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1 Introduction

Precision physics in colliders requires more higher-order corrections in perturbation theory.
Unravelling the mathematical structure of Feynman integrals in multiloop calculation is
somehow critical to handle the complexity of higher order calculations and may help us to
obtain a better control of the perturbative expansion. In recent years, the corresponding
research achieved some breakthroughs and becomes now one of the hot topics in physics
and mathematics.

One of the powerful methods to evaluate the master integrals analytically attributes to
the differential equation [1-5]. With recent developments [6—10], this method becomes now
a prevailing one in tackling those integrals unsolvable before. It was noticed by Henn that
generically in multi-loop calculation, choosing a set of suitable basis for master integrals can
greatly simplify the corresponding differential equations [6], which can be calculated iter-
atively in dimensional regularization scheme. In light of this proposal, many of multi-loop
Feynman integrals for various phenomenological processes have been calculated [11-23].
Note, some Feynman integrals in two-loop or higher order possess new mathematical struc-
tures [24-31], which cannot be expressed as multiple polylogarithms and ask for different
technique to deal with. A typical example is the massive two-loop sunrise integral, which
has been studied intensively [32-40].

The heavy quarkonium production and decay are one of the hot topics in particle
physics ever since the first discovery in 1974, especially with the advent of Nonrelativistic
Quantum Chromodynamics (NRQCD) factorization formalism [41]. Up to date there still
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Figure 1. Typical two-loop Feynman diagrams for CP-even heavy quarkonium production.

exist some discrepancies between experimental data and theoretical expectations [42-45],
which appeal for precision calculations. In one of our previous works [46] we gave out a set
of 86 two-loop master integrals about heavy quarkonium production and decay, which can
be cast into the canonical form and expressed in terms of multiple polylogarithms. However,
for those Feynman integrals with functions beyond the realm of multiple polylogarithms the
calculation is not done yet. In fact, to date, only a limited number of similar calculations
have been performed in the literature.

In this work, we calculate analytically all remaining integrals with different mathemat-
ical structures from multiple polylogarithms in CP-even heavy quarkonium production and
decays. The master integrals will be classified into two sectors, one with integrals contain-
ing sub-topologies related to the two-loop massive sunrise integrals and the other involving
non-planar two-loop three-point integrals. Following the strategy suggested in ref. [39] and
with properly chosen basis, we cast the differential equations of those integrals in the first
sector into a proper form that can be solved recursively. Of the second sector, the key
point is to find the homogeneous solutions for the second-order differential equations of the
two-loop non-planar three-point massive integrals, with that the full solutions can then be
obtained by constant variation.

The paper is organized as follows. In section 2, the kinematics is discussed and the
derivatives with respect to kinematic variables will be given. In section 3, the iterative
integrals and complete elliptic integrals are introduced. In section 4, the elliptic type
integrals will be separated into two sectors, and the calculation procedure for them will
be elucidated respectively. For illustration, specific examples will be given. Section 5
is remained for conclusions and outlooks. The definition of master integrals is given in
appendix A, and several simple but typical analytical results are presented in appendix B.

2 Notation and kinematics

The heavy quarkonium exclusive production in electron-positron collision has a relatively
low background, and has played an important role in the study of quarkonium production
mechanism. Here we calculate the CP-even quarkonium production in two correlated
processes, that is in v*vy collision and in electron-position annihilation associated with
a photon,



where k? = 2ss,k3 = 0 and kg = kzg = mg. The typical Feynman diagrams are showed in
figure 1. The process (2.1) is in Euclidean region with ss < 0, and the momenta satisfy
the following relations

(k1 + k2)? = (kg + kq)* = 4mj. (2.3)
Whereas, the process (2.2) is in Minkowski region with 2ss > 4m3, and
(lﬁ — ]4}2)2 = (kq + k’q)Q = 4mg . (2.4)

Note, in the threshold expansion approach, quark and anti-quark momenta are taken to
be equal, i.e. k; = kj.

In order to express the results compactly, here we introduce three dimensionless vari-
ables z, y and z as follows:

55 —x)?

The NNLO QCD corrections to processes (2.1) and (2.2) are calculated in light of
Feynman diagrams. As a routine, with some algebraic manipulations, the amplitudes can
be reduced to a set of scalar integrals. We use the Mathematica package FIRE [47-49]
to reduce the scalar integrals to a minimum set of independent master integrals. The
calculation of these master integrals is the central issue, and normally turns out to be
a nontrivial work. In our calculation, we apply the method of differential equations to
calculate the master integrals.

The first step of deriving differential equations is taking derivatives of the Lorentz in-
variant kinematic variables, and expressing them as linear combinations of master integrals.
The FIRE is also employed in the derivation of differential equations. The derivatives of
the external momenta can be expressed as the derivatives of ss and mg, like

d dss O om2 9
ki-~—=ki-5-a—-+tki- 555
8kj ij 0ss Gk:j 6m(21

with i(j) = 1 or 2. And in reverse, the derivative % can be expressed as a linear combi-

(2.6)

nation of derivatives k; - %, ie.,
J

0 G, 55 + 2m? 0
25 =y [ T gy T 2.
% Dss & Ok + (ss — 2mg> & Oko (2.7)

The derivative transform can be readily obtained according to equation (2.5). With the
variables chosen in above, analytical results of the integrals can then be formulated in a
compact form, in terms of iterative integrals and elliptic integrals.

3 Iterated integrals and complete elliptic integrals

The Goncharov polylogarithms (GPLs) [50] are defined as

rodt
Gorinenin@ = [5G (a). (3.1)
0 ai
1 n
Gy () = — log" x, (3.2)



which in fact are special cases of a more general type of integrals, named Chen-iterated
integrals [51]. If all indices a; belong to set {0,+1}, the Goncharov polylogarithms can
then be transformed into the well-known Harmonic polylogarithms (HPLs) [52]

Hy () =Gy (@), (33)
11(11702,.-7 (x) = ( 1)kGa1,a2,m,an(x>7 (3'4)
where k equals to the number of times the element (+1) appearing in (aj,ag,...,a,) .

The GPLs satisfy the following shuffle rules:

Gayyam ()G, () = Z Geeaemin (T) - (3.5)
cealllb

In above equation, alllb is composed of the shuffle products of a;(i = 1,2...m) and b;(i =
1,2...n), which is defined as the set of lists containing all elements of a; and b;, with the
order of elements a; and b; preserved. The GPLs and HPLs can be numerically evaluated
by implementing the GINAC [53, 54], and the Mathematica package HPL [55, 56] is
applicable to the HPLs reduction and evaluation. Both GPLs and HPLs can be transformed
into functions In, Li, and Ligs up to weight four in light of the method described in ref. [57].
In our calculation, the complete elliptic integrals are necessary to express the integrals
encountered. The first and second kinds of complete elliptic integrals are defined as

! dt
:/ (3.6)
0 \/(1 —t2)(1 —x t2)
and
VAR t2
/ v (3.7)
1-— t2
They satisfy the following derivative relations:
dK(z) FE(z)—(1—-2)K(x)
de 2(1 — o)z ’
dE(z) FE(r)— K(x)
de 2z ‘ (38)
The Legendre relation is useful in simplifying the complete elliptic integrals, i.e.,
Kx)K(l—z)—-K(z)E(1—z)—E(x)K(1—2x) = —g. (3.9)

4 Elliptic integral sectors

The symbols and canonical basis in the calculation of elliptic integrals keep the same as
in the preceding work [46], where the linear differential equations can be expressed, via a
suitable basis choice of master integrals, as canonical form [6]

dF=¢(d A)F (4.1)



with F being the vector of canonical master integrals F;(i = 1...86) [46]. Whereas, the
two-loop massive Feynman integrals concerned in this work may involve elliptic functions,
and hence the calculation of the integrals should be further explored. We separate them
into two elliptic sectors: one with integrals containing sub-topologies related to the two-
loop massive sunrise integrals, the other with two-loop non-planar three-point integrals. In
the following we elucidate the calculation procedures of these integrals.

