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ABSTRACT: Recently, generalized equations of type IIB supergravity have been derived
from the requirement of classical kappa-symmetry of type IIB superstring theory in the
Green-Schwarz formulation. These equations are covariant under generalized T-duality
transformations and hence one may expect a formulation similar to double field theory
(DFT). In this paper, we consider a modification of the DFT equations of motion by re-
laxing a condition for the generalized covariant derivative with an extra generalized vector.
In this modified double field theory (mDFT), we show that the flatness condition of the
modified generalized Ricci tensor leads to the NS-NS part of the generalized equations of
type IIB supergravity. In particular, the extra vector fields appearing in the generalized
equations correspond to the extra generalized vector in mDFT. We also discuss duality
symmetries and a modification of the string charge in mDFT.
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1 Introduction

A great progress on the Green-Schwarz string theories has been achieved by Tseytlin and
Waulff [1]. In particular, they have shown that the requirement of classical kappa-symmetry
of type IIB superstring theory leads to a set of the generalized equations of type IIB
supergravity [1, 2], rather than the standard ones. As an old result, it has been well known
that the on-shell condition of type Il supergravity leads to kappa-invariant Green-Schwarz
string theories [3, 4]. But the converse has not been clarified for long time, more than three
decades. Actually, it should have been modified by employing the generalized equations of
type IIB supergravity.

This result indicates that the target spacetime may not be necessarily a solution of type
IIB supergravity at least at classical level. However, if the background is not a solution of
the standard type IIB supergravity, then the string world-sheet is not Weyl invariant but
still scale invariant [1, 2]. It has not been clarified what is the physical origin or mechanism
of breaking the Weyl invariance. It is of significance to try to unveil it for discovering the
unexplored physics frontier hiding behind the generalized supergravity.

The discovery of the generalized equations was not straightforward. It is worth describ-
ing that the equations were originally found in the study of Yang-Baxter deformations [5-9]
of the AdS5xS® superstring [10-12]. In the pioneering work [10, 11], the standard g¢-
deformation [13-15] (often called n-deformation) of the AdS;xS® superstring was studied
and the kappa-invariant classical action was constructed. After that, the full background



has been determined by performing supercoset construction [16, 17]. Remarkably, it was
shown that the resulting background does not satisfy the equations of motion in type I1IB
supergravity [17], while it is associated with a solution of type IIB supergravity with a
linear dilaton via T-dualities along non-isometric directions [18, 19]. Then the generalized
equations of type IIB supergravity have been proposed so as to involve the background
as a solution. At this stage, it seemed likely that the generalized equations would heavily
depend on the integrable deformation. But it is not the case as we have well recognized.
The appearance of the generalized equations is intrinsic to the kappa-symmetry of the
Green-Schwarz formulation, rather than a specific integrable deformation.

In addition to the g-deformation, a lot of examples of Yang-Baxter deformations have
been intensively discussed in a series of papers [20-36]. By performing supercoset construc-
tion [17, 31], one can derive the full backgrounds. Some deformations lead to the standard
solutions, but the other ones lead to solutions of the generalized type IIB supergravity.
The two cases are distinguished by the unimodularity condition [34]. For the generalized
solutions, see [17, 31-34]. It would be interesting to note that by performing the gener-
alized T-duality transformations [2], generalized solutions may be mapped to solutions of
the standard type IIB supergravity [18, 33, 34], some of which are locally equivalent to the
undeformed AdS;xS°® [33].

An interesting observation is that the generalized equations are covariant under gener-
alized T-duality transformations [2] and hence a manifestly T-duality covariant formulation
developed in the double field theory (DFT) [37-54] should be efficient in clarifying the struc-
ture of the generalized equations (see [55-58] for reviews of DFT and its extensions). In
this paper, we discuss a modification of the equations of motion in DFT which leads to
the generalized equations of type IIB supergravity. The equations of motion in the conven-
tional DFT is expressed as the generalized Ricci flatness conditions, but in the modified
DFT (mDFT), introducing an extra generalized vector, we make a modification in the gen-
eralized connection and the equations of motion is expressed as the modified generalized
Ricci flatness conditions. The mDFT clarifies the T-duality symmetry of the generalized
equations considerably, and we study the global O(N, N) transformations which map a
solution of mDFT to other solutions of mDFT.

We note that the modification to the DFT discussed in this paper is rather mild. In
section 4, we consider the modification introducing a null generalized Killing vector XM
by hand, but as we will discuss in the Addendum to section 5 (which is based on the
subsequent paper [59] by Baguet, Magro and Samtleben), this generalized vector X can
be alternatively generated from the DFT by prescribing a Scherk-Schwarz ansatz (5.2) and
we do not need to go beyond the conventional DFT.

This paper is organized as follows. Section 2 introduces the generalized equations of
motion of type IIB supergravity. In section 3, we give a concise review of DFT with an
emphasis on a relation to the conventional supergravity and the construction of curvature
tensors in the doubled spacetime. In section 4, we consider a modification of the generalized
covariant derivative by introducing an extra generalized vector field. We then compute the
modified generalized Ricci tensor and derive the generalized equations of motion from the
modified generalized Ricci flatness conditions. We also discuss the T-duality transforma-



tions which map a solution of the mDFT equations of motion to other solutions, and a
modification of the fundamental-string charge in mDFT. Finally, we make an attempt to
construct the classical action for the mDFT equations of motion. Section 5 is devoted to
conclusion and outlook.

2 Generalized equations of type IIB supergravity

In this section, we shall introduce a set of the generalized equations of type IIB supergrav-
ity [1, 2]. The generalized equations have recently been derived from the requirement of
classical kappa-symmetry of type IIB string theory in the Green-Schwarz formulation [1].
This result indicates that the set of the generalized equations is a weaker form of the stan-
dard type IIB supergravity and the target spacetime may not be necessarily a solution of
type IIB supergravity. Note also here that the off-shell action that leads to the generalized
equations has not been constructed yet. Hence this is a generalization only under the
equations of motion.

In fact, a curious thing happens at quantum level if the target spacetime does not
satisfy the usual type IIB supergravity equations of motion. The resulting string world-
sheet theory is not Weyl invariant but still scale invariant [1, 2].> Tt is still unclear what is
the physical origin or mechanism of breaking the Weyl invariance. One of our motives in
this paper is to tackle this issue.

The generalized equations of motion of type IIB supergravity [1, 2] are given by?

1

Rmn - ZHmlenkl - Tmn + Dan + DnXm = 07 (21)

1 1 1
kaHkmn + §Fkamn + ﬁ mnklkalp = Xkamn + Dan - DnXm ) (22)

1
R — EH2 + 4D, X™ — 44X, X™ =0, (2.3)
1
D" Fop — Z" Fm — EHm”k}"mnk =0, I™Fn=0, (2.4)
1

D*Fiemn = 28 Fiomn = < H™ Figpgmn = (LA Ft)n = 0, (2.5)

1
Dk'/rkmnpq - Zk]:kmnpq + %emnpqrstuvwﬂmtfuvw - (I A ~F3)mnpq =0. (26)
The 10D spacetime indices are labeled by m,n,... . The first equation (2.1) is for the

metric in the string frame G, . The matter contribution T},, is given by

Ton = ~ FonFu+ S FpaFall o Foars FaP — L (Fert + 1 FrrY).(27)

Here Fp, , Frunk » Fmnkpq are the rescaled Ramond-Ramond (R-R) field strengths

Fn1n2--- = eq> Fn1n2... s (28)

A series of earlier works [60-63] discussed a subtle difference between the scale invariance and the Weyl
invariance in non-linear sigma models.

