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1 Introduction

Two-dimensional chiral supersymmetric and superconformal theories, or strings, have en-
joyed revived interest in recent years. A useful starting point for generating new theories of
this type are compactifications of higher-dimensional superconformal theories in a suitable
background. For instance 4d N = 2 or N = 4 SYM on a complex curve with a partial
topological twist have been studied in [1-3]. In this paper we provide a new class of such 2d
theories obtained from N =4 SYM by compactification along a curve where the complex-
ified coupling 7 varies. The resulting 2d theories have chiral supersymmetry, and in the
limit of the curve volume going to zero size, they give rise to new superconformal theories.
The goal of this paper is to present a setup where such theories can be naturally studied
and classified, and to derive the dimensional reductions including the spectra.

There are several topological twists of N =4 SYM with constant coupling, known as
Vafa-Witten [4], Geometric-Langlands [5] and half-twist [6]. Allowing the coupling to vary
requires changing the background for the N =4 SYM theory. This can be realized, whilst
preserving supersymmetry, by the so-called topological duality twist, introduced in [7] for
the abelian case and generalized in a non-abelian manner in [8]. This twist combines both
an R-symmetry background field, and one for the so-called bonus-symmetry U(1)p [5, 9, 10]
of the abelian N =4 SYM theory.

As often, such non-trivial backgrounds for supersymmetric gauge theories have a brane
realization. As we consider N = 4 SYM with varying coupling, the natural setting are D3-
branes in IIB backgrounds where the axio-dilaton, which is identified with 7 on the brane
world-volume, varies. Such backgrounds go by the name F-theory [11-13]. In fact we
will show that F-theory on elliptically fibered Calabi-Yau spaces provides supersymmetric



backgrounds for the N = 4 SYM theory which preserve chiral supersymmetry in 2d. There
are several possibilities for twisting the N = 4 SYM theory including the U(1)p bonus-
symmetry, each of which will have an interpretation in terms of an F-theory background.

The compactification space of F-theory is an elliptic Calabi-Yau manifold, with the
complex structure of the elliptic fiber representing the axio-dilaton of IIB string theory.
The gauge sector is realized in terms of 7-branes. In addition, D3-branes can be mutually
supersymmetric and provide a new and interesting sector of the theory. The SL(2,7Z)
symmetry of Type IIB theory is identified with the Montonen-Olive duality of the N = 4
SYM theory on the worldvolume of the D3-brane, acting on the complexified coupling
constant 7. In this paper we will study D3-branes which are wrapped on complex curves
C, and in the low energy limit thus correspond to strings in d dimensions. As the curve
is part of the base of the elliptic fibration, the D3-coupling 7 indeed varies over C, as
long as C' has transversal intersections with the 7-branes, which source the 7-monodromy.
Such strings not only result in new 2d chirally supersymmetric theories, which become
conformal as the volume of C' vanishes, but also form important additional sectors in
F-theory compactifications.

Specifically in compactifications to 2d, the D3-brane sector is crucial for the consis-
tency of the F-theory vacuum. Indeed, recently 2d string compactifications have attracted
renewed interest [14-20]. In the F-theory realization of 2d (0,2) string vacua on Calabi-
Yau five-folds [16, 18], consistency of the theory forces the introduction of space-filling
D3-branes wrapping a curve in the compactification manifold. Thus understanding the D3
sector is paramount to fully characterizing such chiral 2d string vacua.

In higher dimensions, strings usually play the role of additional sectors of the theory
which pinpoint loci in the moduli space with interesting physics. The prime example for
this are strings in 6d N = (1,0) theories, which have recently seen a resurgence of inter-
est, following the seminal paper [21]. Supersymmetric self-dual strings are an important
subsector of these theories [22-25]: in their tensionless limit, corresponding to wrapped
curves of zero volume, they are indicators of superconformal invariance of the underlying
6d theories. Multiple examples of strings in 6d have been investigated from various points
of view, including [26-32] and references therein.

Strings in 4d N = 1 compactifications have been comparatively less explored. In 4d,
strings are dual to instantons. Again when they become tensionless, interesting physics
can be expected in the 4d theories. However, unlike in 6d, these are not BPS objects since
the string vacuum only preserves four real supercharges. Thus their tension is a priori not
protected and may receive, albeit possibly small, quantum corrections [33]. Nevertheless
they are an inevitable part of the rich landscape of 4d string compactifications, which
deserve further study.

The strings we consider in this work preserve (0, p) supersymmetry along their world-
volume, with the value of p depending on the dimensionality of the transverse space as
summarized in table 2. We will determine the string action, as well as the BPS equations
and zero-mode spectrum in each dimension and utilize these to study anomaly cancellation
on the strings. For strings from single D3-branes, as studied in this paper, the variation
of 7 has the interesting effect of breaking the U(1) gauge symmetry in the 2d effective



field theory along the string. This is in fact counter to naive expectations from the weakly
coupled Type IIB limit, which we describe in more detail in section 3.6. The breaking of
the abelian gauge group is owed to non-perturbative dynamics localised in the vicinity of
the orientifold plane. Such effects induce a quantum Higgsing of the perturbative U(1) in
F-theory. As we will explain, the order parameter of the quantum Higgsing corresponds
to the distance between the two mutually non-local 7-branes into which the orientifold
plane splits in F-theory. Another interesting aspect of the duality twist which we will
find is that it considerably modifies the BPS equations, and hence the Hitchin system,
along the D3-brane, already in the abelian case. The general solutions of the gauge field
components along C' can be viewed as duality-twisted flat connections on C'. It would be
interesting to study the properties of this duality-twisted Hitchin system further, including
the non-abelian formulation.

The duality twist as defined in [7] has the shortcoming that it only strictly applies
to the abelian N = 4 SYM theory, as the U(1)p does not survive in the non-abelian
generalization [9, 10]. Nevertheless, the expectation is that a stack of D3-branes wrapped on
the base of an F-theory compactification should be a consistent setup and thus an analogue
of the topological twist should exist also in the non-abelian theory. It was subsequently
pointed out in [8] and shown that the duality twist in fact, once mapped to M-theory via
M/F duality, becomes a standard (geometric) topological twist of the M5-brane theory and
a non-abelian generalization of this was proposed. The D3-brane wrapped on a cycle in the
base of the Calabi-Yau maps to an M5-brane wrapping in addition the elliptic fiber of the
Calabi-Yau, and the U(1)p becomes the symmetry associated to the elliptic fibration. This
topological twist has a clear generalization to the non-abelian case and for the D3-branes
wrapping four-cycle in the base of the Calabi-Yau this was presented in [8].

For strings the M-theory dual description also provides a way to first of all test the
duality twist, in addition to providing a generalization to non-abelian strings. There are
two options how to dualize the D3-brane, either to an M5 or an M2. We will utilize both
points of view and show agreement between the resulting theories. The M2-brane approach
leads to a 1d supersymmetric Quantum Mechanics (SQM) theory, which is the dimensional
reduction of the string on a circle. These theories have so far received comparatively little
attention, but recently for M2-branes on curves in K3 they have been studied in [34, 35].
The BPS spectrum which we find on M2 branes wrapping a curve C in the base of a
general elliptic fibration is matched with the spectrum on the dual D3-brane setup. As
we will explain, this makes use of an interesting speciality of supersymmetric theories in
one dimension known as automorphic duality [36, 37]. Again, similar to the Mb5-brane
approach, this point of view allows for a generalization to the BLG theory [38, 39], and
thus a non-abelian version of the dimensionally reduced string.

So far we have only discussed the D3-brane in terms of the N = 4 SYM degrees of
freedom. However, the key players of a generic F-theory compactification, the 7-branes,
intersect the D3-brane world-volume in complex codimension-one loci. From the point of
view of the N =4 SYM coupling 7, the 7-branes are the loci where the coupling diverges.
For definiteness let us assume the F-theory fibration has a section, and thus a presentation
in terms of a Weierstrass model 32 = 2% + fz + g. The so-defined variety is singular



along A = 0 in the base of the fibration, where A = 4f3 + 27¢? is the discriminant.
The discriminant characterizes precisely the loci where the 7-branes wrap the base of the
fibration. The intersection of the D3-branes with A = 0 are, from the point of view of the
N = 4 SYM theory, loci where 7 undergoes monodromy in SL(2,7Z). In fact the loci are
so-called duality defects, which have been studied in [7, 8] for the D3-brane with duality
twist wrapping a surface in the base of the elliptic fibration. In that case the duality defects
are 2d with chiral 3-7 strings localized on the defect, and as observed in [8] these duality
defects themselves intersect along points.

In the present case where the D3-brane wraps a curve C' in the base of the Calabi-Yau,
the duality defects are point-like in C, but again there are degrees of freedom localized on
them, which correspond to 3-7 strings. These give rise to non-trivial contributions to the
left-moving central charge, which we show is universally given in terms of

C37 — Sdeg(ﬁD) = 801(Bn_1) . C, (1.1)

where Lp is the line bundle associated to the duality U(1)p. This contribution can be
corroborated in terms of the dual M5-brane picture. Directly counting these strings, how-
ever, is in general a formidable task, which we address only in passing, but the technology
for determining the spectra is readily available, see for instance [40-44]. For Type IIB
orientifolds we provide a discussion of this sector in section 3.6. The general anomaly
polynomial, which we analyse in section 5, places further interesting constraints on the
spectrum of 3-7 strings. Specifically, demanding that the anomaly polynomial arising via
inflow from the bulk in which the string propagates is cancelled by the spectrum on the
string requires that there are additional states contributing as in (1.1).

An important off-spring of the present work is a full characterization of the gravita-
tional anomalies along the string theories in various dimensions. As noted already, in the
2d setting of [16, 18] the addition of extra D3-branes is in fact imperative due to tadpole
constraints as the strings are spacetime-filling. Tadpole cancellation in turn guarantees
that the complete spectrum, consisting of the 7-brane sector, the 2d (0,2) supergravity
sector and the D3-brane sector, is anomaly free. For the gauge anomalies this has already
been investigated and related to M-theory Chern-Simons terms in [16], but in absence of
a complete understanding of the D3-brane sector no such verification was possible. In [45]
we combine this article’s results on the D3-brane sector in 2d (0, 2) theories together with a
derivation of the supergravity spectrum to show cancellation of all gravitational anomalies
in F-theory compactifications on Calabi-Yau five-folds.

Finally, it is of considerable interest to explore the theory on the strings from wrapped
D3-branes as 2d super-conformal field theories by themselves. The central charges can be
computed for each given base and would yield interesting new holographic setups in 11B
with varying axio-dilaton. Other computations, which naturally have a starting point with
the results in this paper are the computation of elliptic genera for these theories as already
started in [31] for the 6d case, but looking ahead for the N = (0,2) theories, the starting
points would be the general expression in [46].

For ease of locating the results the various spectra can be found in the following
locations in the paper. An overview of the general setup for strings from D3, M5, and



Dim |SUSY cr, CR

8d | (0,8) 24 12

6d | (0,4) 6g+4dc1(Ba)-Ctesr 69-+6c1 (B)-C

4d | (0,2) | 3(g+h°(C,Ngyp,))+ei(Bs)-Chesr | 3(g+ci(Bs)-C+h’(C,Neyg,))
2d | (0,2) |3(g+h°(C,Ng/p,) —1)+c1(Ba)-C+esr|3(g+c1(By)-C+h°(C, Ny g, ) —1)

Table 1. Table of central charges of the string from a D3-brane wrapping a genus g curve C on
the base B,,_1 of an F-theory elliptically fibered Calabi-Yau n-fold. Here c37 = 8¢1(B,,—1) - C' is
the contribution due to the 3—7 strings. The supersymmetry is the 2d supersymmetry preserved on
the string.

M2-branes is given in section 2. The D3-branes with topological duality twist along C are
discussed in section 3. The spectra in 6d, 4d and 2d are summarized in the tables 4, 6 and 8,
respectively. The 8d case is special in that the D3-brane wraps the full base of the elliptic
K3, and can be found in appendix D. The central charges are summarized in table 1. The
remainder of the paper then discusses the M5 and M2-duals in section 4. The anomalies
of the strings in all dimensions can be found in section 5. Appendices providing shelter for
conventions and details of the string actions as well as cohomological computations can be
found at the end of the paper.

2 Duality twists of N =4 SYM and brane realizations

In this section, we study 4d N =4 SYM on a curve C' along which the coupling constant 7
varies, and determine the possible duality twists which retain supersymmetry in the non-
compact two dimensions. We then present three brane-setups related to this, in terms of
D3-branes, M5-branes and M2-branes, respectively.

2.1 Duality twisted N =4 SYM

We determine all possible duality twisted theories and the supersymmetry that they pre-
serve in the non-compact two dimensions. For constant coupling the analog of this analysis
has been performed in [2]. For N = 4 SYM with varying coupling, the twists have to
include the structure group U(1)¢ along the curve, an R-symmetry factor U(1)g C SU(4)r
and the duality (or ‘bonus symmetry’) U(1)p of the abelian N = 4 SYM theory [9, 10].
Indeed, the variation of 7 can be understood in terms of a non-trivial line bundle whose
structure group U(1)p forms a bonus symmetry of the underlying abelian N = 4 SYM
theory. If under the SL(2,Z) transformation the complexified gauge coupling

0 47

T:%—i—gj:Tl—i-iTQ (21)
is mapped to
b
Fo TS i be=1, abedeZ, (2.2)
ct+d



then a field of U(1)p charge ¢ transforms as [5]

B with = T (2.3)
ler + d|

We shall briefly recap the spectrum of N = 4 SYM theory in four dimensions, including
the charges of the fields under the U(1)p symmetry. The field content consists of a vector
multiplet containing a gauge field A,,, six scalars ¢;, and fermions ¥l and \Tld 1. The indices
transform in various different representations of the symmetry group SO(1,3);, x SU(4)r:
o in the vector of SO(1,3) 1, a (&) in the fundamental of the left (right) SU(2) of SO(1,3)y,
i in the 6 of SU(4)pg, and finally I in the 4 or 4 of SU(4)g. The field content transforms
under the total symmetry group

Gtotal = SO(l, 3)L X SU(4)R X U(l)Da (24)
as
A# : (2,2,1)* ¢; (1,1,6)0 \I/é : (2,1,4)1 \de] : (1,2,1)_1, (2.5)

where the subscript indicates the U(1)p representation. The gauge field does not itself
form a U(1)p eigenstate and thus has no well-defined U(1)p charge, but the self-dual and
anti-self-dual components of the field strength have definite U(1)p charges

7

qp = +2: ﬁF*:—Qﬁ(FD—%F)
; (2.6)
qp = —2: \/EF_:2\/E(FD_TF)’
where Fp is the duality transformed field strength
Fp=nF+irnxF. (2.7)
The sixteen supersymmetries Qo7 and @é transform under Giota) as [5]
Qor : (2,1,4), QL :(1,2,4) ,, (2.8)
and, equivalently, the supersymmetry transformation parameters are given by
€ar : (2,1,4)_, e (,2,9),. (2.9)

Associated to the U(1)p symmetry is the complex line bundle £p defined over the
subspace of spacetime, C, where 7 varies. A field of U(1)p charge ¢ transforms as a section
of the g-th power of this U(1)p bundle £p. The one-form connection on the bundle is

given by
dm
= —. 2.10
27y ( )
The connection can be decomposed into (0,1) and (1,0) forms on C as
A — A(071) + A(LO) , (211)



where these forms define! respectively a holomorphic line bundle, £p, and an anti-
holomorphic line bundle, £p. To write expressions in an appropriately covariant way
we shall also need to introduce covariant derivatives, on C, with respect to the connections
on these U(1)p bundles. Given a field with U(l) p charge gp these are defined via

. 1
da=d+igy™ A= 2(0+igpATY) + (a +igp AV = (éu +94),  (212)

where 0, 0 are the standard holomorphic and anti-holomorphic derivatives on C.

Since the 4d spacetime of the N = 4 SYM theory is the product space Rb! x C, the
SO(1, 3)r, Lorentz symmetry is broken to SO(1,1) x U(1)c. The relevant representations
decompose as

— SO(1,1) x U(1)¢

— 1o @1 90D 1p2® 1p,2

— 11101 1

— 11,1D1q;. (2.13)
The topological twist requires to turn on a U(1) R-symmetry background gauge field. We

are therefore interested in decompositions of the R-symmetry SU(4) g of N = 4 SYM which
contain a U(1) factor. These are given by the following decompositions:

SU(4)R — SO(4)T x U l)R

- (2,1);®(1,2)_, CY3 Duality-Twist (2.14)
= (1,1),&(1,1)_, ®(2,2),

SUM4)r — SU@2)r x U)g x SO@2)r
— 201111 D11 CY4 Duality-Twist (2.15)
— 1o2® 1o —2@210D2-10

SUM4)r — SUB)r x U()r )
— 13034 CY5 Duality-Twist . (2.16)

6 - 32032

7
As we will show later on, these particular decompositions are those induced when the curve
C' is a complex curve in the base of a Calabi-Yau n-fold in F-theory. The case where the
R-symmetry remains unbroken SU(4)g corresponds to compactification on CYo, i.e. K3,
and is discussed in appendix D. There is an additional case where the SU(4)g breaks to
U(1)3, with decomposition

SU(4>R — U(l)l X U(l)Q X U(l)g
4 = 1111, 91 111D 11,11 P 111,41 CY5’ Duality-Twist (217)

6 — 14200 D 1o+2,0®D 100,42

"We use an identical notation in £p for both the complex and holomorphic line bundles merely to
prevent a proliferation of notation. Where not clarified the particular line bundle of interest at any point
should be unambiguous by context.



Spacetime dim d 8 6 4 2
CcY, 2 3 4 5

2d supersymmetry |(0,8)((0,4)((0,2)[(0,2)
1d supersymmetry | 8 4 2 2

Table 2. The number of supersymmetries preserved by 4d N = 4 SYM on C x RY! with duality
twist as defined in (2.14) — (2.16). The brane realization of this setup corresponds to D3-branes
wrapping a holomorphic curve C inside a Calabi-Yau n-fold in F-theory, giving rise to strings in
d = 12 — 2n dimensions. Equivalently, this is the supersymmetry of the strings from Mb-branes
wrapped on the elliptic surface C x R, We also list the supersymmetries of the 1d SQM arising
from an M2-brane wrapping C' x R.

The standard topological twist combines the R-symmetry U(1)g in one of the decom-
positions in (2.14)-(2.16) with the internal Lorentz symmetry U(1)c in (2.13). As the
supercharges transform non-trivially under the U(1)p symmetry it is necessary to com-
bine this standard topological twist of U(1)¢ with U(1)r with an additional one including
U(1)p, as follows from (2.8). This is the duality twist, discussed in [7] for Euclidean D3-
branes wrapping a Kéhler surface on a base B3 and generalized to non-abelian theories
in [8]. Throughout we shall twist U(1)p with the same U(1)g, as we have twisted U(1)¢
with. The resulting theories then preserve chiral supersymmetry in 2d as summarized in
table 2. The twist in (2.17) with the R-symmetry taken as the diagonal U(1)giss = U(1)r
results also in a (0, 2) theory. Finally, we should note that the decomposition in (2.16) can
in addition give rise to an N = (0,6) in 2d, which will be discussed in detail in section 3.4.

As pointed out above, the 4d vector field A,,, which is insensitive to the R-symmetry
and so will have the same decomposition regardless of the dimension of the compactification
space, does not have a single well-defined U(1)p charge. We shall write the decompostion
of this vector under the 4d Lorentz and duality group as

SO(l,3)L X U(I)D — SO(I, I)L X U(l)c X U(l)D

(2.18)
(2, 2)* — 1270,* ©® 17270’* D 10,2,* ) 10’72’* ,

and label the four resulting fields respectively as vy, v_, @, and a. We shall identify these
fields in terms of the components of A, by determining which combinations of components
have the same charges as listed. Further we will find that the twisted supersymmetry
variations, which relate bosonic fields of unspecified U(1)p charge to fermionic fields of
known U(1)p charge, require that the objects

VTea and Tod (2.19)

do indeed have a precise U(1)p charge. The vy fields do not have this feature, however,
they do not give rise to any massless fields in the compactification to two dimensions, and
so the ambiguity in the charge of A, does not translate into an ambiguity in the field
content of the low energy theory.



2.2 Brane realizations

Naturally, the setup so far has a realization in terms of D3-branes in F-theory, which will be
briefly discussed now. We consider F-theory on an elliptically fibered Calabi-Yau n-fold Y,,,
which gives rise to a (12 — 2n)-dimensional theory. The D3-brane worldvolume is R x C,
where C' is a holomorphic curve in the base B,,_1, and the 2d theory obtained by reduction
along C represents a string in the bulk non-compact directions. We only consider situations
where the curve C' contains transversal intersection points with the 7-brane locus A in the
base F-theory B,_1. As one encircles the 7-brane loci, the coupling 7 of the underlying
N =4 U(1) SYM theory on the D3-brane undergoes a monodromy.