4.1 Sector I: integrals with massive sunrise integrals as subtopology

The 39 Feynman integrals E;(i = 1...39) belonging to this subsection are shown in fig-
ure 2, which contain sub-topologies related to the two-loop massive sunrise integrals. The
expressions of master integrals without numerators can be readily read off from the figure,
and those with numerators are given in appendix A. Note, the massive sunrise integrals
are composed of the complete elliptic integrals and cannot be expressed as pure Goncharov
polylogarithms. The two-loop massive sunrise integrals (E1, F2) have been widely studied.
Here, the bases (A1, Az), which contain (F7, Es), are of the same as their first appearance
in ref. [39]:

o 12m2((1 —2€)(2(2 — 3€) By + 2(ss + 2m2) Ea) — (ss — 4m?) F1 /€%)

Al =€ s
(s5 —2m2)(ss — 10m2)

(4.2)
) 1
€
m2(ss —2m2)(ss — 10m2)
+4(3 — 10€)my) Er — 8(1 — 2€)((2€ — 1)ss” — 6(7€ — 2)ss> m2 + 12(20€ — 7)ssmy
—8(25€ — 8)m{) o — 4((1 — 4e)ss” + 2(22¢ — 3)ss*m;,
—4(3 4 10€)ssmy + 8md) F1 /€?) . (4.3)

Ay = (—8(1 —2€)(2 — 3¢)((1 — 4e)ss” + 4(11le — 4)ssm?

q

In the following we sketch the calculation of this sector. With a suitable choice of the
basis in the high topologies (Fjs ... E3g), the homogeneous part of the differential equations
for integrals (Fs... E39) can be cast into the canonical form, whereas depending on the
inhomogeneous terms of massive sunrise integrals (E7, Fs), or (A1, As). To be more specific,
after a proper selection of bases Al(i = 3...39), the differential equations for Al(i =
3...39) can be expressed as

dA’
dss

= G(W A'+Y- F) + (EQl + Qz)Al + QsAs. (4.4)

Here, A’ is a 37-dimensional basis vector containing integrals F;(i = 3...39) and F;(i =
1...86); F is a 86-dimensional basis vector that was given in ref. [46]; W and Y are 37 x 37
and 37 x 86 matrices, respectively; A; and Ag are scalar functions defined in equation (4.3);
and Q;(i = 1,2,3) represent the 37-dimensional vectors which are composed of algebraic
functions and are € free.
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Figure 2. The set of 39 master integrals involve elliptic functions in sector I. The thin line
denotes massless propagators and on-shell massless external particles; the thick line represents
massive propagators and on-shell massive external particles; the dash line indicates off-shell external
particles with momentum squared equal to 2ss. The internal lines with a dot mean the power of
the propagators are raised to 2.



Notice that in equation (4.4) the inhomogeneous term that contain Aj is free of €, and
the differential equation for A; given in ref. [39] can be reexpressed as

dA;  —(ss— mq)2 + 14 (ss —m?) m2 + 3m‘ql 2¢
= A — ———A
dss 2 (ss — mg) (ss — 2mg) (ss — 10mg) 58 — 10m3
3m;L
— A, 4.
2 (ss — m?]) (ss — 2m3) (ss — 10m3) 2 (4.5)

Since in above equation the inhomogeneous term containing As is also € free, we therefore
are legitimate to perform a basis shift as

Al — Al +bi(ss)A1 = A; (i =3...39). (4.6)

With the basis shift, QgAz will be removed from the differential equation (4.4). Here b;(ss)
are algebraic functions to be determined. Moreover, the basis shift may also simplify the
inhomogeneous term containing A1, considerably.

For illustration, we take the differential equations for (E4, E5, Fg) as an example,
which have the same topology. By properly choosing the basis, the differential equations
for (Ey4, E5, Eg) can be formulated as

de(ss,e€)

dss € [Yl (s5)e(ss,€) + W1 (s5) f (ss, 6)]

+ QY (s5) Ay + Q! (s5) Ay + A% (s5) Ay (4.7)

Here, e(ss, €), a 3-dimensional basis vector containing integrals (Ejy, Es5, Fg) and Fio, may
be expressed as

e1(s5,¢)
e(ss,e) = | ea(ss,e€)
es(ss, €)
e (ss — 2mg) Ey
— €*\/55,/s5 — 2m2 (ss — 2m2) Es . (4.8)
—29m2
22;22% (66m3E4 — 458°Fs + mg (333 + 2m3) E6) + ﬁﬂg

with f(ss,€) being a 2-dimensional basis vector

F(ss,€) = ( Ifl i) . (4.9)

Y!is a3 x3 matrix, W1 is a 3x 2 matrix, {Q%(z), Q'(x), A°(x)} are 3-dimensional vectors,
and A; and Ay are scalar functions defined as (4.3). To remove the As dependence from
the inhomogeneous part of the differential equations, we perform the basis shift

ei(ss,e) = e;i(ss,€) + bi(ss)A1 (1 =1,2,3), (4.10)



where b;(ss) are algebraic functions to be determined. By virtue of the differential equation
for A1, one can figure out the shift functions b;(ss) in (4.10), which may be formulated in

a 3-dimensional vector form

0
(2ss—B5m2)y/s5—2m2
b(ss)=| 2 3m2y/5s . (4.11)
14ssmg—13552—|—8m;1
3m2(ss+2m2)

The differential equation for e;(ss,¢) is in canonical form, and hence no need to make
the shift. After the basis shift, A(ss)Ay and Q%(ss)A; terms in differential equation for
e3(ss, €) vanish, and the differential equation for e3(ss,e) turns to be canonical. Of the
differential equation for es(ss, €), though A°(ss)As term does not exist, Q°(ss)A; term re-
mains. Note, with the basis shift the inhomogeneous part of the differential equations
for es(ss,e) will be greatly simplified, and the differential equations turn to be solv-
able recursively.

The method described above is also applicable to high sectors with more propagators.
Except for integrals (Fy, Es, Es5, Fy), differential equations for the remaining 35 integrals
can be transformed into the canonical form (4.1), with the method employed in this work.
The basis vector A is built up with 39 functions A;(ss, mq, €), the linear combinations of
master integrals F; and F; with the latter given in ref. [46]. Explicitly, the 39 bases that
contain planar and non-planar two-loop integrals can be formulated as
2 12m2((1 — 2€)(2(2 — 3€) By + 2(ss 4 2m2)Ea) — (ss — 4m2)F /€*)

A1 == ’
(55 —2m2)(ss — 10m2)

1
: m2(ss —2m2)(ss — 10m32)
+4(3 — 10€)mg) By — 8(1 — 2€)((26 — 1)ss” — 6(7€ — 2)ss> m + 12(20€ — 7)ssmy
—8(25¢ — 8)mS)E2 —4((1 — 4€)s5> + 2(22¢ — 3)552m§
—4(3 4+ 10¢)ss mé + SmS)Fl/eZ) ,
Az =3 (ss — 2m3) Es,

Ay =€ (ss— 2mg) E,,

) ) (255 — 5m3) NETES Qm?I
As = € \/ss\/ss —2m2 (ss — 2m7) E5 + 2 B2 /s Ar,

Ay = (—8(1 — 2€)(2 — 3€)((1 — 4e)ss® + 4(11le — 4)ssm?

q

$s — 2m? 14ssm? — 13ss? + 8m?
Ag = ——21 (6em?Ey — 4ss°E 2(3 2m?2) E, g g
6=¢€ PG ( emgEy — 4ss 5—|—mq( ss + mq) 6) + 3 (88+2m(21) 1
Gmg P
+ss+2m§ 12>