2The generalized equations of the fermionic components have been determined in [1]. For simplicity,
these equations have not been displayed here.



where ® is the dilaton whose motion is described by (2.3). The second equation (2.2) is
for the field strength H,,, of the Neveu-Schwarz-Neveu-Schwarz (NS-NS) 2-form B-field.
The fourth, fifth and sixth equations (2.4), (2.5) and (2.6) are for the R-R 1-form, 3-form
and 5-form field strengths.

Furthermore, the Bianchi identities for R-R field strengths are also modified as

(AF1 — Z A F)n — I¥ Frnie = 0, (2.9)
(AF3 — Z AN Fs+ Hs A F1)mnpg — I* Frnpge = 0, (2.10)
1
(dFs — Z N Fs + Hs A F3)mnpgrs + gemnpqmmwﬁf“w =0. (2.11)

A remarkable point is that equations (2.1)—(2.6) involve three new vector fields X,,, , I,
and Z,, . Hence the above equations are referred to as the generalized equations. Actually,
two of them are independent because the vector X, is expressed as

Xn=1Ln+2,. (2.12)
Then I,, and Z,, satisfy the following relations:
DI, + Dyl =0, D Zy, — Dy Zoy + T Hipp = 0, I™Z,=0. (2.13)

The first equation of (2.13) is the Killing vector equation. Assuming that I,,, is chosen such
that the Lie derivative,

L1Byn = Ikakan + Bknamlk - Bkmanlk ) (214)
vanishes, the second equation of (2.13) can be solved as
Zpp = Om® — By I™. (2.15)

Thus Z,, can be regarded as a generalization of the dilaton gradient 0,,® . In particular,
when I, vanishes, Z,, becomes 0,,® and the generalized equations (2.1)-(2.6) are reduced
to the usual type IIB supergravity equations.

In the following, we will discuss the embedding of the generalized equations into DFT
introducing a slight modification.

3 A brief review of DFT

The DFT is a manifestly O(D, D) T-duality covariant formulation of supergravity initiated
in [37-43]. In this section, we shall give a concise review for readers not familiar with
DFT. This review is mainly focused upon introducing the classical action and describing
the equations of motion of DFT in a geometric language.

3.1 The classical action of DFT

In this subsection, we will introduce the classical action of DFT and show that the con-
ventional supergravity action can be reproduced from the DFT action.



Basic ingredients of DFT. Let us introduce a 2D-dimensional doubled spacetime
which is parameterized by the generalized coordinates defined as

e = (2™, &)  (M=1,...,2D; m=1,...,D). (3.1)

Here, 2™ are the usual coordinates and ,, are the dual coordinates. The doubled spacetime
has an O(D, D)-invariant metric,

n=(un) = (;n 55”) ; MV = (i HMN = (52 6?) ; (3.2)

which is utilized to raise and lower the 2D-dimensional indices M, N, - - - . Diffeomorphisms
in the doubled spacetime is constrained so that this O(D, D)-structure is preserved. In fact,
the possible diffeomorphisms, called the generalized diffeomorphisms, are generated by the
generalized Lie derivative £y which satisfies

Lynun =0. (3.3)
For example, the generalized Lie derivative acts on a generalized vector W (z) as
LyWM = vE 9w — (9 VM — oMy ) WK (3.4)

Here, VM (z) = (v™(x), Om(z)) are gauge parameters and 9y = (O, d™) are the partial
derivatives associated with the generalized coordinates ™. In the present formulation of
DFT, the consistency requires a condition for all physical fields and gauge parameters.
This, so-called the strong constraint, can be expressed as

nMN Oy A(x) OnB(z) = O A(z) O™ B(x) + 0™ A(z) 9, B(x) = 0, (3.5)

where A(z) and B(x) are physical fields or gauge parameters.® This condition strongly
constrains the coordinate dependence of fields. As a result, all fields can, at most, depend
on half of the doubled coordinates. For example, the strong constraint can be satisfied if
fields do not depend on the dual coordinates, i.e., 5"%4(1‘) = 5mB(ac) =0.

In addition to the O(D, D)-invariant metric, the doubled spacetime also has a dynam-
ical metric H sy (), which is called the generalized metric. This metric is defined to admit
the following decomposition:

Hunv = VI V)un, VeO(D,D). (3.6)
Namely, it parameterizes the coset O(D, D)/ (O(D) x O(D)) and satisfies
(/Hil)MN =HMN = 77MK Hrr TILN , det(Hyn) =1. (3.7)

Let us consider here the volume form on a doubled spacetime. The role of it is played by
e24®) where d(z) is the T-duality invariant dilaton (sometimes called the DFT dilaton).
Indeed, under a generalized diffeomorphism, it is defined to behave as

(SV e_Qd(z) = zv e_2d(x) = 8M (e—2d(:r:) VM) . (3.8)
This is quite similar to the behavior of the volume form in general relativity,

£uV1G] = 0 (VIG[V™) . (3.9)

3Formulations of DFT without imposing the strong constraint are investigated, for example, in [64, 65].




The classical action of DFT. From the above setups, we can write down the classical
action of DFT, which describes the dynamics of the generalized metric Hysn(x) and the
T-duality invariant dilaton d(x):

S:/dwxﬁ,

L

1 1
e 2 ( 5 HMN opHE L ONH L — 3 HEL oL HMN OnHienr + 40pd ONHMY (3.10)
—4 HMN OpdOnd — 8M6NHMN +4 HMN aMaNd> .

This action is manifestly invariant under a global O(D, D) symmetry which rotates the
2D-dimensional indices (see section 4.3 for more details). As long as the strong constraint
is imposed, it is also invariant under a local symmetry generated by the generalized Lie
derivative [43] although the invariance is not manifest in the above expression.

A relation to the conventional supergravity. In order to reproduce the conventional
supergravity action, it is first necessary to remove the dual-coordinate dependence from
Harn(z) and d(x), which restricts the partial derivatives in (3.10) into the form 0y =
(Om, 0). Next, the following parameterizations for Hy/ny(x) and d(z) are supposed in
terms of the conventional massless fields in the NS-NS sector, {Gn(z), Bmn(z), ®(z)}:

Gn — By GP4 By, By GF™ _ _
Houry = < —Gmkka g ka” ) . e =e"2% /3. (3.11)

Then, from a straightforward calculation, the classical action (3.10) can be recast into
the conventional supergravity action describing the NS-NS sector fields (up to a bound-
ary term):

1
S:/dD:cqu’ |G [R+4|d¢>]2—2|H3|2 : (3.12)

Here, D,,,, Ry, and R are the conventional covariant derivative and Ricci tensors associ-
ated with the metric G,,,. The metric G,,,, is used to raise and lower the D-dimensional

indices m,n,--- . The following convention is employed for the curvature tensors,
1
Do = 0pv™ + Vrr?k oF ) 'Yn»]fn = 5 le (8mGnl + 0nGrt — 8len) )
qumn = 8m7n1()] - 8”777% + ’Ynfr ’Ynz - ’ynz; ’YTrTL‘q ) Rmn = kakn ’ R=G™ Rmn .

