+t/2)2”+1 SN ( )
In the case of ¢, (t) for the massive Galileon or massive gravity, the right-hand side can be
computed using the optical theorem, and scales as

4E12—4n 4111E

Gep1z 1<n<3, G« iz >

n=3, (2.23)

SActually only 7 are necessary but by crossing symmetry the odd terms in v vanish. Similarly, this
crossing symmetry implies only 4 subtraction functions c,(t) are non-zero.



the growth in energy being a reflection of the non-renormalizability of the leading inter-
actions, whereas the one-loop counterterm necessary to renormalize log divergences’ from

the leading Galileon operators behaves as cn(t)one‘IOOP ~ g mf{;”. We thus find
t)one-loop 19—4n
CA&M ) QW)N<%> <1, forl<n<3. (2.24)
one—loop \H;

E2
« Jamz A Gam et
In other words, the calculated one-loop contribution to the real part of the amplitude is
negligible with respect to the real part inferred via analyticity from the one-loop imaginary
part. For n = 3, the two terms are comparable. Thus for 1 < n < 3, it has to be the tree
level part of ¢, (t) that matches onto the latter:

tree(t) > g /E2 dM Im(Aone—loOp(H7t))
m R T e Pl 2m? 2y

This mixing of orders will be a characteristic of any system in which the low energy cross

c for1 <n <3. (2.25)

section grows faster than allowed by the Froissart bound and for which similar reason-
ing applies.

at large energies

6
Continuing to two loops, the amplitude scales as Atwo—100p ~ %

and so it will be given by an analytic function with 10 subtractions

4
Btree(sa t) + Bonefloop(sy t) + Btwofloop(sv t) = Z Cn (t)v2n
n=0

4 lvlo /Oo d Im(Aone—loop(Mv t) + Atwo—loop(57 t)) +sou. (2.26)
4

e (p2mE 4 /2)0(—s)

Comparing with the exact amplitude we again have for 1 <n < 4,

1 2 [ Im(Aexact (11, 1))
() = —— Bn0) :/ ¢ 2.2
¢ <t) (2?1)' (t) ™ Jam?2 du (M — 2m? + t/2)2n+1 ( 7)

- /E2 dM Im<A0nefloop(,U/7t)) n /E2 d,u Im(Atwofloop(M7t>)
% Jume G —2m2 1 /22T e G 2m? a2

For n = 1,2, 3, the first term will dominate since Atwo—100p/Aone—loop ~ 92(E/A)® < 1 and
so we recover the one-loop result

E? m 6
Wz [ _(f;;j;f;f}g;;?jl (1 ‘o (gz <f) )) , (2.28)

which will give the same constraint on c*®®(¢) as before. For n = 4, if g2 In(E/m) > 1 it

is the second term that dominates, since the first integral converges in the limit £ — oo
whereas the second continues to grow logarithmically in F,

w0z [tz (o Gatem) ) em

"In general in an EFT it is consistent to assume that all loops are calculated in dimensional regulariza-

tion [38] provided all allowed higher dimension operators are included in the tree level Lagrangian, since a
different regularization scheme can be absorbed in a redefinition of the tree level interactions, here ct®°(t).
Regardless, no regularization scheme that respects the Galileon symmetry will give terms which give an

unsuppressed contribution to ca(t).



however if g2 In(E/m) < 1 the one-loop continues to dominate. This procedure will con-
tinue at higher loops, with higher subtraction polynomials being determined principally
by higher loop imaginary parts. In this sense, the loop expansion is entirely consistent,
despite the mixing of orders.

3 Weakly coupled massive Galileons

We now explore the implications of these bounds to massive Galileons as a warm-up to
massive gravity. We emphasize again that, in doing so, we force ourselves into approach 3.
We thus assume the existence of a weakly coupled UV completion for the Galileon for which
the low energy EFT may be structured in terms of a single scale A and a small coupling
constant g, in the form [27]

1
L= 2 (A*Lo(m/A,0/A) + g2Ly +...) (3.1)
where Lg is the tree level part and L; and higher are understood to come from loops of
the heavy fields integrated out. This ‘single scale - single coupling’ assumption has been
considered in [39, 40] and is naturally preserved under loops. The system becomes strongly
coupled in the limit where g, — 4m. There are many examples in which the UV theory is
weakly coupled and preserve this structure. For example, weakly coupled string theory fits
this model where A is the string scale energy, g. is the string coupling, whose small value
creates a hierarchy between the string scale, which sets the scale of derivative interactions,
and the Planck scale which sets the scale of loop corrections.
The Lagrangian should be Galileon invariant, which means that Lo will take the
form [6]
1 1 . dom\"
ALy = —5(87r)2 - §m27T2 + Z an A3 EENTT <A3> ™ (3.2)

n=2
O\’ [00m\1?
4
s () ()
where the a,, terms are the leading Galileon operators, the 3, , are shorthand for all scalar
operators built out of contractions of 9,0, 7 and derivatives thereof, and we assume o, and
Bp,q are all order unity or less. As discussed in [27, 41], in practice the mass term for the
Galileon does not break the Galileon symmetry and so this represents a very natural IR

extension of the massless Galileon. The leading «,, interactions are written in shorthand
where, for example,

loloks
A3

2
a3 EEN? ( ) 7  means aoA® 8“deSABCDnaA77bB (&acﬂ) <8daD7r) T, (3.3)

A3 A3
i.e. where n and 007 are contracted between the pairs of Levi-Civita symbols.

3.1 Coupling to matter and Vainshtein

The Vainshtein mechanism is determined by the coupling to matter, and to be consistent
with how the Galileon arises in massive theories of gravity it is the canonically normalized



that couples to T' with 1/Mp) strength, and so in the above parameterization the coupling is

1
T
9+ Mpy

T. (3.4)

Alternatively, canonically normalizing m = g7, then the leading action is

1 1 ! Aom.\"
__ 2 1 2 2 3 4-—n [ 90T
L= 2(87rc) 5T + 32 anA; EEN < A3 ) Te (3.5)

AS (ONP (00m.\1 1
—I—Zﬁp,qﬁ <A> (Ai) +M7PI7TCT+.“’

where we have defined
A3
p— gt .