A;=¢ (ss — 2m3) Er,
Ag=¢ (ss - 2m§) Eg,

, ) (238 — 5m3) \/ 88 — 2mg
_ 2
Ag = € /s51/s5 — 2m2 (ss—qu) Eyg+4 B2 y/5s Ar,




Ap=¢€

(
A11 = 64 (88 — ng) E11 s
2 [ ss m2 (2Fy — 4A7)
_ 3 2 2 2 q
Ap=c¢ (mq (ss — 2mq) Fi9 — 4e qun) + 3 (mg — 10> Al + P 2m3 ,
Az = 64 (SS — ng) FEi3,
2 ( ss
_ 3 2 2 2
Ay =c¢ (mq (ss - 2mq) Fi4+4e qulg) —3 (mg — 10) Aq

2
_ my (2F27 — 4Ag) n 2\/§ A 7

2
88 — 2mg \/ 88 — 2m?
A15 = 64 (88 — 2m3) E15 s

A =¢! (ss — 2m3) E,

A7 = € /s5,/ss — 2m2 (ss — 2mg) Ei7,
2
q

€
€

Az = e2m (33 - 2m2) Eig — 4e4m2E16 — € (3882 — 8ssm§ + 4m2) Enq
Yo~ 2mi Fr + Fy + 2F 20 o
_T< 7+ Fg + 9)+m( 20 — 4)
$s + 2m2 2 (ss — 10m2
— d A5 + ( q) 1,
\/55,/88 — 2mg 3ss

A =é \/ss + 2mg\/ss — 2m} (ss — 2m3) Eig,

Agy = €3 \/ss + 2m3\/ss — 2m} (SS — 2m3) By,
Ay =€ (ss - 2m§) Ey,

Ay = et (ss — 2m§) FEoo

Ags = €3 \/55,/s5 — 2m2 (ss — 2m3) Ess,

2

. SS m
A24 = 65 (SS E24 — ? (SS — ng) E23 — 2¢ mg EQQ) — m A7,
q
A25 = 64 (SS — 2m2) E25 s
Ag =€ \/ss + 6m3\/ss — 2m§ (ss — 2m§) Eq
3 9 582 — 4m;l mg
Agr =€ (myBar — ————Fas | + ——— (Fs2 — F3 — 247) ,
2 ss — 2mg

Agg =€ \/ss + 2m2\/ss — 2m? (ss — 2m3) Esg |
Agg = ¢ (ss - 2m3)2 FEog,
Agp = €* (ss— 2m2)2 FEsg,

(
Az =€ (ss - 2m2)2 Esq,



Az =€ (ss — 2m3)2 Ess,

Agy = €\ [ss +2m2, [ss — 2m2 (s — 2m2) Eys,

g = et (ss—2m2) (s — (s5— 2m2) Exs) |

Ags = b\ [ss +2m2, [ss — 2m2 (5 — 2m2) By,

Agg = €' (ss = 2my) (Bas — (55— 2mg) Fss) |

Agr = €\ [ss +2m2, [ss — 2m2 (ss — 2m2) Eyr,

Ass = €' (ss—2mg) (Ess + (ss+2m?) Esr) |

Ago = b\ fiss +2m2y [ss — 2m2 (s — 2m2)” By . (4.12)

With the basis chosen above, the differential equations for (As...Asg) then turn to
the canonical form, except for A5 and Ag. The differential equations for A5 and Ag with
respect to x write as:

dAsj 633A4-|—6A5 — 6Ag — 4F5 + 21F5 —|-6A5+2F8

dx 4x z—1
9A, — 2A5 — 2A4 + 919 9A,4 + 2A5 — 2A4 + 9F2
+e€ + € I
T —3 rT—3
N 1(1 +28 40 n 80 80 t1l4
e~ | = 422 _
6\z2 2 (z—-1)2? 2-3 2z2-1 !

4 5 1
iy (T DY
3<($—1)2+x> b

dAg 6Ag + 3Ag + 2F7 4Ag + F7 2A4
=€ —€ -

der T z—1 Ex—i—l
1/4 160 52
==+ ——=+—+4A
+€3<x2+(x—1)2+:13+> 1

- <($_51)2+31;> Ar. (4.13)

Notice that the above two equations are not in canonical form, and they both have the
€ free Ay terms, by a factor of 2 difference. Those terms without A; can be expressed
in d-log form. By using the method described in above, different from casting all terms
into canonical form via (non-algebraic) basis change in ref. [40], the obtained differential
equations are greatly simplified and are suitable for solving recursively. Taking the known
result on A; [39] as an input, the differential equations for (As...Asg) can be integrated
straightforwardly order by order in €. The corresponding lengthy expressions is given as
an auxiliary file in arXiv version of this paper.

After determining the bases, to fix the boundary conditions is necessary for solving
the differential equations. Here, we apply the regularity conditions as in ref. [4] to assist
the determination of boundary conditions. Noticing that the integrals (Es, E4, Es5, E7, Es,
Eg, E117 E13, E15, E16, E17, E19 . E23, E25, E26, Egg . Egg) are regular at ss = QmZ and
multiplying the normalization factor (ss— 2m2) to A;, one may find that the corresponding

~10 -



bases A; turn to be zero at ss = 2m3. The boundary condition for Ag at ss = 2m3 can be
fixed in a similar way, that is
3 4 1

Ag |ss:2mg: §F12 - §A1 |ss:2mg: §F12 . (414)
Here, the integral Fis is known, and the boundary condition for A; may be determined from
its definition in (4.12), i.e. A; |ss:2m3: %Flg. The integral E1q is regular at ss = mg with
the normalization factor (ss —m?). Multiplied by this normalization factor, we then find
Aig=0 at ss = mg. Since the integrals (E12, E14, F1s, E27) are also regular at ss = 2m3,
the boundaries of corresponding bases A; can be determined by differential equations. For
instance, the differential equation for Ao reads

dAq 6L, — 12A7 +6A11 — 3A19 — 16A,
= 2¢ +

dy 3 ceey

(4.15)

2
p
in (4.15) have finite limits at y — 0, the following relation between different integrals exists:

where ellipses stand for less singular terms at y = 0, i.e. ss = 2m;. Since all integrals

11H[1)(6F24 — 12A7 + 6A11 — 3A15 — 16A1) =0. (4.16)
y—

2

Because (Fog, A7,A11) are zero at y =0 (ss = 2mg

), we then have

16
A1z [y=0= —§A1 ly=0 - (4.17)

Similarly, from those boundaries for integrals F14, F1g, E24 and Ea7, one can fix all bound-
ary conditions for bases (A ...Asg), of which the none-zero ones up to weight-4 write as:

2 3
Ay |ss:2mg = €2E+63E (7( (3) —27%1n (2))
1\ 31zt 3 3
+¢t <9Li4 <2> — 4;) +17r2 In? (2)+§1n4 (2)) +0 (%),
16
Az |ss=2mg = ?Al ‘ss:nga
2
Ag |ss:2mg = §A1 ’ss:nga
16
A1p |ss:2mg = *EAl ’ss:nga
8
A1g |ss:2m§ = §A1 ’ss:?m%a
4
A1 |ss:2m§ = _gAl |ss:2m37
3.2 4 (597 (1 2 2, 142 5
Aoy |ss:2mg =8e’m"In(2)+e€ (15—192L14 <2) —8In*(2) (7 +1In (2))> +0 (),
1\ 1974
Aot [gsmomz =€ (3C2(3) +r? 1n(2)> +et (—24Li4 <2> + gg ~In* (2)) +0 (). (4.18)
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Figure 3. The set of 8 master integrals that appear in sector II. Integrals (Cf ... Cg) can be cast into
canonical form, while integrals (C7,Cg) involve elliptic functions. The thin line denotes massless
propagators and on-shell massless external particles; the thick line presents massive propagators
and on-shell massive external particles; the dash line indicates off-shell external particles with

momentum squared equal to 2ss. The internal lines with a dot mean the power of the propagators
being raised to 2.