In the F-theory description, the complex line bundle L£p is nothing other than the
anti-canonical bundle of the base of the fibration [7, 47]

Lp=Kg' o (2.20)

Indeed the anti-canonical bundle Kgiil fundamentally defines the Calabi-Yau elliptic fi-
bration Y,, over B, _1 via the associated Weierstrass model

y? =23 + fazt + g0, (2.21)

where f and g transform according to f € H°(B, K]g:_l) and g € H(B, Kgf_l). Similarly
the restriction of the elliptic fibration to C' describes itself a (generically non-Calabi-Yau)
elliptic fibration 6, defined precisely by the anti-canonical bundle restricted to C, i.e. Lp.
The existence of the elliptic fibration C guarantees that Lp is ample, and further Lp is
trivial if and only if C' does not intersect the discriminant locus of Y,. Appendix C.1
explains such attributes of the elliptic surfaces C.

In view of the D3-brane realizations, the decomposition of the SU(4) g-symmetry un-
derlying the twists (2.14)—(2.16) corresponds to remnant rotation symmetries of the string
in the transverse directions. If we were to consider flat space, the R-symmetry of the N = 4
SYM theory living on the D3-brane would decompose as

SU(4) g ~ SO(6)z — SO(10 — 2n)7 x SO(2n — 4) 5. (2.22)

The first factor in the decomposition is the rotation group of the non-compact spacetime
directions transverse to the D3-brane, and the second factor comes from the structure of the
normal bundle of C' in B,,_1. The Kéahler nature of B,,_1 further reduces the structure from

SO2n—4)g — Un—-2)p~SUn—-2)g x U(1)R. (2.23)

In this way we identify the twists in (2.14) — (2.16) with the embeddings into Calabi-Yau
elliptic fibrations. The additional case of the CY5’ twist in (2.16) can be thought of as an
F-theory compactification on an elliptic Calabi-Yau five-fold where the base is the sum of
three line-bundles over C.

One can dualise this D3-brane to an M5-brane wrapping the elliptic surface C formed
by restricting the fibration to C in Y,,: a T-duality transverse to the D3-brane first leads
to a D4-brane, which is then uplifted to an M5-brane in M-theory. Alternatively one can



T-dualise along one of the extended directions of the D3-brane, giving rise to a D2-brane
which is uplifted to an M2-brane in M-theory. The interrelations between the three different
viewpoints are shown in figure 1.

The 7-monodromies in the D3-brane F-theoretic setup are geometrised in the M5-
brane picture as the Mb-brane also wraps the elliptic fiber above C, which documents
the variation of the coupling as already observed in [8]. As such the only topological
twist necessary is that mandated by the curvature of the elliptic surface 5, and there is
no additional duality twist. The only instance when the Mb5-brane point of view is not
applicable is the case of strings in 2d, where the low energy effective theory of M-theory
on the Calabi-Yau five-fold compactification is a 1d Super Quantum Mechanics (SQM). In
this instance, the only window into the worldvolume theory in M-theory arises from the
point of view of the M2-brane.

Generally, the M2-brane point of view gives rise to a 1d SQM which is the circle
compactification of the 2d theory living on the worldvolume of the string from the D3-
brane. Such SQM theories have had some appearance in the literature, see [34, 35]. By
analysing the structure of the supersymmetric multiplets in the 1d theory and how they
arise from the 2d theory before the S' reduction one can match the content of the two
theories. The number of supersymmetries preserved in the 1d SQM arising from an M2-
brane wrapping R x C' for C' a holomorphic curve inside a Calabi-Yau n-fold is known for
n <5 [48] and is listed in table 2.

We shall consider only situations with strictly this much supersymmetry preserved,
and ignore special cases where the supersymmetry is enhanced further due to non-generic
choices of C or Y,. By the highlighted dualities the same number of supersymmetries
should be preserved when a D3-brane wraps Rb! x C with C C B,,_1 in F-theory. Indeed
one can observe that it is necessary to consider a non-trivial 7-profile to preserve exactly
the same number of supersymmetries as in table 2; without 7-brane insertions the elliptic
fibration is trivial, Y,, = B,_1 x T2, and thus the base B,,_; is also Calabi-Yau. In such a
situation the number of supersymmetries preserved after the partial twist is known [49] to
be precisely double the number shown in table 2 realized in a non-chiral fashion.?

2.3 Mb5-branes on elliptic surfaces

Duality with M- theory maps a D3-brane wrapped on C C B,_1 to the theory of a single
M5-brane on R x C where C is a non-trivial elliptically fibered Kéhler surface obtained
by restricting the F-theory elliptic Calabi-Yau n-fold Y,, to the fiber over a curve C' inside
the base.

The theory living on a single M5-brane is known as the 6d abelian tensor multiplet the-
ory which preserves N = (0,2) supersymmetry. It has an Sp(4) R-symmetry in addition to
the SO(1,5) Lorentz symmetry. The abelian tensor multiplet contains a self-dual two-form
field strength, B,,,, scalars, ®% and symplectic Majorana-Weyl fermions p’. Each of these

2When n = 2 the Calabi-Yau Y5 is a K3-surface, which is a special case in this analysis and is described
in appendix D.
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C SlA SlB 0 Xl Slx
M5 x x x X X
M/ HA<
D4 X X X X
W C
D3 x X X
. C
D2
M/ IIA<
M2 x
Figure 1. Overview of setup and duality maps between D3-branes and their M-theory dual de-

scription in terms of M2- and Mb5-branes wrapping the curve C or the elliptic surface with base
C, respectively.

P

fields transforms in the following representations of the SO(1,5) x Sp(4) symmetry group:
B, : (15,1) dY . (1,5) ol (4,4). (2.24)

The field By, is self-dual so there are not, in flat space, fifteen independent degrees of
freedom contained in the field. Often it shall be clearer to consider the field strength
H = dB, which by self-duality,

H = xH , (2.25)

transforms as

H: (10,1), (2.26)

under the symmetry group.® The supercharges of the theory transform in the same repre-
sentation as the fermions,

Q' : (4,4). (2.27)

Once we consider the theory on the geometry R! x C and further given that C is Kahler,
the 6d Lorentz group SO(1,5), is broken to the subgroup

80(1,5) — SU(Q)[ X SO(l, 1)L X U(l)l

j — 21001 91D1 1 (2.98)
10 — 3 20®1a420® 120D 2041
15 — 190D 300D lo+2D 100D 24241,

where all combinations of signs must be summed over. Here SU(2); x U(1); is the holonomy
of the Kéhler surface C and SO(1,1)y, is the Lorentz rotations of R

3In our conventions a self-dual (resp. anti-self-dual) three-form in six dimensions transforms in the 10
(resp. 10) representation of SO(1,5).
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As the two-form potential B, is unconcerned with the particular decomposition of
the R-symmetry it is also insensitive to the dimension n of the compactification space Y;,.
Instead of imposing the self-duality condition on B,,, post-decomposition we can consider
the decomposition of the (10,1) as in (2.28) to understand the field strengths in evidence
when the M5-brane is placed on the product of R%! x C. Indeed by studying the relationship
between the decomposition of the (15,1) and the (10,1) one can see that the resulting
fields are

300, lo+2, loo, 2+2+1, (2.29)

at least on the level of the zero-modes of such fields as the derivative does not change the
representation content of the internal symmetry groups.

The decomposition of the R-symmetry Sp(4) will depend on the dimension of the
Calabi-Yau n-fold containing C. Similarly to the decomposition for the D3-brane,

Sp(4) — SO(9 —2n)r x U(n — 2)R, (2.30)

where SO(9 — 2n)p is the group of rotations in the non-compact directions transverse to
both the M5-brane and the Calabi-Yau, a U(n —2)g is the holonomy group associated with
the directions internal to the Calabi-Yau that are transverse to the M5-brane. It is clear
from this discussion that it will not be possible to study the 2d theory arising from the
compactification on a Calabi-Yau five-fold, since there are not two non-compact directions
transverse to the five-fold for the M5-brane to fill — in this case we shall instead compare
with the M2-brane theory expounded on in section 2.4.

The Mb5-brane theory has the feature that the SL(2,Z) self-duality of the D3-brane
theory is manifest — this means that we do not have to include the bonus symmetry
U(1)p explicitly. The appearance of the D3-brane line bundle £p can be seen as follows.
To the elliptic surface C is associated a line bundle as part of its Weierstrass data (see
appendix C.1 for more details) and this line bundle is exactly the restriction of the anti-
canonical bundle of B,_; to C, which is precisely Lp. In this way one can see that the
duality becomes encoded in the elliptic surface C through its defining Weierstrass line
bundle — as expected from the geometrization of the SL(2,Z) symmetry when uplifting
from N = 4 super-Yang-Mills to the 6d (0,2) theory [50, 51].

2.4 M2-branes on curves and super-QM

Our final description of the effective string theories we consider is in terms of an M2-brane
wrapping a curve C in the base of an elliptically fibered Calabi-Yau Y,,. The resulting
supersymmetric Quantum Mechanics (SQM) is related to the 2d effective field theory on a
D3-brane wrapping the same curve C by a circle reduction.

Since the compactified theory turns out to be quite subtle, let us first recall the well-
known theory on a single M2 brane extended along R%? ¢ R%!?, The effective theory on
an M2-brane in flat space is a 3d N = 8 superconformal theory with an SO(8)r symmetry
group corresponding to the rotational group of the transverse space. The supersymmetry
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parameters € and fields ®; and p of the theory transform as follows:

SO(3)1, x SO(8)r

€ (2,8;)
o, (1, 81;) (2.31)
p (2,8.)

As is well-known, this field content can be derived from the field content of a Type ITA
D2-brane along R*? c RY”: the transverse fluctuations of the D2-brane within R give
rise to seven real scalar fields; in addition the D2-brane carries a U(1) gauge field potential,
which in RY2 carries one dynamical degree of freedom and which can be dualised into a
single real dynamical scalar field. From the M2-perspective, this gauge-scalar is interpreted
as the fluctuation scalar of the M2-brane in the direction of the M-theory circle and thus
completes the set of scalars to transform in the (1,8,) of SO(8)xg.

In our setup the M2-brane worldvolume takes the form C' xR, giving rise to an N = 4 or
N =2 SQM. Compactification on the holomorphic curve C breaks the SO(1,2), symmetry
to the structure group U(1)r, of the tangent bundle to C, and also breaks the conformal
symmetry for finite volume of the curve C. The 2 of SO(1,2), clearly decomposes as 2 —
1;1_4, while the decomposition of the R-symmetry group depends on the dimensionality
of Y,, and will be discussed for the various situations in subsequent sections.

It is our desire to compare the 2d (0,2) or (0,4) theories from the worldvolumes of
the D3- and Mb-branes to the 1d N =2 or N = 4 SQM from the M2-brane. It is known,
and is explained in appendix A.2, that under the circle reduction the multiplets transform
according to the rule

(0,2) chiral multiplet — N =2B (2,2,0) multiplet

2.32
(0,2) Fermi multiplet — N =2B (0,2,2) multiplet, (2.32)

where the three entries in the N = 2B multiplet specify, respectively, the number of
real scalars, fermions, and auxiliary fields. A similar decomposition holds for the (0,4)
multiplets following the construction of (0,4) multiplets in terms of (0,2) multiplets in
appendix A. However, in order to match the circle reduction of the 2d (0,2) and (0,4)
theories to the M2 SQM, it is important to make use of a special property of SQM called
automorphic duality. Automorphic duality, as described in more detail in appendix A.2,
allows one to replace physical scalar fields in a 1d supersymmetric sigma model that are
not a dependency of the moduli space metric with auxiliary fields. In effect this transforms
e.g. a (2,2,0) multiplet into a (0,2,2) multiplet.*

For the 2d theory from the D3-brane compactification we shall always observe that
there exist Wilson line scalar fields a, @ from the reduction of the 4d gauge field A, along
C'. These scalars thus inherit a shift symmetry, and the moduli space metric cannot depend
on them. The same is true for the resulting (2,2, 0) multiplets obtained by circle reduction
to SQM. Hence for the (2,2,0) multiplets associated with the shift-symmetric Wilson line

“In fact, this duality is also required to match the 2d (0,2) supergravity spectrum from F-theory com-
pactified on a Calabi-Yau five-fold [45] to the dual M-theory N =2 SQM of [52].
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scalars we shall always be able to invoke automorphic duality to transform the (2,2,0)
multiplet into a (0,2,2) multiplet. Such a situation also holds for the N = 4B SQM
from the compactification of the 2d (0,4) theory on S!, where now we can exchange the
(4,4,0) multiplet containing a and a (along with two more real scalar fields) with a (2,4, 2)
multiplet by dualising the Wilson line degrees of freedom only.

As we shall see the zero-modes of ¢ and a are always counted by the same cohomo-
logy group

hO(C,Kc®£D) =g—1+deg(Lp), (2.33)
as they come from the 4d Lorentz sector and do not couple to the R-symmetry. We
shall thus always be able to transform this many (2,2,0) or (4,4,0) multiplets in the
compactification on S* to (0,2,2) or (2,4,2) multiplets respectively. Indeed agreement
between the spectra from the D3-brane theory compactified on S! and the M2-brane is
reached only due to this possible reinterpretation.

Furthermore we expect there to be states analogous to the 3-7 strings in the F-theory
picture, which have to be considered in addition on the M2-brane side. While it would be
interesting to understand the microscopic origin of these states explicitly in the M2-brane
picture, it is clear by duality that we must add the usual number of 8¢;(B,—1) - C complex
fermions to account for these modes.

3 Strings from duality-twisted N =4 SYM

We now determine the dimensional reduction of the D3-branes wrapped on a complex
curve in the base of an F-theory elliptic Calabi-Yau compactification. Our analysis makes
crucial use of the duality twist as introduced in [7] and applied recently in [8, 31]. This
not only allows us to work out the 2d action for the abelian theory, but also the spectrum,
multiplet structure, and the BPS equations. The latter give rise to generalized Hitchin
equations including a 7-dependence. The following sections discuss the strings in 6, 4,
and 2 dimensions, respectively. Each dimension is somewhat different and requires its own
study, as the transverse symmetry groups depend on the dimension.

3.1 Strings in 6d N = (1,0) theories

First we consider a 6d N = (1,0) F-theory compactification on an elliptic Calabi-Yau
three-fold Y3 with a D3-brane along R x C. Here C' is a curve inside the base By of Y3.
The resulting string, which propagates in the non-compact six dimensions transverse to Y3,
has (0,4) supersymmetry, and can be described in terms of a duality-twisted N =4 SYM
theory, which we now derive.

3.1.1 Duality twist for 2d N = (0,4)

To determine the duality twist, we first recall from section 2.1 that the background geom-
etry breaks the SU(4) g-symmetry of the N =4 SYM theory on the D3-brane according to

SU(4)R — SO(4)T X U(l)R
4 - (2,1);(1,2)_, (3.1)
6 — (1,1),®(1,1)_,®(2,2),.
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Here SO(4)r and U(1) g represent the rotation groups in the four external directions normal
to the D3-brane and, respectively, the two directions normal to C inside Bs. The Lorentz
symmetry decomposes as in (2.13). Under the reduced symmetry group, the supercharges
of the D3-theory transform as

Grotat = SO(4)rxSO(1, 1)L xU(1)rxU(1)exU(1)p
(2,1,4)1 — (2,1)1;-1,119(2,1) 1,1, 119(1,2)1;1,1,19(1,2) —151,-11 (3.2)
(1,2,4) 1 — (2,1)1;1,-1,19(2,1) 1;1,1,19(1,2)1,-1,-1,1D(1,2) 1,111
According to the discussion in section 2.2, a D3-brane wrapping a curve in the base of a

Calabi-Yau three-fold is expected to preserve (0,4) supersymmetry in 2d. This is accom-
plished by the topological twist

: 1
TéleSt = §(TC —+ TR)
- 1
TBmst - 5(TD +Tgr), (3.3)

where T, Tp, and Tg are, respectively, the generators of U(1)¢, U(1)p, and U(1)g. The
decomposition of the supercharges with respect to these twisted symmetry groups is
Giotal — SO(4)7 x SO(1,1)1, x U(1)&st » U(1)hyst
(2,1,4)1 —  (2,1)100® (2,1)-1,-10 D (1,2)1;11 @ (1,2) 1501 (3.4)
(1,2,4) 1 — (2,1)15009(2,1)-1;10®(1,2)1,-1,-1® (1,2) —1,0,-1

After the twist one thus ends up with four positive chirality scalar supercharges in 2d,

@B+ : (271)1;070 ©B+ : (2, 1)1;070, (3.5)

where B is an index in the left SU(2) inside SO(4)7. A similar decomposition of the
supersymmetry parameters (2.9) identifies these as

eg— 1 (2,1) 199 eg—  (2,1) _14,- (3.6)

From the field content (2.5) of the original N =4 SYM theory on the D3-brane we deter-
mine the spectrum of fields of the topologically half-twisted theory on R x C:-
SO(4)7 x SO(1,1), x U(1)&st 5 U(1)st x U(1)p
A (1,1)2040D(1,1) 2040 D (1,1)0,1,40 D (1,1)0,~1,40
=vyr Dv-DazDa,
P (1,1)01129(1,1)0,-1,-1,-2D (2,2)0,000
=0:P0o, Dy (3.7)
U (2,1)11,11 9 (1,2)1,0,0-1® (2,1) 1,011 D (1,2)-1,-1,0-1
=1z Bpe A Dz
7o (2, 1)1,-1,-1,-19(1,2)1001 @ (2,1)-10-1,-1® (1,2)-1,101
= Ol DA B Pz
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(giwist glwist) Fermions Bosons Form Type
(1,1) (2,1); | ¥4z | (L1)g, (1,1), | az,0: | Q¥1(O) @ T(LD)
(—1,-1) (2,1); | ¥1. | (1,1), (1,1)y | @z, 05 | QY(C) @ T(Lp)
(17 2)1 K4t
(0,0) w.2), | s (2,2), @ (e
(1,0) (1,2)_; | p— (e
(=1,0) (1,2) 4 | p—re (o)
0.1 @y, | A ] @, v | QO(C) @ T(L5)
(0,—1) (2,1)_, | A (1,1) , oo | QM) @T(LYY

Table 3. The field content of the (0,4) theory on a D3-brane wrapping a curve C' inside a Kahler
surface By which is the base of an elliptic CY3 in F-theory. The spectrum is obtained by the
partially twisted reduction of 4d N =4 SYM. The representations in the second and third double-
column refer to SO(4)r x SO(1, 1), and fields are labeled by their SO(1, 1)z spin as well as their
form-type along C.

At this stage all fields depend both on the coordiates z°,z! along R"! and on the
local (anti-)holomorphic coordinates z,z on C. The superscripts & of the fermionic fields
denote the SO(1,1), chirality. This field content is summarized in table 3. As a result
of the topological twist, the fields assembled in table 3 transform as differential forms on
C. Their bidegree is fixed by the U(1)%"" charge, which determines the transformation
behaviour of the field with respect to the (twisted) structure group of C. The relation
between the topological twist charge and the cotangent bundle of C' is

gt = 1 — Q%) (38)
gt = —1 — Q0. '

As discussed in section 2.1, fields carrying in addition duality twist charge transform as
form-valued sections of suitable powers of the duality bundle, Lp, viewed as a complex
line bundle on C' with connection (2.10). To characterize the relevant sections we need the
kinetic operators acting on the fields. To determine these it is necessary to work out the
topologically twisted action in detail. The sections that the fields transform as listed in
the rightmost column of table 3 are the result of this analysis. This way we will also be
able to determine the massless spectrum in the effective 2d theory along the string.

3.1.2 Action and BPS equations

The string action and the supersymmetry variations of the fields follow by the decomposi-
tion of the 4d N = 4 SYM theory, or, equivalently, via dimensional reduction of the 10d
N =1 SYM theory with action

1 ~ A 1 = n
S104 = —— TrFynFMN — —_9TrMp,, ¥ 3.9
10d /RLQ 42 rfpMN 27 MY, (3.9)
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and supersymmetry variations

. _ N N 1 N
§Ay = —iel 0, 6V = 5PMNFMNé. (3.10)

Here ¥ and ¢ denote the 10d Majorana-Weyl spinor and SUSY parameter. In addition
after the dimensional reduction to four dimensions one adds explicitly a topological term

16
—TrFAF 3.11
ST AE, (3.11)

where F is the 4d reduction of the 10d field strength F'. The 4d abelian N = 4 SYM action
for the fermions and scalars is

: ) 1
! V—gd's Tr U618, T + — Tr#4d® A dD. (3.12)

Sfermions + Sscalars = 27 4
™ JRL1xC ™ JRLIxC

The gauge fields in the abelian N = 4 SYM theory have the action

1 1
T Tr F A xyF + — nTrFAF. (3.13)

Sp=—
47 RLIxC 47 RLIxC

Via the decomposition (3.7) and including the twist we can determine the theory in terms

of fields along C and R"!, and subsequently integrate out the internal degrees of freedom.