Note that, by choosing the so-called canonical section Oy = (O, 0), which satisfies the
strong constraint, and also choosing the parameterizations (3.11), a local symmetry, gen-
f , Bm) , S
reduced to a local symmetry of the conventional supergravity generated by the conven-

erated by the generalized Lie derivative £y with gauge parameters VM = (v™

tional diffeomorphism and the B-field gauge transformation,

0Gmn = £4Gmn , 0Bymn = £y Bmn + OmUn — OnUpy, (3.13)



It should be remarked that the DFT action can be extended to support the R-R
fields [47, 48, 53] and fermion fields [49], and the supersymmetric action is constructed
in [51, 52, 54].

In the following, we will concentrate only on the NS-NS sector. A generalization to
include the R-R fields and fermions is left as a future problem.

3.2 Generalized connection and generalized Ricci tensor

In this subsection, we will introduce the generalized covariant derivative and the generalized
Ricci tensors [38, 44, 46, 50]. The generalized Ricci tensors are useful in manifesting
the covariance or invariance of various quantities under the generalized diffeomorphisms.
For example, although the local gauge invariance of the DFT action was not manifest
from (3.10), the invariance becomes manifest because the Lagrangian density £ can be
identified with a product of the volume factor and the generalized Ricci scalar. This is
a generalization of the Einstein-Hilbert action for the general gravity. The equations of
motion of DFT can also be expressed as the generalized Ricci flatness conditions and the

covariance becomes manifest.

Generalized covariant derivative. Let us define the generalized covariant deriva-

tive as?

VMVNEaMVN—i-FMNKVK, VMWNEaMWN—FMKNWK. (3.14)
In the conventional formulation, the following four conditions are assumed [44, 46, 50]:

(1) The compatibility with the O(D, D) invariant metric:

Vgnun =0. (3.15)
This condition is equivalent to the anti-symmetricity in the last two indices,

(2) For arbitrary generalized tensors, the following condition is imposed:
Ly = LY. (3.17)
Here £ ‘Y denotes a generalized Lie derivative with a generalized covariant derivative,

instead of a partial derivative. That is, its action on a generalized vector WM takes
the form,

EYWM = yN WM — (v vM - vM vy Wl (3.18)

By using the condition (1), i.e., Pyynkx = Iagvg, the condition (2) can be recast
into [44]

Pivvk) = 0. (3.19)

This condition is interpreted as the torsion-free condition [50] because the difference
£y — £ g is regarded as the generalized torsion tensor.

“We will basically follow the convention of [44, 46].



(3) The generalized metric is required to be covariantly constant:
ViHyun=0. (3.20)

For our later discussion, it is helpful to introduce here the projectors defined as

1 _ 1
P, = - +H , P, =_ —H ,
MN B (77MN MN)_ ’ MN _2 (77MN MN) ) (3.21)
Py PN =Py, Py PN = Py, Py + Py = 6u™ .

From the conditions (1) and (3), it is easy to see that the projections are covariantly
constant,

VMPKL =0, VMPKL =0. (3.22)

(4) The dilaton d(z) is also required to be covariantly constant:
Vard=0. (3.23)

The factor e~ 2¢ behaves as a scalar density with a unit weight, hence this condition
can be written as

Ve 2 =0ye 24T pe? =0, (3.24)

or equivalently,
1 K
VMdzaMd+§FK m=0. (3.25)

Explicit form of the connection. The four conditions (1)—(4) can mostly determine
the explicit form of I'yr v i in terms of Hysn(x) and d(z) . We shall explain here the outline
of determining it by following [44, 46, 50]. It is convenient to employ the projections [50]:

WM = PMN War, WM = pMN W, Wy = WM + WM . (3.26)

From the conditions (1) and (3), this projection is consistent with the generalized covariant
derivative (i.e., the projection commutes with the generalized covariant derivative each
other). The condition (1) also ensure that the barred/under-barred indices can be raised
or lowered consistently (i.e., the projection commutes with the raising/lowering operations
one another). Then, for example, the following relations are satisfied:

WMy, =0, WMyy=w¥y,+w"y,. (3.27)

These will be useful in our later discussions.
The properties I'nynk = I'yvk) and Ijasvi) = 0 allow us to expand I'yvk as

+ (Coyng —Tiigy —Twvim + Ty - (3.28)

®Note that our projectors (P, P) are the same as the ones in [44, 46] and correspond to (P, P) in [50].




Thus, all we have to do is to determine the following components [50]:

Punvk:  Twng,  Tung:  Tuvk: (3.29)
The last two are determined only from the conditions (1) and (3) [44, 46, 50];

FMNR:—(PBMPP)NK, Cyng = (POyPP)Nk - (3.30)

On the other hand, I'yynvg and I'j;yg, depend on the contracted components I'yy =
[y, which are determined from (3.25). In fact, the following expressions can be ob-

tained:
2 _ N
Tunk = 57 Puwy Pt (T, —2(P3°P P)gr) + Tk
9 - - . (3.31)
Uing = 55— Paiv Pry* (T, —2(PO®P P)igu) + Tirwi -
Here, T vk are undetermined (or unphysical) quantities satisfying
M Tyne =0, nM*Tygg =0. (3.32)

They should be projected out from any physical expressions, such as the action and the
equations of motion.
By gathering the results obtained so far, the generalized connection is given by

Tynk = Dyunk + SNk Swunk =Tyunk +Tivg

2 o )
+ 55— (Pupy Py™ + Papy i) (T = 2(P 9P P)guy) -

The contracted components I'j; can be expressed as
'y = —20ud, (3.34)

due to the condition (4), but note that the result (3.33) itself is independent of the explicit
form of I'p; . This observation will play a crucial role in section 4.

Generalized Ricci tensors. With generalized connections, a generalized Riemann ten-
sor Sy Nk can be defined as [44, 46]

Sunkr == (Runkr + Ry —Tpun T kL) (3.35)

N |

Here, RpomN = NPR RRQ MN 1S a non-tensorial curvature defined as
RPQMN = 8MFNPQ — 8NFMPQ + FMPR FNRQ — FNPR FMRQ . (3.36)

The conditions (1) and (2) enable us to show the following symmetries (which are satisfied
by the conventional Riemann tensor) [44]:

SunkL = Spunkr = Skrmn,  SunkL = Sunikr),  Smunkip =0.  (3.37)



By using the generalized Riemann tensor Sa;nkr, one can define the generalized Ricci
tensor® Sy and the generalized Ricci scalar S as

Sun = -2 (PMK PNL + PMK PNL) SPKPL , (3.38)

S = (PMK pNL — pME PNLY Q) vkr - (3.39)

These quantities are constructed such that the contribution from the unphysical connection

Y uNk is completely removed [50]. In other words, they are fully covariant quantities in

the semi-covariant formulation [44, 46].
By using the explicit form of the generalized connection (3.33) and I'yy = —2 dpsd, the
generalized Ricci tensors, Syyny and S, can be expressed in terms of H sy (x) and d(x) [42];

Syn = —2 (PMK PNL+PMK PNL) Kkr, (3.40)

1 1
Kun = 3 8MHKL ONHir — B 8(M\HKL 8K/H|N)L +20p0Nd

1 1 1
+ (Ox —20Kd) (2 HEL 8(M|H\N)L + B HL(M‘ 8L’HK|N) 1 HEE 8L’HMN> ,

(3.41)
1 1
S = g MM o H Ot — 5 HEE O MY OnHicwr + 40nd ONHMY
— 4HMN 9y rd Ond — OprONHMN + AHMN 9y 0nd . (3.42)
Let us recall here that the classical DFT action (3.10) is given by
S = / APz e %S, (3.43)

The volume form e~2¢ and the generalized Ricci scalar S behaves as a scalar density and
a scalar, respectively, under generalized diffeomorphisms. Hence, under an infinitesimal
generalized diffeomorphism along a generalized vector V| the action transforms as

oy S = / A*Pz oy (e SVM) . (3.44)

Thus, the DFT action is manifestly invariant under the generalized diffeomorphisms, at
least in the absence of the boundary.