A3

(3.6)

The Vainshtein mechanism kicks in when the value of 997 > A3, or equivalently when
00m. > A3. At this point the leading «,, Galileon operators renormalize the kinetic term
for 7, and as long as 000 < A* the Bp,q terms are all parametrically smaller even if 3, ; ~ 1
since they contain at least two extra derivatives’ suppression, 9%/A? ~ 1/(A*r?) < 1. In
the full picture of the Vainshtein resummation mechanism, it is assumed we can push deep
into the region where 907 > A3 and the 8 terms in the second line of (3.5) organize
themselves into an expansion such that their magnitude is still suppressed relative to the
« terms, just because of the overall derivative suppression. This could occur by a special
resummation of the 907 structure, or simply by imagining that all the terms [, , with
q > 3 are suppressed. A concrete example of the former is given in section 5. We also draw
a parallel with the situation in GR with string corrections arising below the Planck scale
in section 3.4.

More precisely, the Vainshtein region is defined at distances r < ry, or energies which
satisfy E > 1/ry, where the Vainshtein radius 7y is determined by the requirement that
007, ~ A2, which for a source of mass M is when

My

~ A3, 3.7
T'%/Mpl ( )
or when
1/3
M
rv=—jE— (3.8)
Mp) A

To be absolutely sure that we can describe the Vainshtein region within the regime of
validity of the EFT, we only require that r;l < A, since in the worst-case scenario we
expect new states of mass A to arise in the contribution to the forces at these distances.
Unlike as assumed for instance in ref. [24], there is no requirement that A > A, i.e.
there is mo requirement that g. > 1 since the smallness of the 8 terms to the a terms is
determined by the hierarchy between 1/ry and A, not the hierarchy between A and A..



3.2 Improved positivity bound and weak coupling

1

The hierarchy ri,~ < A can easily be achieved while maintaining g. < 1, since it re-

quires that

Mp\ /3 1/3
A | — A =g/ A .
< Vo ) < g (3.9)
so therefore,
Mpy
—_— ” 1. 1
(M0)<<g < (3.10)

Since the mass My of most astrophysical objects dominating the Vainshtein screening (e.g.
Earth, Sun) is very large in Planck units, this double hierarchy is easy to achieve.

Now if we were to factor in the improved positivity bound (equation (2.12) for the
massive Galileon [27]) obtained by matching to the IR cross section, we would have a
bound on the mass like

2,2 4
gj(g e %68, ie. m? Z g?A%e® = gf/?’AieS, (3.11)

where we have neglected order unity factors for simplicity. Here € enters via the integral
over the IR cross section with the maximum taken at p = E? = ¢2A2.

In the worst-case scenario, let us take € ~ 1,® and suppose that we just saturate this
bound. Then we may use it to infer g,

g = (Z)M . (3.12)

With the normal ‘massive gravity’ expectation for the scale A,, namely A2 = m?Mp, then

m \ /4
Y N 3.13
g <MP1) (3.13)

The requirement of the existence of the Vainshtein regime described within the validity of

(3) = ()

The scale A at which derivative corrections might be expected to kick in is

the low energy EFT is then

A 1/3A B m 1/12A

Since in the usual assumption m ~ 1073?eV,
(m /M) ~ 10750 (3.16)

and so 1/A ~ 10°/A,. This is clearly much worse than normally assumed, but what is
important is that there is still a region in which the Vainshtein mechanism takes place and

8Including factors of €, e.g. € ~ 107!, does not substantially change any of the following conclusions, it
only allows g. to be slightly larger.

~10 -



we have not reached the scale A, since we can still satisfy 7"‘71 < A, and therefore even
within the third approach, there is still room for a standard Wilsonian UV completion
while entering the Vainshtein mechanism.

With the standard choice that m is order Hubble scale or so, then 1/A, is of the order
1000 km, and so 1/A ~ 100 million km. This is about the distance between the Sun and
Venus, and so the EFT could be used to describe the solar system from Venus out, which
is all well inside the Vainshtein radius (typically kpc for the Sun).

The fact that we have measured with good precision the trajectory of Mercury around
the Sun does not rule out this low energy EFT as a valid description of gravity at distances
from Venus onwards (i.e. most of the solar system and all the way up to cosmological
scales). It just means we need to find a partial UV completion that can push to higher
energy. Moreover, the coupling of the Galileon to matter is suppressed by at least 8 orders
of magnitude when entering the region where a completion is required within the third
approach, and the force mediated by the Galileon is hence 8 orders of magnitude smaller
than that of GR:

Fifth Force(r = A1) (" 502 -~ As i ~ 1078 (3.17)
For(r = A1) % A 7 ‘

which illustrates the fact that while the Galileon has large self-interactions, it lives in a
sector that decouples from the tensor modes and the Standard Model. Expecting that
a UV completion of Galileons would reverse this screening and start suddenly enhancing
the force mediated by the Galileon to a point which would be observable by current tests
of GR would require a very particular tuning. There is indeed no indication that the
relative force mediated by the Galileon would suddenly get enhanced when considering
the strongly coupled region. Quite the opposite, since it is highly unlikely that a strongly
self-interacting theory can propagate long range forces. The fact that we have tested GR
outside the regime of validity of the standard Galileon EFT by no means implies that
observations rule out the Galileon EFT altogether. As we have emphasized, all it implies
is that a better description of the system is required to fully understand its behaviour
beyond the EFT regime (if one follows a standard weakly coupled EFT picture with the
requirement of a standard Wilsonian UV completion in which the terms which arise beyond
the decoupling limit can be used to respect the positivity bounds).