+

Let us introduce coordinates 2+ = 20+ 2! along Rb!, with derivatives 04 := 9y£01, as

well as (anti-)holomorphic derivatives along C, d = 9., 0 = d;. The internal derivatives of
fields with definite U(1)p transformation properties will be written in terms of the duality
covariant derivatives 4 and 04, which were defined in (2.12). The action for the full
theory after the decomposition and twist is

2 .
Sstring = /1 1 d‘%’ﬂﬁ:/d‘lx ‘g‘ <7'2£gauge+37'1£top+2Z£fermion+£sCa]ar> (314)
RLIxC
2 o '
= /Rl ) Cd4x gl (TQFWFW+371 <6uuaﬁFWFa5) +924 (‘I’F“amlf)vtzamaw) .
1+ X Z

The gauge field part takes the same universal form for the 2d actions obtained from D3-
branes on any Calabi-Yau n-fold,

1 - 1 _
Legauge = —5(85 —da)? — 5(0,14 —04v_)? —0_adya — 0_adya — dvyOv_
— Ov_0vy + vy d_a+ v d_a+ Ov_0,a+ 0v_0ia
2 - _
5;Ltop = (00100 — Dv_Bv +0_ada — 0_ad..a) (3.15)

+ (Ovy0_a — Ovy0_a+ 0ad_vy — dad_vy)
+ (=0v_01a + Ov_0ya — adiv_ + Oadyv_).

The part that is twist specific is the action for the fermions and scalars. It depends on the
embedding of the curve C' and consequently on the dimension of the compactification. For
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the Calabi-Yau three-fold compactification this part takes the form

Ltermion = + A—01 A + 14 04N — A_Op A — A_0atpy + s 0—fiy
— fir O_piy + p-Ofiy — iy Op— — A_Dathy — hy0_thy + Py ar-
+ 0ty — pyOp_ — p- 04+ p-Ouy + p-0yp-
Lscalar = — 0—00410 — 0_0040 + 040045 + 045040 + 04 p0—p — OpOyp .

(3.16)

The supersymmetry variations likewise follow by dimensional reduction, starting in 10d.
The result of this decomposition of the bosonic SUSY variations is

VTala = 2ie_1, VTa0a = 2ié 1y
S0 = —2ie_tp ) 65 = 2ie_1), (3.17)
VT2 0v_ = 2i(A_é_ + A_e_) vy =0

5SOAB = —Zi(e_Au+B + E_Aﬂ+3) .

Here we have made manifest the transformation of the fields as representations of the
transverse SO(4)r = SU(2)71 x SU(2)7,2 rotation group, with A and A referring to the
two SU(2) factors. More details on the decomposition and our conventions can be found
in appendix B. For the fermionic variations one finds

Sthp =e_\/To(—0ya+ Ovy)+é_0, 5 6y =& /(0yra—0v ) +e 00

o = —e_4049"" Oy =+e a0 pt" (3.18)
(5p§ =€_A(9AQOAB 5ﬁ§ :e_AgAgOAB

N =—e_(VFn+FA)—E_xcOad 0N =—é (VTaFo1—Fa)+e_xcdao.

Up to boundary terms the above action (3.14) is invariant off-shell under the supersym-
metry transformations given by (3.17) and (3.18). This result depends crucially on the
properties (B.26) of the holomorphically varying axio-dilaton, as is further explained in
appendix B.

Note the factor of /72 in front of the external components of the gauge field; this
factor arises by rescaling the 10d supersymmetry variations (3.10) such as to comply with
our normalization of the 4d N =4 SYM action. Furthermore, we have defined

Fa = %\/?2 (9a — 0a) . (3.19)

It turns out that this combination can be written entirely in terms of U (1), covariant
derivatives of the fields \/m2a and /T2a with definite U(1)p charge,

Fae % (04 (V72a) — 04 (v/720)) - (3.20)

This uses holomorphy of the varying axio-dilaton 7, see equ. (B.26). We will come back to
this important point in section 3.5.
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Ignoring potential boundary terms, the equations of motion obtained from the variation
of the fermionic action are

DA — 20404 =0 OiA_+ 0404 =0
O_thy —2040_ =0 O_1hy +2040_ =0
O_jiy —204p- =0 O_piy +204p- =0
Opp_ —204fi4 =0 Opp_ +204p4 =0. (3.21)

The BPS equations that follow from the supersymmetry variations are on the other hand

For = %(a_u —0,0.) =0 Fa— %\/E(éa —0a) =0
Ovy —0+a =0 vy —0+a =0
0+0=0 0+0=0
046 =0 040 =0
&pAB =0 5(,0’43 =0
8,08 = 0. (3.22)

The BPS equations are similar to Hitchin equations for Yang-Mills theory on a Riemann
surface, except that the fields here transform as sections of Lp. We shall discuss some as-
pects of these equations in section 3.5. The next task here will be to deduce the cohomology
groups counting the spectrum of zero-modes in the 2d effective theory along the string.

3.1.3 Spectrum

If one performs a dimensional reduction to determine the 2d effective action each field
decomposes as
O(ws,2,2) =y 2 (z1) @ dW(2,2), (3.23)
k
with ®*)(z, 2) an eigenmode of the internal kinetic operator. From (3.21) one finds that
the internal part of the 2d zero-modes are characterized by the vanishing of the second term
in each equation. The external fields in the 2d effective action then satisfy the massless
Dirac equation given by the first terms in each equation, in agreement with their chirality.
twist

Consider a field @p,q(z,i) of charge ¢y and form degree (p,q). If the zero-modes are
governed by the internal kinetic operator d4 in (3.21), i.e. by

5A‘i)p,q (2,2) = (5 + iqtﬁViStA(O’l)> ‘i’p,q (2,2) =0, (3.24)
then the non-trivial zero-modes correspond to

$©) (2,2) € HLY (C, ,c;,qgvm) . (3.25)

p.q

If on the other hand the equations of motion involve d4, i.e.

aAci)p,q (2,2) = (8 + ingiStA(l’o)> <i>p,q (2,2) =0, (3.26)
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the zero-modes correspond to

&) (,2) e HY" (€, 250" = (137 (c, cg“’tﬁ”i“))* . (3.27)

p.q

Note the different signs appearing in the powers of the bundles. In the last equation we
used that complex conjugation acts on the (anti-)holomorphic bundles as (Lp)* = Lp.

For instance, in view of the U(1)%* charges, the 2d gaugino zero-modes A_(z) and
A_(x4) correspond to solutions to

(a - M@’O)) X(z.2) =0, (o+ z'A“’vU) Az 2) =0, (3.28)
given by

\O (z,2) € BY (. L5h) = (H)(Coeph) a0

5 _ 0,0 _
AO(z,2) e HYO(C, L5,

This systematically leads to the counting of massless fields in the effective 2d (0,4) theory
summarized in table 4. It is also the rationale behind the determination of the sections
of which bundles the (2 4+ 2) dimensional fields transform in table 3. The results of our
derivation agree with the spectrum stated in [31].

In order to evaluate the dimensions of these cohomology groups one takes into account
that the duality bundle Lp on C can be viewed as a bundle on the base By which describes
the SL(2,Z) monodromies due to the variation of axio-dilaton 7 in F-theory. At this stage
we recall from the discussion around (2.20) that [7, 47]

Lp=Kgllc, (3.30)

Lp is of non-negative degree, and Lp is trivial if and only if C' does not intersect the
discriminant locus of Y3. In this case, 7 does not experience any monodromies on C and
is therefore constant. This has the following consequences: unless Lp = O, ampleness of
Lp implies that h%(C, EBl) = 0. Therefore the vector multiplet is projected out at the
massless level and the 2d effective theory reduces to a sigma-model. Only in the special case
that Lp = O is a vector multiplet retained and the U(1) gauge symmetry unbroken. This
is a rather notable difference to the perturbative description in the Type IIB orientifold
limit, where the D3-brane theory has a phase with an unbroken U(1) symmetry despite
the intersection with the 7-branes. We explain this difference, along with an explanation
in terms of non-perturbative effects in the vicinity of the orientifold plane, in section 3.6.

Finally, Serre duality implies that 2!(C,£}') = h(C, Kc @ Lp), and for Lp # O
Riemann-Roch implies that

(O, L) = x(C, Kc ® Lp) =g — 1+ c1(Bs) - C, (3.31)

where we used (3.30) and where g is the genus of C. This explains the multiplicities in
table 4, evaluated for the case of non-trivial Lp.

We now wish to identify the R-symmetries of the various fields. A general 2d (0,4)
theory has an R-symmetry group SO(4)r = SU(2)r x SU(2);. If the theory flows to a
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(qByvist, glyist) Fermions Bosons (0,4) Multiplicity
(151) (271)1 er (151)07 (1’1)0 Zl,a' Hyper ho(ca KC@»CD)
(_17_1) (271)1 1;4- (171)07 (171)0 a, o :g_1+cl(B2) -C

1,2 Twisted
(0,0) e (2,2), o | E R(C) = 1
(1,2); | A Hyper
1,0 1,2) | 5
(1,0) (1.2)4 ) Fermi RYC) =g
(_170) (172)—1 pP—
0,1 2.1) , | A 1,1
(0,1) (2.1 B (1,1), ol Vector | BY(C, Ke ® Lp) =0
(0,-1) (2,1) | A (1,1)_, v_

Table 4. Massless 2d (0,4) multiplets of the (0,4) theory on a D3-brane wrapping curve C inside
a Kéahler base By in F-theory propagating in the bulk of the D3-brane. The specific values for the
Betti numbers in the last column refer to a curve C' intersecting the disciminant locus of the elliptic
fibration in isolated points. The representations refer to SO(4)7 x SO(1,1).

superconformal theory in the infrared, only a single SU(2) subgroup is preserved by the
SCFT [53]. Each field must transform in such a way that it is consistent with the R-charges
of the various (0,4) multiplets as explained in section A.1. The supercharges of the (0,4)
theory must transform in the 2 of SU(2)g. This suggests identifying the SU(2) g symmetry
with the first SU(2)7; factor in the group SO(4)r = SU(2)71 x SU(2)72 of rotations in the
space transverse to the string. The remaining SU(2)7 2 will act as an SU(2) current algebra
on the worldsheet of the string [31]. The identification of SU(2)7; as the SU(2) p symmetry
is dependent on the form of the twist. The second factor SU(2); in the R-symmetry group
SO(4)r = SU(2)r x SU(2)s is not generally visible from the compact geometry [31]; it is
the SU(2) R-symmetry of the 6d (1,0) theory in which the string lives (see e.g. [54]). The
charges of the multiplets in table 4 under this SU(2); symmetry are fixed by the structure
of the (0,4) supersymmetry as explained in appendix A.1.

In table 4 the states with twist charges (+1,41) comprise fermions transforming as a
2 of SU(2)r and corresponding scalars transforming as a 1. This identifies these states as a
hypermultiplet, where the supersymmetry forces the fermions and scalars to transform as
the 1 and 2 respectively of the SU(2);. Similarly the universal multiplet with twist charges
(0,0) has fermions that transform trivially and scalars which transform in the 2 of SU(2)r
— this is a twisted hypermultiplet. The Fermi multiplets with twist charge (£1,0) trans-
form trivially under the R-symmetry, as expected, and finally the states with twist charges
(0,41) come in the R-symmetry representations characteristic of a vector multiplet.®

It is instructive to collect the left- and right-moving zero-modes. For definiteness we
reiterate that we assume that Lp is non-trivial, equivalent to the assumption that the
coupling 7 varies non-trivially over the curve C. In this case the only left-handed fermion
zero-modes result from the Fermi multiplets and are counted in the following way — with

5We have seen that for a curve C in generic position to the 7-branes of the F-theory background there
are no zero-modes associated with such states.
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the charges given in the ordering SO(1,1)y, x U(1)&st x U(1)fyst

)

Representation |Cohomology Groups|Multiplicity
Fermions, L: p—=(1,2)-1,-10 HY(C,0) g (3.32)
p-z|(1,2)-110 H™'(C,0) g

For the right-handed fermion zero-modes we have

Representation |Cohomology Groups|Multiplicity
Viz(2, )11 HYNC,Lp')  |g—1+a(B)-C
Fermions, R: 1[)4_72 (2,1)1,-1,-1 HY(C, Lp) g—1+c(B)-C (3.33)
p [ (1,2)1,0,0 H%°(C,0) 1
fitr |(1,2)100 HY(C,0) 1
Finally one can consider the massless bosonic fields:
Representation | Cohomology Groups|Multiplicity
az|(1,1)o1,1 HONC, L) |g—1+a(B)-C
1,1 H%\(C, —1 B)-C
Bosons: o (L, Do ( ) g a(B) (3.34)
az (1,1)0’_1’_1 Hlo C, ﬁD) —1+01<B)-C
5’2 (1,1)07,17,1 HlO(C £D) —1+61(B) -C
2 (27 2)0,0,0 HO’O(C7 O) 1

Apart from this sector, extra massless fermionic states arise from strings stretched
between the D3-brane and the 7-branes in the F-theory background. These zero-modes
are localised at the intersection of the curve C' with the discriminant of Y3, which, for
generic position of the curve C, is a set of points. The existence of such 3-7 strings in the
present context, found first in [24], has also been pointed out in [31], and their importance
in low-dimensional compactifications for the gauge anomalies on the 7-branes was stressed
independently in [16, 18]. The contribution from this sector consists of

c37 =8c1(By) - C (3.35)

(0,4) half-Fermi multiplets. This might seem counterintuitive at first since the number of
intersection points of the D3-brane with the discriminant locus is given by 12 ¢1(Bsg) - C.
However, even though an SL(2,7Z) transformation allows us to view each individual point
as the intersection of the D3-brane with a (1,0) 7-brane, globally not all 7-branes can be
dualised into the same (p,q)-frame. This is the origin of the reduction of the number of
independent zero-modes to (3.35). We offer three independent derivations for the specific
value (3.35): first, by considering the perturbative Sen limit in section 3.6 one realizes that
the D7-brane locus is in the class 8 Kg;, the remaining 4 ¢;(Bs) - C' points being associated
with the intersection with the O7-plane. The latter do not host any additional 3—7 modes.
The extra 3-7 states are also seen, independently of a deformation to weak coupling, by
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comparison with the M5-brane picture in section 4.1.1, and their number is universally and
uniquely predicted by anomaly cancellation as discussed in section 5. The counting (3.35),
and the arguments leading to it, are independent of the dimension of Y,, and hence hold
true for D3-branes wrapping curves on any base B,_1 in F-theory.

Given the spectrum in table 4 one can read off the right- and left-moving central
charges of the effective 2d theory as

cp =69+ 601(32) -C, cr, = 6g + 401(32) -C'+c37, (3.36)

where c37 = 8¢1(Bz) - C' is the contribution from the 3-7 string sector. It can then be seen
that there is a gravitational anomaly

C], —CR = 661(32) . C, (337)

which will be cancelled by anomaly inflow from the bulk of the 6d (1,0) theory as discussed
in section 5.

3.2 Stringsin4d N =1

Let us now consider a D3-brane wrapping a curve C' inside a Kéahler three-fold Bs serving
as the base of an elliptic Calabi-Yau 4-fold Yy on which we compactify F-theory to four
dimensions. This setup gives rise to a string in the extended spacetime R'3 and is expected
to preserve (0,2) supersymmetry.

3.2.1 Duality twist

The SU(4) g symmetry of the N = 4 SYM theory on the D3-brane decomposes, as in (2.15),
into the rotation group SO(2)r associated with the two extended dimensions transverse to
the string as well as an SU(2) g x U(1) g group. The latter represents the structure group of
the normal bundle N¢,p,. Together with the universal decomposition (2.13) of SO(1,3)y,
this results in the following decomposition of the supercharges of the N =4 SYM theory:

Giotal — SU(2)r x SO(1,1) x U(1)c x U(1)g x SO(2)r x U(1)p
(2,1,4)1 — 21,1,0-11DP2-1,-1,0-1,1 D 111,111
D1l 1,111, P111,-111P 11,1111 (3.38)

(1,2,4)-1 — 21.-1,01,-1 P 2-1;1,01,-1 D Li;—1,1,-1,-1

D1l 411,-1,-1®PL1—1—1,-1,-1 D1 _1,1,-1,-1,-1-

IR ]

The topological and duality twist required to preserve the expected two right-moving su-
persymmetries take the form

: 1
Téwmt = 5('I'C + TR)
2 (3.39)
TBWlst = 5(TD + TR) X
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After this twist the supercharges decompose as in

Giotal — SU( )R X SO( )L XU( )tWISt > U( )twlst x SO( )
(2 1 4)1-) 211 1 1@2 1.7 1@11001@1 17101@11717171@1 1;0,1,1 (340)

)

1,2)4)_1 — 2, 11 D2 .1
1;— ,1 1;

IR

119 11,00,-1®1-1;10-1 D 11;-1,-1,-1 D 1-1;0,-1,-1,
and one ends up with two positive chirality scalar supercharges in 2d

Q+ : 11,001 Q.+ : 11001, (3.41)

with U(1)r charge £1. To determine the bulk matter on the twisted D3-brane we analyze
the decomposition of the 4d N = 4 vector multiplet into fields transforming in the following
representations

SU(2)r x SO(1,1)1 x U(1)&s 5 U(1)[* x SO(2)r x U(1)g
A 120400DP 1220400 P 101,500 P 10,—1,%,0,0

=v+ bv-Dada
¢ 100020 D 1000205251 107D2 1 1,

ICEDR T 9T 9
=§OIBP®P (342)
U 201150DL11,0,-1,109110,0-1,-1 D2

IR ]

1 117091101,-11P1-1-10-1,-1
’27 s 99

+ DV DY+ D p- DA B[
W2y 11 081018 10010821

1
T 27 1997 9

=fit+ B BV D DA DS

M\H

10®110-1,1,-19 111011

The fields in the topologically half-twisted theory on R%! x C' transform as bundle val-
ued differential forms on C', which can be determined in a manner similar to the discussion
for the string in 6d in section 3.1. The fundamental representation 2 of the SU(2)g sym-
metry group indicates that the differential forms take value in the normal bundle N¢/p,,
whose structure group this SU(2)r is. The form degree in turn is determined by the topo-
logical twist charge thlSt with our conventions being that a state of topological and duality
twist charges (¢2¥st, ¢i¥is*) = (1,0) or (—1,0) transforms as an element of Q%!(C) or, re-
spectively Q19(C). In addition sections of the normal bundle N /B, carry twist charges.

To compute these consider the adjunction formula

K¢ = Kpylc ® N*Neyp, = L' © A2Ngyp, - (3.43)
Since in our conventions we associate with K¢ twist charge ¢&"'* = —1 and with the duality
twist bundle Lp twist charge th‘bt —1, this fixes the charges associated with sections of
NC/B3 as
~ 1 1
N . twist twisty _ ( _ -~ . 3.44
C/Bs ( »dp ) 2’ 9 ( )

Following this logic one systematically arrives at the bundle assignments displayed in the
last column of table 5. The results are in agreement with the way the fields enter the
topologically twisted action, to which we now turn.
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(giist, ¢fwist) | Fermions| Bosons Form Type
(1/2,1/2) | 21| py | 20 | ¢ |Q%N(C, Neyp, ® L))
(—1/2,-1/2)| 21 | fix | 20 | @| Q%(C,Neyp,)
(1,1) 1L | ¢4 |10 |a Qe Ly
(—1,-1) |11 |9g | 1o |a| Q%(C,ANgp,)
(0,0) |11 |7|1o]g 2%(0)
0,00 |11|4: | 10|37 Q%%(C)
(~1/2,1/2) |2_1| p- Q(C, Noyp, @ L))
(1/2,-1/2) |2-1| - Q%1(C, Neyp,)
(-1,0) |14] 8- Q%%(C, Ke)
(1,0)  |1.4] B avi(c)
(0,1) 19 A | 1z vyt 90’0(075151)
(0,—1) |14 A [1ofv |  Q09C, L5

Table 5. The bulk field content of the (0,2) field theory on a D3-brane along C' C Bs. The fields
are the twisted fields from the reduction of the N = 4 SYM spectrum as defined in (3.42). We
display only the 2d chirality, and the SU(2) g-symmetry representation. The form type of each field
is computed the action of the internal kinetic operators on the fields determined via the equations
of motion and the BPS equations.

3.2.2 Action and BPS equations

For a D3-brane wrapping a curve in a Calabi-Yau four-fold the gauge and topological parts
of the action are the same as in (3.15) for Calabi-Yau three-folds, as they do not depend on
the choice of decomposition of the R-symmetry. The fermion and scalar Lagrangians are

Efermion =+ 71}8772; - T/JaAX - 65774 + 53+§ + )\5,47/; — )\&FX — ya,ﬁ + 785
+ p0sp — POATL+ pOAP — pO-Fi + POt + I\ — FO_y — 7O (3.45)
= XAt = AN\ + BOY + B0+ B — pdyp — pOap + i0ap + HO—pr,

and
Escalar = - 8—ga-‘rg - 8—g8+g + égag + égag (3 46)
+0400-¢ + 0450 — Oap0ap — 0aP0ap,
with the total action given by the combination (3.14). The supersymmetry variations,
again obtained via dimensional reduction and for the fields as identified in appendix B, are

VT2v_ = —2i(E_A_ + e_X_) dvy =0
VT2ba = —2ie_1, VT20a = 2i'€._~wt (347
0g = —2ie_y+ 0g = —2ie_7+
dpa = 2i€_fiya 0pa = —2ie_pyqa.
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We are here making manifest the SU(2) r representations of the fields, with index A referring
to the 2 of SU(2)g. For the fermions the variations are

S\ = —c_ (/72 For + Fa) 0N = —€ (VaFor — Fa)
§B_ = —¢_dg 88 =e_0g
04 = e-/T2(0vy — 01a) Sy = —E\/T2(Ovy — Dya) (3.48)
0v4 = €-049 074 = €-047
Spiya = —€01pa Ofiyn =€ 01Pa
dp_A = €0apa - 6p_a = €DAPA -
The BPS equations readily follow
For = %(8_v+—8+v_) —0 Fa= %\/E(éa—aé) =0
ovy —0,a=0 vy —0+a =0
d+9=0 949=0
dg =0 93 =0
Oapa =0 oapa =0
Dipu =0 8,54 =0. (3.49)

As in section 3.1 the internal kinetic operator that acts on the twisted fields is read off
from the BPS equations for the bosonic fields and the equations of motion for the fermionic
fields. The bundle sections listed in table 5 which count the zero modes are consistent with
this kinetic operator.