The equations of motion of DFT can be straightforwardly obtained from the ac-
tion (3.10), and the result can be summarized as

Sun =0, S§=0. (3.45)

It is also possible to define the generalized Einstein tensor as [66]

1
gMNESMN_g/HMNS- (3.46)

5The generalized Ricci tensor here is related to the conventional definition [44, 46, 50] in the following

manner: SJWN|here =-2 S]\/[N|conventional .

~10 -



This tensor satisfies

5 5 2 2 _
Sun = (Pu’ Pn"+ Py Px") G, S = =5 PMY G = 5 PYY Gy, (3.47)
and the differential Bianchi identity [38, 45, 67]
VuGMYN =o. (3.48)

By using the generalized Einstein tensor, the equations of motion is written in a sim-
ple form:

gun =0. (3.49)

The covariance of the equations of motion is manifest since the generalized Einstein tensor
transforms as a generalized tensor under the global O(D, D) transformations as well as the
local generalized diffeomorphisms.

Equations of motion in the conventional formulation. For later convenience, let
us describe the relation between Gp;ny = 0 and the equations of motion in the conventional
supergravity.

Note here that Syyn = Sy + Sy has only D x D independent components. In fact,
by using a certain matrix sm; , SMN can be expressed as

_ 2 G(m|k slkl Bl|n) — S(mn) — Bk sk Bin, Bk stkn) — Gmk sl
(SMN) - < S[mk] Gk,’n . S(mk) Bk:m S(mn) . (3.50)

Then, Syry = 0 is equivalent to s, = 0. When we choose the canonical section dy; =
(Om, 0) and adopt the parameterizations in (3.11), we can express S, as
1 pq 1 k k
Smn = Bmn — 1 Hppg HP1 + 2D, 0, P — 3 D*Hypn + 0k ® H” 1y (3.51)
If we decompose sy, into the symmetric part s(,,,) and the anti-symmetric part s, the
well-known beta functions [68] in the conventional string sigma model are reproduced”

1
S(mn) = @%n = fimn — Z Hmpq H,P?+ 2D,,0,9, (352)
1

mn — 2
Thus the flatness condition of the generalized Ricci tensor Sy;ny = 0 is equivalent to

B¢ =0, BE —o. (3.54)

"Note that the beta function in Tseylin’s double sigma model [69, 70]

1
S = /d% (nun 01 XM 0 XN — Hun 01 XM 91 XY,
>

4o

is also computed in [71-74] to have the form, Smn = S, unifying 8%, and BE,, in a covariant manner.

- 11 -



On the other hand, S has the form
1
S=R+4D"0,® —4|09]* — 3 |H3|?, (3.55)

and S = 0 is equivalent to the vanishing beta function for the dilaton 8® = 0. To
summarize, it has been shown that Gy;n = 0 is equivalent to

BSn = Bh,=B*=0. (3.56)

These equations are nothing but the equations of motion for the NS-NS sector of the
conventional supergravity.

As a side remark, it will be interesting to note that 3% becomes a constant upon using
equations of motion Syyny = 0, as emphasized in [68]. Indeed, by using the differential
Bianchi identity and Sy;y = 0, it is easy to show that

oS = 2Hyn VeSEN =0. (3.57)

In the next section, we will consider a modification of the standard DFT introduced
here by relaxing the condition (4) for the T-duality invariant dilaton d(z) .

4 The generalized equations from modified DFT

In this section, we will consider a modification of the generalized connection by relaxing the
condition (4) associated with the DFT dilaton d(x). This leads to the modification of the
generalized Ricci tensors. We here study a theory, referred to as a modified double field
theory (mDFT), whose equations of motion are given by the modified generalized Ricci
flatness conditions.

The goal of this section is to derive the generalized equations in the NS-NS sector,

1
R — 1 Hyppg H '’ 4+ D X5, + Dp X, =0,

1
5 D" Himn — (X* Higmn + Dy X, — Dy Xpn) =0, (4.1)
1
R—3 |H3|> + 4D, X™ —4X™X,, =0,

from the equations of motion in mDFT. Namely, we show that the generalized equations
are embedded into the mDFT.

We also discuss several aspects in mDFT; the global O(D, D) symmetry, modification
of the string charge, and the action.

4.1 Modified generalized Ricci tensor

Let us recall that the generalized covariant derivative has been defined by requiring four
conditions in section 3.2.

Our central idea here is to make a modification of the condition (4) which determines
the contracted connection I'y; = I'x ™ 37 . The condition (4) was originally required for the
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covariant divergence of an arbitrary generalized vector V* multiplied by the measure e~2¢

to be a total derivative,
e 2V VM = 9y (e VM. (4.2)
In the following, we will consider the following modification of this condition:
Vard = 8yd + %fKKM = —Xu, (4.3)

by introducing an extra generalized vector field Xj;. Here and hereafter, we denote the
X-modified generalized covariant derivative and the generalized connection by V and I'.
For the modified generalized connection, the relation in (4.2) is also deformed;

e 2V VM = 9y (e VM) — 2 072 X, VM (4.4)

As we will discuss in section 4.5, this deformation makes it difficult to derive the generalized
Ricci flatness conditions as the equations of motion.
By using the expression (3.33) and

fM = -2 (8Md+XM) R (45)
it is easy to calculate the difference in the generalized connection,
SxTrni =Tunk — Tunk - (4.6)

Indeed, we obtain

4 _
OxTynk = 51 (Parpy Pry™ + Purpy Prg™) X1 (4.7)

In order to calculate the modifications of the generalized Ricci tensors, let us employ the
formula for the variation of the generalized Riemann tensor [50],%

OxSMNkL = VudxUnxr + VikdxUun

— 0xTarpr OxT v — 0xTxpw Ox T’ — 5 SxTpunoxT k1,
(4.8)

under a shift in the generalized connection
Tunk — Duvg = Duvk + 0xT v - (4.9)
This formula leads to the variation of the generalized Ricci tensor:
SxSun = —2 (Py™ Py" + Py™ Pyt) [—V(M5XFN) — VE6xT (i

1
— oxT ™" 0xT vy — 0xT i 6xTarmy™ — 5 SxTrm™ 6xTH vy

= —4 (Pyx Pyr + Pyx Pyp) VEXD) (4.10)

8The generalized connection Iy vk here corresponds to I'nyixn = —Tarnvk of [50].
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Note here that only the first term has non-vanishing contribution because dxI'j;nx has
only MNK and M N K components and the projections remove all the other terms. A
similar calculation also leads to

6xS =4Hyun VXN — 4y XM XN, (4.11)
Then, by introducing a dual generalized vector
YM =M Xy, (4.12)
the following expressions are obtained

SxSun =4 (Pu Pvr — Puk Pyr) VEYH = — Ly Hyw, (4.13)
6xS =4V YM —4HynYMYN. (4.14)

In summary, by using the expressions of Sy;ny and S, the modified generalized Ricci
tensors, Sy;y and S, are written as

Sun =8Sun — £yHun (4.15)
. 1 1
sz§HW%WWU%%M—iHm@ﬁWN%%mHAmm%%WV
— AHMN 9yrd Ond — O ONHMY + AHMN 90N d
+ 4V YM 4ty nYM YN, (4.16)
It is easy to see that S is derived from S by making a simple replacement,

Oypd — Oprd + Xy . (4.17)

This must be also true for S MmN since the dilaton dependence in S MN appears only with
the combination, dyd + X .