4.2 Sector II: non-planar two-loop three-point integrals

In this subsection we consider the non-planar two-loop three-points integrals that appear
in the massive light-by-light Feynman diagrams. There are eight master integrals, as shown
in figure 3, with the corresponding bases B; as

By =¢ (ss — 2mg) Cy,

2 —\/(ss — 2m§) (ss — 4m3)
2
a

By = ¢t (ss — 2m2) Cs,

By =€ \/s5,/55 — 2m2 (ss — QmZ) Cy,

By =

i (2 (ss - 2m3) Cy — 4m(2102 + F6/€2) ,

B; = ¢t (55 — 2m2)2 Cr,
ss2 — 4ssmg + 20m?

BS = 64 o5 — 2m2 d m;ng . (419)
q

Note, here the integrals (C ... Cg) were first calculated in ref. [58], and the left two non-
planar two-loop integrals (B7, Bg) cannot be cast into the canonical form via algebraic
change of basis. A similar topology of Feynman diagram as that of (C7,Cs), but with
different kinematics and outgoing momentum squared, was handled in ref. [59].

In order to get expressions for B7 and Bg we first derive two coupled first-order differen-
tial equations with the evolution of variable ss, and then transform them to a second-order
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differential equation for B7. That is:

d’B; ss? — 4ssmg — 12mf11 dB;
dss? (ss — ng) (332 — 4ssm2 + 20mj]1) dss
16m?
— 1 B7 =N (e, ss,mg) ) (4.20)

(ss — ng)Q (352 — 4ssm?1 + 20m3)

with N (e, ss,mg) denoting the non-homogeneous term. Here, the tough issue is how to

determinate the homogeneous solution. To this aim, we make a variable transformation of
—i(ss—2m3)

2
4mq

sstowv= , then the homogenous part of the differential equation turns to

d’B; 1+ dB; N 1
dv? vl —02) dv = v%(1 —?)
The solutions of equation (4.21) can be readily obtained. The two homogeneous solu-
tions (y1(v),y2(v)) read

Br=0. (4.21)

y1(v) = vK(?), yo(v) = vK(1 —v?), (4.22)

with K (z) being the first kind complete elliptic integral. Note that the recently develop-
ment on maximal-cut [60—62] is also applicable to the determination of the homogeneous
solution. The Wronskian of the homogeneous solution reads

w(v) = yQ(v)dy(;iv) — (v)dyjiv) = 2(11}_7:}2) : (4.23)

With the homogeneous solutions and Wronskian, a particular solution can be obtained by

means of the constant variation. The general solution is then

. Nl N’L
B = ciyr(v) + caya(v) — y1 (v / a)da + ya(v / yl(a)d% (4.24)

where i refers to the order of ¢ in By.
Since the integral C'7 has no singularity at ss = ng, and the normalization for C in
By is (ss — 2m?)?, we know

dBy;
Bz |(v=0)=10, T l(w=0)=10. (4.25)
Hence, the constants ¢; and ¢y can be fixed to
cg=cy=0. (4.26)

Once By is obtained, we can then determine the Bg from the first order differential equation
with respect to Bz straightforwardly.

Before calculating the differential equations for integrals in this sector, still the cor-
responding boundary conditions should be fixed. Since the integrals (B, Ba, Bs, B4, Bg)
are regular at ss = 2m2, by multiplying their normalization factor (ss — 2m? ) to B;, the
corresponding bases B; then turn out to be zero at ss = 2m2. Considering that the master
integrals in basis By are regular as ss = 0 and have a common normalization factor ss,
we readily know Bs = 0 when ss = 0. With these discussions, all necessary boundary
conditions to fix the solutions of differential equations are ready.
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4.3 Analytic continuation and discussions

With the analytical results obtained in above, the next necessary step is to determinate

the analytic continuation of the master integrals, which is similar to the procedure in our

previous work [46]. The correct analytic continuation can be achieved by the replacement

of ss — ss + 140 at fixed mg, which corresponds to x — = + 10, y — y +¢0 and z — z + 0.
The canonical bases in (4.12) contain 4 independent square roots

(\/g, \/ss —2m2, \/ss + 2m2, \/ss + 6m3) , (4.27)

which cannot be simultaneously rationalized via one variable change. This means it is not

possible to integrate the differential equations directly in terms of Gongcharov polyloga-
rithms. It is worth mentioning that refs. [58, 63] proposed some novel ways to express
the results of canonical bases for non-elliptic sectors in terms of multiple polylogarithms,
without considering the existence of rational parametrization of the alphabet. However the
results tend to be rather lengthy when expressed in multiple polylogarithms. In order to
calculate the integrals numerically in a faster and convenient way, we construct a one-fold
integral representation for the integrals that can be cast into the canonical form by means
of what proposed in ref. [58]. For integrals in elliptic sectors we need the two-fold integral
representation to express the results up to weight four. The one fold and two fold inte-
gral representations we adopted are suitable for fast and precise numerical evaluation with
Mathematica program on a single core computer.

The analytic calculation in this work is performed by our own developed Mathemat-
ica code, and in order to guarantee the correctness of our results, we ask all analytical
expressions for master integrals experiencing at least one independent examination. We
check all results in contrast to those obtained via numerical programs Fiesta [64, 65] and
SecDec [66, 67]. We have achieved an excellent agreement in analytical and numerical
approaches with kinematics in both Euclidean and Minkowski regions.

5 Conclusions and outlooks

The integrals involving elliptic functions in the NNLO QCD corrections to heavy quarko-
nium exclusive production and decays are calculated, which turns out to be a tough issue.
Those integrals are classified into two sectors, one with integrals containing sub-topologies
related to the two-loop massive sunrise integrals and another with two massive two-loop
non-planar three-points integrals. We find the simple example studied in ref. [39] is in
fact applicable to more general cases, that is, the expressions for two master integrals
composed of two-loop massive sunrise integrals are still suitable for our case. In order to
compute the first sector Feynman integrals under consideration we exploit the result for
the two-loop massive sunrise integrals in ref. [39]. We find a suitable linear combination
of Feynman integrals such that only one of the master integrals about the solutions of
two-loop massive sunrise integrals is required. By properly choosing canonical basis, we
transform the differential equations into a simple and compact form that can be solved
recursively. For another elliptic sector, the key point is to solve the homogeneous equation,
with that inhomogeneous solutions can be obtained by means of constant variation.
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Together with those 86 integrals calculated in our previous work [46], all master inte-
grals appearing in the calculation of NNLO QCD correction to CP-even heavy quarkonium
exclusive production and decays, such as v*y — QQ and eTe™ — v + QQ [68], are ready.
The master integrals take the form of mutilple polylogarithms, iterative integrals over
complete elliptic integrals and multiple polylogarithms. It is noteworthy that the integrals
calculated in this work may also appear in the calculation of NNLO corrections in other
processes, such as the exclusive decay of Higgs or Z° boson to quarkonium plus a photon
and the inclusive hadronic production or decay of n./n,, which are also phenomenologi-
cally meaningful. Moreover, we tend to believe that the calculation procedure and results
in this work might be helpful to the mater integrals calculation of processes beyond the
scope of heavy quarkonium physics, for instance the NNLO corrections to top quark pairs
hadronic production, and NNLO corrections to heavy quark pair production plus a jet in
electron-positron collision.