3.2.3 Spectrum

Upon dimensional reduction on C, the zero-modes of the effective 2d (0,2) theory are
counted by the Dolbeault cohomology groups associated with the bundles in table 5. The
spectrum consists of three pairs of chiral plus conjugate-chiral multiplets, two pairs of
Fermi plus conjugate Fermi-multiplets, and the vector multiplet. As usual, the appearance
of e_ versus €_ in the supersymmetry variations fixes the notion of chiral versus conjugate-
chiral as well as of Fermi versus conjugate-Fermi superfields. In this regard we stick to the
conventions of [53].

Note that in table 5 the number of zero-modes for multiplets and their conjugates are
equal; this follows from the discussion in appendix C.2, which can be used to show that

h'(C,N¢yp,) = h' " (C,Neyp, ® L) (3.50)

Finally, the vector multiplet must be counted in the same way as for a D3-brane on a curve
in B, discussed in section 3.1.3. Unless the curve C does not intersect the discriminant
locus so that Lp is trivial the vector multiplet is projected out at the massless level. The
bulk spectrum for non-trivial Lp is given in table 6. The bulk spectrum is completed by
8¢1(Bs) - C Fermi multiplets from massless 3-7 string excitations.
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Fermions | Bosons (0,2) Multiplet Zero-mode Cohomology

7 ® Chiral
~ _ . . hO(C7 NC/BS)
[y % Conjugate Chiral

b a Chiral
1%—"_ ) ) hO(C,K(j@[,D):g—l—f—Cl(Bg)-C
vy a Conjugate Chiral

Chiral

om g ira W0 = 1
Y+ g Conjugate Chiral
p— — Fermi 1 0
_ . .| P (C,Ngyp,) = h*(C, Neyp,) — a1(Bs) - C
p— — Conjugate Fermi

_ — Fermi
g o RY(C) =g
8- — Conjguate Fermi
A v
- - Vector 0
A v_

Table 6. Structure of the 2d (0,2) bulk multiplets in the effective theory on R:! x C for C inside
the base Bs of Yj.

The spectrum as given in table 6 allows the computation of the right- and left-moving
central charges, which will now depend on the further numerical value h°(C, Ng /By)- This
extra freedom is not present in the Calabi-Yau three-fold set-up as the normal bundle is
its own determinant bundle. The central charges are

cr =3(g+ c1(Bs) - C + h’(C, Neyg,))

0 (3.51)

cr, = 3(g+h"(C,Ngyp,)) + c1(Bs) - C + car,

where the left-moving central charge again includes the contribution
C37 = 801(33) -C (352)

from the 3—-7 sector. The gravitational anomaly, which now depends only on the line bundle
Lp= Kg;’c, is
C], — CR = 661(B3) -C. (3.53)

3.3 ‘Strings’ in 2d (0, 2) theories

In 2d F-theory compactifications tadpole cancellation necessitates the inclusion of a D3-
brane sector, describing additional ‘strings’ filling the full spacetime. F-theory compact-
ifications on an elliptic fibration Y5 have been introduced in [16, 18] and give rise to 2d
N = (0,2) supersymmetric theories. For the above reason, the status of the D3-brane
sector is rather different in 2d compared to 6d and 4d F-theory models. The D3-branes
are an integral component of the definition of the vacuum rather than a defect sector, and
their understanding is imperative to characterize the compactification.
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We now describe the theory on a D3-brane wrapping a curve C' on the base B4 of an
elliptically fibered Calabi-Yau five-fold Y5, and will return to the tadpole constraint in the
context of the anomaly considerations in section 5.

3.3.1 Duality twist

Since the 2d effective theory on the D3-branes along R%! is now spacetime-filling, there is
no group of rotations transverse to the D3-brane theory in the non-compact dimensions.
The SU(4) g symmetry of the N = 4 SYM theory on the D3-branes simply decomposes into
SU(3)r x U(1)g, which is the structure group of the normal bundle N¢/p, to the curve C
inside the internal Kahler space By. From the decomposition of the supercharges,
Gtotal — SU(3)r x SO(1,1)1, x U(L)e x U(1)r x U(1)p
(2,1,4) 41 — 31011931111 ® Lia,—31 D 11,131 (3.54)
(1,2,4)-1 — 31-1,-1,-1P3-1;1,-1,-1 P L1311 D 11131,

one infers that the topological and duality twists

1

TEvist — 5 (B3T0 +Tr)
w1
™ = 5BTp +Tr), (3.55)

result in the expected two right-moving scalar supercharges. These transform under
SO(1,1)r x U(1)&st x U(1)¥t x U(1)g as

Q+ : 11,003 Q+ : 11;00,-3- (3.56)
The N = 4 fields have the following reduction:
SU(3)r x SO(1,1) x U(1)&st 5 U(1)ys* x U(1)p
A 19040012040 D L0150 D Lo,—1,4,0
=vyDv-_Dada

¢ 30)%)%)2 @ 30’_§7 %7_2
=p®P (3.57)
U 3,11 01111301 1013DP3_; 214
1373 v 33?

Pt DYy B A D p—

U: 3, 1 1Dl 1-3®1l30-1-3®3 ;2 1,
b 37 37 737 37

=i Oy DA D p_.

The spectrum of the partially topologically twisted theory on RYM! x C is given in
table 7. The bundles appearing in the last row are determined by the representation of
the fields with respect to SU(3)g x U(1)&s* x U(1)7" in close analogy to the procedure
spelled out in section 3.2. This time, the adjunction formula

Ko :KB4|C®/\3NC/B4 (3.58)
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(givist gtwist) | Fermions | Bosons Form Type
(1/3,1/3) 31 | pr | B0 | ¢ | QONC, ANy, ® L))
(=1/3,-1/3) | 31 | x| B0 | ¢ Q%(C, Neys,)
(1,1) 1, |y | 10 | @ QoL(C, Ly
(—-1,-1) 1, ¢y | 10 | a Q0(C, Kc ® Lp)
(=2/3,1/3) | 3_1| p— | — | — | QC, A’ N¢yp, ® L)
(2/3,-1/3) |8_1 | p- | — | — Q%N (C, Ngy,)
(0,1) 1.0 [ A | 15 | vy Q% Lh
(0,—1) 1| A |15 |0 Q000 LY

Table 7. The bulk field content of the (0,2) field theory for a D3-brane wrapping a curve C' C By.
We only display the SO(1,1), charge and the SU(3) g symmetry representation.

and the usual assignments of twist charges imply that sections of K¢, Lp and of Ng/p,
carry twist charges

Kc - (qg’NiStv thWiSt) = (_170)
Lp: (g™ qp™) = (0,-1) (3.59)
Nespy o (@87 qp™) = (=1/3,-1/3).

3.3.2 String action and BPS spectrum

Finally, let us turn to the action and supersymmetry transformations. The total action
is (3.14), where the gauge and topological parts of the Lagrangian are (3.15), while the
scalar and fermion parts of the Lagrangian are twist dependent and in the present case
given by
Lrermion = = A0 A=+ A-0ats — p-04p + p-Dafiy + pO-fiy — psdap-
+ Y 0-thy — 1 0aA- — p_Oip— — p_Oapy — A_01 A — A_0a4

i Oy + JirDap— + 1 0-tby +1hdar 00
Lycalar = = 0490—p — 01 00_p + D apI 4P + Dapap .
The bosonic supersymmetry variations leaving this theory invariant take the form
V72— = —2i(E_A_ + e_A_) Svy =0
VTada = —2ie_y V200 = 2i€_1py (3.61)
0o = 2i€_[itq 0@t = —2ie_p .
Their fermionic counterparts are found to be
SA_ = e_(mFo1 + Fa) SA_ = (VrFo1 — Fa)
54 = /T2 (Ovy — O;a) 5@ = _ﬁ§(3v+ — d.a) (3:62)
Ofipa = —€04pa oS = €0y p”
0p—_a = €04Pa 6% = edap®.

~ 99 —



Fermions | Bosons | (0,2) Multiplet Zero-mode Cohomology

JIus (% Chiral o

h N,
fis @ | Conjugate Chiral (C,Ncy,)
7/;+ a Chiral 0
(. a Conjugate Chiral (C,Kc®Lp)=g—1+4c1(By)-C
p— — Fermi L 0

W(C.Npp, ) =ho(C, N, —1—¢1(By)-

p— — | Conjugate Fermi (€. Neyp,) (C,Noy/B,)+9g c1(By)-C
A
3 v Vector 0
A v_

Table 8. Structure of 2d (0,2) bulk multiplets in effective theory on RY! x C inside base of C'Y5.

Here the indices a and ¢ refer to the 3 and 3 representation of SU(3)g, respectively.
More details are given in appendix B. The BPS equations are easily read off from the
above variations.

After dimensional reduction to two dimensions, the 2d zero-modes organize into two
pairs of chiral plus conjugate-chiral multiplets, a Fermi plus conjugate-Fermi multiplet, and
the vector multiplet. The latter is absent unless Lp is trivial, i.e. unless the curve C does
not intersect the discriminant locus of the elliptic fibration. The number of zero-modes
for each of these fields is computed by the cohomology groups associated with the bundles
appearing in table 7. Serre duality together with the identity

N Neypy = Néyp, © N*Neyb, (3.63)

which follows from (C.25), guarantee that each multiplet and its conjugate indeed appear
with the same multiplicity. In particular,

W'(C,Neyp,) = B~ (C, N p, ® Ko) = B (C, A2 Ngy g, @ L3} e) - (3.64)

The zero-mode spectrum is given in table 8.
The bulk spectrum is completed by 8¢i(By) - C Fermi multiplets from the 3-7 sector.

From the spectrum the central charges can be computed as
cr =3(g+ c1(B4) - C + h%(C,Ngyp,) — 1)

] (3.65)
cy = 3(9 +h (C, NC/B4) — 1) + 961(34) . C,

where we have included in the computation of ¢z, the c37 = 8¢1(By) - C modes from the 3-7
sector. The gravitational anomaly is then

c, —cr="6c1(By)-C. (3.66)

3.4 Duality twist for 2d N = (0, 6) theories

So far we have focused on chiral 2d theories arising from duality twisted N =4 SYM on
a curve with a brane realization in terms of D3-branes wrapping curves in an F-theory
compactification, which naturally incorporates the varying coupling. In this section we
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shall study one case that does not have such a brane realization, but nevertheless represents
a consistent topological twist of the N = 4 SYM theory, and upon twisted dimensional
reduction results in an N = (0,6) theory. This may in particular be of interest in the light
of recent developments on novel supersymmetric theories such as N =3 SYM in 4d [55].

For this, we consider again the R-symmetry decomposition of N = 4 SYM which we
used for the CY;5 twist in (2.16)

SU(4)R — SU(3)R X U(l)R
4 = 1,93, (3.67)
6 - 32P3_9,

however unlike for the twist discussed in the CY5 brane realization (3.55) we could instead
consider the twist

. 1
Tngt — §(TC _ TR)

; 1
TH™ = §(TD —TR). (3.68)
With the same representation theoretic decomposition in (3.54), but the twist defined as
in (3.68), we end up with the following supercharges under SU(3) x SO(1,1) x U(1)&st x
v
Q: 31.0,0 ® 3100, (3.69)

thus giving an N = (0, 6) supersymmetric theory in 2d. It would be interesting to explore
geometric realizations of these theories in more detail in the future.

3.5 Hitchin equations with L p-twist

The BPS equations involving the reduction of the 4d gauge field A, are the same across all
dimensions of Calabi-Yau compactifications that we here consider. Of particular interest
is the equation

Fa= 5 (0alyma) - 0a(v7m0)) = 0. (3.70)

This equation is expressed in terms of the U(1)p eigenstate fields \/72a and \/7pa. These
fields transform as bundle-valued sections,

VvTa € D(QYN(C, L))
Vma € T(Q%(C,Kec @ Lp)), (3.71)

where the two bundles in questions are dual to each other. The number of sections of these
particular bundles, for a curve C inside a Calabi-Yau Y,, with n = 3,4, 5 intersecting the
discriminant locus, is

g—1+deg(Lp)=9g—1+c1(Bn_1)-C. (3.72)

We see that the equation (3.70) is a U(1)p duality twisted version of the usual abelian
Hitchin equation F = 0, with F the abelian field strength along C. Apart from the fact
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that \/Tea and /Tea are sections of the bundles (3.71), the expression F 4 involves the
U(1)p covariant derivatives defined in section 3.1.3. The solutions will be U(1)p twisted
flat connections on C. It would be interesting to study the extension of such a duality
twisted Hitchin system to the non-abelian case and the underlying mathematics further.

3.6 Type IIB limit and quantum Higgsing in F-theory

It is very instructive to compare our findings for the spectrum on a D3-brane wrapping
a curve in F-theory to the situation in the special case of perturbative orientifolds. If
the F-theory setup has a smooth Type IIB orientifold limit, the base space B,_1 of the
fibration is the quotient of a Calabi-Yau (n — 1)-fold X,,_; by a holomorphic involution
o. Let us assume that the curve C' C B, _1 wrapped by the D3-brane is not contained in
the discriminant locus of the elliptic fibration. In Type IIB two different cases are to be
considered: either the double cover C' C X,,_1 of the curve C' is invariant as a whole under
the involution o, but not pointwise, or it splits into two irreducible curves C' = CyucC_
exchanged by the orientifold, o(C+) = C+. In the first case the perturbative gauge group
U(1) is broken by the orientifold action to O(1) = Zs, and the U(1) gauge potential and
gaugino partners are projected out. The second case is more subtle: if [C}] = [C_] in
homology, then perturbatively there exists an unbroken gauge group

UL)- = UL)e, - U(L)e (3.73)

with an associated massless gauge field and gaugino partners. If [C;] # [C_] a Stiickelberg
mechanism involving the orientifold-odd Ramond-Ramond two-form potential Cs renders
the gauge boson massive and breaks the gauge symmetry to a global U(1) or Zj symmetry.

The possibility of a massless U(1)_ = U(1)c, — U(1)c_ is to be contrasted with our
non-perturbative F-theory result that a massless vector multiplet is found in the effective
theory along the string if and only if the elliptic surface Cc Y,,, defined by the restriction of
the elliptic fibration to C, is trivially fibered, i.e. C=CxT? globally. This situation occurs
precisely if C' does not intersect the discriminant locus A. In the language of the Type I1IB
orientifold, this is equivalent to the statement that the curve C' C X,,_; does not intersect
the divisor wrapped by the orientifold plane, whose class we denote by [O7]. Indeed, the
7-brane tadpole cancellation condition relates [O7] to the class of the divisors wrapped
by the D7-branes and their orientifold images, 8[07] = > .([D7]; + [D7];). Therefore if
the curve C intersects any of the 7-branes, it necessarily intersects also the O7-plane and
vice versa. A trivial fibration C = C x T? then corresponds, in perturbative Type IIB
orientifolds, to a D3-brane on C' = Cy UC_ with C, NO7 =0 = C_NO7.

By contrast, if C = C. UC_ but C N C_ # 0, then the corresponding C is non-
trivially fibered. Non-perturbatively no massless gauge bosons are found in the effective
2d action despite the fact that the perturbative limit does exhibit a U(1)_ gauge group, at
least if [Cy] = [C_].

The key to understanding this apparent paradox is that at Cy N C_ extra zero-modes
localize from strings between the D3-brane on C'; and its image brane on C'_. They carry
charge g = 2 with respect to the perturbative gauge group U(1)_ (in units where the 3—7
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strings carry charge g— = 1). These zero-modes assemble into chiral multiplets, and are
crucial for consistency of the setup: first, since the fermions in the chiral multiplets are
of positive chirality, they precisely cancel the U(1)_ anomaly due to the negative chirality
3—7 strings. Indeed, by assumption the U(1)_ is not rendered massive by a Stiickelberg
mechanism and hence must be non-anomalous because massless U(1)s do not participate
in a Green-Schwarz mechanism in 2d. Second, the chiral scalar fields correspond to the
recombination moduli of C = C; U C_. In the Type IIB orientifold a non-trivial VEV
of the scalar component triggers a recombination of the split curve C into an irreducible
smooth curve. This recombination higgses U(1)_ — Zg, consistent with the fact that after
the recombination C is orientifold invariant and carries gauge group O(1) = Zo.

Our results on the duality twisted D3-brane theory strongly suggest that generically®
F-theory does not distinguish between the perturbative phase at the origin of the Higgs
branch with perturbative gauge group U(1)_ and the phase away from the origin with
gauge group O(1). This will indeed be corroborated further from a geometric perspective
below. Our physical interpretation is that strong coupling effects dynamically higgs the
perturbative gauge group in F-theory - an effect which is invisible in the perturbative
description via Type IIB orientifolds. Note that the string coupling gs indeed enters the
non-perturbative regime near the O7-plane, which is where the recombination modes in
the C; — C_ sector are localised.”

It is worth stressing that such a non-perturbatively triggered brane recombination
process does not occur for 7-branes intersecting conventional O7~ -planes. A transverse
intersection locus D7;NO7 in F-theory is always 6-dimensional, whereas the locus D3NO7
in the configurations considered here is only 2-dimensional. The orientifold action projects
out the zero-modes in the spectrum of the D7-D7’ strings located at the orientifold and
thus no non-perturbative recombination is possible. The D7-D7’ zero-modes located away
from the O7-plane, if any, are not projected out by the orientifold, but since these are not
located in the non- region of perturbative g, no recombination is triggered in F-theory.
Indeed, for 7-branes both the recombined phase and the phase with gauge group U(1) are
accessible as described in [59].%

To understand this effect further, consider the Weierstrass model for an elliptic Calabi-
Yau n-fold Y,, with base B,_1. We can parametrise the Weierstrass model following Sen
as [56]

v =23+ frtg

1
f=-3n+en g = —2h3 + ehn — ﬁe2x (3.74)
A~ R (n* — hx) + O()

with f and ¢ sections of K]g:_l and Kgf_l, respectively, and h, n and x generic polyno-

5There is one degenerate exception described below.

"More precisely, the O7-plane famously splits in F-theory precisely due to strong coupling effects [56].
See also [57, 58] for recent discussions.

8 A stack of 7-branes in Type IIB orientifolds with gauge group U(N), on the other hand, does give rise
to zero-modes in the anti-symmetric representation on top of the O7-plane, but again for non-abelian gauge
groups no non-perturbative Higgsing is observed.
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mials of appropriate degree. The orientifold double-cover is described by the Calabi-Yau
space X,,_1

X, 1:6=h (3.75)

by adding a new coordinate £ and letting h depend on the coordinates on B,,_1. The
orientifold action o : £ — —¢ leaves the O7-plane located at h = 0 invariant.
Consider now the family of curves

Cs:h=pi+0dps C Bny (3.76)

with p; and po generic polynomials on B,,_1 transforming as sections of Kgiil and Kﬁf,l
and a parameter § € R. The double cover of this curve on the Type IIB Calabi-Yau X,,_;
is given by

Cs: & =p2+30p2 C Xyt (3.77)
If § = 0, Cs splits into Cy = C. U C_ with
Cy: &=p1, C_: &= —pr. (3.78)

The two components Cy and C_ are exchanged by the orientifold action £ — —& and
intersect at the orientifold locus £ = 0. Hence the parameter ¢ parametrizes the Higgs
branch for U(1)_ in the Type IIB limit: for § = 0, the perturbative gauge potential of
U(1)_ is massless, while for 4 # 0 it is broken by a Higgs effect in which the 3 — 3’ modes
acquire a VEV.

The topology of the curve Cs in B,,_1 wrapped by the D3-brane in F-theory does not
change as drastically for varying 4. Rather, the parameter § characterizes the intersection
of Cy with the locus h = 0, given by

{(h=01NCs: {h=0}N{p1==+0p2}. (3.79)

In the Type IIB limit € — 0, and only in this limit, {h = 0} describes the location of the
O7-plane. As § — 0, the pairs of intersection points p; = £+/0 p2 with h = 0 come closer
together and finally coalesce as § = 0, corresponding to vanishing Higgs VEV. Therefore,
in the limit ¢ — 0, we can geometrically identify the VEV of the Higgs fields with the
separation of pairs of intersection points of Cs with the O7-plane. This is also intuitive
because the Higgs fields correspond to 3 — 3’ modes at the intersection of C with C_. This
is precisely the intersection with the O7-plane in Type IIB, which in fact is a double point
from the perspective of Cs at § = 0: the two signs in (3.79) correspond to the intersection
of C; and C_ with the O7-plane. As these points are separated for § # 0, the 3 — 3’ string
modes acquire mass - indicating the Higgsing.