3.3 Vainshtein resummation

The usual assumption of the Vainshtein mechanism is that the § terms on the second line
of (3.5) resum around a background configuration 7, for which the leading « terms receive
a kinetic renormalization Z"¥(7), so that the scale at which derivative interactions enter is
now A, = v/ZA. This is then the cutoff in the presence of a background. This is a highly
nontrivial assumption about the UV completion, but by no means an impossible one.
There are a couple of ways that we might imagine this to happen. For example, if the
masses of all the heavy fields (collectively symbolised here by a single scalar H) scale with
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Z, i.e. in the form

1/ 1 1
Lo~ (—28MH8VH77“” — 5A?(1+Tr(Z)) H* + AHDr . > : (3.18)

¥
then it is clear that integrating out H already at tree level will generate interactions with
the natural derivative suppression ﬁa for Z > 1. Furthermore this property will be
preserved by loops.

Alternatively, we can imagine that the massive states which are integrated out to
generate the 8 operators have kinetic terms governed by the Z#" inferred from the leading
« terms, e.g. that the heavy particles H couple via a tree level action of the form

L~ glzx/DetZ <—;BMH8VH(21)W(7T) - %A2H2 : ) : (3.19)
In such an example, integrating out H at loop level will clearly generate [ terms that
automatically restructure themselves around a background so that the derivative expansion
is controlled by 9/(ZA?), where Z denotes the background value of this order parameter.

In the case of a cubic Galileon, in the Vainshtein region we have Z ~ 907./A3 ~
(rv /r)3/2. The region in which we can describe the Vainshtein screening within the validity
of the low energy EFT is then

1
- < VZA = (ry Jr)*A, (3.20)
which we can rewrite as
A—l

This is easy to satisfy given a large hierarchy between ry and 1/A.
For illustrative purposes, we can estimate the resummed cutoff A, at the surface of
the Earth, with now the Earth as the main screener. One finds the usual answer of lcm,

rescaled by 1/ gi / 3,

-1
Ae = (ry/r)* 4N = (rv/r)3/4A*gi/3 = (lcm/gi/i)’) (3.22)

i.e. a distance scale of

Mo\ /12
lem x <Wfl> ~800m, (3.23)

where we have made the usual assumption that the mass is of order the Hubble scale. This
means that the EFT can be used to describe the Earth-Moon orbit, but will break down at
distances of order km, so we cannot in principle use it to describe table-top experiments.”
However, this certainly does not rule out massive Galileons (and by extension massive
gravity) as an IR modified theory valid at solar system and cosmological scales — it simply
means that we need to find a (partial) UV completion to describe local physics. To actually
rule out an EFT, one would have to show that it gave a wrong answer for a physical

In itself, this is not technically correct, since for any experiment the local environment needs to be
included and in turn redresses the scale at which the EFT breaks down [42].
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observable in the regime we can trust the EFT, e.g. for lunar laser ranging and the Earth-
Moon orbit.

Moreover, as emphasized earlier, the virtue of the Vainshtein mechanism is to entirely
decouple a sector (in this case the Galileon to the Standard Model), so while at distances
shorter than the order of km the Galileon EFT breaks down, it does so in a sector which
becomes increasingly decoupled from observables. The couplings of the Galileon to matter
is indeed suppressed by 5 orders of magnitude as compared to GR. Once again, it is
highly unlikely that the strong coupling effects that would occur in this theory at shorter
distances would suddenly revert this suppression, as strongly coupled systems typically do
not propagate long-range forces.

3.4 Vainshtein analogue in GR/string theory

Although the Vainshtein region, 97 Z A3, is naively outside of the regime of validity of
the EFT expansion, it is helpful to compare this with a well understood example where a
similar situation arises: namely GR with new physics at a scale below the Planck scale.
A good example is the low energy effective action for weakly coupled string theory, which
takes the form (focusing on only the spin 2 terms and fixing the value of the dilaton)

g=L [qw ABR 4+ A0 MANEITVAN 3.24
— r/~g + Z'Vp,q A A2 T (3.24)

g2

where 1/A = Vo' is the string length and the 10 dimensional Planck scale is identified as
Mgy = A%/g2 . (3.25)

The 7p,4 terms in (3.24) are the o’ or string scale corrections that arise from integrating
out the excited states of the string which are coupled to the massless graviton mode. The
precise structure of these terms is determined by the low energy expansion of the tree level
stringy graviton scattering amplitudes.

P

Further expanding perturbatively, g = 1w + 371, then the effective action takes
Pl

the form
1, h\" [ oh oh
— [ a0 —= MEA®D 2
o / d :”( pheh+ Mp v \0riy) \ B, ) \ B, (3:26)

8 A2 O\’ [ h \?
+ MEAY B, () () ...
Pl Pq A 7\[14:1‘1

pq

where & is the Lichnerowitz operator in 10 dimensions, the oy, terms come from expanding
the Einstein-Hilbert term, and the /3, 4 terms from expanding the o/ corrections (the v, 4
corrections of (3.24)). This closely parallels the form of the massive Galileon EFT (3.2),
or the massive gravity EFT considered later (4.19). In this analogy, h/Mg, plays the role
of 99m¢/A} and the Schwarzschild radius plays the role of the Vainshtein radius.

From a naive EFT point of view, looking at (3.26), the expansion will break down
when h ~ Mf‘,l, which occurs for instance in the vicinity of a black hole horizon, and the

~13 -



B terms for a sufficiently large power of h could swamp the a terms, rendering the EFT
out of control. However, this is not the case, as this theory exhibits an analogous ‘Vain-
shtein mechanism’ as follows: in the vicinity of a source for which h > Mfl)l, provided the
sources varies over distance scales larger than 1/A (i.e. 9 < A), the background geometry
remains under control with the 8 terms remaining negligible. This is made transparent
in the form (3.24), since there it is clear that as long as the curvature is small compared
to the string scale, R < A2, and as long as derivatives are small, V < A, solutions with
h ~ Mél or even h > Mf;l.l will remain under control in the EFT. The key point here is that
the special resummation of the EFT expansion required for this to work is ensured by dif-
feomorphism invariance, and because of this symmetry the EF'T automatically reorganizes
itself as a new EFT expansion around a background solution even for h > Mf%l. Further-
more, this ‘Vainshtein mechanism’ is perfectly consistent with weak coupling g. < 1, as we
certainly have no problem describing black holes in weakly coupled string theory! There
is even an analogue of the Vainshtein resummation of the cutoff here, because on a curved
background the breakdown of the derivative expansion is not set by d, ~ A, but rather
by the locally inertial value of V ~ A, ie. €4V, ~ A where el is the inverse vielbein.
Here the inverse vielbein e=! ~ 1/ /9 plays the same role as 1/ V/Z. Thus the Vainshtein
resummation is guaranteed by virtue of the equivalence principle. The successful descrip-
tion of the Vainshtein region in theories of massive Galileons and massive gravity requires
some analogous resummation structure for 997 /A3 in the former and K, (see section 5)
in the latter.