Note, only simple results are given in the appendix, however the full but lengthy results
will be provided upon request.
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A The definition for integrals

The integral A is defined as

Ay = /DDQ1 DPgy —¢2 :- m2 —q3 :- m2 —(q1 + g2 + kll “ k)2 m2’ (A1)
where the measure of the integration is
D 1 mg ‘ D
D qi = DT 1 ) (Iug> dq;. (A.2)

For master integrals without numerators, their definition can be read off from figure 2 and
figure 3, with the normalization defined in above. For master integrals with numerators,
we can define a series of propagators as

P =m; -, Py =mg — g,

Py =—(q1+q2)?, Py=mi — (g + k)2,
Ps =mg — (g2 + k2)?, Ps =m] — (q1 + k2)?,
Py = —(q2 — kq)?, Py = —(q2+ kg — k2)?,
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a2 + k2 — kq)?, Pro=—(q1 + g2 + kg)* +m?,
Pii=—(q1 + k¢)% Py = —(q2 + ky)?,
Piy=—(q1 — kg)?,

Then, the master integrals with numerators can be expressed as

Py / D, pP Pr
M — DD DD - M - D D
24 / a1 q2 PPP2 PPy’ 34 EC & PP, P3Py PyPig’
Pyo Pio
Vow — [ PPy, DD Mag = | DPg, DP
36 / a1 D7 q2 P, PyPsPsPsPro’ 38 / EE Py P,P3PyPs Py’
P Pyo
2 / Q1 q2 PyPyPoPrs 5 h= e PyPioP11P1aPrs

B The typical analytical results

(A.3)

(A.4)

The typical analytic results of the 39 canonical bases A;, in terms of GPLs and iterative

integrals over complete elliptic integrals, are:

o0 dt
A= 2 I 3
1=¢€ /9 Po——— 1 ()40 (%),

Ay=¢? <\}§Cl (g) +(y+1) <2+\/§Cl (g)) +(y+ 1)2/900 tQ(t_;fl_Z,g)IQ (t))

+0 (63) ,

1 2 1 1
As=¢2 G(l,O,x)—§G(O,O,x)—£—ln(2)7ri+ Ofw+1)

R,
6 3(z—1)

2 _
0 2(24—3) In(—2HEAE

+/9 3(t+1)vVEE—1

L(t)dt | +0(e%),

1 T2
_ 2 = 3
Ag=e¢ <2G(O,0,x)+24 >+O(6 ),

A7263/9 —gG(t—l,y)Il(t)dt~|—(9(e4),

Ag=0(€),
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2

3 In( AL
oo4(2t 3)111( 1+(t+V2 1)z Il(t)dt) +(’)(€3)

+/9 3(t+1)Vi2-1

A= 63 <2G(_170707y)_G(O) —]_,07y)—7,7T(G(0, —]_,y)—2G(—1,O,y)—G(—1,y)ﬂ'2

~ 5B+ a )+ | mQ(t_ng_(i)_l’y) I1(t)dt> +O(eY,
Ay =0,

2
A= (<G(-10)+imG (+19) - 5 ) 46 (4G(-1,0.0.0)+26(0,-1.0.9)

—2G(0,—1,y))+ §7T2G(O,y) — gWQG(—l,y) —7¢(3)+27%1n(2)

C4((t+7)G(t—1,y)—8G(0,y))
+/9 3(i—1)

Il(t)dt> +0(eh),

A13 = 0(64) )

Avs =2 (4G (i, —1,2)+4G(—i,—1,2) —2G(i,0,2) —2G(—i,0,2) — 4G (0, -1, 7)
—2G(0,0,2)+2In(2)(G(0,2) —G(—i,2) —G(i,z)) —m*+1n*(2)) /2+O(€*)

4

G(0,0,0,1,2)—2G(1,0,0,1,2)+C(3)G(0, 2) —2¢ (3)G(1, 2) — —

A _ A4
15 =€ 60

+/OO2<4G(1,7§,2)3G(O,t,z)+G(t,1)(3G(0,z)4G(1,2))
9 3

_ALi (;) 3L <1) )Il(t)dt

+0(€),

Agg=é2 <2G(O, —1,2)—2G(—i,—1,2)—2G(i,—1,2)+G(i,0,2)+G(—i,0,z)

7T2 H2
—|—1n(2)(G(i,a:)+G(—i,x)—G(O,x))—i—12—12(2)> +0(e%),

A19 = 0(63) y
Aqg :(’)(63),
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Agg = €t <2G(0, 1,0,1,2)4+2G(0,0,1,1,2)+4G(0,—1,0,1,2) —2G(0,0,0, 1, z)

2
_G(_Lov —1,0,y)—|—’i7TG(—1,0, _1ay)+l(G(0717Z)_G(07_17Z))

3

4

+§(3)G(O,z)+7r21n(2)G(—171/)_7§2(3)G(_1’y)+1376;
Az =0(e"),
Az = O(€4> )
Agzp = O(€4> )
Az =0(e"),
Agzy= O(€4> )
Ass=0(e"),

Azs=€¢*(2G(0,0,1,1,2)+2G(0,1,0,1,2)+4G(0,~1,0,1,2) —4G(0,0,0, 1, 2)

—2G(-1,-1,-1,0,y)—2G(—1,-1,0,0,y) +2im(G(—1,—1,—1,y)+G(—1,—1,0,y))

+ (601, -60.-1,2)+ 5 (G100 +46(1-10) - 426 (-1)
+7721n(2)G(—1,y)—C(3)G(072)+Z:;
) /goo —8((t—3)G(—1at—1,11)4';75(;_1)1?(0’75_1’y)+2G(—1’0’y))I1(t)dt)+(’)(65),
Agr=0(€"),
Ags=0(e"),
Agg=0(e"). (B-1)
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Here, the elliptic functions I;(t) and Ji(t) were first defined in ref. [39] and formulated as

) = 2 K((\/%—?))(\/E—i-l)?’)’
Ji+s) (vie? \(Vit3s) (vi-1)]
B 2 16y/u
nos V(Vi+3) (\/i—l)?’K((ﬁ*S) (ﬁ—l)?’) | B2

The constant E. is defined as

E.— /900 fﬂdt. (B.3)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] A.V. Kotikov, Differential equations method: New technique for massive Feynman diagrams
calculation, Phys. Lett. B 254 (1991) 158 [INSPIRE].

[2] A.V. Kotikov, Differential equation method: The calculation of N point Feynman diagrams,
Phys. Lett. B 267 (1991) 123 [Erratum ibid. B 295 (1992) 409] [INSPIRE].

[3] E. Remiddi, Differential equations for Feynman graph amplitudes, Nuovo Cim. A 110 (1997)
1435 [hep-th/9711188] INSPIRE].

[4] T. Gehrmann and E. Remiddi, Differential equations for two loop four point functions, Nucl.
Phys. B 580 (2000) 485 [hep-ph/9912329] [INSPIRE].

[6] M. Argeri and P. Mastrolia, Feynman Diagrams and Differential Equations, Int. J. Mod.
Phys. A 22 (2007) 4375 [arXiv:0707.4037] [INSPIRE].

[6] J.M. Henn, Multiloop integrals in dimensional reqularization made simple, Phys. Rev. Lett.
110 (2013) 251601 [arXiv:1304.1806] [INSPIRE].

[7] J.M. Henn, A.V. Smirnov and V.A. Smirnov, Evaluating single-scale and/or non-planar
diagrams by differential equations, JHEP 03 (2014) 088 [arXiv:1312.2588] INSPIRE].

[8] J.M. Henn, Lectures on differential equations for Feynman integrals, J. Phys. A 48 (2015)
153001 [arXiv:1412.2296] [iINSPIRE].

[9] M. Argeri et al., Magnus and Dyson Series for Master Integrals, JHEP 03 (2014) 082
[arXiv:1401.2979] [INSPIRE].

[10] X. Liu, Y.-Q. Ma and C.-Y. Wang, A Systematic and Efficient Method to Compute
Multi-loop Master Integrals, Phys. Lett. B 779 (2018) 353 [arXiv:1711.09572] [InSPIRE].

[11] J.M. Henn and V.A. Smirnov, Analytic results for two-loop master integrals for Bhabha
scattering I, JHEP 11 (2013) 041 [arXiv:1307.4083] [INSPIRE].