Finally, we are in a position to address the non-perturbative effects in F-theory. Such
effects are parametrized by non-zero values of the parameter € in (3.74). Famously, as
we take the effects of order € into account, the locus A = 0 in the discriminant A no
longer corresponds to the true location of the orientifold plane. Rather the double zeroes
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of A at h? = 0 obtained by ignoring these terms split into two, with their separation being
controlled by e. This is Sen’s celebrated splitting of the orientifold plane [56] into a mutually
non-local (p, q)-7-brane system. If we intersect with Cj, we see that, independently of the
effect from ¢, a splitting of the intersection points with the O7-plane system occurs due
to strong coupling effects parametrized by €. We claim that this separation must still be
viewed as parametrizing the VEV of the Higgs fields. In particular, as € # 0, a Higgsing
occurs in F-theory irrespective of whether or not § # 0. This is the non-perturbative
Higgsing alluded to above.

The reason why the Higgsing is inevitable in F-theory is because the string coupling
always diverges close to the orientifold plane. The only exception is a situation in which the
7-brane tadpole is cancelled locally everywhere, corresponding to a configuration of SO(8)
gauge group. Such a background is engineered by taking the vanishing orders of (f, g, A) as
(2,3,6) along h = 0. From the perspective of (3.74) this is paramount to setting ¢ = 0 in f
and g. Note that we cannot afford any gauge group different from SO(8) on any other locus
if we want to ensure that no strong coupling effects occur. The resulting Weierstrass model
is degenerate because self-intersections of the SO(8) divisor in codimension-two necessarily
lead to non-minimal fibers with vanishing orders ord( f, g,d) > (4,6, 12). Let us nonetheless
analyze the fibration over Cy, given by the surface

Cs:y? = 2° — 3(p% + 0 ps)?x — 2(p3 + 0 pe)°. (3.80)

Now, the limit § — 0 differs considerably also in the full F-theory. The discriminant locus
of @5 consists of pairs of points p3 = £/0ps. Each of these points describes a defect
along the curve Cs due to an intersection with the SO(8) locus. Pairs of such defects
are connected by a branch-cut associated with a duality wall for the topologically twisted
theory, as studied in [7] for D3-branes wrapping surfaces. As one encircles an SO(8) defect
and crosses a duality wall one picks up an SL(2,7Z) monodromy given by

-1 0
Mgos) = (0 _1> : (3.81)

F F
<FD> — Mso(g) (FD> s (382)

with F' the U(1)_ gauge field on the D3-brane and Fp its magnetic dual as in (2.7). This
is responsible for projecting out the U(1)_ gauge potential. But as § — 0 pairs of SO(8)

This monodromy acts as

defects coalesce, and the monodromy disappears, see figure 2. As a result the U(1) gauge
potential survives as a massless field. To conclude, the U(1)_ is massless if and only if
both e =0 and 6 = 0.

These observations also suggest an interesting connection with the results of [57, 60]
concerning the localisation of some of the bulk D3 modes at the intersection with the
OT7-plane, as required from the perspective of anomaly inflow. As the brane-image brane
pair recombines in Type IIB, one linear combination of the two complex recombination
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6—>0

Figure 2. SL(2,Z) monodromies on the D3-brane in a degenerate SO(8) model. The perturbative
restoration of the U(1) gauge symmetry as § — 0 corresponds to absence of any monodromies
along C.

scalars remains as a massless modulus of the brane. Typically we would expect this field
to arise as a delocalized bulk field along the cycle. However, it is clear that e.g. for small
recombination parameter ¢ the avatars of the recombination modes approximately localize
around the former intersection locus between the two branes, which lies on top of the O7-
plane. From this perspective it is natural to identify the analogue of the localised bulk
modes discussed in [57, 60] as these recombination modes. It would be interesting to verify
or falsify this conjecture.

Let us also note that a similar effect occurs not only for strings from D3-branes wrapped
on curves in F-theory, but also for D3-brane instantons associated with Euclidean D3-
branes along surfaces. Asreviewed e.g. in [61] the D-brane instanton literature differentiates
between so-called U(1) instantons and O(1) instantons. The U(1) instantons correspond
to split brane-image brane divisors and the O(1) instantons to their recombined phase.
The results of this section explain why no such difference must be made in F-theory or
M-theory: as long as an instanton intersects the discriminant locus it always behaves like
an O(1) instanton due to strong coupling effects.

Finally we turn to the microscopic counting of the rather mysterious massless Fermi
multiplets from D3-7-brane intersections in the Sen limit: the discriminant takes the form

A ~ Eh%(n* — hy) + O(€%) (3.83)

with 72 — hy the D7-brane in class Kgf_l and h = 0 representing the orientifold plane.
The independent extra modes from the 3-7 sector are located only at the intersection of
the locus n? — hy with the D3-brane, while the D3-O7 sector does not host independent,
ertra 3-7 modes. Hence, the number of extra 3-7 Fermi multiplets is indeed given by
861(Bn_1) -C.

4 Dual points of view: M5s and M2s

We now complement the analysis in the previous section by an M-theory dual point of
view, given the somewhat non-standard twist that we used for the compactification of the
D3-branes. We now describe how using M/F-duality, this system is mapped to Mb5- or
M2-branes wrapping suitable cycles in the elliptic fibration. The background has already

— 36 —



been summarized in sections 2.3 and 2.4. Apart from giving a complementary point of
view, it also allows a generalization of the previous setup. The duality twist that allowed
us to characterize the strings from the D3-brane point of view in F-theory is a priori only
defined for the abelian theory. It is useful to map the system to M-theory, mapping the
D3 to an M5, where the twist becomes a purely geometric topological twist [8], or an M2-
brane, where a generalization to non-abelian theories is possible. The M5-brane approach
also allows for a completely general derivation of the total number of Fermi multiplets due
to 3-7 string excitations.

4.1 Strings and particles in 5d

We begin our analysis with strings in 6d N = (1,0) supersymmetric compactifications of
F-theory on elliptic Calabi-Yau three-folds, which by M/F-duality map to 5d compactifica-
tions of M-theory. The dual (0,4) string obtained from an Mb5-brane is precisely the MSW
string [62—64], specialized to an elliptic Calabi-Yau. For M2-branes, we find an N = 4
SQM as the dimensional reduction of the (0,4) theory to one dimension, and we match the
spectra accordingly using automorphic duality.

4.1.1 Mb5-branes and MSW-strings
Following the general logic discussed in section 2.3, a D3-brane Wrapplng C C By is dual
to an M5-brane with worldvolume R x C where the surface C is the restriction of the
elliptic ﬁbf\atlon Y3 to C. The Lorentz symmetry decomposes under the reduced holonomy
of Rb x C as
SO(1,5), — SU(2);xSO(1,1),xU(1),
4 — 2700191611 (4.1)
15 — 100930001020 100DLo,—20221522 15221922 1.
Further we decompose the R-symmetry group Sp(4)g by the embedding
Sp4)r  — SO@B)r xU(1)r
4 — 2102, (4.2)
5 — 1ad1 263).
The twist of U(1); with U(1)r defined by
U(Dtwist = U(L)r + U(1)r (4.3)
results in the following decomposition of the fields and supercharges:
SO(1,5) xSp(4)gr — SU(2);xSO(3)7 xSO(1,1) x U(1)twist
Buy: (15,1) = (1,1))08(3,1)¢®(1,1),®(1,1) oD (1,1)y 5
B(2,1)y18(2,1)y _19(2,1)_5,6(2,1) 5 4
) = (3,1)—20®(1,1)22®(1,1)20D(1,1)2 2®(2,1)0,1D(2,1)0,—
) = (1,1)g,®(1,1) _,®(1,3)0
) = (2,2)4,9(2,2) ;1 8(1,2) 5
®(1,2); ¢8(1,2); (B (1,2); 5. (4.4)

H: (1
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One can see that the decomposition of the @Q° gives rise to four scalar supercharges which
are right-handed with respect to the 2d SO(1, 1), Lorentz group,

Q" :(4,4) D (1,2)10 (1,2)10. (4.5)

We are now ready to discuss the zero-modes from each field. If a state transforms
in the 2 of the internal holonomy group SU(2);, it must transform as a one-form on the
compactification space, with our conventions being that a state 27 and 2_; with respect
to SU(2); x U(1)twist transforms as an element of 90’1(6) and, respectively 91’0(6). This
implies that a state 1 translates into an element of 90’2(5) and 1p to an element of
9070(5). The zero-modes correspond to the associated cohomology groups.

From the 6d scalar ® there is a (1,3)¢ field with twist charge zero. Such a field
contributes both three left- and three right-handed real chiral scalars since ® itself has no
intrinsic chirality. Similarly ® contains scalars with twist charges £+2, whose zero-modes
are counted by h%°(C) and h%2(C) respectively, and also contribute to both right- and
left-hand zero-modes. In summary we obtain the following real bosonic zero-modes from
the scalar field

SU(2); x SO(3)r x SO(1,1)1, X U(1)4wist | Multiplicity| L/R
(1,3)0.0 hO0(C) |L and R
®=(1,5): oo (4.6)
(1, 1)072 h* (C) L and R
(1,1)0 o h20(C) |L and R

The self-dual three-form H,Y contributes left-handed real scalar fields corresponding
to the representation (3,1)_29. The zero-modes of this field are counted by the number
hl’l(a) — 1 of anti-self-dual two-forms on C. To understand this counting directly from
the representation under SU(2); X U(1)gwist note that elements of H 1’1(6) transform under
asa2;®2_1 = 39 P 1y. Taking into account the singlet this indeed leads to the counting
of hl’l(é) — 1 massless modes transforming as a 3¢ under SU(2); X U(1)twist- The right-
handed scalar fields arise from the fields strengths with representations (1,1)22, (1,1)2y,
and (1,1)z o, which are counted by h0’2(CA’), hovo(a), and h2’0(6) respectively. Indeed the
number 2h20(C) 4 1 counts the self-dual two-forms on €. Finally, the modes (2, 1)o,+1 of
the decomposition of H in (4.4) correspond to the fields (2,1),, 4, in B. The associated
zero-modes would have to be represented by elements of H 0’1(6). A one-form on the
Kahler surface has no definite behaviour under Hodge duality and hence the appearance
of such states would be in conflict with the fact that the 3-form is self-dual. This implies
that the would-be zero-modes must be discarded, a conclusion which has also been reached
e.g. in [20]. This is in fact as expected from the dual D3-brane perspective as the modes
would give rise to additional vector potentials along the string, which are clearly absent on
the D3-brane side.

9Recall that to compute the zero-modes of the potential B, we can start from the decomposition of
the self-dual field strength H. At the level of the zero-modes, the exterior derivative does not change the
representation content of the internal symmetry groups. Specifically the SU(2); and U(1)wist charges are
the same for the modes associated with the potential By, and those of the field strength.
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In summary we find from the self-dual three form the following real scalar modes:

SU(2); x SO(3)7 x SO(1,1)1, X U(1)wist | Multiplicity |L/R
(3,1)_90 MA(C)—1] L
Hywp=(10,1) : (1,1)2 ) | R | (47)
(1,1)20 RO | R
(1,1)2, 2 R2O(C) | R

The remaing task is to count the fermions: the states in the decomposition of the (4,4)
in (4.4) all come in pairs with opposite U(1)twist charge. Each of these pairs describes a
complex Weyl fermion together with its complex conjugate state. The independent states
are the right-handed Weyl fermions (1, 2)1 9, (1,2); 2 counted by hO0(C) and, respectively,
h02(C), as well as the left-moving Weyl fermions (2, 2)_1,1 counted by h%! (C). In summary
we obtain from the fermions

SU(2); x SO(3)7 x SO(1,1) 1, x U(1)gwist [Multiplicity [L/R
_ (1, 2)1’0 + c.c. h0,0(é) R
p=(4,4): ¢ (45)
(1,2)12 + c.c. h™4(C) R
(2,2)_11 +cc. hOL(C) L

These states assemble into 2d (0,4) multiplets as we shall now describe. It is shown
in appendix C.1, that the mutiplicities appearing in (4.7) satisfy the relation

RO — 2R02(C) — 2 = 8deg(Lp) > 0. (4.9)

Here we recall briefly that Lp = ngl\c is the line bundle describing the elliptic fibration
of the surface C, which is also the duality line bundle associated to the U(1)p bonus
symmetry of the D3-brane theory. This line bundle is always non-negative because it is
the restriction of the line bundle describing the elliptic fibration of the Calabi-Yau 3-fold
restricted to C. It is trivial if and only if Cis globally a direct product C'xT?. In particular,
2102(C)+1 < h1(C) —1, and thus 2h%2(C) +1 of the left- and right-moving scalar modes
from the self-dual 2-form can combine into 2h0’2(5 )+1 real non-chiral massless scalar fields.
The remaining hl’l(é) = 2h0’2(6) — 2 left-moving real scalar fields can be dualised into left-
handed complex Weyl fermions. In this way we arrive at the 2d (0,4) multiplet structure
displayed in table 9.

In view of (4.9) the half-Fermi multiplets in the last line are absent precisely if C =
C x T?. These Fermi multiplets are the M5-brane incarnation of the zero-modes due to 3-7
strings in the dual F-theory picture. As promised, their counting as 8 deg(Lp) = 8 ¢1(Bs)-C
is completely universal. In particular it remains valid for arbitrary configurations of 7-
branes, corresponding to fiber degenerations of the elliptic fibration in codimension one.
Once we work on the resolution of the elliptic fibration, these degenerations translate into
fibral curves over the 7-brane locus, which in turn restrict to fibral curves of the M5-brane
surface C intersecting the 7-brane locus. The net number of Fermi multiplets as given by
8deg(Lp) is already taking these fibral curves into account.
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Multiplicity (0,4) Multiplet | Complex scalars|R-Weyl | L-Weyl
hOO(C) =1 Hyper 2 2 —
h071(6) =g Fermi — — 2
RO2(C)=g—1+ci1(By)-C Hyper 2 2 —
RLL(C) — 2R02(C) — 2 = 8¢1(By) - C|  half-Fermi — — 1

Table 9. The (0,4) mutiplets and their multiplicity in a compactification of an M5-brane wrapping
an elliptic surface inside of an elliptic Calabi-Yau three-fold.

The numerical values of the Hodge numbers appearing in (4.6), (4.7) and (4.8) are
computed via a Leray spectral sequence in appendix C.1. In particular this allows us to
compare with the D3-spectrum in table 4. If we include in the latter also the 3-7 string
zero-modes, perfect agreement is found.

4.1.2 M2-branes and N =4 SQM

Another dual description of our string theories is in terms of an M2-brane wrapping the
same curve C' C By as the D3-brane, as already summarized in section 2.4. In this case
the effective theory is 1d N = 4 SQM. To deduce the effective SQM we first note that the
SO(8) g-symmetry splits into the rotation group SO(4)r in the four extended directions
transverse to the brane, and another SO(4)g in the four directions internal to the Calabi-
Yau normal to the brane. Kahlerity of Y3 specifies a further reduction of the structure
group of the normal bundle N¢/y, from SO(4)g to U(2)g. The decompositions of the
relevant representations of SO(8) g are then

SO(8)r — SO(A)r x SU@2)k x U1)n
& — (2,2,1)®(1,1,2); ®(1,1,2)_, (4.10)
8. — (1,2,2)0®(2,1,1)1®(2,1,1)
8& — (1,2,1)19(1,2,1)-1®(2,1,2)p.

Combined with the reduction of SO(1,2);, — U(1)r along the M2-brane this implies that
the correct twist to create scalar supercharges along C' is

1
ﬂwist = i(TL + TR) ) (411)

which is normalised appropriately. Indeed with this twist the supersymmetry parameters
and fields of the 3d N = 8 theory on the M2-brane reduce as
SO(1,2), xSO(8)r — SO(4)r xSU(2) g X U(1)twist
€: (2,8) — (1,2,1)182x(1,2,1)0B(1,2,1)15(2,1,2)
¢:(1,8y) — (2,2,1)069(1,1,2)%@(1,1,2)
pi(2:8:) = (1,2,2):9(1,2,2)_18(2,1,1)18(2,1,1)182x(2,1,1)o.

(2,1,2)

_1
2

(4.12)

1
2

1
2
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Fermions Bosons

N = 4 Multiplet

State Zero-modes State Zero-modes

1.2.2 1,1,2
(1,2,2), WL(C, Neyy,) (1,1,2) W(C,Ngjy,) | (2,4,2) Chiral
(1,2,2)_% (1,1,2)_%

(2,110 (x2) | KAC) | (22,100 | RC) | (4,4,0) Hyper
2,1,1 rtO(C
(21,1 ©) — — (0,4,4) Fermi
(2,1,1) 4 ho1(C)

Table 10. The field content from a single M2-brane wrapping a curve inside a Calabi-Yau three-
fold. The representations are in terms of the remnant symmetry groups SO(4) 7 x SU(2) g X U(1)tswist-

The first line, containing the supersymmetry parameters, implies that there are N = 4
scalar supercharges in 1d. The states and the zero-mode counting are summarised in ta-
ble 10. The cohomology groups are determined as follows. By adjunction, Ko = A2Ng 1Ys
and hence by the usual rationale zero-modes of fields forming a representation 2_; 5 and
21 /5 of SU(2)g X U(1)wwist transform as elements of H°(C, Ng/y,) and H'(C, N¢y,), re-
spectively. Indeed, we assign twist charge —1 to K¢ and therefore —1/2 to N¢/y,. Note
that the dimensions of these groups are in fact equal, as required by the multiplet structure
of N =4 SQM. This follows from the theorem on complex vector bundles (C.25), which in
this instance implies that

Neyy, = Neyy, @ Kc (4.13)

Together with Serre duality this can be used to show that
H'(C, Ngyy,) = [H(C, Kc ® Ngyy,)lY = [H°(C, Neyy,))Y - (4.14)

It is necessary for the sake of comparison to associate the bundles N¢/y, to the bun-
dles N¢/p, that appear in the spectrum computations from the D3 branes. The long
exact sequence in cohomology associated to the short exact sequence of normal bundles in
appendix C.2 yields the result that

h'(C, Ncyy,) = h°(C,Noyp,) = g — 1 + deg(Lp) . (4.15)

The zero-modes of the states in table 10 can then be counted explicity and compared to the
D3-brane spectrum in table 4. The fermionic content of the spectrum readily matches the
total fermion content of the D3-brane analysis summarized in table 4. To understand the
relation of the bosonic spectra, we must carefully compare the multiplet structure of the
2d (0,4) spectrum in table 4 and the structure in table 10. We denote the 1d N = 4 SQM
multiplets by (n, N, N —n) with n the number of bosonic degrees of freedom, N the number
of fermions and supersymmetries, and N —n the number of auxiliary fields, as explained in
appendix A.2. These are to be compared to the circle reduction of the 2d (0,4) multiplets
from the D3-brane analysis. The 2d twisted hypermultiplet of table 4 straightforwardly
reduces to the (4,4,0) hypermultiplet in 1d, and similarly the Fermi multiplets in both
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tables map onto each other. More subtle is the (2,4,2) multiplet. The fermions in the
(2,4,2) multiplet correspond to the ¢ and ¥ modes of table 4, and the two real scalar
fields are identified with the modes ¢ and &. Both of these types of states are counted by

h'(C,Ngyy,) = h%(C,Ke ® Lp), (4.16)

which matches the counting in table 4. The crucial point concerns the Wilson line modes
a,a of table 4. As discusssed in section 2.4, after reduction to 1d these can be dualised into
the two real auxiliary fields in the (2,4, 2) multiplet. Automorphic duality can be applied
to the Wilson line scalars because these enjoy a shift symmetry. In this way we find perfect
match between the D3-brane and the M2-brane spectrum.