4 Weakly coupled massive gravity

4.1 Connection with Galileons

The extension of this discussion to massive gravity is relatively straightforward once one
recognizes that, in the limit m < Mpj, the dominant interactions in massive gravity are
determined by the helicity-zero mode, which is effectively a massive Galileon. Working
in the Stuckelberg formulation, with 4 Stiickelberg fields ¢® to account for the broken
diffeomorphisms, then defining the tensor

Kl; = 5’; - \/guaaaéaau¢bnab7 (4'1)

we can denote the leading order massive gravity action as

M2

1
Sleading = /d4$\/ _g? 7

R—-m*M*) " ané’é’g4”K"] : (4.2)

where the mass scale M is such that

M? = g2 M3, (4.3)

while a9 = a3 = 0 to remove tadpole terms/cosmological constant, and aq is chosen so
that the term quadratic in K has the correct Fierz-Pauli mass normalization,

M? m2M?

iy » B
2

(KUKY, — (KM +... ] . (4.4)

— 14 —



For these leading interactions, there are then two free parameters: «s and «ay. Weak
coupling in the helicity-2 sector is the statement that there is a new energy scale, M,
which is parametrically lower than Mp, at which we expect curvature corrections to kick
in. To maintain the 1/¢2? normalization of the action, the Stiickelberg fields are naturally
expanded as

Ve o'n h
a _ a4 _ _ L = y ey . 4.5
o) x mM M2 9u Nuv + M ( )
Alternatively, in canonical normalization we have
g0 =g Ve O i (4.6)

- mMp, _szPl’ guu:nuu+ma

reflecting the fact that for all fields ®, the canonical normalization is ® = ¢,®.. In the
limit m < Mpy,

o*o,m oty
K*# - e
v mQM mQMpl ’

where the ellipses indicate corrections that vanish in the decoupling limit, i.e. corrections

(4.7)

that are suppressed by a scale higher than A% = m?M. The new scale A connects the scale
of new physics in the helicity-2 sector with that in the helicity-0 sector.

4.1.1 Identification of the helicity-0 and -1 modes in all generality

In conventional treatments, it is stated that only in the high energy limit, £ > m, can =
and V® be identified as the helicity-zero and helicity-one modes of the massive spin-2 field
(Goldstone equivalence theorem) and so this decomposition is only useful there. We can
however do better than this, by adding Fadeev-Popov gauge fixing terms which diagonalize
the ‘Stiickelberg-ized’ quadratic (Fierz-Pauli) Lagrangian even at low energies. Specifically,
to the Fierz-Pauli Lagrangian,

1 1 2
A0 (hm,— 2’“%/) +2 (8# <hu,,— thw,>> (4.8)

1 1 2 2 2 O \?
— 2 JE— JE— JR— J— — PR
m <<huy+maﬂh+m&,Vu+m28uay7r> <h—|—m8V+2m27r> )] ,

we may add the following diffeomorphism and U(1) gauge fixing terms,

1 1 2
Laor = ~ 842 (2 (‘% <huu—2h77/w> +mVu+8u7T> +2(28MV“+mh+2m77)2> - (49)

Then defining iLW = hyuy — ™, the quadratic Lagrangian is fully diagonal,

1 [ .
Lrp+Lar = 82 [W (O—m?) (hW—2hnW) +2VH (O-m?) Vu+67r(D—m2)7r} , (4.10)

*

meaning that the polarization structure for all propagators is trivial (that of a scalar). By
adding an appropriate nonlinear gauge fixing term which has this form at the quadratic
level, we make manifest the fact that the scattering amplitudes will contain the interactions
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of a massive Galileon, together with the additional ‘vector’ V,, and ‘tensor’ lNzW degrees of
freedom. This diagonalization of the off-shell degrees of freedom, and the removal of all
second-class constraints and nontrivial polarization structure from the propagators makes
it significantly more straightforward to count the size of the EFT corrections, even at low
energies. This can be used to give an off-shell meaning to the SVT decomposition, of which
the on-shell amplitudes are projections.

In terms of the diagonalized degrees of freedom, the linearized gauges are

- 1~ -
F,=o" <h,w - 2hn,w) +mV, =0, Fp=29,V*+mh—2mr=0. (4.11)

By construction, in the limit m — 0, these gauge choices degenerate into the standard de
Donder (harmonic) and Lorenz gauges for massless spin 2 and spin 1 fields, as expected
from the identification of the modes at high energy with the massless helicity states. On-
shell polarization vectors must be chosen to satisfy these gauge conditions, and we see that
when m # 0 there is a mixing between the off-shell SVT modes.

Under a linear diffeomorphism: h,, — hy + 0,6 + 0,8y, Vi — Vy—mé,, m — m, and
then F), and F; transform as

F,— F,+0-m%»¢,, Fr— Fr. (4.12)
Under a U(1) transformation: hy, — by, Ay = Ay + 0,€, 1 = m —mé, so then,
F,—F, Fr— F,+2(0-m?c¢. (4.13)

It is thus apparent that in this gauge, the Fadeev-Popov ghosts'® are also diagonalized
particles of the same mass m. Indeed the gauge fixing terms can be determined on this
basis alone. As in standard quantization in Lorentz invariant gauges, we still have the
freedom to perform gauge transformations (£, &) which satisfy

O-m?] ¢ =[0-m’]€=0, (4.14)

which can be used to remove the unphysical longitudinal modes in the asymptotic states.
Specifically, working in a rest frame for a graviton of momentum k* = (m,0,0,0) we can
solve I = 0 to determine Vp and F,, = 0 to determine hq, — %T]()Mh. We can then use
the remaining gauge freedom to set 9;V’ = 8khkj = h% = 0. The resulting transverse and
traceless h;j;, transverse V;, and 7 are then the physical on-shell SVT degrees of freedom.