[12] J.M. Henn, K. Melnikov and V.A. Smirnov, Two-loop planar master integrals for the
production of off-shell vector bosons in hadron collisions, JHEP 05 (2014) 090
[arXiv:1402.7078] [iNSPIRE].

~19 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0370-2693(91)90413-K
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B254,158%22
https://doi.org/10.1016/0370-2693(91)90536-Y
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B267,123%22
https://arxiv.org/abs/hep-th/9711188
https://inspirehep.net/search?p=find+EPRINT+hep-th/9711188
https://doi.org/10.1016/S0550-3213(00)00223-6
https://doi.org/10.1016/S0550-3213(00)00223-6
https://arxiv.org/abs/hep-ph/9912329
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9912329
https://doi.org/10.1142/S0217751X07037147
https://doi.org/10.1142/S0217751X07037147
https://arxiv.org/abs/0707.4037
https://inspirehep.net/search?p=find+EPRINT+arXiv:0707.4037
https://doi.org/10.1103/PhysRevLett.110.251601
https://doi.org/10.1103/PhysRevLett.110.251601
https://arxiv.org/abs/1304.1806
https://inspirehep.net/search?p=find+EPRINT+arXiv:1304.1806
https://doi.org/10.1007/JHEP03(2014)088
https://arxiv.org/abs/1312.2588
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.2588
https://doi.org/10.1088/1751-8113/48/15/153001
https://doi.org/10.1088/1751-8113/48/15/153001
https://arxiv.org/abs/1412.2296
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.2296
https://doi.org/10.1007/JHEP03(2014)082
https://arxiv.org/abs/1401.2979
https://inspirehep.net/search?p=find+EPRINT+arXiv:1401.2979
https://doi.org/10.1016/j.physletb.2018.02.026
https://arxiv.org/abs/1711.09572
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.09572
https://doi.org/10.1007/JHEP11(2013)041
https://arxiv.org/abs/1307.4083
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.4083
https://doi.org/10.1007/JHEP05(2014)090
https://arxiv.org/abs/1402.7078
https://inspirehep.net/search?p=find+EPRINT+arXiv:1402.7078

[13]

[14]

[15]

[16]

[17]

[18]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

T. Gehrmann, A. von Manteuffel, L. Tancredi and E. Weihs, The two-loop master integrals
for qg — V'V, JHEP 06 (2014) 032 [arXiv:1404.4853] [INSPIRE].

F. Caola, J.M. Henn, K. Melnikov and V.A. Smirnov, Non-planar master integrals for the
production of two off-shell vector bosons in collisions of massless partons, JHEP 09 (2014)
043 [arXiv:1404.5590] [INSPIRE].

S. Di Vita, P. Mastrolia, U. Schubert and V. Yundin, Three-loop master integrals for
ladder-box diagrams with one massive leg, JHEP 09 (2014) 148 [arXiv:1408.3107]
[INSPIRE].

G. Bell and T. Huber, Master integrals for the two-loop penguin contribution in non-leptonic
B-decays, JHEP 12 (2014) 129 [arXiv:1410.2804] [INSPIRE].

T. Huber and S. Krankl, Two-loop master integrals for non-leptonic heavy-to-heavy decays,
JHEP 04 (2015) 140 [arXiv:1503.00735] [INSPIRE].

L.-B. Chen and C.-F. Qiao, Two-loop QCD Corrections to B. Meson Leptonic Decays, Phys.
Lett. B 748 (2015) 443 [arXiv:1503.05122] [INSPIRE].

R. Bonciani, V. Del Duca, H. Frellesvig, J.M. Henn, F. Moriello and V.A. Smirnov,
Next-to-leading order QCD corrections to the decay width H — Z~, JHEP 08 (2015) 108
[arXiv:1505.00567] [iNSPIRE].

T. Gehrmann, S. Guns and D. Kara, The rare decay H — Z~ in perturbative QCD, JHEP
09 (2015) 038 [arXiv:1505.00561] [INSPIRE].

A. Grozin, J.M. Henn, G.P. Korchemsky and P. Marquard, The three-loop cusp anomalous
dimension in QCD and its supersymmetric extensions, JHEP 01 (2016) 140
[arXiv:1510.07803] [INSPIRE].

R. Bonciani, S. Di Vita, P. Mastrolia and U. Schubert, Two-Loop Master Integrals for the
mized EW-QCD wvirtual corrections to Drell-Yan scattering, JHEP 09 (2016) 091
[arXiv:1604.08581] INSPIRE].

M. Becchetti and R. Bonciani, Two-Loop Master Integrals for the Planar QCD Massive
Corrections to Di-photon and Di-jet Hadro-production, JHEP 01 (2018) 048
[arXiv:1712.02537] [iNSPIRE].

J. Ablinger et al., Iterated Elliptic and Hypergeometric Integrals for Feynman Diagrams,
arXiv:1706.01299 [INSPIRE}.

J. Ablinger, J. Bliimlein, C.G. Raab and C. Schneider, Iterated Binomial Sums and their
Associated Iterated Integrals, J. Math. Phys. 55 (2014) 112301 [arXiv:1407.1822] [INSPIRE].

S. Bloch and P. Vanhove, The elliptic dilogarithm for the sunset graph, J. Number Theor.
148 (2015) 328 [arXiv:1309.5865] [INSPIRE].

S. Bloch, M. Kerr and P. Vanhove, A Feynman integral via higher normal functions,
Compos. Math. 151 (2015) 2329 [arXiv:1406.2664| INSPIRE].

J. Broedel, C. Duhr, F. Dulat and L. Tancredi, Elliptic polylogarithms and iterated integrals
on elliptic curves I: general formalism, arXiv:1712.07089 [INSPIRE].

J. Broedel, C. Duhr, F. Dulat and L. Tancredi, Elliptic polylogarithms and iterated integrals
on elliptic curves II: an application to the sunrise integral, arXiv:1712.07095 [INSPIRE].

J. Broedel, C. Duhr, F. Dulat, B. Penante and L. Tancredi, Elliptic symbol calculus: from
elliptic polylogarithms to iterated integrals of Eisenstein series, arXiv:1803.10256 [INSPIRE].

—90 —


https://doi.org/10.1007/JHEP06(2014)032
https://arxiv.org/abs/1404.4853
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.4853
https://doi.org/10.1007/JHEP09(2014)043
https://doi.org/10.1007/JHEP09(2014)043
https://arxiv.org/abs/1404.5590
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.5590
https://doi.org/10.1007/JHEP09(2014)148
https://arxiv.org/abs/1408.3107
https://inspirehep.net/search?p=find+EPRINT+arXiv:1408.3107
https://doi.org/10.1007/JHEP12(2014)129
https://arxiv.org/abs/1410.2804
https://inspirehep.net/search?p=find+EPRINT+arXiv:1410.2804
https://doi.org/10.1007/JHEP04(2015)140
https://arxiv.org/abs/1503.00735
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.00735
https://doi.org/10.1016/j.physletb.2015.07.043
https://doi.org/10.1016/j.physletb.2015.07.043
https://arxiv.org/abs/1503.05122
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.05122
https://doi.org/10.1007/JHEP08(2015)108
https://arxiv.org/abs/1505.00567
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.00567
https://doi.org/10.1007/JHEP09(2015)038
https://doi.org/10.1007/JHEP09(2015)038
https://arxiv.org/abs/1505.00561
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.00561
https://doi.org/10.1007/JHEP01(2016)140
https://arxiv.org/abs/1510.07803
https://inspirehep.net/search?p=find+EPRINT+arXiv:1510.07803
https://doi.org/10.1007/JHEP09(2016)091
https://arxiv.org/abs/1604.08581
https://inspirehep.net/search?p=find+EPRINT+arXiv:1604.08581
https://doi.org/10.1007/JHEP01(2018)048
https://arxiv.org/abs/1712.02537
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.02537
https://arxiv.org/abs/1706.01299
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.01299
https://doi.org/10.1063/1.4900836
https://arxiv.org/abs/1407.1822
https://inspirehep.net/search?p=find+EPRINT+arXiv:1407.1822
https://doi.org/10.1016/j.jnt.2014.09.032
https://doi.org/10.1016/j.jnt.2014.09.032
https://arxiv.org/abs/1309.5865
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.5865
https://doi.org/10.1112/S0010437X15007472
https://arxiv.org/abs/1406.2664
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.2664
https://arxiv.org/abs/1712.07089
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.07089
https://arxiv.org/abs/1712.07095
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.07095
https://arxiv.org/abs/1803.10256
https://inspirehep.net/search?p=find+EPRINT+arXiv:1803.10256

[31]

32]

[33]

[34]

[35]

[38]

[39]

M. Hidding and F. Moriello, All orders structure and efficient computation of linearly
reducible elliptic Feynman integrals, arXiv:1712.04441 InSPIRE].