4.2 Equations of motion as the generalized Ricci flatness conditions

The aim of this subsection is to show that the modified generalized Ricci flatness conditions,

Sun=0, S=0, (4.18)
or equivalently,

Syn = z’nyMN, S=-4 VMYM +4H N YMYN, (4.19)

lead to the equations of motion in the generalized supergravity (4.1).
In order to reproduce (4.1), we choose the canonical section (9p7) = (O, 0), and adopt
the parameterizations (3.11). We also parameterize the null generalized Killing vector as

om0 I Im
XM= " = . 4.20
(an 6;2) (U) (Um By In) (4.20)
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With this parameterization, I™ and U,, are a contravariant and a covariant vector, re-
spectively, and invariant under the B-field gauge transformations. The explicit form of the
dual generalized vector becomes

om0 un um
yM _ M xN _ [ On - , 4.21
o (an 6&) <In> (Im + Byn U“) (4.21)

Then, the generalized Lie derivative fyHMN, which has the components (fy’H) MN =
(:BYH)MN + (fyH)MU, becomes a matrix of the form (3.50) with s,,, replaced by

From (3.52), (3.53), and (3.55), the modified generalized Ricci flatness conditions (4.18)
can be expressed as

Sy =0, Spnn =0, S=0 (4.23)

with

. 1
S(mn) = S(mn) + e(mn) = Rpn — Z mpq H,* + 2Dy, 0,® + DUy + D Upy )

. 1
Simn] = S[mn] + g[mn] = ) Dka:mn + O, ® Hkmn +U* Himn + Dindp — Dyl
. 1
S=R+4D"9,,® — 4|00 — 3 |H3|* —4 (I™ Ly + U™Up, + 20" 9, ® — D, U™)
(4.24)

Although these equations are not equivalent to (4.1) yet, we can show the equivalence
by further assuming that the generalized vector,

XM — _vyMg, (4.25)
is a null generalized Killing vector;
mun XMXN =0, LxHun=0, £xd=0. (4.26)
The null property gives rise to
mu,, =0, (4.27)

and the generalized Killing property leads to the following relations:
Dy I, + Dyl =0, I* Hymn + DUy, — DUy Im8,®=0. (4.28)
These requirements lead to the equations of motion (4.1) with identifications
X =1+ Zn, Zm = O ® +Up, . (4.29)
The null property and the generalized Killing property can be summarized as

Doy + Dol =0,  I* Hypn + DonZn — DpZm =0, 1™ Zp = 0. (4.30)
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Note that, as we discuss in section 4.4, the null and the generalized Killing properties are
important in order to define a “fundamental string charge” in mDFT. This result indicates
that the kappa-symmetry constraints play an important role in defining the “string charge.”

Note also that the equations of motion can go back to the original ones if and only if

‘:ﬂ)y'HMN:O, ’HMNYMYN_VMYM:(), (4.31)
are satisfied.

4.3 Global O(D, D) transformations in mDFT

In this subsection, we consider global transformations which map a solution to other solu-
tions.

First of all, let us consider global O(D, D) transformations in DET. An arbitrary global
O(D, D) transformation can be generated by the following three transformations:

GL(D):  Ala)y™ = (ag ( _Q)m > [an™ € GL(D) ], (4.32)
a n
B-shift: — A(b)yN = (581 bén;;z) [binn = —bpm | (4.33)
sno— (5k §n 5k 6k
T-duality: AR N=|"™_ "m" mn . 4.34
i A ( i o 6:?—6;2”55) .

Here, “T-duality” represents the conventional T-duality transformation along z* direction
and the index k in the last expression is not summed. Under a general global O(D, D)
transformation A/, the generalized coordinates, the derivatives, and the generalized
metric are defined so as to transform covariantly,

xM — QJ,M = AMNxN, 8M — 85\/[ = AMNaN, HMN — /H/MN = AMKANLHKL.
(4.35)

Here the indices are raised or lowered with nsn as usual. In addition, the transformation

2d

rule for the DFT dilaton d(x) is given as follows. Since e™* is a scalar density, it is

transformed under a global GL(D) transformations as
e72d 72 = |det(a)| e . (4.36)

On the other hand, it is invariant under the B-shifts and T-duality transformations. Then,
since |det(a)| is constant, djpsd is transformed as a generalized vector,

ovd —  dyd = Ay Ond, (4.37)

under global O(D, D) transformations. The generalized Ricci tensors, Sy;y and S, are
polynomials in

{Hun, OkHun, OkOLHMN , Omd, OnONd} (4.38)
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with the indices contracted with 7,75, and hence it is useful to write Sp;y and S in terms
of polynomials Py, and P as

Sun = Pun(Hun, Ok Hun, OxOrHMN, Ond, OvOnd)

S =P(Hun, OxHun, OxOrHun, Oud, OrOnd) - (4.39)
We then have the following transformation rule for Sy;y and S:
Shun =AuEANE Sk, S =8, (4.40)
where
Sun = Pun (Hins OxHiin, 00 Moy, Oyd', 93 0nd') (4.41)

S' = P(Harn, O Hins 00 M O, OyOnd') -

This shows that under the global O(D, D) transformation, the DET action is invariant and
the equations of motion are covariant. In the case of (4.35), however, everything is rotated
and nothing is changed physically.

Next, let us recall that the strong constraint can be satisfied by choosing the canonical
section (Opr) = (Om, 0), up to global O(D, D) rotations of generalized coordinates. Once
the canonical section has been fixed, we will not change doubled coordinates any longer
but perform a different kind of global O(D, D) transformation which acts only on fields,
Harn and d(z), on the canonical section:

J,’M — le, Hyun — ’HIMN IAMKANLHKL, 8Md — 8Md’:8Md. (4.42)
After performing this transformation, the equations of motion become
Sun =0, S=0, (4.43)

where

Sun = Pun (Hyn, Ox My, Ox0 oy, Oud', 9yond')

~ 4.44
S = ,P(,HE\/[Na 8}(7‘[?\41\/, 8K8LHQ\/IN7 6Md,, 8M8Nd/) . ( )

Then, even if we start from a solution of DFT, {Hn(z), d(x)}, the transformed config-
uration, {HM (@), d (x)}, may not satisfy the equations of motion, because the original
equations of motion, Syyy = S = 0, and the equations of motion for the transformed
solution, Syyy = S = 0, are not equivalent (although Syy =S =0 and Sj,;y =8 =0
are equivalent from (4.40)). However, if we consider a special case, in which there exist
isometries, Hynv(z) and d(z) are independent of the corresponding coordinates, denoted
by (y*) (i =1,...,N). Then, by decomposing the physical coordinates as (z™) = (x, y')
(uw=1,...,D — N), the derivative takes the following form:

(Or) = (B0, D5, 0", 0" = (8, 0,0,0)" . (4.45)
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In the case with isometries, under global O(N, N) transformations of the form,

60/ 0 0 0
(An™) = 8 Aé] 5SV A(;'j , (4.46)
0 AY 0 AY
the derivative d)s is the same as the would-be transformed derivative,
By = AN Oy = (9,,,0,0,0) " (4.47)
We then obtain
Sun = Pun (Han, OxHirws 0%t Harw, Oyd's 93 0yd’) = Shyw (4.48)

S = 'P(/HMN, 8}(7‘[/MN, ;(827'[/1\4]\/, 8?\401/7 8§\/la§\/dl> - s

Recalling Syy = S = 0 is equivalent to S}, = &' = 0, we obtain Sun =S =0 and
{H) n(z), d'(z)} satisfies the equations of motion of DFT. Namely, in the presence of
N isometries, O(N, N) transformations (4.46) map a solution to other solutions of DFT.
These are nothing but the O(N, N) T-duality transformations known in the conventional
supergravity.