A particular choice of nonlinear gauges which is consistent with the linear gauge
choice is

F* =M (—(0y — m*)z®* — m*¢") , (4.15)

2
(O, — m*)7 + 4mM +mMn"g,,, , (4.16)

Fp = —2mMo,¢"* — =
m

00f course, quantizing a theory diffeomorphism invariance is more subtle than the usual Fadeev-Popov
procedure, but we will not dwell on these issues here. The U(1) part is at least conventional.
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where [, is the covariant d’Alembertian and [J, the Minkowski d’Alembertian. This
pair have been chosen so that the tree level vertices and propagators determined from
ALy + Lar with

V—gLar = <\/jg (anbF“Fb) + ;E%) , (4.17)

1
~ 8¢2
continue to respect the Galileon symmetry (realized in the sense that @ — 7 4 v,a* + ¢
and V¢ — V% — v*/m when perturbed around an arbitrary background). Indeed, as
in the case of the massive Galileon [27], the terms that violate the symmetry are purely
quadratic, and hence all tree level vertices and propagators naturally respect the symmetry.
Alternative gauge choices typically break the Galileon symmetry, but only through m/Mp;
suppressed terms.

4.1.2 Wilsonian effective action for weakly coupled massive gravity

Within the framework of approach 3, the general structure of a ‘single scale - single coupling’
tree level Lagrangian for weakly coupled massive gravity is [3]

1

L= g(A4L0+g§L1+...) : (4.18)

where

M2
2

ALy = R—AM> an€g" "K"

A? v qu Ryvps ) 4.19
+ Zﬁp,qﬂ’ A g A2 * ( * )

The form of the interactions in L; and higher will be those needed to renormalize loops from
Lg. We have included the possibility that the curvature corrections come in at the scale
A since such terms will arise from the commutator of two covariant derivatives, however
we expect that those curvature corrections that relate to the helicity 2 sector, i.e. those
present in the absence of the mass term, will be suppressed by some higher scale, e.g. M?,

a b
A ALy~ M* (V> (R’””"> : (4.20)

M M?

Having in mind the hierarchy A <« M, such interactions will be irrelevant to the following
considerations. An important point to recognize about an approach 3 UV completion
is that the terms (3, ,, will necessarily be non-zero in order to respect the higher order
positivity bounds (2.1) (this was discussed in the massive Galileon case in [27]). This is
not necessarily the case for an approach 1 UV completion, where the ghost-free structure
of the leading interactions is a more important feature.

The EFT expectation is that the coefficients oy, and 3, 4, are all at most of order unity,
although individual ones may be much smaller as a consequence of special properties of the
UV theory. In terms of the perturbative fields, the corrections to the leading order action
take the form

\VANS R\ 3133Wmm8V”fLm2wp
A e () 2 ()~ (5) (7)) (7)) <M+A3) |
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The fact that the interactions of V' and h come in at a different scale than w is fixed by a
combination of diffeomorphism invariance and the U(1) gauge symmetry, so is preserved
under loops. For instance, under the U(1) gauge symmetry, it is D, 7 = d,, 7 + mV,, which
is gauge invariant.

Due to the total derivative nature of the ££¢* " K" at leading order in the decoupling
limit, the « terms have the structure

9om\™ (mov\" [ h  m2r\"
3 § 4—n n 3

and the tuned ‘ghost-free’ structure ensures that n > 2 when p = 0. The overall counting

of these terms is different due to their different structure, but this structure is preserved
due to the combination of diffeomorphisms and the U(1) symmetry. Note that for both sets
of interactions, the terms that arise from the diagonalization h — h are of order m2r /A3
and terms of the same order come from the IR part of 997/A® when & ~ m. Thus, if
we are only interested in counting the order of magnitude of terms in the EFT expansion,
we may ignore these particular interactions, unless the others happen to vanish. This will
occur for certain terms from the leading interactions.

According to this off-shell split, the interactions from the Einstein-Hilbert term only
affect the off-shell tensors, for instance at tree level for the 2 — 2 amplitude it will only
occur through the hh(0h)Oh/M? interaction in the TTTT amplitude and the h(0h)(0h)/M
at one vertex in the TXTX amplitude. On-shell there is some mixing into the other
amplitudes due to the m/4/s suppressed projections. Regardless, these interactions will be
suppressed relative to the leading ones. Similarly those interactions arising from Lgr are
all at least Mp) suppressed, and in certain cases additionally m/Mp; suppressed, and so
may similarly be neglected relative to the leading contributions. This is a consequence of
choosing a gauge with a good behaviour in the m — 0 limit.

4.2 EFT counting for the scattering amplitude: leading interactions

Let us now consider a 2 — 2 scattering amplitude with ng scalars, ny vectors and np
tensors with ng + ny + np = 4. The quartic interactions that contribute to the scattering
amplitude from the leading terms will be!!