S. Laporta and E. Remiddi, Analytic treatment of the two loop equal mass sunrise graph,
Nucl. Phys. B 704 (2005) 349 [hep-ph/0406160] [iINSPIRE].

B.A. Kniehl, A.V. Kotikov, A. Onishchenko and O. Veretin, Two-loop sunset diagrams with
three massive lines, Nucl. Phys. B 738 (2006) 306 [hep-ph/0510235] [INSPIRE].

L. Adams, C. Bogner and S. Weinzierl, The iterated structure of the all-order result for the
two-loop sunrise integral, J. Math. Phys. 57 (2016) 032304 [arXiv:1512.05630] [INSPIRE].

L. Adams, C. Bogner and S. Weinzierl, The two-loop sunrise graph in two space-time
dimensions with arbitrary masses in terms of elliptic dilogarithms, J. Math. Phys. 55 (2014)
102301 [arXiv:1405.5640] [INSPIRE].

L. Adams, C. Bogner and S. Weinzierl, The two-loop sunrise integral around four space-time
dimensions and generalisations of the Clausen and Glaisher functions towards the elliptic
case, J. Math. Phys. 56 (2015) 072303 [arXiv:1504.03255] [INSPIRE].

E. Remiddi and L. Tancredi, Schouten identities for Feynman graph amplitudes; The Master
Integrals for the two-loop massive sunrise graph, Nucl. Phys. B 880 (2014) 343
[arXiv:1311.3342] [INSPIRE].

L. Adams, C. Bogner, A. Schweitzer and S. Weinzierl, The kite integral to all orders in terms
of elliptic polylogarithms, J. Math. Phys. 57 (2016) 122302 [arXiv:1607.01571] iNnSPIRE].

E. Remiddi and L. Tancredi, Differential equations and dispersion relations for Feynman
amplitudes. The two-loop massive sunrise and the kite integral, Nucl. Phys. B 907 (2016)
400 [arXiv:1602.01481] [INSPIRE].

L. Adams and S. Weinzierl, The e-form of the differential equations for Feynman integrals in
the elliptic case, arXiv:1802.05020 [INSPIRE].

G.T. Bodwin, E. Braaten and G.P. Lepage, Rigorous QCD analysis of inclusive annihilation
and production of heavy quarkonium, Phys. Rev. D 51 (1995) 1125 [Erratum ibid. D 55
(1997) 5853] [hep-ph/9407339] [INSPIRE].

BELLE collaboration, K. Abe et al., Observation of double cc production in ete™ annihilation
at \/s approzimately 10.6 GeV, Phys. Rev. Lett. 89 (2002) 142001 [hep-ex/0205104]
[INSPIRE].

BABAR collaboration, B. Aubert et al., Measurement of double charmonium production in
ete™ annihilations at \/s = 10.6 GeV, Phys. Rev. D 72 (2005) 031101 [hep-ex/0506062]
[INSPIRE].

Y .-J. Zhang, Y.-j. Gao and K.-T. Chao, Nezt-to-leading order QCD correction to
ete™ = J/v+ne at \/s =10.6 GeV, Phys. Rev. Lett. 96 (2006) 092001 [hep-ph/0506076]
[INSPIRE].

Y.-J. Zhang and K.-T. Chao, Double charm production ete™ — J/¢ + c¢ at B factories with
next-to-leading order QCD correction, Phys. Rev. Lett. 98 (2007) 092003 [hep-ph/0611086]
[INSPIRE].

L.-B. Chen, Y. Liang and C.-F. Qiao, Two-Loop integrals for CP-even heavy quarkonium
production and decays, JHEP 06 (2017) 025 [arXiv:1703.03929] [INSPIRE].

- 21 —


https://arxiv.org/abs/1712.04441
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.04441
https://doi.org/10.1016/j.nuclphysb.2004.10.044
https://arxiv.org/abs/hep-ph/0406160
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0406160
https://doi.org/10.1016/j.nuclphysb.2006.01.013
https://arxiv.org/abs/hep-ph/0510235
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0510235
https://doi.org/10.1063/1.4944722
https://arxiv.org/abs/1512.05630
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.05630
https://doi.org/10.1063/1.4896563
https://doi.org/10.1063/1.4896563
https://arxiv.org/abs/1405.5640
https://inspirehep.net/search?p=find+EPRINT+arXiv:1405.5640
https://doi.org/10.1063/1.4926985
https://arxiv.org/abs/1504.03255
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.03255
https://doi.org/10.1016/j.nuclphysb.2014.01.009
https://arxiv.org/abs/1311.3342
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.3342
https://doi.org/10.1063/1.4969060
https://arxiv.org/abs/1607.01571
https://inspirehep.net/search?p=find+EPRINT+arXiv:1607.01571
https://doi.org/10.1016/j.nuclphysb.2016.04.013
https://doi.org/10.1016/j.nuclphysb.2016.04.013
https://arxiv.org/abs/1602.01481
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.01481
https://arxiv.org/abs/1802.05020
https://inspirehep.net/search?p=find+EPRINT+arXiv:1802.05020
https://doi.org/10.1103/PhysRevD.55.5853
https://arxiv.org/abs/hep-ph/9407339
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9407339
https://doi.org/10.1103/PhysRevLett.89.142001
https://arxiv.org/abs/hep-ex/0205104
https://inspirehep.net/search?p=find+EPRINT+hep-ex/0205104
https://doi.org/10.1103/PhysRevD.72.031101
https://arxiv.org/abs/hep-ex/0506062
https://inspirehep.net/search?p=find+EPRINT+hep-ex/0506062
https://doi.org/10.1103/PhysRevLett.96.092001
https://arxiv.org/abs/hep-ph/0506076
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0506076
https://doi.org/10.1103/PhysRevLett.98.092003
https://arxiv.org/abs/hep-ph/0611086
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0611086
https://doi.org/10.1007/JHEP06(2017)025
https://arxiv.org/abs/1703.03929
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.03929

[47]

[48]

[49]

A.V. Smirnov, Algorithm FIRE — Feynman Integral REduction, JHEP 10 (2008) 107
[arXiv:0807.3243] [INSPIRE].

A.V. Smirnov and V.A. Smirnov, FIRE/, LiteRed and accompanying tools to solve integration
by parts relations, Comput. Phys. Commun. 184 (2013) 2820 [arXiv:1302.5885] [INSPIRE].

A.V. Smirnov, FIRE5: a C++ implementation of Feynman Integral REduction, Comput.
Phys. Commun. 189 (2015) 182 [arXiv:1408.2372] [INSPIRE].

A.B. Goncharov, Multiple polylogarithms, cyclotomy and modular complexes, Math. Res.
Lett. 5 (1998) 497 [arXiv:1105.2076] [INSPIRE].

K.-T. Chen, Iterated path integrals, Bull. Am. Math. Soc. 83 (1977) 831 [INSPIRE].