4.2 Strings and particles in 3d
4.2.1 Mb5-branes and (0, 2)-strings

Let us now consider an M5-brane along R x C with C an elliptic surface inside a Calabi-
Yau four-fold Y;. There is only a single transverse non-compact direction, which does
not admit any continuous rotation group. Thus the reduction of the R-symmetry takes

the form
SO(5)R — SO(4)R — SU(Q)R X U(l)R

4—20011P1_4 (417)
5%21@2—1@107

with SU(2)g x U(1)g being the structure group associated with the normal bundle Nz Yi

to C inside Y4. We recall that the Lorentz symmetry along the M5-brane decomposes into
SO(l, 5)L — SO(l, 1)L X SU(Q)l X U(l)l . (4.18)

The partial topological twist
Ttwist - 7} + TR (419)

gives rise to exactly two positive chirality supercharges transforming as scalars along C as
required for (0,2) supersymmetry along R%!. With this twist the field content and the
supercharges decompose as

SU(2); x SU(2)r x SO(1,1)1, X U(1)gwist X U(1)gr
p,Q: (2,2)_100®(2,1)-111®D(2,1)—1,-1,-1 D (1,2)1,-10D (1,1)10,1
®(1,1)1,2-19(1,2)1100(1,1)1219(1,1)1,0,—1 (4.20)
D (1,2)0,11®(1,2)0,-1,-1 D (1,1)00,0
H: (3,1)200®(1,1)220® (1,1)200® (1,1)2 20 (2,1)0,1,0 D (2,1)0,-1,0 -

The representations of the various fields with respect to SU(2); x SU(2)g X U(1)twist
determine the cohomology groups which count the massless modes as follows: states trans-
forming as a 2 of SU(2); correspond to one-forms on C, while SU(2), singlets can a priori
be zero-forms or two-forms. Similarly, states transforming as a 2 of SU(2)g must take
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values in the normal bundle NV G/vy:

charge. A (0, ¢)-form contributes +¢ to the total twist charge. Importantly, the normal

The remaining ambiguities are fixed by the U(1)wist

bundle also carries twist charge because of (4.19). This can also be seen as follows: first,
by adjunction

_ A2
Ks=AN Né/y4v

and combined with the fact that HO(C, Kz) = H 20(C)), we assign the following twist
charges to K5 and N@/n

(4.21)

_ _27 thist (N’\

o) = —1 (4.22)

Thus, for instance the zero-mode of a state transforming as a (1,2)_; under SU(2); x
SU(2) g x U(1)gwist is associated with an element of H°(C, N, & /Y4), while massless states of

the form (2,2)¢ are associated to Hl(a,NG/Y4

the zero-modes. From the decomposition of the scalars we find

). This puts us in a position to assemble

SU(2); x SU(2)r x SO(1, 1)1, x U(1)™ist| Multiplicity | L/R
1,1 1 L and R
&= (1,5): (1, L)oo ) (4.23)
(1, 2)071 h (C, Na/y4) L and R
(1,2)0,1 hO(C, Nz y,)|L and R

The 3-form modes lead to the same types of left- and right-moving real scalar fields as for
an Mb5-brane on a Calabi-Yau 3-fold, discussed in detail in section 4.1.1,

SU(2); x SU(2)g x SO(1, 1)1, x U(1)pwist | Multiplicity |L/R

(3,1) 20 hA(C)—1] L
Hywp = (10,1) : (1,1)22 h2(C) | R | (4.24)

(1,1)2,0 Oy | R

(1,1)2 r20(C) | R

The component (3,1)_20 of H results in A (C)—1 left-moving real scalar zero-modes. Of
these, h%2(C)+h%°(C)+1 combine with the right-moving scalar zero-modes into non-chiral
real scalars. The remaining h''!1(C) — 2h%2(C) — 2 = 8deg(Lp) left-moving real scalars
can be dualised into left-moving complex fermion zero-modes. The states (2,1) +1,0 from
H do not give rise to any zero-modes for the reasons discussed in section 4.1.1.

From the decomposition of the fermions we obtain

SU(Q)Z X SU(Q)R X SO(l, l)L X U(l)twist Multiplicity L/R
(2,2)_1,0 W(C,Ngpy,)| L
_ 2,1)_ c. hoL(C L
p=(4,4): (2,1) LLtece PN (©) (4.25)
(1,2)1,1+C.C. h (C7N6/Y4) R
(1,1)10+c.c. hO(C) R
(1,1)12 + cc. h2(C) | R
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Multiplicity (0,2) | complex scalars|R-Weyl|L-Weyl
hOO(C) =1 Chiral 1 1 —
hovl(é\') =g Fermi — — 1
RO2(C)=g—1+ci1(Bs)-C Chiral 1 1 —
ho(C,Ng,y,) = h°(C, Ngy,) Chiral 1 1 —
11 (C, Ng y,) = h°(C, Ngy,) — e1(Bs) - C| Fermi — — 1
RUL(C) — 2h02(C) — 2 =8¢1(B3) - C | Fermi — — 1

Table 11. The (0, 2) multiplets of the 2d theory arising when an M5-brane wraps an elliptic surface
inside an elliptic Calabi-Yau four-fold.

We interpret pairs of states with opposite twist charge in the decomposition of the (4,4)
in (4.20) as complex conjugate Weyl fermions, the independent ones being as listed in lines
2 — 5 of (4.25). The state (2,2)_1 ¢ is special to the extent that it forms its own complex
conjugate and must therefore be counted as real.

The spectrum now organizes into 2d (0, 2) multiplets with the multiplicities as shown

in table 11. Note in particular that we have assembled the hl(é, Ng /Y4) left-moving
Majorana-Weyl fermions from (4.25) into %hl(a, Né v,

contains one (complex) left-moving Weyl fermion. This is possible because hl(a, Ng /Y4)

is in fact an even integer. To see this and to compare the spectrum to the results obtained

) Fermi multiplets, each of which

from the D3-brane on C, we use the Leray spectral sequence discussed in appendix C.1
together with the results of appendix C.2. This relates the cohomology groups on C to
cohomology groups on C. In particular one can see from the second line of (C.27) that
hl(a, Ng /Y4) € 27Z. Altogether we find perfect match with the D3-brane spectrum of
table 6 once the 3—7 Fermi zero-modes are taken into consideration.

4.2.2 M2-branes and N = 2 SQM

In the dual M2-brane setup, compactification of the M2-brane on the curve C' C Y; makes
it necessary to reduce the Lorentz symmetry as SO(1,2); — U(1)z, which U(1)y the
holonomy group on C. The R-symmetry SO(8)r decomposes, as appropriate for a curve
in a Calabi-Yau four-fold, as

SO(S)R — SU(S)R X U(l)R X SO(2>T
8 — 320 3i2’0 ©1o2®1g, 2 (4.26)
8 — 31193110131 D13

8 — 3.1.1®311®13_1®1_3;.

Geometrically we can think of SU(3) g x U(1) g as the structure group of the normal bundle
N¢yy, of C in Yy. The supersymmetry parameters transform in (2, 85) under SO(1,2)y, x
SO(8) . Twisting with

1
Thwist = 6(3TL +Tr), (4.27)

— 44 —



Fermions Bosons 2B Multiplet Zero-modes Fields
3 2 : 0 AT
3 ;7% @371;% 30;7% @30;% (27270) ChlI‘al h’ (Cv NC/Bg) My 5 @, @
11,0 © 110 | 120D 190 | (2,2,0) Chiral h°(0) 779,39
1, 1 ®1 1, — (0,2,2) Fermi R (C) 8,8
_ h'(C, N, )
3,293, 2| —  |(022) Fermi (G Neys,) | P70
? s h0(07 KC®£D) wvw

Table 12. Spectrum of an M2-brane on C x R with C' C Y} in terms of the 1d N =2 SQM.

where T denotes the generators of the respective abelian groups, the supersymmetry vari-
ation parameters contain the modes

€ D 1_1;0 S, 1+1;0 , (428)

under U(1) 7, X U(1)twist generating the N = 2 supersymmetry. The matter fields decompose
and twist into the following fields

SO(3)LXSO(8)R — SU(3)RXSO(2)TXU(1)tWiSt
pi(2,8c) = 3_11®3 ) 263,283,

) i

@1_1;1@1_1;0@11;0@11;—1 (429)

1
— =

In our conventions, the canonical bundle K¢ carries twist charge —1. In view of the
adjunction formula

Ko =N Neyy, (4.30)

it is hence appropriate to assign the normal bundle N¢/y, twist charge —1 /3 such that a
state in 31;_ 1 gives rise to h°(C, N¢ /y4> zero-modes.'? Furthermore the zero-modes asso-
ciated with the state 31; 2 are correctly counted by h'(C, Ng /y4). Serre duality guarantees
that this is the same number as the number of zero-modes of 3. 2 which a priori is
counted by h°(C, N} v, © Kc¢). The short exact sequence (C.20) and the resulting rela-
tion (C.21) in turn imply that these states receive two types of contributions, one from
h'(C,N¢yp,), and another from h°(C, K¢ ® Lp). Then the twisted component fields
fall into 1d 2B supermultiplets, and are summarized in table 12. We recall the notation
(n, N, N —n) for an SQM multiplet (in a theory with N supercharges) containing n scalar,
N fermionic and N — n auxiliary field real degrees of freedom.

Using the decomposition of 2d (0,2) chiral/Fermi multiplets into 1d 2B chiral/Fermi
multiplets outlined in appendix A.2, the above spectrum matches the one determined from
the F-theory computation of D3-branes with duality twist in table 6. Following the logic
of section 2.4, circle reduction of the Wilson line scalars a,a and fermion partners v, z; a
priori gives rise to (2,2,0) chiral multiplets, which by the automorphic duality, discussed in

10The identification of the 3, as opposed to the 3, of SU(3)r with a section of the normal bundle with
structure group SU(3)r is of course a pure matter of convention. The choice here is made to keep our
convention for the twist charge of Kc¢.
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appendix A, are dual to the 2B Fermi multiplets counted by h°(C, Kc® Lp) in table 12. In
this map the Wilson line modes are mapped to the auxiliary fields of the Fermi multiplets.

4.3 M2-branes and SQM from M-theory on CY5

We now come to the M-theory dual description of F-theory compactified on a Calabi-Yau
Ys. The latter gives rise to a 2d (0,2) theory [16, 18]. Since, in the F-theory description,
the strings from D3-branes on a curve C' C By are already spacetime-filling, there are no
transverse non-compact dimensions along which we can T-dualise such as to end up with a
description of the system in terms of an M5-brane. The only M-theory dual configuration
to a D3-brane in F-theory on Y5 is hence an M2-brane, obtained by T-dualizing along
the D3-brane worldvolume to a D2-brane in ITA, and subsequent uplift to M-theory. An
M2-brane wrapping a curve in the base of Y5 results in an SQM with N = 2 supercharges.
The first step of our analysis is to note that the R-symmetry is reduced as

SO(S)R — SU(4)R X U(l)R
8 — 4, ®4_
b (4.31)
8 — 4 104
8 — 60121 5.
Twisting the U(1)z from SO(1,2);, — U(1)z with U(1)g by
1
Thwist = Z(QTL + TRr) (4.32)
results in the following spectrum of the M2-brane theory:
SOB)L xSO®)r  —  SUM@)r x U(1)twist
6:(2,85> — 6:196_1P11P1lgb1_1D 1y
: : _ (4.33)
$:(2,8) — 4104 504 1 D43
4 4 4 4
p:(1,8,) — 4%@‘1_i

The zero-modes can be determined by recalling our usual convention that we assign twist
charge —1 to K¢. Adjunction,

K = A'Neyy, (4.34)

hence implies that the normal bundle N /y, with structure group SU(4)r x U(1)g must
have twist charge —1/4. For instance the state 4_; /4 leads to ro(C, N¢yy,) zero-modes in
the SQM. As for the zero-modes from 4,4, we identify the 4 as the triple-antisymmetric
tensor product of the 4 and conclude that the zero-modes are counted by h'(C, A3Ng 1Ys)-
This is in perfect agreement with their twist charge - recalling that elements of H(C) =
H(C, KEI) carry an additional ¢twist = 1. Then Serre duality and the vector bundle
formula (C.25),

Nejy, = A3Ng/y5 ® K, (4.35)
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Fermions| Bosons | 2B Multiplet Zero-modes Fields
4171 ® 41 4171 @41 (2,2,0) Chiral hO(C,NC/B4) Wy [ 0, @
4 4

hl(C7NC/B4) paﬁ
hO(C’ KC®[’D) T/JMZ

4; 4

— (0,2,2) Fermi

]
1w

Table 13. Spectrum of an M2-brane on C' X R where C' C Y5, in terms of multiplets of the 1d
N = 2B SQM.

guarantee that h'(C, /\3NC/Y5) = ho(C, N¢yy,)- This number is in fact equal to
ro(C, N¢yp,) as explained in appendix C.2 around equation (C.21). Analogous reason-
ing for the remaining fields leads to the zero-modes in table 13, where we are invoking once
more equation (C.21) to express the modes counted by h'(C, Ng /vs) in terms of cohomology
groups on the base only.

Comparing the modes here with those in table 8 we observe the same number of
fermionic degrees of freedom. The only difference at first sight is from the h°(C, Kc®Lp) =
g — 1+ ¢1(By) - C Fermi multiplets. By automorphic duality these get mapped to chiral
multiplets associated to the Wilson line scalars a,a and their fermionic partners, which
completes the match of both approaches.

5 Anomalies for strings in various dimensions

The chiral string theories analyzed so far exhibit a rich pattern of gravitational and global
anomalies. In this section we investigate the cancellation of the field theoretic anomalies
by anomaly inflow from the ambient space to the string. After a general discussion of the
anomaly inflow mechanism applied to the strings under consideration in section 5.1, we
explicitly match the field theoretic anomalies with the anomaly inflow for the strings in
d = 8,6,4, and 2 dimensions. As we will see, the structure of anomalies has interesting
implications, in particular for the rather mysterious spectrum of 3-7 strings.

5.1 Anomaly inflow for strings in R%4—1

The contribution of a positive chirality complex Weyl fermion in representation R to the
field theoretic gauge and gravitational anomalies on the string is characterized by the
anomaly 4-form

. . 1 1
I4vR = A(T) tI‘R 62F’4,f0rm = _itrRFz - ﬂpl(T) . (51)
In terms of this 4-form, the chiral anomaly contribution of a complex Weyl fermion takes
the form
Alg = —zw/ i) (5.2)
string ’
with
0 0 1
Iip=dIy ),  OIy ) =dIy). (5.3)
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For consistency these field theoretic anomalies must be cancelled by the standard mecha-
nism of anomaly inflow from the dimensions transverse to the string. For a string along
RLD ¢ RM1 with d > 2 the anomaly inflow can be formulated as an inflow from the
extended transverse spacetime dimensions.'’ In the sequel we briefly summarize this stan-
dard anomaly inflow to fix our conventions and notation in a simplified version, which
is valid in this form except in d = 6, where the string is self-dual and special care must
be applied.

Let ¢y denote the 2-form sourced electrically by the string in RY9~!. The field
strength associated with its magnetically dual (d — 4)-form cq_4 is subject to the modified
Bianchi identity

dFy_g = 692 (zp). (5.4)

Here 642 (21) denotes the Poincaré dual to the string at zp = 0. The magnetic field
strength Fy_3 enjoys the Chern-Simons-type couplings

Scg = —2r / Fa_s AT (5.5)
Rl,d-1
The standard descent relations
7, =dzy¥, 61" = azV, (5.6)

with dZy = 0, imply that in the presence of the source term (5.4), the CS action (5.5) picks
up a non-trivial gauge variation of the form

5SCS = —27’(’/ Fd,g AN (5I§0) == —271'/ dFd,?, /\Iél) (57)
Rl,dfl Rl,d—l
_ _on / 70, (5.8)
string

This classical gauge variance cancels the field theoretic anomalies along the string:

I4+ZXRI4,R:O- (5.9)
R

Here xp = ng4+ — ng—, and ng+ denotes the number of complex Weyl fermions in
representation R, with the upper and lower sign referring to positive and negative chira-
lity, respectively.

In our case the string arises from a D3-brane wrapping a curve on an internal compact-
ification space. The 2-form ¢y coupling electrically to the string in RM¥~1 is then a linear
combination of the modes obtained by reducing the Ramond-Ramond 4-form along Héfi
with B,, the base of the F-theory elliptic fibration and n = 5 — d/2. The Chern-Simons
couplings (5.5) can be determined by dimensional reduction of the CS couplings for the

"The case d = 2 requires a special treatment and will be discussed separately in section 5.4.
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7-branes in the perturbative limit. The latter are expressed in terms of the A-roof and
Hirzebruch L-roof genera as [65]

1 [~
Sp7 = 27 04/\ Tr et A )

(5.10)
So7——87r/ C4/\UL
o7

in units where the string scale £, = 1 and T denotes the respective tangent bundles.'?
Furthermore, the A-roof and L-roof genera are expanded into the Pontrjagin classes as

E(T)—l—%m(R)%— .

(5.11)
L(ir) 1+ L pm) -
4 96! :

where ]
pi(R) = —3 trRAR. (5.12)

Here and in the sequel, the symbol tr refers to the trace in the fundamental representation
of the structure group of the relevant bundle. As for the trace over the gauge bundle in Spz,
Tr F? is related to the trace in the fundamental via %TrF 2 = trF? for the perturbative
gauge group SU(n). Its normalization for other gauge groups will be discussed in more
detail in section 5.5.

To compute the CS couplings for a string on R"*~1 from compactification of F-theory

with base B,,, we introduce a basis W of (2n — 2)-forms on B,, and expand
Ci=ci 4 N, (5.13)

which is possible for d = 8,6,4 as considered in this section. We then plug this ansatz
into (5.10) and use the tadpole relation

Y Dy =407 =8c1(By) (5.14)

for the divisor classes D, wrapped by the 7-branes and the orientifold-plane class O7 in
the perturbative Type IIB limit. Summing up the gravitational couplings of all 7-branes
and the O7-plane gives

1 4
_ o (2n—2) _ ——
(Sp7+S07) |grav = 27 /R L Camarpi(R) ( /Bn o A( 48 %:Da 9607)) (5.15)

:277/ cq_aqN <—i> p1(R) (/ wg"“—g)Acl(Bn)> )
R1,d—1 n

12Note that the relative factor of —4 in the normalization of Sp7 and Sor is the one relevant for compu-

tations downstairs on the F-theory base as opposed to upstairs, prior to orientifolding, on the Calabi-Yau
double cover.
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A similar contribution describes the CS couplings involving the field strengths F, on each
individual brane on divisor D,. From the perspective of the string, the gauge symmetry
along the 7-branes is related to the flavor symmetry for the 3—7 modes.

Let us now come back to the string from a D3-brane wrapped on the curve C' in B,.
The CS coupling of the form ¢q_4 which couples magnetically to it is given by

Scs = 2m /Rl,d—1 Cd—a N (pl(R) <_111 c1(Bn) - C’) - Z % TrF? (Da : C)) . (5.16)

This identifies

Ti = pi(R) <—i c1(By) - C) = % T2 (Da : C’) . (5.17)

Finally, one can decompose p;(R) with respect to the tangent bundle along the string and
the normal bundle in the transverse (d — 2) dimensions as

pi(R) = pi(T) + p1(N) . (5.18)

In the special case d = 6 extra contributions to the anomaly polynomial (5.17) arise due
to the self-dual nature of the string, which will modify the normal bundle anomaly inflow.
Furthermore one can complete (5.17) to include also inflow of R-symmetry anomalies as
will be discussed in section 5.3.

5.2 Anomalies for strings in 8d and 4d

These considerations can be most directly applied to strings in 8d and 4d. We begin with
F-theory compactified on an elliptic K3 with base B; = P!. As discussed in appendix D,
a wrapped D3-brane on C' = B gives rise to a string in RY7, which couples magnetically
to the Type IIB 4-form Cj along the extended spacetime directions. Hence in (5.15) no
expansion in terms of internal forms is required (i.e. n = 1). The gravitational part of the
anomaly inflow (5.17) therefore provides a contribution

T4 grav+N = (— 201(31) : C) (p1(T) +p1(N)) = —% (p1(T) + p1(N)) . (5.19)

In the last equation we are using c1(B1) = c¢1(P!) =2 and C = B; .
From the spectrum in equation (D.5) one can compute the contribution of each complex
Weyl fermion to the anomaly following (5.1), which leads to the gravitational anomaly

1

Iigay = —zp1(T)(4 —16) = _pi(T). (5.20)

This is accompanied by an anomaly in the normal bundle N associated with the uncom-
pactified directions transverse to the string. The positive chirality fermions in the (0, 8)
hypermultiplet transform in the 4 spinor representation of its structure group SO(6). The
induced normal bundle anomaly is therefore

1 1 1
I47N = —itr4F2 = —ZtrF2 = 5])1 (N), (521)
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where we have related the trace over the spinor representation to the trace over the fun-
damental representation using [66]. We can see that these two terms are cancelled by the
anomaly inflow (5.19). The cancellation of the flavor group anomalies will be discussed in
more detail in section 5.5.

A similar pattern occurs for strings along R obtained from F-theory compactified
on an elliptically fibered four-fold Y. The spectrum of the string from the pure D3-brane
sector is listed in table 6 and is accompanied by a further 8c;(B3) - C Fermi multiplets from
the 3-7 string sector. The gravitational anomaly contribution from these sectors is

1 1
Ligrav = =5, 1(T)(2¢1(Bs) - C) + 5 p1(T) (Ber(Bs) - C)
. (5.22)
= (1) (a(By) - C).
Further, the SO(2)7 normal bundle anomaly takes the form
1 D\ 1
I4’N = 2(01(33) . C) _itrSpinF = Z <01(Bg) . C)pl(N) y (523)
where we have used that for SO(2)
I
tropin ' = gtrF . (5.24)

Thus the gravitational and normal bundle anomaly from the spectrum of the (0,2) theory
on the string are both cancelled by the anomaly inflow (5.17).