Let us next consider a more general class of DFT solutions in which Hj;n is indepen-
dent of y* but the DFT dilaton has a linear dependence on y*, namely,

Hun(z,y) =Hun(z), d(z,y) = do(z) + ¢y (c; : constants) . (4.49)

We show that the above y’-dependent solution of DFT is mapped to solutions of mDFT
under global O(N, N) transformations.

Starting from the solution (4.49) of DFT, {#H N, d}, let us consider an O(N, N) trans-
formation (4.46) and denote the transformed configuration by {#H,y, d'}. As explained
above, due to the presence of the isometries, dx M, and Ox0r M), can be rewritten as
O Hyn and 0507 Hy n , as in the previous case. On the other hand, the non-isometry of
d leads to

Oy d # Oyd  for ¢; #0, (4.50)

as we can see from the explicit expression,

D, O,d D,d
o;d c; Aij Cj

8Md/ = é“d/ = 0 ) a;\/[d/ = AMN aNd/ = 0 / (451)
5id/ 0 AV Cj

Again, Syyy = S = 0 is equivalent to Sy, = &’ = 0 but not equivalent to Sun =8 =0,
and the transformed configuration {#',,, d'} is not a solution of DFT (in general).

We now expand our framework from DFT to mDFT. Suppose that the initial config-
uration given by (4.49) and X™ = 0 is a solution of DFT;

gMN:SMNZO, S=8=0. (4.52)

~ 18 —



Since S MmN and S can be obtained from S v and S with the replacement,
oyd — Oyd+ Xy, (4.53)

we have

Sun = Pun (Huw, OxHarw, OxOrHarn, Ord + Xar, Ou(Ond + Xn))

/ (4.54)
S =P(Hun, OxHun, OxOrHun, Ord+ X, O (Ond + Xn)) .

Again, Syyy = S = 0 is equivalent to SMN =8 =0if S’MN and S’ take the forms,

Shin = Pun (Mo Ok Hirn, 00 Harn, Oud + Xip, 04y (Ond + X))

. 4.55
S =P (MHyn, OxHun, Ok Hyn, Oud + Xy, 04 (Ond + X)), (4.55)

where the combination dysd’ + X)), is defined by
Omd + X}y =A™ (Onvd+ Xn) . (4.56)

Then, if one could find d’ and X}, which satisfy (4.56), and both H',; and dnd' + X,
are independent of y*, the configuration {H,y, @, X},} is a solution of mDFT, since we
have

Sun = Pun (Hains OxHirns OxOLH Ny Oud + Xy, Ou(Ond + X)) = AN

S=PHyn: OxHain OO Hnin, Od + Xy, O (Ond + X)) =8,
(4.57)

S

and S’MN — S = 0 becomes equivalent to SQ'MN =8 = 0. In a special case where va[ =0,
the transformed configuration satisfies also the equations of motion of DFT.

Now, let us find out the transformed solution d’ and X}, from the initial solution (4.49)
and X = 0. In this case, the right-hand side of (4.56) becomes

Ap™ (Ond+ Xn) = AN Ond = (0ud, A ¢j, 0, A7 ¢)T, (4.58)
and we need to find a pair {d’, X, } which satisfies
(Ond + X)) = (8ud, A cj, 0, AV¢)" . (4.59)

Note here that this quantity is independent of y*. Although there is an ambiguity in
decomposing dyd’ + X, into dpd’ and X, 2 a convenient choice is

d(z,y) = d(x,y) + (Aij — (51]) c; yi, X\ = (0, 0,0, AY cj)T. (4.60)

These, together with H’MN = A ANT Hier satisfies the equations of motion of mDFT.

9This ambiguity is not important at the level of the equations of motion because d’ appears only through
the combination dyrd’ + X}, . However, if we consider for example the action, d’ enters directly and we
need to treat the ambiguity carefully.
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In order to rewrite the above solution in terms of the generalized supergravity, let us
parameterize XM as (4.20). Then, we obtain

=0, I"=A¢, U, =-B,,I". (4.61)

If the conventional dilaton ®'(z,y) is defined as usual, e 2% = e=2%" | /|G|, and also define
vector fields Z/ and X/ by

7' (1) = 0,9 — B, I, X . (x)=1I,+7,, (4.62)

the configuration {G,,,,(z), B,,(x), X}, (x)} satisfies the generalized equations (4.1). Note
also that I'"™ and Z/, defined above satisfies conditions (4.30) for arbitrary A/~ and c.
The only non-trivial relation,

I Z,, =1 0,9 =0 (4.63)

can be shown by using an O(N, N) property, AT ARD) =0
In summary, we have shown that for a solution of DFT given by

{HMN(x), d(z,y) = do(z) + ¢; 4 (: ®(z,y) — In|det Gmn|1/4)} , (4.64)
there exists a solution of mDFT,
{HMN(%’), d'(z,y) = do(x) + A ¢jy', Xy = (0,0, 0, AV Cj)T} : (4.65)

or equivalently a solution of the generalized equations

{Gin (@), B (), X7 (2)}, (4.66)
where the transformation rule is given as follows:
Hiun (2) = Ane™ AN" Hiep () (AN € O(N,N)],
X (x)=1I,+2Z = 0,9+ (G - B )pn I, (4.67)
detG’ |4 , ; , .
mn A‘] _ 5 Lot mo__ Az] A
det G + (A =67) ¢y, I (0, ¢;)

Example. As a simple example, let us consider a solution of the conventional

?'(z,y) = ®(z,y) +1n

supergravity [2],
ds? = e22(®) (dy + Au(z) dﬂU“)2 +gw(x)datda”, By=0, ®=cy+ f(xr). (4.68)

Let us perform a T-duality along y direction, i.e., Ay¥ = 0 and AYY = 1. Then the metric
and B-field are transformed as

ds? = e729®) qp? 4 G () dat da” By = A, (z)dz Ady. (4.69)

From ¢, = ¢ and (4.67), we can easily obtain X, which, together with G, and B,

mn mn?

satisfies the generalized equations;

(X)) = (a“@_ HCA“) . (4.70)

cef2a

This agrees with the known solution (1.10) in [2], up to conventions.
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Solution-generating transformations in mDFT. As a more general case, let us con-
sider a solution of mDFT of the form,

{Hun(x), d(z,y) =do(z) + iy’ , Xn(2)}, (4.71)

as the initial configuration. In this case, we can again consider the O(N, N) transforma-
tions, and if

Hin (@) = A AN" Hirp(z),  Oud + Xj =A™ (Ond + Xn)(2), (4.72)
are satisfied, the transformed configuration,

{Hyn(@), d(z,y), Xy(2)}, (4.73)

is a solution of mDFT.
Here we do not try to find the most general solution of (4.72), but consider a simple
case; £7B,,, = 0. Then, one can take

U = —Bpn I, (4.74)

by a suitable redefinition of the dilaton. It is further assumed that a coordinate system
can be chosen such that the Killing vector I"™ becomes constant without violating the
ansatz (4.71). Then, the second equation in (4.72) is satisfied by

(I),(x y) — @(.”L‘ y) +In % e + [A"Ij + (A,j _ 53)6] yi
’ ’ det Gn, * g (4.75)
=, I"=ANc¢+AN;F, U,=-B,,,I".