E. Remiddi and J.A.M. Vermaseren, Harmonic polylogarithms, Int. J. Mod. Phys. A 15
(2000) 725 [hep-ph/9905237] [INSPIRE].

J. Vollinga and S. Weinzierl, Numerical evaluation of multiple polylogarithms, Comput. Phys.
Commun. 167 (2005) 177 [hep-ph/0410259] [INSPIRE].

C.W. Bauer, A. Frink and R. Kreckel, Introduction to the GiNaC' framework for symbolic
computation within the C++ programming language, J. Symb. Comput. 33 (2000) 1
[¢s/0004015] [INSPIRE].

D. Maitre, HPL, a mathematica implementation of the harmonic polylogarithms, Comput.
Phys. Commun. 174 (2006) 222 [hep-ph/0507152] [INSPIRE].

D. Maitre, Extension of HPL to complex arguments, Comput. Phys. Commun. 183 (2012)
846 [hep-ph/0703052] [INSPIRE].

H. Frellesvig, D. Tommasini and C. Wever, On the reduction of generalized polylogarithms to
Li,, and Liz 2 and on the evaluation thereof, JHEP 03 (2016) 189 [arXiv:1601.02649]
[INSPIRE].

R. Bonciani, V. Del Duca, H. Frellesvig, J.M. Henn, F. Moriello and V.A. Smirnov, Two-loop
planar master integrals for Higgs — 3 partons with full heavy-quark mass dependence, JHEP
12 (2016) 096 [arXiv:1609.06685] [INSPIRE].

A. von Manteuffel and L. Tancredi, A non-planar two-loop three-point function beyond
multiple polylogarithms, JHEP 06 (2017) 127 [arXiv:1701.05905] [INSPIRE].

M. Harley, F. Moriello and R.M. Schabinger, Baikov-Lee Representations Of Cut Feynman
Integrals, JHEP 06 (2017) 049 [arXiv:1705.03478] [INSPIRE].

A. Primo and L. Tancredi, On the mazimal cut of Feynman integrals and the solution of
their differential equations, Nucl. Phys. B 916 (2017) 94 [arXiv:1610.08397] [INSPIRE].

J. Bosma, M. Sogaard and Y. Zhang, Maximal Cuts in Arbitrary Dimension, JHEP 08
(2017) 051 [arXiv:1704.04255] [INSPIRE].

A. von Manteuffel and R.M. Schabinger, Numerical Multi-Loop Calculations via Finite
Integrals and One-Mass EW-QCD Drell-Yan Master Integrals, JHEP 04 (2017) 129
[arXiv:1701.06583] [INSPIRE].

A.V. Smirnov, FIESTA 38: cluster-parallelizable multiloop numerical calculations in physical
regions, Comput. Phys. Commun. 185 (2014) 2090 [arXiv:1312.3186] [INSPIRE].

A.V. Smirnov, FIESTA/: Optimized Feynman integral calculations with GPU support,
Comput. Phys. Commun. 204 (2016) 189 [arXiv:1511.03614| [INSPIRE].

- 29 —


https://doi.org/10.1088/1126-6708/2008/10/107
https://arxiv.org/abs/0807.3243
https://inspirehep.net/search?p=find+EPRINT+arXiv:0807.3243
https://doi.org/10.1016/j.cpc.2013.06.016
https://arxiv.org/abs/1302.5885
https://inspirehep.net/search?p=find+EPRINT+arXiv:1302.5885
https://doi.org/10.1016/j.cpc.2014.11.024
https://doi.org/10.1016/j.cpc.2014.11.024
https://arxiv.org/abs/1408.2372
https://inspirehep.net/search?p=find+EPRINT+arXiv:1408.2372
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://arxiv.org/abs/1105.2076
https://inspirehep.net/search?p=find+EPRINT+arXiv:1105.2076
https://doi.org/10.1090/S0002-9904-1977-14320-6
https://inspirehep.net/search?p=find+J+%22Bull.Am.Math.Soc.,83,831%22
https://doi.org/10.1142/S0217751X00000367
https://doi.org/10.1142/S0217751X00000367
https://arxiv.org/abs/hep-ph/9905237
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9905237
https://doi.org/10.1016/j.cpc.2004.12.009
https://doi.org/10.1016/j.cpc.2004.12.009
https://arxiv.org/abs/hep-ph/0410259
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0410259
https://arxiv.org/abs/cs/0004015
https://inspirehep.net/search?p=find+J+%22J.Symb.Comput.,33,1%22
https://doi.org/10.1016/j.cpc.2005.10.008
https://doi.org/10.1016/j.cpc.2005.10.008
https://arxiv.org/abs/hep-ph/0507152
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0507152
https://doi.org/10.1016/j.cpc.2011.11.015
https://doi.org/10.1016/j.cpc.2011.11.015
https://arxiv.org/abs/hep-ph/0703052
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0703052
https://doi.org/10.1007/JHEP03(2016)189
https://arxiv.org/abs/1601.02649
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.02649
https://doi.org/10.1007/JHEP12(2016)096
https://doi.org/10.1007/JHEP12(2016)096
https://arxiv.org/abs/1609.06685
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.06685
https://doi.org/10.1007/JHEP06(2017)127
https://arxiv.org/abs/1701.05905
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.05905
https://doi.org/10.1007/JHEP06(2017)049
https://arxiv.org/abs/1705.03478
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.03478
https://doi.org/10.1016/j.nuclphysb.2016.12.021
https://arxiv.org/abs/1610.08397
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.08397
https://doi.org/10.1007/JHEP08(2017)051
https://doi.org/10.1007/JHEP08(2017)051
https://arxiv.org/abs/1704.04255
https://inspirehep.net/search?p=find+EPRINT+arXiv:1704.04255
https://doi.org/10.1007/JHEP04(2017)129
https://arxiv.org/abs/1701.06583
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.06583
https://doi.org/10.1016/j.cpc.2014.03.015
https://arxiv.org/abs/1312.3186
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.3186
https://doi.org/10.1016/j.cpc.2016.03.013
https://arxiv.org/abs/1511.03614
https://inspirehep.net/search?p=find+EPRINT+arXiv:1511.03614

[66] S. Borowka, J. Carter and G. Heinrich, Numerical Evaluation of Multi-Loop Integrals for
Arbitrary Kinematics with SecDec 2.0, Comput. Phys. Commun. 184 (2013) 396
[arXiv:1204.4152] [INSPIRE].

[67] S. Borowka, G. Heinrich, S.P. Jones, M. Kerner, J. Schlenk and T. Zirke, SecDec-3.0:

numerical evaluation of multi-scale integrals beyond one loop, Comput. Phys. Commun. 196
(2015) 470 [arXiv:1502.06595] [INSPIRE].

[68] L.-B. Chen, Y. Liang and C.-F. Qiao, NNLO QCD corrections to v + n.(m) exclusive
production in electron-positron collision, JHEP 01 (2018) 091 [arXiv:1710.07865] [INSPIRE].

~ 93 -


https://doi.org/10.1016/j.cpc.2012.09.020
https://arxiv.org/abs/1204.4152
https://inspirehep.net/search?p=find+EPRINT+arXiv:1204.4152
https://doi.org/10.1016/j.cpc.2015.05.022
https://doi.org/10.1016/j.cpc.2015.05.022
https://arxiv.org/abs/1502.06595
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.06595
https://doi.org/10.1007/JHEP01(2018)091
https://arxiv.org/abs/1710.07865
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.07865

	Introduction
	Notation and kinematics
	Iterated integrals and complete elliptic integrals
	Elliptic integral sectors
	Sector I: integrals with massive sunrise integrals as subtopology
	Sector II: non-planar two-loop three-point integrals
	Analytic continuation and discussions

	Conclusions and outlooks
	The definition for integrals
	The typical analytical results