00\ fmdov\™ (L \ " [ m2r\P
3 s o 2 o
AM<A3> ( o ) <M> <A3> , (4.22)

and will contribute to the scattering amplitude in the form

3/2\ 5P nr 2 P
2080752 5 ms\mv (/s m*y/s
Als) ~ g2 Ms (M) (3) <M> <A3>

S3n5/2+nv+nT/2f2fp 2mnv+2nT+2pS4fnv/27anp

~ gZA3 Mm?Ptnv

Adnst3ny ppnr - I m2ZAG ;o (423)

11 As previously discussed, the contributions from the Einstein-Hilbert terms and gauge fixing terms are
negligible in the Stiickelbergized formalism. This is in stark contrast to the unitary gauge calculation,
reflective of the fact that the latter is a poor indicator of the physics.
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where any individual power of s here is really shorthand for s, or m?. For instance s

2

3

may denote any combination of s3,s%t, st2,t3, s>m?, stm?, t>m?, sm*, tm* m®. Note that
the 1/m? which would seem to contradict the existence of a decoupling limit (m — 0 with
A fixed) is always cancelled, since if np = p = 0 then ny > 2 for these interactions, and so
ny + 2np + 2p > 2.

It is then straightforward to estimate the contribution of these interactions to the
positivity bound,
o’

B0 (s =2m?) ~ 946 - (4.24)

Remarkably, all polarizations contribute to the positivity bound at the same order of mag-
nitude, and this term is suppressed by m?/A? relative to the naive expectation. This is,
of course, a consequence of the Galileon symmetry giving the scalar and vector amplitude
special soft properties, making them comparable to tensor amplitudes. This is borne out
by the explicit unitary gauge calculations first given in [25].

A similar argument can be made for the exchange (s, ¢ and u channel) interactions,
where we assume that mg scalars, my vectors and my tensors are exchanged with mg +
my + mqp = 1. Splitting the number of scalars, vectors and tensors (P = S, V,T) at each
vertex as np = nILD + ng then the generic exchange amplitude is'?

L
372\ st nL +m nktmr
246 2 _3 S ms Vv 4 \/g
Als) ~ g APM s <A3) (A3) (M)

'rLR m
L AN AN <m5>n§+mv Vs i
s\ A3 A3 M

372\ s T2ms nv-2m np+2my
> AS M (AS ) (%5) <M> . (4.25)

The topological constraints that > n]L3+mp = 3imply Y pnp = 6, where n’p, = np+2mp.
Imposing the constraint, we have

mn’v +2nl, S5fn/‘,/27n’T

(4.26)

As before, the 1/m? is always cancelled since n}, + 2n%. > nl + 2nk + nft + 20t > 4 and
so once again
o m?

B(270)(8 = 2m2) ~ Q*F )

(4.27)

consistent with the known results.
The next non-trivial positivity bound comes from B(470)(5 = 2m?), and this can be
similarly estimated as
B%0) (s =2m?) ~0, (4.28)

12For s > m? this estimate is strictly true for the s and u channel exchange, whereas for the t-channel
amplitude evaluated in the forward limit can be enhanced by s/(m? —t) ~ s/m?. This will not however

affect our estimates for the positivity bounds which are evaluated at s ~ m?2.
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essentially because the tree level interactions grow at most as s3. This means that we need
to go to higher order in either loops or in EFT corrections.

A crucial observation was made in [25] that although we receive contributions to
B0 (s = 2m?) of the same order, there is a constraint for elastic scattering of any two
single particle states which are themselves arbitrary superpositions of polarizations. This
means that there are far more constraints from the positivity bounds than there are free
coefficients (in the above notation as and «4) in the massive gravity Lagrangian. The
confluence of these constraints is enough to significantly constraint the parameter space
for massive gravity models [25]. It should be stressed however, that this only applies to
approach 3 UV completions, and there may be no constraints in the parameter space of
massive gravity for approach 1 and 2 UV completions.

4.3 Improved positivity bounds for weakly coupled massive gravity

The application of the improved positivity bounds, eq. (2.13), to the scattering amplitudes
of massive gravity has recently been considered in [24]. Fundamentally, there is no essential
difference between the massive gravity case and that of the massive Galileon. For the elastic
scattering of a given set of polarizations, P;, P», there is a positivity bound which is given

in [25] of the form
2,2
2,0 2 gim
BRY), (s = 2m?) = =5 Arn (4.29)
where the coeflicients Ap, p, are dimensionless functions of the two free dimensionless pa-
rameters in the leading order interactions: «3 and a4 (or, in the notation of [2, 24, 25],
cg and ds). The tree level positivity bounds of [25] are that Ap,p, > 0. The improved
bounds (2.13) take the form
2,2 4

gxm g

7?\6 Ap1p2 > KZGSCPlPE R (430)
where Cp, p, are also order unity functions of a3 and ay (c3,ds). This is identical in form
to the bound for the massive Galileon (3.11) with the only difference being the multiplicity
of bounds from the different polarization states. Just as in the massive Galileon case, the
left-hand side of this inequality vanishes as m — 0, due to the soft scattering properties
associated with the Galileon symmetry, whereas the right hand side is finite as m — 0 but
is additionally suppressed by g2. We thus conclude that an approach 3 UV completion
of massive gravity will similarly require weak coupling g, < 1. Given the factor of € on
the right hand, then given even the small range of parameters given in [25], we can safely
satisfy the improved inequality if

m2

92 < (4.31)

A2
3/4 1/4
m m
* < A EY 9 .
I = <A*> <MP1) (4.32)

and again, choosing the mass scale to be of order the Hubble rate leads to g, < 10714

This is equivalent to

Once g, is in this range, the right hand side is sufficiently negligible that we return to the
allowed range of parameters given in [25], determined by Ap,p, > 0.
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Ref. [24] claims that the improved bounds are a vast improvement over that of [25].
However, in reality this is only the case if g, is tuned to be arbitrarily close to the largest
possible value allowed by the inequality. Generically, in the allowed range g. < m?/A2
there is no significant improvement in the allowed parameter space. We illustrate this
statement in figure 1. As is clear from the figure, for sufficiently small couplings subtract-
ing part of the cut from SVT amplitudes does not improve on existing constraints. The
conclusions of ref. [24] simply relied on tuning the value of g, to be on the edge of the
acceptable region.

Ref. [24] then further makes the specious argument that these improved positivity
constraints rule out massive gravity. This is based on the incorrect assumption that the
Vainshtein mechanism requires g, > 1, which is obviously in conflict with the above re-
quirement.