It is easy to show that the conditions in (4.30) are also satisfied in the primed system as
long as they are satisfied initially. Using this formula, we can generate various solutions of
mDFT from a given solution of mDFT. Of course, if we set I" = 0, the formula (4.75) is
reduced to the previous one (4.67).

4.4 Modified F1l-charge

In the conventional supergravity, the equation of motion for the B-field is
d(e_% *10H3) =0 N (476)

where 1 is the Hodge star operator associated with the string-frame metric G,,,. If the
spacetime has the topology, Mg = My x S! with S' a small circle, and closed strings
wrapped on S! are propagating on My as point particles, the right-hand side of (4.76)
includes the source terms,

d(e %19 Hj) = Z cp 65 (x — 1) (4.77)
P
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where z,, is the position of the p-th particle and ¢, is a constant associated with the string
winding charge. Then the total fundamental string charge (F1-charge) can be computed as

QF1 =/ d(e2® %10 Hj) 2/ e 2P xioHjy (4.78)
Vi %

where V4 is a region on a time-slice of Mg which contains the point particles.
In mDFT, the equations of motion for the B-field is $},,,) = 0, namely,

d(e_Qq) *10H3) = *10 (LUHg + d[) , (4.79)

and apparently we cannot define the F1-charge because there is a cutaneously distributed
source term on the right-hand side.
In this subsection, we show that the right-hand side of (4.79) is a closed form,

d 10 (coHy +dI) =0, (4.80)

as far as the null and the generalized Killing properties are satisfied. This indicates that,
at least locally, there exists a 7-form 7, which satisfies

dy = *19 (LUHg + dI) , (4.81)
and we can define a modified 7-form field strength,
Hy = e *®x9Hs — X7, (4.82)

satisfying the Bianchi identity, dH% = 0. This allows to define a modified string charge as

Q= [ aH, = | H.. (4.83)
Vi oV

In order to show the closedness (4.80), let us rewrite (4.79) in terms of the compo-
nents as

%ak (e72* /|G|H"™) = 72 /|G| (U H*™ + D™ " — D"I™) . (4.84)
Then the closedness means the divergence-free condition of the right-hand side of (4.84),
Om e 2" V|G| (U HM™ + D™ " — D"T™)] =0, (4.85)
or equivalently,

Dy, [e72* (U, H*™ + D™ — D"I™)] = 0. (4.86)

A straightforward calculation shows

e*® Dy [e7* (U H,™ + D™I" — D"I™)]
=2 (§Wl Uy, + 5F) Ik) - % (H™™ 4+ 4G %) (I™ Hypgg + DUy — DiUy,)

+2D"(21" Zy — D I™) + (Dy — 2 Zy,) (D*I" + D'T%) . (4.87)
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Hence, as long as the null and the generalized Killing properties are satisfied, the closedness
condition (4.80) is satisfied under the equations of motion and x7 can be found at least
locally.

Given a solution of mDFT or the generalized supergravity, it should satisfy dH, = 0
and there exists the associated potential By satisfying

H, =dBj. (4.88)

In the absence of the extra generalized vector X | this potential is reduced to the conven-
tional 6-form Bg, which minimally couples to the NS5-brane. Thus it is quite natural to
expect that the NS5-brane propagating in a background, which satisfies the equations of
motion of mDFT, will minimally couples to the modified potential B . It would be an in-
teresting future problem to construct a world-volume action of the NS5-brane propagating
in backgrounds of mDFT.

4.5 An attempt to construct the classical action

In DFT, the generalized Ricci flatness conditions are derived as the equations of motion.
In this subsection, let us first recall how to derive the flatness condition of the gen-
eralized Ricci tensors. We will then discuss why it is so difficult to realize the modified
generalized Ricci flatness conditions from the action principle.
Let us consider the Lagrangian density for DFT,

L=e? 8= (PMEPNL — PMEPNE) Sy kL - (4.89)
By taking a variation, the following expression is obtained [66]:
0L =—2eS5d— %e_QdSMN SHMN 724 vy [2 (PME PNE — PME PNEY 6T v ir ]
= e (23 od + % Sun mMN) +e 2V (4HMY Ondd — Vi SHMN) L (4.90)
Thanks to the volume factor e=2? and (4.2), the last term can be rewritten as
SL=—e% <2 Séd+ % Sun 5HMN> + Oy [e 2 (AHMN Onod — Vv sHMN)] . (4.91)

Note here that the total derivative terms do not contribute to the equations of motion.
Then the action principle leads to the generalized Ricci flatness conditions, Sy = 0 and
S = 0. That is, the equations of motion are described as the flatness condition of the
generalized Ricci tensors.

Instead, let us try to consider a modified Lagrangian density,

L =e 8 =2 (pMK pNL _ pME PNIY Sy v, (4.92)

Its variation with respect to Hasn(z) and d(z) gives

. 1 . . .
oL =e | -286d — 5 SMN SHMN £ Vi (AHMN 9nod — Vy sHMNY |, (4.93)
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and from (4.4), we obtain

oL = —e <2 Sod + % Sun 5HMN> + On [e 72 (AHMN Oy od — Vv SHMY)]
—2e 2 X (4HMN Oyod — Vi SHMY)
=2 2(S —AHMN vV X ) 6d — % e 2 (Syn + 4V Xy + 8 Xy Xy) oHMY
+ O [e 2 (AHMNY Onod — 8 Xy HMN 6d — Vi SHMY 42 X sHMN)] . (4.94)

Then, the equations of motion become!"

S—AHMN VXN =0,
Sun +4 (Pu™ Py" + Py Py") (Ve X1y +2 XKk X)) =0, (4.95)

or equivalently,
S:4HMNXMXN, SMN:—8(PMKPNL+PMKPNL)XKXL. (496)

These are not of our interest and £’ is not a correct Lagrangian density for mDFT.
A possible way is to find out a new volume factor w which satisfies

wVu VM =0y (wVM), (4.97)
for an arbitrary generalized vector VM and changes under the variation as
bw o wdd+woMN §Hyw . (4.98)

MN

Here, o is a certain generalized tensor that vanishes when S = 0 is satisfied. If we could

find such w, the Lagrangian density,

LX=us, (4.99)

gives the modified generalized Ricci flatness conditions. Indeed, the variation becomes
5% = Sow — % wSnn THMY + 9y [w (AHMN anod — V iy SHMV)], (4.100)
and the desired relations Sy;y = 0 and S = 0 are obtained. However, (4.97) is equivalent to
Ty =8y nw, (4.101)

and recalling I M=—2 (8Md + X M) , the generalized vector Xj; must be of the form,
Xy =0umf. (4.102)

It is so restrictive that X, can be removed by a redefinition of the dilaton. As a result, the
system goes back to the conventional DFT. Thus, it is difficult to find a good Lagrangian
density for mDFT. It still remains to be solved.