5.3 Anomalies for self-dual strings in 6d

The anomaly of strings in 6d theories is on a slightly different footing compared to the other
dimensions, as the string couples to a potential with self-dual field strength. The anomaly
of self-dual strings in 6d were initially discussed in [67]. More specifically for F-theory
compactifications on elliptic Calabi-Yau three-folds this has been discussed in [68] (see
also [69]) for setups where the D3 is wrapped on a P! with normal bundle degree —n,
n > 3. We provide a generalization of this analysis for any curve C' in the base By not
contained in the discriminant of the fibration.

Part of the anomaly polynomial derives from the expression (5.17) present in all di-
mensions. The structure group of the normal bundle N to the string in R is SO(4)r =
SU(2)7,1 x SU(2)7,2, for which one can write

1

There exist, however, two more contributions to the anomaly polynomial special to d = 6:

the first is an extra contribution to the normal bundle anomaly which is rooted in the
self-dual nature of the string and which is derived in [68, 69] to take the form

1 1 1 1
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Furthermore, there is a contribution to the field theoretic SU(2); R-symmetry, which can
be inferred on purely field theoretic grounds from the Green-Schwarz terms of the 6d (1,0)
supergravity [54]. In our conventions and notation, this yields an extra term of the form
%tr F12 in Z4. Altogether the anomaly inflow polynomial is hence

1
24:_1(@(32) C)i( —fZTrF2 et Sty
1 1 ) ) (5.27)
+§tI'F/12ﬂ71 <2CC+2C1(B2)C> +§ter2’172 (—2CC+261(B2)C> .

To compare this to the field theoretic anomaly induced by the spectrum in table 4, we
first note that all bulk fields transform in real or pseudo-real representations and should
therefore be counted as Majorana-Weyl fermions. This gives rise to an additional factor of

% compared to (5.1). The field theoretic anomaly polynomial then takes the form

1

u:—Qpl (1) ((2x253) (511 (B) C-+(1-9) - (1x 1 1) 8er () )

1 1
+Z §a TrF? (Da-C)—itrfo§x2
1 1 1 1 1
—ftrF%,l (9=1+e1(B2)-O) x5 x2—§trF%’2x (2 X 2—gx 2><2> (5.28)

1 2 1 2
(e1(B2)-C) pr (T)+7 Za: TrFy (D C) =5 tr Ff

NH

1 1
—§tTF%,1 (9—14a (32)'0)‘1'5‘31"17:/212 (9-1).
This precisely cancels the anomaly inflow (5.27) because, by adjunction,
C-(C—ci1(Bg)=2g9—2. (5.29)

Note that in the first line we have also included the contribution of the 8¢ (Bs)-C complex
(0,4) half-Fermi-multiplets from the 3-7 string sector.

5.4 Anomalies in 2d

Since the string in two dimensions is spacetime-filling, there is no room for anomaly in-
flow from non-compact dimensions transverse to the string. To study the cancellation of
anomalies one has to consider instead the standard anomaly inflow to the string from the
bulk of the 7-branes in 10 dimensions, where the string is viewed as a defect along the
eight-dimensional 7-brane worldvolume. Consider a 7-brane along RY!' x D, with D, a
complex 3-cycle on the base B;. Viewed as a defect RU'! x C inside this worldvolume
the string couples magnetically to the Type IIB 4-form Cj inside R%! x D, such that the
Bianchi identity gets modified to

dFs = 6 (x7) (5.30)
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with 6(®)(z7) the Poincaré dual to the string inside the 7-brane. The Chern-Simons cou-
plings of C4 along each brane can be summed up, as before, to

1 1
Scs = 27r/ Cy N (— *pl(R) A 61(34) - = ZTI“F(L A Fy A Da) , (5.31)
R1,1XB4 4 4 p

which by descent contributes to the gauge variance as

1
5Scg = 27r/ ) A C A <—01(B4)> +>Y T ACAD,. (5.32)
RL1x By, ? 4 - ’

Here Ié’l})% and Iélg are related by descent to —%trR A R and —%TrFa A F, respectively. Of
course this leads to the same anomaly form (5.17) cancelling the gauge and gravitational
anomalies on the string.

Consistently the gravitational contribution to the anomaly polynomial from the 3-3
and 3-7 sectors, which we read off from the spectrum in table 8, is

I4’T = —ipl(T)(ch(le) -C — 801(34) . C)

= 4 m(T)ei(By) - C.

(5.33)

This time there is no normal bundle anomaly.

In fact, much more can be said: since the D3-brane ‘strings’ fill all of spacetime, the
curve class C' is fixed by a tadpole condition [16, 18]

as C' = i04(Y5)|base. Tadpole cancellation implies that the sum of all anomaly inflow
terms vanishes. Hence the total field theoretic anomalies from all sectors of the 2d theory
must sum up to zero. These sectors contain the D3-brane theory as discussed here, but
furthermore the moduli sector from the 2d (0,2) supergravity, the actual gravitational
sector and the 7-brane sector. The anomalies due the moduli sector and the gravitational
sector are derived in detail in the companion paper [45], and found to be

1

I SUGRA = 5P (T) (—7(Bs) + x1(Ys) — 2x1(Byg) +24) . (5.34)

Here 7 is the signature of the manifold and x; are the arithmetic genera. The anomaly
contribution from the 7-branes has been derived in [16, 18]; in the simplest case of an elliptic
fibration Y5 which is a smooth Weierstrass model the 7-branes only contribute moduli fields
which are already part of the anomaly (5.34). In [45] we furthermore determine that when
one adds the D3-brane contribution (5.33), augmented with C such that the tadpole is
solved, to the supergravity sector then the total anomaly can be written as

_ ipl(T) (~24x0(Ba) +24) . (5.35)

In terms of Hodge numbers, x((By) is defined as

xo(Ba) = h*2(By) — h°(By) + h*°(By) — h*°(By) + h%4(By), (5.36)
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where the Kéhler structure of By forces all but the first and last terms to be zero, and
hO9 = 1. Further it is required that B, is compatible with being the base space of a Calabi-
Yau elliptic fibration, Y5, and the existence of any (0, 4)-forms on B4 would, under the uplift
to Y5, ruin the Calabi-Yau property of the total space. In conclusion, it is necessary for
such a By to have xo(B4) = 1 and thus the total anomaly (5.35) always vanishes.

5.5 Consequences for flavor symmetry from 3—7 strings

To this juncture we have been principally concerned with the gravitational sectors of the
anomaly inflow. In this section we shall determine constraints on the flavour sector from
the anomaly inflow. The flavor group along the string corresponds to the gauge group
on the 7-branes. Recall first expression (5.1) describing the contribution to the anomaly
polynomial from a complex positive chirality Weyl fermion in a representation R. This is
to be contrasted with the relevant anomaly inflow term

1
-3 ZTrFaQ(Da L0), (5.37)

where Tr is a normalised trace fixed by requiring that the smallest topological charge of
the embedded SU(2) instanton is 1. Such a normalised trace can be related to the trace
over the fundamental representation through

trF? = sgTrF2. (5.38)

The sg are numerical factors depending only on the gauge group G and we refer in par-
ticular to appendix A of [54] for details. For gauge group G = SU(k), sg = % and hence
the expression (5.37) agrees with the perturbatively expected form — 3, $trF2(D, - C)
obtained by reducing the D7-brane CS action, which is typically written in terms of the
trace over the fundamental representation. For non-perturbative gauge groups, however, in
particular the exceptional series, sg # % In this case a direct derivation via the CS action
of perturbative Type IIB theory is of course not possible, but the crucial point is that the
expression (5.37) appears in the anomaly polynomial of the 6d N = (1,0) supergravity
theory obtained by F-theory compactifications on a Calabi-Yau three-fold [70]. Anomaly
cancellation in 6d alone fixes the normalization of the traces as above [54, 71].

This raises the question how the anomaly from the spectrum may be cancelled off by
the anomaly inflow. Let us consider only a single simple flavour group G. The total flavour
contribution from the spectrum is of the form

1
(—QtrRFz) (nRA_ — TLR7_) s (5.39)

where ng y/_ is the number of positive /negative chirality complex Weyl fermions in rep-
resentation R. If R is a real representation of G then this contribution comes in addition
with an overall factor of 1/2 to account for the Majorana-Weyl nature of the fermions.
Since the flavour symmetry has its origin in the gauge group on the 7-branes, it is only the
3-7 string modes that are charged under it. For these ng y = 0, ng_ = C' - Dg with Dg
the divisor wrapped by the 7-brane with gauge group G.
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The anomaly inflow which should cancel off the anomaly (5.39) is

(iTrFQ) (D¢ - C). (5.40)

If the 3-7 strings transform in the fundamental representation R, then it is immediately
apparent that for such a cancellation it would be necessary to have G such that either
sq¢ = 1/2 and a complex fundmental representation, or sg = 1 and a real fundamental
representation. One can see from the appendix of [54] that these are the cases where
G = SU(k) or USp(k), and, respectively, G = SO(k) or Go2. For any other flavour group
G, and for any representation other than the fundamental, the contribution from (5.39)
overshoots the inflow term (5.40).

From this we are lead to the inescapable conclusion that the anomalies explicitly forbid
any other flavour groups than the above. One can see this feature already when considering
the anomaly of the E-string theory, in 6d, which was written down in [68]. The E-string
theory has a global Eg flavor symmetry at the infrared fixed-point, corresponding to strong
coupling. One can see this symmetry by considering the E-string theory as the theory on
the worldvolume of an M2-brane interpolating between an Mb5-brane and an end-of-the-
world M9-brane. The endpoint on the M9-brane gives rise to the Eg symmetry.

Such a setup has a perturbative description in type ITA, see [28] for more details, where
the E-string theory in turn has a weakly coupled description. In this understanding of the
theory there is not any Eg symmetry any longer in the UV, it is removed as the M9-brane
becomes a stack of 8 D8-branes and an O8-plane in the limit. Such a brane stack has an
SO(16) symmetry, which is then the flavor symmetry in the UV of the E-string theory.
Calculating the anomaly from the spectrum here yields a successful cancellation [68], as
the 3-7 string multiplets now transform in a real representation of an SO group, which as
we discussed above, is sufficient for the cancellation between the inflow and the spectrum.

From these results we conjecture that whenever a D3-brane wraps a curve intersecting
a 7-brane with gauge group G which is not of SU, USp, SO, or G2 type, then G will not
survive intact as a flavour group into the UV description of the 2d theory.
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A Supersymmetry in 2d and 1d

A.1 2d (0,2) and (0,4) supersymmetry

In this appendix we summarize the structure of the supermultiplets in 2d (0,2) and (0,4)
theories. (0,2) theories in two dimensions have an R-symmetry group U(1)g and the
following multiplets [53]:

1. Vector multiplet: contains a gauge field, A,, and an adjoint valued left-moving
fermion, A_.

2. Chiral multiplet: contains a complex scalar, ¢, and a right-moving fermion, v, both
valued in a representation R of the gauge group. If R[—| denotes the R-symmetry
charge of the given field then the fields in the chiral multiplet must satisfy R[] =
Rlg] —1.

3. Fermi multiplet: contains a single left-moving fermion, ¢_, transforming in a repre-
sentation R of G.

Furthermore we are interested in knowing how a single chiral or Fermi multiplet con-
tributes to the left- and right-moving central charge. A complex positive chirality Weyl
fermion contributes +1 to cg, following (5.1). A chiral multiplet also contains a single
complex non-chiral scalar, and we recall from [72] that each real scalar of a particular
chirality can be fermionized into a complex Weyl fermion of the same chirality. As such
the contribution to cg and ¢y, from the chiral and Fermi multiplets can be seen to be

‘ Chiral ‘ Fermi
(CR,CL)‘ (372) ‘ (071) '

(A.1)

The 2d (0,4) multiplets can be built out of the (0,2) multiplets. Such theories have
an SO(4)r = SU(2)g x SU(2); R-symmetry, which, in the IR SCFT is broken to a single
SU(2)g R-symmetry [73]. The supercharges transform in the (2, 2) representation, where
the subscript denotes the Lorentz SO(1,1) chirality. The possible multiplets compatible
with supersymmetry are then given as follows [74, 75]:

1. Vector multiplet: contains a (0, 2) vector multiplet and an additional adjoint valued
(0,2) Fermi multiplet. It then contains a gauge field, A,, and a pair of left-moving
complex fermions, A%, transforming in the (2,2)_.

2. Hypermultiplet: contains a pair of (0, 2) chiral multiplets in conjugate representations
of G. The pair of complex scalars transforms as (2,1) under the R-symmetry, while
the pair of right-moving fermions transforms in (1, 2).

3. Twisted hypermultiplet: much like the regular hypermultiplet it consists of a pair
of (0,2) chiral multiplets in conjugate representations, however the pair of complex
scalars transforms in the (1,2), and the right-moving fermions as (2,1).
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4. Fermi multiplet: contains a pair of (0,2) Fermi multiplets in conjugate represen-
tations. The left-handed fermions transform in the (1,1) representation of the
R-symmetry.

5. 1/2-Fermi multiplet: a single (0,2) Fermi multiplet which is a singlet under the
SO(4)r symmetry is also consistent with the enhanced (0,4) supersymmetry. We
shall call this a 1/2-Fermi to contrast it with the “true” (0,4) Fermi above.

The contributions from each of these multiplets to the left- and right-moving central
charges can be determined straightforwardly through their composition from (0,2) multi-
plets. The contributions, excluding the vector multiplet, are

‘ (Twisted) Hyper ‘ Fermi ‘ 1/2-Fermi
(CRaCL)‘ (6,4) ‘ (0,2) ‘ (0,1)

(A.2)

A.2 1d SQM

We briefly summarize now the 1d SQM with extended supersymmetry and its multiplet
structure, which we obtain from the M2-brane reduction and which will be matched with
the dimensional reduction of the 2d (0, 2) theories. A nice review of these 1d SQM theories
can be found in [35].

An important fact to remember in 1d is that physical scalars and auxiliary scalars can
be exchanged into each other, by the so-called automorphic duality [36] (for an in-depth
exposition see [37]), which corresponds here to exchanging time-derivatives of physical
bosons with auxiliary fields. This map can be performed as long as the theory is free or the
fields take values in a target whose metric does not depend on the dualized fields. Multiplets
are therefore denoted by (n, N, N — n) where n is the number of real bosonic degrees of
freedom, N the number of supersymmetries and N — n the number of auxiliary fields.

The N =2 SQM has two types of representations, either 2A, which is the dimensional
reduction of N = (1,1) in 2d, or, more relevant for us, 2B, which is the reduction of 2d
N =(0,2). The N = 2B SQM has a U(1)z symmetry, which rotates the two supercharges
into each other, and descends from the R-symmetry of the 2d theory. There are chiral and
Fermi multiplets of 2B SQM:

1. 2B chiral multiplet (2,2,0): this has a complex scalar and complex fermion and no
auxiliary field,

D =+ 09+ 68p, (A.3)

with
dp =iey, 8@ = ier)
0y = €p, 0 =€p.
The 2B chiral multiplet is related, upon reduction from 2d to 1d, to a 2d (0,2)
chiral multiplet with one complex scalar, ¢, and fermion, 1, and supersymmetry

(A4)

transformations (see for conventions [16])
66 =—Ve by, 06 =2 Py

7 = A.
Sy = V20, e, Oy = —iv/20, pe_ . (A.5)
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Indeed, these transformations reduce (up to rescaling of the scalars by i//2) to the
2B multiplet. In a similar fashion one can see that the 2d (1, 1) multiplets reduce to
2A multiplets, which have real scalars and auxiliary fields.

2. 2B Fermi multiplet (0,2,2): the lowest component is a complex fermion p, and
includes a complex auxiliary scalar h such that

A=p+0h+ %eép, (A.6)
with the supersymmetry transformations under the two supercharges

op = ieh, 8p = —ieh

AT
Sh=¢e, & (A1)

>
Il

—ej.

As in the chiral multiplet case, the Fermi multiplet of 2d (0, 2) dimensionally reduces
to a 1d 2B Fermi multiplet.

B Duality twisted dimensional reduction of N =4 SYM

B.1 Conventions and field identifications

In this appendix we shall give some more details about the reduction of the N =4 SYM
action and supersymmetry transformations in terms of the duality twisted fields and the
scalar supersymmetries. Let us begin by summarizing our conventions to help us to identify
the field content of the D3-brane theory on Rb! x C. For all three situations, C' C Y;, with
n = 3,4, 5, we introduce the coordinates z°, z! along R"! and 28, 2° along C, which we shall
usually write in the combinations z = (28 — iz%) and z = $(2® +i29).!3 We furthermore
define the derivatives 9+ = 9y + 91 as well as 9 = 9, = Og + 10y, 0 = 0; = Og — idy. In
these conventions the Kéhler form on C' becomes

J = 2dx® A dx® = —4idz A dz, scl=J,  xcJ=1. (B.1)

The fields appearing in the decomposition of the 4d vector field A, as in (3.7), (3.42)
and (3.57) and can then be identified, by studying their transformation properties under
SO(1,1) and U(1)¢: the scalar fields a and @ represent the components of the U(1) gauge
field along the curve C,

a=a, =Ag+ 1Ay, a=az=Ag — 1Ay, (B2)

where the subscripts z, z anticipate the form bi-degree (1,0) and (0, 1) respectively of the
fields on the curve C', and the external components of the gauge field organize into

V4 = AO + A1 . (B3)

13Note that this slightly unconventional definition of holomorphic versus anti-holomorphic coordinates
matches our assignment that after the twist a field of topological twist charge gc = +1 corresponds to a
(0,1) form.
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In particular,
1 -
1Fgg = i(agAg - agAg) = 3 (aaz - 86@) . (B4)

The treatment of the normal space to the D3 brane differs for compactifications on Y3,
Y, and Ys:

2 ..., x° for

D3 on Y3. On the normal space to the D3-brane we introduce coordinates x
the external normal space R* ¢ RS as well as local coordinates 25, 27 for the normal space
of C inside the base By. The scalar fields ¢ transforming in the 6 of SU(4)r of the N =4
SYM on the D3-brane can then be identified with the normal fluctuations in the transverse
directions and written in components as ¢,,, m = 2,...,7. The normal fluctuations of the

D3-brane inside the Calabi-Yau are given by

0. = ¢6 + i¢7, 0z = ¢ — 97, (B.5)
while the external normal fluctuations ¢y, ... ¢5 organize as an SO(4)r bispinor ¢, de-
fined as

—¢2 + i3 Q1 — 95
Pap = . SR (B.6)
G4+ igs P2+ ig3

Finally, chiral SO(4)r spinors transforming as a (2,1) of SO(4)r ~ SU(2)71 x SU(2)72
are denoted as objects 4, while anti-chiral SO(4)7 spinors in the (1,2) are of the form

8. We will encounter contractions among chiral spinors defined as ¥y = x4 = x¥

(and similarly for anti-chiral spinors as 7p = 7 ApA =pr).14

D3 on Yy. Let us denote by 5 27 the two coordinates transverse to the D3-brane in
RY3 and by 22,23, 2%, 2° the coordinates normal to C inside Bz. In terms of the scalar
field ¢g,...¢7 in the 6 of SU(4)g the remaining scalar fields in the decomposition (3.42)
are given by the combinations

g = ¢6 + ior, g = ¢¢ — iy (B.7)

[ 1 —ids | P2 +ig3
wA_<¢2+i¢3>7 WA_<¢4+Z¢5 ) (B8)

The index A refers to the 2 representation of SU(2) g, the non-abelian part of the structure
group of the normal bundle N¢/p,.

2 ...,z lie entirely inside the base B;. We

D3 on Y5. Here the normal coordinates x
introduce the index o and ¢ for the 3 and 3 of the SU(3) i structure group of the normal

bundle N¢/p, and define the fields

¢2 — i3 _ b2 + i3
Ya=| —Qs+igs |, Y= | —ps—ig5 | . (B.9)
P6 — 17 G6 + 197

In performing the reduction we follow closely the conventions specified in appendix A
of [16], to which we refer for more details.

01 AE 0 -1
1 Spinor indices are raised and lowered by ¢4? = ( 1 0) =e*P and eap = <1 0 ) =€E4ip-
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B.2 Action and supersymmetry

We now verify that the dimensionally reduced effective action for the D3-brane on R%! x C'
is indeed invariant under the twisted supersymmetry variations stated in the main text. For
brevity we describe this here explicitly only for the (0,4) theory obtained for a curve C' C V3.