To emphasize once more, the assumption that the Vainshtein mechanism would require
g« > 1 as stated in ref. [24] is entirely flawed since the Vainshtein mechanism is essentially a
classical explanation of the screening of fifth forces and certainly does not require g, strong
coupling,'® as we have emphasized (its validity only requires 7y > A~1). As in the massive
Galileon case, it is true that a small g, will lower the scale at which new physics comes
in, since A ~ gi/ 3A*, however there is no sense in which this conflicts with observations,
it merely limits the applicable regime of the above EFT. Since the Vainshtein mechanism
is essentially a decoupling mechanism, by which whatever physics is responsible for the
spontaneous breaking of diffeomorphism invariance decouples from the helicity-2 gravity
sector and the Standard Model, there is no reason to believe that the UV completion of this
dark sector will undo this decoupling even if it becomes strongly interacting at a low scale.

4.4 EFT corrections from higher derivative operators

Let us now compute the corrections to the scattering amplitude that arise from the § terms
in the tree level action to establish the stability of the bounds from the leading order in-
teractions. This is a worthwhile exercise since (a) whilst these are naively suppressed, the
leading contribution to B®0) is itself suppressed by m?2 /A% due to the Galileon symme-
try and (b) the higher derivative operators are crucial in ensuring higher order positivity
bounds are satisfied.

From quartic interactions of the form

O\ /007 \"™ (moV\™ [ h  m?n "
4
n (2) (%) (o) (M) , (439

the tree level scattering amplitude will get a contribution

AA(s) ~ g2A%s2 (‘f)l <5;2>ns (m%)nv (}(j)w (4.34)

9 m2 <\/§> l mnv+2nT 84771\//2777/1“

VAN m2A6 ’

(4.35)

13 As already mentioned, when referring in the literature to the need of strong coupling for the Vainshtein
mechanism to work, what is meant is the breaking of perturbative unitarity for irrelevant operators. There
has never been any notion that the Vainshtein would ever require g. > 1.
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Figure 1. Regions allowed in the {c3,ds} parameter space of massive gravity. Those determined
by subtracted bounds from definite SVT scattering (as in [24]) are provided in blue, and the
unsubtracted bounds from indefinite scattering (as in [25]) are provided in orange. The figure over
c3 has been maximised over the allowed values of d5 and vice versa. The vertical lines correspond to
couplings of g, = 2 x 10719 (in bold), and 2 x 1079, 10~ (thin lines) with a mass of m = 1073%V.
Ref. [24] focused on the two last values of g, (thin lines), which have no particular physical meaning,.

As is transparent from the figure, for small couplings, g* < 10738(m/eV), subtracting part of the

~

Indefinite, Unsubtracted
Definite, Subtracted

Indefinite, Unsubtracted
Definite, Subtracted

cut from SVT amplitudes does not improve on existing constraints.
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and so the contribution to the positivity bound is

2

m? rm\! m?
ABCO(s = 2m?) ~ g2 (X) i (4.36)

Not unsurprisingly, this is suppressed by at least one power of m?/A? = A/M relative to
the leading contribution. That is because the 8 terms are assumed to come in at the scale
A?* rather than A3M, and it is not to do with the derivative suppression.

Let us consider the exchange interactions in which one vertex (left) comes from a lead-
ing interaction, and the other vertex (right) comes from the higher derivative interactions.
Using the same notation as earlier, we have

| ngg 33/2 nk+mgs—p ms n‘L,+mv \/g nk+mp mg\/§ p
(s) ~ GAM | 5 (5) 7 A3
R
L[ 3/2\"stms nRm nB+my
« Ian(VEY (22 (@) vy (Vs (4.37)
st A A3 A3 M
AT () ()T ey ()T (!
— 9 Ta A A3 A3 M A3

Again defining n), = np + 2mp and using ), n’p = 6 then

mMvT2np+2p 5+1/2—np—ny, /2—p

m2 A8+ )

A(s) ~ gz (4.38)

which again gives AB20) (s = 2m?) ~ gf%; (%)l %62

In the case where both vertices in the exchange interaction are from higher derivative
operators we have

L nL+m n m
Als) ~ Tt (V5 () S( )nv+mv VoS
s3 A A3 A3 M
1 Al Vs [ 3/2 "§+m5 nV+mV Vs ng+mr
<M n) e M (4.39)

2A8 ﬁ I i/Q ns+2ms( ny +2my l ny+2mop
Pt \'n ) (a3 M

mn/\/+2”/T55+l/2_”/T_”/V/2
~ 9« AL0+ )

(4.40)

with | = [” 4+ I®. These interactions are typically further m?/A? suppressed and give

4 I m2
AB®O) (s = 2m?) ~ 93% (%) AT

For the next non-trivial positivity bound we have in both of the first two cases

(4.41)

AB®O) (s = 2m?) ~ g2 (m>l !

A ASY
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for which the leading [ = 0 term is exactly at the naive expected order at least for SSSS
scattering. Specifically the interaction

A (%@) ) (4.42)

will contribute at the desired order (this was discussed in [31]). For [ = 0 interactions,
constraints from one or more vectors and tensors will not contribute as they have fewer
derivatives. This forces us to look to I = 2, for which we recover the m?/A? suppression
characteristic of the leading positivity bound

2
m* o 1

AB®O) (s = 2m?) ~ 2%

nv/2+nT21,l:2. (4.43)
This apparent smallness of B(4’0)(s = 2m?) creates its own tension, since again the right
hand side of the B(*9 positivity bound will be finite in the limit m — 0. However, once
again it will be suppressed by ¢2, and given the weak coupling already required by B9,
there will in general be no difficulty tuning the higher derivative operators to satisfy it.