0The same result can be easily obtained if we note that e 218 is equal to e 2d (S —4HuN XMXN) up

to a total derivative term.
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As a closely related issue, let us make a brief comment on the differential Bianchi
identity (3.48). In DFT, this can be derived from a invariance of the action under an
infinitesimal generalized diffeomorphism [38, 45, 67]. Unfortunately, since we do not have
the action of mDFT, we cannot derive the modified differential Bianchi identity, like

VIS ~ 2HMETNS vk, (4.103)

from a similar consideration. However, if we choose the canonical section (dpr) = (O, 0)
and adopt the parameterizations (3.11), we can show a similar identity,

D*S =2(Dy —22) 8™ — (H*4 4+ 4G* 19) sy + 2 (D) — 2 2)) (L, HP* + DF 2! — D' Z%)
— 4 [I' (Dily + DiIy) + Dy, (21' Z, — DiIY)] . (4.104)

In particular, if we use the null and the generalized Killing properties, this becomes
DFS =2 (Dy —22;) 3™ — (H"7 + 4G 19) 5, . (4.105)

From this identity, we can show that S ~um = 0, or equivalently $,,, = 0, leads to akS’ =0
as it was shown in [2]. It will be interesting to investigate a O(D, D) covariant expression
of this Bianchi identity without choosing the canonical section.

5 Conclusion and outlook

In this paper, we have considered a modified generalized covariant derivative Vu in a
doubled spacetime, relaxing a condition of the covariant constancy of the DFT dilaton,
Vud =0, as

Vud=—-Xy, (5.1)

with an extra generalized vector Xj; . Then we have studied a modification of the equations
of motion in DF'T, Syn=0andS =0 , and shown that these reproduces the NS-NS part of
the generalized equations of type IIB supergravity if the generalized vector X, is assumed
to have the null and the generalized Killing properties. We have also studied the global
transformations which map a solution of mDFT to other solutions of mDFT, generalizing
the known generalized T-duality transformations (for the NS-NS fields) in the generalized
supergravity. A subtle issue in defining the Fl-charge in mDFT has also been discussed,
and a definition of the modified F1-charge is proposed.

One of the most important issues to be resolved is the construction of the mDFT action.
As we have discussed in section 4.5, the action allows us to derive the modified differential
Bianchi identity. Also, it allows us to construct Noether currents associated with certain
symmetries. For example, in [66, 75], Noether currents associated with doubled spacetime
isometries are studied from the DFT action, and expressions for the ADM momenta and
the Fl-charges are obtained. If we could perform a similar analysis in mDFT, it would be
possible to derive the modified F1-charges as the Noether currents. The action also allows
to discuss the black hole thermodynamics by following Wald’s approach [76-78] (for the
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black hole thermodynamics in DFT, see [79]). In mDFT, because of a modification made
in the dilaton sector, the Einstein frame metric and accordingly the Bekenstein-Hawking
entropy may be modified as well. As discussed in section 4.5, to construct the action, the
construction of a suitable volume form will be important.

As a generalization of mDFT, it is important to include the R-R fields as well. One
approach is to extend the formulation developed in [47, 48, 53] by introducing the same
generalized vector X . However, this approach might not be satisfactory in the sense that
it treats the NS-NS sector and the R-R sector differently; the NS-NS fields are contained
in the generalized metric but the R-R fields are treated as matters.

Another approach is a U-duality covariant formulation, called the exceptional field
theory (EFT) [80-104]. In Ey4) EFT, all of the bosonic fields in the 11D supergravity can
be packaged into the generalized metric and certain tensors that depend on the dimension
d. After choosing a suitable section, the EFT action reproduces the bosonic part of the
conventional 11D supergravity. Interestingly, we can also consider a parameterization in
terms of the bosonic fields in 10D type IIB supergravity and the same EFT action can
reproduce the bosonic part of type IIB supergravity action as well. The construction of
the generalized Ricci tensors in EFT is studied in [92] (see also [105]) and the equations of
motion in the 11D supergravity and the type IIB supergravity are expressed by using the
generalized Ricci tensor. Then, it is interesting to consider a modification of the generalized
connection, as we have done in this paper (i.e., modification of the condition (4.12) in [92]),
and see whether the generalized equations of type IIB supergravity are reproduced just by
replacing the generalized Ricci tensor with the modified one.

For ensuring the above direction, the U-duality covariance is necessary to be realized
in the generalized equations of type IIB supergravity. Hence it will be an important task
to study the S-duality covariance of the generalized equations.

We hope that the proposed mDFT would shed light on unexplored physics hiding
behind the generalized supergravity.

Note added. After this paper has appeared on the arXiv, Baguet, Magro and Samtleben
submitted an interesting paper [59], where the equations of the generalized type IIB su-
pergravity are derived from the exceptional field theory by choosing a section condition for
the type ITA description with a Scherk-Schwarz ansatz. It is worth noting that the same
derivation (which is restricted to the NS-NS sector though) has already been explained in
section 4.3 of this paper, without using the term of the Scherk-Schwarz reduction.

In sections 4.1 and 4.2, we have explained that the generalized equations can be ex-
pressed in a manifestly covariant way (i.e. the flatness condition for the modified generalized
Ricci tensors). There, an extra generalized vector X | which is not contained in the con-
ventional DFT, has been introduced as a modification in the generalized connection. On
the other hand, in section 4.3, we have constructed solutions of the generalized equations
with constant X by performing the O(N, N) rotations to a solution of the conventional
DFT. In fact, the latter procedure is essentially the same as the Scherk-Schwarz reduction
considered in [59], and 8ysd’ + X}, introduced in (4.59) is precisely a combination dysd+ fas

— 96 —



defined below. Namely, in section 4.3, we have introduced the additional generalized vector
X s as the gauging fus, in terms of the Scherk-Schwarz reduction.

The Scherk-Schwarz reduction in DFT has been studied in [106-108]. In terms of the
generalized metric, the ansatz is given by

Hun (@, y) = AN () Hier (@) AN (), d(z,y) = d(@) + A(y) . (5.2)

The generalized Ricci scalar S for {H v (x,y), d(z,y)} has been computed in [106-108]. In
a special case where Al ; is constant and A(y) = ¢; ¥, which corresponds to our ansatz (4.49)
rotated by the O(N, N) transformation (4.46), S becomes a sum of S for {Hyn(z), d(x)}
and an additional term Sy,

Sp= =2 fu ONHMY + 4 fay HYN Ond — far fn HMY L far = —2(A DN OnA . (5.3)

According to Oy fy = 0 and an identification fy; = —2 Xy, Sy agrees with the modifica-
tion dx S in (4.11). The modification of the generalized Ricci curvature dx Sy can also be
reproduced in the same manner. Furthermore, the requirements for the gauging [106-108],

M =0, MoyHrr(x)=0, fMoydx)=0, (5.4)
which are indeed satisfied by
fu=-2 (A_T)MN ONA = =2 (O, Aij cj, 0, AY Cj)T, (5.5)

correspond to the null and the generalized Killing properties for X . Note that a combi-
nation dyd + far is appearing as dprd’ + X/, in (4.59).1

In addition, as it was shown in [109], when we consider a Scherk-Schwarz reduction
in EFT, the action principle does not work for the low-dimensional theory if there is a
non-vanishing trombone gauging ¥5;. The trombone gauging ;s appears to be identified
with the above introduced gauging fj; in DFT, or our extra generalized vector X ;. If
this identification is correct, the difficulty in the construction of the action discussed in
section 4.5 has the same origin as the EFT case discussed in [109].}? Tt will be interesting
to clarify this matter in more detail.
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