The action of N = 4 SYM has four components, covering the gauge, topological,
fermion, and scalar sectors. We shall consider each of these terms separately, and fix the
relative factors between the four terms by requiring that the action be invariant under the
twisted supersymmetry. The gauge and topological actions can be rewritten in terms of
the twisted fields as

Ly = Fu PP — —%(8& _ Ja)? — %(a_u 90 )
—0_adia—0_adra— Ovy Ov_ — Ov_ Ovy

+ Ovy O_a+ Ovy O_a+ Ov_ dra + dv_dya, (B.10)
31 = =
Liop = B, Fog = 52 (8v+ Bv_ — Qu_dv, +9_ad,a—0_ad.a
+0vy 0_a—0Ovy 0_a+0ad_vy —0ad_vy
— Jv_dya+dv_0.a— 830, v_ + da 8+v_) . (B.11)
They are agnostic towards the R-symmetry part of the NV = 4 theory as they depend only
on the 4d gauge field, which is a singlet under the SU(4)r symmetry. These terms and
fields will then be the same regardless of the dimension of the Kéhler base in which the
wrapped curve is located. The fermion and scalar terms will depend on the dimension of
the compactification, and here is where we shall focus on the (0, 4) content from the Calabi-
Yau three-fold compactification. Now that the coupling 7 varies over the curve C' there
are fields in the decomposition of the scalars and fermions which transform non-trivially
under the U(1)p duality group. Any derivatives along C' of these fields are, following [7],
promoted to U(1)p covariant derivatives, which were described in (2.12). The scalar and
fermion actions from the N = 4 Lagrangian for compactification on Calabi-Yau three-fold
are then
Lsc = Hqﬁi@“gbi =—0.00,6—0_60,0 + 040045 + 045 0p0
04,5008 — 00, DA (B.12)
Ly = UTHI,W = X\_94A_ + 1 A — A0y A — Aty

+ pp O fiy — iy O puy + p-Ofiy — iy Op—

— A0ty — P30y + P 0aA- + h1 0ty

— pu4:0p— — p_01p— + p-Opy + p-Oyp—. (B.13)

The total action for the twisted theory on R"! x C' can be written as
/11 d*z ‘g‘(ClTQﬁg+CQTl£top+C3£SC+C4£f) , (B.14)
R xC

where the constants will be fixed, up to an overall factor, by twisted supersymmetry
invariance.
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Supersymmetry. The supersymmetry variations of the N = 4 SYM theory can be
reduced to variations with respect to the surviving supersymmetries and written in terms
of the twisted fields. The variation of the bosonic fields becomes

Vba = 2ie_v, VT0a = 2ié_1, (B.15)
So = —2iE 1, 866 = 2ie_1py (B.16)
Oppp = —2i(e-ap,p+eéafi p), (B.17)
Vv = 2i(A_é_ 4+ A€ ), Svy =0. (B.18)

For the fermionic variations one finds
5w+:6_\/5(—8+@+ 5U+)+€_8+5', 61;+:€_\/E(8+a—31)+)+6_6+0, (Blg)
opl =—&_ 40, ¢"", 0ff =+e_ 40, ¢"P, (B.20)
(5pj_.9:€,AaAg0AB, 5ﬁ§:€,A5A(pAB, (B.21)
0N =—e (VraFu+Fa)—E xc045, 0N =—F (VaFu—Fa)+e xcOs0, (B.22)

where
1 1 = _

Fo1 = 5 (0—vy —04v_) Fa= iﬁ(ﬁa —da). (B.23)

It can be verified explicity that the action (B.14) is indeed invariant under these supersym-
metry variations, without use of equations of motion and as long as one ignores boundary
terms, if we fix

4i63 — 264 = 0, Cq — 22'61 = 0, 362 — 201 =0. (B.24)

It is vital for supersymmetry that the coupling 7 varies holomorphically along C,
or=0, (B.25)

as this is required for a cancellation of the variations between the gauge and the topological
sectors. The topological terms would usually be annihilated directly by the SUSY variation,
however, there are terms remaining in this variation that are proportional to the derivatives
of 1. Holomorphicity of 7 allows one to relate

8’7’1 == ’iaTQ s 57'1 == _7:57-2, (B26)

and one can then notice that these variations are cancelled by the variations proportional to
the derivatives of 75 from the gauge action. Furthermore, the boundary terms are expected
to cancel against the variation of the defect action describing the 7-brane insertions along
C. This would be in analogy to a Euclidean D3-brane wrapping a Kéahler surface as was
studied in [7].

U(1)p invariance. It is observed that the righthand side of (B.15) has a definite U(1)p
charge, as it is composed to a fermion whose U(1)p charged is fixed by the well-definedness
of the 4d fermions with respect to the U(1) p symmetry. The lefthandside is then an object
of the same U(1)p charge, and as the variation is constructed to be a singlet under U(1)p
it can be determined that the objects \/7a and /72a have unambiguous U(1)p charge,
despite their origin in the 4d vector field, which has no definite charge.
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Equations of motion for the scalars

9 (12(0a — 0a)) + 72 (2010_a — O_Ovy — 04.0v_) =

5 (TQ(éa — 8&)) + T2 (2(94_8_& - 6_5’04_ — 64_51]_) =

O(T20v_ — 790_a) + O(120v_ — 70_a) + T20_(0_vy — Oyv_) =
)

0
0 (B.27)
0
8(725U+ — 7'2(94_6_7/) + 5(7’281}+ — 7'284.@) + 7'28+((9+’U_ - 8_1}+ =0

The first two and the last equations vanish identically once the BPS equations dyv_ —
O_vy =0 and da — da = 0 as well as Ovy = 0;a and 0;a = Ovy are enforced. The third
equation involving v_ does not vanish identically by means of the BPS equations. This
is consistent with the chiral (0,4) nature of the supersymmetry and in particular the fact
that v_ does not appear independently in the BPS equations.

C Cohomology computations in elliptic fibrations

C.1 Invariants of elliptic surfaces

In this appendix we collect some results on the topological properties of elliptic surfaces,
following [76, 77], that will be useful in the computation of the zero-modes for the D3 and
M5 compactifications.

A Weierstrass fibration, S, over a projective curve C can be defined by the triple
(L, f,g), where L is a line bundle on C and f (g) is a section of £* (£%) such that A =
4f3 +27g¢% is a non-identically-zero section of £!2. The total space of the fibration is not
required to be smooth but can have rational double points. When the elliptic surface S is
chosen as the restriction of an elliptically fibered Calabi-Yau n-fold Y, to a curve C', with
L=Lp = Kéifl |c, then we shall call the resulting surface C , as is frequently used in the
main text. However in this appendix we shall consider a general L.

We shall first consider the Leray spectral sequence relating the vector-bundle valued
cohomology groups on S to those on C'. For an elliptic surface the spectral sequence
degenerates to

0 — H°(C,m V) — HS,V) 0 )

C—> HY(C, V) — HY(S,V) —= H°(C, R'x,V)

(C.1)
D,

C 0 H%(S,V) —= HY(C,R'm,V) —= 0,

where V is a vector bundle on S. In the cases of interest to us, the right derived images
can be obtained with the help of the projection formula

Rim, (M @ m*N) = Rim (M) @ N, (C.2)
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where N is a vector bundle on C. In particular, for any pullback bundle we obtain

R (" N) = mo(m*N) = N, (C.3)
Rm (m*N) = R'7, (0O5) @ T*N = LV @ N. (C.4)

In the last equality we have used that
Rr,(0g) = L. (C.5)

For instance, the cohomology groups counting the massless spectrum on an Mb5-brane
wrapping C, the elliptic surface over C' in Y, with £ = Lp = Kl;ia |c, will involve

V= Né/yn == F*NC/anl . (CG)

As will be discussed in the next section, this particular bundle V together with the fixed
form of £ will allow the computation, via adjunction, of the dimensions of the cohomology
groups explicitly as used in the main text in sections 4.1.1 and 4.2.1.

Now let us summarise some of the results for a general elliptic surface, which follow
from the above spectral sequence, and compute the numerical invariants of the surface.
The fibration S has the form of a product of C' with a smooth elliptic curve if and only if
L = O¢. The global invariants, as just discussed, can be computed via the Leray spectral
sequence for the projection 7 : S — C. One finds that

‘= ho’l(S) _ {g X is not a product ? 1)

g+1 X is a product

with g the genus of C'. Thus when S carries a non-trivial elliptic fibration all one-forms on
X are pullbacks from C. Similarly one can compute the geometric genus

Py = RO2(S) g+deg(L)—1 X isnot a product ‘ (C8)
g+ deg(L) X is a product

The Euler characteristic can be computed as the alternating sum of the above Hodge
numbers and in both the trivial and non-trivial cases is

X(S) = deg(L). (C.9)
Using the Noether formula and that Kg = 0 determines the Euler number
e(S) = 12deg(L), (C.10)
which can be used to determine the final unknown entry in the Hodge diamond of S:

10deg(L) 42 Xi t duct
BIL(S) = e(X) 4 4RO — 2402 _ o — ) 10de8(L) +2g S (e R B
10deg(L£) +2¢9 +2 X is a product

Finally we know that if (£, f,g) forms Weierstrass data over a projective curve C' then
deg(L) > 0, since £2 must have a section that is not identically zero for the discriminant
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A to not be identically zero. This can be used to make a statement purely about the
cohomology on the base curve C; if (£, f, g) provides the Weierstrass data for a Weierstrass
fibration over C then

0 X is not a product

ro(C, L™ = { (C.12)

1 X is a product

C.2 Bundle cohomology computations

Consider 7 : Y, — B,_1 an elliptically fibered Calabi-Yau n-fold with curve C' C B,_1
such that C' = 7~1(C) is a non-trivially fibered elliptic surface. As noted, in this case £ =
Lp = Kgi_l |c. To determine the number of zero-modes in each of the compactifications
in the main text we need to be able to relate the following Hodge numbers

D3 : h'(C,K¢®Lp), h°C,Ngyg, ), h'(C,Ngyp, )

M2 : h%(C,Ngyy,), h'(C,Ncy,,) (C.13)
M5 : ho(@,Na/Yn), hl(@,Na/Yn), h2(6,N6/Yn).

One can see that all of the multiplets in tables 4, 6 and 8 to 13 are counted by one of these
Hodge numbers (or just by a Hodge number of C' or 6) It may be necessary to utilize
Serre duality or other bundle isomorphisms to write it in the above form.

If V is an arbitrary vector bundle over C' then the Hirzebruch-Riemann-Roch theorem
reads

N(CV) = / (cl(V)—%rk(V)q(Kc)). (C.14)

C
Since Lp is an ample line bundle
WYC,Kc® Lp) =h°(C, L)) =0, (C.15)
by the Kodaira vanishing theorem, and thus
hO(C,Kc ® Lp) =g —1+deg(Lp). (C.16)
Furthermore the adjunction theorem in this notation reads that

det(Nc/Bnil) = KC®£D. (017)

For Y3 the determinant acts trivially and thus the dimensions of H*(C, N¢ /B,) translate into
the expressions in (C.13). Recalling that the first Chern class is blind to the determinant,
and that rk(N¢/p,_,) = n — 2 one can compute the Euler characteristic to determine that

h’(C,N¢yp,_,) —h'(C,Neyp,_,) = deg(Lp) + (g — 1)(4 —n). (C.18)
As such one can write all of the degrees of freedom in terms of the three quantities

g, deg([’D) s hO(C’ NC’/Bn71) : (Clg)
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For the M2-brane quantities one can use adjunction on Y, Kp, , = N, _,/y,, to
write the short exact sequence for normal bundles as

0— Ne¢yg, » = Neyy, = LhH — 0. (C.20)
The associated long exact sequence in cohomology yields the equivalences

h0(07 NC/Yn) = ho(cv NC/Bn—l)

) ) 0 (C.21)
h*(C,N¢yy,) = h' (C,Neyp,_,) + h°(C, Kc ® Lp) .
The last expression can be simplified using (C.18) to
h'(C,Neyy,) = h°(C,Neyg, )+ (g —1)(n —3). (C.22)
For the M5-brane the bundle of interest is
Ny, =T Neyp,_, (C.23)

whenceforth one can use the Leray spectral sequence for elliptic surfaces (C.1) to deter-
mine that

r(C, Nz y,) =h(C, Neys, )
h!(C, N jy,) = h’(C,Neyp,_, ® Lh) +h'(C,Neyp, ) (C.24)
W*(C,Ngy,) = WG Neyp, @ L))

At this point we note that the only situation where these particular cohomology groups
are of interest is when Y} is a four-fold; as such we may restrict now to this case without
consequence. For a general complex vector bundle G of rank r it follows [78] that

A" G =N""GY R NG. (C.25)

By combining this relation with Serre duality one can compute that for Calabi-Yau four-
folds there exists the relationship

h'(C, Neyp, ® L) = B (C, Noy,) - (C.26)
One can thus rewrite the relations (C.24) as
ho(éu N@/Y4) = ho(cv NC/B3)
h'(C,Ng va) = 2(h°(C, N¢yp,) — deg(Lp)) (C.27)

W*(C, Ng,y,) = h°(C, Neys,) -
D Strings in 8d...

This section is devoted to strings in 8d compactifications of F-theory on an elliptically
fibered Calabi-Yau twofold, i.e. an elliptic K3 surface with base isomorphic to a smooth
rational curve. An M5-brane wrapping a K3 surface is well-known to be the heterotic
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string [79] and the low-energy 2d theory on the worldvolume of the M5-brane has (0, 8)
supersymmetry. In contradistinction to the situation studied in the previous section, it is
of course not necessary to twist here as the elliptic surface wrapped by the M5-brane is
itself Calabi-Yau.

This (0,8) theory has an F-theory description in terms of a D3-brane wrapping C,
the smooth rational curve forming the base of the elliptic fibration. As we will see, the
treatment of this theory deviates in an interesting way from its counterparts investigated
in section 3. Finally we will consider the N = 8 SQM that arises from an M2-brane on the
base C' of K3.

D.1 ...from D3-branes

If one tries to compactify the D3-brane theory, N = 4 SYM theory, on a 2-sphere one might
be tempted to conclude that there is no obvious mechanism with which to twist the theory,
as the entire SO(6)r symmetry group is used up to describe rotations in the transverse
non-compact space to the brane. Naively one would be lead to believe that in this setup
all supersymmetry on the worldvolume of the D3-brane is broken. The resolution to this
puzzle is that in F-theory on K3 the D3-brane intersects 24 7-branes at various points
in its worldvolume, and the resulting variation of the axio-dilaton provides an additional
duality twist which ensures that 8 supercharges are preserved.

Indeed, the topological twist giving rise to chiral supersymmetry along the string twists
the U(1)¢ holonomy group along curve C' by the N = 4 bonus symmetry U(1)p such that

1
Tlcwist = 5 (TC - TD) . (Dl)

Since the D3-brane wraps the entire base C = B; = P!, there is no U(1)g symmetry
available which would be associated with the transverse directions of C' within the base.
The twist (D.1) can hence be viewed as the difference of the would-be individual twists
of U(1)¢ and U(1)p by U(1)g, which is independent of U(1)g. This is the only option
in absence of a well-defined U(1)r. The appearance of a single twist is clear also from
the Mb-brane point of view, where the M5 wraps the full K3 and thus, as pointed out
already, does not require any topological twist at all. The twist (D.1) is the remnant of
the non-triviality of the elliptic fibration in the M5-brane picture.

We obtain the following decomposition of the supercharges under the symmetry groups

SO(1,3)L X SU(4)R X U(l)D — SO(l, 1) X U(l)c X U(l)D
(2,1,4)1 — 41119411 (D.2)
(1,2,4) 1 — 41 9,-1®4_111.

The twist (D.1) results in two positive chirality scalar supercharges which transform as
SU(4)R X SO(l, 1)L X U(l)twist : 41’0 D 411,0 . (D3)

The resulting theory is an N = (0, 8) supersymmetric theory with the following massless
spectrum: the scalars remain in a 6 of the R-symmetry SU(4)r and are trivially charged
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under U(1)gyist, whereby their multiplicity is counted by h%(C) = 1. The fermions decom-
pose as
SO(1,3) x SUM4)r x U(l)p —  SO(1,1) x U(1)twist
v: (2,1,4); — 410D4-1,1 (D.4)
‘AI// : (1,2,41),1 — 41170 @4171’1 .

These are counted by h%(C) = 1 for giwist = 0, and by h®1(C) = 0 and A'(C) = 0
for guwist = £1. Finally, the gauge field decomposes as in (2.18). This gives rise to
scalar fields a, and az of twist charge quwist = 0, i.e. transforming as 1g, of multiplicity
1. The twist charge can either be inferred directly from the supersymmetry variation, or,
more heuristically perhaps, by noting that U(1)wist corresponds to the difference of the
individual U(1)%* and U(1)%* which would arise in presence of a U(1)g symmetry on
higher dimensional base spaces; since the Wilson line scalars a, and a; have equal charge
under these two twisted U(1) symmetries in the higher dimensional examples, this explains
Gtwist = 0. The remaining gauge field components vy have zero multiplicity, again by
supersymmetry as in the lower-dimensional examples. Finally, the 37 sector gives rise to
the remaining 8¢y (Bj) - C' = 16 complex Weyl fermions of negative chirality, where we are
using that C' = By = P'. The complete spectrum is thus:

Bosons | Fermions | Zero-modes
60, 2 x 1g| 41 © 44 rO(C) =1
4, @4, RY(O)=0

14 8c1(By1)-C =16

(D.5)

The first row provides the field content of a 2d (0,8) hypermultiplet and the 16 complex
Weyl fermions from the 3-7 sector represent purely fermionic N = (0, 8) multiplets.

D.2 ...from Mb-branes

When considering an Mb-brane wrapping a K3 surface there are five transverse non-
compact directions, which are rotated by the SO(5) R-symmetry of the (0,2) theory on
the worldvolume of the M5. It is only the 6d Lorentz symmetry along the M5-brane which
decomposes since the 6d spacetime has the form R x K3,
SO(l, 5)[, — SO(l, 1)L X SU(2)[
4 — 2:P2x1_4 (DG)
10 —» 3283 X1 982X 2.
The full field content of the abelian tensor multiplet can then be decomposed under this
holonomy reduction, and one finds:
SO(1, ) x Sp(4)
H:(10

SO(1,1) x SU(2); x Sp(4)

(3,1)_2©3x (1,1)2 82 x (2,1)
(1,5)0
(2

i (D.7)
,4),1 P2 x (1,4)1 .

L4l b4

A

1)
®:(1,5)
p:(4,4)
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The theory has eight right-moving supercharges which are scalars under the internal
SU(2); holonomy.

The counting of zero-modes is determined entirely by the internal SU(2); representation
under which the twisted fields transform:

SU(2), Bosons Fermions | Zero-modes
1 [3x(1,1), (1,5)]2 x (1,4), h”vo(@ =1 D8)
2 2% (2,1)g (2,4)_1 | RYOC)=0
3 (3,1)_, RAC)—1=19

Note that the three (1,1)2 scalar bosons arising from the decomposition of the self-dual
two-form are purely right-moving because of the chirality of B. To complete the top
row of (D.8) into a full (0,8) hypermultiplet, where all of the eight real scalar degrees of
freedom are both left- and right-moving, it is necessary to combine them with three of the
left-moving bosonic degrees of freedom from the (3,1)_9 zero-modes. In addition to the
single (0, 8) hypermultiplet this leaves us, after fermionization, with 16 left-moving complex
Weyl fermions in the 2d theory, which is consistent with the heterotic string [79].

From the field content described in table (D.8) one can compute the left- and right-
moving central charges. A complete (0,8) hypermultiplet contains four (0,2) chiral multi-
plets, whose central charge we know from appendix A. Each hypermultiplet thus contributes
(cr,cr) = (12,8). The 19 — 3 remaining left-moving Weyl fermions each contribute +1 to
cr. As such the central charges are

cr, =24, cp=12. (D.9)
The resulting gravitational anomaly
cp, —crp =12 (D.10)

along the string will be discussed from the point of view of anomaly inflow in the next

section.

D.3 ...from M2-branes

For an M2-brane wrapping the base inside the K3 surface!® there are six non-compact
transverse directions, and two real directions related to how the curve can move inside the
K3. As such the R-symmetry of the M2-brane theory is broken as

SO(S)R — SO(G)T X U(l)R
8 — 61
0w (D.11)
8 — 41DP4_4
8 — 44 @11 .

15M2-branes on general K3-surfaces have been discussed in [34, 35].
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Combining this decomposition with the field content of the 3d theory one finds

SO(l 2) X SO(S) — SO(G)T X U(l)L X U(l)R
2,8) > 411941 194,04

) 1,-1 1, 17 1,1 i 1,1 (D.12)
( 8. = 4110411041641
( 7811) - 60,0 S 10,:|:2 .

With the obvious additive twist
1
Tiwist = i(TL +TR) (D.13)

between the two U(1l)s one can see that the supersymmetry parameters in the (2,8,)
contain eight scalar modes with respect to U(1)twist, as required for an N = 8 SQM. The
cohomology groups counting the zero-modes follow from the U(1)wist charges of the fields:

U(1)twist | Bosons| Fermions | Zero-modes
0 60 | 40,4 |h00(C) =1
+1 1 4, |M(C)=0
-1 1.4 4, |A%YC)=0

(D.14)

The scalars and fermions in the first line assemble into a (6,8, 2) multiplet of N = 8
SQM. This multiplet is matched with the 2d N = (0, 8) hypermultiplet along the string ob-
tained from the dual D3-brane configuration by automorphic duality: after circle reducing
the 2d theory the two Wilson line degrees of freedom, a, and a3z, from decomposition of the
N =4 SYM gauge field can be dualised into the auxiliary fields of the (6, 8,2) multiplet.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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