4.5 EFT corrections at one-loop from leading terms

To estimate the one-loop corrections to the scattering amplitude with ng scalars, ny vectors
and np tensors from the leading interactions, we can use the optical theorem. For each np
we split it into a left and right part of the unitarity cut np = n]LD + ng and denote by mp
the number of internal polarizations so that

Zn%zZnﬁzZmp:Z (4.44)
P P P

Then from the optical theorem, the form of the one-loop amplitude is

) My +2npH2me +2pt 84—(71‘L/ +my)/2—(ng+mr)—prL
Aonefloop (S) ~ Z s m2A\6 x <L — R)
mp
g S8 +2my +2n7+dmr+2p A—(ny +2my)/2—(np+2mr)
n m n m —(n m —n mr)—
NZQ* min2'" VIS ST AT AR Ry Y T, (445)
mp

with p = p” + p’ and so the correction to the leading positivity bound is

4m8

which is suppressed by g2m%/AS relative to the tree level contribution. This was to be
expected as the effective loop counting parameter at energy E is g?E%/AS. As discussed
at length in section 2.3, the fact that the loop contribution is suppressed is at the origin
of the mixing of orders, by which the one loop imaginary part of the amplitude constrains
the size of the tree level real part via analyticity. Loop corrections from higher derivative
interactions will automatically be additionally suppressed.

— 24 —



5 Entering the Vainshtein region in weakly coupled massive gravity

The discussion of the Vainshtein region for massive gravity, closely parallels that for the
Galileon with K, playing the role of the order parameter 8M8HW/A3. Reiterating the
structure of the EFT for massive gravity

1
L= 9—2(A4L0—|—93L1+) (51)

\VANS R\
+A425pw <A> Kg,,< X;) , (5.2)

the boundary of the Vainshtein region is defined as the point at which the locally inertial
2

2
ALy = M7R —AM Y anEgt K"

values of the Riemann curvature, R,,,,, become comparable to m~. For a point source
of mass Moy, this is when My/(MZr3) ~ m?, which is the same Vainshtein radius for the
Galileon. At this point, the equations of motion for the leading terms will imply the locally
inertial value of K,, ~ 1. The leading terms will then give order unity renormalizations
to the kinetic terms for the fluctuations. This is consistent with the expectations of the
decoupling limit. At this point the § term corrections to the tree level effective action are

suppressed by at least

Lhigher derivative ~ A4 _ A _ m72 ~ 10730 <1 (5 3)
Lleading m2M? M A? . .

This allows us to enter some way into the Vainshtein region without the EFT expansion
losing complete control. From the point of view of the low energy expansion, the regime
of convergence is K < 1, V < A and R < A?. However we can again suppose that
there is a resummation of the EFT corrections so that around a background the cutoff is
effectively raised.
As in the previous example, this can be achieved by imagining that the mass of the
heavy fields scales with a positive power of K, for instance
1
93

Lo ~ (-;% HO,Hg" — %A2 (1+ Tr[K]) H? + M HTYK] .. ) . (54)

which on integrating out at tree level will generate higher derivative interactions auto-
matically suppressed by (Ay/(1+ Tr[K]))~'0. In practice, we may need a large number
of heavy H fields (possibly even infinitely many) of arbitrary spins to provide an explicit
UV completion, but we can easily imagine that the masses of all such states scale in the
appropriate way.

Alternatively, we can imagine that all the heavy fields couple to the effective metric
gfg = g + K, and have masses at the scale A. Then integrating out such heavy states
at loop level, the contribution to the Lagrangian will take the form

veff
7”7 R'uupa [geff]] ) (55)

AL = A4\/Det((5’,f +aK¥) Ly A

where Vzﬂ is the covariant derivative with respect to the effective metric and the no-
tation signifies that all contractions are performed with respect to the effective metric.
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Crucially both these special structures are completely consistent with the perturbative
form (5.1), (5.2), valid for K < 1.

In the second example, as we go deep into the Vainshtein region, so that geg ~ aKn,,
the derivative and curvature corrections effectively scale as Ve ~ \/—%8 and R ~ %
(consider them evaluated in a locally inertial frame), which is equivalent to saying that the
effective scale of derivative interactions is now v/ KA. This assumption is a tuning, but
one that is technically natural from the perspective of the loops of the heavy fields if it is
assumed that all the heavy states responsible for spontaneously breaking diffeomorphisms
couple to the same effective metric. In this sense the special resummed structure necessary
to exhibit the Vainshtein mechanism can itself be potentially technically natural, at least
from the perspective of heavy loops, for weakly coupled UV completions.'* It is also
apparent from these ansatze that the derivative corrections for all the helicity components
of the massive graviton will be appropriately rescaled, and so the resummation is not

something confined to the scalar modes.

Recovering GR at small distances. In these conjectured weakly coupled UV com-
pletions of massive Galileons and massive gravity, the onset of the breakdown of the EFT
occurs at distance scales smaller than the Vainshtein radius. This loss of predictivity means
that we cannot use the current formulations of massive gravity to make predictions — for
example for table top tests of gravity. However, it does not mean that the Vainshtein
mechanism is not active in whatever appropriately UV completes the theory. The loss
of predictivity comes from the breakdown of the derivative expansion, which signals the
existence of new massive states, and not from strong coupling (i.e. not the breakdown of
the loop expansion). For both the Galileon and massive gravity EFTs, it is essential to
keep in mind that

1. The virtue of the Vainshtein mechanism is to decouple the strongly self-interacting
sector. This means that while loss of predictivity due to new states or strong coupling
occurs, this occurs not for the standard gravitational sector nor the Standard Model,
but for a sector which decouples and is already suppressed by several (9 in the most
pessimistic estimates) orders of magnitude upon entering the region where the EFT
breaks down.

2. Whatever occurs when the EFT breaks down, it is highly unlikely that the new
physical states or strong coupling would suddenly start (a) reverting the decoupling
that was already well underway and (b) involve a long-range force with physical
observables.

3. Loss of predictivity from a given energy scale onwards can by no means be used to
rule in or out the validity of an EFT at lower energy scales.

4. All these considerations follow approach 3 as an original hypothesis, which may or
may not be the natural embedding for these types of theories.

1MT00ps of light fields are always best computed in dimensional regularization to avoid tracking misleading
cutoff dependence which may not be truly reflective of the heavy physics [38].
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